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1. Introduction

In classical affine differential geometry, one of the most attracting results is the Pick-Berwald theorem, stating that the
induced affine connection V of a non-degenerate hypersurface coincides with the Levi-Civita connection V of affine metric
h, or equivalently cubic form C := Vh vanishes, if and only if it is a non-degenerate hyperquadric. This theorem has been
generalized in many directions. In particular, affine hypersurfaces with parallel cubic form have been studied in various
settings for more than twenty years, and their classification is an important problem in affine differential geometry.

On the one hand, one can consider affine hypersurfaces whose cubic form is parallel relative to the affine connection,
i.e., VC = 0. The non-degenerate affine hypersurface satisfying VC = 0 is either a hyperquadric or a graph immersion of a
polynomial of degree 3. In the latter, the immersion must be an improper affine hypersphere, and the graph function is of
constant Hessian determinant [1,2]. Such hypersurfaces with dimension n < 5 have been classified in [3,2,4,5], respectively.
Finally, by the so-called “method of algorithmic sequence of coordinate changes” Gigena [6] determined the classification
for all dimensions. N

On the other hand, parallelism of the cubic form can also be considered with respect to the connection V. Affine hyper-
surfaces satisfying VC = 0, or equivalently the difference tensor K := V — V satisfying VK = 0, are locally homogeneous
affine hypersphere [7,8]. Moreover, the classification of such hypersurfaces for low dimension is obtained in [9,8,10-13].
Recently, Z. Hu, et al. [ 14,15] classified the hypersurfaces for all dimensions when the affine metric is definite or Lorentzian.
Under additional condition such hypersurfaces had been considered in [ 16], and there also appear similar researches [17,18]
in centroaffine differential geometry.
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Moreover, another class of affine hypersurface is obtained when the condition VK = 0 is imposed. Non-degenerate
affine hypersurfaces with this property have been studied in [ 19]. It is proved that they are either hyperquadrics or improper
affine hyperspheres. In the latter case the affine metric is flat, the difference tensor is nilpotent, i.e., K™ = 0 for some m > 1,
[Kx, Ky] = 0 for all vector fields X, Y and the graph function is given by a polynomial of degree m + 1. In particular, the
classifications for m = 2, n — 1, n were obtained.

Recently, the authors in [20] studied the affine hypersurfaces with V@K = 0, and characterized the generalized Cayley
hypersurfaces by K"~! = 0 and V@K = 0 for some nonzero constant «. There, for each @ € R a torsion-free connection
V@ is introduced on affine hypersurface by

V@ = (1—a)V+aV, (1.1)

which coincides with the affine «-connection of information geometry (cf. [21]), thus we call V® the affine a-connection of
affine hypersurface.

The generalized Cayley hypersurface, constructed by M. Eastwood and V. Ezhov in [22], is a whole family of homogeneous
affine hypersurfaces with a parameter «. It is a graph immersion of a polynomial x,11 = @ (x4, ..., X;; o) of degree (n+ 1)
in affine space R™*!, where

n+1 0k k=3 .
D@y, .. ko) = EET[[A-wi+2] Y x,x, (1.2)
k=2 i=0 Jitetik=n+t1
and (X, ..., Xn41) are the standard coordinates of R, This is the Cayley surface (cf. [3]) when n = 2 and the Cayley

hypersurface (cf. (1) of [22]) when « = 0. They are improper affine hyperspheres with flat affine metric and [Kx, Ky] = 0
for all X, Y (cf. [20]), and the vanishing of affine invariant V®K can be seen as a criteria for distinguishing the generalized
Cayley hypersurfaces.

In this paper, by a slightly different method from [20] we continue to study affine hypersurfaces with VK = 0. Up to
a sign of affine normal, assume that the negative index s of affine metric satisfies n — 2s > 0, we can state our main results
as follows.

Main Theorem. Let M be a non-degenerate affine hypersurface of R™! satisfying V@K = 0.If a = 0 we further assume that
the Pick invariant vanishes and affine metric is of constant sectional curvature.

Then either M is a hyperquadric, i.e., K = 0, or K # 0 and M is an improper affine hypersphere with flat indefinite affine metric.
In the latter case, there exists an integer m : 2 < m < min {2s + 1, n} such that K™ = 0 and K™= = 0, M is locally given as the
graph of a polynomial of degree m + 1 with constant Hessian determinant. In particular,

(i) If M is locally strongly convex, then M is locally affine equivalent to a locally strongly convex hyperquadric.
(ii) If the affine metric is Lorentzian, i.e., s = 1, then M is locally affine equivalent to either a Lorentzian hyperquadric or one of
the graph immersions:

n

1,3 1 2

Xn+1 = X1X2 — 3X + 2 E Xis
i=3

n

) 1 2

Xny1 = P (X1, X2, X35 00) + 5 E X;.
i—4

(iii) If the negative index of affine metric is 2, i.e, s = 2, then n > 4, M is locally affine equivalent to either a corresponding
hyperquadric or one of the graph immersions:

n

) 1 2

Xnp1 = —D (X1, X, X3; @) + 3 E X;,
i—4

n

. . 1 2

Xny1 = P (X1, X2, X3; &) + P (X4, X5, X5, @) + 5 E x;,
i=7

n
Xnp1 = P(X1, ..o, Xmi @) + 5 Z X}, me{4,5},
i=m+1

1 n
xn+1=¢(X1,.-.,xm;a)—%)<fn+1+5 > K, me (2,3},
i=m+2

1 n
. 1,3 2
Xnp1 = PRy, ooy X5 @) + Xy 1Xmy2 — 3% + 5 E x;, me{2,3},
i=m+3

n

1,3 2 a,3 1 2 2

Xnr1 = X1X2 — EX] + EX3X4 — EX1X3 — §X3 + 3 X,
i=5
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. 2 3 2 G-«
Xnt1 = P (X1, X2, X35 00) + EX4X5 — EX1Xy — %x4 — Bxyxe + )’3 +5 E x, ,

. 1,2 2 2
Xnp1 = D (X1, X2, X3; &) + XaX6 + 5X5 — 2X1X4Xs — XoXy — bx4x5 yx4x7

3 b2 2
—*X4+7X]X4+(3 a)bxx4+( ot)( +r9) 4+22X17

wheree = £1,a, b, 8, y are constant,and 8 =0if n=5,y =0if n=6.
Here (xq, . .., X,1) are the standard coordinates of R"*1, and & is given by (1.2).

Remark 1.1. V@WK = 0 generalizes the previous parallelism of K. Note that VK =0and VK =0 correspond to ¢ = 0 and
o = 1, respectively. Hence our results extend and develop the results of [ 14,19].

Remark 1.2. The hypersurfaces of the Main Theorem are affine hypersphere with constant sectional curvature and zero Pick
invariant. Closely related to this, Vrancken [23] has classified affine hyperspheres with constant sectional curvature and non-
vanishing Pick invariant, and Vrancken-Li-Simon [24] classified locally strongly convex affine hyperspheres with constant
sectional curvature. In this sense, we find some new classes of affine hyperspheres with constant sectional curvature and
zero Pick invariant.

Remark 1.3. Note that the compositions of improper affine hyperspheres—revisited (cf. Sect. 5 of [25]), using as building
blocks either the generalized Cayley hypersurfaces or hyperquadric, are locally homogeneous and also satisfy V@K = 0,
whose characterization and its application to the present subject will be considered in the forthcoming paper. Furthermore,
we conjecture that affine hypersurfaces with V@K = 0 are locally homogeneous, which based on above, Remark 4.3 and
the facts: Affine hypersurfaces with VK = 0 are locally homogeneous [8]. From the viewpoint of the complete unimodular
Hessian algebra Y. Choi and K. Chang in [26] conjecture that affine hypersurfaces with VK = 0 are locally homogeneous.

Remark 1.4. Note that affine hypersurface M equipped with the structure (M, h, V@, V(=) for &« # 0 is a statistical
manifold. Moreover, if the affine a-connection V@ is of constant curvature, it follows from the main results of T. Kurose
[27] that there exist two affine immersions (M, V@) and (M, V() with the same affine metric h, which are related to
each other by the Legendre transformation or conormal transformation.

This paper is organized as follows. In Section 2, we introduce the theory of local equiaffine hypersurfaces, and some
definitions and properties related to V@ and K. In Section 3, we construct the canonical basis on the hypersurfaces
with commutable difference tensor. In Section 4, by the key Lemma 4.1 and the canonical basis we complete the partial
classification. As its corollary, Main Theorem immediately follows.

2. Preliminaries
We briefly recall the theory of local equiaffine hypersurfaces in [28,29]. Let R**! be the standard (n+ 1)-dimensional real

affine space, i.e., R"*! endowed with the standard flat connection D and its parallel volume form, given by the determinant.
Let F : M < R"! be an oriented hypersurface, and £ be any transversal vector field on M, i.e., TPR”“ = T,M® span{§,},

V p € M. For any tangent vector fields X, Y, X1, .. ., X;;, we write
DxF.(Y) = F(VxY) + h(X, Y)§, (2.1)
01, ..., Xn) = det(Fi(X1), ..., Fi(Xn), §), (2.2)

thus defining a torsion-free affine connection V, a symmetric bilinear form h, and a volume element 6 on M. M is said to
be non-degenerate if h is non-degenerate (this condition is independent of the choice of the transversal vector field). If M is
non-degenerate, up to sign there exists a unique choice of transversal vector field such that V6 = 0 and 6 = wy,, where wy,
is the metric volume element induced by h. This special transversal vector field &, called the affine normal, induces the affine
connection V and a pseudo-Riemannian metric h on M. We call h the affine metric, or Berwald-Blaschke metric and C := Vh
the cubic form. Equipped with such affine structure, M is called affine hypersurface, or Blaschke hypersurface.

The condition VO = 0 shows that Dx& is tangent to M for all X. Hence we can define a (1, 1)-type tensor S on M, called
the affine shape operator, by

Dx§ = —F.(SX), (2.3)

and the affine mean curvature by H = %trace S. The hypersurface M is called an affine hypersphere if S = H id, then one
easily proves that H = const if n > 2. M is called a proper affine hypersphere if H # 0 and an improper affine hypersphere if
H = 0. For an improper affine hypersphere the affine normal & is constant.

By the notations in the introduction, the difference tensor K, related to cubic form C by

CX,Y,Z2) =-2h(K(X,Y), 2), (2.4)

is a symmetric (1, 2)-tensor, and satisfies the apolarity condition tr K; = 0, and h(K(X, Y), Z) is totally symmetric for all
X,YandZ.
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Denote by R and R the curvature tensors of V and ’V\ respectively. Then we have the Gauss equations
R(X,Y)Z = h(Y,Z)SX — h(X, Z)SY,
RIX,Y)Z = 1[h(Y, Z)SX — h(X, Z)SY + h(SY,Z)X — h(SX, Z)Y] — [Kx, Ky]Z, (2.5)

and the Codazzi equation
o~ A~ ]
(VxK)(Y,Z) — (WWK)(X, Z) = 5[h(y, Z)SX — h(X, Z)SY — h(SY, Z)X + h(SX, 2)Y],

where (/V\XK)(Y, Z) = §x (K(Y,2)) — K(/V\XY, Z) —K(, §XZ). Contracting the Gauss equation (2.5) twice we have
x=H+], (2.6)

where ] = —L—h(K, K) is the Pick invariant and x is the normalized scalar curvature of h. For an affine hypersphere with
n(n—1)

constant sectional curvature and ] = 0, then x = H and (2.5) reduces to
R(X,Y)Z = H[h(Y,2)X — h(X, 2)Y], (2.7)
[Kx, Ky]Z = 0. (2.8)

We prepare the following definitions and lemmas.

Definition 2.1 (cf. Definition 2.1 of [20]). On affine hypersurface M, for each & € R we can define a torsion-free connection
by V@ := (1 — a)V + aV, called the affine a-connection of M, and its curvature tensor R by

ROX,Y) = [V, Vi1 = Vi,

Then, by Ky = Vyx — Vy we see that (1 — a)KxY = VyY — V)((“)Y and

ROX,Y)Z = (1 — a)RX, Y)Z + aR(X, Y)Z + a(a — 1)[Kx. Ky]Z

= H2[n(Y, 2)SX — h(X, Z)SY] + 54 [h(SY, 2)X — h(SX, 2)Y] + (a® — 1)[Kx, Ky]Z. (2.9)

Moreover, (2.4) shows

(Vr)(Y,Z) = —2ah(K (X, Y), Z), (2.10)
and (cf. (7) of [7] and (3.1) of [19])

h(VxK)(Y,Z), W) = —3(VxO) (Y, Z, W),

h((VxK)(Y,Z), W) = =2 (VxO)(Y, Z, W) + 2h(KxKyZ, W).

Combining this with Definition 2.1 we can check that

h(VEK)(Y, Z), W) = —%(V}({”)C)(Y, Z, W) + 2ah(KxKyZ, W). (2.11)

Definition 2.2 (cf. Remark 3.3 of [19]). For any nonnegative integer k, we can define a (1, k + 1)-tensor field K* on M by
K*Xi, ooy Xep1) = Ky -+ - KXo

forany Xy, ..., Xg41.If [Kx, Ky] = Ofor all X and Y, we call the difference tensor is commutable, then K* is totally symmetric.
Hence K* vanishes identically if and only if (K,)*v = 0 for all vectors v. Denote by m the smallest number such that the
symmetric tensor K™ is identically zero at the point p. Then for any tangent vector v at p, we have (K,)™v = 0 and there
exists a tangent vector u at p such that h((K,)™ 'u, u) # 0.

Lemma 2.1 (c¢f. Lemma 3.3 of [19]). If [Ky, Kz] = O for all Y and Z, then Ky is nilpotent for each X. In particular, (Kx)" = 0.

Lemma 2.2 (cf. Proposition 3.1 of [30]). Let M be a non-degenerate affine hypersurface with constant sectional curvature and
VK = 0. Then either M is a hyperquadric, i.e., K = 0, or K # 0 and M is an affine hypersphere with flat affine metric.

Lemma 2.3 (cf Lemma 4.1 of [20], see also Lemma 3.2 of [19] for o = 1).If V@K = 0 for some nonzero constant «, and K # 0,
then M is an improper affine hypersphere with flat affine metric. Moreover, M is V@ -flat.
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Definition 2.3 (cf. Lemma 4.2 of [19]). A nonzero vector v is called a null vector if h(v, v) = 0. Define the null space N C T,M
by
h(x,y) =0, Vx,yeN,

then the null space is a linear subspace of T,M, whose maximal dimension is s. If dimN = s and a null vector v satisfies
h(v,u) =0,Yu e N,thenv € N.

For a non-degenerate affine hypersurface M, up to a sign of affine normal & if necessary, we always assume that the
negative index s of affine metric h satisfies n — 2s > 0. Denote by I(V) the negative index of a non-degenerate subspace V
of T,M, and § the standard Kronecker delta. We follow above conventions and definitions in the rest of this paper.

3. Affine hypersurfaces with commutable difference tensor

Let M be a non-degenerate affine hypersurface with commutable difference tensor. In this section we will construct a
canonical basis on the hypersurface for some special values of m, defined in Definition 2.2. First we prove the following two
lemmas.

Lemma 3.1. If [Kx, Ky] = 0 forall X and Y, then

VWK = VK + (1 — a)K>. (3.1)

Proof. From V)((“)Y = VxY — (1 — @)KxY and the assumption, we see that

(VK)N(Y,Z) = VIK(Y, Z) — K(VY,Z) —K(Y, VZ)
= VxK(Y,Z) — K(VxY,Z) —K(Y, VxZ) + (1 — &)[Ky, Kx1Z + (1 — @)Kz Ky Y
= (VxK)(Y,2)+ (1 —a)K?*(X,Y,Z). O

Lemma 3.2. If [Kx, Ky] = O forall X and Y, then K**1 = 0.

Proof. By Lemma 2.1, Definition 2.2 and its index, it is sufficient to prove m < 2s+ 1 for 2s+ 1 < n. Otherwise, we suppose
that 2s + 1 < m < n. Then there exists a tangent vector u such that h((K,)™ 'u, u) # 0, and define

x1=EK)" ', X = (K)™ %,
xs = (K)™u,  Xep1 = K"
Then (K,)*x, = 0 but (K,)'x, # 0fori < £ < s + 1.1t follows that x4, . .., xs41 are linearly independent vectors. By 0 <

m — 2¢ < m — £ — i we further obtain

h(xe, x¢) = h((K)™ “u, (K)™ “u) = h((K)™u, (K)™*‘u) = 0,
h(xi, x¢) = h((K)™'u, ()™ “u) = h((K)u, (K)™ ') = 0.

Hence, span{xy, ..., Xs;1} is an (s 4+ 1)-dimensional null space. This contradicts that the maximal dimension of null space
iss. O

It follows from Lemmas 2.1 and 3.2 that the integer m satisfies 1 < m < min{2s + 1, n}. Next, we construct m linearly
independent vectors with a canonical represent of (h, K), namely

Lemma 3.3. There exist a subspace V C T,M spanned by m linearly independent vectors {y1, ..., ym} such that

L GG TSR P v

where € = 1if h(y1, ym) > 0or mis even; otherwise ¢ = —1.

Proof. By Definition 2.2 there exists a vector u such that h((K,)™ 'u, u) # 0. Define
yi=u  yi=E&) "y, i<m,

then y,, # 0. Since (K,)™'y; = ym, (K,Yy; = 0fori+j > m 4 1, we see that y4, ..., ¥, are linearly independent vectors,
and

oy i, it j=m+1,
h(yi, yp) = {0’ itj>m4+1, (3.3)

where «; := h(yy, y;) for i < m. We have chosen u such that o, # 0.
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Let 8 be an arbitrary real number, and x; = y1 + By2, Xj = Kx,Xj—1 for j < m, then
Xo=y,+2By3+---, x3=y3+3Bya+---,...,
Xm—1=Ym-1+ (M —=1DfYm,  Xm =Ym.
Hence h(x1{, Xm_1) = h(y1, Ym—1) + mBa,,. By choosing B appropriately, we assume that a,;,,_; = 0.

Next we assume that there exist m vectors yq, ..., yn suchthat oy, 2 0and o1 = - - - = app—; = 0 for some i > 0. Put
againx; = y1 + BYya+i, Xj = Ky, Xj—1 for j < m. From
X =Y2 +2By3yit+ -, x3=Yy3+3BYari+---, ...,
Xm—j = Ym—j + (M= DBYmjyiv1 + - oo,
Xn—i1 = Ym-i—1 + (kK — i = 1) BYm,
Xm—i = Ym—is +-+> Xm = Ym>
we see that

h(x1, xm) = h(y1, ym) = am # 0,
h(x1, Xm—j) = h(y1,Ym—j) = am—j =0, 1=j <1,
h(x1, Xm—i—1) = h(Y1, Ym—i—1) + (M — 1) Bouy.
Hence, we also assume that op,_;_1 = 0 by choosing § appropriately.
Continuing this process we have the vectors y1, . . ., Y, satisfying o, £ 0and @y = - - - = a1 = 0. Then, by re-scaling
the null vector y; if necessary, we may assume that o, = h(y, (Ky])m”yl) = lifa,; > 0ormiseven; otherwise, a;;, = —1.
Hence, from Ky,y; = (K,,)™7~'y; and (3.3) we complete the proof. O

Remark 3.1. Lemma 3.3 is similar to Dillen and Vrancken’s Lemma 6.1 in [19], where the conclusion is obtained under the
conditions VK = 0 and K"~ ! # 0.

Note that the complement subspace V= of V in T,M is non-degenerate, thus (V*, h) is an indefinite scalar product space,
we will use the following

Proposition 3.1 (cf. pp. 260-261 of [31]). Let W = R, be an n-dimensional vector space with indefinite scalar product (-, -) of
negative index v. Then a linear operator P on W is self-adjoint if and only if W can be expressed as a direct sum of irreducible
subspaces Wy that are mutually orthogonal (hence non-degenerate) and P-invariant, and each P |y, has a matrix representation
of the form either

uw
1 u 0
Tl : .
0 1 u
1 u
relative to a basis ey, . . . , e, of Vi with all scalar products zero except (e;,ej)) = e = £1ifi+j=r+1,0r
a b
—b a 0
1 0 a b
0 1 —-b a
1 0 a b
T, : b+#0
2 0 1 -b a (b #0)
0 1 0 a b
0 1 —-b a
relative to a basis uy, vy, ..., g, vg of Wy with all scalar products zero except (u;, u;) = —(v;, vj) = 1if i +j = d + 1. Here

r, € and d depend on W,.

Remark 3.2. Applying Proposition 3.1and its notations for the symmetric operator K,, on (V*, h), we see that K, on (V*, h)
has only the direct sum representation of type T; with u = 0. In fact, by (K,,)" = 0 and

Ky er = ue;,
Ky, (ug + v —1vg) = (@ + ~—1b)(ug + v —1vyg),

we see that u = 0in Ty, and a = b = 0 in T;. In the latter we get a contradiction.
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Remark 3.3. For the direct sum T,M =V @ V= relative to h, if K(v, w) = 0 holds forall v € V, w € V', the subspace

(V+, h, K) satisfies (2.8) and the apolarity condition. Let m; be the smallest positive integer such that K™ |,. = 0 at p. On
(VL, h, K), by Lemmas 2.1 and 3.2 there hold

1 <my <min{m, n—m,2[(VY) + 1}.

Using Lemma 3.3 for V1, we see that there exist m + m; linearly independent vectors y, ..., ¥m, Z1 - - -, Zp, on T,M such
that h(y;, zx) = 0, K(y;, zx) = 0 for all i, k, moreover,

i, 1+j<m, €, i+j=m+1,
Kyy; = {ylﬂ ! h(yi, yy) = { J

0, otherwise, 0, otherwise,
where € = 1if h(y1, ym) > 0 or mis even, otherwise ¢ = —1; and
N zige, k+L€ <my, _Je, k+€=m+1,
Kaze = {O, otherwise, h(z, z¢) = 0, otherwise,

where €; = 1if h(zq, z,;) > 0 or m; is even, otherwise ¢; = —1.

By Lemma 3.3 the m-dimensional subspace V satisfies L%J <I(V) < (%1. According to that (V, h) is positive definite
or Lorentzian we will choose the canonical basis of T, M.

3.1. (V*, h) is positive definite

By Lemma 3.3, (V1) = 0, or equivalently I(V) = s holds if and only if m is one of the three cases:
m=min{2s+ 1,n}, m=2s withe =1; m=2s—1 withe = —1. (3.4)

Then we can choose a canonical basis of T,M as follows.

Lemma 3.4. If (V1, h) is positive definite, there exists a basis {y1, ..., ya} Of Tp,M such that

Vi, i+j<=m €& itj=m+l,
— i+j» = ) i N — J ..
Kyyi = {0, otherwise, h(i, yj) = g"’ gtjhi mls—: 1 (33)

where € = £1 is determined by (3.4).

Proof. The case m = n has been proved in Lemma 4.2 of [20] and Lemma 3.2 of [30]. Hence, we are enough to prove the
conclusion form < n.

Letyq, ..., ym be the basis of V as stated in Lemma 3.3, thus

v it+i=m, oy e, i4j=m41,
o = {0, otherwise, hGi, yj) = 0, otherwise. (3:6)

We claime = 1form = 2s+4+ 1orm = 2s,and € = —1 form = 2s — 1. In fact, form = 2s 4+ 1, if h(ysy1, ¥s+1) < O, then
(3.2) shows that I(V) = s + 1, which gives a contradiction, thus € = 1 for m = 2s + 1. Note that (V) = sand dim V = m,
by Lemma 3.3 we easily see thate = 1form = 2s,ande = —1form = 2s — 1.

Since (V*, h) is positive definite, we choose an orthonormal basis {y;nt1, . . . , ¥n} of V* such that the second equation of
(3.5) holds. Further, Eq. (3.6) shows that V is a K, -invariant subspace, so is V. Note that Ky, isnilpotent, we get K (y1, w) =0
for w € VL. Therefore,

K@i, w) = K((Ky,))" " 'y1, w) = (K,)"'Ky,w =0, Vi<m,

which shows that K(v, w) = 0forw € V-, v e V.

On the other hand, for any fixed vector w € V1, the operator K,, satisfies K,,v = 0 for all v € V, hence V is its invariant
subspace, and so is V. Since K,, is nilpotent and (V+, h) is positive definite, this implies that K,,w’ = 0 for w’ € V*. We
can summarize from the above that K,,y; = 0 when eitheriorj > m+ 1. Together with (3.6) we easily get the first equation
of (3.5). Lemma 3.4 has been proved. O
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3.2. (V*, h) is Lorentzian

By Lemma 3.3, 1(V1) = 1, or equivalently I(V) = s — 1 holds if and only if m is one of the three cases:

m=2s—1, m=2s—2 withe =1; m=2s—3 withe =—1. (3.7)
By Proposition 3.1 and Remark 3.2 the symmetric operator K, on (V1, h) has only three representations:
0 o 0 0 0 O
1 0 0
1o 0 1 0
[:0, I: . s II : ,
0 0

where O is the n — m order matrix, and three canonical bases of (V, h) have been chosen according to Proposition 3.1. Next
we will choose a canonical basis of (V+, h) for the three cases, respectively.

Case I: K(y;, w) = O for all w € V'. We easily obtain that K(v, w) = Oforallv € V, w e V. By Remark 3.3 and
Lemma 3.4 we can choose a canonical basis of (V+, h) as follows.

Lemma 3.5. If (V1, h) is Lorentzian, for Case I there exist an integer my satisfying K™ |,. = 0, K™~ |,L # 0with1 <m; <
min{m, n — m, 3} and a basis {z1, . .., Zo—_m} of (VL, h) such that K (z, y;) = 0, h(z, y;) = 0 and

g, k+€=m;+1,

_Nzkye, k+HL€<my, _ )
Kyze = [0, otherwise, h@ze,zo) = V& ko z=mi+1, (3.8)
0, otherwise,
where ¢ = —1 for m; = 1, otherwise ¢ = 1.
Case II: There exists a basis {z1, . . ., Z_m} of (V1. h) such that
z k=1 e==1, k+4£=23,
_ )z, 1=k=1, _ )
I<yl'zk - {0, OtherWise, h(Zk, Zl) - 8}{7 k; 14 > 3a (39)
0, otherwise,
where (3.2) has been used. Then K (z,, z;) = Oforalli > 1.For the positive subspace U := span{zs, ..., z,_n}, we can choose

an orthonormal basis of U, still denoted by {zs, ..., Z;_}, such that h(K;, z, z,) = M{S,f forallk, ¢ > 3. SetAs = h(K,z, zk),
there holds
n—m
Ky, z1 = €eym + eA 21 + €A} 122 + ZA‘{lzg,
(=3
thus K(z1, 20) = Ky, K;,z1 = eAflzz, it follows from the nilpotency of K;, that K(z1, z,) = 0. Further, K;,z, = sAf 122 + Aezy,
and (K;,)"zy = sA’i’])LZ_lzz + Ayze for £ > 2. Again the nilpotency of K, shows that 1, = 0. Now, we can rechoose an

orthonormal basis {z}, ..., z,_,,} of U such thatzy = B~ >} 3 Al z, if B := |/ D;_5 (A%))? # 0. Then summing above we
see that
Ky, 21 = €eym + €Al 22 + Bz, K, =0,
Kz,=-=K,z,_, =0, K;z3 =¢B2n.
By 0 = K;,K;,z; = K, K;,z1 = BK;; z3, we divide Case Il into two subcases:
[I-1: 8 = 0; 1-2: B # 0.
For case II-1, we easily see that (U, h) is a kernel subspace of all operators K, with v € U*. Hence the positive definite
subspace (U, h) is an invariant subspace of K;, for all u € U, then the nilpotency of K;, shows that Kyy = O for allx,y € U.
For case II-2, we have Kzézg =0andK; K;,z; = eB%z, # 0,thusm > 3.Since (U, h) is positive definite and is an invariant
subspace of Kzé, the nilpotency of Kzé shows that Kzéu = Oforallu € U. As before, we see that (U, h) is an invariant subspace

of all operators K, with u € U, then the nilpotency of K, again shows that K,y = O forallx,y € U.
Note that 8 = 0if m = 2 or m = n — 2. Summing above we have proved the following

Lemma 3.6. If (V1 h) is Lorentzian, for Case Il we see that m > 2, n > m+2 and there exists a basis {z1, . . ., Zn_m} of (V1, h)
such that there hold (3.9) with h(z, y;) = 0 for all i, k, and
Ky 21 = €gym +€azy + Bz3, K; 23 = efz,,
Kyz4=- =K z;_m =0, K, =0, (3.10)
K(zi,z) =0, Vi, j>3,

where ¢ = £1, € = £1 is determined by (3.7), and a, B are constant, 8 = 0if m=2orm=n— 2.
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Case III: There exists a basis {z1, . . ., Zy_m} of (V*, h) such that
z, i=k=1, 1, k+£€=4,

Kyzx = 423, i+k=3, h(zi, z0) = { 8¢, Kk, € >4, (3.11)
0, otherwise, 0, otherwise,

where (3.2) has been used. Note that m > 3 by the definition of m, and K,z = K,,zx = 0 for all k > 2. As before, we can

choose an orthonormal basis of the positive subspace U spanned by {za, . . . , Zy_m}, still denoted by {zs, . .., Zy_m}, such that
h(K, 2, z;) = O for all k, £ > 4. Set Al = h(Kz, zt), then

n—m
K. 21 = €Ym1 + A} 121 + AL 22 + AL,23 + ZA‘llez,
=4
K.z = Ky K, 21 = €ym + A} 22 + ALy 23,
Ky, 23 = K;,20 = Ky, Ky, 20 = A3, 23,
K., ze = A%z, L=4,...,n—m.
Then the nilpotency of K, shows that A3, = 0. Now, we can rechoose an orthonormal basis {z,, . . ., z,_,,} of U such that

2=y VY Az ify = /Y _4 (A]})? # 0. Hence,
K21 = €Ym + ALz + AL z3 + vz, Ky =0, K,z =0,
K2y = €ym +ALyzs,  K,z) =0, j=5,
K, 2y = yzs, K,z,=0, k=>4

By 0 = K;,K;,zy = KZAKle] = yKZ:lzjl, we divide Case III into two subcases:
M-1:y =0;  II-2:y #0.

For case III-1, we easily see that (U, h) is a kernel subspace of all operators K, with v € U-+. Since (_L_l, h) is positive and
is an invariant subspace of K, for all u € U, then the nilpotency of K, shows that K,y = 0 for allx, y € U.
For case IlI-2, we have szlzf; = 0. Since (U, h) is positive definite and is an invariant subspace of I(Z:‘, the nilpotency of

sz‘ shows that Kz‘/lu = 0forall u € U. Similarly, (U, h) is an invariant subspace of all operators K, with u € U, then the
nilpotency of K, again shows that K,y = 0 for all x, y € U. Summing above we have proved the following

Lemma 3.7. If (V*, h) is Lorentzian, for Case Ill we see that m > 3, n > m+3 and there exists a basis {z1, . . ., Zn_m} of (V1, h)
such that there hold (3.11) with h(zy, y;) = 0, and

K, 21 = €Ym—1 + bz + azz + yz4, K, =0,
K;,z) = €ym + bzs, K,z =0,i>5, (3.12)
KZ1Z4 =Yz, Kzzzj = 0»] > 2, ’

K(Zk,Zg)ZO, k,€:4,...,n—m,

where a, b, y are constant, ¢ = £1 is determined by (3.7),and y = 0if n = m + 3.

4. Affine hypersurfaces with V@K = 0

In this section, we pay our attention to the hypersurfaces with VK = 0. Assume that F : M < R"™! is a non-
degenerate affine hypersurface satisfying V@K = 0.If o = 0 we further assume that J = 0 and affine metric is of constant
sectional curvature. It follows from (2.6), Lemmas 2.2 and 2.3 that either M is a hyperquadric, i.e.,, K = 0, or K # 0 and M
is an improper affine hypersphere with flat indefinite affine metric and J = 0. Moreover, for the latter there hold (2.8) and
R® = 0. From above we can prove

Lemma 4.1. Let M be the hypersurface above. Then for any positive integer k,

k—1

VX1, Xies2) = (SDFT I = @i+ 200Ky, - - K Xieor. Xer2).
i=0

where X1, . . ., Xki2 are tangent vector fields.
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Proof. From (2.4) we see that the lemma is true for k = 1 or K = 0. Assume K # 0. By induction we suppose that the
lemma is satisfied for all values for 1 < k < r — 1. Since M is V@ -flat, we can obtain a local frame field {Xi, ..., X} such

that V)E‘:’)Xj = 0. Together with V®K = 0 and Definition 2.1, we easily get

Ve (K, -+ K Xep1) =0, V¥ = (1 - a)KyY;.
Combining this with (2.10) and the assumption we see that

VG, . X2) = Xi(V T ) 0, - Xeg2) = (VI (Ve X, - Xig2)
— = (VX .. Ve Xet2)

r—2
= (="' [J1( = @i+ 21Xih(K, - - Kx.Xr i1, Xr42)
i=0
r—2
+ (=D [JI0 = )i+ 211 = ) (r + Dh(Ky, - - Ky X 41, Xr42)
i=0

= [(V ) (Kx, -+ K. Xe 1, Xeg2) — (1= @) (r + Dh(Ky, -+ K Xey1, Xr42)]

r—2
x (=) I - i+2]

i=0

r—2

= D' TTI0 = )i + 2000 =) = 1) + 207Ky, -+~ K X1, Xr2)
i=0
r—1

= (=1 [ I — )i+ 21A(Ky, -+ - K, Xry1, Xrs2).
i=0
Hence the lemma is true for k = r. Lemma 4.1 has been proved. 0O

Remark 4.1. Note that Lemma 4.1 reduces to Lemma 3.4 of [19] when @ = 1.

From now on, we consider the case K # 0.Then M has the commutable difference tensor, thus we have all the conclusions
of Section 3. By Definition 2.2 let m be the smallest integer such that the symmetric tensor K™ is identically zero at a point
p,then2 < m < min{2s + 1, n}.

Proof of Main Theorem. As shown above, M is an improper affine hypersphere with flat affine metricand /] = 0. Lemma 4.1
further shows that V"h = 0 but V™~ 'h = 0. By Proposition 2 of [ 1] we see that M is locally affine equivalent to the graph
immersion of a polynomial function of degree m + 1 with constant Hessian determinant.

Since M is V-flat, we can extend a given basis {e, . . ., e;} to V-parallel coordinates (x1, . . ., X;). Then the position vector
F satisfies
9%F a 0
=h(—,— )¢&. (4.1)
Bxiaxj 3X,‘ 3Xj
After an affine transformation, we may assume that {F*(&)(O), e F*(%)(O), £} is the standard basis of R"*! and F(0)
= 0. With these initial conditions, Eq. (4.1) can be solved, and one obtains that M is locally given in the standard coordinates
by x,+1 = f(X1, ..., X,), where f is the function determined by
02 a 0
f =h|{—, — (4.2)
8x,»8xj 8X,‘ an

with the initial conditions :—2(0) = 0andf(0) = 0.By Vai ;’7} = 0 and Lemma 4.1, for any integer k > 2 (4.2) further gives
that 1

ok a 0]
f=(v"2h)( )
Bx,-l . aX,'k 3)(,'1 8x,—k

k=3 9 9 9
_ (_1\k _ . k—2
= (=1 | |[(1 a)i+ 2]h <K <8xf]""’8xf“>’8x,-k)' (4.3)

i=0
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Finally, using the Taylor expansion, V"h = 0 and Bix, (0) = e;, we can obtain

m+1 1 n akf
f - ZE Z axil ...3Xik (O)Xil o X

k=2 " iy =1

k=3
m+1 l_[[(l —Ol)i+2] n
i=0 _
=D (D D7 A e ) €)X X (4.4)
k=2 < i1, 0k=1
Note that the function @ (x4, ..., X,; @) of (1.2) can be rewritten as
n+1 k-3 Xil . Xi”
D1, X)) =y (D [[lA-wi+2) Y S (45)
k=2 i=0 iy 42iptnip=nt1 111200l
i1 +-+in=k

According to the canonical basis on the hypersurfaces of Section 3, by (4.4) we next show the partial classification of the
hypersurfaces considered. As their corollary, Main Theorem easily follows.
First, for m = 2 we get the following

Proposition 4.1. Let M be the affine hypersurface of Main Theorem with m = 2. Then there exists a positive integer r with
2r < n such that M is locally affine equivalent to the graph immersion of the polynomial function

r n—2r r
1 2 1 ¢
Xnp1 = ZYiwi + 3 Z €y — 3 Z Ajwiwjwe,
i=1 k=1 ij.e=1
WhereAfj (i,j, € € {1,...,r}) are totally symmetric constants, €, = £1and (y1, ..., ¥r, W1, ..., Wy, U1, ..., Un_2r, Xnt1) ATE

the standard coordinates of R™"*1. The converse is also true.

Proof. From m = 2 and (3.1) it follows that VK = VK = 0. Now, Proposition 3.1 immediately follows from the classifi-
cation of affine hypersurfaces with VK = 0 and K? = 0 (cf. Theorem 4.3 of [19]). O

Remark 4.2 (c¢f. Remark 4.2 of [19]). In Proposition 4.1, r is the dimension of null subspace span{K,y|x, y € T,M}, thus
0 < r < s.In particular, ifn = 2 thenr = 1and M is the Cayley surface described by

1,,3
X3 = Vw1 — §w1.

If n = 3, thenr = 1 and we have the hypersurface

1 2 1,3
X4 = V1w + 56111] — §w].

Finally, if n = 4 then either r = 1 or r = 2. By the classification of homogeneous polynomials of degree 3 in 2 variables, we
get the following hypersurfaces:

1 2 2 1.3
Xs = viwr + 5 (€1U] + €Uy) — w7,

1,..3 3
Xs = viwy + vawy — 3(wy + wy),
1 2
X5 = VW1 + VW — 3WW3,

1
Xs = viw + vawy — swiwz(wy + wy).

Note that the m-dimensional non-degenerate subspace V C T,M, defined in Lemma 3.3, satisfies L%J <I{V) < (%1. If
(VL, h) is positive definite, i.e,, m = min{2s + 1, n}, m = 2s, orm = 2s — 1 with (V) = s, we have the following

Proposition 4.2. Let M be the affine hypersurface of Main Theorem withm > 2.If m = min{2s+ 1, n},m = 2s,orm = 2s — 1
with [(V) = s, then M is locally affine equivalent to the graph immersion of the function

1 &
. 2
Xn+1=6¢(X1,...,Xm,Ol)+E E Xy
j=m+1

where @ (xq, . .., Xm; o) is given by (1.2), (X1, . . . , Xa11) are the standard coordinates of R"*!, and € = 1for m = min {2s+1, n}
orm=2s,¢e=—1form=2s—1.
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Proof. By Lemma 3.4 there exists a basis {e, ..., e,} of T,M such that
e i+j<m € itj=m+l,
_ )Gt =m, _ j ..
Kty = {01,] otherwise, hiei, &) = 54’ L= m.+ 1, (4.6)
0, otherwise,
where ¢ = £1is determined by (3.4). Since M is V-flat, we can extend the above basis to V-parallel coordinates (xq, . . ., X,).
Using the method as above we see that M is locally given by a polynomial function x,1 = f (X1, ..., X;) of degree m + 1,

where f is determined by (4.4), where e; = a%I,(O). By the initial conditions (4.6) it follows from (4.4) that

f=ed(x,... xm,a)+ Z X,

] m+1

where @ (x1, ..., xn; @) is given by (1.2) or (4.5). O

Remark 4.3. When m = n, Proposition 4.2 (resp. « = 0, « = 1) reduces to the main result of [20] (resp. Main Theorem
of [30], Theorem 6.2 of [19]), while the method here based on (4.4) is more direct. The method implies that affine hyper-
surfaces with V@K = 0 are completely determined by the properties of (h, K) at a point, thus we conjecture that such
hypersurfaces are locally homogeneous.

Next, if (V*, h) is Lorentzian, i.e,m = 2s — 1, m = 2s — 2 orm = 2s — 3 with (V) = s — 1, there exist three distinct
cases as in Section 3.2.

For Case I, by Lemmas 3.3 and 3.5 there exist an integer m satisfying 1 < m; < min{m, n—m, 3} and a basis {y1, ..., Ym,
Z1, ..., Zn—m} of T,M such that there hold (3.2) and (3.8) with K (z, y;) = 0, h(z, y;) = 0 for all k, i. Similar to the proof of
Proposition 4.2, by (4.4) and the above basis corresponding to m; = 1, 2, 3 we can obtain the following

Proposition 4.3. Let M be the affine hypersurface of Main Theorem withm > 2. If m=2s—1,m=2s —2,orm = 2s — 3
with (V) = s — 1, for Case I M is locally affine equivalent to one of the graph immersions of the three functions

Xnp1 = €P(Xq, .. Xmi) — x4+ 1 E e
i=m+42

. 1,3 1 2
Xnt1 = €P(Xy, ..o, Xy @) + Xmp1Xmi2 — 3Xqeq + 3 E Xi, 4<m+2<n,
i=m+3

Xnp1 = €D(X1, ..y X &) + @ (X1, X2, X33 &) + 3 Z X, 6<m+3<n,
i=m+4
where (X1, . .., X,11) are the standard coordinates of R™',ande = 1form=2s—lorm=2s—2,¢ = —1form = 25 — 3.

For Case II, by Lemmas 3.3 and 3.6 there exists a basis {y1, ..., Ym, Z1, . . . , Zn—m} Of T,M such that there hold (3.2), (3.9)
and (3.10) with h(zy, y;) = 0 for all i, k. Similar to Proposition 4.2, we can extend the above basis to local V-parallel coor-

dinates {x1, ..., X}, and p has coordinates 0. As before M is locally given by a polynomial function x,11 = f(x1, ..., Xn),
where f is determined by (4.4) and the initial conditions {y1, ..., ¥m, 21, - . ., Zs—m}. Then we easily obtain
f=€dX1, ... X} &) + EXms1Xms2 — EX1Xyq — Koy
— ﬁxanme + 31 me +1 3 Z X2, (4.7)
i=m+3

where ¢ = +1,and € = +£1 is determined by (3.7). Now, we have proved for Case II the following

Proposition 4.4. Let M be the affine hypersurface of Main Theorem withm > 2.If m = 2s— 1, m = 2s—2, or m = 2s — 3 with
(V) = s — 1, for Case Il we see that n > m + 2 and M is locally affine equivalent to the graph immersion of the function (4.7),
where a, 8 are constant,and 8 = 0if m=2orm=n— 2.

For Case III, by Lemmas 3.3 and 3.7 there exists abasis {y1, ..., Ym, Z1, . . . , Zn—m} of TM such that there hold (3.2), (3.11)
and (3.12) with h(z, y;) = 0 for all i, k. Similar to Proposition 4.2, we can extend the above basis to local V-parallel coordi-

nates {x, ..., X5}, and p has coordinates 0. By the previous method we see that M is locally given by a polynomial function
Xn+1 = f(x1, ..., Xp), where f is determined by (4.4) and the initial conditions {y1, ..., Ym, 21, - - . , Zs—m}. Then we easily
obtain

. 1,2 2
[ = €Dy, ... Xy @) + Xmp1Xm+3 + 5Xp4p — 2X1Xm 1 Xme2 — X2Xp
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2 2 3—a a 2 2 (3— a)b 3
— DX}y 1 Xmt2 — J/Xm+1xm+4 5 m+1 + X1 T X1 X1
G- a)<b2+y> X
+ X +14 5 x (4.8)
i=m+4

where € = +1 is determined by (3.7). Now, we have proved for Case III the following

Proposition 4.5. Let M be the affine hypersurface of Main Theorem withm > 2. If m=2s—1,m=2s — 2, orm = 2s — 3
with I(V) = s — 1, for Case lll we see that m > 3, n > m + 3 and M is locally affine equivalent to the graph immersion of the
function (4.8), where a, b, y are constant,and y = 0if n=m + 3.

If M is locally strongly convex, i.e.,, s = 0, then the vanishing Pick invariant shows that M is a locally strongly convex
hyperquadric. Taking s = 1, 2 in Propositions 4.2-4.5 respectively, we see that the remaining part of Main Theorem imme-
diately follows. O
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