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Abstract

We study whether a given Lorentzian surface (M, g) can be immersed as the hypersurface of codimension one into the pseudo-
Euclidean space R21, Using the methods of para-complex geometry and real spinor representations we succeed in proving
the equivalence between the data of a spacelike conformal immersion of (M, g) into R%! and two spinors satisfying a Dirac-
type equation on the surface. We generalize in this way with new technics a result of Friedrich [Th. Friedrich, On the spinor
representation of surfaces in euclidean 3-Space, J. Geom. Phys. 28 (1-2) (1998) 143-157] to the pseudo-Riemannian context.
Moreover we give a geometrically invariant representation of such surfaces using two Dirac spinors.
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1. Introduction

The relationship between immersions of Riemannian surfaces in Euclidean three- and four-dimensional spaces and
spinors has been studied by many authors (see [1,3,14,9,17—-19]). In fact the spinor representations of surfaces are not
only of mathematical interest, but it is also of great importance in many areas of theoretical physics, especially soliton
theory [18] and string theory [11,12].

The restriction ¢ of a parallel spinor field on R” to a Riemannian hypersurface M"~! is a solution of a generalized
Killing equation

1
Vil = SAX) 0. (1.1)
where V&M is the spin connection on M"~!, A is the Weingarten tensor of the immersion and - is the Clifford

multiplication on M1 Conversely, Friedrich proves in [9] that, in the two-dimensional case, if there exists a
generalized Killing spinor field satisfying Eq. (1.1), where A is an arbitrary field of symmetric endomorphisms of
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T M, then A satisfies the Codazzi—-Mainardi and Gauss equations of hypersurface theory and is consequently the
Weingarten tensor of an isometric immersion of M? into R>. Moreover in this case, a solution ¢ of the generalized
Killing equation is equivalently a solution of the Dirac equation, where |¢| is constant.

Recently the case of pseudo-Riemannian manifolds of general dimension was examined in [6]: it was proven that if
@ is solution of a generalized Killing equation with Codazzi tensor A on a pseudo-Riemannian manifold M, then the
manifold can be embedded as a hypersurface into a Ricci flat manifold equipped with a parallel spinor which restricts
to ¢. The motivation of our work was the question if, at least in low dimensions, we can omit the condition on A to
be Codazzi and generalize the result of Friedrich to the pseudo-Riemannian case.

With the methods of para-complex geometry and using real spinor representations we succeed in proving the
equivalence between the data of a conformal immersion of a Lorentzian surface in R>! and spinors satisfying a
Dirac-type equation on the surface. In fact, Lorentz surfaces can be viewed as real two-dimensional para-complex
manifolds, and admit therefore an atlas {U, ¢} such that the coordinate changes are para-holomorphic. Using first
the real splitting of the tangent bundle we give a real Weierstral} representation in terms of (0+, 1—)- and (14, 0—)-
forms for arbitrary conformal immersions of Lorentz surfaces in R>!. As in the case of (1, 0)-forms on complex
manifolds, a para-complex (1, 0)-form @ on M can be written as @ = ¢ dz, where, having e as the para-complex
unit, 7 = x + ey is a para-holomorphic coordinate and ¢ is a para-complex function. We then deduce a para-complex
version of this representation using a triple of para-complex (1, 0)-forms verifying certain conditions analogous to the
complex model. This generalizes a result of Konderak (see [13]) for Lorentzian minimal surfaces.

We consider spin bundles on an oriented and time-oriented Lorentz surface M as para-complex line bundles L such
that there exists an isomorphism

K L2=T*M.

Consequently any section of L may be viewed as a square root of a para-complex (1, 0)-form on M. This allows us,
with the help of the real Weierstrass representation described above, to give a real spinor representation for conformal
immersions of M into the pseudo-Euclidean space R*!. Then, we derive a Dirac-type equation for the two spinors
related to the representation. A similar result was proven in [14] for Riemannian surfaces immersed in R>.

Finally we give a geometrically invariant representation of Lorentzian surfaces in R*>! using two non-vanishing
spinors ¢ and ¢, satisfying a coupled Dirac equation

Do1 = Ho, Dy, = —Ho, (o1, ) =1,

where D is the Dirac operator on the surface, and H a real valued function.
We show that ¢ and ¢, are equivalently solutions of two generalized Killing equations

Vxgr = A(X) - g1, Vxpa = —A(X) - ¢2.
The Codazzi condition on A is then no more necessary to prove that these two properties are again equivalent to an
isometric immersion M < R%!, with Weingarten tensor A.
2. Preliminaries

2.1. Para-complex differential geometry

We refer to [7] for a survey on para-complex geometry.

The algebra C of para-complex numbers is the real algebra generated by 1 and by the para-complex unit e with
e’ =1.Forallz = x +ey € C, x, y € R we define the para-complex conjugation-: C — C,x +ey > x — ey
and the real and imaginary parts of z

Z—i—Z_x %()__e(z—Z)_
2~ TWET T

We notice that C is a real Clifford algebra. More precisely, we have

R(z) =

C=R®R=Clp;.
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Definition 1. A para-complex structure on a real finite-dimensional vector space V is an endomorphism J €
End(V) such that J2 = Id, J # =+Id and the two eigenspaces V¥ := ker(Id = J) to the eigenvalues &1 of J
have the same dimension. We call the pair (V, J) a para-complex vector space.

The free C-module C” is a para-complex vector space where its para-complex structure is just the multiplication
with e and the para-complex conjugation of C extends to - : C* — C", v > v. A real scalar product of signature
(n, n) may be defined on C" by

(z,7) = R(z7) = m(le_/] 4+t Z"Z_;z)'
In the following we will denote by
C"™ ={zeC"{z,2) # 0}

the set of non-isotropic elements in C" and by K" the set of zero divisors. In particular note that in the one-dimensional
case

C D C* = {Frexp(ed)|r e RT,0 e R} U {£reexp(ed)|r e RT,0 € R}.

Analogous to the complex case, this can be seen as a para-complex polar decomposition, where C* ~ Rt x H'! and
where H' are the four hyperbolas {z = x + ey € C|x? — y? = +1}.

In addition we want to define square roots of a para-complex number w as solutions z of the equation z> = w,
with z, w € C. We remark that these are only defined for para-complex numbers w if R(w) > 0. In this case there
exist at most four square roots of w: More precisely w has exactly four square roots if it is non-isotropic and two
square roots if it is isotropic.

Definition 2. An almost para-complex structure on a smooth manifold M is an endomorphism field J €
I'(End(T M)) such that, for all p € M, J, is a para-complex structure on T, M. It is called integrable if the
distributions T*M = ker(Id F J) are integrable. An integrable almost para-complex structure on M is called a
para-complex structure on M and a manifold M endowed with a para-complex structure is called a para-complex
manifold. The para-complex dimension of a para-complex manifold M is the integer n = dimc M = %.

As in the complex case we can define the Nijenhuis tensor N; of an almost para-complex structure J by
N;X,Y)=[X,Y]+[JX,JY]-J[X,JY]-J[JX, Y],

for all vector fields X and Y on M. As shown in [8] we have the

Proposition 1. An almost para-complex structure J is integrable if and only if Ny = 0.

The splitting of the tangent bundle of a para-complex, or of an almost para-complex, manifold M into the eigenspaces
T* M extends to a bi-grading on the exterior algebra:

ART*M = EB APHa—T* M 2.1)
k=p+q

and induces an obvious bi-grading on exterior forms with values in a vector bundle E.
In particular the corresponding decomposition of differential forms on M is given by

oy = @ et . (2.2)
k=p+q

We consider the de Rham differential d : 2X(M) — 2¥t1(M). In the case where the almost para-complex structure
is integrable we have the splitting d = 04 + d_ with

3y 0 QPTIT(M) — QPTDTam gy, L QPTIT (M) — P @D (),

Applying the Frobenius theorem to the distribution T*M we obtain, on an open neighborhood U (p) of M, real

functions z',,i = 1, ..., n, which are constant on the leaves of 7T M and for which the differential dzii are linearly

independent. (z}k, e, z’j_, 2L, 7" ) is a system of local coordinates on M.
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Moreover

7L Z —z8

Xj = —F, = —
2

defines a system of local real coordinates on U (p).
Similarly to the complex model, we now define local para-holomorphic coordinates, for which the real coordinates
x; (resp. y;) can be seen as the real (resp. imaginary) part:

Definition 3. Let (M, Jy), (N, Jy) be para-complex manifolds. A smooth map ¢ : (M, Jy) — (N, Jy) is called
para-holomorphic if dg o Jyy = Jy o dg. A para-holomorphic map f : (M, J) — C is called a para-holomorphic
function.

A system of local para-holomorphic coordinates is a system of para-holomorphic functions z/,i = 1,...,n
defined on an open subset U C M of a para-complex manifold where (x! = R, ..., x" = RE, Yy =
Jh, ..y =3"(Y)) isa system of real local coordinates.

The existence of a system of local para-holomorphic coordinates in an open neighborhood U of any point p € M was
ensured by [8].

Hence, in contrast to the complex case there exist, due to the real splitting of the tangent bundle, three different
sorts of appropriate local coordinates on M. The adapted coordinates are very important in this work.

Definition 4. Let (M, J) be a para-complex manifold. A para-complex vector bundle of rank r is a smooth real
vector bundle w : E — M of rank 2r where the total space E is endowed with a fiber-wise para-complex structure
JE € I'(End(E)). We will denote it by (E, J ).

Given a para-complex vector bundle (E, J£) over the para-complex manifold (M, J) the space of one-forms
2Y(M, E) with values in E has the following decomposition
2'M, E) = 2"M, E)® 2%'(M, E) (2.3)
where
Q"M E) ={we "M, E) | J*w = JFw),
VM, E) = {we Q' (M,E)| J*o = —JFw).
The case E = M x C leads to a graduation of C-valued differential forms
kM) = XM, M x C) = *M, C) = EB 0P9(M).
ptq=k

Now we consider a para-complex vector space (V, J) endowed with a para-hermitian scalar product g on it, i.e. g
is a pseudo-Euclidean scalar product and J is an anti-isometry for g:

Jg =g J)=—¢g.

A para-hermitian vector space is a para-complex vector space endowed with a para-hermitian scalar product.
The para-unitary group of a para-complex vector space (V, J) is then defined by

UT(V)={A e GL(V)|[A,J]=0and A*g = g}.
Note that if V has para-complex dimension 1, i.e V >~ C ~ R2, then U™ (V) = {+ exp(ed)|6 € R}, where e is the
para-complex unit.
Definition 5. A para-hermitian vector bundle (E, J£, g) on a para-complex vector bundle (E, J) is a para-
complex vector bundle (E, JF) together with a smooth fiber-wise para-hermitian scalar product g.
Note that if L is a para-hermitian line bundle, i.e. a para-hermitian vector bundle of dimension one, then L has

obviously the structure group GI(1,C) N O(1,1) = U™ (C).

Definition 6. A para-holomorphic vector bundle is a para-complex vector bundle 7 : E — M whose total space
E is a para-complex manifold, such that the projection x is a para-holomorphic map.
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3. A spinor representation for Lorentzian surfaces in R>!
3.1. Lorentzian surfaces

We refer to [10] and [15] for spin geometry in general and to [5] for pseudo-Riemannian spin geometry.

In the following we call Lorentzian surfaces two-dimensional smooth manifolds endowed with an indefinite
metric. We recall that the tangent bundle of such a manifold splits into the orthogonal direct sum TM = n @ £ of a
one-dimensional spacelike bundle 7 and a one-dimensional timelike bundle &. The manifold is called time-oriented,
if the bundle £ is oriented.

Now let M be a strongly oriented, i.e. a time-oriented and oriented, Lorentzian surface. We can consider the
SO, (1, 1)-principal bundle (Pso_ ) of positively strongly oriented orthonormal frames over M. We recall that in this
case the existence of spin structures is ensured (see [4]). Denote by Pspin La spin structure on M.

We have

Spin, (1, 1) C CIY | = Clo) =ROGR = C.

Therefore, the spin representation Aj 1 splits under the action of the volume form wi ; into the direct sum of two

inequivalent representations and it holds for the spinor module X | = Ef’r 1 @2 =R®R = C. We remark that

w1,1 defines a para-complex structure on 21 1 and we identify it in the following with the para-complex unit. Therefore

the spinor bundle X’M = Pgpin x Ary 21,1 = Pspin X A, C of M can be identified with a para-complex line bundle.
Moreover, we have

SO,4(1,1) = {exp(ed)|0 € R} c H',
Spiny (1, 1) = U™ (C) = {+exp(ed) |0 € R} C H'.

The unique two-to-one Spin-covering of SO (1, 1) is given by

A :C* D Spin (1,1) - SO4(1,1) C C*,

7 72
Let L be a para-hermitian line bundle over M. As seen in Section 2.1, the transition functions of L for a certain open
covering {Uq} of M are of the form @up(x) = £ exp(wi,1008(x)), where 0,8 : Uy N Ug — R, x € M. This means
that L is a Spin, (1, 1)-bundle.

Consider now the product bundle L? := L ®c L. This bundle has transition functions given by @g 6 (x) e SO4(1, 1)

for the same open covering {U,}. Similarly to the approach of [2] (see also [14,16]) for Riemannian surfaces the above
considerations show, that the classical definition of spinor bundle reduces to the following

Definition 7. A spinor bundle on a strongly oriented Lorentzian surface M is a para-hermitian line bundle L endowed
with an isomorphism k : L @c L = T*M. In the following we will denote it by X’ M.

A real formulation of Definition 7 is given by

Proposition 2. A spinor bundle on a strongly oriented Lorentzian surface M is equivalent to the data of two real line
bundles L+ (called half spinor bundles and denoted in the following by X*M), with a pairing L. Qp L_ — R,
and isomorphisms TEM =L, QR L.

Proof. Weput Ly @ L_ =: L. Let k;tﬂ be the transition functions of the bundles L. with respect to an open covering

+
{Uq}. Then by definition the transition functions of Ly @ L_ = L are given by K,g = (k‘(’)ﬁ k? )
ap

Obviously the transition functions of the bundles L ®r L+ @ L_ ®r L_ and L ®¢ L are the same, i.e. kaﬁ =
kgp* 0\ _ 1o
( 0 (k;ﬂ)z) = Kaﬁ‘ O

To illustrate this point of view, it is illuminating to consider the Minkowski space M = R = C =
R(1 +e) ®R(1 —e).
We have T‘,f[M =R(Ite)ZERJ(1xe)QrRV(1xe), pe M.
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The pairing

RV1l+e®@prRV1—e >R
av1l+e® b1 —er— 2ab,

with a, b € R, induces a Clifford multiplication on ZpiM = R/(1 L e) by:

T TP MQETM =St MR ETMe XFM - XM

a(lte)®bV1Fer> 2abv1lte
and hence a Clifford multiplication
0 TMQIXM —> XM 3.1

onIM=StM® I M=M xR
Obviously (1 + e), resp (1 — e) corresponds to the multiplication by —2 (8 (l)), resp 2 ((IJ g)

LetV: I'(X%) — I'(T*M ® X7%) be the covariant derivative on the spinor bundle.
As {1, e} is an orthonormal basis we have

1 1
Dy = p(HV1y = p(e)Vey = 51+ e)Vie¥ + 2 = &) Vised,

where D : I'(YM) — I'(X¥M) is the Dirac operator on R""! and v € I'(¥M). Hence as Vi;, = 2% and

Viee = 2%, the Dirac operator in the Minkowski space has the form

9
0 ——

p=2| , dz4 | (3.2)
2 9
dz7_

Remark that for a given w € SO, (1,1) C C* there exist exactly two square roots z € Spin, (1, 1). We will
denote the one with 3(z) > 0 by z = 4/w. Locally we can consider the (1, 0)-form dz, where z is a para-holomorphic
coordinate, as a section of T*M. There exist four sections s of L (see Section 2.1) such that ¥ (s ® s) = dz, as z has
to be compatible with the orientation and the time orientation. Without loss of generality we can choose one of these
spinors and denote it by ¢ = +/dz. Later we choose a trivialization of 7% M, which induces a trivialization of the
spinor bundle. Therefore, we can express any spinor s in the form s = f¢, for which it holds s? = f2dz.

We will use this point of view to derive a spinor representation of Lorentzian surfaces in the Minkowski space R>!.

3.2. Weierstraf3 representations

Using the real splitting (2.1) of exterior forms on a para-complex manifold we give a real Weierstral} representation
for Lorentzian surfaces. This generalizes a result of Konderak (see [13]) for minimal surfaces. We recall that a
(14, 0—)- (resp. a (0+, 1—)-form w4 on M can be written as w+ = ¢1dzi, where z4 are the adapted coordinates
introduced in Section 2.1 and ¢ are real functions.

Let (M, g) be a Lorentzian surface with pseudo-Riemannian metric g. In this chapter, we say that M is conformally
immersed in R%! if and only if there exists a smooth map F : M — R>!, such that

([dF(X),dF(Y))ge1 = ng(X.,Y),

for all X, Y € TM, and where p is a positive function. Let {U, ¢} be a local chart on M and (x, y) real local
coordinates for this chart. Then in this coordinates g is conformally equivalent to dx? — dy?, i.e.

glu = Adx? —dy?), 1>0

and the above definition is equivalent to

oF OF oF oF oF oF
—,— =0, —, —)=—{—,—)=A>0. 3.3)
dx dy ox 0x dy dy
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In local coordinates (x;, x ;) we can write g = g; jdxi dx’, with i, J. k =1, 2. The Laplace operator on M is defined
for an arbitrary real-valued function f by taking

L af
Agf:gl]( f_Flle>’

3)6,'3)(]'

where we follow the Einstein summation convention and g’/ is the inverse of the matrix g j-Nowlet FF: M — R>!
be a conformal immersion, then for the local coordinates (z4, z—) we can write g = Adz4dz—, A > 0 or in matrix

form g = A (? (1)) A simple calculation shows that the Laplacian of a real-valued function f on M is given by

ﬂ, (3.4)
A0Z4 0z

where A is the conformal factor of the metric.
Moreover it holds true for the mean curvature H = %tr B of the surface, where B is the second fundamental form

of F, that

Af:

1
EH v=AF, (3.9)
where v is the (spacelike) unit normal vector field of the immersion.

Theorem 1. Let M be a Lorentzian surface. Then the two following conditions are equivalent:

(1) The map F : M — R is a conformal immersion.
(2) There exist a triple w1 = (@14, w24, w34) of (14, 0—)-forms and a triple w_ = (w1—, w2, w3_) of (0+, 1—)-
forms on M such that
@
a)li_ + 0)23_ - a)33_ =0, (3.6)
w12 +wn? — w3 =0, ’
(i)
w41 +wrpwr_ — w33 >0, 3.7
(iii) The forms w; 4 resp. w;_ are d-exact resp. d_-exact.
which satisfy the equation

q
F(q)=/ (w14 +wi—, w24 + w2, w34 + w3_) + Constant.
p

Proof. (1) = (2): Consider a conformal immersion F = (Fy, F, F3) : M — R"?Z and let ¢p1 = (P+1, P+2, D+3),
O+; = %, i €{1,2,3}. Then w4; = ¢+,;dz4+ are (14, 0—)-forms resp. (0+, 1—)-forms on M, which obviously
verify condition 2(iii).

Moreover we have:

2 2 2
+2 +2 42 @ @ _ %
o7+ ¢35 _<8Zi) +<8Zi 074
A R \? B 0B\ Fy | 0F3\*
_ (0 RN (9B 9N (9F | O
dx dy dx dy dx dy
oF 0F oF 0F oF OF
— _— + _— — :l:2 —_—, — :)\—)\,—I—O:O
ax ox dy’ dy ox dy

which proves 2(i). Further
6+, 67 = oF OF\ 8F+8F oF OF
’ C\aztTaz=/ \ax  dy ax  dy
oF oF oF oF
={—,—)—(—,—)=21>0,
ay oy
which is equivalent to condition 2(ii).
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(2) = (1). Condition (iii) yields that F' is well-defined. Moreover with conditions (i) and (ii) we have
oF OF oF OF oF OF
—, )t =, —)x2
dx 0x ay dy x’ 8y
oF OF oF OF
dx dx dy’ dy

This implies (d—F %) + <§—F ‘?F> 0 and <0—F d—F> 0. Hence

dy > dy
oF oF oF OF
—, — ) ={—, — ) = A > 0
ax  0x dy dy
and F is a conformal immersion of M into R>!. [
Proposition 3. A conformal immersion F = (Fy, F>, F3) : M — R>! is minimal if and only if % = 8% =0,
with ¢4 = %
Proof. Let w; and w_ be the triples of forms of the immersion as defined in Theorem 1. w4 + w_ = %—fdz and
consequently w, = %du and _ = 2Edz_. Moreover <§Z—i, gz—i> =3 ((%—f, 9F) <%—§, %—f» = 1. Then we
have
2wt
(4, 0)
With Egs. (3.4) and (3.5) F is minimal if and only if

202F  20%F
Az 0z Adz_dzy
which yields the result. [

1
0=-Hv=AF =
2

Remark 1. Condition 2(iii) of Theorem 1 is equivalent to the local condition that the forms w; are closed and
0_w;+ = —04w; _, moreover it implies that the one-form w; . 4 w; _ is exact.

From this real Weierstraf} representation we can derive a para-complex Weierstrass representation in the following

way:

Theorem 2. Let M be a Lorentzian surface. Then the following two conditions are equivalent:

(1) The map F : M — R is a conformal immersion.
(2) There exists a triple ® = (w1, wa, w3) of (1, 0)-forms on M satisfying the equation

q
F@) =R </ (w1, w2, a)3)> + Constant,
p

such that
o} + ) — w3 =0, (3.8)
w101 + wrwy — w3w3 > 0, (3.9)
the 1-forms R(w;) are exact. (3.10)

Proof. Considering para-complex (1, 0)-forms w;, we have w; = ®; + eJ ®;, with @; € I'(T M*). Using now the real
splitting (2.1), ®; = w; 1 + w; _ holds, where w; ; and w; _ are (1+,0-)- resp. (0+,1-)-forms. Consequently

w0 = (Wig + o) +elwiy —w; ) = 2wt + w2) + 2e(0i2 — wi”),
and

- 2 2
w; wj = (Wig + i) — (W4 —wi_ ) =4w;  o;_
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Simple calculations show that the conditions (3.6) resp. (3.7) of Theorem 1 are equivalent to the conditions (3.8) resp.
(3.9).

Moreover R(w;) = ®; = w;4 + w; _. Remark 1 then yields clearly the equivalence between (3.10) and part (iii) of
Theorem 1. [

This is a generalization of a result of Konderak (see [13]) for minimal surfaces immersed into R%!, We remark
that the minimality of the immersion is just given by the condition on the (1, 0)-forms w; to be para-holomorphic (i.e
locally w; = ¢;dz, ¢; para-holomorphic).

3.3. A Veronese map

Let RP" = P(R™!) be the real projective space of the pseudo-Euclidean vector space R™!. We introduce the
tautological line bundle of R P":
tRpr = {(A, v) € RP" x R™|v € A}.

Obviously this is a subbundle of the trivial (n 4+ 1)-dimensional bundle 7"+! = RP" x R™1
We now consider the quadric

0 = {(x1,x2,x3) € R*'[x] —x3 +x§ = 0}
and the maps

Wy RV R2L

(x1,x2) > (xF — x3, £(x7 4 x3), 2x1x2).

Then W can be seen as maps into the affine quadric Q. Obviously Wi (x) = W4 (x') is equivalent to x’ = +x.
We now define Veronese embeddings by

Vi :RP! — RP?
[x1, 2] = [Wa(x1, x2)] = [x7 — x3, £(x? + x3), 2x1x2].

Proposition 4. The Veronese embeddings VW4 induce diffeomorphisms
Vi :RPI3[0]
between the projective space RP' and the projective quadric
[Q] = {[x1. %2, x3] € RP?| x{ — x3 +x3 = 0}.
Proof. Let [y;, y2, y3] be a point of the projective quadric. Taking affine charts of RP! and assuming that y3 # 0,

2 2 2 2
x{—x5  E(x7+x3)
2x1x2 7 2x1x2

we seek for [x1, x2], with x1, xo # 0, such that [i—l, ;—2 11=1 , 1]. Summing up the first and second

components gives ;C—; and consequently the surjectivity. [
Lemma 3. The following canonical isomorphism holds:

TR p! Rr TR pl gViTRPL (311)

Proof. We have

trpt Ok Tppt = (2], v @ w) € RP! x R>H® v, w € [2]).
Moreover

Vitgpr = {([z].v) € RP' x Qv € Va([z]) = W+ (2)]}.

Using the isomorphism s ® s — W4 (s) we obtain the result. [J
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Remark that if kog are the transition functions of t p1 for the covering {U,}, then 1 p1 @R Trp1 and Vi 1 p2 have
the same transition functions kg 8 for this covering.
We now define the map

V:RP' xRP' - RP? xRP%,  ([x1,x2], [x]. x51) > (Vi ([x1, x20), Vo ([x], x3D)).
Let T pn H R pr be the vector bundle defined over RP” x R P" such that the fibers are

(trpn B TRP) (p+ p-) = (TRP?) p+ D (TRP1) p-»

with (pT, p7) e RP" x RP".

As it is the Cartesian product of two smooth manifolds, RP" x RP" is a para-complex manifold. In fact,
using the identification 7(,+ ,-)(RP" x RP") = T,+RP" & T,-RP", we can define a para-complex structure
by J |T,, +Rpn = *Id. We refer to [8] for more details. Then trp» B trp» has the structure of a para-complex vector

bundle over RP"” x RP”" by defining a para-complex structure which has eigenvalue 1 on the first and —1 on the
second summand.

Corollary 1. The following canonical isomorphism of para-complex vector spaces holds:

(trp1 B TR p1) ®c (trp1 B TRp1) = V* (g p2 B TR p2). (3.12)

Proof. Let kyp be the transition functions of the bundle T p1 with respect to an open covering {U, }. Then by definition
" . . _ kep(pT 0 —

the transition functions of (tg p1BtR p1) are given by Kog(p™, p7) = ( f’(()p ) ka,s(p’)>’ for (p*, p7) e RP'xRP!.

Moreover from Lemma 3 we obtain:

V¥(trp2 Brp2) = Vitgp: BV tpp2 = tpp1 @R tRpt B Rpt OR TRp!-

Obviously the transition functions gaﬁ of the bundles T p1 ®r TRp1 BT p1 QR TRp1 and (trp1 B p1) @c(trp1 B
kg™ 0
op

0 kz,g o) = K 3/3, which proves the lemma. [J

Trp1) are the same, i.e. Eaﬁ = (

3.4. The spinor representation

Using Theorem 1 and the Veronese map introduced in the last paragraph, we now generalize the results of [14] to
Lorentzian surfaces.

Let wy € ['(T*M®). Locally one can write wy = ¢+dzy where ¢ € C*°(M) and the pair (z4, z—) is some
adapted local coordinate system on the para-complex surface M. This yields immediately a local identification of
COM) = QU0 = D(Tr*Mt) = QOHI)(M) = I'(T*M™). Let M be a Lorentzian surface which is
conformally immersed in R>!. The condition (3.7) of Theorem 1 on the isotropic one-forms w; . implies that

My ={xeM|pipL(x)=0,Vi € {1,2,3}} = 0.
Therefore we can consider the map

h:M — RP?* x RP?
x> (hy(x), h_(x)) = ([P14(x), P2 (%), P53 ()], [P1-(x), P2_(x), $3_(x)]).

Moreover h can then be considered by condition (3.6) as a map into the product of projective quadrics [Q] X
[Q]%RP1 x RP!. This allows us to define maps f: M — RP! x RP!, suchthath = Vo fand f1 : M — RP!,
1%

such that A4 = lji o fx.
Let us now define the maps

KE DM — hi*(th )

3
Za,-a),-i(x) = o> l;t,
i



M.-A. Lawn / Journal of Geometry and Physics 58 (2008) 683—700 693

where lff is the linear functional given by lflt (D+(x)) =a-PpL(x) = Zf ai¢i+(x) € R, with a = (a1, a2, a3) and
O (x) = (P14 (x), P2 (x), P34 (x)). We remark that lajE does not depend on the choice of dz1. We show that kT is an
isomorphism: Let ¢ = Z? b;w;i 4 (x), for another triple b = (b1, by, b3) # a, then we have

3 3
0= (@ —b)wis(x) = Y _(ai — b+ (x)dzs

and consequently (l;IE - ZZ'E)(Q)jE (x)) = 0, which leads to [, = I,.
Hence we have the isomorphism

T*M™ = h* (1 ,0) = fIVe (5 ) (3.13)
and finally with Lemma 3 we find the isomorphisms:

kL TEMT X 1 ) ®r LT ) (3.14)
By Proposition 2 the above construction gives explicitly two half spinor bundles

TEM = fi(th o)
on M and, as fi(Tﬂzpl) ® ff(rﬁgpl) = f*(T]EPI /0 ‘L']EPI), we have

T*M = f*(th 1 B 1) Oc f*(tpp1 BT p1)- (3.15)
Hence

IM = f*(tgp1 Brgp)

is a spin bundle on M in the sense of Definition 7.
The following commutative diagram illustrates the above objects:

™M~ ~ (T p2 B T p2) Tpp2 B Tpo
FHaE B, M h [0]x[Q] C RP? x RP?
l ft /
v
Trpt B Tpi RP! x RP!
We then have

Theorem 4. Let M be a strongly oriented Lorentzian surface. Then the following conditions are equivalent.

(1) There exists a conformal immersion M — R*' with mean curvature H.
(2) There exists a solution v = (Y1, V) of the Dirac-type equation

D 0\ (v Vi
= H b b
(0 ) ()= (5) v
for some real-valued function H, necessarily the mean curvature of the surface.

Proof. For pairs of sections (s1, s24) and (s;_, s2_) of f*(tgp1) We can write

Wi = (W1, Wiy, Wy3) = (Sl+2 - 52+2, Sl+2 + 52+2, 2514524),
w_ = (0_1, 0_p, w_3) = (512 — 522, =512 — 2.2, 251 _50_).
With 5; .2 = f,'zidzi, we have
O—wy =2(=f140.- fiy + 240~ foq, — 140~ fip — f240;- fog, — f240:- figp — f24.0,- fip)dzq Adz,
0rw— =2(f1_04+ fi— — fa_ 0+ fa, —f1_0+ 1o — f2_ 0+ fo, —f2_ 0+ fi_ — fa_0+ fi)dzy Adz—.
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Then a simple calculation shows that the integrability conditions of Theorem 1 for the pair (w4, w_) are equivalent
to the following conditions on sl.i:

S1+3_S1+ = —S2_3+82_, S2+8_S2+ = —S1_8+S1_, (3.16)
§1+0-524 = 8510452, §240_8514 = 520451 —. (3.17)
We now calculate the mean curvature with respect to sl.i. The unit normal vector field is given by

w4 X W—

los x |’

where - x - is the natural pseudo-vector product in R%! (see [20]). We have

Wy X 0 = =2(514851— + 52452 )(S1452— + 51524, S1_824 — S2_S14, S1451— — $2452_),
2
loy x o—|| =2(s1451— +s2452)" = — (@4, ©—).
Then v = — SLe82=F51-524 81822 =92 S$14:81051-=92452-) 2 consequently

S| 4S1—F8524852—
2(v, 0+w_)

<(,()+, (1)_>

H =

S1_04S]— — S2_0482_

2(S1482— + 51-524, S1-824 — 2814, S14851— — §2452_) N +

= — 7 3 22| —851_0481_ — 852 04852
—4Z(5 S1— S S2_

(S1481— + 52452_) S1_0487_ + 520481

1
= $2_ 048] — 8§1_0182_).
(s1+s1,+sz+s2,)2( 204581 1-0452)

Consider now the spinors ¥ := (514, s2_) and Y2 = (524, s1—). Using the equalities (3.16) and (3.17) we compute

2
Hy = (—0452_,0_514),
(S1481— + 52452-) * *
2
Hyr, = (—0_s74,0451-),

(S1481— +s2452-)

which is equivalent to the Dirac-type equation

D 0 Yy Y1
(0 _D) (w) —H <w2) W, ¥,

where D is the Dirac operator in the sense of Eq. (3.2). O
3.5. A geometrically invariant spinor representation

Let M" be an oriented pseudo-Riemannian manifold of signature (p, q), with p + ¢ = n, immersed into a pseudo-
Riemannian spin manifold N of signature (p + 1, ¢). Let V¥V be the spin connection on X' N. Considering the spin
connection V> induced on the hypersurface, we recall that for the restriction ¢ = | of a spinor & € I'(XN) we
have (see [9,6]):

1
ViNe =viMy - SAC0 0, (3.18)

for all X € I'(TM), where “.” denotes the Clifford multiplication on M and A is the Weingarten tensor of the
immersion. These considerations lead to the following

Proposition 5 ([6]). If & € I'(X'N) is a parallel spinor on N, i.e if
viNe =0,
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forall X € I'(T M), then its restriction ¢ = ®|p; to M is a solution of the equation

1
Vi'lp = SAX) g, (3.19)

where A is the Weingarten tensor of the immersion. Eq. (3.19) is called the generalized Killing equation.

The aim of this section is now to give a geometrically invariant representation of Lorentzian surfaces in R%!
by solutions of a coupled Dirac equation (resp. coupled generalized Killing equations), similarly to the result of
Friedrich [9].

Theorem 5. Let (M, g) be a strongly oriented pseudo-Riemannian surface of signature (1,1), H : M —> R be a
real-valued function. Then the following three statements are equivalent:

(1) @1 and ¢, are non-vanishing non-isotropic solutions of the coupled Dirac equations
D¢y = Hoy, Dgy = —Hgs, (3.20)
with (p1, ¢2) = 1,

(2) ¢1 and ¢, are non-vanishing non-isotropic solutions of the generalized Killing equations

1
Vit = —A(X) @1, ViMe, = _EA(X) @2, (3.21)
with {(¢1, ¢2) = 1 and where A is a g-symmetric endomorphism field with %trA =H.

(3) If M is simply connected, there exists a global isometric spacelike immersion M — R> with mean curvature H
and second fundamental form A.

Proof. “3 = 2” Let ¢, be a parallel spinor on R2! and @1 = 1|y its restriction to M. From Proposition 5 we have
that ¢; is a solution of the generalized Killing equation Vg My, = LA(X) - @1, where A is the Weingarten tensor of
the immersion.

Claim. The spinor ¢, = v ~ ¢ is the solution of the generalized Killing equation
1
VMo = —5A&) -,

where ~ denotes the Clifford multiplication on R>!.

Proof. We have by Eq. (3.18)
5 2,1 1 - ..
Vil =viMvie) = (%?R +5A<X)~v> T

21 . s 2.1 1 B
= (V¥¥ ) T vtk o1 = 5AX) )

B 2.1 1 . -~
V- (VfR ¥1 +§A(X)'V'<P1> =v- Vx @1.
Hence, as @ is parallel, we have
1 . . 1 . 1
ViMe, = V- AX) vigr = _EA(X) Vg = —EA(X)%pz- O
Moreover we remark that
X{p1, ) = (VMo g2) + (o1, VM p2) = (1,07 VM) =0,

hence (@1, ¢2) = Const. [

442 = 1”

pt+a oy 2
Dgo_ZE,e, \Y go—Z£,el- Ajej 0,
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where Ai] =¢;g(A(e;), ej)) and 8jA{ is symmetric. Then, as ¢; - e; is anti-symmetric, we have
p+q 1 1

Do = Z 8i§A§ei ceip = )

i=1

tr(A) - ¢. O

“l = 2” Let ¢1, ¢ be two solutions of the system of equation (3.20). We define
Bo(ei,ej) = (Vfoﬂl,ej S Q1) By, (ei,ej) = (V§M¢2, ej g2,

where (-,-) is the pseudo-hermitian symmetric Spin™(p, g)-invariant bilinear form such that (X - ¢, ¢) =
—(=Dp, X - ), forall X € I'(TM), ¢, ¥ € I'(XM) (see [4]).

Bo(er.e) = (Volgi e i) = —(Vo Mg el o2 i)

—(e1 - VMg e1 ey i) = —(Dgi +e2- VMg e1- €2 i)

—Hlgi.e1-ex-¢i) — {2 VMg e1 - e20).

Moreover (@;, e1 - e - @;) = (ex-e1 - @i, ¢i) = —(e1-e2-¢;, p;) = — (@i, e1 - e2- ;) =0.

Consequently

Byilet,e2) = —(e2- VMg e1 e i) = (e2- VEM i, e2-e1 - 1)

(VegM @i €5 el @) = Pyle, ),

and By, is symmetric.

Let us define the g-symmetric endomorphisms

(By)! = g(By,(e1), ¢j) = By (eirej) and  (By,)! = g(By,(ei), ) = By eir ).

tr(By,1 )

. I(B )
Clearly S0 = ¢/ (By,)ij = — "% =

o2

Moreover let
b (X, Y) = (VM oE ¥ - o)
and
(BE) = g(BE(en). ej) = BE(ei. e)).
With the same calculation as above and with D(,oilL =H <pl.jF , we obtain tr(B*) = H ((pl.jF , gol.i).
Claim.

(B (X) -9, ei - 9F) = =3(Bi(X) - ¢, e - 97). (3:22)

Proof. Obviously we can suppose that (pii( p) # 0 in an open neighborhood of p as ((p;r y9; ) #0.

ei-g;
o)

Consequently as (V% M (pii, e - (pijF) = 0, because of the isotropy of (pii, we have:

‘We remark that is a normalized dual frame of X T M.
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2 - +
M+ ¢ 9 ¢ ¢

e | (Vy 90,€</))—+(VX 0 . eip; )/ —
21:’( T et o) T et o)

VX Qi

1 2 _
—— ZSi (b(p’fr(X, e)ei - g; +b¢;(X, e)e; <Pl+>
1

(o 9:)
= ———BF(X) - 9] + B, (X)-¢]").

<(pl+’ ; ) Di i i i

Comparing degrees, this yields
1
Vit = ———BX(X) - ¢f.
' (‘Pi+, Y; ) v '

Moreover

(BE(X) - ¢, ei - @F) = =28(BE(X). e) (9", 07 ) — (BE(X) - ¢ . i - 97 ),
but

1
g(BE(X), &) = bE (X, e)) = (VMo eipf) = W(B (X) - oF . ei - 97)
i T

(B (X) ¢ ei - o) = =3(Bo(X) - ¢ e - ). O

Moreover we have:

(VEM +

Mo+ VMo eipF) = (VMoE, eipt) =

1
by + +
(Vi eipl) = X e, ei; H—_(B;;(X) Qe o)

©; ;)
and
(By, (X) - @i ei - 0f) = (BF(X) - (9 + @), ei - 9F) + (B (X) - (9 + 7). ei - 0)
= (B (X)- 97, ei - 9]) + (B, (X) - 9] ei - ;")
Then with (3.22) we have
(By,(X) - givei - 0f) = (o7 o7 WV M7, eipf) + (BE(X) - ¢ i - )
= (0" o7 WYX M i i) = 3BE(X) - ¢F e - ¢7)

and finally

v e oty = ———— (BX(X)-oF, e - 7). 3.23
(xgo,mp,) 2<(p-+(pf)(w’()¢l i) (3.23)

1 9,
Ase; - gz)ii is a dual frame of XM it shows that, forall X € TM,

1
—PBW(X) "2

1 oM
——= By, (X) - ¢1, VT =—
g2 X 2l¢2

2l
As (@1, ¢2) = Const, we have

Vx Y1 =

By (X) By (X)
0= X{p1, ) = (Vi1 02) + (01, Vil p) = < oL 9L 9
X X 212 2lgl?
Let
By, (X) By, (X)

B(X) == .
lp1]? lp2]?
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It is well-defined as the spinors @1, ¢, are non-trivial at any point. B : T (M) — T (M"!) is obviously g-symmetric,
and tr(B(X)) = H — H = 0, i.e. in matrix form B = (_“b 2), witha, b € R.
This yields
0= (B(e1) - g1, ¢2) = aler - 1, p2) — blez - @1, ¢2)
and
0= (B(e2) - 91, 92) = bler - @1, 2) +alez- g1, ¢2).

If a # 0 and b # 0 we get with a simple calculation that (eq - ¢1, ¢2) = (e2 - ¢1, ¢2) = 0.
We remark that e; - ¢ is a basis of 2’ M, then we have

er - g1 € - g1
@2 = (p2.e1-91) —>5 +(p2.e2-91)——> =0
o1 2]
Consequently B = 0 and Bl“;l(é) =— B“”;Z(If) =: —A(X), which conclude the proof. [J

“2 = 3”: Recall that the spin curvature is defined by
R¥M(X,Y) = viMvpMy — vl — viM o,
and can be computed in terms of the curvature tensor R in the following way:
1
REM (e en) -9 = = 3 _eiej(Rlex, eneis ejei e - ¢, (3.24)
i<j

Then a simple calculation shows that the integrability conditions for the generalized Killing equations (3.21) are given
by:

R¥M(X,Y) - @1 =d¥ AX, V)g1 + (A(Y) - A(X) — A(X) - A(Y)) - ¢ (3.25)
R¥M(X,Y) - ¢p = —dVA(X, Y)g2 + (A(Y) - A(X) — A(X) - A(Y)) - ¢». (3.26)

With the equation we calculate in dimension 2:

R*M(e1, e2) - i = %81821?122161 e = %Rmzel cex- @i
Consequently, using the fact that
A(e2)A(er) — Aler)A(e2) = —2det(A)ey - ez,
the integrability conditions (3.25) can be expressed by
Rizioey - e - @i = —det(A)er - e2 - ¢ + ((ngA)(el) - (VKEIMA)(ez)) Qi
Let us now define the vector field
B = (VM A)(e)) — (VM A)(er)
and the function
f = Ri212 + det(A).
Then we obtain the system of equations
B-g1 = fei-er- 1, B-gy=—fer-ex- . (3.27)
We recall that the spinor bundle decomposes under the action of the real volume form wj ; into the direct sum

IM=X"M® X M,
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where X+ M, respectively X~ M, are the eigenspaces to the eigenvalues 1, respectively —1. Then, for any spinor
@i € I'(X) we have ¢; = (p;r + ¢; . Consequently we obtain the following system of equations:

B-¢f =%f¢f, B¢y ==£f¢]. (3.28)
This yields
1Bl = frof. i=12 (3.29)

and consequently || B||> > 0. Moreover we have

(B-@1,B-g2) =—f2(e1-e2-q1,e1-e2-9) = f{o1, 92)

and

(B-@1,B-92) = (¢1, B-B-@) =—|B|*¢1, ).

Then ||B||?> < 0 holds and finally B = 0, as B is non-isotropic. In fact if |B| = O, then B - ¢ = 0: writing
B = Bjej + Bjep, we have

Biey -9 =—Brer - ¢ & Bip = B¢ & Biop* = £BrpT,

which yields, as ¢ and ¢~ are linearly independent, that By = B =0. [

Remark 2. If M"! is immersed into a pseudo-Riemannian manifold N>! admitting a Killing spinor ¢ € I'(Y'N)
(i.e VENG = A X ‘N @, A € C), the restriction ¢ = @) is a solution of the equation

1
vEM, — 5A(X)~<p+MX-wS,q -0, (3.30)

with 4 = —i). Moreover we recall that the model spaces MY*? with curvature x admit the maximal number of linearly
independent Killing spinors, where A = £75,if k > Oand A = :i:%", if k < 0. Using this fact and replacing the parallel
spinor by Killing spinors on S>! (resp. H>!) the same result as in Theorem 5 can be computed for surfaces in the
Lorentzian 3-space forms using analogous calculations, where the two generalized Killing equations are exactly given
by (3.30), changing the sign of the right terms in the second one. The supplementary term gives exactly the curvature
term in the Gauss and Codazzi equations. This is a generalization of the case of Riemannian surfaces immersed in
Riemannian 3-space forms proven in [17].
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