
Journal of Geometry and Physics 117 (2017) 50–59

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Group invariant transformations for the Klein–Gordon
equation in three dimensional flat spaces
Sameerah Jamal a,∗, Andronikos Paliathanasis b,c

a School of Mathematics and Centre for Differential Equations, Continuum Mechanics and Applications, University of the
Witwatersrand, Johannesburg, South Africa
b Instituto de Ciencias Físicas y Matemáticas, Universidad Austral de Chile, Valdivia, Chile
c Institute of Systems Science, Durban University of Technology, PO Box 1334, Durban 4000, South Africa

a r t i c l e i n f o

Article history:
Received 13 November 2016
Received in revised form 21 January 2017
Accepted 4 March 2017
Available online 10 March 2017

MSC:
22E60
76M60
35Q75
34C20

Keywords:
Lie symmetry
Potential functions
Klein–Gordon equation
Invariant solutions

a b s t r a c t

We perform the complete symmetry classification of the Klein–Gordon equation in max-
imal symmetric spacetimes. The central idea is to find all possible potential functions
V (t, x, y) that admit Lie and Noether symmetries. This is done by using the relation be-
tween the symmetry vectors of the differential equations and the elements of the confor-
mal algebra of the underlying geometry. For some of the potentials, we use the admitted
Lie algebras to determine corresponding invariant solutions to the Klein–Gordon equation.
An integral part of this analysis is the problem of the classification of Lie and Noether point
symmetries of the wave equation.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The group classification problem was initiated by Ovsiannikov [1] who analyzed the nonlinear heat equation. Since
then numerous studies have been devoted to group classifications of fundamental equations that model mathematical,
relativistic, biological and physical phenomena [2–8]. In addition, there is now a rich body of literature surrounding Lie
symmetry theory, its scheme and vast applications to differential equations [9–13]. In particular, wave and Klein–Gordon
equations are of particular interest as they are two important equations in all areas of physics. A knowledge of the Lie
symmetry structures of the Klein–Gordon equation in a Riemannian space enables the determination of solutions of this
equation which is invariant under a given Lie symmetry.

Indeed, recent investigations [14–20] have revolved around wave, Klein–Gordon, Poisson and Schrödinger equations—
showing that the Lie symmetry vectors are obtained directly from the collineations of ametric which defines the underlying
geometry in which the evolution occurs. In [21] it was proved that for a linear (in derivatives) second-order partial
differential equation (PDE), the Lie point symmetries are related to the conformal algebra of the geometry defined by the
PDE. In [22], a geometric approach related the Lie symmetries of the Klein–Gordon equation to the conformal algebra of
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classes of the Bianchi I spacetime and a study of potential functions was performed.Whilst recently the connection between
collineations and symmetries was established for a system of quasilinear PDEs [23]. A similar result has been proved for the
Poisson equation [24].

In this paper, we use geometric results that transfer the problem of the Lie and Noether symmetry classification of the
Klein–Gordon equation to the problem of determining the conformal Killing vectors that admit appropriate potential func-
tions. Inspired from the symmetry classification of the two- and three-dimensional Newtonian systems inwhich a geometric
approachwas applied [25,26], in thiswork in order to perform the classification, the conformal Killing vectors of the space are
used to solve a constraint condition. The general results are applied to two practical problems viz., the classification of all po-
tential functions in a three dimensional Euclidean andMinkowski space, forwhich theKlein–Gordon equation admits Lie and
Noether point symmetries and secondly, the Lie point symmetries are used to determine invariant solutions of the equation.

The paper is organized as follows. Section 2 provides the geometrical preliminaries and the theoretical background about
symmetry analysis. In Section 3, we state the main theorem containing the constraint condition. Section 4 provides a short
review about the spacetime and its properties and we perform the symmetry classification for the Klein–Gordon equation
and the corresponding potentials. Section 5 illustrates some invariant solutions for the Klein–Gordon equation using par-
ticular potential functions. Finally in Section 6 we draw our conclusions.

2. Preliminaries

In this section we review the definitions and properties of spacetime collineations and of the point symmetries of
differential equations.

2.1. Lie and noether point symmetries

Consider a system with q unknown functions ua which depends on p independent variables xi, i.e. we denote u =

(u1, . . . , uq) and x = (x1, . . . , xp), respectively. Let

Gα

x, u(k)


= 0, α = 1, . . . , q, (1)

be a system of m nonlinear differential equations, where u(k) represents the kth derivative of u with respect to x. A
one-parameter Lie group of transformations (ε is the group parameter) that is invariant under (1) is given by

x̄ = Ξ(x, u; ε) ū = Φ(x, u; ε). (2)
Invariance of (1) under the transformation (2) implies that any solution u = Θ(x) of (1) maps into another solution
v = Ψ (x; ε) of (1). Expanding (2) around the identity ε = 0, we can generate the following infinitesimal transformations:

x̄i = xi + εξ i(x, u)+ O(ε2), i = 1, . . . , p,
ūα = uα + εηα(x, u)+ O(ε2).

(3)

The action of the Lie group can be recovered from that of its infinitesimal generators acting on the space of independent and
dependent variables. Hence, we consider the following vector field

X = ξ i∂xi + ηα∂uα . (4)
The action of X is extended to all derivatives appearing in the equation in question through the appropriate prolongation.
The infinitesimal criterion for invariance is given by

X [LHS Eq.(1)] |Eq.(1) = 0. (5)
Eq. (5) yields an overdetermined system of linear homogeneous equation which can be solved algorithmically, more details
can be found in [9] among other texts.

The generalized total differentiation operator Di with respect to xi is given by

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · (6)

and Wα is the characteristic function given by

Wα
= ηα − ξ juαj . (7)

The Euler–Lagrange equations, if they exist, are the system δL/δuα = 0, where δ/δuα is the Euler–Lagrange operator given
by

δ

δuα
=

∂

∂uα
+


s≥1

(−1)sDi1 · · ·Dis
∂

∂uαi1···is
. (8)

L is referred to as a Lagrangian. If we include point dependent gauge terms f1, . . . , fn, the Noether symmetries X are given
by

X(L)+ LDi(ξ
i) = Di(fi). (9)
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2.2. Conservation laws

Corresponding to each X , there exists a conserved vector (T 1, . . . , T n) that may then be determined by Noether’s
theorem [27]

T i
= f i − N i(L) (10)

where

Di T i
= 0 (11)

along the solutions of the differential equation. Here N i is the Noether operator associated with the symmetry operator X
given by

Ni
= ξ i + Wα δ

δuα
+


s≥1

Di1 . . .DisW
α δ

δuαii1...is
, (12)

where δ/δuα is the Euler–Lagrange operator given by (8).

2.3. Invariant solutions

The operator in Eq. (4) can be used to define the Lagrange system

dxi

ξ i
=

du
η

= · · ·

whose solution provides the invariant functions

W [r](xi, u). (13)

These invariants can be used in order to reduce the order of the PDE. Further details of the relevant equations and formulae
can be found in, inter alia, [28].

2.4. Collineations of Riemannian spaces

A one-parameter group of conformal motions, or Conformal Killing vectors (CKVs), generated by the vector field X is
defined by [29]

LXgab = 2ψgab, (14)

where LX is the Lie derivative operator along the vector field X and ψ = ψ(xa) is a conformal factor. If ψ;ab ≠ 0, the CKV
is said to be proper. The possible cases of ψ provide special cases which form subalgebras on the conformal algebra of the
space:

ψ;ab = 0 ⇐⇒ X is a special CKV (sCKV),
ψ,a = 0 ⇐⇒ X is a homothetic vector (HV),
ψ = 0 ⇐⇒ X is a Killing vector (KV).

(15)

3. Klein–Gordon equations

The linear second order in derivatives Klein–Gordon equation is expressed as

�u + V (xi)u =
1

√
| − g|

∂

∂xi


| − g|g ik ∂u

∂xk


+ V (xi)u = 0, (16)

where� is the d’Alembertian operator. In a recent paper by Paliathanasis and Tsamparlis [17], it was shown that the Lie point
symmetries of the Klein–Gordon equation in a general Riemannian space are elements of the conformal algebra of the space,
modulo a constraint relation involving the Lie symmetry vector and the potential entering the Klein–Gordon equation. More
specifically the following theorem was proved.

Theorem 1. The Lie point symmetries of the Klein–Gordon equation (16) in a Riemannian space of dimension n are generated
from the elements of the conformal algebra of the metric, as follows:
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1. For n > 2 the Lie symmetry vector is

X = ξ i(xk)∂i +

2 − n
n

ψ(xk)u + a0u + b(xk)

∂u

where ξ k is a CKV with conformal factor ψ(xk), b(xk) is a solution of (16) and the following condition involving the potential

ξ kV,k + 2ψV −
2 − n
2

△ψ = 0. (17)

2. For n = 2 the Lie symmetry vector is

X = ξ i(xk)∂i +

a0u + b(xk)


∂u

where ξ k is a CKV with conformal factor ψ(xk), b(xk) is a solution of (16) and the following condition involving the potential

ξ kV,k + 2ψV = 0. (18)

Constraint condition (17) acts as a double selection rule—selecting for each CKV a corresponding potential or, if this is not
possible, abandoning the CKV for being a Lie point symmetry of the Klein–Gordon equation [22]. We remark that the case
V (xi) = 0 reduces the Klein–Gordon equation to that of the wave equation. Further, it is well known that a Lie algebra
contains the Noether algebra, where the Noether algebra will exclude a symmetry involving the dependent variable, viz.
u∂u.

4. The Klein–Gordon equation in three dimensional maximal symmetric spacetimes

A Riemannian spacewhich admits a Killing algebra of dimension 1
2n(n+1) is called amaximally symmetricmetric space,

for example, the Euclidean space E3 and the Minkowski spacetimeM3, defined by

ds2 = ϵdt2 + dx2 + dy2, ϵ = ±1. (19)

The conformal algebra of this space is 10-dimensional and consists of the following vectors.
3-gradient KVs:

X1
= ∂t X2

= ∂x X3
= ∂y,

1-gradient HV:

X4
= x∂x + y∂y + t∂t ,

3-rotations:

X5
= y ∂x − x ∂y, X6

= −ϵt ∂x + x ∂t , X7
= −ϵt ∂y + y ∂t ,

3-special CKVs with their respective conformal factors:

X8
= 2xy ∂x − (t2ϵ + x2 − y2) ∂y + 2yt ∂t , ψ1

= 2y
X9

= −( t2ϵ − x2 + y2) ∂x + 2xy ∂y + 2xt ∂t , ψ2
= 2x

X10
= 2xt ∂x + 2yt ∂y +

t2ϵ − x2 − y2

ϵ
∂t , ψ3

= 2t.

In Table 1, we list real subalgebras of the conformal algebra, where the algebra Fr,k denotes the kth algebra of dimension r
and excludes linear combinations (see Table 2 for the Lie Brackets).

The Klein–Gordon equation follows from the Lagrangian

L(xi, u, u,i) =
1
2
V (t, x, y)u2

−
1
2
u2
,x −

1
2
u2
,y −

1
2ϵ

u2
,t , (20)

and is explicitly expressed as

1
ϵ
u,tt + u,xx + u,yy + V (x, y, t)u = 0. (21)

In this study,we apply elements of the conformal algebra in the solution of Eq. (17) to determine the formof the potentials
V (t, x, y). That is, we consider three cases below, namely we apply (a) the vectors X1−10, (b) selected linear combinations of
the vectors X1−10 and (c) real subalgebras of the conformal algebra. For each CKV of the conformal algebra of the maximal
symmetric spacetimes, we must solve constraint condition (17) where n = 3 and find the potentials V (x, y, t) for which it
is satisfied. Before we proceed with the symmetry analysis, wemention that the Klein–Gordon equation is a linear equation
which implies that it will always admit the linear symmetry X11

= u∂u and the infinite dimensional abelian subalgebra of
solutions X∞

= F(x, y, t)∂u, where F(x, y, t) is a solution of Eq. (21). Due to the many results and for ease of reference, the
results are presented in the form of tables.
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Table 1
Real subalgebras of the conformal algebra.

Name Generators Name Generators Name Generators

F2,1 X8, X10 F2,2 X8, X9 F2,3 X8, X4

F2,4 X8, X6 F2,5 X10, X9 F2,6 X10, X4

F2,7 X10, X5 F2,8 X9, X4 F2,9 X9, X7

F2,10 X4, X2 F2,11 X4, X1 F2,12 X4, X5

F2,13 X4, X7 F2,14 X4, X3 F2,15 X4, X6

F2,16 X2, X1 F2,17 X2, X7 F2,18 X2, X3

F2,19 X1, X5 F2,20 X1, X3 F2,21 X3, X6

F3,1 X8, X10, X9 F3,2 X8, X10, X4 F3,3 X8, X10, X7

F3,4 X8, X9, X4 F3,5 X8, X9, X5 F3,6 X8, X4, X3

F3,7 X8, X4, X6 F3,8 X10, X9, X4 F3,9 X10, X9, X6

F3,10 X10, X4, X1 F3,11 X10, X4, X5 F3,12 X9, X4, X2

F3,13 X9, X4, X7 F3,14 X4, X2, X1 F3,15 X4, X2, X7

F3,16 X4, X2, X3 F3,17 X4, X1, X5 F3,18 X4, X1, X3

F3,19 X4, X3, X6 F3,20 X2, X1, X3 F3,21 X2, X1, X6

F3,22 X2, X5, X3 F3,23 X1, X7, X3 F3,24 X5, X7, X6

F4,1 X8, X10, X9, X4 F4,2 X8, X10, X9, X5 F4,3 X8, X10, X9, X7

F4,4 X8, X10, X9, X6 F4,5 X8, X10, X4, X7 F4,6 X8, X9, X4, X5

F4,7 X8, X4, X3, X6 F4,8 X10, X9, X4, X6 F4,9 X10, X4, X1, X5

F4,10 X9, X4, X2, X7 F4,11 X4, X2, X1, X3 F4,12 X4, X2, X1, X6

F4,13 X4, X2, X5, X3 F4,14 X4, X1, X7, X3 F4,15 X4, X5, X7, X6

F4,16 X2, X1, X5, X3 F4,17 X2, X1, X7, X3 F4,18 X2, X1, X3, X6

F5,1 X8, X10, X9, X4, X5 F5,2 X8, X10, X9, X4, X7

F5,3 X8, X10, X9, X4, X6 F5,4 X4, X2, X1, X5, X3

F5,5 X4, X2, X1, X7, X3 F5,6 X4, X2, X1, X3, X6

F6,1 X8, X10, X9, X5, X7, X6 F6,2 X8, X10, X4, X1, X7, X9
F6,3 X8, X9, X4, X2, X5, X9 F6,4 X10, X9, X4, X2, X1, X6

F6,5 X2, X1, X5, X7, X3, X6 F7,1 X4, X5, X6, X7, X8, X9, X10

F7,2 X1, X2, X3, X4, X5, X6, X7

Table 2
Lie brackets


X i, X j


of the conformal algebra.

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

X1 0 0 0 X1 0 ϵX2 ϵX3
−2X7

−2X6 2X4

X2 0 0 0 X2 X3
−X1 0 −2X5 2X4 2X6

ϵ

X3 0 0 0 X3
−X2 0 −X1 2X4 2X5 2X7

ϵ

X4
−X1

−X2
−X3 0 0 0 0 X8 X9 X10

X5 0 −X3 X2 0 0 −X7 X6 X9
−X8 0

X6
−ϵX2 X1 0 0 X7 0 −ϵX5 0 ϵX10

−X9

X7
−ϵX3 0 X1 0 −X6 ϵX5 0 ϵX10 0 −X8

X8 2X7 2X5
−2X4

−X8
−X9 0 −ϵX10 0 0 0

X9 2X6
−2X4

−2X5
−X9 X8

−ϵX10 0 0 0 0

X10
−2X4

−
2X6

ϵ
−

2X7

ϵ
−X10 0 X9 X8 0 0 0

4.1. Case I—The vectors X1−10

Taking each of the vectors of the conformal algebra X1−10, we solved Eq. (17) and found the potentials V (t, x, y) of Table 3.
The columns of Table 3 contain the potential functions, corresponding Lie point symmetries, Lie invariant functions, Noether
point symmetries and lastly, the associated conservation laws T1−10 appear in Table 4. Hence, (T t , T x, T y) is the conserved
vector that satisfies

DtT t
+ DxT x

+ DyT y
= 0

on Eq. (21).
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Table 3
Point symmetries and potentials of the Klein–Gordon equation (21) from Case I.

Potential Lie symm. Invariants Noether symm. Con. law

V (t, x, y) X11 x, y, t No –
V (x, y) X1 x, y, u Yes T1
V (t, y) X2 y, t, u Yes T2
V (t, x) X3 x, t, u Yes T3
1
t2
V
 x
t ,

y
t


X4 u, y

x ,
t
x Yes T4

V

t, x2 + y2


X5 t, u, x2 + y2 Yes T5

V

ϵt2 + x2, y


X6 y, u, (t

2ϵ+x2)
ϵ

Yes T6
V

x, ϵt2 + y2


X7 x, u, (t

2ϵ+y2)
ϵ

Yes T7
1
t2
V


x
t ,

ϵt2+x2+y2

t


X8

+
1
2ψ

1u∂u t
x , u

√
x, (t

2ϵ+x2+y2)
x Yes T8

1
t2
V


y
t ,

ϵt2+x2+y2

t


X9

+
1
2ψ

2u∂u t
y , u

√
y, (t

2ϵ+x2+y2)
y Yes T9

1
x2
V


y
x ,

ϵt2+x2+y2

ϵx


X10

+
1
2ψ

3u∂u
y
x , u

√
x, (t

2ϵ+x2+y2)
xϵ Yes T10

Table 4
Conservation Laws corresponding to X1−10 .

Tj T t
j , T

x
j , T

y
j

T1 T t
=

1
2ϵ


ϵu2V (x, y)+ ϵu


uyy + uxx


+ ut

2

, T x

=
1
2 (uxut − uutx) , T y

=
1
2


uyut − uuty


T2 T t

=
1
2ϵ (uxut − uutx) , T x

=
1
2ϵ


ϵu2V (t, y)+ ϵux

2
+ u


ϵuyy + utt


, T y

=
1
2


uyux − uuxy


T3 T t

=
1
2ϵ


uyut − uuty


, T x

=
1
2


uyux − uuxy


, T y

=
1
2ϵ


ϵu2V (t, x)+ ϵuy

2
+ u (ϵuxx + utt )


T4 T t

=
1

2tϵ


ϵu2V

 x
t ,

y
t


+ tut


yuy + xux + tut


+ tu


tϵuyy + tϵuxx − ut − yuty − xutx


,

T x
=

1
2t2ϵ


xϵu2V

 x
t ,

y
t


+ t2ϵux


yuy + xux + tut


− t2u


−xϵuyy + ϵux + yϵuxy + tϵutx − xutt


,

T y
=

1
2t2ϵ


yϵu2V

 x
t ,

y
t


+ t2ϵuy


yuy + xux + tut


− t2u


ϵuy + xϵuxy − yϵuxx + tϵuty − yutt


T5 T t

=
1
2ϵ


−xuyut + yuxut + u


xuty − yutx


,

T x
=

1
2ϵ


yϵu2V


t, x2 + y2


+ ϵux


−xuy + yux


+ u


ϵuy + yϵuyy + xϵuxy + yutt


,

T y
= −

1
2ϵ


xϵu2V


t, x2 + y2


+ ϵuy


xuy − yux


+ u


ϵux + yϵuxy + xϵuxx + xutt


T6 T t

=
1
2ϵ


xϵu2V


x2 + t2ϵ, y


+ ut (−tϵux + xut )+ ϵu


xuyy + ux + xuxx + tutx


,

T x
=

1
2


−tϵu2V


x2 + t2ϵ, y


+ ux (−tϵux + xut )− u


tϵuyy + ut + xutx + tutt


,

T y
=

1
2


uy (−tϵux + xut )+ u


tϵuxy − xuty


T7 T t

=
1
2ϵ


yϵu2V


x, y2 + t2ϵ


+ ut


−tϵuy + yut


+ ϵu


uy + yuyy + yuxx + tuty


,

T x
=

1
2


−tϵuyux + yuxut + u


tϵuxy − yutx


,

T y
=

1
2


−tϵu2V


x, y2 + t2ϵ


+ uy


−tϵuy + yut


− u


tϵuxx + ut + yuty + tutt


T8 T t

=
1

2tϵ (2yϵu
2V ( xt ,

x2+y2+t2ϵ
t )+ tut (−(x2 − y2 + t2ϵ)uy + 2y(xux + tut ))+ tu(2tϵuy + 2tyϵuyy + 2tyϵuxx −

2yut + x2uty − y2uty + t2ϵuty − 2xyutx)),

T x
=

1
2t2ϵ

(2xyϵu2V ( xt ,
x2+y2+t2ϵ

t )+ t2ϵux(−(x2 − y2 + t2ϵ)uy + 2y(xux + tut ))+ t2u(2xϵuy + 2xyϵuyy − 2yϵux +

x2ϵuxy − y2ϵuxy + t2ϵ2uxy − 2tyϵutx + 2xyutt )),

T y
= −

1
2t2ϵ

(ϵu2(t2 + (x2 − y2 + t2ϵ)V ( xt ,
x2+y2+t2ϵ

t ))+ t2ϵuy((x2 − y2 + t2ϵ)uy − 2y(xux + tut ))+ t2u(2yϵuy +

2xϵux + 2xyϵuxy + x2ϵuxx − y2ϵuxx + t2ϵ2uxx + 2tϵut + 2tyϵuty + x2utt − y2utt + t2ϵutt ))

T9 T t
=

1
2tϵ (2xϵu

2V ( yt ,
x2+y2+t2ϵ

t )+ tut (2xyuy + (x2 − y2 − t2ϵ)ux + 2txut )+ tu(2txϵuyy + 2tϵux + 2txϵuxx −

2xut − 2xyuty − x2utx + y2utx + t2ϵutx)),

T x
= −

1
2t2ϵ

(ϵu2(t2 + (−x2 + y2 + t2ϵ)V ( yt ,
x2+y2+t2ϵ

t ))− t2ϵux(2xyuy + (x2 − y2 − t2ϵ)ux + 2txut )+

t2u(2yϵuy + ϵ(−x2 + y2 + t2ϵ)uyy + 2xϵux + 2xyϵuxy + 2tϵut + 2txϵutx − x2utt + y2utt + t2ϵutt )),

T y
=

1
2t2ϵ

(2xyϵu2V ( yt ,
x2+y2+t2ϵ

t )+ t2ϵuy(2xyuy + (x2 − y2 − t2ϵ)ux + 2txut )+ t2u(−2xϵuy + 2yϵux − x2ϵuxy +

y2ϵuxy + t2ϵ2uxy + 2xyϵuxx − 2txϵuty + 2xyutt ))

T10 T t
= −

1
2x2ϵ2

(ϵu2(x2 + (x2 + y2 − t2ϵ)V ( yx ,
x2+y2+t2ϵ

xϵ ))+ x2ut (−2tyϵuy − 2txϵux + (x2 + y2 − t2ϵ)ut )+

x2ϵu(2yuy + (x2 + y2 − t2ϵ)uyy + 2xux + x2uxx + y2uxx − t2ϵuxx + 2tut + 2tyuty + 2txutx)),

T x
=

1
2xϵ (2tϵu

2V ( yx ,
x2+y2+t2ϵ

xϵ )+ xux(2tyϵuy + 2txϵux − (x2 + y2 − t2ϵ)ut )+ xu(2txϵuyy − 2tϵux − 2tyϵuxy +

2xut + x2utx + y2utx − t2ϵutx + 2txutt )),

T y
=

1
2x2ϵ

(2tyϵu2V ( yx ,
x2+y2+t2ϵ

xϵ )+ x2uy(2tyϵuy + 2txϵux − (x2 + y2 − t2ϵ)ut )+ x2u(−2tϵuy − 2txϵuxy +

2tyϵuxx + 2yut + x2uty + y2uty − t2ϵuty + 2tyutt ))
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Table 5
Point symmetries and potentials of the Klein–Gordon equation (21) from case II.

Potential Lie symmetry Noether symmetry

V

x −

b
a t, y


aX1

+ bX2 Yes

V

t, y −

b
a x


aX2
+ bX3 Yes

V

x, y −

b
a t


aX1
+ bX3 Yes

1
(bt+a)2

V
 x
bt+a ,

y
bt+a


aX1

+ bX4 Yes
1
t2
V
 bx+a

bt ,
y
t


aX2

+ bX4 Yes
1
t2
V
 x
t ,

by+a
bt


aX3

+ bX4 Yes

V

x2 + y2,

tb−a arctan


x
y


b


aX1

+ bX5 Yes

V

−
ϵbt2+bx2+2ax

2bϵ , y


aX1
+ bX6 Yes

V

x,− ϵbt2+by2+2ay

bϵ


aX1

+ bX7 Yes
1
x2
V


y
x ,

ϵbt2+bx2+by2+ϵa
bxϵ


aX1

+ b(X10
+ ψ3) Yes

V

t,− bx2+by2+2ay

2b


aX2

+ bX5 Yes

V

ϵbt2+bx2−2at

b , y


aX2
+ bX6 Yes

V


ϵt2 + y2,

√
ϵbx−a arctan


t
√
ϵ

y


b
√
ϵ


aX2

+ bX7 Yes

1
t2
V


y
t ,

ϵbt2+bx2+by2+a
bt


aX2

+ b(X9
+ ψ2) Yes

V

t,− bx2+by2−2at

b


aX3

+ bX5 Yes

V


ϵt2 + x2,

√
ϵby−a arctan


t
√
ϵ

x


b
√
ϵ


aX3

+ bX6 Yes

V

x, ϵbt

2
+by2−2at

b


aX3

+ bX7 Yes

V

y +

a
b t,

ϵt2b2−2at(by+at)+x2b2+t2a2

b2


aX5

+ bX6 Yes

V

y −

b
a x,

ϵt2a2+2bx(ay−bx)+x2a2+x2b2

a2ϵ


aX6

+ bX7 Yes

V

x −

a
b t,

ϵt2b2+2at(bx−at)+y2b2+t2a2

b2


aX5

+ bX7 Yes

4.2. Case II—Linear combinations of X1−10

In this case, for linear combinations, we take pairs of each of the vectors of the conformal algebra X1−10. In turn these
linear combinations are applied to Eq. (17) and the potentials V (t, x, y) of Table 5 are determined. Note that not all pairs
of linear combinations of the vector fields provide us with potential functions. We do not consider all other possible linear
combinations because the resulting Lie and Noether symmetries are too many but they can be computed in the standard
way. In Table 5, a and b are arbitrary non-zero constants.

4.3. Case III—Real subalgebras of X1−10

The real subalgebras contained within the conformal algebra X1−10 which solve condition Eq. (17), are used in order to
determine all the potentials in which the Klein–Gordon equation admits Lie and Noether symmetries. The list of potential
functions appear in Tables 6–7 together with the corresponding point symmetries. It is important to note that we display
the smallest subalgebra that admits potentials in Table 6. Moreover, we have that ar , br , cr ≠ 0 (r = 1, 2, 3, 4, 5) in Table 7
which include subalgebras containing linear combinations. It is necessary to remark for Case III, that when the Klein–Gordon
equation admits a special CKV as its Lie/Noether point symmetry, then the form of the Lie point symmetry is expressed as a
sum of the special CKV and its respective conformal factor, i.e. for instance we would have X8

+
1
2ψ

1u∂u.

5. Invariant solutions

The above tables are useful because they provide the appropriate Lie point symmetries which can be used for the re-
duction of the Klein–Gordon equation and subsequently the determination of corresponding invariant solutions. In this
section, we apply the Lie symmetries in order to reduce Eq. (21). We study the two cases: V (t, x, y) = V (ϵt2 + y2) and
V (t, x, y) = V (−a3x + y).

a.V(t, x, y) = V(ϵt2 + y2). Based on Table 6, the subgroup labeled F2,17 admits this particular potential. Thus, for the
purpose of Lie reduction we may utilize the symmetries

Y1 = X2
+ κ1X11 and Y2 = X7

+ κ2X11,
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Table 6
Case III: The Lie subgroups and its admitted potentials for Eq. (21).

Potential function Lie/Noether algebra

1
t2
V


x2+y2

t2


F2,12

V (x2 + y2); V


1
x2+y2


F2,19

1
x2
V

ϵt2+y2

x2


F2,13

1
ϵt2+x2

V


y√
ϵt2+x2


F2,15

V

ϵt2 + y2


; V


1
ϵt2+y2


F2,17

V

ϵt2 + x2


; V


1
ϵt2+x2


F2,21

1
ϵt2+x2

V

ϵt2+x2+y2√

ϵt2+x2


F2,4

V (x); V


1
x2


F3,23

V (y); V


1
y2


F3,21

V (t); V


1
t2


F3,22

V

ϵt2 + x2 + y2


; V


1
ϵt2+x2+y2


;

V


1
(ϵt2+x2+y2)2

 F3,24

1
t2
V
 x
t


F3,6

1
x2
V
 y
x


F3,10

1
t2
V
 y
t


F3,12

1
x2
V

ϵt2+x2+y2

x


F3,3

1
t2
V

ϵt2+x2+y2

t


F3,5

with Lie Bracket [Y1, Y2] = 0. Reduction with respect to the Lie invariants of the symmetry vector Y1 gives

u(t, x, y) = exp(κ1x)ζ (t, y), (22)

where ζ (t, y) satisfies the equation

ζ,tt + ϵ

ζ,yy +


κ2
1 + V (ϵt2 + y2)


ζ


= 0. (23)

To this equation we apply Y2 and obtain the second-order ordinary differential equation
κ2
2 + 2ϵσ


κ2
1 + V (2σ)


φ + 2ϵσ


2φ,σ + 2σφ,σσ


= 0, (24)

where σ =
1
2


ϵt2 + y2


, φ(σ) and

u(t, x, y) =
1

√
ϵ
exp


κ1x ± κ2 arctan


t

ϵ

y2


φ


1
2


ϵt2 + y2


. (25)

We continue with the determination of the invariant solutions for a second potential function.
b.V(t, x, y) = V(−a3x + y). From Table 7, this potential function is admitted by the subgroup {X1, X2

+ a3X3, 1
ϵ
(X6

+

a3X7), X11, X∞
}. Hence, for reduction we may utilize the symmetries

Z1 = X1
+ κ3X11 and Z2 = X2

+ a3X3
+ κ4X11,

with Lie Bracket [Z1, Z2] = 0. Reduction with respect to the Lie invariants of the symmetry vector Z1 provides the solution

u(t, x, y) = exp(κ3t)β(x, y), (26)

where β(t, y) satisfies the equation

ϵ

β,xx + β,yy


+ ϵV (−a3x + y)β + κ2

3 = 0. (27)

To Eq. (27) we apply Z2 and obtain the second-order ordinary differential equation
κ2
3 + ϵ


κ2
4 + V (α)


ρ + ϵ


−2a3κ4ρ,α +


1 + a23


ρ,αα


= 0, (28)

where α = −a3x + y, ρ(α) and the solution of the Klein–Gordon equation (21) is

u(t, x, y) = exp (κ3t + κ4x) ρ(−a3x + y). (29)
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Table 7
Case III: The Lie algebra is spanned by linear combinations of the CKVs.

Potential function Lie/Noether algebra

V ((ϵa1t − x)a3 + y) {
1
ϵ̂
X1

+ a1X2, X2
+ a3X3

}

1

(ϵ̂a1 t−x)
2 V


y
ϵ̂a1 t−x


{
1
ϵ̂
X1

+ a1X2, X4
}

V

(ϵ̂2 t2+ϵ̂y2)a21−2ϵ̂a1 tx+x2+y2

ϵ̂a21+1


{
1
ϵ̂
X1

+ a1X2, X5
− a1X7

}

V (−ϵa1t + x) {
1
ϵ̂
X1

+ a1X2
+ a5X3, X3

}

V (−ϵa2t − xa3 + y) {
1
ϵ̂
X1

+ a2X3, X2
+ a3X3

}

1
x2
V


−ϵ̂ta2+y
x


{
1
ϵ̂
X1

+ a2X3, X4
}

V

(ϵ̂2t2 + ϵ̂x2)a22 − 2ϵ̂a2ty + x2 + y2


{
1
ϵ̂
X1

+ a2X3, X5
+ a2X6

}

V (−ϵa2t + y) {
1
ϵ̂
X1

+ a4X2
+ a2X3, X2

}

1
t2
V


−a3x+y
t


{X2

+ a3X3, X4
}

V

t(a3a4 − a5)ϵ̂ − a3x + y


{X2

+ a3X3, X1
+ a4X2

+ a5X3
}

V

(ϵ̂t2+y2)b23+2b3xy+x2+t2 ϵ̂

b23


{X2

−
1
b3
X3, 1

ϵ̂
(X6

+ b3X7)}

1

(ϵ̂a4 t−x)
2 V


−ϵ̂a5 t+y
ϵ̂a4 t−x


{
1
ϵ̂
X1

+ a4X2
+ a5X3, X4

}

V

ϵ̂(b21 t

2
−2b1 ty+x2+y2)+x2b21

ϵ̂


{
1
ϵ̂
X1

+
b1
ϵ̂
X3, X5

+
b1
ϵ̂
X6

}

V

ϵ̂(b22 t

2
+2b2 tx+x2+y2)+y2b22

ϵ̂+b22


{
1
ϵ̂
X1

−
b2
ϵ̂
X2, X5

+
b2
ϵ̂
X7

}

1

(ϵ̂t−b2x)
2 V

(ϵ̂t2+y2)b22+2b2 ϵ̂xt−ϵ̂2 t2

b22(−ϵ̂t+b2x)2


{X4, X5

+
b2
ϵ̂
X7

}

1
t2
V


yc2−x
c2 t


{X4, X8

+
c2
2 X9

}

1
(−c5 ϵ̂t+c4x)2

V


ϵ̂t−c4y
c4(−ϵ̂c5 t+c4x)


{X4, X8

+
c4
2 X10

+
c5
2 X9

}

1
(c3 ϵ̂t−x)2

V

ϵt2+x2+y2

c3 ϵ̂t−x


{X8, X10

+ c3X9
}

1
x2
V


−ϵ̂t+c1y
c1x


{X4, 1

ϵ̂
X1

+
1
c1
X3, X8

+
c1
2 X10

}

1
(c3 ϵ̂t2−x)2

V


y
c3 ϵ̂t−x


{X4, 1

ϵ̂
X1

+ c3X2, X10
+

c3
2 X9

}

c
(ϵa1 t−x)a3+y {

1
ϵ̂
X1

+ a1X2, X4, X2
+ a3X3

}

V (−a3x + y) {X1, X2
+ a3X3, 1

ϵ̂
(X6

+ a3X7)}

c
(ϵa2 t+a3x−y)2

{
1
ϵ̂
X1

+ a2X3, X4, X2
+ a3X3

}

V

ϵ̂t+b1y

b1


{X1

−
1
b1
X3, X2, X5

+
b1
ϵ̂
X6

}

V


c
(ϵ̂2 t2+ϵ̂y2)a21−2ϵ̂a1 tx+x2+y2


{X1

+ a1X2, X4, X5
− a1X6

}

V


c
(ϵ̂2 t2+ϵ̂x2)a22−2ϵ̂a2 ty+x2+y2


{X1

+ a2X3, X4, X5
+ a2X6

}

V (ϵ̂2t2(a24 + a25)+ ϵ̂(y2a24 + a25x
2)− 2ϵ̂(a4a5xy + a4tx +

a5ty)+ x2 + y2)
1
2

{
1
ϵ̂
X1

+a4X2
+a5X3, X5

+a5X6
−a4X7

}

6. Conclusion

We have determined the functional form of potential functions for which the resulting Klein–Gordon equation in Eu-
clidean andMinkowski three dimensional space admits Lie and Noether point symmetries. The application of the conformal
Killing algebra produces the classification of Lie and Noether point symmetries and potential functions. It is easily seen
from Tables 3 and 5, that the generators of the Lie and Noether point symmetries are the CKVs and their linear combina-
tions; while the real subalgebras generate interesting forms of the potential function in Table 6. Moreover, a consideration
of subalgebras consisting of linear combinations of the vector fields produces a further list of potential functions in Table 7.

Naturally each of the Noether symmetries listed here can be used to determine a corresponding conservation law
as displayed in Table 4. The usefulness of the tabular results can be seen in the reduction of the (1 + 2)-dimensional
Klein–Gordon equation.We applied the zero-order invariants of the Lie symmetries and reduced the Klein–Gordon equation
to a linear ordinary differential equation. In particular, concerning V (t, x, y) = V (ϵt2+y2) and V (t, x, y) = V (−a3x+y), we
found the closed forms of the group invariant solutions. In the analysis of V (t, x, y) = 0, the Klein–Gordon equation becomes
the wave equation which has a Lie symmetry algebra that is identically the conformal algebra X1−10, and for a constant
potential, i.e. V (t, x, y) = V0, the Lie symmetry algebra contains X1−3,5−7 plus the linear and infinite symmetry in both cases.
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The results of this analysis can be used in variousways, such as to construct conservation laws for the equation ofmotions
of a particle in the classical or the semi-classical approach. Last but not least, the results of this analysis hold for all the
Yamabe equations (conformal Laplace equations) in which the underlying geometry, the metric which defines the Laplace
operator, is conformally flat.

Acknowledgments

S.J. would like to acknowledge the financial support from the National Research Foundation of South Africa with Grant
No. 99279. AP acknowledges the financial support of FONDECYT Grant No. 3160121.

References

[1] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, New York, 1982.
[2] K. Andriopoulos, S. Dimas, P.G.L. Leach, D. Tsoubelis, On the systematic approach to the classification of differential equations by group theoretical

methods, J. Comput. Appl. Math. 230 (1) (2009) 224–232. http://dx.doi.org/10.1016/j.cam.2008.11.002.
[3] G. Cicogna, F. Ceccherini, F. Pedorado, Applications of symmetry methods to the theory of plasma physics, SIGMA Symmetry Integrability Geom.

Methods Appl. 2 (017) (2006) http://dx.doi.org/10.1063/1.1664886.
[4] A. Paliathanasis, f(R)-gravity fromKilling tensors, Classical QuantumGravity 33 (7) (2016) 075012. http://stacks.iop.org/0264-9381/33/i=7/a=075012.
[5] S. Spichak, V. Stognii, Symmetry classification and exact solutions of the one-dimensional Fokker-Planck equation with arbitrary coefficients of drift

and diffusion, J. Phys. A: Math. Gen. 32 (47) (1999) 8341. http://stacks.iop.org/0305-4470/32/i=47/a=312.
[6] N. Ivanova, C. Sophocleous, P.G.L. Leach, Group classification of a class of equations arising in financial mathematics, J. Math. Anal. Appl. 372 (2010)

723. http://dx.doi.org/10.1063/1.1664886.
[7] M. Nucci, G. Sanchini, Symmetries, Lagrangians and conservation laws of an Easter Island population model, Symmetry 7 (3) (2015) 1613–1632.

http://dx.doi.org/10.3390/sym7031613.
[8] S. Jamal, A.H. Kara, R. Narain, G. Shabbir, Symmetry structure of a wave equation on some classes of Bianchi cosmological models, Indian J. Phys. 89

(4) (2015) 411–416. http://dx.doi.org/10.1007/s12648-014-0625-0.
[9] P.J. Olver, Applications of Lie Groups to Differential Equations, Springer, New York, 1993.

[10] G. Baumann, Symmetry Analysis of Differential Equations with Mathematica R⃝ , Springer, New York, 2000.
[11] G.W. Bluman, S. Kumei, Symmetries and Differential Equations, Springer, New York, 1989.
[12] P.E. Hydon, Symmetry Methods for Differential Equations A Beginner’s Guide, Cambridge University Press, Cambridge, 2000.
[13] N.H. Ibragimov (Ed.), CRC Handbook of Lie Group Analysis of Differential Equations, in: Symmetries, Exact Solutions, and Conservation Laws, vol. 1,

CRC Press, Boca Raton, 1994.
[14] S. Jamal, A.H. Kara, R. Narain, Wave equations in Bianchi space–times, J. Appl. Math. 2012 (2012) 765361. http://dx.doi.org/10.1155/2012/765361.
[15] S. Jamal, A.H. Kara, A classification of zero gauge noether symmetries for the wave equation on cylindrically symmetric static manifolds, Rom. J. Phys.

60 (9–10) (2015) 1328–1336.
[16] A.H. Bokhari, A.Y. Al-Dweik, A.H. Kara, M. Karim, F.D. Zaman, Wave equation on spherically symmetric Lorentzian metrics, J. Math. Phys. 52 (2011)

063511. http://dx.doi.org/10.1063/1.3597232.
[17] A. Paliathanasis, M. Tsamparlis, The geometric origin of Lie point symmetries of the Schrödinger and the Klein Gordon equations, Int. J. Geom.Methods

Mod. Phys. 11 (04) (2014) 1450037. http://dx.doi.org/10.1142/S0219887814500376.
[18] S. Jamal, A.H. Kara, A.H. Bokhari, Symmetries, conservation laws, reductions, and exact solutions for the Klein-Gordon equation in de Sitter

space–times, Can. J. Phys. 90 (2012) 667–674. http://dx.doi.org/10.1139/p2012-065.
[19] S. Jamal, G. Shabbir, Noether symmetries of vacuum classes of pp-waves and the wave equation, Int. J. Geom. Methods Mod. Phys. 13 (09) (2016)

1650109. http://dx.doi.org/10.1142/S0219887816501097.
[20] S. Jamal, A.H. Kara, A.H. Bokhari, F.D. Zaman, The symmetries and conservation laws of some Gordon-type equations in Milne space–time, Pramana

80 (5) (2013) 739–755. http://dx.doi.org/10.1007/s12043-013-0518-3.
[21] A. Paliathanasis, M. Tsamparlis, Lie point symmetries of a general class of PDEs: The heat equation, J. Geom. Phys. 62 (12) (2012) 2443–2456.

http://dx.doi.org/10.1016/j.geomphys.2012.09.004.
[22] A. Paliathanasis, M. Tsamparlis, M.T. Mustafa, Symmetry analysis of the Klein Gordon equation in Bianchi I spacetimes, Int. J. Geom. Methods Mod.

Phys. 12 (03) (2015) 1550033. http://dx.doi.org/10.1142/S0219887815500334.
[23] A. Paliathanasis, M. Tsamparlis, Lie and Noether point symmetries of a class of quasilinear systems of second-order differential equations, J. Geom.

Phys. 107 (2016) 45–59. http://dx.doi.org/10.1016/j.geomphys.2016.05.004.
[24] Y. Bozhkov, I.L. Freire, Special conformal groups of a Riemannian manifold and Lie point symmetries of the nonlinear Poisson equation, J. Differential

Equations 249 (4) (2010) 872–913.
[25] M. Tsamparlis, A. Paliathanasis, Two-dimensional dynamical systems which admit Lie and Noether symmetries, J. Phys. A 44 (17) (2011) 175202.

http://stacks.iop.org/1751-8121/44/i=17/a=175202.
[26] M. Tsamparlis, A. Paliathanasis, L. Karpathopoulos, Autonomous three-dimensional Newtonian systems which admit Lie and Noether point

symmetries, J. Phys. A 45 (27) (2012) 275201. http://stacks.iop.org/1751-8121/45/i=27/a=275201.
[27] E. Noether, Invariante variationsprobleme, Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen, Math.-Phys. Kl. 1918 (1918) 235–257.

http://eudml.org/doc/59024.
[28] H. Stephani, Differential Equations Their Solution Using Symmetries, Cambridge University Press, Cambridge, 1989.
[29] G.H. Katzin, J. Levine, W.R. Davis, Curvature collineations: A fundamental symmetry property of the space–times of general relativity defined by the

vanishing Lie derivative of the Riemann curvature tensor, J. Math. Phys. 10 (1969) 617. http://dx.doi.org/10.1063/1.1664886.

http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref1
http://dx.doi.org/10.1016/j.cam.2008.11.002
http://dx.doi.org/10.1063/1.1664886
http://stacks.iop.org/0264-9381/33/i=7/a=075012
http://stacks.iop.org/0305-4470/32/i=47/a=312
http://dx.doi.org/10.1063/1.1664886
http://dx.doi.org/10.3390/sym7031613
http://dx.doi.org/10.1007/s12648-014-0625-0
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref9
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref10
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref11
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref12
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref13
http://dx.doi.org/10.1155/2012/765361
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref15
http://dx.doi.org/10.1063/1.3597232
http://dx.doi.org/10.1142/S0219887814500376
http://dx.doi.org/10.1139/p2012-065
http://dx.doi.org/10.1142/S0219887816501097
http://dx.doi.org/10.1007/s12043-013-0518-3
http://dx.doi.org/10.1016/j.geomphys.2012.09.004
http://dx.doi.org/10.1142/S0219887815500334
http://dx.doi.org/10.1016/j.geomphys.2016.05.004
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref24
http://stacks.iop.org/1751-8121/44/i=17/a=175202
http://stacks.iop.org/1751-8121/45/i=27/a=275201
http://eudml.org/doc/59024
http://refhub.elsevier.com/S0393-0440(17)30078-5/sbref28
http://dx.doi.org/10.1063/1.1664886

	Group invariant transformations for the Klein--Gordon equation in three dimensional flat spaces
	Introduction
	Preliminaries
	Lie and noether point symmetries
	Conservation laws
	Invariant solutions
	Collineations of Riemannian spaces

	Klein--Gordon equations
	The Klein--Gordon equation in three dimensional maximal symmetric spacetimes
	Case I---The vectors  X1- 10 
	Case II---Linear combinations of  X1- 10 
	Case III---Real subalgebras of  X1- 10 

	Invariant solutions
	Conclusion
	Acknowledgments
	References


