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1. Introduction

The group classification problem was initiated by Ovsiannikov [1] who analyzed the nonlinear heat equation. Since
then numerous studies have been devoted to group classifications of fundamental equations that model mathematical,
relativistic, biological and physical phenomena [2-8]. In addition, there is now a rich body of literature surrounding Lie
symmetry theory, its scheme and vast applications to differential equations [9-13]. In particular, wave and Klein-Gordon
equations are of particular interest as they are two important equations in all areas of physics. A knowledge of the Lie
symmetry structures of the Klein-Gordon equation in a Riemannian space enables the determination of solutions of this
equation which is invariant under a given Lie symmetry.

Indeed, recent investigations [ 14-20] have revolved around wave, Klein-Gordon, Poisson and Schrédinger equations—
showing that the Lie symmetry vectors are obtained directly from the collineations of a metric which defines the underlying
geometry in which the evolution occurs. In [21] it was proved that for a linear (in derivatives) second-order partial
differential equation (PDE), the Lie point symmetries are related to the conformal algebra of the geometry defined by the
PDE. In [22], a geometric approach related the Lie symmetries of the Klein-Gordon equation to the conformal algebra of
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classes of the Bianchi I spacetime and a study of potential functions was performed. Whilst recently the connection between
collineations and symmetries was established for a system of quasilinear PDEs [23]. A similar result has been proved for the
Poisson equation [24].

In this paper, we use geometric results that transfer the problem of the Lie and Noether symmetry classification of the
Klein-Gordon equation to the problem of determining the conformal Killing vectors that admit appropriate potential func-
tions. Inspired from the symmetry classification of the two- and three-dimensional Newtonian systems in which a geometric
approach was applied [25,26], in this work in order to perform the classification, the conformal Killing vectors of the space are
used to solve a constraint condition. The general results are applied to two practical problems viz., the classification of all po-
tential functions in a three dimensional Euclidean and Minkowski space, for which the Klein-Gordon equation admits Lie and
Noether point symmetries and secondly, the Lie point symmetries are used to determine invariant solutions of the equation.

The paper is organized as follows. Section 2 provides the geometrical preliminaries and the theoretical background about
symmetry analysis. In Section 3, we state the main theorem containing the constraint condition. Section 4 provides a short
review about the spacetime and its properties and we perform the symmetry classification for the Klein-Gordon equation
and the corresponding potentials. Section 5 illustrates some invariant solutions for the Klein-Gordon equation using par-
ticular potential functions. Finally in Section 6 we draw our conclusions.

2. Preliminaries

In this section we review the definitions and properties of spacetime collineations and of the point symmetries of
differential equations.

2.1. Lie and noether point symmetries

Consider a system with g unknown functions u® which depends on p independent variables x/, i.e. we denote u =
,...,uf)andx = (x!, ..., xP), respectively. Let
Ge (x,u®) =0, a=1,...,q, (1)

be a system of m nonlinear differential equations, where u® represents the kth derivative of u with respect to x. A
one-parameter Lie group of transformations (¢ is the group parameter) that is invariant under (1) is given by

'

X=EXxue) u=okx,u;e). (2)
Invariance of (1) under the transformation (2) implies that any solution u = @ (x) of (1) maps into another solution
v = W (x; ¢) of (1). Expanding (2) around the identity ¢ = 0, we can generate the following infinitesimal transformations:

X¥=x+4etxu)+0(E», i=1,...,p,
1% = u® + en®(x, u) + O(&?).
The action of the Lie group can be recovered from that of its infinitesimal generators acting on the space of independent and
dependent variables. Hence, we consider the following vector field

X =&9 +n"Oe. (4)
The action of X is extended to all derivatives appearing in the equation in question through the appropriate prolongation.
The infinitesimal criterion for invariance is given by

X [LHS Eq.(1)] lgg 1) = 0. (5)
Eq. (5) yields an overdetermined system of linear homogeneous equation which can be solved algorithmically, more details

can be found in [9] among other texts. ‘
The generalized total differentiation operator D; with respect to x' is given by

(3)

D 0 +uf 0 +uf 0 + (6)
= — u, — u,;, —— P
oo T oue T Y aud
and W¢ is the characteristic function given by
W =n* — &uf. (7)

The Euler-Lagrange equations, if they exist, are the system 6L/5u® = 0, where §/5u” is the Euler-Lagrange operator given
by

8 9 a
— = + Y (=1°Dyy Dy 8
du* dus s>1 ( ) ! . auﬁ‘“l‘s ( )
L is referred to as a Lagrangian. If we include point dependent gauge terms fi, ..., f;, the Noether symmetries X are given

by
X(L) + LDy(£") = Di(f). (9)
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2.2. Conservation laws

Corresponding to each X, there exists a conserved vector (T!,...,T") that may then be determined by Noether’s
theorem [27]
T = f — Ni(L) (10)
where
DT =0 (11)

along the solutions of the differential equation. Here N is the Noether operator associated with the symmetry operator X
given by

. . 5 8
N =g+ W' — +) D ... DyW* ——, (12)
Su s>1 iy .. 0
where §/6u® is the Euler-Lagrange operator given by (8).
2.3. Invariant solutions
The operator in Eq. (4) can be used to define the Lagrange system
dx'  du
&
whose solution provides the invariant functions
WK ). (13)

These invariants can be used in order to reduce the order of the PDE. Further details of the relevant equations and formulae
can be found in, inter alia, [28].

2.4. Collineations of Riemannian spaces

A one-parameter group of conformal motions, or Conformal Killing vectors (CKVs), generated by the vector field X is
defined by [29]

Lx&ab = 2V &ap> (14)

where Ly is the Lie derivative operator along the vector field X and ¢ = ¥ (x*) is a conformal factor. If .4, # 0, the CKV
is said to be proper. The possible cases of { provide special cases which form subalgebras on the conformal algebra of the
space:

Y.qp =0 <<= Xisaspecial CKV (sCKV),
¥.=0 <= Xisahomothetic vector (HV), (15)
Y =0 <= Xis aKilling vector (KV).

3. Klein-Gordon equations

The linear second order in derivatives Klein—-Gordon equation is expressed as

Ou+ V(E)u = +V@E)u=0, (16)

1 ad | | i ou
V= g] 9x I8 Hxk
where O is the d’Alembertian operator. In a recent paper by Paliathanasis and Tsamparlis [ 17], it was shown that the Lie point
symmetries of the Klein-Gordon equation in a general Riemannian space are elements of the conformal algebra of the space,
modulo a constraint relation involving the Lie symmetry vector and the potential entering the Klein-Gordon equation. More
specifically the following theorem was proved.

Theorem 1. The Lie point symmetries of the Klein—Gordon equation (16) in a Riemannian space of dimension n are generated
from the elements of the conformal algebra of the metric, as follows:
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1. For n > 2 the Lie symmetry vector is
X = €190, + (?wx’ﬁu T aou + b(x")) 0,
where &X is a CKV with conformal factor 1 (x*), b(x*) is a solution of (16) and the following condition involving the potential

EV .+ 29V — 22;"A¢ =0. (17)
2. For n = 2 the Lie symmetry vector is
X = &' + (aou + b(x)) 3,
where &X is a CKV with conformal factor  (x*), b(x¥) is a solution of (16) and the following condition involving the potential

'V +2yV =0. (18)

Constraint condition (17) acts as a double selection rule—selecting for each CKV a corresponding potential or, if this is not
possible, abandoning the CKV for being a Lie point symmetry of the Klein-Gordon equation [22]. We remark that the case
V(x) = 0 reduces the Klein-Gordon equation to that of the wave equation. Further, it is well known that a Lie algebra
contains the Noether algebra, where the Noether algebra will exclude a symmetry involving the dependent variable, viz.
uady.

4. The Klein-Gordon equation in three dimensional maximal symmetric spacetimes

A Riemannian space which admits a Killing algebra of dimension %n(n—}— 1) is called a maximally symmetric metric space,
for example, the Euclidean space E* and the Minkowski spacetime M?, defined by
ds? = edt? +dx* + dy*, € ==+1. (19)
The conformal algebra of this space is 10-dimensional and consists of the following vectors.
3-gradient KVs:
X'=9 X*=08 X>=29,
1-gradient HV:
X* = xdy + yo, + toy,
3-rotations:
x° =Yy dy — X0y, X = —eto,+x9, X = —etdy +y 0,
3-special CKVs with their respective conformal factors:
X8 = 2xydy— (e +X* —y) oy +2ytd, V' =2y
X2 = —(tPe =2+ 9y o+ 2xy 0y + 2xt 0, wz = 2x
X1 = 2xt 3y + 2yt 8, + tze_eﬂ o Y=ot

In Table 1, we list real subalgebras of the conformal algebra, where the algebra F, ; denotes the kth algebra of dimension r
and excludes linear combinations (see Table 2 for the Lie Brackets).
The Klein-Gordon equation follows from the Lagrangian
: 1 1 1 1
LX, u,uy) = =V(t,x, )u> — —u2 — —u? — —u?, 20
() = SV XY = il = Ju, = o (20)
and is explicitly expressed as

1
gu,n F U+ uy +Vxy Hu=0. (21)

In this study, we apply elements of the conformal algebra in the solution of Eq. (17) to determine the form of the potentials
V(t, x, y). That is, we consider three cases below, namely we apply (a) the vectors X1 ~1° (b) selected linear combinations of
the vectors X'~1° and (c) real subalgebras of the conformal algebra. For each CKV of the conformal algebra of the maximal
symmetric spacetimes, we must solve constraint condition (17) where n = 3 and find the potentials V (x, y, t) for which it
is satisfied. Before we proceed with the symmetry analysis, we mention that the Klein-Gordon equation is a linear equation
which implies that it will always admit the linear symmetry X' = ud, and the infinite dimensional abelian subalgebra of
solutions X*° = F(x, y, t)d,, where F(x, y, t) is a solution of Eq. (21). Due to the many results and for ease of reference, the
results are presented in the form of tables.
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Table 1
Real subalgebras of the conformal algebra.
Name Generators Name Generators Name Generators
Faq X8, x1°0 Fa X8, x° Fy3 X8, x4
Fay4 X8, X6 Fys X1, x° Fa X1, x4
Fpz X1 x> Frg X9, x4 Fag X9, X7
Fa10 X4, X? Foii X4, x1 F12 X4, X°
Fy13 X4, X7 Fa1a X4, x3 Fy1s X4, X6
F 16 X3 x! F 17 X2, X7 Fy18 x2, x3
Fy10 X', x5 Fa.20 X', x3 Fa21 X3, X6
Fs, X8, x10 x9 F3, X8, x10 x4 Fi3 X8, x10 x7
F34 X8, X9, x4 Fss X8, X9, X3 Fi6 X8, x4, x3
F37 X8, x4, X6 Fag X10,x9, x4 F3g9 X1, x9, X6
F3.10 X0 x4, x1 F3.11 X10 x4 x5 F312 X9, x4, x?
F313 X9, x4, X7 F3.14 X4, x2, X! F315 X4, x2, X7
F316 X4, X2, x3 F3.17 X4, X1, x> F318 x4, X1, x3
Fs10 X4, X3, X6 F3.20 X2, X', x3 F321 X2, x', X6
F3.22 X2, X%, X3 F323 X', X7, x3 F324 X3, X7, X8
Far XS’XIO,XB’X4 Fa XS, Xm’ Xg,XS Fas XS,X’O,Xg,X7
Fi4 X8, X0 x9 X6 Fys X8, x10 x4 X7 Fis X8, X9, X4, X°
Fa7 X8, x4, X3, X6 Fsg X10,x9, x4, X6 Fag X0 x4, X1, x5
Fa10 X9, x4, x2, X7 Fy11 X4, x2, X1, x3 Fa12 X4, x2,x1, X6
Fa13 X4 X2, X, X3 Fi1a X4 X', X7, x3 Fa1s X4, X, X7, X6
Fa16 X2, X', x5, x3 Fy17 X2, X', X7, x3 Fa1s X2, X', x3, X6
Fs,l XS,XIO,XQ‘X‘l, X5 FS.Z XS, XlO, X9, X4,X7
Fs3 X8, X10, X9 x4 X6 Fs4 X4, X2, X1, x5, X3
Fss X4 x2, x1, X7, x3 Fs6 X4, X2, X1, X3, X5
Fs X8, X1, x9,x5,X7, X6 Fs. X8, X0, X4, X1, X7, Xo
Fs3 X8, X%, X4, X2, X5, Xg Fo.4 X1 x9 x4, X2, X1, X8
Fe5 X2, X1, X5, X7, X3, X® Fr1 X4, x>, X8, X7, X8, x°, x10
Fr X1, X2, X3, x4, X, X8, X7
Table 2
Lie brackets [X', X/] of the conformal algebra.
Xl XZ X3 X4 XS XG X7 XS XQ XIO

X! 0 0 0 X! 0 ex? ex? —2X7  —2x%  2x*

X2 0 0 0 X2 X X' 0 B S S

X3 0 0 0 X3 X2 0 U S G

X4 —X! —X? —X3 0 0 0 0 X8 X° X1

X3 0 -x*  x? 0 0 X’ X8 X9 —-X8 0

X8 —ex? X! 0 0 X7 0 —eX’ 0 ex  —x°

X7 —eX® 0 X! 0 —X5  ex® 0 ex10 0 —X8

X8 2Xx7 2X° —2x4 X8 -X° 0 —-eX'® 0 0

x° 2X5 —2x* =2x> —Xx° X8 —eX® 0 0 0

x©0ooaxt -2 20y g X X 0 0 0

4.1. Case I—The vectors X1~1°

Taking each of the vectors of the conformal algebra X 1~1°, we solved Eq. (17) and found the potentials V (t, x, y) of Table 3.
The columns of Table 3 contain the potential functions, corresponding Lie point symmetries, Lie invariant functions, Noether
point symmetries and lastly, the associated conservation laws T;_1q appear in Table 4. Hence, (T¢, T*, T) is the conserved
vector that satisfies

DT" + D,T* + D,TY = 0

on Eq. (21).
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Table 3
Point symmetries and potentials of the Klein-Gordon equation (21) from Case I.
Potential Lie symm. Invariants Noether symm. Con. law
V(t,x,y) X1 Xyt No -
V(x,y) X! Xy, u Yes T
V(t.y) X y.t,u Yes T
V(t,x) X3 X, t,u Yes Ts
rlZV(t’[) x4 u,{,i Yes T4
V (£, +?) x5 t,u,x* 4 y? Yes Ts
2 2
V (et +x2,y) X6 v, u, (Eet) Yes Ts
2
V (x, et? +y?) X7 x, u, M Yes T;
24,242 2 2
v (3 X® 4 3y ud, LUk, @erary Yes Ty
2 2
(1 et o v fugp, e :
2
x%v (% %) X0+ J93ud, L ux, Eercr) EH H ) Yes Tho

Table 4
Conservation Laws corresponding to X'~1°,
t y

T U

T T = L (ew?V(x,y) +eu (uyy Fug) + ), TO= 3 — ), T =3 (i — uuy)

T, T' = L (e —uup), T = 3 (€u?V(t,y) + e +u(euy +ue)), T =1 (uylx — uy)

Ts T =L (uue —uuy), T =1 (yiy—uiy), T =L (eu?V(t,X) + ey + u (elty + Ug))

Ty T' = 5L (ew?V (%, 2) + tu; (yuy + Xty + tup) + tu (t€ltyy + telly — Ue — YUy — Xily))
T = ﬁ (xer?V (¥, %) 4 t2euy (yuy + Xuy + tug) — t2u (—Xely, + €Uy + Yelly + ety — xuy))
= (veu?V (£, %) + t2euy (yuy + xuy + tue) — t2u (€uy + Xelly — Yely + tely — yuy))

Ts T = 5 (—xuyu; + yut + u (xuy — yug)) .
T = L (yeu?V (t, ¥ +y 2) + euy (—xuy + yue) + u (€uy + yeuy, + xely + yue)) |
TV = — L (xew®V (t, %% + y%) + euy (xuy — yue) + u (€l + yelly + Xely, + Xy ))

Ts T' = & (xetV (& + t2€,y) + U (—tety + xue) + U (Xiyy + Uy + Xily + iy ))
T* = % (—tew?V (x* + t2€, y) + uy (—teuy + xur) — u (teuyy + up + Xuy + tug))
TV = 5 (uy (—teuy + xup) + u (tety — Xuy))

T, T' = o (yeu?V (x, y* + t2€) + u, (—teuy + yu,) + eu (uy + yuyy + Y + tuyy)) ,
T* = 1 (—teuyuy + yuyu, + u (teuy — yuy)),
TV = 5 (—teu?V (x, y* + t%€) + uy (—teuy + yue) — u (tete + U + Yy + tug))

Ty Tt = i(ZyeuZV(f, LEPAE) | Uy (—(62 — Y2 + 26)Uy + 2Y(XUy + tu,)) + tu(2tety + 2tyetly, + 2yetiy, —
2yu; +x Uy — Y uy + tzeury — 2xyUy)),

2

T* = - Qxyer?V (%, 2 ” ) + euy (— (X% — y? + t26)uy + 2y (xuy + tur)) + t2u(2xeuy + 2xyey, — 2yety +
X2 €Uy — y Elly + t2€2 Uy, — 2tyelyy +2xyur2[))£ i
TV = — i (ew? (2 + (& — 2 + )V (§, FEE) 4 Peuy (8 — Y2 + t2e)uy — 2y(xuy + tup)) + t2u(2yeuy +
2X€y + 2xy€lly + X euxx y €llyx + 22Uy + 2teu; + 2tyelty + XPUp — Y2 Uy + t2ely))

To T' = - (xeu?V (¥, 2 ” 20240y 4y (2xyiy + (F — Y2 — £2€)uy + 20x11,) + (U (2Axelyy + 2telly + 2tXely —
2Xu; — 2xyuty — XUy +y Uy + E2ely)),
T* = — - (e (P + (= + Y + 2oV (L, 2 ” 2ay?itleyy t2eu, (2xyuy + (2 — y? — t2e)uy + 2txu) +
tPuyeuy + e(—x* + y 2+2t252)uyy + 2xeuy + 2xyeuxy + 2teu; + 2txely — XUy + yPug + t2euy)),
T = ﬁ(nyeuZV(% ERHE)  euy (2xyuy + (X% — ¥ — t2€)uy + 20xu;) + tu(—2xetty + ety — X2€lly, +
V2ely + t2€% Uy + 2xyeuy — 2txeuy + 2xyu"))

T1o T = — o (e (2 + (& +y* — 2V (L, M)) + x2up (—2tyeu, — 2txeu, + (% +y* — t2e)u,) +

X eu(2yuy + x4y - tze)uyy + 2XUy + XUy 4 YUy — €Uy + 20Up + 2tyUy + 21XUry)),

T =

er

2xXu, +x U + YUy — 2 eu[X + 2txug)),

TV =

(2tyeu VL, £ ” “ XAy 4 x2u, (2tyeuy + 2txely —

@teu?v (L, 2 ” “ EARVHEC) + xuy (2tyeuy, + 2txXely —

2tyéuxx + 2y + Xugy +y u[y — teuy + 2tyuy))

** +y* — t?€)uy) + xu(2txeuy,

(** +y* — t2e)uy) + X*u(—2teu, — 2txeuy, +

— 2teuy —




56 S. Jamal, A. Paliathanasis / Journal of Geometry and Physics 117 (2017) 50-59

Table 5
Point symmetries and potentials of the Klein-Gordon equation (21) from case II.
Potential Lie symmetry Noether symmetry
V(x—Lt,y) aX'! + bx? Yes
V(ty— ) ax? + bx3 Yes
V(x,y—br) ax! + bx3 Yes
1 y 1 4
Al (52 722) aX' + bX Yes
SV (e, Y ax? + bx* Yes
[izv(f, b};;") ax?® + bx* Yes
th—aarctan( ¥
v x2+y2,+(y)) aX' + bx® Yes
1% (—W,y) aX' + bx® Yes
v (x, — ) aX! + b Yes
v ({, 7‘“2%:”2*”) aX' + bX0 + y?) Yes
V(t,—%) ax? + bx® Yes
1% (Fbt2+l7;(2 —2at ,y) ax2 + bXs Yes
Jebx—a arctan( e )
2 2 Y 2 7
V(et +y,T aX* + bX Yes
v (3, Qe aX? 4+ b(X° + ) Yes
v (t, _ bx2+b31;2—2ﬂ[) aX3 + bX>° Yes
\/Zby—aarctan(iz)
24,2 X 3 6
V(et +X,T aX’ + bX Yes
v (x, ebt2+bhy2—2ar> aX? + bX7 Yes
v <y+ %l’, etzbz72ut(by+bzzlr)+x2b2+r2a2 axs + bX6 Yes
1% (y _ ng etzaz+2bx(aygzb:)+x2u2+x2b2 aXG + bX7 Yes
V(x— o, W)ﬂ) ax® 4 bX7 Yes

4.2. Case lI—Linear combinations of X1~10

In this case, for linear combinations, we take pairs of each of the vectors of the conformal algebra X'~'°. In turn these
linear combinations are applied to Eq. (17) and the potentials V(t, x, y) of Table 5 are determined. Note that not all pairs
of linear combinations of the vector fields provide us with potential functions. We do not consider all other possible linear
combinations because the resulting Lie and Noether symmetries are too many but they can be computed in the standard
way. In Table 5, a and b are arbitrary non-zero constants.

4.3. Case IlI—Real subalgebras of X110

The real subalgebras contained within the conformal algebra X'~'° which solve condition Eq. (17), are used in order to
determine all the potentials in which the Klein-Gordon equation admits Lie and Noether symmetries. The list of potential
functions appear in Tables 6-7 together with the corresponding point symmetries. It is important to note that we display
the smallest subalgebra that admits potentials in Table 6. Moreover, we have thata,, b,, ¢, # 0 (r = 1, 2, 3,4, 5) in Table 7
which include subalgebras containing linear combinations. It is necessary to remark for Case III, that when the Klein-Gordon
equation admits a special CKV as its Lie/Noether point symmetry, then the form of the Lie point symmetry is expressed as a
sum of the special CKV and its respective conformal factor, i.e. for instance we would have X8 + %Wuau.

5. Invariant solutions

The above tables are useful because they provide the appropriate Lie point symmetries which can be used for the re-
duction of the Klein-Gordon equation and subsequently the determination of corresponding invariant solutions. In this
section, we apply the Lie symmetries in order to reduce Eq. (21). We study the two cases: V(t,x,y) = V(et? + y?) and
V(t,x,y) =V(—asx+y).

aV(t,x,y) = V(et? + y?). Based on Table 6, the subgroup labeled F ;7 admits this particular potential. Thus, for the
purpose of Lie reduction we may utilize the symmetries

Yi =X2+ X" and Yy =X + X1,



S. Jamal, A. Paliathanasis / Journal of Geometry and Physics 117 (2017) 50-59 57

Table 6
Case III: The Lie subgroups and its admitted potentials for Eq. (21).
Potential function Lie/Noether algebra
rlz 14 (x . ) F12
Vi +yH); v (Xery ) Fa19
2
Xizv (et);y ) Fo13
1 y
et24x2 v <m) Fa15
2 2Y). 1
V(et? +y )V(W) F17
V(et2+x2):V(ﬁ) F221
1 €te+x“+y
et2+x? 4 < [et2 422 ) Fas
V(x);V (%z) F33
V), V(y%) F321
V)V <[l2> F32
V(et2+xz+y2):V<m): F324
1
v ((et2+x2+y2)2>
tle (*) F36
sz( ) F3.10
FV(¥) F312
%V ( +x +y2 ) Fis
1y ( t2+x +y? ) F
2 3,5

with Lie Bracket [Y7, Y2] = 0. Reduction with respect to the Lie invariants of the symmetry vector Y; gives

u(taX,J’) = exp(le)é‘(tvy)v (22)
where ¢ (t, y) satisfies the equation

Cie + € (Coy + (K +V(et? +y9)) ) =0. (23)
To this equation we apply Y, and obtain the second-order ordinary differential equation

(k3 +2€0 (k] +V(20))) ¢ + 2€0 (295 +20¢ 55) =0, (24)

where o = 3 (et> +y?), ¢ (o) and

u(t, x —i £ 1 2 2
, ,y)_\/gexp K1X = 15 arctan | t " ) 2(et +y%) ). (25)

We continue with the determination of the invariant solutions for a second potential function.
b.V(t, X, y) = V(—asx + y). From Table 7, this potential function is admitted by the subgroup {X', X* + asX?, 1(X® +
asX”7), X1, X>°}. Hence, for reduction we may utilize the symmetries
Zi=X"+ X" and  Z, = X% 4 asX® 4 wgX ',
with Lie Bracket [Z;, Z,] = 0. Reduction with respect to the Lie invariants of the symmetry vector Z; provides the solution

u(t5xa .V) = exp(K3t)IB(X7 y)v (26)
where B(t, y) satisfies the equation

€ (ﬁ,xx + ﬂ.yy) + eV (—asx +y)B + Kg% =0. (27)
To Eq. (27) we apply Z, and obtain the second-order ordinary differential equation

(K32 +¢€ (Kf + V(a))) p+e (—2a3/<4p,0, + (l + a%) p,w) =0, (28)
where @« = —asx + y, p(«) and the solution of the Klein-Gordon equation (21) is

u(t, x, y) = exp (kst + kaX) p(—asx +y). (29)
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Table 7
Case III: The Lie algebra is spanned by linear combinations of the CKVs.

Potential function Lie/Noether algebra

V ((eart —x)az +y)
1y
(éalt—x)z v (ég][_x>

v (%2 +2y*)a3 —2ea; te+x* +y*
€a%+1

(X" + X2, X* + asX?)
{1X! + a1X?, X%}

(31X + a1 X2, X° — X7}
V (—eait +X) {1X' + a1X? + asX?, X3}
V (—eayt — xas +y) (31X + X3, X% + a3X3)
T () {1XT 4+ apx?, X%}

V(@22 + éxPa3 — 2eapty + X% +y?) {%X1 + a,X3, X° 4 a,X%)
V (—eayt +y) {1X' + asX? + axX?, X%

2V (=)
V (t(asas — as)é — asx +y)

v ( (€t24y?)b2+2b3xy+x> 128 )
bZ
3

1y ( —€a5t+y>
(€a4r—x)2 eagt—x

€

X* + a3x%, X*)

X2 + a3X3, X' + a,X? + asX?}
{(X? = X3, 1(X® + bsX"))
(3X' + aX? + asX?, X*)

{1X1 4 2x3, X5 + 21x9)

v ( é(b3t2—2b, ty%:xzﬁ»yz)#»xzb% )

E(b2t% 4-2by tx+x2 +y% ) +y* b2 b b
V(=" {1x1 = 2x2 x5+ 2x7)
é+by € €

€

1 ( (2 +yh)b3+2byext—Et? )
(ét—byx)? b3 (—ét+byx)?

tizv (yczﬂ) X4 X8 + 2X°)

ot

{X4,X5 + %ZX7}

1 ét—cyy 4 38 | Cay10 | G549
(—C5ét+54x)zv (CA(*EL'S(+C4X)) {X X0+ 2X + ZX }

1y (e 8 310 9
(C3Er—x)zv< c3et—x ) {X°, X" 4+ 5X7}

X%V(%) {X4,%X1+&X3,X8+%‘X10}
el (qu[_x) X4, 1X1 45X, X104+ X}
DTy (1X" + aX?, X4, X2 + asX3)
V (—asx+y) X', X%+ a3X3, 1(X® + asX))
m (32X + X3, X4, X2 + asX3)
V(%) {leﬁx3,X2,X5+%‘X6}

- e 1 2 yv4 y5 _ 6
v <(€2r2+€y2)a§—zéaltx+x2+yz) X7+ aX, X5 X X7}

1 3 y4 y5 6
v ((€2t2+2x7)a%fzéazty+x2+y2) X7+ @X°, X5, X7 4 aX0}

V(€22 (a2 + a2) + (y*a + a2x*) — 2€(aqasxy + astx +
asty) + 2 +y°)?

{1X" +asX?+asX>, X° +asX® —a,X"}

6. Conclusion

We have determined the functional form of potential functions for which the resulting Klein-Gordon equation in Eu-
clidean and Minkowski three dimensional space admits Lie and Noether point symmetries. The application of the conformal
Killing algebra produces the classification of Lie and Noether point symmetries and potential functions. It is easily seen
from Tables 3 and 5, that the generators of the Lie and Noether point symmetries are the CKVs and their linear combina-
tions; while the real subalgebras generate interesting forms of the potential function in Table 6. Moreover, a consideration
of subalgebras consisting of linear combinations of the vector fields produces a further list of potential functions in Table 7.

Naturally each of the Noether symmetries listed here can be used to determine a corresponding conservation law
as displayed in Table 4. The usefulness of the tabular results can be seen in the reduction of the (1 4+ 2)-dimensional
Klein-Gordon equation. We applied the zero-order invariants of the Lie symmetries and reduced the Klein-Gordon equation
to a linear ordinary differential equation. In particular, concerning V (t, x, y) = V(et?+y?) and V (¢, x, y) = V(—azx+y), we
found the closed forms of the group invariant solutions. In the analysis of V (¢, x, y) = 0, the Klein—-Gordon equation becomes
the wave equation which has a Lie symmetry algebra that is identically the conformal algebra X!~1°, and for a constant
potential, i.e. V(t, x, y) = Vo, the Lie symmetry algebra contains X'~>>~7 plus the linear and infinite symmetry in both cases.
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The results of this analysis can be used in various ways, such as to construct conservation laws for the equation of motions
of a particle in the classical or the semi-classical approach. Last but not least, the results of this analysis hold for all the
Yamabe equations (conformal Laplace equations) in which the underlying geometry, the metric which defines the Laplace
operator, is conformally flat.
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