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1. Introduction

Classical differential geometry was extended to the noncommutative world of C*-algebras in the early 80s by Connes
in [7], and subsequently in [8]. Many highly singular (and classically intractable) objects such as the dual of a discrete
group, Penrose tilings or quantum groups may be analyzed by applying cyclic cohomology, K-theory and other tools of
noncommutative geometry. Apart from its own mathematical beauty, several fruitful applications of noncommutative
geometry in physics (see for e.g. [10,15,37]) have been observed. Despite much progress in noncommutative geometry in
past 30 years, noncommutative complex geometry is not developed that much yet. Connes-Cuntz first outlined a possible
approach to the idea of a complex structure in noncommutative geometry based on the notion of positive Hochschild
cocycle on an involutive algebra [ 14]. In ([8], Section V1.2) Connes shows that positive Hochschild cocycles on the algebra of
smooth functions on a compact oriented 2-dimensional manifold encode the information needed to define a holomorphic
structure on the surface. However, the corresponding problem of characterizing holomorphic structures on n-dimensional
manifolds via positive Hochschild cocycles is still open.

Coming to concrete examples, a detail study of complex structure on noncommutative two-torus and holomorphic
vector bundles on them is carried out in [32], taking motivation from [18,36]. Complex structure on the Podles sphere
is studied in [31] using a frame bundle approach, and simultaneously but independently in [24,25] using a classification
of the covariant first order differential calculi of the irreducible quantum flag manifolds. Latter in [29], properties of the
g-Dolbeault complex of [31] are formalized and it was shown to resemble in many aspects the analogous structure on the
classical Riemann sphere. See [30] for the case of higher dimensional quantum projective spaces. A more comprehensive
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version of noncommutative complex structure appeared latter in [2] and complex structure on quantum homogeneous
spaces is studied in [3]. The main tool used in all these examples is the Woronowicz’s differential calculus for quantum
groups [39]. In this algebraic setting, recently the notion of Kdhler structure has been introduced in [4] for quantum
homogeneous spaces, taking the quantum flag manifolds as motivating family of examples. However, our approach
(based on [20]) in this article is different from this, taking the noncommutative torus as motivating example. We discuss
it now.

In noncommutative geometry, a (noncommutative) manifold is described by a triple called spectral triple. That the
notion of spectral triple is the correct noncommutative generalization of classical manifolds is shown by Connes [13].
However, it turns out that the notion of spectral triple is not quite appropriate to describe the higher geometric structures,
e.g. complex, Hermitian, Kdhler or hyper-Kahler structures, even in the classical setting. Around '98, a decent approach
to noncommutative complex, Hermitian, Kdhler and hyper-Kdhler geometry has been initiated by Frohlich et al. [19,20]
in the context of supersymmetric quantum theory. Unlike the case of above discussed examples, where the approach
is algebraic, methods of Frohlich et al. are geometric and analytic in the sense that spectral triple lies at the heart of it
and integration theory is built-in using S-KMS state. Taking inspiration from Witten’s supersymmetric approach to the
Morse inequalities [38] and the work of Jaffe et al. on connections between cyclic cohomology and supersymmetry [28],
Frohlich et al. obtained the supersymmetric algebraic formulation of Riemannian, spin, symplectic, complex, Hermitian,
Kahler and hyper-Kahler geometry in [19], which then readily generalizes to the noncommutative geometry framework
of spectral triples in [20]. See also §3.B in [27] for discussion. It is important to mention here that there are well known
links between supersymmetric o-models and the geometry of manifolds [1]. The approach of Fréhlich et al. starts with a
spectral triple and detects the precise analytic conditions required to obtain the complex, Hermitian, Kdhler and hyper-
Kahler structures on it. They have denoted these various higher geometric structures by N =1, N =2 and N = (n, n)
with n = 1, 2, 4, along the line of supersymmetry. We denote the relationship among these geometric structures vaguely
by N=(4,4)<x N =(2,2)< N =(1,1) < N = 1 to mean that the former is obtained from the latter by imposing certain
additional conditions. Among these, our concern in this article are the N = 1, N = (1, 1) and N = (2, 2) geometries.
We believe that our results will extend to the N = (4, 4) case also but this needs further investigation. Note that the
N = 1 data is specified by a ®-summable even spectral triple in noncommutative geometry, and the N = (2, 2) data
extends the notion of Hermitian and Kdhler manifolds to noncommutative geometry. For precise definitions see Section 2
Definitions 2.2-2.6. We will call these various higher geometric structures as the N = e or N = (e, o) spectral data in this
article. In the classical case of a spin manifold M, from the N = (1, 1) spectral data one may recover the graded algebra
of differential forms on M and in particular, the exterior differential.

We now briefly describe our results. Let G be an even dimensional abelian Lie group acting strongly (by action
a : G ~ A)on a unital C*-algebra A and t be a G-invariant faithful trace on 4, so that the quadruple (A4, G, «, 7)
forms a C*-dynamical system equipped with a faithful G-invariant trace. This is in line with [7,16,35]. Let A* be the
smooth dense unital subalgebra of .4 under the action of G. We prove that whenever this dynamical system determines
a N = 1 spectral data (i.e. an even spectral triple) on A* (there is always a candidate which we explicitly mention),
then it always extends to N = (2, 2) Kahler spectral data i.e. A® inherits a Kdhler structure. Moreover, there are at

least Hﬂ?}fgdd(dim(c) — j) different Kahler structures. In particular, whenever G = T?" acts ergodically on the algebra,

it inherits a Kdhler structure. This produces a class of examples of noncommutative Kihler manifolds. As a corollary, we
obtain that all the noncommutative even dimensional tori, like their classical counterpart the complex tori, are indeed
noncommutative Kiahler manifolds. Note that in the noncommutative situation, noncommutative two-torus was the only
known example of noncommutative Kihler manifold [20] (apart from the ones recently produced in [4] by taking a
different approach). As an application, we consider the particular case of noncommutative even dimensional tori and
explicitly compute the associated space of complex differential forms. At the end we study holomorphic vector bundles
on these and explain how the earlier set-up of Polishchuk-Schwarz [32] for the case of noncommutative two-torus follows
as a special case of our general framework for C*-dynamical systems. For a 4n-dimensional abelian Lie group whether
the Kahler structure obtained here extends further to a hyper-Kahler structure is left as an open question.

The organization of the paper is as follows. In Section 2 we recall from [20] few essential definitions and a procedure
to extend a N = 1 spectral data to N = (1, 1) spectral data over the same noncommutative base space using a suitable
connection on a finitely generated projective module equipped with Hermitian structure. Using this extension procedure
we prove the following theorem in Section 3.

Theorem 1.1. Let G be an even dimensional abelian Lie group and (A, G, o, t) be a C*-dynamical system equipped with a
faithful G-invariant trace t. Whenever it determines a ®-summable even spectral triple, the smooth dense subalgebra A
inherits a Kdhler structure.

As corollaries we obtain the following results.

Corollary 1.2. If (A4, T%*, «) is a C*-dynamical system such that the action of T is ergodic, then the smooth dense subalgebra
A® inherits a Kéhler structure.

Corollary 1.3. For n even, the noncommutative n-torus Ae satisfies the N = (2, 2) Kdhler spectral data, i.e. these are
noncommutative Kdhler manifolds.
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In Section 4, we explicitly compute the space of complex differential forms on all noncommutative even dimensional
tori and finally, in Section 5 we study holomorphic vector bundles.

2. Preliminaries
All algebras considered in this article will be assumed unital.

Definition 2.1. A triple (A, #, D) is called a spectral triple if

(1) A is a unital associative %-algebra represented faithfully on the separable Hilbert space # by bounded operators;
(2) D is an unbounded self-adjoint operator acting on # such that for each a € A

(a) the commutator [D, a] extends uniquely to a bounded operator on #,
(b) D has compact resolvent.

If there is a Z,-grading operator on # such that [y,a] = 0 for all a € A and {y, D} = 0 then the spectral triple is
called even, and otherwise odd. Note that D has compact resolvent is equivalent to saying that exp(—eD?) is a compact
operator for all ¢ > 0. If |D|™? is in the Dixmier ideal £(1:°)(%) then the spectral triple is called p-summable.

Definition 2.2. A quadruple (A, #H, D, y) is called a set of N = 1 spectral data if

(1) A is a unital associative *x-algebra represented faithfully on the separable Hilbert space # by bounded operators;
(2) D is an unbounded self-adjoint operator acting on # such that for each a € A

(a) the commutator [D, a] extends uniquely to a bounded operator on #,
(b) the operator exp(—eD?) is trace class for all ¢ > 0;

(3) y is a Z,-grading on A such that [y,a] =0 for all a € A and {y, D} = 0.

Remark 2.3. Observe that the N = 1 spectral data represents a ®-summable even spectral triple in noncommutative
geometry [9]. In particular, any p-summable even spectral triple is a N = 1 spectral data since finite summability implies
®-summability. The associated space of differential forms, called the Dirac dga, extends the classical de-Rham dga on
manifolds to noncommutative framework [10].

Definition 2.4. A quintuple (A, #, d, y, ) is called a set of N = (1, 1) spectral data if

(1) A is a unital associative x-algebra represented faithfully on the separable Hilbert space # by bounded operators;
(2) d is a densely defined closed operator on A such that

(@) d®> =0,
(b) the commutator [d, a] extends uniquely to a bounded operator on A for each a € A4,
(c) the operator exp(—eA), with A = dd* + d*d, is trace class for all £ > 0;

(3) y is a Z,-grading on A such that [y,a] =0 foralla € A and {y,d} = 0;
(4) * is a unitary operator acting on # such that

(a) d = ¢d* for some phase ¢ € S! € C,
(b) [x,a] =0foralla € A.

Remark 2.5.

(1) In analogy with the classical case, the operator  is called the Hodge operator.

(2) As is always achievable in the classical case of manifolds, the Hodge operator can be taken to satisfy > = 1 and
[*, ¥] = 0, and the phase ¢ = —1 (see discussion in Page 139 in [20]).

(3) The associated space of N = (1, 1) differential forms is given in (Section 2.2.2 in [20]) and the notion of integration
is described in (Section 2.2.3 in [20]).

Definition 2.6. An octuple (A, #, 9,9, T, T, y, %) is called a set of N = (2, 2) Kéhler spectral data if

(1) the quintuple (A, #, 0 + d,y, *) forms a set of N = (1, 1) spectral data;
(2) T, T are bounded self-adjoint operators on #, and 9, d are densely defined closed operators on # such that the
following relations hold :

(@ 2=3"=0 , (b) {9,
d [T.a]=a . (e) [T,

}

=0 . () I1.T]1=0 L
31=0 )[T.01=0 . () [T.91=3d:

’
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(3) [T,al=[T,al=0Vac A4 and [3,4a], [9,al], {3,[d,a]} extends uniquely to bounded operators on #;
(4) the Z,-grading operator y satisfies

(a) {y, 0} ={y.0} =0,
() [y, Tl=1y,.T]1=0;

(5) for some phase ¢ € S!, the Hodge operator x € 14(?#) satisfies

() »0 =3 *,
(b) *x0 = £0**;

(6) the following Kdhler conditions are satisfied
(@) {8,8"} = 1=

(3.5°
(b) {0,0*} ={9,9 }

Remark 2.7.

(1) Condition 6(a) is consequence of 6(b) in classical complex geometry but has to be imposed as a separate condition
in noncommutative framework [20]. This says that the Laplacian A = 2Aj like in the case of classical Kahler
manifolds. _

(2) In the classical case, T and T represent the holomorphic and the anti-holomorphic Z-grading of complex differential
forms (Page 538 in [19]). The presence of T and T in the N = (2, 2) spectral data implies few crucial properties not
enjoyed by the N = (1, 1) spectral data (Propn. 2.32 and 2.35 in [20]).

(3) An octuple (A, H, 3,9, T, T, y, %) satisfying conditions (1)-(5) above is called a Hermitian spectral data generalizing
the classical notion of Hermitian manifolds. Condition (6) is precisely the Kdhler condition on a noncommutative
Hermitian manifold.

(4) The associated space of complex differential forms is described in Section 2.3.2 in [20] (in particular see Propn.
2.32), and for the notion of integration see Section 2.3.3.

Definition 2.4 of N = (1, 1) spectral data has an alternative description. One can introduce the following two
unbounded operators

D=d+d , D=id-d)
(Caution: D is not the closure of ©) which satisfy the relations
2= , {9.9)=0

making the notion of N = (1, 1) spectral data an immediate generalization of a classical N = (1, 1) Dirac bundle [19,20].
Conversely, starting with D, © satisfying the above relations, one can define

1 — 1 _
d=-(®-iD) , d'=-(9+iD).
;(2—iD) 5 (@ +i9)

For all ¢ > 0, the condition exp(—e(dd* + d*d)) is a trace class operator is equivalent with exp(—e®?) is a trace class
operator.

Lemma 2.8. If the Hodge operator satisfy x> = 1 and [%, y] = 0, and the phase ¢ = —1, then

(1) {y,d} =0 ifand only if {y, D} {
(2) *d = —d*x if and only if {x, D} =

5}:
* D]

Proof. Straightforward verification. O

Any N = (1, 1) spectral data gives rise to a N = 1 spectral data over the same algebra by taking D = d + d*. The
converse, i.e. whether a N = 1 spectral data can be extended to N = (1, 1) spectral data, is true for the classical case of
manifolds [19]. However, in the noncommutative situation this is not obvious. Guided by the classical case of manifolds
a procedure of extension is suggested by Frohlich et al. in [20], which we discuss now.

Let £ be a finitely generated projective left module over A and &* := Hom4(&, A). Clearly, £* is also a left .A-module
by the rule (a.¢)(&) = ¢(&)a*, V& € &. Throughout the article, we will always write f.g.p. for notational brevity to
mean finitely generated projective. In the noncommutative situation a f.g.p. module represents a vector bundle over
noncommutative space.

Definition 2.9. A Hermitian structure on £ is an .A-valued positive-definite map (., .) 4 such that :

(a) (5.8 =(§".6)a, VE & et
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(b) (a'$9 b&_/>A = a((55 S,)A)b* 5 VS? S’ € 5’ Vaa b € A
(c) The map g : § — @, from & to &£F, given by ®:(n) = (n,&) .4, Y € &, gives a conjugate linear left .A-module
isomorphism between £ and £*, i.e. g can be regarded as a metric on &. This property is referred as the self-duality

of &.
Any free A-module & = A" has a Hermitian structure on it, given by (§,7n)4 = Z};l Ejn;“ forall £ = (&,...,4&) €
&, n = (m,...,nq) € &. We refer this as the canonical Hermitian structure on &. Let .QB)(A) be the .A-bimodule

{3 4D, b;] : aj,bj € A} of noncommutative 1-forms and d : A —> $2}(A), given by a —> [D, a], be the Dirac
dga differential [10]. Note that (da)* = —da* by definition.

Definition 2.10. Let £ be a f.g.p. left .A-module equipped with a Hermitian structure (., .) 4. A compatible connection on
£isaC-linearmap V: & — QB(A) ® 4 & satisfying

(@) V(ag)=a(VE)+da®é&, VEcE acA;
(b) (VE,n) —(&,Vn)=d(&,n)a VE nek&.

Any connection extends uniquely to a C-linear map V : £25(A) Q4 & —> QBH(A) ®.4 & satisfying V(o ® &) =
(—1)*8@yV (&) + do ® £. The associated curvature of a connection is the A-linear map Oy : € —> 22(A) ®4 €
given by the composition V o V.

The meaning of the equality (b) in 2)(A) is, if V(n) = Y wj ® nj € 2)(A) ® &, then (§,Vn) =Y (£, 7)) ; and
(Vn, &)= wjn,&a.

A procedure to extend a N = 1 spectral data to a N = (1, 1) spectral data :
Start with a N = 1 spectral data (A, #H, D, y) equipped with a real structure J [11,12]. That is, there exists an
anti-unitary operator J on A such that

P=el ., D=¢D] . Jy=¢"y]

for some signs ¢, ¢/, ¢” = £1 depending on KO-dimension n € Zg and satisfying
Ua*, bl = [JaJ*, [D,b]] =0 Va,be A.

The real structure | now enables us to equip the Hilbert space # with an .4-bimodule structure
a.&.b:=ab*J*&).

We can extend this to a right action of .Q,;(A) = {Z; ai[D, bj] : a;, b; € A} on H by the rule
§.0=Jo ().

Assume that # contains a dense f.g.p. left .A-module £ equipped with a Hermitian structure (., .) 4, and is stable under J
and y. In particular, ¢ is itself an .4-bimodule. We make £ ® 4 £ into an inner-product space by the following rule :

E@n, &®n) =, & JE) AN (2.1)

Note that this is indeed an inner-product because J is an anti-linear map and (., .) 4 is linear in the first entry while (., .)%
is linear in the second entry. Let H := €& ® 4 €'/, Define the anti-linear flip operator

W 2NA) @4 E — £ @4 2M(A)
wQE— JER .

It is easy to verify that ¥ is well-defined and satisfies ¥(as) = W¥(s)a*, Vs € 2}(A) ®4 &£ Consider a compatible
connection

V:iE— A Ra4E

such that V commutes with the grading y on & C H, i.e. Vy& = (1® y)VE for all £ € &£. For each such connection V
on &, there is the following associated right-connection

Ve — EQuR2M(A)
& — —W(V]'E)

Thus, we get a C-linear map (the so called “tensored connection”)
ViEQUE— EQURNA)QAE
E1®&E > VERE +E QVE
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Note that V is not a connection in the usual sense because of the position of QB(A). Define the following two C-linear
maps

C,C:ERARNA)@UE —> ERAE
C5EHPRwRE > EQw. &,
C:5E1QwR&Eh—§.0QYE.

Now, introduce the following densely defined unbounded operators on
D =coV R 5::50%

(Caution: D is not the closure of ®). In order to obtain a set of N = (1, 1) spectral data on .4, one has to find a specific
connection V on a suitable dense Hermitian f.g.p. left .A-module & such that

(a) The operators © and D become essentially self-adjoint on 7,
(b) The relations D% = D" and {D, D} = 0 are satisfied.

The Z,-grading on # is simply the tensor product grading ¥ := y ® y, and the Hodge operator is taken to be + := 1Q y
(In [20], this is mistakenly taken as = y ® 1). The sextuple (A, H, D, D, ¥, ) is a candidate of N = (1, 1) spectral data
extending the N = 1 spectral data (A4, #, D, y). This Hodge operator additionally satisfies **> = 1 and [, y] = 0. Hence,
Lemma 2.8 holds for this extension procedure for the phase { = —1.

Apart from the classical case of manifolds, existence of such suitable connection V is known for the cases of
noncommutative 2-torus and fuzzy 3-sphere [20]. However, the general case remains open. This extension procedure
is recently studied in [23] in order to define the tensor product of N = (1, 1) spectral data. In the next section, we shall
see a class of examples arising from certain C*-dynamical systems which satisfy this extension procedure.

3. Kahler structure on C*-dynamical systems

Definition 3.1. A C*-dynamical system is a tuple (A, G, «) where A is a unital C*-algebra, G is a real Lie group and
o : G — Aut(A) is a strongly continuous group homomorphism (i.e. for all a € 4, the map g — og(a) is continuous).

We will work with C*-dynamical systems (A, G, o) equipped with a faithful G-invariant trace t, i.e. t(ag(a)) = t(a)
for all g € G. This is in line with [7,16,35]. Note that if the Lie group is compact and the action is ergodic then the unique
G-invariant state is a faithful trace on A [26]. We say that a € A is smooth if the map g — «ag(a) is in C*°(G, A). The
involutive algebra A>* = {a € A : a is smooth} is a norm dense subalgebra of A, called the smooth subalgebra. Note that
this is unital as well. One crucial property enjoyed by this subalgebra is that it is closed under the holomorphic function
calculus inherited from the ambient C*-algebra .A [22]. Henceforth, we will always work with the smooth subalgebra .A*
and denote it simply by A for notational brevity.

To begin with we recall a result in [17] which provides an explicit set of generators of the irreducible representations
of Cl(n) for all n, together with an explicit involution J and (if n is even) a grading operator y. This is summarized in
below.

Proposition 3.2 ([17]). Consider a positive integer n and an irreducible representation of Cl(n) on a vector space V. Up to
unitary equivalence, it is determined by n many matrices y; such that

*

V==Y o vt wy = 28k

If n is even, there is a Z, grading operator yy satisfying yvy; = —yyv forall j = 1,...,n. Moreover, there is an explicit
anti-isometry Jy (charge conjugation) satisfying

WP=e . Jy=¢evlv ., Jvw=¢wl

for some signs ¢,¢’,¢"” € {1, —1} depending on n modulo 8 :

n 0 2 4 6 1 3 5 7
e + - - + 4+ - — 4+
¢ + + 4+ + - + - +
e+ - + -

Candidate of a N = 1 spectral data associated with C*-dynamical systems:

Let (A, G, «, ) be a C*-dynamical system equipped with a G-invariant faithful trace 7. Let dim(G) = nand N = 2\"/2J,
Let {Xi, ..., X,} be a basis of the Lie algebra g of the Lie group G. Letting % = L?(A, 7) the G.N.S Hilbert space, we obtain a
covariant representation of (A4, G, «) on AH. Note that there is a bijective correspondence between covariant representations
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of (A, G, @) and non-degenerate x-representations of .A x, G. We obtain the following densely defined symmetric operator
on H=1I1*A4,1)®CV,

n
Di=) §®y
j=1

acting on the domain dom(D) = A ® CN where, dj(a) == %ltzo (xexp(t)(j)(a) and y; as in the above Proposition. Note that
the map 9 : ¢ — Der(A) given by X; — 9;, where Der(A) is the Lie algebra of derivations on 4, is a Lie algebra
homomorphism i.e. [9;, d,] = 9} ¢. Moreover, there is always a real structure ] = Jo ® Jy, where Jo is the anti-linear
operator a — a* and Jy = Jy as in the above Proposition 3.2, satisfying

JP=el , JD=¢D] , Jyw=2¢"w]

(if grading yny = v exists) for some signs ¢, €', ¢” = +1 depending on n € Zg and satisfying the above mentioned table.
We also have

Ua*, bl = [JaJ*, [D,b]] =0 Va,be A.

It is known that D, defined above, admits a self-adjoint extension [21]. But the summability and compactness of the
resolvent of D is not guaranteed. So, if D is essentially self-adjoint with compact resolvent and gives the ®-summability
(note that any finitely summable spectral triple is ®-summable [9]), then we obtain a ®-summable even spectral triple
(A, H,D, yn) if n is even; otherwise odd spectral triple (A, A, D) if n is odd. However, existence of such a self-adjoint
extension of D is an intricate question and that is why we only get a candidate of a N = 1 spectral data.

Remark 3.3.

(a) It is known that if the Lie group G is compact then D, defined above, is essentially self-adjoint (Propn. 4.1 in [21]).

(b) If the Lie group G is compact and acts ergodically then we obtain a dim(G)-summable (and hence ®-summable)
spectral triple (Thm. 5.4 in [21]), independent of the choice of the Lie algebra basis. This is the case for the
noncommutative n-torus Ag.

(c) Compactness and ergodicity is a sufficient condition only. Recall the case of quantum Heisenberg manifolds [34]
where the Lie group acting is noncompact namely, the Heisenberg group. It is known [5,6] that one gets an honest
3-summable spectral triple in this case also, for a suitable choice of the Heisenberg Lie algebra basis.

(d) There is no characterization of C*-dynamical systems known yet which gives genuine finite or ®-summable spectral
triples by the above discussed method.

Guided by these, we start with a C*-dynamical system (A, G, «, 7) equipped with a G-invariant faithful trace t, where
G is an even dimensional abelian Lie group, such that the candidate discussed above determines an honest N = 1 spectral
data (A4, #, D, o) with o the Z,-grading. Since the Lie algebra g is abelian, i.e. [Xj, X,] =0 forall j, £ € {1, ..., dim(G)},
we have [9;, d¢] = 0. Our first objective is to show that this N = 1 spectral data always extends to N = (1, 1) spectral data
over A by the procedure of extension discussed in Section 2. Then we produce Kihler structure on .A. The key ingredient
is the Grassmannian connection as we shall see. Let dim(G) = 2k and N = 214m(©)/2] — 2k Consider the dense finitely
generated free left A-module £ == A® C¥ C H = [?(4, 7) ® CN equipped with the canonical Hermitian structure.
Clearly, ¢ is stable under the real structure | = Jo ® Jy and the grading operator o. Consider the following C-linear map

Ve — Q2NA®4E
Er— (d&q,...... ,déy)
for & = (&,...,6y) € & whered : A — .Q[])(A), given by a — [D, a], is the Dirac dga differential. This is the

Grassmannian connection on the free left .A-module € and is easily seen to be compatible with the canonical Hermitian

structure given by (&, n) = Z]’.L &n;’. We fix the standard canonical free .A-module basis {ej, ..., ey} of £ = A ® CN.

By abuse of notation, the same denotes the canonical linear basis of CV if no confusion arise.

Lemma 3.4. The Grassmannian connection V : £ —> Qé(A)@Ag and its associated right connection V : £ — £Q 4 .Q[l,(A)
satisfy Ve; = Ve =0 Vj e {1,..., N}, and it commutes with the Z,-grading o.

Proof. Clearly, Ve; = 0Vj € {1,...,N} by its definition. Note that, V(ej) = —¥(VJ*e). Since | = Jo @ v, ¢ =
1®(0,...,1,...,0) € AQ CN and J;; = ¢Jn, we get
Jeg =e1®Jn0,...,1,...,0)

=e1®(Un)y, ---» Undny)
N

Z e(n)ejee -

=1
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Since, (Jn)g; are scalars for all £ and V is C-linear map satisfying Ve, = 0, our claim follows. Finally, commutation of V
with the Z,-grading operator is easy to observe. 0O

Note that any element ae; ® be; of £ ® 4 £ can be written as e;.(J*a*]) ® be; (recall the right .A-module structure on &),
and since the tensor is over A, this is same as e; ® ce; for some ¢ € .A. Now, for any arbitrary element e; ® ae; of £® 4 €,
the tensored connection V becomes

6(8,’ ® aijej) = Ve,- ® ajej + e &® V(a,-jej)
=e® da,j ®ej.
So, we have
D(e; @ ajjej) = co %(e,- ® ajej) = e; @ (day). e (3.2)
5(6,‘ ® a,jej) =1Co V(ei X aijej) =e. (da,j) ® oej

where, o is the Z;-grading operator.
Proposition 3.5. The Hilbert space € ® 4 € is isomorphic to (A, t)V' = [2(A4, ) ® CV.

Proof. Since £ = A® CM, we have £ ® 4 £ is isomorphic with A ® CV*. Because ¢ has the canonical Hermitian structure
on it, from the inner-product defined in Eq. (2.1), it follows that

Eon, &en) =n,0&J8) N Nu
= (. EEn)
tj

=t (ni&En)) -
L.j

This iszprecisely the inner-product on AQCN 2 given byzthe inner—productz(a, b) := t(a*b) on A and the usual inner-product
on CN°. The completion is the Hilbert space L*(A, t)¥" = [*(A, ) ® CV’, and this concludes the proof. O

Lemma 3.6. © and ® are densely defined symmetric operators acting on the Hilbert space € ® 4 .

Proof. We have

(D(e; ® ajje;), em ® amee) — (€ @ ajiej, D(em ® ameer))
= (e ® (day).ej, em ® ameer) — (€ @ ajjej, em @ (dame)-er)
((daij).e;, (e, em) a(@meer)) — (ajej, {€i, em) a(dame).e¢)
= Sim (((day).ej, amee) — (ajej, (dame).€c))
((day).e;, ajeee) — (aje;, (daie).ee)
2k 2k
= (Z 0r(a) ® (Vrijs - - > Vinj) » aiz€z> - (aijej» Z 0r(aie) ® (Yr1es - - - Ver))
r=1

r=1

2k
=D ((drlag)yrys - - -, 0@y, (O, ..., g, ..., 0))

r=1

—((0, ..., aj,...,0),(3(ai)vric, - - -» Or(@ie)yine))
2k
= Y t((Orlagyrg) aie) — T(a)d,(aie)yie)
=1
er

= Z T (3r(a}§-)VTaaiz) +7 (a?}ar(awﬂ))
1

r

= > «(ae;7gan)
1

N
~

r

Here, we are using the fact that for all r € {1, ..., 2k}, y* = —y;. Hence, (¥;)¢j = —(¥+)je. Now, for any a € A,

d
7(@(a)) = 750 oo (@) = 0

for all r € {1,..., 2k}, because 7 is a G-invariant trace. This proves that © is a symmetric operator. Similarly, one can
show for ®. O
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Proposition 3.7. Both © and D are essentially self-adjoint operators acting on the Hilbert space € ® 4 € = [%(A, r)”2

Proof. Observe that for any & = e; ® ajiej € £ ® 4 £, we can write

N2
£=(0,...,(0,...,@4...,0),...,0) € 4
—_—
ith place, N tuple

N tuple
and hence,

D) = (0..... Y 3(ay) ® yile)). ... 0) € XA, TV

el2(A,T)N
=e® D(aUej)
Now,
5(5) = e .dai]‘ R oej
= —¢ld(ay)Jei ® oe;
2k

= —g’(Z a(aj) ® yr(ei)) ® e

r=1
= —¢'D(aje;) ® oe

and observe that
ei®a1—jej = e,—.a,-j®e]-
= JajJ"ei ® ¢
= gJaj(1®Jnei) @ g
= &(a; @ Jye:) ® e
= agjje; @ ej.
Since, £ @ 4 £ = [2(A, r)N2 (Proposition 3.5), we see that the operator D is of the form 1y ® D and the operator D is of
the form —e'D ® o, both acting on AN* C [2(A, 7)V°. That is,
2k 2k
=) ®Iy®y and D=-¢) R0
j=1 j=1
acting on [*( A, r)”z =124, T)®CN®CN. Since, we have assumed that the C*-dynamical system (A4, G, «, t) gives us an
honest N = 1 spectral data (A I*(A, T)QCN,D = Z ~ 0 ® yj) D is essentially self-adjoint on % = L*(A, )® CN. Since

the domain AN is a core for the essentially self-adjoint operator 1y ® D it follows that © and similarly ® are essentially
self-adjoint operators. O

Remark 3.8. Since we are dealing with even dimensional Lie groups, ¢’ = +1 by the table mentioned in Proposition 3.2.
However, we intend not to discard ¢’ in the expression of © for the time being for a specific reason. This will be explained
towards the end of this section.

Lemma 3.9. We have the relations ©* = D~ and (©,9} =0.

Proof. Since o is a Z,-grading operator on (A, #, D), we have {D, o} = 0. This gives {D, D} = 0. Now,
2k

(Za )® 1@ It Dl 1@ Iy ®

i<j

92

2k

(Za ) O W@+ 301 @ In By

i<j

2k

~(> ) e we
r=1

because g is abelian. One gets exactly equal expression for D Hence, as operators on L2( A, ‘L’)Nz we get D2 = ?. O
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Remark 3.10. This is the place where we use the fact that g is abelian to conclude D2 = 52. Unless this equality holds
we can not have d> =0 for d = (D —i®D).

Lemma 3.11. We have the following :

(i) For all a € A, [d, a] extends to a bounded operator acting on the Hilbert space &€ ® 4 & where d = %(’D —i9);
(ii) exp(—e®?) is a trace class operator for all & > 0.

Proof. Both these facts follow from our assumption that the C*-dynamical system (A, G, «, T) gives us an honest N = 1
spectral data (A, H=I*A1)®CN,D= Z]Z:kl ;i ® y]) and the explicit expressions of ® and D in Proposition 3.7. Note
that Tr(exp(—e®?)) = NTr(exp(—eD?)) for all ¢ > 0. O

Proposition 3.12. Let G be an even dimensional abelian Lie group and (A, G, «, T) be a C*-dynamical system equipped with
a faithful G-invariant trace t. Whenever it determines a N = 1 spectral data (A, H, D, o), it always extends to N = (1, 1)
spectral data over A.

Proof. Combining Proposition 3.7 and Lemmas 3.9, 3.11 we see that the only remaining part is to produce a Z,-grading
and a Hodge operator. We have two self-adjoint unitaries y == 1® 0 ® 1y and ' :== 1 ® 1y ® o acting on the Hilbert
space [2(A, TV = I2(A, 1) ® CN @ CV, satisfying

D,y}=®,y}=0 , [@,7y]=[D,y']1=0.

The Z,-grading is obtained by taking y :=yy' = 1®0 ®o. Czlearly, {y,©} = {y, D} = 0. Finally, the Hodge operator is
givenby x =y’ =1Q® 1y ® o acting on € ® 4 € = L*(4, )V, and it satisfies {x, D} =[*,D] =0, #> =1, [, ¥] = 0.
This concludes the proof in view of Lemma 2.8 by taking the phase { = —1. O

An immediate corollary worth mentioning is the following.

Corollary 3.13. Let G be an even dimensional abelian Lie group and (A, G, «, t) be a C*-dynamical system equipped with a
faithful G-invariant trace T. Whenever it determines a spectral triple (A, #, D), where the Hilbert space H = 2(A,1)®@CN
with N = 214m(©)/2] the Dirac operator D ® 1 acting on # ® CN decomposes as D = d 4+ d* with d* = 0.

We now state and prove our main theorem.

Theorem 3.14. Let G be an even dimensional abelian Lie group and (A, G, «, t) be a C*-dynamical system equipped with
a faithful G-invariant trace t. Whenever it determines a N = 1 spectral data (A, H, D, o), it always extends to N = (2, 2)
Kéihler spectral data over A. That is, A inherits a (noncommutative) Kdhler structure.

The proof is a bit long and to make it transparent we first break it into the following three Lemmas.

Lemma 3.15. The following bounded self-adjoint operator

T:PADeCNeCcY — P4 r)echgcCN
2K e
T::; ?]®yj®yja
]:

commutes with all elements of A C B(LZ(A, r)N2> and [T,d] = d, where d = 3(D — iD).

Proof. Recall that [*(A, I)Nz = £ ®4 &€ (Proposition 3.5) and A is represented on £ ® 4 € by its left action on &. Clearly,
T then commutes with A C B(L?*(A, r)N2 . Recall the expressions of © and @ from Proposition 3.7. We now have the
following,

[T, D—iD]

2k

- Z[ﬂmyj@yja, @—i@]
j=1
2k ’

1 e
= E Z[l‘g)/j@J/jU, 1®D]+5[1®yj®yjo,D®0]
j=1



S. Guin / Journal of Geometry and Physics 146 (2019) 103492 11

2k &
=) lleyeys, 0 ® Iy ® %l + 5 1@y @0, 6 8y ®o]
Jir=1
1 &'
=D 50 @@ on —rro)+ 54 ® (K T vy 8y
j.r=1

!’

&
= Z L ® ¥ ® (—vjyr = v)o + S0 @y + 1) @y
j.r=1

2k
Z 3®)/,®U—88 ®Iyn®Y
j=1

1
= ?(D®0)—e’(l ® D)
=igD — D
— —¢(D— D).
Hence, for d = (D — iD) we see that [T,d] =d. O

Lemma 3.16. If there exists a skew-Hermitian matrix Z € Mp2(C) such that the bounded skew-adjoint operator ZT=1Q® 7
acting on [2(A, ) ® CN satisfies the following,

(M [Z,71=0
() [z,y1=0
3)[Z,%x]=0

then the N = (1, 1) spectral data obtained in Proposition 3.12 extends to Hermitian spectral data over A, ie. A inherits a
complex structure.

Proof. We want to write d := (D — iD) as d + 9 where both 9, 9 are differentials and 7 = T + T such that all
the conditions in Definition 2.6 except (6) are satisfied. Our idea of extending a N = (1, 1) spectral data to a Hermitian
spectral data is the following: if there exists such an Z, we try to decompose 7 as T + T while Z = i(T — T). Then, define
a new differential d, = [Z, d]. This will impose certain constraints on Z. We also have Propn. 2.27 in [20] as a reference.
Now, let us verify that these ideas actually work.

Consider the densely defined operator d, = [Z, d ] such that [Z, d;] = —d. This gives 7>d — 2ZdZ + dZ? = —d. Hence,
Zdzd = 1d7°d = dZdZ. Then,

= [Z,d][Z, d]
= 7d7d — d7°d + dZdT
=0
ie. dy is a differential. Now, define
1 — 1
9= 5(d —idy) and 9 := 5(d+id2).

Then, d = 8+ and part (1) in Definition 2.6 holds. Observe that {d, d,} = 0. Both d and d, are anticommuting differentials
which show that both 9 and 9 are differentials. It is easy to check that {9, 3} = 0. Now, define

1 _
T:==(7T—iZ) and T :=—(T+iI).
2 2
Then 7 =T +f and [T, T] = £[T, Z] = 0. Now,

[T, 0] ([T d] —i[T, dz] —i[Z,d] — [Z, d3])

(d—idy —i[T —1iZ, d;])

N\'—‘-lk\v—h-lk\

i
Jd— =T .
2[ , d]
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Similarly, one can show that

_ 1— i —
T,0]=-0— [T, d:],
[T, ] 5 2[ 21

— 1 i
T,0]=-0+ —[T,d
[T, d] 2+2[,2],

— 1— i —
T,0]= =0+ =[T,d,].
[T, d] 5 + 2[ 21
Now, by Lemma 3.15 we know that [T, d ] = d. Hence,

1
[T,d»] = ~(TZd — TdT — ZdT + dIT —i[Z, [Z, d]])

(Z[7,d] — [T, dIT —ilZ, [Z, d]])

(Zd — dT — i[Z, [Z, d]])

_ N = N = N

= 5(d2 —i[zZ, [Z,d]]).
Similarly, one can show that

[T.dy] = %(dz +1i[Z, [Z,d]]).
Hence, the following two relations

[T,dy] =i0 and [T, dy] =—id
together is equivalent to

[Z,[Z,d]] = —d.

This shows that part (2) in Definition 2.6 holds. Both Z and 7 commuting with .4 proves that [T, a] = [T, a] = 0 for all
a € A. Now,

[d27 a] = [[Ia d]7 a]
= [Z,[d, al]

Since [d, a] extends to a bounded operator, we get that both [, a] and [3, a] extend to bounded operators for all a € A.
This shows that part (3) in Definition 2.6 holds. Now,

=0
since, {7, d} = 0. This shows that {¥, 8} = {¥, 8} = 0 i.e. part (4) in Definition 2.6 holds. Finally, observe that
*0 + 0 * = —i(xdy + di)
%0 + 0% x = i(xdy + di%)

Now, using the fact that Z is skew-adjoint we see that

xdy + dyx = *[Z,d] + [Z, d]" *
= xTd — *dT + d"T" » —Z"d* x
= Z(xd + d*x) — (xd + d*x)T
=0
which shows that part (5) in Definition 2.6 holds for the phase { = —1. Hence, existence of such suitable skew-adjoint

operator Z guarantees that the N = (1, 1) spectral data obtained in Proposition 3.12 extends to Hermitian spectral data
over A, i.e. A inherits a complex structure. 0O

Lemma 3.17. The Hermitian spectral data obtained in previous Lemma 3.16 is a N = (2, 2) Kdhler spectral data over A, i.e.
A inherits a Kdhler structure, if and only if {d, d}} = {d*, d,} = 0 with d, =[Z,d].
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Proof. Recall part (6) in Definition 2.6 which is precisely the Kédhler condition. Observe that
{0,0%} = 30 +9%0
= (d —idy)(d* + id5) 4 (d* + id})(d — idy)
= {d,d"} + {da, d5} + i{d, d5} — i{d*, d2}
Similarly,
{8,97) = {d, d*} + {dp, &3} — i{d, d}} + i{d", d>}
0,9} = {d, d*} — {do, dy} —if{d, &y} — i{d", dy}
{0,9%) = {d, d*} — {da, di} + i{d, d5} + i{d*, d3}
This shows that the following conditions
(1) {d, d3} ={d*,d>} =0
(2) {d, d*} = {d, d3)}

are necessary and sufficient for the complex structure obtained in Lemma 3.16 to extend to a Kahler structure on .A.
However, condition (2) follows from condition (1) because

{d, d*} = dd* + d*d
= —[zZ,[Z,d]ld" —d*[Z,[Z,d]]
—Zdyd* + dyzd* — d*7d, + d*d, T
(dyzd* — drd*T) + dpd*T + (Zd*dy — d*Zd,) — Zd*dy + d*dr T — Zdod*
= (dad; + d5dy) + {dy, d*)T — Z{d", dp}
= {dy, d3}

if {d*, d,} = 0. Hence, the condition {d, d5} = {d*, d,} = 0, with d, = [Z, d], is necessary and sulfficient for the complex
structure obtained in Lemma 3.16 to become a Kahler structure on A. O

Proof of Theorem 3.14. Let dim(G) = 2k and N = 2. We first produce a skew-Hermitian matrix 7 € Mp2(C) such

that the skew-adjoint operator 7T = 1 ® T acting on [%(A4, 1) ® cV? satisfy all the conditions of Lemma 3.16. Note that
Mp2(C) = Mp(C) ®c My(C). Consider the Clifford algebra CI(2k) and suppose that {eq, ..., ex} be a generating set.
Consider the following elements

AL, j) =1®eej+ee;® 1 (3.3)

in CI(2k) ® CI(2k) for each pair (¢,j) with £ < jand ¢,j € {1,...,2k}. Each A(¢,j) commutes with the elements
e1...e®eq...eand 1 ®eq...eq of Cl(2k) ® CI(2k), as ey .. . ey lies in the center of CI(2k). Now, it is easy to verify
that for each such pair (¢, j), the element A(¢, j) commutes with Zr#“ er ® e, in Cl(2k) ® CI(2k). Observe that A(¢, j) also
commutes with e, ® e, +e; ® e;. Hence, for each such pair (¢, j), A(¢, j) will commute with Zfil er ®e; in CI(2k) ® CI(2k).
Now, let 7 : Cl(2k) — My(C), given by 7 : e, > y;, be the irreducible representation in Proposition 3.2. The element
]_[fL ej € CI(2k) corresponds to the grading operator o if k is even and —io if k is odd under the representation 7 (see [17]
for detail). Hence,

(T Rm)AUL ) =1Q wyj +vey; ® 1

are skew-Hermitian matrices in My(C) ® My(C) such that the skew-adjoint operators 1 ® Zi¢j) = 1 ® (7 ® 7 )(A(Y, j))
commute with 7, % and « (recall the expression of 7 from Lemma 3.15 and that of ¥ and * from Proposition 3.12).
Observe that

2k

1 i¢’
1®Zey.dl =) S0 @1y yl+ 0 @lny. nl®o

r=1

=9,®19Y-0i®1Qy,+i(3,®y®c -0y, ®0c)
and hence,
1®Zuj) [1®Tj dl1=-20, @19y, + Q18 y) -2, @y Qo + 3 ® Y ®0).
Hence, if we consider Z = 1 ® 7 with
I= % ( 1,2) + 3,4+ - +Z(2k—1,2k))

then we have [Z,[Z,d]] = —d along with [Z, 7] = [Z,Y ] = [Z, x] = 0. Hence, by Lemma 3.16, the N = 1 spectral
data (A, #, D, o) extends to Hermitian spectral data over 4, i.e. A inherits a complex structure.
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We now show that the condition in Lemma 3.17 is also satisfied. For d, := [ Z, d |, note that
2k Ty
1 ie
=) SH®1®Y— 4 ®1OY+ 5 (8% ®0 — 411 B o)
j=1,jodd
and recall that d* = ?kﬂ %(8@ ®1Q y, —ie'dy ® y¢ ® o). Then,
4d*, dy}
2k 2k
Z 2(3531 ® 1@ {Ve, Vir1} — 00011 ® 1 ® {ye, ¥j} + 9005 ® {ye, ¥j+1} @ 1
j=1,jodd £=1
—0¢0i1 R {ye, ¥} ® 1)
2k 2k
4 Y BRI 1+4 Y 40101
j=1.jodd j=1,jodd

=0

since, g is abelian. Similarly, one can verify that {d, d5} = 0. Hence, the N = 1 spectral data (A, #, D, o) extends to
N = (2, 2) Kdhler spectral data over .4, i.e. A inherits Kahler structure. This completes the proof. O

Corollary 3.18. If (A, T, «) is a C*-dynamical system such that the action of T?* is ergodic, then A inherits a Kéhler
structure.

Proof. Since T?* is compact and the action is ergodic, the unique T?*-invariant state becomes a faithful trace [26], and
we have a 2k-summable (and hence ®-summable) even spectral triple (Thm. 5.4 in [21]). Conclusion now follows from
Theorem 3.14. O

Corollary 3.19. For n even, the noncommutative n-torus Ag satisfies the N = (2, 2) Kdhler spectral data, i.e. these are
noncommutative Kéhler manifolds.

Proof. It is well known that the C*-dynamical system (Ag, T", o) on the noncommutative n-torus Ag, where o,(Uy) :=
zyUy, k=1, ..., n, equipped with a unique T"-invariant faithful trace given by

(St 57) =

mq) € S(Z"), gives a n-summable (and hence ®-summable) spectral triple

n
(.A@ , eZ(Zn) ® (CZUI/ZJ, D = Z 8] [ )/]) .
j=1
This spectral triple is even if n is even and we obtain a N = 1 spectral data on Ag. Conclusion now follows from
Theorem 3.14. O

Remark 3.20. As mentioned earlier in the Introduction, characterizing holomorphic structures on n-dimensional man-
ifolds, with n > 2, via positive Hochschild cocycles is still open. That is why methods in [10] do not extend to
noncommutative higher dimensional tori.

Proposition 3.21. There can be obtained at least Hj‘ﬁTffgdd(dim(G) — j) different Kdéhler structures in Theorem 3.14.

Proof. Let dim(G) = 2k. In the previous Theorem 3.14, we produced the differential d, = [Z, d] by taking a particular
T=1®7 whereZ =1 (T2 + Z3.4) + - . . + T(ak—1.260)- We now show that there are Hﬁ;}odd(Zk — j) different choice
for Z built out of Z, jy with £ < jand ¢,j € {1,..., 2k}. First choose Z(; ) with j > 1. Total number of choice is 2k — 1.
Case 1: If j = 2, next choose I3 ) with r > 3.

Case 2: 1f j > 2, next choose I, ;) so that r > 2 and r € {1, 2, ..., 2k} ~ {1, 2, j}.

Hence for each Z;; j, we get a total 2k — 3 different choice to consider the next Zs ;) or Z;, ry accordingly as j = 2 or j > 2
respectively. Now,

Case 1: If j = 2 and I3y with r > 3 have been chosen, next consider s ) with s = min{{1, 2, ..., 2k} ~ {1, 2, 3, r}} and
t>swithte{1,2,...,2k} < {1,2,3,r}
Case 2: 1f j > 2 and I, r) with r > 2 have been chosen, next consider Z ;) with s = min{{1, 2, ..., 2k} ~ {1, 2,j,r}} and

t>switht e {1,2,...,2k} < {1,2,],r}.
Hence for each I3 ), we get a total 2k — 5 different choice to choose the next Z 1), and similar choice for each Zp, ;).
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Until this we get a total (2k — 1)(2k — 3)(2k 5) different choice. Proceed like this to choose the next Z, ) with Zs 1)
being chosen. We will ﬁnally get total ]—[2"1 odd (2k — j) different choice for Z. It is a purely algebraic verification that all
these choice of 7 = 1® 7 give us dlfferent dz satisfying [Z, [Z, d] ] = —d and {d*, d;} = {d, d5} = 0. Thus, one can obtain
]_[JZkl joad(2k — j) different Kahler structures in previous Theorem 3.14.

These various choice of indices (m, n) in Zy,, n) at each stage is best understood by a directed tree. For example, if

dim(G) = 2k = 2 then there is a unique choice of 7 namely, 7 = —I(l 2). If dim(G) = 2k = 4 then we have the following
tree for various choice of 7, j) at each stage,

(1,2) (1,3) (1,4)

(3‘4) (2‘4) (2‘3)

Here the top index represents different p0551ble choice of 71 j) and we get total three different choice of 7 namely,

(I“ n+Taa) I= (I(1 3) + Z(2,4)) and 7= —( (1,4) + Z2,3)). If dim(G) = 2k = 6 then we have the following tree
for various ch01ce of Z j) at each stage,

(1,2) (1,3) (1,4)

e = D

34) (3,5) (36) (24) (25 (26) (23) 25 (26

(5,6) (46) (45) (5,‘6) (4}6) (4,5) (5}6) (3,‘6) (3{5)

(1,5) (1,6)

e S N

(23) (24) (26) (23) (24) (25)

(46) (36) (34) (45) (3‘5) (3.4)

The top index represents different possible choice of Z;; j) and we get total fifteen different choice of T given by half times
the addition of each vertical row along their prescribed path. Observe that the 7 given by half times the addition of the
first vertical row, namely 7 = —( (1,2) + I(3,4) + I(5,6)), is the one considered in Theorem 3.14. O

Remark 3.22. We do not know yet whether some or all of these different Kdhler structures are unitary equivalent.

Explanation of Remark 3.8. We now explain why we did not discard ¢’ in every places from Proposition 3.7 up to
Theorem 3.14. Reason is that as pointed out in [17], in the even case there are actually two possible real structures J.
that differ by multiplication by the grading operator. None of them should be preferred as they are perfectly on the same
footing. The table mentioned in Proposition 3.2 has the following extension :

n 0 2 4 6 0 2 4 6 1 3 5 7
e + - - + 4+ + - - + - - +
g+ + + + - - - - - 4+ - +
&+ - 4+ - 4+ - + -

The first column represents the real structure J; and the second is for J_. To accommodate both the possible real
structures we did not discard ¢’. Hence, accordingly as ¢’ = +1 or —1, both 3 and 9 change and we actually obtain two

different Kdhler structures in Theorem 3.14, and therefore 2 ]_[dml1 ]ngd(dim(G) — j) different Kéhler structures in view of

Proposition 3.21. However, it turns out that these two set of Kdhler differentials corresponding to J.. are unitary conjugate

to each other. If we denote the Kihler differentials obtained in Theorem 3.14 by 9. and 9. corresponding to the real
structures J. , then one can verify the following relationship

(1®c®1)i,=0_(180®1) and 1Qc®1)d; =0_(1Qc®1).

Here, the operator 1 ® o ® 1, which is a self-adjoint unitary acting on L?(4, 1) ® CN @ CV, is precisely the product of
the Z,-grading and the Hodge operator obtained in Proposition 3.12. Being unitary equivalent we do not distinguish the
Kahler structures {dy, d,} and {d_, 9_}.

Corollary 3.23. For the noncommutative two-torus Ay, with irrational 6, represented faithfully on the Hilbert space
02(73) @ C* P 3(7*) ® C? = ¢3(7*) ® C* by diagonal operator, one has

_ (0 1 _ (0 —i _ (1 o0
n=M10) > =i o) > 770 1)
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The Dirac operator is given by

0 id; + 0 0 0
D— i0; — 0, 0 0 0
- 0 0 0 i01 + 0
0 0 07 — 0o 0
with the grading operator ¥ and the Hodge operator x as
1 0 0 O 1 0 0 O
~ |0 -1 0 o0 . 0 -1 0 O
YZlo o -1 o] ©* *~lo o 1 o
0 O 0 1 0O 0 0 -1
Two set of unitary equivalent Kdhler differentials are given by
0 0 0 0
1
5(131 —d) 0 0 0
= | i¢
d %(ial — ) 0 0 0
i’ 1
0 ——(i9, — @ —(i0; — 0 0
5 (i0y — d2) 2( 1— 02)
1 ie’
0 =(id1+0d2) —(i01+ 32) 0
2 2
is" .
310 0 0 —7(181 + 0y)
1
0 0 0 5(1’31 + 3;)
0 0 0 0

with & = =1, and the nilpotent differential is d := 9 + 9 with d + d* = D.

Proof. The matrices y1, ¥, and o are obtained from the explicit representation of CI(2) on M,(C) (see Proposition 3.2).
From Proposition 3.12, since d = %(’D —iD), we get
sl

1 ie
d=5(31®1®J/1+32®1®V2)+?(31®V1®U+32®V2®0)
and from Theorem 3.14, we get

ol

1 ie
dz:5(81®1®)/2—32®1®)’1)+?(31®V2®U_82®V1®0)

The expression for the Dirac operator D is then clear since, D = d + d* = ©. Two set of unitary equivalent Kahler
differentials are given by 8 = 1(d — id>) and 8 = 1(d + id) with &' = £1. O

Remark 3.24. The differential 8 in Corollary 3.23 coincides with the complex structure obtained in [10] from cyclic
cohomology and using the equivalence of conformal and complex structures in two dimensions. This is further considered
in [32]. We will come back to it again towards the end of Section 5.

4. Space of complex differential forms on noncommutative 2n-tori
In this section, we work with the complex (in fact Kihler) structure obtained in Theorem 3.14 to compute the space

of complex differential forms on all noncommutative even dimensional tori. Recall the space of N = (1, 1) differential
forms (Section 2.2.2 in [20]) and complex differential forms (Section 2.3.2 in [20]).

Definition 4.1 ([33]). Let & be the universal C*-algebra generated by 2n unitaries Ui, ..., Uy, satisfying UiU, =
exp(2mi®y;)U,U;, where ® is a real 2n x 2n skew-symmetric matrix such that the lattice Ag generated by its columns
makes Ag + Z?" dense in R?". The compact connected Lie group T?" acts on .« by o,(Up) = z,U,, £ =1, ..., 2n. Let Ao

denote the smooth subalgebra of <7 under this action. Via Fourier transform one obtains

— J don . 2
Ap = {Z% ..... Ut - Ugt 2 @y € S(Z ")} :

Then, Ap is a unital spectrally invariant subalgebra of .=, called the noncommutative 2n-torus.
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Proposition 4.2. For the noncommutative 2n-torus Ag, as an Ag-bimodule we have,
(1) 20(Ae) = Ao, Ny
(2) 2{(Ae) = span{a[],_,[d.bj] : a,bj € Ao} = A" ¥1<¢<2n,
(3) Ri(Ae)={0} VL > 2n;

where, d is the operator constructed along the lines of the previous section.

Proof. Part (1) is obvious. Recall that d = %(@ —iD),where® =1®Dand ® = —¢D®o actingon H = £ Q@4 € =
I2(A, TV (see Propositions 3.5 and 3.7). Hence, for
1 2n
d= 5;(8j®1®;/j+ie/aj®yj®a)
we see that

2
1 g
da =3 (doe1ey+idaeyed)
j=1

2n .
1 ie’
=Y Ha)® (1 ® 5n+3w®o>.

j=1

We claim that the set {1® %yj + %yj ®o :j=1,...,2n}is a linearly independent subset of My(C) ® My(C). Consider

2n 1 ie’
Zaj(l@)iyj—i—?yj@a)zo (4.4)
j=1
with «; € C for all j. Multiplying this Eq. (4.4) by 1® o from the right, and then again from the left, we get
2n .
1 ie
Zaj(—1®§yj+7yj®a)=0. (4.5)
j=1

Now, (4.4)-(4.5) gives us

2n
Z 1®ajy;=0
j=1

in My(C)® My(C). Since, {y1, ..., y2n} is a linearly independent subset of My(C) we get «j = O for all j proving our claim.
Hence, the following map

D 1 2i(Ap) — AY
ald, b] — (ad;(b), ..., ada(b))

is an injective Ag-bimodule map. Now, for any (0,...,qa,...,0) € Ai}? with a in the jth place, the element an*zSUj €
21(Ap), 8 being the universal differential, descends to an*[d, Ul e .QC}(A@) and <D(an*[d, ul) = (©,...,a,...,0),

proving surjectivity of @. This concludes part (2) for £ = 1. For arbitrary 1 < ¢ < 2n, first observe that
(1®1y»+gy-®0)2 =0 [(1®1y»+ﬁy-®a) 1o ly 1+ ®0)f =0
270 21 ’ 270 21 ’ 270 2
forany 1 <j # r < 2n. Hence, for a, b € Ap,

(d. alld, b]
2n . .
1 ie’ 1 ie’
= (@)d:(b) — d:(a)d;(b 1® =y 4+ — 1~y + — .
&}d(jzn(a,(a)a( )~ @) 8 (18 31+ 5% ®0) (18 5%+ 2% 80)

2n!
Same argument as in the case of £ = 1 will now show that 23(A4e) = 42>

Part (2) and Part (3) simultaneously. O

. By induction on 1 < ¢ < 2n one concludes

Lemma 4.3. For the noncommutative 2n-torus Ag with n > 1, as an Ag-bimodule, we have

(1) 20%(A0) = Ao,
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(2) 2%A4p) = AL,
3) rz‘”(A) "

2.0 ~ n(nz—l)
(4) ‘Qaj('A@) = -A@ ’
n(n—1)

(5) 2,5(40) = Ap ”
(6) The product map .Q;%(AQ) X .(2;:33(.4@) — .Q:;:;(A@) is given by

(ar, ..., an) (b1, ..., by) —> ((@pbg — agbp)1<p<q<n)-
Proof. Part (1) is obvious. For part (2), from Theorem 3.14 we get that

1
[0,a] = E[d —idy, a]

2n 2n 2n
1 . .
- (Fawetey- ¥ w@e1erm+ Y idm@eien)
j=1 £=1, L odd =1, ¢odd
ie’ 2n 2n 2n
- (Cawereo- Y w@ern®o+ Y. d@eneo)
j=1 =1, ¢ odd =1, ¢odd
1 2n
= 2( X O — 0@ @ 1® Va1 + (8 + i) © 18 12)
=1, ¢odd
ie’ 2"
+ Z( D (Bep1 — 10 (@) ® er1 ® 0 + (3 + i011)(@) @ v ® a)
£=1, £ odd
2 ig’
= Z Z(azﬂ —10,)(a) ® 1® (ves1 +iye) + Z(al-H — 10, )(@) ® (Yer1 +ive) ® 0
=1, ¢odd

for all a € Ap. It can be verified (same way as in Proposition 4.2) that the set {1 ® %(]/g+] +iye) + %(ygﬂ +iy)®o
L e{l1,...,2n}, Lisodd} is a linearly independent subset of My(C) ® My(C). Hence, the following map

@ 2,3(A0) — A

2n
alg,blr— Y. (O,...,aag“(b)—iaag(b),...,o)
N———— e —_—
t=1. Lodd “1 th place
is an injective Ap-bimodule map. For arbitrary & = (0,...,a,...,0) € A} with a in the (¢ + 1)/2th place,

@(aUy,4[9, Uet1]) = &. This shows that & is surjective, concluding Part (2). Part (3) follows similarly since,

[0,a] = 1[d+id2, al

2n

= (Za(a)®1®n+ Z (@)@ 1@ yep1— Y ia€+1(a)®1®y@>
¢=1, £ odd =1, £ odd
2n

(Za(a)®yj®a+ Z D@ @y @0 — Y @8y o)
=1, ¢odd =1, ¢odd

2n .

1 . . [£3 . .
= ) 0+ @ 1@ (v —ir) + 4 (Be1 + 0@ @ (i1 —iy) ® 0
¢=1, ¢ odd

forall a € Ap.
For Part (5), denote §; := 0y + id,j—1 and nj 1= y»; — iyzj—1 for j=1,..., n. Observe that
=0 . {np.ngd=0VYp#q.
So by part (3) we see that

n -

— 1 &
[3.a1=) 25@@1®n+ 8@ 880,
j=1
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Hence, for arbitrary a, b € Ap,

[3.al(2. b
—Z(a a)8¢(b) — 8:(@)8,(b)) ® (1 @ nenr — nenr ® 1)
l<r
12 Y (G@3b) ® (ne ® 1, — 1, ® NN1© 0)
L#r
1 ic’
= (o) - aas ()& (1518 nen = neme & D+ =0 @ 1,0 = 1 @ )

The set [%(1 Rnenr—nenr 1)+ %(7]@ Rno—n@no): 1<l <r < n] can be easily seen to be a linearly independent
subset of My(C) ® My(C). Hence, the following map

n(n—1)

@ : Q;’:;(A(,)) — Ay’
a[3,b13. ¢ 1> ((a8,(b)3e(c) — aS(b)or(Cr=e=r=n

is an injective Ag-bimodule map. To see surjectivity, observe that for any a € Ap in (£, r)-position with £ < r,
@ : aU3,U;. [0, Uxy ][0, Upe] —> a.

This completes Part (5), and Part (4) follows similarly.
For Part (6), starting with (ay, ..., a,), (b1, ..., bsy) € AJ, first obtain their respective inverse image in Q;”%(A@) using

Part (3), then take the product to get an element in Q;’;(A@) and finally use the isomorphism in Part (5) to find its image
n(n—1) ’

in A, * . We left this for the reader to verify. O

Corollary 4.4. If {eq, ..., ey} denotes the standard free module basis of QS’%(A@) = Ap, then {ee, : 1 <€ <r <n}isa
n(n—1)
free module basis of QS’%(A@) = A, ? . Moreover, eger + erep = ef =0forall1 <l <r=<n

Proof. Follows from Part (3), (4) and (5) in the previous Lemma 4.3. O

Theorem 4.5. For the noncommutative 2n-torus Ag, as an Ag-bimodule, one has
n!

(1) 2,%(40) = Af)’” Yvi<es<n,

2) .Q%(.A@) Ag’" Pvi<e<n,
(3) 2,3(A0) = 25(A0) = (0} V€ > n,
(4) 24(Ae) = 69erq:r 'Qg:g(A@)'
Proof. The case of n = 1 should be treated separately. In this case of Ay,
[9,a] = %(82 +i01) (@) ® 1 (y2 —iy1) + %(32 +i01) @) ® (y2 —iy1)®o
for all a € Ay. Since, (y» — iy1)> = {y2 — iy1, 0} = 0, one gets that [, a][d, b] = O for all a, b € Ay. Part (1, 2, 3) now

follows by induction on ¢ in Lemma 4.3, similarly as in Proposition 4.2. To show Part (4) recall from Propn. 2.33 in [20]
that it is enough to show [T, w] € Q;(A@) forall w € .Q(}(A(.)), where T = %(7’ —iZ) is as in Lemma 3.16. Observe that

if @ = ald, b] then [T, ] = a[d, b] € 2,2(Ae). By Proposition 4.2 and Lemma 4.3 we see that
24(46) = 2, % A0) D 273(40)
as Ag-bimodules. Hence, we conclude that [T, w] € Q[}(A(_)) forall w € Q;(A@ ). This concludes Part (4). O
5. Holomorphic vector bundles
5.1. Holomorphic vector bundle

Let (A,%,9,d,T, T, y,*) be a Hermitian (or in particular, N = (2, 2) Kahler) spectral data over the unital algebra
A. Recall the space of complex differential forms from Section 2.3.2 and notion of integration from Section 2.3.3 in [20].
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A crucial orthogonality property is mentioned in Propn. 2.35 in [20]. However, for this section it is enough to recall the
following:

.(2;’39(,4) = span{a[d, b] : a,b € A} , .Qj’g(A) = span{a[d, b][d, c] : a, b, c € A},

0,1

25 (A) = span{a[d,b] :a,b e A} , £%2(A):=span{a[d,b][d,c]:a,b,c e A} .

9,9

Definition 5.1 ([29]). The algebra of holomorphic elements in A is defined as
O(A) == Ker [5 CA—> :2;’:5‘(,4)} .

This is a C-subalgebra of A.

Definition 5.2 ([29]). A holomorphic structure on a f.g.p. left .A-module £ is a flat 3-connection, i.e. connection V : £ —>
QS%(A) ®4 € such that the associated d-curvature ® € Hom 4 (5, Q;;(A) R4 S) vanishes. The pair (&, V) is called a
holomorphic vector bundle over A.

Definition 5.3 ([29]). If (&, V) is a holomorphic vector bundle over .4 then
HO(&, V) = ker [v £ — 201 ) e, s]
is called the space of holomorphic sections on €&.

Remark 5.4.

(1) It follows from the definition of connection that H(&, V) is a left ©(.4)-module.
(2) Recall that in the classical case, a vector bundle on a complex manifold is holomorphic if and only if it admits a flat
d-connection.

Consider a f.g.p. left module £ over .A. Then there exists a positive integer m and a left .A-module homomorphism
pr : A™ — &. By definition, there exists a left .A-module F such that £ & 7 = A™ and denote i : £ —> A™ to be the
inclusion map determined by this isomorphism. We have pr oi = id on &.

Lemma 5.5. Any d-connection ¥V on the free module A™ induces a d-connection V on &.

Proof. Given such %, define
1

V:iE— Q;’:g(A)@)AS
V=(id®pr)oVoi.
Clearly, V is a C-linear map. Now, foralla € A and & € &,
V(a¢) = (id ® pr) o V(ai(£))
= (idopr)(19.al @) +aV o ()
=[0,a1®& +av(§)

proving V is a d-connection on £. O

Moreover, the converse is also true.
Proposition 5.6. Any d-connection V on £ is induced by a d-connection V on the free module A™.

Proof. Start with a 5—connegion ¥V on the free module A™. By previous Lemma 5.5, we get a d-connection V on & by
the formula V = (id ® pr) o V o i. Now, let V' be any other d-connection on £. Then V' — V € Hom 4(&, .QS‘%(.A) ®.4 E).
Since, '

id@pr: 2)3(A) @4 A" — 2)HA) @€
is surjective and £ is a projective module, there exists a module map

& — Qg’g(A) Q4 A™
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such that V' — V = (id ® pr) o ¢. Then, 5 = ¢ opr € Hom (A", QS’%(A) ®.4 A™) and hence, v+ 5 is a 9-connection
on A™. The associated connection on & is ’

(id®pr)o(V+¢)oi=V+(id®pr)oe
= V/

i,e. V' is induced by the d-connection v+ 5 on the free module A™. O

Proposition 5.7. Any free module over A is a holomorphic vector bundle.

m
Proof. Let A™ be a free module over A of rank m. Since .Qg’%(A) R A™ = (QS’%(A)) , define

Vo: A" —> 20 1(A) @4 A"
(a1,....an) — ([9.a1],.... [0, an])

It is easy to check that Vj is a d-connection. Let {e;, ..., en} denote the standard free .A-module basis of .A™. Then, the
associated curvature becomes
Oxy(@r, .. an) = Vo([ 3. 1], ... 13, anl)

m

= ZVO([& 4] Qej)

1

.
Il

I
NgE

—[0,aj1Vo(e) + [0, 113, aj] ® ¢
1

Il
SR

since, Vo(e;) = 0. Hence, Vj is flat d-connection. This shows that (A™, V;) is a holomorphic vector bundle over A. O
Corollary 5.8. The space of holomorphic sections of any free module & = A™ over A is a free O(A)-module of rank m.

Proof. Let & = A™ be a free module over A of rank m. Then (& , Vj) is a holomorphic vector bundle over A by previous
Proposition 5.7. Now, from Definition 5.3 we get that

m
HO(go , Vo) = Ker{Vo : 4™ — (202(4))" |
{(a,...,am): [0,41=0Vj=1,...,m}
{(ar,....am): g€ O(A)Vj=1,...,m}
o)™
ie. HO(& , Vo) is a free ©(A)-module of rank= rank(&,). O

e 1l

5.2. Holomorphic vector bundles over noncommutative 2n-tori
Proposition 5.9. The algebra O(Ag) of holomorphic elements in Ag is C.

Proof. From Lemma 4.3,
a+—> ((32 +1id1)(a), ..., (020 +i02n_1)(a)).
Hence, by Definition 5.1,

O(Ao) = [aeA@ (B1 +i0)(@) =0 Vje {1,...,2n); jis odd}.

. . ¢ ton
(1 +10)(@) = Y (L1 +ilee, ey, Uyt Uplt
This expression is equal to zero implies that (£j4q + i€j)ag,,..¢,, = 0. Hence, ;1 = ¢; = 0. Thus, a is of the form

2 Gt ¢
Z O[gl,””gz”U] U] U. ...Uz

e Zn_This is true for all j € {1,...,2n}, j is odd. Hence, we conclude that a € C1, which
proves O(Ag) = C.
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Corollary 5.10. Space of holomorphic sections of any free module & = A7, over Ag is C™.
Proof. Follows from Corollary 5.8 and previous Proposition 5.9. O

Lemma 5.11. £2}(Ap), .Qg'g(A@), Q%(A@) all are holomorphic vector bundles over Ag.

Proof. Follows from Propositions 5.7, 4.2 and Theorem 4.5. O

Theorem 5.12. A necessary and sufficient condition for existence of holomorphic structure on a f.g.p. left module & over Ao
is that there exists n-tuple (V1, ..., V;) of C-linear maps V; : £ — & such that the following conditions are satisfied

(1) Vi(a§) = aVi(§) + dj(a)f VYae Ag,
(2) [Ve, Vi ]=0 Vi<l<r=<n

Where, 5]' = 82,- + 1'321;1.

Proof. Recall from Lemma 4.3 that .QS%(A@) = A},. Hence, any d-connection V : £ —> Q;%(.A@)QQS on £ is implemented

by n-tuple of C-linear maps (Vy, ..., V,) with each V; : £ — £. Since, V is a d-connection, it is easy to verify that
Vi(a§) = aVi(§)+6j(a)( VYae Ap and & €&
where, §; = 02j+10d,j_1. If V induces a holomorphic structure on £ then &y = 0. Now, if {ey, ..., e,} denotes the standard

~

free module basis of .Q(?:%(A@) = AjY, then observe from Lemma 4.3 that the map ElE Q;’%(A@) — QS:%(A@), given by
9" :a[d,b] —> [0, alld,b], satisfies 3 (e;) = 0. Hence, for any £ € &, we have

Ov(E) = ) V(e ® Vi(£))

i=1

=) —eV(V(£) + 3 (e) ® Vi(£)
j=1

= Z —ejey ® v@(vj(é))

£j=1
= Z ece; ® [Ve, Vil(€)
l<j

because epeq + eqe, = 0 for p # q and eg = 0 (Corollary 4.4). Since, {ece; : 1 < £ < j < n} is the standard free module
basis of Q;’%(A@) we get ®y = 0 if and only if [V,, V] =0 for all 1 < £ < r < n. This fulfills our claim. O

Observe from Proposition 4.2 and Lemma 4.3 that .Q;(A@) = Q;’g(A@) &P .QS%(A@ ). This is in fact an orthogonal direct
sum by Propn. 2.35 in [20]. Hence, any C-linear map V : £ — .QL}(A@) ® .4, € satisfying V(a&) = aV(£)+ [d, a] ® &,
i.e. a d-connection, can be written as V1'% 4+ V%1, Let 710 and 7% be the orthogonal projections onto .Qalg and 9251
respectively. Note that these are .4g-module maps. ' '

Proposition 5.13. Let £ be a f.g.p. left module over Ag and V : £ —> .Q(}(A(.)) ® .4, € be a d-connection whose curvature
has vanishing (0, 2)-component. Then, V induces a holomorphic structure on &. In particular, any flat d-connection induces a
holomorphic structure on &.
Proof. Let V be a d-connection and define
Ve — .Q((;’E](A@) Rap €
£ r— (7" ®id)V(§).

Since 7% is a left Ag-module homomorphism, it is easy to observe that V' is a 9-connection. Observe that the associated
curvature satisfies the following relation

Oy = (1*? ®id)Oy .

Hence, if the (0, 2)-component of the curvature @y vanishes then V' is a flat 3-connection. For detail verification follow
the proof of Propn. 4.7 in [2]. In particular, if Oy itself is zero i.e. V is d-flat then V’ induces a holomorphic structure
oné&. O
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If (£, V) is a holomorphic vector bundle over .A then
0— &5 20HA) @€ > 20U BUE ~> ......

is a cochain complex. The cohomology groups of this complex are denoted by H*(&, V). Recall from Definition 5.3 that
the zero-th cohomology is the space of holomorphic sections on &£. It follows from the definition of connection that each
H*(&, V) is a left O(A)-module. Hence, for the case of noncommutative torus A = Ag, they are C-vector spaces (by
Proposition 5.9).

Proposition 5.14. Every short exact sequence

0— (&, Ve) 5 (F, V) L (6, V5) —> 0

of holomorphic vector bundles over Ag induces a long exact sequence

*

0 — HYE, Vi) 2 HOUF, V) L HO(q, Vo) > HY(e, Ve) 2 ...

in cohomology of C-vector spaces.

Proof. Since, QS%(A@) are free modules over Ao (Theorem 4.5) we get

. 426 0.0 4oy 0.
0 — 20%(A6) @y £ — 203(A0) Bay F — 272(A0) B4y G — 0

is an exact sequence of cochain complexes which induces a long exact sequence in cohomology (See Propn. 4.6 in [2]). O
5.3. The case of noncommutative two-torus revisited

In this final subsection we revisit the case of noncommutative two-torus A, studied earlier in [32] and obtain their
framework as a special case of our results for general C*-dynamical systems.
Recall from Part (3) in Theorem 4.5 that the noncommutative space of complex two forms

QS’%(AQ) := span{a[ 3, b][d,c] : a, b, c € Ay}

vanishes identically for the case of noncommutative two-torus. Because of this reason for any d-connection V : £ —
2

QS%(AQ) ®.4, &, the associated 9-curvature Oy : £ —> Q;’g(Ag) ®.4, € is always zero i.e. V is always d-flat. Also, as
observed in Lemma 4.3, we have

P : .Q;’%(.Ag) — Ay

ald, b] —> a(d, + id1)(b)

is an Ay-bimodule isomorphism. Hence, for any f.g.p. left .45-module £ we get .Q;%(.Ag) ® 4, € is canonically isomorphic
with &, since Ay is unital. Therefore, a holomorphic structure on £ is given by a C-linear map V : £ — & such that

V(a§) = aV(§) + (0, + i01)(a)§
for all ¢ € £ and a € Ay. For arbitrary a € A, of the form 3~ 2y, ,Uj'Uy’ we see that

(02 +i01)(a) = (r2 +ir1)a.

If we denote 7 to be the purely imaginary number i then the derivation on .4y defined by

o [ D e nUNUR | =211 Y (nT 4 naay, Uy U

(r1.r2)€z2 (r1.12)ez?

is equal to ® o[, .]. This is the complex structure considered in [32] for Ag, and we see that the definition of holomorphic
vector bundle given in [32] for the case of noncommutative two-torus 4y is a special case of the general definition given
in (Definition 5.2).

Moreover, the complex (.QS:%(AQ) ®uy &, V) becomes just
0— ¢ AN &E—0
and hence, the cohomology becomes
HoE,V)=Ker{V:& — & and HY(, V)= Coker{V:& — &}.
We see that this is the definition of the cohomology given in [32].
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Open question

Under which condition(s) the N = (2, 2) Kahler spectral data obtained in Theorem 3.14 extends further to a N = (4, 4)
hyper-Kdhler spectral data (Defn. 2.37 in [20])? One necessary condition should be dim(G) = 4n but we are not sure
yet whether this is also the sufficient condition. Note that in the classical case, the 4n-dimensional tori are actually
hyper-Kdhler manifolds. We expect the same for the noncommutative 4n-dimensional tori also.
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