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1. Introduction

In generalized complex geometry, the notion of generalized holomorphic structures is the analogue of holomorphic
structures in classical complex geometry, including flat bundles over symplectic manifolds, co-Higgs bundles and
holomorphic Poisson modules as extreme examples. These examples are also the most studied cases to date: the flat case
is the most trivial one; N. Hitchin has studied certain aspects of co-Higgs bundles and also provided some interesting
examples [1,2], while [3] contains a detailed investigation of stable co-Higgs bundles over P! and IP?; the case of holomorphic
Poisson modules is less touched, in particular in the setting of generalized complex geometry—[4,5] contain some topics
concerning this. The construction of more general generalized holomorphic structures often involves more effort; for some
progress in this direction see [5,6].

In [6,7] the author has explored some local features of generalized holomorphic structures. In the formalism of reduction
theory of Courant algebroids and Dirac structures developed in [8], the author has also extended the notion of generalized
holomorphic structures to the context of (generalized) principal bundles [6]. This paper is then a continuation of that work,
motivated by the attempt to find more examples of generalized holomorphic structures.

One possible way to obtain more examples of generalized holomorphic structures is by deforming a given one. Recall that
in classical theory of deformations of holomorphic structures [9], one fixes a compact complex manifold (M, J) together with
a holomorphic vector bundle V and tries to find nearby holomorphic structures, but all these holomorphic structures are w.r.t.
the same complex structure J. Then infinitesimal deformations are contained in H! (M, @ (End(V))) while the obstructions for
an infinitesimal deformation to be integrable live in H>(M, @ (End(V))).

One can certainly routinely apply a similar method to the generalized case, where the underlying generalized complex
structure should be fixed, and in this sense we call the resulting theory traditional.. However, there are some drawbacks. First,
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when deforming a usual holomorphic structure (viewed as a generalized holomorphic structure), one cannot go too far and
at most gets co-Higgs bundles. Second, the relevant cohomology groups (e.g. those associated to a Poisson module) are, to
some extent, the starting point to find nearby generalized holomorphic structures, but generally there still lacks any effective
way to compute them. Thus, for practical purposes, e.g. to probe more general generalized holomorphic vector bundles, this
way of deformation is not that useful.

Therefore, in this paper, we will develop a more general deformation theory, which, more or less, can overcome the above
drawbacks. As many existing examples of generalized complex manifolds are obtained by deforming simple ones, our choice
is that, we no longer restrict ourselves to a fixed underlying generalized complex structure—the generalized holomorphic
structure varies more freely, because the underlying generalized complex structure is also allowed to vary. In this direction,
the formalism of [6] is rather suitable for our purpose, so we start in the context of principal bundles and then work out its
vector-bundle counterpart.

The paper is organized as follows. In Section 2, we collect the necessary basics of generalized complex geometry. Section 3
is devoted to finding the correct differential graded Lie algebra (DGLA for short) governing the deformation problem. We
show how to define the differential and bracket at the level of equivariant objects over the principal bundle P and then
descend to the base manifold M. It turns out that the resulting DGLA is an extension of the DGLA controlling deformations
of the underlying generalized complex structure by the DGLA controlling traditional deformations of the generalized
holomorphic structure. This results in the infinitesimal deformation theory being described by a long exact sequence of
cohomology groups (cf. Theorem 3.6). In Section 4 we present the Maurer—Cartan equation and investigate it in detail in the
cases where the underlying generalized complex structure is actually symplectic or complex. Some new possibilities occur,
which are missing in the existing literature. Section 5 is devoted to proving the deformation theorem (cf. Theorem 5.3). As
the procedure is rather standard, we only outline the proof. Examples are presented, in which the obstruction vanishes.

2. Some preliminaries

We collect the basic material concerning generalized complex structures and generalized holomorphic structures. The
most relevant references are [4,6,8,10]. In this paper, M will always be a connected orientable smooth 2m-manifold.

Generalized geometry is the geometry related to the generalized tangent bundle TM := TM & T*M, or more generally,
a so-called exact Courant algebroid E.

Definition 2.1. A Courant algebroid over M is a real vector bundle E — M with a bracket [-, -] (Courant bracket) on I" (E),
a nondegenerate symmetric bilinear form (-, -), and an anchor map 7 : E — TM, satisfying the following conditions for all
e, ez, e3 € I'(E)andf € C®°(M):

o m([er, e2]c) = [m(er), w(ex)],

o [e1, [e2, e3]c]c = [[e1, e2]c, e3]c + [e2, [e1, e3]c]e,

o [e1, feole = fler, ezlc + (w(en)f ey,

o m(e1){ea, e3) = ([e1, ealc, e3) + (ea, [e1, e3lc),

o [e1, e1]c = 5D(eq, e1),

where © = 7% od : C*®(M) — I'(E) (E and E* are identified using (-, -)).
Definition 2.2. E is called exact if it is an extension of TM by T*M, i.e. the sequence

0—TMSESTM—0
is exact.

Courant algebroids encountered in this paper are all exact and called Courant algebroids for short. Given E, one can always
find an isotropic right splitting s : TM — E, which has a curvature form H € £23(M) defined by

HX,Y,Z) = ([s(X),s(Y)]c,s(Z2)), X,Y,Z e I'(TM).

By the bundle isomorphism s 4+ 7* : TM @& T*M — E, the Courant algebroid structure can be transported onto TM. Then
the pairing (-, -) is the natural one, i.e. (X +&,Y + n) = £(Y) + n(X), and the Courant bracket is

[X+E,Y+7’]]H = [X,Y]+Lx77 —Lydg +LnyH,

called the H-twisted Courant bracket. Different splittings are related by B-field transforms, i.e. e¥(X + &) = X + & + 1xB,
where B is a 2-form.

A Courant algebroid E has more symmetries than the tangent bundle; in particular, the left adjoint action by a section of
E gives rise to an infinitesimal inner automorphism of E.

An isotropic subbundle A C E is called a generalized distribution and called integrable if it is involutive w.r.t. the Courant
bracket. An integrable maximal generalized distribution L is called a Dirac structure. These notions can be complexified and
what interests us here is the following complex Dirac structure’:

1 we use V¢ to denote the complexification of a real vector space or bundle V.
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Definition 2.3. A generalized complex structure in E is an orthogonal complex structure J of E, such that the i-eigenbundle
L C Ec of J is integrable. We call (M, J) a generalized complex manifold.

Two extreme generalized complex structures are symplectic and complex structures. Let E = TM withH = 0. Ifw is a
symplectic structure, then L = {X — iw(X)|X € TcM}; if ] is a complex structure, thenL = Ty 1 @ Tﬁo. A more complicated
example is a holomorphic Poisson manifold (M, ], 8).Inthiscase,L = {X + & + BE)IX +&E € To1 ® Tﬁo}.

We will use J and L interchangeably to label the generalized complex structure under consideration. By the pairing we
can identify L* with L, and a differential d; : I'(AKL) — I'(A¥t! L) can be defined: for ¢ € I'(AKL), a; € I'(L),

dio(ag, ..., a) = Y (=D'm(@)o(a, ..., G-, a)
i

+ Y (Do (la, gle. ao, ..., T, ..., G- @), (2.1)

i<j

where @; means q; is omitted. Since L is involutive, df = 0 and we get the following elliptic complex

0—cMmErmS rienS . 5 ranl —o. ©)
This is just the deformation complex of the underlying generalized complex structure. The corresponding cohomology
groups are denoted by H* (L, sz, but for our purpose, we decrease the degree of each term in the complex by 1 and denote
the cohomology groups by H*(L, d,), i.e.

HY(L, d)) = H(L, dy).

The analogue of holomorphic structures is defined as follows:

Definition 2.4 ([4]). Let L be a generalized complex structure in E and V a complex vector bundle over M. An L-connection
Din V is a differential operator D : I' (V) — I'(L ® V) satisfying

D(fs) =dif s+ fDs, se I'(V),fe€C®M).
IfDis flat, i.e. D> = 0, it is called a generalized holomorphic structure and (V, D) is called a generalized holomorphic vector
bundle.

As was implied in Section 1, for a symplectic manifold, a generalized holomorphic vector bundle is a flat one, while
for a complex manifold, a generalized holomorphic vector bundle is a co-Higgs bundle, i.e. a holomorphic vector bundle V
together with a holomorphic section ¢ of T o ® Hom(V) such that [¢, ¢] = 0.If M is a holomorphic Poisson manifold, then
a generalized holomorphic vector bundle is precisely a holomorphic Poisson module [4].

For a generalized holomorphic vector bundle (V, D), since D> = 0, we have the following elliptic complex

0—TW2riev2rniiev> ... 5 ri2miev) — 0. (@)

This complex controls the deformation of D in the traditional sense. We denote the corresponding cohomology groups by
H*(V) if the underlying D is clear.

We also recall a modest knowledge of extended group actions. A detailed account can be found in [8].

Let E be a Courant algebroid over M. Let G be a connected real Lie group and g its Lie algebra. Assume that G acts freely

and properly on M on the right, inﬁnit~esimally described by ¥ : g — I'(TM). An isotropic trivially extended action of ¥ is
alinear map ¢ : g — I'(E) covering v such that
[W(a), W(b)]c == _W([a, b])a a, b € g

and the subbundle K C E generated by v (g) is isotropic. It is also required that y integrate to a G-action on E.
Let K+ be the orthogonal complement of K in E w.r.t. (-, -). Then the Courant algebroid structure on E descends to M/G,

and the resulting Courant algebroid is % /G. Under some mild conditions, a complex Dirac structure L C E¢ also descends
1
to a complex Dirac structure L, C II%CC/G:
_ LNKg +Kc
" Ke
This procedure actually also applies to generalized distributions which are not necessarily maximal, and this is what happens
in this paper.
Definition 2.5. A generalized principal G-bundle over M is a triple (P, E, ¥r) such that

(i) p : P — M is a usual principal G-bundle,
(ii) Eis a Courant algebroid over P and  is an isotropic trivially extended action on E of the natural G-action on P.
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As was mentioned, E descends to a Courant algebroid E over M. By 7; and 7, denote the anchor maps of E and E
respectively. To distinguish the two Courant brackets, we suppress the subscript ¢ of the Courant bracket on I"(E). If the
underlying E and 1 are clear, we shall just refer to P as a generalized principal G-bundle.

Example 2.6. Let p : P — M be a usual principal G-bundle over M and H € $23(M). Let E be TP equipped with the
p*(H)-twisted Courant bracket. G acts on E in the ordinary manner, i.e.g - (X, ) = (g.(X), g~ (£)). This way, P becomes a
generalized principal G-bundle. Note that the reduced Courant algebroid is just TM with the H-twisted Courant bracket. In
this paper, when viewing a usual principal G-bundle as a generalized one, for convenience, we always follow this procedure
withH = 0.

For a generalized principal G-bundle (P, E, ¥), a right splitting s is called admissible if ¥ (g) C I'(s(TP)). Use such a
splitting to identify E with TP. Then for a € g, ¥ (a) = X,, i.e. the vector field generated by a. For later use, we give the
following lemma.

Lemma 2.7. For sufficiently small open set W C M, there are G-invariant admissible isotropic splittings for (P, E, y) restricted
on W. The B-field relating two such splittings is a basic 2-form.

Proof. Assume P|y, to be of the form W x G. It is not hard to find that admissible isotropic splittings do exist and the B-field
relating two such splittings is a horizontal 2-form. Let s be an admissible splitting and H be the curvature. Then tx,tx, H = 0
fora,b € g.

Let {y'} be the coordinates of W. d,i can be viewed as a section of TP|y over the set W x {e} C P|w, and by G-action
it extends to the whole of P|y. The result Y; is of the form d,; + &;, where §; is a 1-form over P|w.2 By construction, Y; is
G-invariant and therefore

Lx,& + Lo, ix,H=0, aeg.

This equation, together with ix,tx, H = 0 and the fact that &y x(o; = 0, implies that &; is a horizontal 1-form.

Let {Z,} be a G-invariant frame of K. Then {d,;; Z,} is a frame of TP|y and {Y;; Z,} gives rise to a G-invariant splitting. Let
{dy'; Z;} be the dual frame of T*P| . Then it is easy to see that the new splitting relates to the old by the B-field %Ei(ayj)dyidyi,
which is horizontal. Therefore the new splitting is both admissible isotropic and G-invariant.

If s and s’ are both G-invariant admissible isotropic splittings, relating to each other by a B-field B, then the corresponding
curvatures satisfy H' = H — dB. One must have Lyitx,dB = 0 and x,tx,dB = 0. As B is horizontal, these imply that Ly, B = 0,
i.e.Bisbasic. O

Remark. The proof of the lemma implies that for a general generalized principal G-bundle, at least locally, it is safe to assume
that G acts on E in the manner described in Example 2.6: For a G-invariant admissible isotropic splitting, d,; as a section of
E is G-invariant. Then

0= [ as 8yi]H = [Xa, ayi] + Layi anH = Layl. lxaH.

This, together with tx,1x,H = 0, implies tx,H = 0. Since H is closed, then it is also basic, i.e. of the form p*(H) for a 2-form
H on W. Then for a vector field X over P|y, [Xy, X]g = [Xa, X].

Now let G be a connected complex Lie group, and gc = gy D gq, i.e. the sum of holomorphic and anti-holomorphic
components. If (P, E, i) is a generalized principal G-bundle, then v/ (g,) and v (g;,) generate K, and K}, respectively, both
subbundles of K¢.

Definition 2.8 (/6]). Let (P, E, ¥/) be a generalized principal G-bundle over M and A C Ec¢ a G-invariant generalized
distribution such that
(i) K, C A C K&,
(i) A® A = K&,
(iii) A descends to a generalized complex structure L C Ec.

Then A is called an almost generalized holomorphic structure w.r.t. L. If moreover A is integrable, it is called a generalized
holomorphic structure.

A s essentially a complex structure in K-, which restricted to K is minus the canonical complex structure induced from

L fal
the complex group G. Condition (iii) means L := AQKI%;K“ /G is a generalized complex structure in E. It is worth mentioning
that there is a natural G-isomorphism
T : A/Ky — (ANKE + Ke) /Ke. (2.2)

2 Since the G-action preserves the bilinear form, one must have &;(d,;) + §;(d,i) = 0.
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For some examples of generalized holomorphic principal bundles, see [6]. A remarkable observation of [6] is that a G-
invariant generalized distribution A, satisfying conditions (i), (ii), always descends to a generalized distribution A, such that
A @ A, = Ec. If further A is integrable, so is A;. Therefore if an integrable G-invariant generalized distribution A satisfies
(i) and (ii), then (iii) follows automatically. This suggests that, if we deform A in such a way that conditions (i), (ii) are
preserved and the resulting generalized distribution A’ is still integrable, then A’ is a generalized holomorphic structure
w.r.t. an underlying generalized complex structure J’, possibly differing from the original J. This will be the very starting
point of our deformation theory in the coming sections.

Given an almost generalized holomorphic structure A and a finite dimensional holomorphic representation (p, U), a
canonical L-connection in V := P x, U can be defined. Recall that /" (V) can be identified with I"(P, U)C, the space of G-
equivariant U-valued functions on P. For s € I"(V), by § denote the corresponding element in I" (P, U)®. One can define the
L-connection D as follows: let x € M and W be a small neighbourhood of x. For a € I'(L), choose a € F(A|p71(W))G, which
descends to a|y. Then

(De8) (%) = [(q, (m1(@3)(9))], (2.3)

where q is any point in p~!(x). If further A is integrable, then D is a generalized holomorphic structure in V. In particular, if
p is the adjoint representation of G on gy, then we get the canonical generalized holomorphic vector bundle (g*, D).

3. The underlying DGLA

As can be expected from general deformation theory [11], deformations of a generalized holomorphic structure are
governed by a DGLA, through a Maurer-Cartan type equation. The purpose of this section is then to explore the underlying
DGLA in detail, also preparing for the next sections.

Definition 3.1. A DGLA (S, [-, -], d) is the data of a Z-graded complex vector space S = P, S' with a bilinear bracket
[-,-]:S xS — Sandalinear map d € Hom(S, S) satisfying the following conditions:
(i) [-, -]is graded skew-symmetric, i.e. [S', S'] C S+ and
[a, b] + (= 1)"'[b,a] = 0

for every a, b homogeneous (|a| is the degree of a).
(ii) Each triple of homogeneous elements a, b, ¢ satisfies the graded Jacobi identity

[a, [b, c]] = [[a, b, c] + (= 1)“"![b, [a, c]].
(iii) d(S") c S™*1, d*> = 0 and d[a, b] = [da, b] + (—1)'%[a, db].

Ay = izo I'(AKL) is an example of DGLA, where the degree of I'(AXL) is k — 1, the bracket is the Schouten bracket?
(still denoted by [-, -].) associated to the Lie algebroid L, and the differential is just d;; 4, = i:o I'(AYL ® g*) is another
example, where for a; € I'(AN L), F; € I'(g"), i = 1, 2, the bracket is characterized by

[a1 ® F1, a0 @ F2] = (a1 A @p) Q [Fy, R, (3.1)

and the differential is D. In this section, we will find a new DGLA, which, to some extent, is a combination of the above two.
Let (M, J) be acompact generalized complex manifold, and Aq a generalized holomorphic structure w.r.t J in a generalized
principal G-bundle P over M. We continue to use the notation of the previous section.

Definition 3.2. A deformation of Ay is a G-equivariant bundle homomorphism ¢ : Ay — Ao which vanishes on K, and is
skew, i.e. (a, e(b)) + (e(a), b) = 0fora, b € A,.

& can also be viewed as a homomorphism from £ := Ay/K, to Ay, i.e. ¢ € I'(£* ® Ag)®. For & small enough, the graph A,
of ¢ satisfies conditions (i), (ii) in Definition 2.8. ¢ is called integrable if A; is involutive.

By abuse of notation, we will label an element a € £ and its representative in Ag by the same letter. No ambiguity would
arise from the context. We call an element s € AK £* ® Ag skew iffora; € Ag,i=1,...,k+ 1

(s(ay, ..., ar), Q1) + (a1, S(Qgq1, @z, ..., ar)) = 0.

Let A, C A¥£* ® Ag (k = 1,...,2m) be the subbundle consisting of skew elements. We also denote the trivial complex
line bundle over Pby A_;.

Consider 2 = iz_l I'(A)¢ and set the degree of I"(Ay) to be k. We show there is a differential and a bracket on 2,
which are ingredients to define a DGLA.

3 We refer the reader to [10] for all properties of this Schouten algebra, which will be used without mention.
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Since for f € I'(A_1)°, df € I'(Kg), by d*f we denote the A-component of df. Also for a, b € I'(K)®, [a, b] € I'(KZ)®
and the A-component [a, b]* makes sense. B
Define § : I'(A_1)¢ — I'(Ag)® by 8f = d*f. Define § : I'(Ag)® — I'(A;)¢ by

ss(a) = —[s,al®, ae I'A°, (32)
or generally, define § : I'(A)® — I'(Ax1)¢ by

8s(ag, ..., ap) = Y (=Dlai, s(ar, ... @, ..., a1
i

+ Y (=DYsan gl a0, .. G G @) + (D A s(a0, - @), @)

i<j

Lemma 3.3. § is well-defined, and the sequence
0— A > @) > r@N > . 3 r@mt —o
is a complex.

Proof. It is easy to see that if s is G-invariant, so is 8s. By definition, 8s(ay, . . ., a) is skew-symmetric w.r.t. its arguments.
We prove that it is C> (P)°-linear. It suffices to prove 8s(fay, . .., ay) = f8s(ag, . . ., ag):

8s(fag, . ... ax) = f8s(ap, .. .. ar) + df{ag. s(ar, ..., @) + Z(—l)iﬂ1(ai)f5(ao, ALy ey Giy ey Q)

i#0
+ Y D i @fsao, an LG @)+ (D (s, . ae), @)
i£0
= fés(ao, ..., a).

To see &s is skew, we only prove the case in which s is of degree 0, since the general case only involves more complicated
notation:

(85(a0), a1) = —([s. aol", a1)
= —m(s){ap, a;) + {(ao, [s, a11)
= —(ao, 8s(ay)).

We also will not prove the formula §2 = 0 completely, and this shall be done at the level of complexes over M (Lemma 3.5).
However, to show how the Jacobi identity plays its role, we prove §2s = 0 for s of degree 0*:

825, ar) = [dg, 8s(ay)]* + [8s(ac), a1]* — 8s([ag, a1]) )

= —[ag, Is, a1]*1* = [Is, ao", 11" + [, [ao, a1 11"
= O,

where the last equality holds due to the Jacobi identity. O

To define the bracket on €, I" (A)®, we first remark that P, A, has another characterization:

Lemma 3.4. Let [(A?K},) be the ideal generated by A2 Ky, in the exterior algebra A® Ag. Then

P A= A Ao/I(A? Kn).
k

and Ay is precisely identified with AKt1 A /1(A% Kp).
Proof. At any point g € P, by the natural pairing on E, each element in the fibre at q of A¥*1 Ay /I(A% Kj,) defines a skew

element in A¥ 22 ® Koq. It is easy to see this correspondence is injective. Counting dimensions then leads to the claimed
identification. O

4 For degree —1, this holds due to the general fact that the left adjoint action by an exact 1-form on I"(E) is trivial.
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Since Ay is a G-equivariant Lie algebroid over P, the Schouten bracket makes sense on G-invariant sections of A® Ag. Note
that

[F(A®A)C, T (I(A*Kn)CT C T(I(A* Kn))°.

The Schouten bracket then descends to I"(A® Ag/I(A% K;,))C, or &b, I"(A,)C. This way, we get the necessary bracket, which
we denote by [, -]4. _
What is most relevant to us in this paper is the case of degree 1. Lets, t € I"(A;)°. Then it can be checked that

[s, t1a(a, b) = [s(a), t(b)] + [t(a), s(b)] — s([a, t(b)]* + [t(a), bI*) — t([a, s(b)]* + [s(a), bI").
In particular,
[s, sla(a, b) = 2[s(a), s(b)] — 2s([a, s(b)]* + [s(a), b]*).

By taking the quotient, all G-equivariant vector bundles over P descend to M. Let g, Ay and [ be obtained this way from
Ky, Ax and £ respectively. Due to the G-isomorphism /7, L can be canonically identified with L, and A, with a subbundle of
AKL ® Ag. Note that Ag is an extension lying in KCL/G of L by the adjoint bundle g*:

O—>gA—i>K0£>Z—>O. (3.3)
Generally A, k =0, 1, ..., 2m, is an extension of AK*1 L by AL @ g
0— ANI@g 5 AL AT o (3.4)

Remark. Note that when k = 2m, A2™1L = {0}. For our purpose, we also set A"'L ® g* = {0} and then the above
sequence also exists for this case.

Before proceeding further, we describe Ek in terms of local data.

Let {e,} be a basis of gy, and €, (resp. ,) be the vector fields generated by e, (resp. &,). Due to the remark below
Lemma 2.7, over a sufficiently small open set W C M, we can choose a local section ¢ of P and a G-invariant admissible
isotropic splitting such that we are in the situation of Example 2.6. Then P|yy is of the form W x Gand anelements € I"(4y)°
is locally of the form

b — 0%(b)e, + F*2,, be I'(Llw).

Here, b is viewed as a section of p* (Z)|p‘w by pull-back, 6% € I' (p* (Z)|p‘w), and 0¢ are the complex conjugate of 9%; F* are
functions over P|y . G-invariance implies that 6% (b), F are holomorphic in the G-orbit directions, and form G-equivariant
gn-valued functions 0 (b) = 6%(b)e,, F = F%e,. 6 restricted to ¢ is precisely the connection form of (g*, D) in the frame
induced by ¢.

If one chooses a new G-invariant admissible splitting related to the old by p*(B) for a 2-form B on W, then the new
(b', F') = (b—tx,1B, F). Since b and b — ¢, 1, B represent the same local section of L w.r.t. the corresponding local splittings
of E related by B, ¢ actually provides a local splitting of the sequence (3.3). Thus, with the help of 8, a section s € I'(Ag)
is locally of the form (b, F), where b and F are local sections of L and g* respectively. It can be checked that, if ¢’ = ¢g is
another local section of P, then in the new frame induced by ¢/,

s = (b, Adg—1 (F) — L,y (8 " dg)).

where g~'dg is the pull-back of the Maurer-Cartan form on G. _
The above argument holds generally. ¢ provides a local splitting of the sequence (3.4).If I" (Ay) 2 s = (b, F) in the frame
induced by ¢, then in the frame induced by ¢’,

s = (b, Adg—1(F) + (= 1)*"'b(g"'d;g)),

where g~ 'dzg is the L-component of g~ 'dg.
Let {W,} be an open cover of M such that P is trivialized on each W, by a local section ¢,. If g,4 are the transition
functions, then the identification on the overlaps W, N Wpg

(b, F) ~ (b, Ad 1 (F) + (= 1) 'b(g, digep))
gives rise to a vector bundle Ry, isomorphic to Ay, which is, however, independent of A.
The differential § and the bracket [-, -]14 all have their counterparts on M. Without ambiguity we use the same symbols

to denote them. This way the sequence in Lemma 3.3 descends to a complex over M:

00— C°M) S TRy > TR) S - > FRym) —> 0. (@)

Lemma 3.5. The sequence (C) is an elliptic complex.
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Proof. As the problem is local in essence, we can choose a local section ¢ of P, which provides special splittings for the
sequences (3.4). Let 6 be the connection form of (g*, D) associated to ¢. Then for a function f,

8f = (dif , m2(0)f).
For a local section (b, F) of Ry,
8(b, F) = (d;b, d;F + [0, F1+ [b, 0]¢).
It can be checked that generally for a local section (b, F) of Ry,
8(b, F) = (dib, diF + [0, F1+ (=D*[b, 610),
where [b, 6], is the Schouten bracket of b and 6. Therefore,
8%s = (d?b, D(DF + (—1)¥[b, 6]c) + (= 1)*"'[d;b, 8])
= (0, (=1*DIb, 6]c + (—=1)*"'[d;b, 6]),
where the formula D?> = 0 is used. Noting that
D[b, 0], = di[b, 0], + [0, [b, O]]
= [dib, 0] + (= D*[b, d;0]c + (6. [b. 611,
and that
[b, [0, 61]c = [[b, 6], 61+ (—=D¥[6, [b, 1] = (—1)*2[6, [b. 611,

we have

1
825 = (0, |:b, d[_9 + 5[9, 9]] > = 0,

where the Maurer-Cartan equation for 6 is used.
Denoteé : I'(Ry) — I'(Rgs+1) by 8, k = —1, ..., 2m — 1. Then the first two symbol maps are (R, should be pulled back
to T*M)

o (8_1)(f, 0) = (FEL, (£, 0)f),

and
0¢(80) (b, F) = (€' A b, E" ® F — (", 0)b),

where & € T*M and &Y/ Lareiits L/L-components. For general k,
080 (b. F) = (" A b, £F AF + (=D (gL, 0)b).

From this local description, it is easy to find out that the complex is elliptic. O

The bracket [-, -]4 can also be described explicitly in local terms. Let s; = (b;, E;) be of degree d;, i = 1, 2 respectively.
Then it is easy to find
[s1,520a = (b1, balc, [br, E2le + (=) H by, By — [Eq, B2 )). (3.5)

Note that unlike §, this bracket is actually independent of Ag.
Combining the argument in this section and the elliptic complexes (¢1) and (C,), we thus obtain

Theorem 3.6. There exists a short exact sequence of elliptic complexes:

0—e5ele —o.
In particular, we have the following long exact sequence of cohomology groups:
0 — H°(g") — H°A) — H°(L,d)) — H'(¢")
— H'(A) - H'(L, d;) - H*(g") — H*(A) —» H*(L, dy)
— .- > H*™A) - 0.

Proof. Note that H~'(A) = H (L, d;) = C and hence that the connecting homomorphism H~ (L, d;) — H°(g") is zero.
The long exact sequence then follows. O



80 Y. Wang / Journal of Geometry and Physics 77 (2014) 72-85

Proposition 3.7. A = i:q I' (Ry) equipped with the differential § and the bracket [-, -14 is a DGLA, and the short exact
sequence in Theorem 3.6 is a sequence of DGLAs.

Proof. It is convenient to use the local description. It holds obviously that the bracket is graded skew-symmetric. Let
s; = (b;, F;) be of degree d;,i = 1, 2, 3.

For the graded Jacobi identity, due to linearity and graded skew-symmetry, we need to consider 6 cases according to
whether b; = 0 or F; = 0, but here we only treat the case where F; = 0,F, = 0 and b; = 0 and leave others to the
interested reader. Noting that

[s1, [s2, s3]ala = (O, [b1, [b2, F3]co), [s2, [s1, s3]ala = (O, [b2, [b1, F3]clo),
and

[[s1, $21a, $31a = (O, [[b1, b2]c, F31o),
we need to prove that

(b1, [b2, Fslcle = [[b1, bale, Fsle + (=D by, [by, Fslc]e,

which holds because of the graded Jacobi identity in 4.
We next prove that § and [-, -]4 are compatible, i.e.

8[s1, 8214 = [851, S21a + (=DM [s1, 85214
It is enough to consider the case where F; = 0 and b, = 0. Since
[s1,$2]a = (0, [b1, F2]c),
then
3[s1, s21a = (0, di[b1, F2]c + [0, [b1, F2]c D).
On the other side, we have
[851, 5214 = (0, [diby, Fo]c + (=D *[[by, 6], F>)),
and
[s1, 8s2]a = (O, [by, diF2 + [0, F2]10)-
We have to prove
[0 b1, Falc] = (=) [[by, 0], 2] + (=D [b1, [0, Fa]le,

which certainly holds due to the compatibility of adjoint actions with wedge products in +4;.
It is easy to find that

si=iD, i([-, D) =[i(),i()]a
and
15 = dl_na H([v ]A) = [n()v n()]u

i.e. i and [T are all homomorphisms of DGLAs. Thus, the short exact sequence in Theorem 3.6 is actually a sequence of
DGLAs. O

4. The Maurer-Cartan equation and some simple examples

We continue to use the notation of the previous sections. Let ¢ be a small deformation of a generalized holomorphic
structure A. Integrability of ¢ means for arbitrary a, b € I"(A)°

ela, (D))" + [e(a), bI") = —[a, e(B)]" — [e(a), bI" + [£(a), e(b)] + &([a, b]). (4.1)
Denote the element in I"(R;) corresponding to ¢ by the same label. In terms of § and [-, -]4, Eq. (4.1) can be reformulated as
1
de — 5[8, gla=0. (4.2)
If IT(¢) = b, as IT is a homomorphism between DGLAs, we have

dib — - [b, blc =0,

1
2
which is precisely the Maurer-Cartan equation for b as a deformation of the underlying generalized complex structure J.’

5 Compared with the common form, the extra minus sign is only a matter of convention.
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In local terms, if ¢ = (b, F), then Eq. (4.2) splits into two: one is the Maurer-Cartan equation for b, and the other is

dLF—l—[G,F]—[b,@]c—[b,F]c—i-%[F,F] =0. (4.3)

When b = 0, Eq. (4.3) is the traditional Maurer-Cartan equation for deformations of a generalized holomorphic structure:

DF + %[F, F]=0. (4.4)

In the following, we interpret the content of Eq. (4.3) in the context of symplectic or complex manifolds. As there are
many examples of flat vector bundles, co-Higgs bundles and Poisson modules in the existing literature, we will not provide
any further concrete examples of these here, but will pay more attention to other possibilities.

Example 4.1. Let (M, ») be a symplectic manifold. By projection, we can identify L with TcM, and then A" L with A’ TEM.
This way, d; = d, and the Schouten bracket on forms is obtained from the Schouten bracket on multi-vector fields via w,
e.g. for 1-forms &, n,

£, 7l = —%wqw”(&), o' (D).

Thus an integrable deformation of w is described by a 2-form b, satisfying the equation db — %[b, bl = 0. Let P be a flat
(hence generalized holomorphic, see [6]) principal G-bundle over M and I7(¢) = b. In a flat local frame, ¢ = (b, F), and
Eq. (4.3) turns to

1
dF —[b,F]. + E[F’F] =0.

Note that d — [b, |. is a twisted de Rham operator d,. Then F can be said to determine a dj-flat structure in P. Another
interpretation is that F determines a connection, whose curvature is [b, F].. Note that the original flat structure (F = 0) is
also dy-flat.

Concretely, we provide the following simple example.

Example 4.2. Let (M, w) be a symplectic manifold and [ a line bundle over M. Then the frame bundle P of [ is a flat principal
C*-bundle and g# is a trivial line bundle. If b is a multiple of w and F is a closed 1-form, then dF — [b, F]. = 0 always holds,
because in this case for any form &, [b, £]. is a multiple of d&.

Example 4.3. Let (M, J) be a complex manifold, and P a holomorphic principal G-bundle over it. When viewed as a
generalized holomorphic structure, locally a traditional deformation decomposes into F = F; 4+ F, w.r.t. the splitting
L= Tgfl @ T1,0. Eq. (4.4) then decomposes:

_ 1 _
oF; + E[Fh Fi]=0, oF, +[F1,F]1 =0, [F, K] =0.

The first equation determines a new holomorphic structure, the second means F, is a g*-valued holomorphic vector field,
and then the third means F; is a co-Higgs field.

A complex structure, as a generalized one, may have three primary kinds of integrable deformations, described
respectively by holomorphic Poisson structures, d-closed (0, 2)-forms and T;-valued (0, 1)-forms satisfying the
Maurer-Cartan equation [4]. Accordingly, if we deform the underlying generalized complex structure at the same time,
deformations of a holomorphic structure are combinations of three primary cases. In the following several examples, we
continue to use the notation in Example 4.3.

Example 4.4. Let ¢ be an integrable deformation such that /7(¢) = § is a holomorphic Poisson structure. In a holomorphic
frame, ¢ = (B, F; + F>) and Eq. (4.3) splits:

— 1 — 1
oF; + E[Flv Fi1=0, 0F, + [F1, F] = [B,F1]c =0, E[FZ’ Bl —-[B8, K]l =0.

Since in another holomorphic frame related to the old by g, the new F; = Ad,-1(Fy), such a deformation still gives rise to a
new holomorphic structure D'. It is easy to check that the second equation means, in a local frame holomorphic w.r.t. D, F,
is a gp-valued holomorphic vector field. The third equation then precisely means that g* is a holomorphic Poisson module.
In particular, if F; = 0, then F, is holomorphic w.r.t. the original holomorphic structure; however, F, is not a global section
of g, since in the frame related to the old by g, the new

F = Adg1 (F) + B(gdg).

Note that if s = (8, F; + F,) is an integrable deformation, so is s = (c8, F; + cF;) for any complex constant c.
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Example 4.5. Let ¢ be an integrable deformation such that /7(¢) = B is a d-closed (0, 2)-form. In a holomorphic frame,
¢ = (B, F1 + F,) and Eq. (4.3) splits:

_ 1 _
oF; — [B, 5] + 5[1:17 Fi] =0, 0F, + [F1, F,] =0, [F, F;] =0.

F; and F, are actually global sections of Tg‘J ® ¢! and T o ® g? respectively. F; determines a semi-connection 9’, whose

curvature is [B, F;].. The second equation means F; is 9’-flat, while the third is again an algebraic commutative condition.
We call such a triple (g*, 3’, F») a B-twisted co-Higgs bundle. Note that when F, = 0 or Bis also d-closed, B plays no essential
role and we obtain usual holomorphic structures or co-Higgs bundles.

As B-twisted co-Higgs bundles are scarcely touched in the literature, we provide the following example.

Example 4.6. If M is a Kihler manifold, any d-closed (0, 2)-form B has the form B, + 9&, where By, is the harmonic part
of Band & is a (0, 1)-form. Therefore, for a B-twisted co-Higgs bundle, the essential part of B is 9§. The simplest B-twisted
co-Higgs bundles are constructed from genuine co-Higgs bundles: let (V, 9, @) be a co-Higgs bundle over M, and define
0’ = d + [&, @].. Then it is not hard to check that (V, 0/, @) is a B-twisted co-Higgs bundle. It is natural to ask whether all
B-twisted co-Higgs bundles are obtained in this way, but we will not tackle this problem in this paper.

Example 4.7. Let ¢ be an integrable deformation such that /7(¢) = ¢ is a deformation of the underlying complex structure
in the classical sense. In a holomorphic frame, ¢ = (¢, F; 4+ F;) and Eq. (4.3) splits:

_ 1 _

oF — ¢, F1]c + E[Fl’ Fi] =0, 0F, — [¢, ] + [F1, ] =0, [F2, F2] = 0.
3 — [@, ]c is a new Dolbeault operator 5¢, associated to the complex structure J, determined by ¢. Note that in another
holomorphic frame related to the old by g, since g is holomorphic w.r.t. ],

Fi = Adg-1(F) + ¢(g7'9g) = Adg-1(F1) +g'9,8,
i.e. the first equation gives rise to a holomorphic structure D, w.r.t. J,. Then as one may expect, the remainder equations

only mean that F; is actually a co-Higgs field w.r.t. D,.

5. The deformation theorem

We come back to the general theory. To obtain a finite dimensional moduli space, certain deformations should be
identified. It is convenient to deal with the problem at the level of G-equivariant bundles over P. If v € I'(K1)¢, v would
generate a family of inner automorphisms of E with one parameter, which also preserves K- because [I"(K1)¢, I'(KH)¢]
I'(K+)¢. We denote this family by F;,. Let A be a generalized holomorphic structure. We identify A with F,(A) C K. This
way, F;, acts on deformations of A.

Proposition 5.1. Let A be a generalized holomorphic structure in a generalized principal G-bundle P over (M, J), and € be a small
deformation of A. If v € I'(K*)S, then for sufficiently small t € R, the action of F;, on ¢ has the following form:

Fr(e) = & + t8V" + R(e, tv), (5.1)
where R satisfies

R(te, tv) = tzk(s, v, t),
and R is smooth.

Proof. We follow closely the treatment of [10]. If ¢ is a deformation, then A, can be described by the following
endomorphism on K+ = A @ A:

1 -z
e (1)

For s € R, the combined action of s and F;, on K(CL is of the following form:

n  —v n 0 1 -1
e (8 50) =5 (e 7)o
Then F;, (s¢) = t. Differentiating A, = CI:‘Ft,,ASS and evaluated at (s, t) = (0, 0), we get

Ar|(0,0) = _Cﬂ|(0,0) + Ftu|(o,0) +Ass|(0,0)~
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Leta € I"(A)°. We need to compute the A-component of A, |(0,0)(@). Since C,, preserves the splitting K+ = A@ A, the term
Cul(0,0) has no contribution. By definition, the term

Froli0.0)(@) = [v, al* = —8v*(a),
and

Asel0,0)(@) = —&(a).

Therefore, by Taylor’s theorem,

T = se + t8v™ + R(se, tv), (5.2)

where the remainder R(se, tv) is of order s?, st and t2. Setting s = t in Eq. (5.2), we get R(te, tv) = tzﬁ(s, v, t); setting
s = 1in Eq. (5.2), our first claim then follows. O

Remark. Though Proposition 5.1 is presented in terms of G-invariant objects over P, we will use it later in its reduced form
over M without mention.

Example 5.2. The B-twisted co-Higgs bundles in Example 4.6 are just obtained by carrying out the transformation F;  ; on
the co-Higgs bundle (V, 3, ®).

We discuss briefly the corresponding Hodge theory. Choose a Hermitian structure on Ry. Then g’ as a subbundle acquires
a natural Hermitian structure and L can be identified with the orthogonal complement of g* in Ry. Hence IT is just the
orthogonal projection onto L. This way, AKL ® g#, A¥*1L and Ry, are all equipped with Hermitian structures.

Let §* be the formal adjoint of § and | - |; be the L,z—Sobolev norm on I" (Ry) induced from the Hermitian structure (I is
large enough). By H¥(A) denote the harmonic part of I"(R;), which is isomorphic to H¥(A). Let § be the Green smoothing
operator quasi-inverse to As = §§* + 8*4, i.e.

§ 1 LT (R = Ly, (Re)
so that we have the following orthogonal decomposition:
Id=J+ GAs = H + As§,
where # is the orthogonal projection from I"(R;) onto H¥(A). As in [ 10], we introduce the once-smoothing operator
Q=38 : [[(R) — L, (Ry).
We then have @2 = 0 and
Id=#+6Q+ Q6. (5.3)

Note that A; does not necessarily commute with I7. Hence that ¢ is harmonic does not necessarily imply that I7(¢) is.
We now turn to the deformation theorem. Let A be a generalized holomorphic structure in P w.r.t. J. We follow closely
the lines of [12,13] concerning the deformation theorem of (generalized) complex structures.

Theorem 5.3 (Deformation Theorem). There exists an open neighbourhood W C H'(A) containing 0, a smooth family Mm =
{eulu € W, gy = 0} of almost generalized holomorphic structures deforming A, and an analytic obstructionmap @ : W — H?(A)
with & (0) = 0 and d®(0) = 0, such that the deformations in the sub-family 9 = {e, : z € 3 = ®~1(0)} are precisely the
integrable ones. Moreover, any sufficiently small deformation € of A is equivalent to at least one member of the family 9. In
particular, when the obstruction map vanishes, 90 is a smooth locally complete family.

Proof. As the proof is quite standard, for completeness, we just outline it here. For the details, one can refer to [12].
First, we construct the family 9t and show it contains the family 91 of integrable deformations defined by a map &.
Defineamap V¥ : e — ¢ + %(Q[s, £]a and extend it to a map

¥ L2(Ry) — LE(Ry).

¥ is a smooth map of the Hilbert space into itself and whose derivative at the origin is the identity. By the inverse
function theorem in Banach space, ¥ ! maps a neighbourhood of the origin in L,2 (R1) smoothly and bijectively to another
neighbourhood of the origin. Then for a sufficiently small ¢ > 0, ¥~! takes the finite-dimensional subset of harmonic
sections

W = {ueH" @A) CL}R)Iul < €}

into another finite dimensional set, which is precisely the family Mm (elliptic regularity implies that these elements are
smooth).
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Integrable elements in 0t are singled out by the zero locus of the map @ : e(u) — H[e(u), e(u)]a, ie. M = MmNp-1 (0).
In fact, since

e(u) + %(3[8(11), e(W)]a =u,
we have
1 1 1
de(u) + E[S(U)’ e = —58(2[8(11), eWla + 5[8(“)’ e(u)]a

1
= 5((:25 + #H)[e(), e(W)]a,

where Eq. (5.3) is used. Since the two terms in the last line are orthogonal, we only need to prove that #[e(u), e(u)]s = 0
implies Qé[e(u), e(u)]a = 0. This is correct, because due to our analysis of the underlying DGLA in the previous section,
all the essential identities which lead to the corresponding conclusion concerning deformations of a generalized complex
structure [10] have their counterparts here. We omit the details.

The local model 97t has another characterization: 91 is actually a neighbourhood of zero in the set

1
m' = {8 e I'(Ry)|6e + 5[8’ gla =8 = 0} .

Since no original ideas are needed to prove this claim, we omit the details and the interested reader can refer to [12].

Second, we need to prove the miniversality property of 9. Noting that KCl /G = Ry + Ro, by v® we denote the Ry-
component of v € I'(K+/G). Let P be the image of §* on I"(R;). In the following, we prove that there are neighbourhoods
of the origin U C I'(R;) and V C P such that for any element ¢ € U, there exists a unique v € I"(K*/G) such that v®0 e V
and the gauge-fixing condition 6*F,(¢) = 0 is satisfied. This conclusion shall lead to that every sufficiently small integrable
deformation is equivalent to another in 9.

Restricting to sufficiently small neighbourhood of the origin in I"(K*/G) so that we can set t = 1 in Eq. (5.1). We see
that 6*F,(e) = 0 iff

8*e + 8*8vR0 4 8*R(e, v) = 0.
Assuming vR0 e P, we obtain §*vR0 = #vfo = 0, and
8*e + AsvR 4 8*R(e, v) = 0.
Applying 4, we get
v+ @ + @R(e,v) = 0.
The map
T :(e,v) — v+ Qe + @R(e, v)

is continuous from a neighbourhood of the origin in I"(R;) x P to P (all spaces are equipped with suitable L,z-norms), and
thus can be extended to a continuous map from the completion of the domain. Note that the derivative of " w.r.t. v at 0
is invertible. By the implicit function theorem, for sufficiently small &, the equation 7"(e, v) = 0 has a unique solution v,
depending on ¢ smoothly. Elliptic regularity implies that this solution is smooth.

The above argument is also enough to imply that when the obstruction vanishes, 9t is a smooth locally complete
family. O

Example 5.4. Let (M, w) be a symplectic surface and G bg a reductive complex group. If P is a flat principal (E-bgndle such
that H%(g") = 0, then the obstruction vanishes: since H>(L, d;) = H3(M, C) and we are in real dimension 2, H(L, d;) = 0;
by Poincaré duality, H?(g*) = 0.

Example 5.5. Let M be a Riemann surface and P be a holomorphic principal G-bundle. Then g” is a holomorphic vector
bundle. Since we are in complex dimension 1, H?(g?) = I:IZ(Z, d;) = 0. Therefore all infinitesimal deformations are
integrable, and since the only possible deformations of the underlying complex structure are classical ones, all possible
deformations are actually co-Higgs bundles.

Example 5.6. Let V be a holomorphic vector bundle over P? (with the Fubini-Study metric), viewed as a generalized
holomorphic bundle. Let P be the frame bundle of V. In this case g* = Hom(V), and H(L, d;) = P HIP?, O (AP Ty o).
Since we are in complex dimension 2 and A% T; o = ©(3), we have

p+q=3

H3 (P2, 0) = HO(P*, A>Ty ) = H' (P, O(A? T1)) = 0.
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By the Euler sequence, we also have H2(P?, ©®(T;o)) = 0. Thus, the vanishing of the obstruction space requires
H?(P?, ©(Hom(V))) = 0. By Serre duality, this is equivalent to H*(P?, ©(K ® Hom(V))) = 0, where K is the canonical
line bundle.

If the holomorphic structure of V is obtained from a Hermitian-Einstein (H-E for short) connection and the H-E constant
y is negative, then no nontrivial global holomorphic section exists [ 14, Chap. 2]. In our case, if V is stable, then one can find
an H-E metric in V; in particular this also holds for Hom(V) with y = 0. Since K = @(—3), K has a negative H-E constant,
implying that K ® Hom(V) has a negative H-E constant and H°(P?, 9 (K ® Hom(V))) = 0.

Combining these facts together, we conclude that any infinitesimal deformation of a stable vector bundle over P? is
integrable.

Remark. The above example is also good to illustrate how the second drawback mentioned in Section 1 may be overcome:
There are fairly many holomorphic Poisson structures over P?, which provide nontrivial deformations of the complex
structure. Then our example shows around the holomorphic structure of a stable vector bundle, there are many Poisson
modules. However, this claim only depends on the cohomological information of the original holomorphic vector bundle,
which is often more computable than the cohomology groups involved in the traditional deformation theory when one tries
to get Poisson modules near a given one.
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