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Abstract
We connect Liouville theory, anyons and Higgs model in a purely geometrical way.
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1. The Higgs model for anyons

The main aim of this paper is to show that well-known results [1,7] allow one to
connect the Higgs model for anyons and Liouville theory within a rich geometrical
structure. In a forthcoming paper [8] we will show how this geometrical framework
allows us to obtain results concerning anyon spectra and the exclusion principle. The
crucial point is based on the following remark:

Remark 1. ~
a. The configuration space of n anyons is the manifold of n unordered points in C =
CuU {0},

M, = (C"\4,) /Symm(n), (1.1)

with 4, the diagonal subset where two or more punctures coincide.
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b. The Liouville action on the Riemann sphere with n-punctures evaluated on the classi-
cal solution is the Kihler potential for the natural metric (the Weil-Petersson metric)
on

M, = (C"\4,) /Symm(n) x PSL(2,C). (12)

This remark implies that starting from anyons on C one can recover the two-form as-
sociated to the natural metric on the configuration space by first computing the Poincaré
metric e?? on the punctured sphere and then, after evaluating the Liouville action for
@ = ¢, computing the curvature two-form of the Hermitian line bundle on M, defined
by the classical action (see Section 5).

To understand the physical relevance of this remark we recall that the quantum
Hamiltonian for n anyons is proportional to the covariant Laplacian on M,,.

Actually, the connection between anyons and Liouville arises also in considering the
critically coupled Abelian Higgs model in (2+41)-dimensions where the space M, plays
a crucial role in the analysis of the nth topological sector of the theory. Remarkably
f =2Re log ¢, with ¢ the Higgs field, satisfies the modified (non covariant) Liouville
equation

fu=e -1, (1.3)

which is the second Bogomol’nyi equation. Notice that the non covariance (the —1 in
(1.3)) is due to the Higgs mass.

In Refs. [1,2] Samols has studied the metric on vortex moduli space in the Abelian
Higgs model. In Ref. [3] Manton has proposed a model for anyons which is based on
the structure of such a space.

Let us consider the Lagrangian density of the Abelian Higgs model

_ , _
L=1D,¢Drd — LE,F* — L(l¢2 - 1), ¢ =¢1 +idy, (14)
where
D#¢ = (8# — iA,L)¢, F,u,, = a#A,, — 0,,A,L,

and the metric has signature (1,—-1,—1).
In the temporal gauge the finiteness of the energy implies that at infinity the Higgs
field is a pure phase. The magnetic flux through R? is

/Flz =27n, (1.5)
where n is the winding number labelling the topological sectors of the map
¢l : St — UD). (1.6)

In the static configuration A; = 0, ¢ = 0, the energy has the lower bound E > 7r|n|. The
critical case E = 7r|n| arises when the Bogomol’nyi equations

(D1 +sgn(n)iD2) ¢ =0,  Fip+sgn(n)} (|¢|* - 1) =0, (1.7)
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are satisfied. It is crucial that in the nth topological sector the space of smooth solutions is
a manifold M, of complex dimension n. In particular, each solution is uniquely specified
by the n unordered points {zx} where the Higgs field is zero [4]. The same happens
in considering the Liouville equation for the Poincaré metric on Riemann surfaces. In
particular, due to the uniqueness of the solution of the Poincaré metric, to each complex
structure of the n-punctured Riemann sphere (the unordered set of n points) corresponds
a solution of the Liouville equation (see below for details).

Topologically M, coincides with Cr. It is a remarkable fact that the Abelian Higgs
model (almost) provides a smooth metric and U(1) gauge field on M,,. In particular
the kinetic energy induces the metric

ds* = %/(d(ﬁad(ﬁa + dAidA). (1.8)
C

The field evolution is described by geodesic motion on M,.
The z)’s are good coordinates only on the subspace M,. Good global coordinates on
M, are provided by the coefficients of the polynomial [5]

Po(z) =) wiz* = [J(z — ). (19)
=0 k=1

Note that the field evolution defines deformation of the complex structure of the
punctured sphere. Recently it has been shown that this deformation is strictly related
with Liouville theory (see below).

In Refs. [1,2] Samols introduced the following metric on A7I,,:

1 & b,
ds? = 3 Z (5” +2%> dz,dz;, (1.10)

5
r,s=1

where the b,’s satisfy the equations

ob, _ db;
9z, 0z

(1.11)

2. The Liouville equation

Let us denote by H the upper half-plane and by I' a finitely generated Fuchsian
group. A Riemann surface isomorphic to the quotient H/I™ has the Poincaré metric g as
the unique metric with scalar curvature R; = —1 compatible with its complex structure.
This implies the uniqueness of the solution of the Liouville equation on X. The Poincaré
metric on H is

d§2 - ldWl2

= Tmw)? (2.1)
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Note that PSL(2,R) transformations are isometries of H endowed with the Poincaré
metric.

An important property of I” is that it is isomorphic to the fundamental group m (2%).
Uniformizing groups admit the following structure. Suppose I uniformizes a surface
of genus h with n punctures and m elliptic points with indices 2 < ‘11_1 < gy <
... < g,' < co. In this case the Fuchsian group is generated by 2h hyperbolic ele-
ments Hy, ..., Hy, m elliptic elements E, ..., E, and n parabolic elements Pi,.. ., P,,
satisfying the relations

| m n h

e =1, [Iel]~]l (ng_lejH{jl_le—j]) =1, (2.2)

=1 k=l =l

where the infinite cyclicity of parabolic fixed point stabilizers is understood.
Setting w = J,;l (z) in (2.1), where J,;l : 3 — H is the inverse of the uniformization
map, we get the Poincaré metric on %

ds? = 2§’zz|dz|2 = e#’cl(l.f)ldz[z’ (2.3)
where
-1 ! 2
ezt o I ()7 (2.4)

(ImJ5' ()2’
which is invariant under SL(2,R) fractional transformations of J;’ (z). Since
Ry = —§%%3,0;10g g,:, gr=2e"%, (2.5)
the condition Rz = —1 is equivalent to the Liouville equation
0,0:¢0(2,Z) = JeP4 (7). (2.6)

Eq. (2.4) shows that from the explicit expression of the inverse map we can find the
dependence of e on the moduli of 3. Conversely we can express the inverse map (to
within an SL(2,C) fractional transformation) in terms of ¢.. This follows from the
Schwarzian equation

{(J5" 2} =T (2), 2.7
where
TF(2) = ¢l — 3 (¢ly)’ (2.8)

is the classical Liouville energy-momentum tensor and

1" N 2
—f;r - % (ff) ==2(f)'2 ()7 (29)

is the Schwarzian derivative.

{fiz}=
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3. The Riemann sphere

Here we now discuss basic geometrical results on the Riemann sphere with n-
punctures

3=C\{z1,....za}, C=CuU{o0}. (3.1)

Let Pi,..., P,, n > 4, be the set of parabolic generators of I" satisfying the constraint
Py --- P, =1 and with the property that their parabolic fixed points {w;,...,w,} €
R U {oc} map onto {z,...,z,}. The moduli space of n-punctured spheres is the space
of classes of isomorphic 3’s, that is

Mu={(z1,...,2) €C"| z; # z forj # k}/Symm(n) x PSL(2,C),  (32)

where Symm(n) acts by permuting {zj,...,z,} whereas PSL(2,C) acts by linear
fractional transformations. By PSL(2,C) we can recover the ‘standard normalization’:
Zy—2 =0, 7,1 =1 and gz, = co. Furthermore, without loss of generality, we assume that
Wy =0, w,_1 =1 and w, = co. For the classical Liouville tensor we have

n—1
F _ 1 Ck
d (Z)_Z<2(Z—Zk)2+z—1k>' (3-3)

k=t

Notice that TF is holomorphic on I = @\{zl,...,zn}. Such a characteristic of TF

extends to higher genus surfaces as well. This follows from the Liouville equation.

Equivalently one can consider local univalence of the inverse map, which implies that

a, J,;' (z) # 0, Vz € 3, so that the Schwarzian derivative of J;I is holomorphic on 3.
The ¢;’s, called accessory parameters, satisfy the following constraints:

n—1
da=0, Y au=1-n/2 (34)
k=1

so that ¢y, ...,c,—3 can be considered as the basic set. These parameters are functions
on the space

VD ={(z1,...,2n-3) €C"3 | z; # 0,1;2; # z, for j # k}, (3.5)

which is a covering of M, whereas the Teichmiiller space 7, is a covering of V"
whose transformations form a subgroup of the modular group. Note that

M, = V™ [Symm(n), (3.6)

where the action of Symm(n) on V(" is defined by comparing (3.2) with (3.6). In
particular, if a permutation involves at least one of the punctures between 0, 1 and
0o, then we must perform a linear fractional transformation to recover the standard
normalization. This means that the last three punctures of the transformed surface X
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must be Z,_, =0, Zm1=1, Zy =00 Thus if o € Symm(n) interchanges z; and zx41,
the coordinate on X is
Z, k=1,...,n—4,
. _JG@-zw)/(0—z), k=n-3,
= 1—z k=n—2. 3.7)
z/(z—1), k=n-1.

4. Liouville action and the Weil-Petersson metric

Let us consider the Liouville action on the Riemann spheres with n-punctures [6]:

s = lin;n) S = lin(l) / (8, 0d; ¢ + €¥) + 2m(nlogr + 2(n — 2)log|logr|) | ,
r— r—

r

n—1
5=3\ (Utellz=al <o > ). a1

i=1

where the field ¢ is in the class of smooth functions on 3 with the boundary condition
given by the asymptotic behaviour of the classical solution

—2log|z — z| — 2log|loglz — z|| + O(1), z — 2, k # n,

‘Pcl(2)={_210g|z|—2]0glOg!Z|+O(1), 0.

(4.2)

Eq. (4.1) shows that already at the classical level the Liouville action needs a regulariza-
tion, the effect of which is to cancel the contributions coming from the non covariance 1
of |¢,|?. This regularization provides a modular anomaly for the Liouville action, which
is strictly related to the geometry of the moduli space [7]. In particular, it turns out
that the Liouville action evaluated on the classical solution Sgl") is not invariant under
the action of Symm(n) [7],

S§ (2t s 2nm3) — 830 (Tin(21s - 2n3))
(47> log|zi — a| — 2m(n—4) loglzi(z — 1|, i=1,...,n—3,
k#i
n—3
= 4”;10g|2k|, i=n-2, (4.3)
n—3
47 " log|z — 1, i=n—1,
k=1

where o;, € Symm(n), { # n, is the transformation interchanging the i and n punc-
tures. Furthermore, the asymptotic behaviour of the classical Liouville action when the
punctures coalesce is [7]

I Recall that e is a (1, 1)-differential.
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2rloglz — 2l + OC1), z— zi, k # n,

2wrlog|z| + O(1) 7 — 00, (44)

Sc(‘l")(zl7"'7z"—3) ={

It turns out that the Liouville action computed on the classical solution is a continu-
ously differentiable function on V¢ and [6]

cl

1 asm
- Ck» k=1,...,n-3, (4.5)

where the c;’s are the accessory parameters defined in (3.3).
Notice that by (3.4) and (4.5) it follows that

n-3 65(,") n—3 N
Yo =mleiit e, ) a—t =m(n—2+26,). (4.6)
P 0z pur 0z

Since Sﬁ,") is real, Eq. (4.5) yields

n-3

(@ +9)S = =27 (crdze + Tud i), (4.7)
k=1
and
%:3—2, Jhk=1,...,n~3, (4.8)
%:‘;—Z, hk=1,...,n—3. (4.9)

We stress the strict similarity between (4.9) for the accessory parameters and the
Samols equations (1.11).
Another important result in [6] is

aCj 1 ad aJ )
— = —,— ), k=1,...,n—3, 410
a2k 27T<(9Zj (92k> J ( )

where the brackets denote the Weil-Petersson metric on the Teichmiiller space T, pro-
jected onto V™, Therefore by (4.5)

328t a9
—"T=—<—,—>, jk=1,...,n—3, (4.11)
z;0Z 0z 0k
that is
n—3 dc
wwp = 1id0S) = —im Y Ef‘fdz‘j A dz, (4.12)
k=1 7

where wwp is the Weil-Petersson two-form on V(™). Thus the Liouville action evaluated
on the classical solution is the Kahler potential for the Weil-Petersson two-form defining
the symplectic structure on V(™.
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5. Geometric quantization

The symplectic structure considered above allows us to consider the following Poisson
bracket relations [9]:

i
{cj,cx}wp =0, {cjs z}wp = —Ojk> (5.1)

where the brackets are defined with respect to Weil-Petersson metric wwp. These re-
lations suggest performing the geometric quantization of the space M,. To do this we
must define a suitable line bundle. Let us consider the function [7]

n-3 2
Hj#k,j:] (zj — 2)

e, = ., k=1,...,n-3,

T = a1y "
n—3 n—3

fooan=]12>  fouon=]]i— D™ (5.2)
j=1 Jj=1

Extension by the composition f,,,, = ( fo, ©02) fo, defines a 1-cocycle { f4 }oesymmn)
of Symm(n) [7]. Let us now consider the holomorphic line bundle

L, =V™ x C/Symm(n), (5.3)

on M, where the action of o € Symm(n) is defined by (x,z2) — (ox, fo(x)z),
x €V, 7z eC. Since

Sg") oo st
exp (ﬁ—) | fol? =exp( puall B (54)

it follows that exp(Sﬁ,") /) is a Hermitian metric in the line bundle £, — M,. By
4.5) exp(Sg,") /) has connection form —2 )", ¢;dz; and, by (4.12), curvature two-form
—(2i/m)wwp [7]. The covariant derivatives are

S(ln) _
Dy =9, ~32kc7 = d,, + 2c¢y, Dy = 83, (5.5)

In the geometric quantization the Hilbert states are sections of £, annihilated by ‘half’
of the derivatives (polarization). The natural choice is

H={y € L,| Dy =0}, (5.6)
with inner product
1 (n) e
(W lyn) = al(n—3)1 /d(WP)e_sf’ ™ 1, (5.7
where

n—3
d(WP) = (/\ %iﬁ&Sﬁ,’”) , (5.8)
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which by (4.12) is the Weil-Petersson volume form. An alternative to (5.8) is to use
the volume form /\"—3 w, where

2 oln)
cl

3Zijdzk

= 5103 logdet

! , (5.9)

However, in general, the correspondence principle can be proved only if the scalar
product is defined with respect to the volume form associated with the Kéhler potential
[10]. This means that in our case we must use the Weil-Petersson volume form.

We conclude the discussion on the geometric quantization of M, by noticing that an
interesting alternative for the polarization choice in the geometric quantization above is

H={.Zecn|DkJ=o}. (5.10)
In this case the states and the classical Liouville action are related by

3,8 = mwd, logi. (5.11)

6. Anyons, Higgs and Liouville theory

A crucial aspect that should be further investigated concerns the classical-quantum
interplay arising both in Liouville and anyon theories. In Refs. [11,12] it has been
emphasized that the regularization arising at the classical level for the Liouville action
is strictly related to the conformal properties both of quantum and classical (Poincaré
metric) Liouville operators. A similar approach should be applied to anyons to provide
a geometrical interpretation of the statistics. As in the case of conformal weights in
2D quantum gravity [12] we can consider anyons as elliptic points whose ramification
index fixes the statistics.

The approach considered here makes it possible [8] to connect anyon theory with
the geometrical approach to quantum gravity recently considered in Refs. [11,13,12].

Another interesting aspect is the connection between Liouville and Higgs. This pro-
vides a way to consider the Higgs model in a 2D gravity framework.

Finally we note that our results should be useful in investigating the underlying
geometry 2 of the approach considered in Ref. [14].
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