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PRESCRIBED CURVATURE TENSOR IN LOCALLY
CONFORMALLY FLAT MANIFOLDS

ROMILDO PINA AND MAURICIO PIETERZACK

ABSTRACT. A global existence theorem for the prescribed curvature tensor
problem in locally conformally flat manifolds is proved for a special class of
tensors R. Necessary and sufficient conditions for the existence of a metric g,
conformal to Euclidean g, are determined such that R = R, where R is the
Riemannian curvature tensor of the metric g. The solution to this problem
is given explicitly for special cases of the tensor R, including the case where
the metric g is complete on R™. Similar problems are considered for locally
conformally flat manifolds.

1. INTRODUCTION

Over the last decades several authors have considered the following problem:

(P) Given a smooth function K : M — R on a manifold (M, g) is
there a metric g conformal to g whose scalar curvature is K?

This problem has been studied by various authors. Particularly, when K is a
constant it is known as the Yamabe Problem. If M = R"™ with n > 3 and g is the
Euclidean metric, various results can be found in [1], [2], [3] and in their references.

An interesting problem related to problem (P), that is currently under extensive
investigation is the prescribed Ricci curvature equation. It can be formulated as
follows:

(P1) Given a symmetric (0, 2)-tensor T', defined on a manifold M™, n >
3, does there exist a Riemannian metric g such that Ricg =T7

When T is nonsingular, that is, its determinant does not vanish, a local solution
of the Ricci equation always exists, as shown by DeTurck in [4]. When T is singular,
the Ricci equation still admits local solutions, provided that T has constant rank
and satisfies certain conditions [5]. Rotationally symmetric nonsingular tensors
were considered in [6]. Related results can be found in [5], [7], [8], [9], [10], [14],
[11], [12], and the references therein. Recent developments on problem (P1) can be
found in [15], [16], [17], and [18].

Another problem related to problem (P1) is the Prescribed Curvature Tensor
problem, which can be formulated as follows:

Given a (0,4)-tensor R, defined on a manifold M", n > 3, does
(P2) there exist a Riemannian metric g such that R, = R, where R, is
the Riemannian curvature tensor of the metric g7
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We observe that solving problem (P2) is equivalent to solving a nonlinear system
of partial differential equations of second order.

There are very few studies in the literature concerning this problem. Consid-
ering n = 3 and R a (0,4)-tensor nondegenerate as a quadratic form on A27T*M,
Robert Bryant proved in the early 1980s that when R is real-analytic, there always
exist local solutions to the equation Ry, = R. Then, he proved that the combined
overdetermined system of six second-order equations and four first-order equations
for g is involutive; therefore, an application of the Cartan—-Ké&hler Theorem proves
local solvability. He never published his proof; however, DeTurck and Yang later
studied the overdetermined system and published a proof of its local solvability in
the smooth category [19].

To the best of our knowledge, the existence of global solutions to problem (P2)
has not yet been considered. Thus, this study is intended as a contribution in this
research direction.

In an attempt to solve (P2), we consider the Prescribed Curvature Tensor problem
with conformal change of metric. That is, the following problem:

Let (M™,g), n > 3, be a Riemannian manifold. Given a (0, 4)-
(P3) tensor R, defined on M, does there exist a Riemannian metric g
conformal to g such that R = R?

The curvature tensor of the metric g on M can be decomposed as follows:
Ry=Wy+ 4,04,

where R, is the Riemannian curvature tensor, © is the Kulkarni-Nomizu product,
and A, and W, are the Schouten and Weyl tensors of g, respectively [13].

If g is locally conformally flat, then W, = 0, as the Weyl tensor is conformally
invariant. Therefore, the Riemann curvature tensor is determined by the Schouten
tensor, and the decomposition is

(1.1) Ry=A4,0g.

In this paper, we consider a (0,4)-tensor R = T ® g on the Euclidean space
(R, g), n > 3, where T is a diagonal (0,2)-tensor given by T = Zfi(x)dx?,

K3
and f;(z) are smooth functions. Our interest is to study the Prescribed Curvature
Tensor problem in this particular context.

In Theorem 3.2 we provide necessary and sufficient conditions on the tensor R
for the existence of a metric § conformal to g such that R; = R. We extend this
result to locally conformally flat manifolds in Theorem 3.8. We consider particu-
lar cases for the tensor R when the solutions for the Prescribed Curvature Tensor
problem are given explicitly. In Theorem 3.3 we consider the case R = f(g ® g),
where f is a smooth function and g is the Euclidean metric. Unfortunately, in this
case the metric g is not complete. In Theorem 3.5, we obtain a non-existence re-
sult. In Theorem 3.6, we consider tensors T' depending only on one fixed variable.
From this, we exhibit examples of complete metrics on R™ with prescribed Rie-
mannian curvature tensor. In Theorem 3.8, these results are generalized to locally
conformally flat manifolds.
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2. PRELIMINAIRES

Our purpose is to study the Prescribed Curvature Tensor problem in locally
conformally flat manifolds. In this section, we set forth the notation and review the
necessary background to state the results about this problem in the next section.

Let (M™, g) be a flat manifold and R =T ® g be a (0,4)-tensor defined on M,

where T is a (0, 2)-tensor. We wish to find g = — g such that R = R, where R is
¥

the Riemannian curvature tensor of the metric g. That is, we study the following
problem:

B 1
(2.1) 9= 29
R=R

Using the decomposition of the Riemannian curvature tensor R in (1.1), we

_ 1
obtain that R = R is equivalent to A; © g =T © g. As g = — g, this equation is
¥

g
Az © (—) =T0g.
g 902
Thus, R = R is equivalent to
A309=(¥"T) Oy

As the Kulkarni-Nomizu product is injective (see Lemma 1.113 in [13]), problem
(2.1) is equivalent to

equivalent to

1
(2.2) 9= g2
Ag = T

Henceforth, we consider the Euclidean space (R",g), n > 3, with coordinates
z = (z1,..,2,) and g;; = 6;5. Given a (0,4)-tensor R = T ® g, where T is a
diagonal (0, 2)-tensor defined by T = Z fi(z)dx? and f;(z) are smooth functions,
we seek necessary and sufficient conditiolns on the tensor R = T'®g for the existence
of a metric g = ng such that R = R.

The Schouten tensor of g is defined by

1 K
A; = —— | Ricg — ——=g
1T =2 < ‘% z(n—l)g)’
where Ric; and K are the Ricci tensor and the scalar curvature of g, respectively.
As g is conformal to the Euclidean metric g, the Ricci tensor of g is given by

. 1
(2.3) Ricg = —5 {(n—2)pHessgp + (pAgp — (n = 1)|Vyel*) g},
and the scalar curvature of g is given by

(2.4) K = (n—1) (2pA00 —n|Vy9l?),

where A, and V, denote the Laplacian and the gradient in the Euclidean metric
g, respectively [13].




4 ROMILDO PINA AND MAURICIO PIETERZACK

Using (2.3) and (2.4), the Schouten tensor of g can be expressed by

Hess \VRCIE:
(2.5) 4, = Hessap | 9‘@' g.
® 2¢

We will denote by ¢, and f; 5, the derivatives of ¢ and f; with respect to zy,
respectively. Likewise, ¢, and fmxj are the second order derivatives of ¢ and
fi with respect to x;z;, respectively. As g is the Euclidean metric in R"”, n > 3,

studying problem (2.2) when T = Z fi(z)da? and f;(x) are smooth functions, is
equivalent to studying the following system of equations:

2
Poizi _ —|Vg<§| =%, ¥V i:l,..,n.
(2.6) ¢ 2¢ ,

Yriz; =0, V. 1F£]

From the second equation of (2.6), it follows that ¢ can be expressed as a sum
of functions, each of which depends only on one of the variables xz;; thus we will
write

p(z) = Z%(%‘)-

We will study system (2.6) with the additional condition that 3 f;(x)+ f;(x) # 0,
for all z € R™ and all ¢ # j.

3. MAIN RESULTS

We now state our main results. We start with a lemma that will be used in the
proofs to follow.

Lemma 3.1. Let ¢(x1,...,2,) be a solution of (2.6). Then

P th . .
3.1 L= Vi # j
3.1) ® 3fi+ f; #
and
(32) fk,xj _ fi,zj

3fe+fi 3fi+ [
for distinct i, j, k.
Proof. From the first equation of (2.6) we obtain

Z(Wzk)Q

¥
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Taking the derivative with respect to z;, j # %, and using again the first equation
of (2.6) we obtain

202 002,20 — 20, [Vgel?

0 = 3@290:131' fz + SDSfi,zj + )
4 )
. o |V
= 3@290:131' fz + Sodfi,zj + Px; Qx(‘;ﬂ% - (10557;(‘0;(‘0'
. P, |v 90|2 2 |v 90|2
= 30200, fi + O fiw, + 0u, 02 f5 + > 5
2¢ 2¢

= (e, 3fi + fj) + @fia,)-
As ¢ # 0, we obtain
(3.3) ©2;3fi + f3) + o fiz; = 0.
Consequently, we have (3.1). Equation (3.2) follows immediately from (3.1). O

The relationship between the conformal factor ¢ and the functions f; that com-
pose the tensor T in this Lemma is fundamental for establishing the results of this
study.

The next theorem is our main result and provides necessary and sufficient con-
ditions for problem (2.1) to have a solution.

Theorem 3.2. Let (R™, g), n > 3, be the Fuclidean space, with coordinates 1, ..., T,
and metric g;; = §;;. We consider a (0,4)-tensor R =T®g, where T = Z fi(x)da?
i=1
and fi(x) are smooth functions such that 3f;(x) + f;(x) # 0 for all x € R™ and all
i # j. Then, there exists a positive function ¢ such that the metric g = — g satis-
14

fies R = R if and only if the functions f; satisfy the following system of differential
equations:

fi,xj . fk,;cj . . .
3fi+fi 3futfi i kS

(3fj+fi>m_(3fj+fk>x; £, k#j
(3'4) (3fl+f]>zi (3fj+fi zj7 7

L _tim: 2< fﬁm) 21 <ﬂ>2 .
2<3f]+fz> 3f]+f1 . QZZ 3fj+fk *hz; Z#‘]’

h
fj,ri fiyl’j _ ( fi,xj > . .
3fi+ fi 3fi+ f; 3fi+fi)a,’ %9

Fia;
=2 [ g dei i (T, 0851, @415 T .
where hi(x) = f; e JarFry et @ @i ®n) oo of depend on j, the

function ;(x1, ..., Ti—1,Tj41, ..., Tn) Satisfies the following system of (n—1) differ-
ential equations

. _ fiawj L fj,a:l- . .
(3.5) Vja; _/(73fi+fj)zi dz; 3 for i+ j.
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The expression / —

3fi+ [
is independent of i and j as long as i # j, and up to a multiplicative constant, the
function ¢ is given by

iz,
o(x) = exp (/ﬁdijr?ﬁj(xl,...,xj1,xj+1,...,xn) .

Proof. We assume that § = g/¢? is a solution of (2.2). Then, by Lemma 3.1, the
first equation of (3.4) is satisfied, and we obtain, for a fixed j = 1,...,n, that

dl‘j + 1/)j(£1,‘1, s LGm 15 Ly ooy .’I,‘n)

fi,:rj . .
o(z) = exp (/md% (L1, T, Tty s Tn) | EF G,

where the function ¢;(z1, ..., -1, Zj+1, ..., Tn) does not depend on z;.

We will show that the expression of ¢, and consequently of h;, is independent of
the variable of integration and the function 1; is well-defined.

Taking the derivative of ¢ with respect to x;, i # j, we obtain

fi,xj Px; ( fi,;cj > fj,xi
Vi /(3fi+fj>xi s / 3fitfi),, T

Taking now the derivative of this expression with respect to xx, k # j, we obtain

‘ B ﬂ L %)
Vjzizk /<3fl+f]>x1xk az; <3fj+fi “

Similarly, we obtain that ¢; », ., = / (7’ dop: — [ L%k )
y. Vi, 3fit+ i) T \Bh+ ),

Thus, ¥} ¢z, = Vj,z,a, if and only if

(#57), - (520
3fi+fi)a, 3fi+ 1),

Therefore, the second equation in (3.4) is satisfied.
Taking the derivative of 9 ,, with respect to x;, ¢ # j, we obtain

JyxiT 3fi+ f; o 3fi+ fi z; '

AS V) zi0; = Vja,e, = 0, the third equation in (3.4) is satisfied.
Using Equation (3.1), we have that, for a fixed j = 1,...,n,

f’i,l’j . .
ln(p(.’]}') = — / de] + 'l/)j(xl, ...,Ij_17xj+1, ...,xn), 7 7é j,
? J

where the function ¢;(z1,...,2j—1, Zj41, ..., Zn) does not depend on z;.
Integrating Equation (3.1) with respect to another variable x4, for a fixed s =
1,...,n, s # j, we obtain

. fiw, ‘
In@(x) = — / ﬁdzs F (X1, ey Ts—1, T 1y ey T )y 1 F S,
K3 S
where the function ¢s(z1, ..., Zs—1, Ls41, ..., Tn) does not depend on z,.
Setting A =In¢(x) — In @(x), we will show that A is constant.
Taking the derivative with respect to x5, we obtain
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_ fiaxj ) ) fi,zs
Az, = / (3f¢ + fj)xs Ay e 3

U Equation (3.2) and that ¢; ., = = drj — ————, -
sing Equation (3.2) and that v, ;, / (Sfi s x; 31 T we con
clude that A,, =

= 0. Similarly, taking the derivative of A with respect to z;, and
using Equation (3.2) and the expression of 1 ., we conclude that A,, =0

For k # s and k # j, using the expressions of the derivatives of ¥; and s, and
Equation (3.2) in Lemma 3.1, we obtain

_ fiz, o fiz, _

An. = /(3f}+ f;)wk @y + by +f/ (3f¢+fs>wk 425 = Vs,
. 0, ) 4T 5 ) (P:ck
- /(3fz+f]> dxﬁ/( ) ey +

3fi + f;

o o), o Gl %
0

Sfi + fs p
— _ fi,.’/ﬂk i,;ck

3fi+fe  3fitfe

Thus, ¢ is well-defined. As ¢ is a solution of (2.2), it satisfies (2.6)

implies that for ¢ # j, we have ¢,, = 3 ff] i 7 Taking the derivative with
J 1
respect to x;, we obtain

. Lemma 3.1

Priai _ Puiias *< fi. ) < fi. )2< fi. )
¢ e 3fi+fi \3fitfi), \3fithfi 3fj+ fi
Thus, using that |Vgg0|2:2gazk Zcp < K

k=1

2
2
+ (¢z;)” and the ex-
3f]+fk> (SD )

pression above, the first equation in (2. 6) is equlvalent to

fJ}xi ? - fj,wi 1 f]ﬂ«k ? _ 1 fj,xi ? _ 2F
(3fj+fi> (3fj+fi>zi Z( ) 2( ) =¢h

3fi+ fx 3fi + fi

Simplifying this expression, we obtain

1( fiw \ ( i > ( Fimn )2
2 (3fj +f¢> 3fi+ fi E:Z -

3fi+ fu

i
- dzj + i (T1, s Tj—1, Tjp1,
fi . /sz + f] J J J J
This proves the fourth equality of (3.4).
Lemma 3.1 implies that for ¢ # j, we have

o = —p le, §0< fi,a:j )
T Iigfl—‘,—f] Sfi“rfj o

_ fj,zi fi,wj ( fi,a:j > —0
3L+ T3+ \3fi+ ) o '

As ¢ # 0, the other expression equals zero, which proves the fifth and last equality
of (3.4). The converse is a straightforward computation

ey Tp)

O
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To provide explicit examples of metrics satisfying R = R, we shall consider
particular cases for T.
Theorem 3.3. Let (R™, g), n > 3, be the Fuclidean space, with coordinates 1, ..., T,
and metric g;j = 6;5. Then, there exists a metric g = — g such that R=R=

flg® g), where f is a nonvanishing smooth function, if and only if

(3.6) flz) = — A ,

Q(Z(ax? + biz;) + ¢)*

=1

where a, b;, c are constants, A = Z b?4ac, and
i=1
n
(3.7) p(x) = Z(ax? + biz;) + c.
i=1
Any such metric g is unique up to homothety. Moreover, we have:
(1) If A < 0, then g is globally defined on R™.
(2) If A >0, then the metric g is defined:
(a) on allR™ if X\ =0 and a = 0;
(b) in R™ minus a point if A =0 and a # 0;
(¢) imR*\LifA>0and a=0, where L is a hyperplane;
(d) i R™\S if A > 0 and a # 0, where S is an (n—1)-dimensional sphere.

Proof. As f; = f;, for all 4, j, Lemma 3.1 implies that

Px; fa; .
3.8 L =—-=" forall j.
(3.8) ” 1f
A
Therefore, there exists a constant A such that o*f = —3 and
A
f= oot
¥
(2.6) implies that
[Vgpl?

Dayz; = fo3 + T, forall ¢=1,...,n.

Then
Soxixi = @Ijﬂ?j
for all 4, j. Thus, for every i = 1,...,n, ¢;(z;) = ax? + biz; + ¢; and

n

cp(x) = Z‘Pz(xz) = Z(GJTZQ + bixi) +c.

i=1
Using the above relation between ¢ and f, we obtain that

@)= —— 2 .
2(2:(%612 +bizi) +c)?

i=1

Calculating the expressions in the first equality in (2.6) we obtain that
A= b? — 4ac. Analyzing the expression of ¢, we arrive at the conclusions
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concerning the domain of ¢. Particularly, if A < 0, the function ¢ does not vanish,
and the metric g is globally defined on R™. O

Remark 3.4. In this theorem, we directly used system (2.6). However, Equations
(3.4) of Theorem 3.2 are satisfied with f; = f Vi = 1,...,n and ¢ given by (3.7)
with ¢(z1,...,2-1, %41, ..., &, ) constant. This shows that there exist examples of
tensors in R™ that are solutions of the equations of Theorem 3.2.

We now present a non-existence result for conformal metrics for a special tensor

R.

Theorem 3.5. Let (R™, g), n > 3, be the Euclidean space, with coordinates x1, ..., Ty,
and metric g;; = ;5. We consider the (0,4)-tensor R = T © g, where T =

Zfz(xz)dxf and f;(x;) are smooth functions that depend on only the variable x;

i=1

such that 3fi(x;) + fi(z;) # 0 for all (x;,2;) € R X R, i # j. Then, there is no
1 ’

metric g = — g such that R = R.
¥

Proof. As f; do not depend on the variables z;, j # 4, (3.1) implies that

3.9 — =——"2_—=0 forall j#i,
(3.9 @ 3fit+ fj

and

3.10 =——"—=0 forall i#j.
(3.10) % 3fi+ fi

Thus, ¢,, = 0 for all k; therefore ¢ is constant. Using (2.6) we conclude that
fi =0, foralli=1,...,n, which contradicts 3f; + f; # 0, for (z;,7;) € RxR, i # j.
Hence, there does not exist a metric g such that R = R. (I

In the particular case in which the components of the tensor 7" depend only on
one variable, we have the following result.

Theorem 3.6. Let (R™, g), n > 3, be the Euclidean space, with coordinates x1, ..., T,
and metric g;; = §;;. We consider a (0,4)-tensor R =T © g, where T is a diago-
n

nal (0,2)-tensor given by T = Zfl(xk)dxf and fi(zy) are smooth functions that

=1
depend only on xy, for some fized k, 1 < k < n, such that 3fi(zx) + fi(xk) # 0
1 _
for all xi, € R and i # j. There exists a metric g = Eg such that R = R if and

only if all functions f; for i # k are equal to a function f, and f and fi satisfy the
system

l f-’Ek 2_( flk ) _CQ
A 2(3ff+fk>2 +5 ), O
o Tk — 2 v
<3f+fk> 2

f$
=2 [ g4k—d . . .
where v = v(xg) = e J 57 den Moreover, if fi and [ satisfy these conditions,

then ¢ depends only on xx and is given by
(3.12) o(xy) = CeXp(—/ Jo

3f + fr

d.%‘k),
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where C is a positive constant.

Proof. As f; = fi(xx) for some fixed k, Lemma 3.1 implies that ¢,, = 0 for every

\V4 2

j # k; therefore ¢ = ¢(xy). Furthermore, from (2.6) we have that f; = —|29—<’Z|
4

for all ¢ # k; hence, f; = f;, if i # k and j # k. Hence, the expression of ¢ in (3.12)

and the system in (3.11) are consequences of Theorem 3.2. O

Corollary 3.7. Let (R™,g), n > 3, be the Euclidean space, with coordinates
Z1,...,Zn, and metric g;; = d;;. We consider the (0, 2)-tensor

T = fr(ar)day + f(an) de?,
itk

h? —2h, h?

is a smooth function that depends only on zy, for some fixed k, 1 <k < n. Then,
there exists a conformal metric § = g/¢? such that R = R and

(3.13) plzk) = Cexp(—/h(:ck) dzy),
where C' is a positive constant.

If, in addition, 0 < /h(xk) dxy,

where fi(x) =

< L, for a finite constant L, then the metric

g is complete on R™.

Proof. It follows immediately from Theorem 3.6, considering h(xy) = ?j%f The
k

equalities in (3.11) are trivially satisfied and the expressions of f and fi are exactly

the components of the tensor T'. O

We can extend Theorem 3.2 to locally conformally flat manifolds. Let (M™,g)
be a locally conformally flat Riemannian manifold. We may consider problem
(2.1) for a neighborhood V' C M with local coordinates (z1, 2, ..., ) such that
gij = 0;;/F?, where F is a non-vanishing smooth function on V.

Theorem 3.8. Let (M™,g), n > 3, be a locally conformally flat Riemannian man-
ifold. Let V be an open subset of M with coordinates © = (x1,Z2,...,Zn) and
gij = 6;;/F?. We consider a (0,4)-tensor R = T ® g, where T is a diagonal

n

(0,2)-tensor given by T = Zfz(:v)d:vl2 and f; are smooth functions such that
1

3fi(x) + fi(x) # 0 for all x €V and all i # j. Then, there exists a metric
g= ﬁg such that R = R if and only if the functions f;, ¢, and ¥ are given as in

Theorem 3.2 and ¢ = %

Proof. We consider ¢ = ¢F and apply Theorem 3.2. O

Remark 3.9. In a similar fashion, we can extend Theorem 3.6 for locally conformally
flat manifolds.

As an application of Theorem 3.8, we show that given a (0, 4)-tensor R in R,
there exists a metric g, conformal to the metric of the hyperbolic space, whose
Riemannian curvature tensor is R.




PRESCRIBED CURVATURE TENSOR IN LOCALLY CONFORMALLY FLAT MANIFOLDS 11

1
Example 3.10. Let H" = (R, g) be the hyperbolic space, where g = —go,
x

(g0)ij = di; is the Euclidean metric, and R} = {z = (21, 22, ..., 2n) € R"/z, >n0}.
Given the (0,4)-tensor R =T ® g, where T is the diagonal (0,2)-tensor

(2.1' 2 b 2
T = ‘73 xn
2x4 "y da} + 2 dz?

i#n Tn

defined in R, Theorem 3.8 implies the existence of a metric § = where

1
E‘g7

o(x) = ;’;((z)) = e~"n such that R = R.

Moreover, as ¢(z) is bounded, (R, g) is a complete Riemannian manifold, con-
formal to the hyperbolic space.
The scalar curvature of (R, g) is not constant and given by
K =(n—1)e 2 (4(2 — n)zt + 4(n — 3)22 —n),

n

and the Ricci tensor of the metric g is

42 —-n)at +2(2n—-5 1— 4zt — 422 — 1
( n)x7z+ (xg‘ Z‘ + Zd + )x T, d.ﬁi

Ricg =

2
X
i#n n

Likewise, the sectional curvature of (R, g) is non-constant and given by

o 0 >
K — | = —(1—222)%e %% <
(8.’1}1" axj> ( ‘T’ﬂ) € — 07

if 4,5 #n, and

o 0 2
K(-——,— ) =222(222 — 3)e 2%n.

Example 3.11. Corollary 3.7 also provides examples of complete, conformally flat
manifolds with prescribed Riemannian curvature tensor and non-constant curva-
tures.

(1) In the Euclidean space (R™,g), n > 3, we consider the (0,4)-tensor R =
T ® g, where T is a diagonal (0,2)-tensor given by

: 2 : 2
T — sinh” x, — 2 coshxy 2 cosh xy, d 2 sinh” xy, 2 cosh zy, d 2
4 207 ‘ ST i
i#k

where C' is a positive constant.

1
Corollary 3.7 implies the existence of a metric § = — g, conformal to the
4

Euclidean metric, such that R = R = T ® g is the Riemannian curvature
tensor of the metric g. In particular, we have that

(P(xk) = Ce™ coshzk’

where C is a positive constant. The manifold (R", g) is complete and has
negative scalar curvature given by

K = —(n—1)Ce™ "% (2 cosh® 1, + (n — 2) sinh® z,)
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and negative Ricci curvature whose Ricci tensor is negative definite and
given by
Ricg = —(n — 1) coshzda? — (coshxy + (n — 2) sinh® 2,) Z da?.

ik

Moreover, (R™, g) has non-positive sectional curvature given by

K (i i) — _02 Sil’lhz xk:e—QCOSh:Ck7

&m—’ 8(Ej
ifi,j # k, and
8 a o 2 —2coshzy
K (83:1" 83%) = —C“ coshxye .

In the Euclidean space (R™,g), n > 3, we consider the (0,4)-tensor R =
T ® g, where T is a diagonal (0, 2)-tensor given by

2
T:(4J}gz d2 2xkzd
i#k

where C is a positive constant. Corollary 3.7 implies the existence of a
metric § = — ¢, conformal to the Euclidean metric, such that R=R=

T ® g is the Riemannian curvature tensor of the metric g. In particular, we
have

C
1+ a3’
where C is a positive constant. The manifold (R™,g) is complete, it has
negative scalar curvature given by

o(xy) =

_ 4(n —1)C?
k
and the Ricci tensor of g is given by
, 2(n—1)(z2 —1) , 5 (10 —4n)zi —
Ricg = ————=5—=d — da?
1Cg (1+x%)2 Ty + 1+xk Z T

Moreover, (R™, g) has sectional curvature given by
K (i i) ___ACPx
Oz;” Ox;j (14 23)4

K( o 0 ):_202(1—3@_

Ox;’ Oxp (1+a%)*

In the Euclidean space (R",g), we consider the (0,4)-tensor R = T ©® g,
where T is a diagonal (0, 2)-tensor given by

2
T — 2(zj; — 1) 2;1:kd 2 xk o227 de“
i#£k
where C' is a positive constant. Corollary 3.7 implies the existence of a

ifi,j # k, and

metric § = — g, conformal to the Euclidean metric, such that R=R=
12
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T ® g is the Riemannian curvature tensor of the metric g. In particular, we
have that )
p(xg) = Ce™ "k,
where C is a positive constant. The manifold (R",g) is complete and has
negative scalar curvature given by
K = —4(n—1)C2% 2% (1 + (n — 2)22)
and negative Ricci curvature, whose Ricci tensor is given by
Ricg = —2(n — 1)daf — 2(1 — 2(n — 2)a) Y _ dx?.
i#k
The sectional curvature of (R™, g) is non-positive and given by the expres-

sions 5 5
KL 2 = _gp20202e0
(8%—’ 8(EJ> xkc € ’

ifi,j # k, and
g 9 2
K| =—,=— ) =—-20% 2%,
( 8:51 ’ axk ) €
We observe that although there are points where the tensor R is zero, there

still exists a complete metric such that the curvature tensor of this metric
is the prescribed tensor R.
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