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a b s t r a c t

We use geometric methods to study two natural two-component generalizations of
the periodic Camassa–Holm and Degasperis–Procesi equations. We show that these
generalizations can be regarded as geodesic equations on the semidirect product of
the diffeomorphism group of the circle Diff(S1) with some space of sufficiently smooth
functions on the circle. Our goals are to understand the geometric properties of these
two-component systems and to prove local well-posedness in various function spaces.
Furthermore, we perform some explicit curvature calculations for the two-component
Camassa–Holm equation, giving explicit examples of large subspaces of positive curvature.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

In a seminal paper [1], Arnold pointed out that the Euler equations for the motion of a rotating rigid body and the
Euler equations of hydrodynamics can both be viewed geometrically as geodesic equations on a Lie group endowed with
an invariant metric. More recently, several other equations of physical interest have been found to arise in a similar way;
examples include the Korteweg–de Vries, Burgers, Camassa–Holm (CH), and other Euler–Poincaré equations. This geometric
viewpoint is not only aesthetically appealing, but is also useful in the study of well-posedness and stability issues. It is
therefore of interest to find and study further examples of this type.

The CH equation is a re-expression of the geodesic flow on the diffeomorphism group of the circle Diff(S1) equippedwith
the H1 right-invariant metric [2,3]. Recently, it has been demonstrated [4] that the Degasperis–Procesi (DP) equation [5]
also can be recast as a geodesic equation on Diff(S1), although in this case the connection does not derive from an invariant
metric [6]. Just like the CH, the DP equation is an approximation to the governing equations of motion for the classical
water wave problem in the shallow-water regime; cf. [7]. Both the CH and DP equations are integrable and admit peakon
solutions [8,9]. The integrability manifests itself in the existence of a Lax pair and a bi-Hamiltonian structure for each of the
equations.

In this paper, we will develop the geometric picture for the following two-component generalizations of the CH and DP
equations:

mt = −umx − 2mux − ρρx,
ρt = −(ρu)x,

(2CH)
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and 
mt = −3mux − mxu − ρux + 2ρρx,
ρt = −2ρux − ρxu,

(2DP)

where u(x, t) and ρ(x, t) are real-valued functions of x ∈ S1 ≃ R/Z and t ∈ R, and m = u − uxx.
The system (2CH) was first derived in [10] using bi-Hamiltonian methods. The system admits a Lax pair formulation and

is integrable. In fact, it is related to the first negative flow of the AKNS hierarchy via a reciprocal transformation [11,12]. A
derivation of (2CH) in the context of shallowwater waves appears in [13]. Well-posedness and blow-up results are obtained
in [14,15].1

The system (2DP) was first proposed in [16] as a natural generalization of the DP equation in the context of
supersymmetry. Although the approach of [16] automatically yields one Hamiltonian structure for (2DP), neither a second
Hamiltonian structure nor a Lax pair could be found. The question of the integrability of (2DP) therefore remains open.

We will show that the two-component generalizations (2CH) and (2DP) can be regarded as geodesic equations on
the semidirect product Diff(S1)sF (S1), where F (S1) denotes a space of sufficiently smooth real-valued functions on the
circle. For 2CH, the geodesic equation derives from a natural right-invariant Riemannian metric, whereas for 2DP the affine
connection is not compatible with any such metric. The geometric construction will give immediate proofs of local well-
posedness for both systems in Hs(S1) × Hs−1(S1) or Cn(S1) × Cn−1(S1) for sufficiently smooth initial data. Moreover, we
will show that the local well-posedness can be extended to the Fréchet space C∞(S1) × C∞(S1). Our main result reads as
follows.

Theorem 1.1. There exist open intervals J1 and J2 centered at 0 and an open neighborhood U of (0, 0) ∈ C∞(S1)×C∞(S1) such
that for each (u0, ρ0) ∈ U there exist a unique solution

(u, ρ) ∈ C∞(J1, C∞(S1)× C∞(S1))

of (2CH) and a unique solution

(v, η) ∈ C∞(J2, C∞(S1)× C∞(S1))

of (2DP) with (u(0), ρ(0)) = (v(0), η(0)) = (u0, ρ0). Furthermore, the solutions depend smoothly on the initial data in the
sense that the local flows

Φi: Ji × U → C∞(S1)× C∞(S1),

for i = 1, 2, defined byΦ1(t, u0, ρ0) = (u(t; u0, ρ0), ρ(t; u0, ρ0)) andΦ2(t, u0, ρ0) = (v(t; u0, ρ0), η(t; u0, ρ0)) are smooth
maps.

Although a geometric reformulation of the 2CH as a geodesic flow is presented in [17] (see also [18]), our work contains
the following novel aspects: We apply the geometric picture to obtain local well-posedness results (in particular in the
smooth category) and we provide a detailed discussion of the sectional curvature associated with the 2CH. A generalization
of our approach for 2DP has previously not been presented in the literature.

Our paper is organized as follows: In Section 2, we introduce the relevant function spaces and semidirect products. In
Section 3, we establish the geometric interpretation of 2CH as a geodesic equation with respect to a right-invariant metric
and prove local well-posedness in various settings. The 2DP equation is considered in Section 4. In Section 5, we present
some explicit computations of the sectional curvature for the 2CH equation. In an appendix, the geometric interpretations
of 2CH, CH, and the rotating rigid body are compared in an attempt to emphasize the unifying features of the approach.

2. Function spaces and semidirect products

We will show that 2CH and 2DP are geodesic equations on the semidirect product

G = Diff(S1)sF (S1), (2.1)

where Diff(S1) denotes the group of orientation-preserving diffeomorphisms of the circle S1 ≃ R/Z and F (S1) denotes a
space of sufficiently regular real-valued functions on S1 (the exact regularity assumptions will be made precise below).

Let (ϕ, f ) and (ψ, g) be two elements of G. The group product in G is defined by

(ϕ, f )(ψ, g) := (ϕ ◦ ψ, g + f ◦ ψ)

where ◦ denotes composition. The neutral element of G is (id, 0) and (ϕ, f ) has the inverse (ϕ−1,−f ◦ ϕ−1). Of particular
interest to us will be the right translation operator R(ψ,g) : G → G defined by

R(ψ,g)(ϕ, f ) = (ϕ, f )(ψ, g).

1 In some of these references the term −ρρx in (2CH) is chosen to have the opposite sign.
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Several different regularity assumptions can be imposed on the elements of G. The structure of Eqs. (2CH) and (2DP)
suggests that the function ρ should be allowed to have one spatial derivative less than u. This suggests the following choice
for G:

HsG := HsDiff(S1)sHs−1(S1), (2.2)
where HsDiff(S1) denotes the space of orientation-preserving diffeomorphisms of S1 of Sobolev class Hs. We will assume
that s > 5/2. In this case, HsDiff(S1) is a Hilbert manifold and a topological group and the composition map

(ϕ, f ) → f ◦ ϕ : HsDiff(S1)× Hs−1(S1) → Hs−1(S1)
is continuous; cf. [19]. Thus, HsG is a topological group and a smooth manifold modeled on the Hilbert space Hs(S1) ×

Hs−1(S1).
Another natural choice for G is

CnG := CnDiff(S1)sCn−1(S1), (2.3)
where CnDiff(S1) denotes the space of orientation-preserving diffeomorphisms of S1 of class Cn. We will assume that n ≥ 2.
In this case, CnG is a topological group and a smooth manifold modeled on the Banach space Cn(S1) × Cn−1(S1). Note that
HsG and CnG are not Lie groups, since left multiplication is only continuous and not smooth.

Finally, we may choose G as

C∞G := C∞Diff(S1)sC∞(S1). (2.4)
This is a Lie group (the multiplication and inverse maps are smooth) and a Fréchet manifold modeled on C∞(S1)× C∞(S1).
In contrast to HsG and CnG, it is not a Banach manifold.

The three choices (2.2)–(2.4) for G are all of interest due to their different advantages. We will first develop the theory
for HsG and then consider CnG and C∞G.

We refer the reader to [20,21] for further information on geodesic flows on semidirect products.

3. The 2CH equation as a geodesic equation

Let G be the semidirect product defined in (2.1). We will define a metric ⟨·, ·⟩ and a compatible covariant derivative ∇ on
G and show that a curve (ϕ(t), f (t)) in G is a geodesic with respect to ∇ if and only if (u(t), ρ(t)) ∈ T(id,0)G defined by

(u, ρ) = TR(ϕ,f )−1(ϕt , ft) = (ϕt ◦ ϕ−1, ft ◦ ϕ−1) (3.1)
satisfies the 2CH equation.

3.1. The Hs-category

We first consider the Hs-setting and let G be the group HsG, s > 5/2, defined in (2.2). We define a bilinear operator Γ(id,0)
on Hs(S1)× Hs−1(S1) by

Γ(id,0)((u, ρ), (v, τ )) =

Γ 0
id(u, v)−

1
2
A−1∂x(ρτ)

−
1
2
(uxτ + vxρ)

 , (3.2a)

where A = 1 − ∂2x and

Γ 0
id(u, v) = −A−1∂x


uv +

1
2
uxvx


(3.2b)

is the Christoffel operator associated with the CH equation (cf. [22,23,2]). For vector fields X and Y on HsG, we define

Γ(ϕ,f )(X, Y ) = Γ(id,0)(X(ϕ, f ) ◦ ϕ−1, Y (ϕ, f ) ◦ ϕ−1) ◦ ϕ. (3.2c)
Then Γ is a right-invariant Christoffel map on HsG, i.e.,

TR(ψ,g)[Γ(ϕ,f )(X, Y )] = ΓR(ψ,g)(ϕ,f )(TR(ψ,g)X(ϕ, f ), TR(ψ,g)Y (ϕ, f )),

for all (ϕ, f ), (ψ, g) ∈ HsG. The associated covariant derivative ∇ is defined by

(∇XY )(ϕ, f ) = DY (ϕ, f ) · X(ϕ, f )− Γ(ϕ,f )(Y (ϕ, f ), X(ϕ, f )). (3.3)

Observe that the Christoffel map Γ is the infinite-dimensional analog of the Christoffel symbols Γ i
jk familiar from finite-

dimensional differential geometry (see [24]; our Γ is denoted by B in [24]). Furthermore, it follows immediately from
definition (3.3) that ∇ is a torsionless covariant derivative in the sense that
(i) ∇fXY = f∇XY ,
(ii) ∇XY − ∇YX = [X, Y ],
(iii) ∇X (fY ) = (Xf )Y + f∇XY ,

for all vector fields X , Y and functions f on HsG.
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We also define a Riemannian metric ⟨·, ·⟩ on HsG by letting

⟨(u, ρ), (v, τ )⟩(id,0) := ⟨u, v⟩H1 + ⟨ρ, τ ⟩L2

=

∫
S1
(uv + uxvx)dx +

∫
S1
ρτdx (3.4a)

at (id, 0) and extending it to all of HsG by right-invariance:

⟨X, Y ⟩(ϕ,f ) := ⟨X(ϕ, f ) ◦ ϕ−1, Y (ϕ, f ) ◦ ϕ−1
⟩(id,0), (3.4b)

where X, Y are vector fields on HsG. In the following, we will write ⟨·, ·⟩ for ⟨·, ·⟩(id,0).
It is a well-known fact that any Riemannianmetric ⟨·, ·⟩ on a finite-dimensional manifoldM induces a unique compatible

torsionless covariant derivative ∇ onM (the Levi-Civita connection); ∇XY is defined by

2⟨∇XY , Z⟩ = −⟨[Y , X], Z⟩ − ⟨X, [Y , Z]⟩ − ⟨Y , [X, Z]⟩ + X⟨Y , Z⟩ + Y ⟨Z, X⟩ − Z⟨X, Y ⟩, (3.5)

where X, Y , Z are vector fields on M . The bracket ⟨·, ·⟩ establishes an isomorphism TmM → T ∗
mM for each m ∈ M , which

guarantees the existence of∇XY (m) for allm. However, this approach fails for HsG since the metric defined by (3.4) is only a
weak Riemannian metric (i.e. the topology induced by the metric is weaker than the natural topology of any tangent space)
and therefore the metric does not establish an isomorphism between the tangent space and its dual [22,19,23].

It is a first aim of this section to establish that ∇ as defined in (3.3) defines a smooth connection (i.e. Γ defines a smooth
spray) on HsG in the sense of Banach manifolds (see [24]) and that ⟨·, ·⟩ is a compatible Riemannian metric. Note that this
connection is unique; this can be deduced immediately from formula (3.5), as in the finite dimensional case.

In general, the Christoffel map for a Banachmanifold is only defined locally. Henceforth, wewill implicitly use the natural
smooth identification

THsG ≃ HsG × (Hs(S1)× Hs−1(S1)) (3.6)

and view Γ as a map from HsG to the space of bilinear symmetric maps from Hs(S1)× Hs−1(S1) to itself. Similarly, a vector
field X on HsG is viewed as a map HsG → Hs(S1)× Hs−1(S1). The identification (3.6) is given explicitly as follows. The map
ϕ → (ϕ(0), ϕ(x)− x − ϕ(0)) is a diffeomorphism Diff(S1) → S1 × U s, where

U s
:= {f ∈ Hs(S1)|f (0) = 0, fx > −1}.

Since U s is an open subset of the closed linear subspace Es
:= {f ∈ Hs(S1)|f (0) = 0} ⊂ Hs(S1), this map provides a local

chart on Diff(S1) with values in I × U s
⊂ R × Es for any open subinterval I ⊂ S1. Moreover, using that TS1 ≃ S1 × R, we

find

TDiff(S1) ≃ T (S1 × U s) ≃ S1 × U s
× R × Es

≃ Diff(S1)× Hs(S1).

This yields the nontrivial part of (3.6).
For two Banach spaces E, F , we let L2

sym(E; F) denote the space of symmetric bilinear maps from E to F . For a manifold
M , L2

sym(TM; F) denotes the bundle over M with fiber L2
sym(TxM; F) over a point x ∈ M .

Proposition 3.1. Let s > 5/2. Let HsG := HsDiff(S1)sHs−1(S1) and let Γ be the Christoffel map defined in (3.2). ThenΓ defines
a smooth spray on HsG, i.e., the map

(ϕ, f ) → Γ(ϕ,f ):HsG → L2
sym(H

s(S1)× Hs−1(S1);Hs(S1)× Hs−1(S1)) (3.7)

is smooth. Moreover, the metric ⟨·, ·⟩ defined by (3.4) is a smooth (weak) Riemannian metric on HsG, i.e., the map

(ϕ, f ) → ⟨·, ·⟩(ϕ,f ) : HsG → L2
sym(T(ϕ,f )H

sG; R) (3.8)

is a smooth section of the bundle L2
sym(TH

sG; R). Finally, the connection ∇ and the metric ⟨·, ·⟩ are compatible in the sense that

X⟨Y , Z⟩ = ⟨∇XY , Z⟩ + ⟨Y ,∇XZ⟩ (3.9)

for all vector fields X, Y , Z on HsG.

Proof. In order to establish smoothness of (3.7), it is sufficient to show that the following map is smooth:

((ϕ, f ), w) → Γ(ϕ,f )(w,w),

HsG × [Hs(S1)× Hs−1(S1)] → Hs(S1)× Hs−1(S1),

wherew = (w1, w2) ∈ T(ϕ,f )HsG ≃ Hs(S1)× Hs−1(S1) and

Γ(ϕ,f )(w,w) =


Γ 0
id(w1 ◦ ϕ−1, w1 ◦ ϕ−1)−

1
2
A−1∂x(w

2
2 ◦ ϕ−1)

−(w1 ◦ ϕ−1)xw2 ◦ ϕ−1


◦ ϕ.
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Wewill show that the term −
1
2 (A

−1∂x(w
2
2 ◦ϕ−1)) ◦ϕ makes a smooth contribution to Γ ; the other terms can be treated by

similar arguments.
Consider the map

P : HsDiff(S1)× Hs−1(S1) → HsDiff(S1)× Hs(S1)

defined by

P(ϕ,w) = (ϕ, (A−1∂x(w
2
◦ ϕ−1)) ◦ ϕ).

We write P as the composition P = Ã−1
◦ P2 ◦ P1, where the maps

P1 : HsDiff(S1)× Hs−1(S1) → HsDiff(S1)× Hs−1(S1),
P2 : HsDiff(S1)× Hs−1(S1) → HsDiff(S1)× Hs−2(S1),

Ã : HsDiff(S1)× Hs(S1) → HsDiff(S1)× Hs−2(S1)

are defined by

P1(ϕ,w) = (ϕ,w2),

P2(ϕ,w) = (ϕ, (w ◦ ϕ−1)x ◦ ϕ) =


ϕ,
wx

ϕx


,

Ã(ϕ,w) = (ϕ, (A(w ◦ ϕ−1)) ◦ ϕ) =


ϕ,w −

wxx

ϕ2
x

+
wxϕxx

ϕ3
x


.

The maps P1, P2, and Ã are smooth since Hs(S1) is a Banach algebra under pointwise multiplication for s > 1/2. To show
that Ã−1 is smooth, we compute

DÃ(ϕ,w) =

id 0

∗ id −
1
ϕ2
x
∂2x +

ϕxx

ϕ3
x
∂x

 .
This is, for each (ϕ,w) ∈ HsDiff(S1)× Hs(S1), a bijective bounded linear map Hs(S1)× Hs(S1) → Hs(S1)× Hs−2(S1). The
open mapping theorem implies that its inverse is also bounded. The inverse mapping theorem now implies that Ã−1, and
hence also P , is a smooth map.

We next establish the smoothness of (3.8). It is sufficient to show that the map

Q : HsG × [Hs(S1)× Hs−1(S1)] → R,

defined by

Q ((ϕ, f ), w) =

∫
S1
(w1 ◦ ϕ−1)A(w1 ◦ ϕ−1)dx +

∫
S1
(w2 ◦ ϕ−1)2dx (3.10)

is smooth. The change of variables y = ϕ−1(x) yields

Q ((ϕ, f ), w) =

∫
S1


w2

1ϕx +
w2

1x

ϕx
+ w2

2ϕx


dy,

and when Q is written in this form its smoothness is clear.
It remains to verify (3.9). Let Xi, Yi, Zi, i = 1, 2, denote the components of three vector fields X, Y , Z on HsG. For i = 1, 2,

let ui = Xi(ϕ, f ) ◦ ϕ−1, vi = Yi(ϕ, f ) ◦ ϕ−1, wi = Zi(ϕ, f ) ◦ ϕ−1. Let γ (ϵ) ∈ HsG be a curve such that γ (0) = (ϕ, f ) and
γ̇ (0) = X(ϕ, f ).

On the one hand,

(X ⟨Y , Z⟩)(ϕ, f ) =
d
dϵ


ϵ=0

⟨Y (γ (ϵ)), Z(γ (ϵ))⟩γ (ϵ)

=
d
dϵ


ϵ=0


Y1(γ (ϵ)) ◦ γ−1

1 , Z1(γ (ϵ)) ◦ γ−1
1


H1 +

d
dϵ


ϵ=0


Y2(γ (ϵ)) ◦ γ−1

1 , Z2(γ (ϵ)) ◦ γ−1
1


L2
.

On the other hand,

⟨∇XY , Z⟩(ϕ,f ) = ⟨DY1(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− Γ 0

ϕ (Y1, X1) ◦ ϕ−1, w1⟩H1 +
1
2
⟨(v2xu2 + u2xv2), w1⟩L2

+


DY2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1

+
1
2
(v1xu2 + u1xv2), w2


L2
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and

⟨Y ,∇XZ⟩(ϕ,f ) = ⟨DZ1(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− Γ 0

ϕ (Z1, X1) ◦ ϕ−1, v1⟩H1 +


1
2
(w2xu2 + u2xw2)v1


L2

+


DZ2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1

+
1
2
(w1xu2 + u1xw2), v2


L2

.

The calculations in [23] for the CH equation show that

d
dϵ


ϵ=0

⟨Y1(γ (t)) ◦ γ−1
1 , Z1(γ (t)) ◦ γ−1

1 ⟩H1 = ⟨DY1(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− Γ 0

ϕ (Y1, X1) ◦ ϕ−1, w1⟩H1

+ ⟨DZ1(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− Γ 0

ϕ (Z1, X1) ◦ ϕ−1, v1⟩H1 ,

so that it remains to check that
d
dϵ


ϵ=0

⟨Y2(γ (t)) ◦ γ−1
1 , Z2(γ (t)) ◦ γ−1

1 ⟩L2 =


1
2
(v2xu2 + u2xv2), w1


L2

+


DY2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1

+
1
2
(v1xu2 + u1xv2), w2


L2

+


1
2
(w2xu2 + u2xw2), v1


L2

+


DZ2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1

+
1
2
(w1xu2 + u1xw2), v2


L2

. (3.11)

Since
d
dϵ


ϵ=0

⟨Y2(γ (t)) ◦ γ−1
1 , Z2(γ (t)) ◦ γ−1

1 ⟩L2 = ⟨DY2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− v2xu1, w2⟩L2

+ ⟨DZ2(ϕ, f ) · X(ϕ, f ) ◦ ϕ−1
− w2xu1, v2⟩L2 ,

the condition in (3.11) is equivalent to∫
S1


u1v2xw2 + u1v2w2x +

1
2
u2v2xw1 +

1
2
u2xv2w1 +

1
2
u2v1w2x

+
1
2
u2xv1w2 +

1
2
u2v1xw2 + u1xv2w2 +

1
2
u2v2w1x


dx = 0.

Since the left-hand side is equal to∫
S1


1
2
∂x(u2v1w2)+

1
2
∂x(u2v2w1)+ ∂x(u1v2w2)


dx = 0,

we are done. �

Remark 3.2. The crucial observation in the above proof is that (P(w ◦ ϕ−1)) ◦ ϕ is a rational expression in w, ϕ, and their
derivatives whenever P is a differential operator. This observation was already made on p. 154 of [19].

A geodesic in HsG with respect to ∇ is a C2-curve (ϕ(t), f (t)) ∈ HsG such that ∇(ϕt ,ft )(ϕt , ft) = 0, i.e.

(ϕtt , ftt) = Γ(ϕ,f )((ϕt , ft), (ϕt , ft)). (3.12)

Since the existence of a smooth connection on a Banach manifold immediately yields the local existence and uniqueness of
a geodesic flow (see [24]), Proposition 3.1 implies the following result.

Theorem 3.3. Let s > 5/2. Then there exists an open interval J centered at 0 and an open neighborhood U of (0, 0) ∈

Hs(S1) × Hs−1(S1) such that for each (u0, ρ0) ∈ U there exists a unique solution (ϕ, f ) ∈ C∞(J,HsG) of (3.12) with
(ϕ(0), f (0)) = (id, 0) and (ϕt(0), ft(0)) = (u0, ρ0). Furthermore, the solution depends smoothly on the initial data in the
sense that the local flowΦ : J × U → HsG defined byΦ(t, u0, ρ0) = (ϕ(t; u0, ρ0), f (t; u0, ρ0)) is a smooth map.

We write the Cauchy problem for 2CH in the form
ut + uux
ρt + uρx


=

−A−1∂x


u2

+
1
2
u2
x +

1
2
ρ2


−ρux

 , (3.13)

(u(0), ρ(0)) = (u0, ρ0).
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This formulation of 2CH is suitable for the formulation of weak solutions. It follows from Theorem 3.3 that the 2CH equation
is locally well-posed in Hs(S1)× Hs−1(S1) for s > 5/2.

Corollary 3.4 (Local Well-Posedness in the Hs-Category). Suppose s > 5/2. Then for any (u0, ρ0) ∈ Hs(S1) × Hs−1(S1) there
exists an open interval J centered at 0 and a unique solution

(u, ρ) ∈ C(J,Hs(S1)× Hs−1(S1)) ∩ C1(J,Hs−1(S1)× Hs−2(S1)) (3.14)

of the Cauchy problem (3.13) which depends continuously on the initial data (u0, ρ0).

Proof. Theorem 3.3 yields the existence of a smooth curve (ϕ(t), f (t)) ∈ HsG such that (ϕ(0), f (0)) = (id, 0) and
(ϕt(0), ft(0)) = (u0, ρ0). Define (u(t), ρ(t)) by Eq. (3.1). Then, (u, ρ) has the regularity specified in (3.14) and depends
continuously on (u0, ρ0). By right-invariance of Γ , the geodesic equation (3.12) can be written as

ut + uux
ρt + uρx


= Γ(id,0)((u, ρ), (u, ρ)).

This is Eq. (3.13). �

Remark 3.5. The well-posedness result of Corollary 3.4 can also be proved using Kato’s semigroup approach (see [14] for
the case on the line).

3.2. The Cn-category

The results of the previous subsection hold with the obvious changes also in the Cn-category. Assuming n ≥ 2, the proofs
are the samewithHsG replacedwith CnG. In particular,Γ defines a smooth spray on CnG = CnDiff(S1)sCn−1(S1) compatible
with the metric defined in (3.4). For the sake of brevity, we only state the analog of Theorem 3.3.

Theorem 3.6. Let n ≥ 2. Then there exists an open interval J centered at 0 and an open neighborhood U of (0, 0) ∈ Cn(S1) ×

Cn−1(S1) such that for each (u0, ρ0) ∈ U there exists a unique solution (ϕ, f ) ∈ C∞(J, CnG) of (3.12)with (ϕ(0), f (0)) = (id, 0)
and (ϕt(0), ft(0)) = (u0, ρ0). Furthermore, the solution depends smoothly on the initial data in the sense that the local flow
Φ : J × U → CnG defined byΦ(t, u0, ρ0) = (ϕ(t; u0, ρ0), f (t; u0, ρ0)) is a smooth map.

3.3. The smooth category

We now want to extend the above results for 2CH to the space C∞G = C∞Diff(S1)sC∞(S1). Since C∞G is not a Banach
manifold, the local existence and uniqueness theorems for differential equations fail. We will therefore take an indirect
approach and first consider the local geodesic flows on HsG, s > 5/2. We will first show that the domains of definition of
these flows do not shrink to zero as s → ∞. By considering the limit as s → ∞, the existence of a smooth local geodesic
flow on C∞Gwill then be established.

We will use the following blow-up result for 2CH.

Proposition 3.7. Let s > 5/2. Let (u0, ρ0) ∈ Hs(S1)× Hs−1(S1) and let T > 0 be the maximal time of existence of the solution

(u, ρ) ∈ C([0, T ),Hs(S1)× Hs−1(S1)) ∩ C1([0, T ), Hs−1(S1)× Hs−2(S1))

of the Cauchy problem (3.13). Then the solution (u, ρ) blows up in finite time if and only if

lim
t→T

inf
x∈S1

{ux(t, x)} = −∞ or lim sup
t→T

{‖ρx(t)‖L∞} = ∞. (3.15)

Proof. A proof for the equation obtained from (2CH) by replacing ρρx with −ρρx in the case on the line is given in [14]; the
same proof applies here. �

Let

Φ3 : [0, T3)× U3 → H3G,

where T3 > 0 and U3 ⊂ H3(S1)×H2(S1), be the local geodesic flow on H3Gwhose existence is guaranteed by Theorem 3.3.
In the next proposition, we show that the restriction of Φ3 to Hs(S1) × Hs−1(S1), s ≥ 3, defines a smooth flow on HsG for
t ∈ [0, T3). Thus, the flow on HsG exists for all t ∈ [0, T3) for any s ≥ 3.

Proposition 3.8. Suppose s > 3 and let Φs denote the restriction of Φ3 to [0, T3)× Us, where Us = U3 ∩ (Hs(S1)× Hs−1(S1)).
ThenΦs is a smooth local flow of the geodesic equation (3.12) on HsG, that is,

(a) Φs is a smooth map from [0, T3)× Us to HsG.
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(b) For each (u0, ρ0) ∈ Us, Φs(·, u0, ρ0) is a smooth solution of Eq. (3.12) on [0, T3) satisfying Φs(0, u0, ρ0) = (id, 0) and
∂tΦs(0, u0, ρ0) = (u0, ρ0).

Proof. Fix (u0, ρ0) ∈ U3 and let (u(t; u0, ρ0), ρ(t; u0, ρ0)) be the corresponding solution in H3(S1)× H2(S1) of the Cauchy
problem (3.13). This solution is defined at least on [0, T3). Since the criterion (3.15) is independent of s ≥ 3, it follows from
Proposition 3.7 that if (u0, ρ0) ∈ Us for some s ≥ 3, then the curve t → (u(t; u0, ρ0), ρ(t; u0, ρ0)) belongs to the space

C([0, T3),Hs(S1)× Hs−1(S1)) ∩ C1([0, T3), Hs−1(S1)× Hs−2(S1)).

Let (ϕ, f ) be the geodesic flow associated with the solution (u, ρ), defined on [0, T3).
Let s > 3. Suppose (u0, ρ0) ∈ Us and ϕ ∈ C1([0, T3),HrDiff(S1)) for some r with 3 ≤ r ≤ s − 1. We show that

ϕ ∈ C1([0, T3),Hr+1Diff(S1)). Using

ϕtx = (ux ◦ ϕ)ϕx, ϕtxx = (uxx ◦ ϕ)ϕ2
x + (ux ◦ ϕ)ϕxx,

we find
d
dt


ϕxx

ϕx


= (uxx ◦ ϕ)ϕx.

Thus,

ϕxx(t) = ϕx(t)
∫ t

0
(uxx ◦ ϕ)ϕxds. (3.16)

Since ϕx ∈ C1([0, T3),Hr−1(S1)) and uxx ∈ C([0, T3),Hs−2(S1)), Eq. (3.16) implies that

ϕxx ∈ C1([0, T3),Hr−1(S1)). (3.17)

This implies that ϕ ∈ C1([0, T3),Hr+1Diff(S1)). Indeed,ϕ(t)− ϕ(s)
t − s

− u ◦ ϕ

2
Hr+1

=

ϕ(t)− ϕ(s)
t − s

− u ◦ ϕ

2
H1

+

ϕxx(t)− ϕxx(s)
t − s

− (u ◦ ϕ)xx

2
Hr−1

.

As t → s, the first term on the right-hand side vanishes because ϕ ∈ C∞([0, T3),H3Diff(S1)) and the second vanishes in
view of (3.17). Induction shows that

ϕ ∈ C1([0, T3),HsDiff(S1)). (3.18)

We now show that in fact (ϕ, f ) ∈ C∞([0, T3),HsG). A computation shows that

d
dt

[(ρ ◦ ϕ)ϕx] = [(ρt + uρx) ◦ ϕ]ϕx + [(ρux) ◦ ϕ]ϕx = 0. (3.19)

Thus, ftϕx = (ρ ◦ ϕ)ϕx = ρ0 and we infer that

f (t) = ρ0

∫ t

0

ds
ϕx(s)

. (3.20)

It follows that

f ∈ C2([0, T3),Hs−1(S1)). (3.21)

Moreover, by Theorem3.3, (ϕ, f ) is a smooth solution of (3.12) inHsDiff(S1)×Hs−1(S1) for sufficiently small t ≥ 0. Standard
ODE results show that the onlyway this solution can cease to exist (Corollary IV.1.8 in [24]) is either that the conditionϕx > 0
ceases to hold or that one of the norms

‖(ϕt , ft)‖Hs(S1)×Hs−1(S1), ‖Γ(ϕ,f )((ϕt , ft), (ϕt , ft))‖Hs(S1)×Hs−1(S1) (3.22)

blows up. But we know that ϕx > 0 on [0, T3) and Eqs. (3.18) and (3.21) together with the smoothness of Γ imply that the
norms in (3.22) remain bounded on [0, T3). This proves (b).

The standard ODE theorems on smooth dependence on initial data (Theorem IV.1.16 in [24]) imply (a). �

The Sobolev spaces Hs(S1) provide a Banach space approximation of the Fréchet space C∞(S1) in the following sense.

Definition 3.9. A Banach space approximation of a Fréchet space X is a sequence of Banach spaces (Xn, ‖ · ‖n)n≥0 such that

X0 ⊃ X1 ⊃ X2 ⊃ · · · ⊃ X and X = ∩
∞

n=0 Xn,

where {‖ · ‖}n≥0 is a sequence of norms inducing the topology on X such that

‖x‖0 ≤ ‖x‖1 ≤ ‖x‖2 ≤ · · ·

for all x ∈ X .
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The property of a Banach space approximation which is relevant for us is stated in the following lemma (a proof is given
in [4]).

Lemma 3.10. Let X and Y be Fréchet spaces with Banach space approximations {Xn}n≥0 and {Yn}n≥0, respectively. Let Φ0 : U0 →

V0 be a smooth map between two open subsets U0 ⊂ X0 and V0 ⊂ Y0. Let U = U0 ∩ X, V = V0 ∩ Y , and, for each n ≥ 0,

Un = U0 ∩ Xn, Vn = V0 ∩ Yn.

Assume that, for each n ≥ 0, the following properties are satisfied:

(1) Φ0(Un) ⊂ Vn,
(2) the restrictionΦ0|Un : Un → Vn is a smooth map.

ThenΦ0(U) ⊂ V and the mapΦ0|U : U → V is smooth.

Proposition 3.8 together with Lemma 3.10 implies local well-posedness of the geodesic flow on C∞G.

Theorem 3.11. There exists an open interval J centered at 0 and an open neighborhood U of (0, 0) ∈ C∞(S1)× C∞(S1) such
that for each (u0, ρ0) ∈ U there exists a unique solution (ϕ, f ) ∈ C∞(J, C∞G) of (3.12) satisfying (ϕ(0), f (0)) = (id, 0)
and (ϕt(0), ft(0)) = (u0, ρ0). Furthermore, the solution depends smoothly on the initial data in the sense that the local flow
Φ : J × U → C∞G defined byΦ(t, u0, ρ0) = (ϕ(t; u0, ρ0), f (t; u0, ρ0)) is a smooth map.

Since C∞G is a Lie group with smooth multiplication and (u, ρ) = (ϕt ◦ ϕ−1, ft ◦ ϕ−1), we have proved the first part of
Theorem 1.1.

4. The 2DP equation as a geodesic equation

Most of the results for 2CH presented in the previous section have direct counterparts in the case of 2DP; the main
exception being that the geodesic flow associated with 2DP is not induced by any right-invariant metric. (If this was the
case, then, choosing the second component to be equal to zero, we would obtain a metric associated with the geodesic flow
for DP which is not possible as shown in [25].)

4.1. The Hs-category

We define a bilinear operator Γ(id,0) on Hs(S1)× Hs−1(S1) by

Γ(id,0)((u, ρ), (v, τ )) =


Γ 0
id(u, v)−

1
2
A−1(uxτ + vxρ)+ A−1∂x(ρτ)

−(uxτ + vxρ)


, (4.1a)

where A = 1 − ∂2x and

Γ 0
id(u, v) = −

3
2
A−1∂x(uv) (4.1b)

is the Christoffel operator associated with the DP equation (cf. [4]). Γ is extended to all of HsG by right-invariance; see
Eq. (3.2c). The corresponding covariant derivative ∇ is defined by (3.3). The proof of the following proposition is similar to
that of Proposition 3.1.

Proposition 4.1. Let s > 5/2. Let HsG := HsDiff(S1)sHs−1(S1) and let Γ be the 2DP Christoffel map defined in (4.1). Then Γ
defines a smooth spray on HsG, i.e., the map

(ϕ, f ) → Γ(ϕ,f ):HsG → L2
sym(H

s(S1)× Hs−1(S1);Hs(S1)× Hs−1(S1))

is smooth.

The existence of a smooth spray implies local existence and uniqueness of the geodesic flow.

Theorem 4.2. Let s > 5/2. Let Γ be the 2DP Christoffel map defined in (4.1). Then there exists an open interval J centered
at 0 and an open neighborhood U of (0, 0) ∈ Hs(S1) × Hs−1(S1) such that for each (u0, ρ0) ∈ U there exists a unique
solution (ϕ, f ) ∈ C∞(J,HsG) of the geodesic equation (3.12) satisfying (ϕ(0), f (0)) = (id, 0) and (ϕt(0), ft(0)) = (u0, ρ0).
Furthermore, the solution depends smoothly on the initial data in the sense that the local flow Φ : J × U → HsG defined by
Φ(t, u0, ρ0) = (ϕ(t; u0, ρ0), f (t; u0, ρ0)) is a smooth map.
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We write the Cauchy problem for 2DP in the form
ut + uux
ρt + uρx


=

−A−1


3
2
u2

− ρ2


x
+ ρux


−2ρux

 , (4.2)

(u(0), ρ(0)) = (u0, ρ0).

It follows from Theorem 4.2 that 2DP is locally well-posed in Hs(S1)× Hs−1(S1) for s > 5/2.

Corollary 4.3 (Local Well-Posedness in the Hs-Category). Suppose s > 5/2. Then for any (u0, ρ0) ∈ Hs(S1) × Hs−1(S1) there
exists an open interval J centered at 0 and a unique solution

(u, ρ) ∈ C(J,Hs(S1)× Hs−1(S1)) ∩ C1(J,Hs−1(S1)× Hs−2(S1))

of the Cauchy problem (4.2) which depends continuously on the initial data (u0, ρ0).

Proof. Let (ϕ(t), f (t)) ∈ HsG be the smooth curve with (ϕ(0), f (0)) = (id, 0) and (ϕt(0), ft(0)) = (u0, ρ0) obtained in
Theorem 4.2 and define (u(t), ρ(t)) := (ϕt(t), ft(t)) ◦ ϕ−1(t). Then, (u, ρ) has the regularity specified in the corollary
and depends continuously on (u0, ρ0). By right-invariance of the 2DP Christoffel map Γ , the geodesic equation (ϕtt , ftt) =

Γ(ϕ,f )((ϕt , ft), (ϕt , ft)) can be written as
ut + uux
ρt + uρx


= Γ(id,0)((u, ρ), (u, ρ)).

This is Eq. (4.2). �

4.2. The Cn-category

The results of the previous subsection hold with the obvious changes also in the Cn-category, n ≥ 2.

4.3. The smooth category

We have the following blow-up result for 2DP; the proof is similar to that of Proposition 3.7.

Proposition 4.4. Let s > 5/2. Let (u0, ρ0) ∈ Hs(S1)× Hs−1(S1) and let T > 0 be the maximal time of existence of the solution

(u, ρ) ∈ C([0, T ),Hs(S1)× Hs−1(S1)) ∩ C1([0, T ), Hs−1(S1)× Hs−2(S1))

of the Cauchy problem (4.2). Then the solution (u, ρ) blows up in finite time if and only if

lim
t→T

inf
x∈S1

{ux(t, x)} = −∞ or lim sup
t→T

{‖ρx(t)‖L∞} = ∞.

Let

Φ3 : [0, T3)× U3 → H3G,

where T3 > 0 and U3 ⊂ H3(S1)×H2(S1), be the local geodesic flow on H3Gwhose existence is guaranteed by Theorem 4.2.

Proposition 4.5. Suppose s > 3 and let Φs denote the restriction of Φ3 to [0, T3)× Us, where Us = U3 ∩ (Hs(S1)× Hs−1(S1)).
Let Γ be the 2DP Christoffel map defined in (4.1). ThenΦs is a smooth local flow of the geodesic equation (3.12) on HsG, that is,

(a) Φs is a smooth map from [0, T3)× Us to HsG.
(b) For each (u0, ρ0) ∈ Us, Φs(·, u0, ρ0) is a smooth solution of Eq. (3.12) on [0, T3) satisfying Φs(0, u0, ρ0) = (id, 0) and

∂tΦs(0, u0, ρ0) = (u0, ρ0).

Proof. The proof is identical to that of Proposition 3.8 except that Eq. (3.20) must be replaced with

f (t) = ρ0

∫ t

0

ds
ϕ2
x (s)

. (4.3)

Eq. (4.3) is proved by noting that

d
dt

[(ρ ◦ ϕ)ϕ2
x ] = [(ρt + uρx) ◦ ϕ]ϕ2

x + 2[(ρux) ◦ ϕ]ϕ2
x = 0,

and so ftϕ2
x = (ρ ◦ ϕ)ϕ2

x = ρ0. �
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We find the following well-posedness results.

Theorem 4.6. Let Γ be the 2DP Christoffel map. There exists an open interval J centered at 0 and an open neighborhood U of
(0, 0) ∈ C∞(S1)× C∞(S1) such that for each (u0, ρ0) ∈ U there exists a unique solution (ϕ, f ) ∈ C∞(J, C∞G) of the geodesic
equation (3.12) satisfying (ϕ(0), f (0)) = (id, 0) and (ϕt(0), ft(0)) = (u0, ρ0). Furthermore, the solution depends smoothly on
the initial data in the sense that the local flow

Φ : J × U → C∞G, Φ(t, u0, ρ0) = (ϕ(t; u0, ρ0), f (t; u0, ρ0))

is a smooth map.

By the same arguments as in the previous section, this proves the second part of Theorem 1.1. Hence the proof of
Theorem 1.1 is completed.

5. The sectional curvature for the 2CH equation

Wehave showed that both 2CH and 2DP are geodesic equations onHsG = HsDiff(S1)sHs−1(S1)with respect to a smooth
affine connection. The existence of a smooth connection ∇ on a Banach manifold immediately implies the existence of a
smooth curvature tensor R defined by

R(X, Y )Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y ]Z,

where X, Y , Z are vector fields on HsG (cf. [24]). In the case of 2CH, since there exists a metric ⟨·, ·⟩, we can also define an
(unnormalized) sectional curvature tensor S by2

S(X, Y ) := ⟨R(X, Y )Y , X⟩.

In this section, we will derive a convenient formula for S and use it to determine large subspaces of positive curvature for
the 2CH equation.

We will work in the Hs-category; similar results are valid with HsG replaced with CnG. In view of the right-invariance of
∇ , it is enough to consider the curvature at the identity (id, 0). We will write Γ for Γ(id,0).

Proposition 5.1. Let s > 5/2. Let R be the curvature tensor on HsG associated with the 2CH equation. Then S(u, v) :=

⟨R(u, v)vu⟩ is given at the identity by

S(u, v) = ⟨Γ (u, v)Γ (u, v)⟩ − ⟨Γ (u, u)Γ (v, v)⟩, u, v ∈ T(id,0)HsG. (5.1)

Proof. Let U, V ,W ∈ TpHsG be three tangent vectors at a point p ∈ HsG. The curvature tensor R is given locally by [24]

Rp(U, V )W = D1Γp(W ,U)V − D1Γp(W , V )U + Γp(Γp(W , V ),U)− Γp(Γp(W ,U), V )

where Γ is the 2CH Christoffel map defined in (3.2) and D1 denotes differentiation with respect to p:

D1Γp(W ,U)V =
d
dϵ


ϵ=0
Γp+ϵV (W ,U).

Let gs := T(id,0)HsG. Let u = (u1, u2), v = (v1, v2), andw = (w1, w2) be three vectors in gs ≃ Hs(S1)× Hs−1(S1). Using the
identity

d
dε


ε=0

u1 ◦ (id + εv1)
−1

= −u1xv1.

a long but straightforward computation shows that

D1Γ (w, u)v = −Γ (wxv1, u)− Γ (uxv1, w)+ Γ (w, u)xv1.

Thus,

S(u, v) = ⟨Γ (Γ (v, v), u)u⟩ − ⟨Γ (Γ (v, u), v)u⟩ + ⟨Γ (v, u)xv1, u⟩ − ⟨Γ (v, v)xu1, u⟩
+ ⟨−Γ (vxv1, u)− Γ (v, uxv1)+ 2Γ (vxu1, v)u⟩. (5.2)

2 Recall that the sectional curvature Sec(σ ) of a subspace σ spanned by two tangent vectors u and v is defined by

Sec(σ ) =
⟨R(u, v)v, u⟩

⟨u, u⟩⟨v, v⟩ − ⟨u, v⟩2
.
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We define a bilinear operator B = (B1, B2) : gs × gs → gs by
B1(u, v)
B2(u, v)


=


−A−1(2v1xAu1 + v1Au1x + u2v2x)

−(u2v1)x


.

Then B satisfies ⟨B(u, v)w⟩ = ⟨u[v,w]⟩ where [v,w] = wxv − vxw and

Γ (u, v) =
1
2

[
(u1v1)x

u2xv1 + v2xu1


+ B(u, v)+ B(v, u)

]
. (5.3)

Let Γ1 and Γ2 denote the two components of Γ . With this notation, the first four terms on the right-hand side of (5.2) equal

1
2


(Γ1(v, v)u1)x

Γ2(v, v)xu1 + u2xΓ1(v, v)


+ B(Γ (v, v), u)+ B(u,Γ (v, v)), u


−

1
2


(Γ1(v, u)v1)x

Γ2(v, u)xv1 + v2xΓ1(v, u)


+ B(Γ (v, u), v)+ B(v,Γ (v, u)), u


+ ⟨Γ (v, u)xv1, u⟩ − ⟨Γ (v, v)xu1, u⟩.

We rewrite this expression as

1
2
⟨[v,Γ (v, u)]u⟩ + ⟨u[Γ (v, v), u]⟩ −

1
2
⟨Γ (v, u)[v, u]⟩ −

1
2
⟨v[Γ (v, u), u]⟩,

which in turn equals

⟨Γ (u, v)Γ (u, v)⟩ − ⟨Γ (u, u)Γ (v, v)⟩ +


u1xu1
u2xu1


,Γ (v, v)


−


u1xv1
u2xv1


,Γ (u, v)


.

Hence, Eq. (5.2) becomes

S(u, v) = ⟨Γ (u, v)Γ (u, v)⟩ − ⟨Γ (u, u)Γ (v, v)⟩ −


u1xv1
u2xv1


,Γ (u, v)


+


u1xu1
u2xu1


,Γ (v, v)


+ ⟨−Γ (vxv1, u)− Γ (v, uxv1)+ 2Γ (vxu1, v)u⟩. (5.4)

We claim that the sum of the last three terms on the right-hand side of (5.4) is zero. Indeed, using the expression

Γ (u, v) =

Γ 0(u1, v1)−
1
2
A−1(u2v2)x

−
1
2
(u1xv2 + v1xu2)

 (5.5)

for Γ , integration by parts shows that the terms in (5.4) involving Γ 0 cancel. A somewhat tedious computation involving
further integration by parts shows that the remaining terms also vanish. This proves (5.1). �

A formula analogous to (5.1) for the CH equation was derived in [26]: If SCH(u1, v1) denotes the unnormalized sectional
curvature on HsDiff(S1) associated with the CH equation, then

SCH(u1, v1) = ⟨Γ 0(u1, v1)Γ
0(u1, v1)⟩ − ⟨Γ 0(u1, u1)Γ

0(v1, v1)⟩,

for all u1, v1 ∈ TidHsDiff(S1). It was also shown in [26] that

SCH(cos kx, cos lx) =
1
8

 
1 +

1
2kl
2

1 + (k − l)2
(k − l)2 +


1 −

1
2kl
2

1 + (k + l)2
(k + l)2


> 0, (5.6)

whenever k, l ∈ {2π, 4π, . . .}, k ≠ l, establishing the existence of a large subspace of positive curvature for CH. Since

S


u1
0


,


v1
0


= SCH(u1, v1), (5.7)

we conclude that the same example yields an infinite-dimensional subspace of positive curvature for 2CH. In the
next proposition, we investigate the curvature of Diff(S1)sF (S1) in directions which are nontrivial along the second
component.



448 J. Escher et al. / Journal of Geometry and Physics 61 (2011) 436–452

Proposition 5.2. Let s > 5/2. Let S(u, v) := ⟨R(u, v)vu⟩ be the unnormalized sectional curvature on HsG associated with
the 2CH equation. Then

S(u, v) > 0

for all vectors u, v ∈ T(id,0)HsG, u ≠ v, of the form

u =


cos k1x
cos k2x


, v =


cos l1x
cos l2x


, k1, k2, l1, l2 ∈ {2π, 4π, . . .}. (5.8)

Moreover, the sectional curvature Sec(u, v) satisfies

Sec(u, v) :=
S(u, v)

⟨u, u⟩⟨v, v⟩ − ⟨u, v⟩2
≥

1
8

(5.9)

for all vectors u, v ∈ T(id,0)HsG, u ≠ v, of the form

u =


0

cos k2x


, v =


0

cos l2x


, k2, l2 ∈ {2π, 4π, . . .}. (5.10)

Proof. In view of (5.1), we have

S(u, v) =

∫
S1
Γ1(u, v)AΓ1(u, v)dx +

∫
S1
Γ2(u, v)2dx

−

∫
S1
Γ1(u, u)AΓ1(v, v)dx −

∫
S1
Γ2(u, u)Γ2(v, v)dx.

Using the expression (5.5) for Γ (u, v) and integrating by parts, we find

S(u, v) = SCH(u1, v1)+

4−
j=1

Ij, (5.11)

where

I1 =
1
4

∫
S1
(u2v2)xA−1(u2v2)xdx

I2 = −
1
4

∫
S1
(u2

2)xA
−1(v22)xdx,

I3 =
1
2

∫
S1

[Γ 0(u1, u1)(v
2
2)x + Γ 0(v1, v1)(u2

2)x − 2Γ 0(u1, v1)(u2v2)x]dx,

I4 =
1
4

∫
S1
(u2

1xv
2
2 + v21xu

2
2)dx −

1
2

∫
S1

u1xu2v1xv2dx.

Nowsuppose u and v have the form specified in (5.8). Then the terms {Ij}41 can be computed explicitly using the trigonometric
identities

cosα cosβ =
1
2
(cos(α − β)+ cos(α + β)),

sinα sinβ =
1
2
(cos(α − β)− cos(α + β)),

sinα cosβ =
1
2
(sin(α − β)+ sin(α + β)),

the relations

A−1 cosαx =
1

1 + α2
cosαx, α ∈ R,∫ 1

0
cos(αx) cos(βx)dx =

1
2
(δα,β + δα,−β), α, β ∈ 2πZ,∫ 1

0
sin(αx) sin(βx)dx =

1
2
(δα,β − δα,−β), α, β ∈ 2πZ,∫ 1

0
cos(αx) sin(βx)dx = 0, α, β ∈ 2πZ,
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and the identity

Γ 0(cosαx, cosβx) = ∂x


−

1
2


1 −

1
2αβ


1 + (α + β)2

cos(α + β)x −

1
2


1 +

1
2αβ


1 + (α − β)2

cos(α − β)x


, α, β ∈ 2πZ.

We find

I1 =
1
32


(k2 − l2)2

1 + (k2 − l2)2
+

(k2 + l2)2

1 + (k2 + l2)2


,

I2 = −
1
8

k22
1 + (2k2)2

δk2,l2 ,

I3 =
1
8


1 −

1
2k1l1


(k1 + l1)2

1 + (k1 + l1)2
(δk1+l1, k2−l2 + δk1+l1,l2−k2 + δk1+l1,k2+l2)

+
1
8


1 +

1
2k1l1


(k1 − l1)2

1 + (k1 − l1)2
(δk1−l1,k2−l2 + δk1−l1,l2−k2 + δk1−l1,k2+l2 + δl1−k1,k2+l2)

−
k21
4

1 −
1
2k

2
1

1 + (2k1)2
δk1,l2 −

l21
4

1 −
1
2 l

2
1

1 + (2l1)2
δk2,l1 , (5.12)

I4 =
1
16

k21


1 −

1
2
δk1,l2


+

1
16

l21


1 −

1
2
δl1,k2


−

1
16

k1l1(δk1−l1,k2−l2 + δk1−l1,l2−k2 + δk1−l1,k2+l2 + δl1−k1,k2+l2

− δk1+l1,k2−l2 − δk1+l1,l2−k2 − δk1+l1,k2+l2).

Together with expression (5.6) for SCH(u1, v1) this yields an expression for S(u, v) in terms of k1, k2, l1, l2. The sum of the
negative terms in this expression can be estimated as follows:

−
1
8

k22
1 + (2k2)2

δk2,l2 −
1
16

k1l1
(k1 + l1)2

1 + (k1 + l1)2
(δk1+l1,k2−l2 + δk1+l1,l2−k2 + δk1+l1,k2+l2)

−
1
16

k1l1(δk1−l1,k2−l2 + δk1−l1,l2−k2 + δk1−l1,k2+l2 + δl1−k1,k2+l2)

≥ −
1
32

−
k1l1
16

−
k1l1
16
, (5.13)

because at most one delta function within each bracket can give a nonzero contribution for a given set of values of
k1, k2, l1, l2 ∈ 2πN.

On the other hand, the term SCH(u1, v1) contributes to S(u, v) the positive term

1
8


1 −

1
2k1ll

2
1 + (k1 + l1)2

(k1 + l1)2, (5.14)

and the sum of the right-hand side of (5.13) and (5.14) is positive:

1
8


1 −

1
2k1ll

2
1 + (k1 + l1)2

(k1 + l1)2 −
1
32

−
k1l1
8

≥
1
16


1 −

1
2
k1ll

2

−
1
32

−
k1l1
8

=
k21l

2
1

16

[
1

k21l
2
1

−
1
k1ll

+
1
4

−
1

2k21l
2
1

−
2

k1l2

]
> 0,

where we used that k1, l1 ≥ 2π . This shows that S(u, v) > 0.
In remains to prove (5.9). Suppose u1 = v1 = 0 and u2 ≠ v2. It follows from (5.11) and (5.12) that

S


0
u2


,


0
v2


= I1 + I2

=
1
32


(k2 − l2)2

1 + (k2 − l2)2
+

(k2 + l2)2

1 + (k2 + l2)2


−

1
8

k22
1 + (2k2)2

δk2,l2

≥
1
64

+
1
64
, (5.15)
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where we used that k2 ≠ l2. On the other hand, for this choice of u and v,

⟨u, v⟩ =
1
2
δk2,l2 ,

and hence

⟨u, u⟩⟨v, v⟩ − ⟨u, v⟩2 =
1
4
. (5.16)

Eqs. (5.15) and (5.16) yield (5.9). �

Remark 5.3. Although Proposition 5.2 establishes the existence of a large subspace of positive curvature, there are also
directions for 2CH of strictly negative curvature. Indeed, it is shown in [26] that there exist directions of strictly negative
sectional curvature for the CH equation. In view of (5.7), this implies that 2CH also admits directions of negative curvature.

Appendix A. Comparison with the rotating rigid body

In this appendix, the geometric interpretations of 2CH, CH, and the rotating rigid body are compared in an attempt to
emphasize some unifying features of the approach pioneered by Arnold [1].

A.1. The rotating rigid body

The configuration space of a rigid body inR3 rotating around its center ofmass is the Lie group SO(3).3 The corresponding
Lie algebra is so(3), the space of antisymmetric 3 × 3-matrices, which can be identified with R3 via the map

ˆ : R3
→ so(3), x = (x1, x2, x3) → x̂ =

 0 −x3 x2
x3 0 −x1

−x2 x1 0


.

Let I : so(3) → so(3)∗ be the inertia matrix of the body. A left-invariant metric ⟨·, ·⟩ on SO(3) is defined by setting

⟨ab⟩ = a · Ib, a, b ∈ R3
≃ so(3),

at the identity, and extending it to all of SO(3) by left-invariance. The basic observation is that R(t) is a geodesic on
(SO(3), ⟨·, ·⟩) if and only if Ω̂(t) := R(t)−1Ṙ(t) solves the classical Euler equation for the motion of a rotating rigid body,

IΩ̇ = (IΩ)×Ω.

Physically, Ω̂(t) represents the angular velocity in a frame of reference fixed with respect to the body. The angular velocity
in the spatially fixed frame is given by Ṙ(t)R(t)−1. In otherwords: Applying left and right translations to thematerial angular
velocity Ṙ(t), one obtains the body and the spatial angular velocities, which are both elements of the Lie algebra so(3). The
body and spatial angularmomenta, which are elements of the dual so(3)∗, are given byΠ(t) = IΩ(t) andπ(t) = R(t)Π(t),
respectively. The body and spatial quantities are related by the adjoint and coadjoint actions

ω̂(t) = AdR(t)Ω̂(t) = R(t)Ω̂(t)R(t)−1, Π(t) = Ad∗

R(t)π(t). (A.1)

Conservation of (spatial) angular momentum implies that π is in fact constant in time, i.e.

dπ
dt

= 0. (A.2)

A.2. The CH equation

For the CH equation

ut − utxx + 3uux = 2uxuxx + uuxxx, x ∈ S1, t ∈ R, (A.3)

the configuration space is G = Diff(S1) with multiplication (ϕ, ψ) → ϕ ◦ ψ . Elements of the Lie algebra g are identified
with functions S1 → R. A right-invariant metric is defined by setting

⟨u, v⟩H1 =

∫
S1

uAvdx =

∫
S1
(uv + uxvx)dx,

3 See [27] for further details on the material of this subsection.
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where A = 1 − ∂2x : g → g∗ is the inertia operator. The basic observation is that ϕ(t) is a geodesic in (Diff(S1), ⟨·, ·⟩H1) if
and only if u(t) = TRϕ(t)−1ϕt(t) = ϕt(t) ◦ ϕ(t)−1 satisfies (A.3). In other words, the CH equation is the Euler equation on
(Diff(S1), ⟨·, ·⟩H1). Letting U = TLϕ−1ϕt = (u ◦ ϕ)ϕ−1

x , U and u are the analogs of the body and spatial angular velocities:
they are obtained by left and right translation, respectively, of the material velocity ϕt to the Lie algebra. The momentum in
the spatial frame ism = Au. The analog of Eq. (A.1) is

u(t) = Adϕ(t)U(t), m0(t) = Ad∗

ϕ(t)m(t),

wherem0 = (m◦ϕ)ϕ2
x is themomentum in the body frame. Since themetric now is right-invariant instead of left-invariant,

the analog of the conservation law (A.2) is that the momentumm0 in the body frame is conserved,

dm0

dt
= 0, i.e. (m ◦ ϕ)ϕ2

x = m0.

A.3. The 2CH equation

For the 2CH equation (2CH) the configuration space is the semidirect product G = Diff(S1)sF (S1) introduced in
Section 2. The Lie algebra g is identified with F (S1)× F (S1). The inertia operator is diag(A, id) and the metric is the right-
invariant metric ⟨·, ·⟩ defined in (3.4). The basic observation is that (ϕ(t), f (t)) is a geodesic in (Diff(S1)sF (S1), ⟨·, ·⟩) if
and only if

(u(t), ρ(t)) = TR(ϕ(t),f (t))−1(ϕt(t), ft(t))

satisfies (2CH). The analog of the body angular velocity is (U1,U2) = TL(ϕ,f )−1(ϕt , ft). The spatial momentum is (m, ρ) =

(Au, ρ). The analog of Eq. (A.1) is

(u(t), ρ(t)) = Ad(ϕ(t),f (t))(U1(t),U2(t))

and

(m0(t), ρ0(t)) = Ad∗

(ϕ(t),f (t))(m(t), ρ(t))

where (m0, ρ0) is themomentum in the body frame. In order to find an explicit expression for (m0, ρ0), we need to compute
the adjoint and coadjoint actions.

The adjoint action of G on g := T(id,0)G ≃ F (S1)× F (S1) is defined by

Ad(ϕ,f )(v, τ ) := T(id,0)I(ϕ,f ) · (v, τ ), (v, τ ) ∈ g,

where I(ϕ,f ) : G → G denotes the inner automorphism defined by

I(ϕ,f )(ψ, g) = (ϕ, f )(ψ, g)(ϕ, f )−1.

A direct computation yields

Ad(ϕ,f )(v, τ ) = (Adϕv, (fxv + τ) ◦ ϕ−1), (v, τ ) ∈ g,

where Adϕv = (ϕxv) ◦ ϕ−1 is the adjoint action with respect to Diff(S1). The L2-pairing is used to identify the (regular part
of the) dual g∗ of g with F (S1)× F (S1). Since

⟨(m, ρ)Ad(ϕ,f )(v, τ )⟩ =

∫
S1

mAdϕvdx +

∫
S1
ρ[(fxv + τ) ◦ ϕ−1

]dx

=


(m ◦ ϕ)ϕ2

x + (ρ ◦ ϕ)fxϕx
(ρ ◦ ϕ)ϕx


,


v
τ


,

we find

Ad∗

(ϕ,f )(m, ρ) =


(m ◦ ϕ)ϕ2

x + (ρ ◦ ϕ)fxϕx
(ρ ◦ ϕ)ϕx


, (m, ρ) ∈ g∗.

The analog of the conservation law (A.2) is that the momentum (m0, ρ0) in the body frame is conserved,

d
dt


m0
ρ0


= 0, i.e.


(m ◦ ϕ)ϕ2

x + (ρ ◦ ϕ)fxϕx
(ρ ◦ ϕ)ϕx


=


m0
ρ0


.

This explains the origin of the conservation law (3.19) which was used in the proof of Proposition 3.8.
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Rigid body CH 2CH

Configuration space SO(3) Diff(S1) Diff(S1)sF (S1)
Material velocity Ṙ ϕt (ϕt , ft)
Spatial velocity ω̂ = ṘR−1 u = ϕt ◦ ϕ−1 (u, ρ) = (ϕt ◦ ϕ−1, ft ◦ ϕ−1)

Body velocity Ω̂ = R−1Ṙ U =
ϕt
ϕx


U1
U2


=


ϕt

ϕx

ft −
fx
ϕx
ϕt


Inertia operator I A = 1 − ∂2x


A 0
0 id


Spatial momentum π = RΠ m = Au (m, ρ) = (Au, ρ)

Body momentum Π = IΩ m0 = (m◦ϕ)ϕ2
x


m0
ρ0


=


(m ◦ ϕ)ϕ2

x + (ρ ◦ ϕ)fxϕx
(ρ ◦ ϕ)ϕx


Spatial velocity (Ad) ω̂ = AdRΩ̂ u = AdϕU (u, ρ) = Ad(ϕ,f )(U1,U2)
Body momentum (Ad*) Π = Ad∗

Rπ m0 = Ad∗

ϕm (m0, ρ0) = Ad∗

(ϕ,f )(m, ρ)
Momentum conservation π = const. m0 = const. (m0, ρ0) = const.
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