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1. Introduction

In an n-dimensional Riemannian manifold (M", g), n > 4, the Bach tensor, introduced by Bach in [1], is defined as

1
Bj = P 3VkVIWikjl + RiWiii. (1.1)

n—2
Hereafter, we use the Einstein summation convention: we sum over the repeat indices. Hence, (1.1) should be read as

1 < 1 <
Bj = T3 Z VieViWii + 3 Z RiuWigji.
kj=1 kj=1

Here

1
Wikt = Rikji — m(Rijgkl + Rugij — Rugii — Riigin)

R (1.2)

_l’_ -
(n—1)n-2)
is the Weyl tensor, Ry is the Riemann curvature tensor, R; is the Ricci curvature tensor, and R is the scalar curvature of the

metric g. It is easy to see that if (M", g) is either locally conformally flat (i.e. Wj; = 0) or Einstein, then (M", g) is Bach-flat:
B;j = 0. See Proposition 2.2 when g is Einstein.

(8ii&ki — &it&ki)
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The case when n = 4 is the most interesting, as it is well known that (see [2]) on any compact 4-manifold (M4, g),
Bach-flat metrics are precisely the critical point of the conformally invariant functional on the space of metrics,

Wg) = / W Rdv,
M

where W denotes the Weyl tensor of g. Moreover, if (M4, g) is either half conformally flat (i.e. self-dual or anti-self-dual) or
locally conformal to an Einstein manifold, then its Bach tensor vanishes.
A geometric flow which was defined using the Bach tensor has been introduced in [3]: the Bach flow is defined as follows:
d

&g,‘j = —B,'j. (13)

In [3], Das and Kar studied the Bach flow on some product manifolds equipped with the product metric.

In this paper, we study the Bach flow more generally. After collecting some properties of the Bach flow in Section 2, we
study in Section 3 the solitons to the Bach flow. In particular, we prove that any compact soliton to the Bach flow must be
Bach-flat. See Theorems 3.1 and 3.2. Finally, in Section 4, we study the Bach flow on a four-dimensional Lie groups, in which
we consider the convergence of the Bach flow.

2. Some properties of Bach flow

In this section, we collect some properties of Bach flow. Along the Bach flow (1.3), we have
ad 1 .
5dvg = Eg'fB,AjdVg =0, (2.1)
since the Bach tensor is trace-free. Therefore, we have the following:

Proposition 2.1. The Bach flow (1.3) preserves the volume of M.

Note that the Bach flow does not preserve the conformal structure in general. Indeed, the Bach flow preserves the
conformal structure only if the initial metric is Bach flat. To see this, note that if § = e?“g, then

By = e By (22)

where Eij and By are the Bach tensors of & and g respectively. Therefore, if § = e*g is the solution of the Bach flow, we have
u _

2e2u§gij —e zuBij (2.3)
by (1.3) and (2.2). Taking trace of both sides in (2.3), we get

au

— =0 24

ot (24)

since the Bach tensor is trace-free by the definition in (1.1). It follows from (2.4) that %g,,- = 0, which implies that E,-j =0

F]
for all t > 0. In particular, the initial metric is Bach flat.
The following proposition is well-known.

Proposition 2.2. If g is Einstein, then g must be Bach flat.

To be self-contained, we give the proof here.
Proof of Proposition 2.2. If g is Einstein, then
Rj = —gj. (2.5)
In particular, the scalar curvature R must be constant since n > 4. It follows from (2.5) that Weyl tensor can be rewritten as

1
Wikit = Rikjt — m(Rijgkl + Rugij — Rugii — Rign)

R
(n—T)(n —2) = 2.6
+ (n—1)n-— 2)(gugkl i) 26)
R
= Rigi — m(gijgkl — Zilgkj)-

It follows from (1.2) and (2.5) that

R
RuyWikji = Egklwikjl =0. (2.7)
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Therefore, it follows from (2.6) and (2.7) that the Bach tensor can be rewritten as

1
Bj = mv,{V,W,-kﬂ + RiaWiji

n—2

1 R
nivkvl (Rikjl - m(gijgkl - gilgkj)> (2.8)

1
= —— Vi VIRy1-
n_3 k VINikjl

It follows from Bianchi identity that
ViRiji = —ViRujt — ViRyi
= — ViR + ViR
= —ViRyj + ViR; (2.9)

R R
= _vi(*gkj) + Vk(*gij) =0
n n
where the second last equality follows from (2.5). Now the result follows from (2.8) and (2.9). O
Therefore, the Bach flow does not preserve the Einstein condition in general. Indeed, the Bach flow preserves the Einstein
condition only if the initial metric is Bach flat. To see this, we note that, by Proposition 2.2, if g is the solution of the Bach

flow (1.3) and is Einstein for all t > 0, then g must be Bach flat for all t > 0.
Next we derive the evolution equation of the Ricci curvature tensor and the scalar curvature along the Bach flow.

Lemma 2.3. Along the Bach flow (1.3), the Ricci curvature tensor of g satisfies the following evolution equation:
a 1
—Rj = = (AgBj — ViViBjx — Vi ViBy) -
ot 2
Proof. Note that (see the proof of Lemma 2.3 in [4])
d d d

it = Vel 1) - vil5: %)
- [—A (35) - V’V'(gkligkl) + Vi V‘(Eg‘k) + Vi V'<Eg‘k>i| -
2 E\or™! BEANGT: N\ o VT
Combining this with (1.3) and using the fact that the Bach tensor is trace-free, we get the result. O

Lemma 2.4. Along the Bach flow (1.3), the scalar curvature of g satisfies the following evolution equation:

a
&R = RijBi]‘ — VjV,‘B,‘j.

Proof. Since R = g‘jRij where (g¥) is the inverse of (g;), the result follows from Lemma 2.3 and

q .
ot =P
by (1.3). O
By Lemma 5.1 in [5], we have
n—4
vaij = 7Ciijjk (2.]0)
(n—2y

where Cjj is the Cotton tensor defined by

1
Gijx = ViRjx — ViR — m(gjkviR — gk VijR).

Especially, in dimension four, the Bach tensor is divergence-free, i.e.
ViBj = 0.

Combining this with Lemmas 2.3 and 2.4, we have
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Corollary 2.5. In dimension four, the scalar curvature of g satisfies the following evolution equations along the Bach flow (1.3):
ER = R;iBj.

ot y=y

To conclude this section, we note that the short time existence was known for the flow

a 1

&gij =B + EAgRgij

in dimension 4 (see [6]). It would be interesting to see if one can prove the short time existence of the Bach flow (1.3) by
following the argument in [6]. See also [7] and [8].

3. Soliton to the Bach flow

In this section, we study the soliton to the Bach flow. Soliton is a self-similar solution to geometric flow. More precisely,
given a Riemannian manifold (M, gg), g(t) is the soliton of the geometric flow

9
5g(t) = F(g(t)) with g(0) = go, (3.1)
if
g(t) = o(t) ¢ (go) (3.2)

is a solution to (3.1), where o is a function depending only on t with ¢(0) = 1 and ¢; is a family of diffeomorphisms of M
such that ¢y = idy. For the Ricci flow

0

5&'] = —2Ry;,

the Ricci soliton takes the form:
Ry = cgij + (Lx8)j-

To derive this, one can take the derivative of (3.2) with respect to t and evaluate it at t = 0. Ricci soliton has been studied
extensively for the last few decades. See [9-12] and references therein for results related to Ricci soliton.
Similar to the Ricci soliton, soliton to the Bach flow is given by

B,'j =cgj + (ﬁxg),-j. (3.3)

Here £ denotes the Lie derivative. If the vector field X is gradient, i.e. X = V,f for some smooth function f on M, then (3.3)
becomes the gradient soliton:

By = cg + ViVif. (34)

We have the following:
Theorem 3.1. Any compact gradient soliton (3.4) to the Bach flow (1.3) must be Bach-flat.

Proof. By the definition (1.1), the Bach tensor is trace-free. Hence, taking trace of both sides of (3.4), we get

0 = cn + Af. (35)
Integrating (3.5) over M, we get cnVol(M, g) = 0, which implies that

c=0. (3.6)

It follows from (3.5) and (3.6) that f is a harmonic function. Since any harmonic function on a compact manifold M must be
constant, we deduce from (3.4) and (3.6) that B = 0, i.e. (M, gj;) is Bach-flat. This proves the assertion. O

More generally, we have the following:

Theorem 3.2. Let (M, g, X) be a 4-dimensional compact soliton (3.3) to the Bach flow (1.3). Then (M, g;) must be Bach-flat and
X is a Killing vector field.

Proof. Our proof is inspired by the proofin [ 13]. Note that if ¢ is a symmetric (0, 2)-tensor field, then

(Leg, @) = 2 div(iz¢) — 2(dive)(§) (3.7)
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for any vector field £ on M. Here iz ¢ is the 1-form given by i:¢(-) = ¢(&, -). Taking divergence in (3.3) and by the fact that
the Bach tensor (1.1) is divergence-free in dimension four, we have

div(Lxg) = —c div(g) = 0. (3.8)
Next, put ¢ = Lxg and & = X in (3.7), we obtain

Ixgll? = 2 div(ix£xg) — 2 div(£xg)(X) = 2 div(ixLxg) (39)

by (3.8). Integrating (3.9) over M, we get

/ lcxgll? = 2/ div(ix£xg) = 0,
M M

which implies that £xg = 0 and hence X is Killing. Furthermore, by (3.3) and the fact that the Bach tensor is trace-free, the
constant ¢ must vanish in (3.3). Hence, (M, g;) is Bach-flat. This proves the assertion. O

Following the proof of Theorem 3.1, we have the following corollary for the noncompact case.

Corollary 3.3. Let (M, gj, f) be a noncompact gradient soliton (3.4) to the Bach flow such that M has nonnegative sectional
curvature and the gradient of f satisfying

/ |Vef |71 < o0,
M
then (M, g;;) must be Bach-flat.

Proof. Taking trace of (3.4), again we get (3.5). If ¢ > 0, then it follows from (3.5) that —f is a subharmonic function; and
if c < 0, then it follows from (3.5) that f is a subharmonic function. In either case, we can conclude that f is a constant
function by Corollary 2’ in [ 14], which says that if M is an n-dimensional complete noncompact Riemannian of nonnegative
sectional curvature, then no nonconstant C2 subharmonic function u has its gradient Vu satisfying f v | Vel "1 < 00. Since
f is constant, we have ¢ = 0. Hence, it follows from (3.4) that B; = 0, i.e. (M, g;;) is Bach-flat. This proves the assertion. O

We also have the following result for the four-dimensional gradient soliton to the Bach flow.

Theorem 3.4. Let (M, g, f) be a four-dimensional gradient soliton (3.4) to the Bach flow such that M has positive or negative
Ricci curvature, then (M, g;;) must be Bach-flat.

Proof. Applying V; to (3.4) and using (2.10), we get
n—4
mcjikRik = ViBj = ViViVif = V;Af + Ry Vif.
Combining this with (3.5), we get
n—4
mcjik&'k = RixVif .

Especially, if n = 4, we have

RiVif =0 (3.10)

In particular, if the Ricci curvature tensor is positive definite or negative definite, then we can conclude from (3.10) that
f is constant. By (3.5), we have ¢ = 0. Hence, it follows from (3.4) that B; = 0, i.e. (M, g;) is Bach-flat. This proves the
assertion. 0O

In the noncompact case, the following result shows the existence of non-trivial gradient solitons to the Bach flow.

Theorem 3.5. Suppose (R?, g°) is the 2-dimensional Euclidean space equipped with the flat metric g° (S%,g!) is the 2-
dimensional sphere equipped with the standard metric g'. The product manifold R? x S? equipped with the product metric g° x g'

is a non-trivial gradient soliton to the Bach flow with ¢ = —% in (3.4), for any function f = f(x, y) in R? of the form
1
flx,y)= E(X2+y2)+C (3.11)

where C is a constant.
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Proof. Suppose that (M, g¥)and (N, g") are two-dimensional Riemannian manifolds. We are going to use the Greek letter
W, v, a to represent the indices of M and the English letter i, j, k to represent the indices of N. Then the Bach tensor of the
product manifold M x N equipped with the product metric g™ x gV splits as follows: (see Egs. (10) and (11) in [3])

1 1 1 1
Bp,v = gvﬂvngM - ggyv [VO(VQRgM - EvkkagN + Z((RgM )2 - (RgN )2):| in M,
(3.12)

1 1, 1 1 , NE
By = 5 ViViRgh — 58] | ViViRgy — 5 Vo VaRg + Z((RgN) — (Rgw) ) inN.

Here Rgm and Rgw are the scalar curvatures of gM and gV respectively. Since the scalar curvatures of g° and g! are given by

Ry0 = 0 and Ry1 = 1 respectively, it follows from (3.12) that

1 0 : 2
B, = Eguv in R%,
; (3.13)
B = _Egi} in 2.
Combining (3.13) with the equation of the gradient soliton of the Bach flow (3.4), we obtain
1 .
Eg;(l),u = Cg/?,v + Vﬂvvf mn RZ:
(3.14)

1 .
—Egi} =cg; + ViVif inS?.

Therefore, ifc = — % and f depends only on R?, then the second equation in (3.14) is satisfied. On the other hand, ifc = — o
then the first equation in (3.14) implies that

1 .

gggv =V, V,f inR?
which implies that f = f(x, y) is a function in R? satisfying

1

fa=fy= éandfxyzo.

Solving these, we conclude that
1

fy) = S0 +y)+C

for some constant C. This proves the assertion. O
In fact, we have the following:

Theorem 3.6. All the nontrivial gradient solitons (3.4) to the Bach flow of the product manifold R? x S? equipped with the product
metric g° x g! must be in the form of (3.11).

Proof. To see this, we can follow the proof of Theorem 3.5 to obtain (3.14). Taking trace of the second equation in (3.14), we
get

1.
Agf = —=2c— gin s2. (3.15)

If c > —1/12, then f is superharmonic by (3.15); and if c < —1/12, then f is subharmonic by (3.15). In either case, since 52
is compact, f must be a constant function on S2. This implies that f is a function depending only on R? and ¢ = —1/12 by
(3.15). Now we can follow the remaining part of the proof of Theorem 3.5 to conclude that f must be in the form of (3.11).
This proved the assertion. O

Suppose (H?, g~') is the 2-dimensional hyperbolic space equipped with the standard metric g~'. Following the proof of
Theorem 3.5, we can also prove the following:

Theorem 3.7. The product manifold R?> x H? equipped with the product metric g° x g~ is a non-trivial gradient soliton to the
Bach flow with ¢ = —% in (3.4), for any function f = f(x, y) in R? of the form

1
fx.y)= E(Xz +y)+C

where C is a constant.
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Proof. Since the scalar curvatures of g° and g~' are given by Ry0 = 0and R;—1 = —1respectively, it follows from (3.12) that
1 0 . 2
B, = Eg’” inRR%,
1T 4 .
Bj = —p% H-.
Combining these with the equation of the gradient soliton of the Bach flow (3.4), we obtain

1 .
—lzggv =cg’, + V., V,f inR?
(3.16)

1 _ _ .
_ﬁgifl =cg; '+ ViVif inH>.

Now we can follow the remaining part of the proof of Theorem 3.5 to get the result. O

In fact, we can classify the gradient solitons to the Bach flow of the product manifold R? x H? equipped with the product
metric g° x g~ 1. To this end, we can follow the proof of Theorem 3.7 to obtain (3.16). It follows from (3.16) that f = f; + f»
where f; and f; are functions depending only on R? and H? respectively. On the other hand, f; and f, satisfy

1 .
—g, =cg, + V,Vufi inR?,

1? (3.17)
_Egﬁ_l = cg,.].‘l + ViVif, inH2.
If we denote the coordinates of R? by (x4, x»), then it follows from the first equation of (3.17) that
2 2 2
aaxffl - 2)2 = % —cand 831];}(2 —=0. (3.18)
It follows from ajlzjac;z = 0 that fi(x1, X2) = hy(x1) + h2(x2). Combining this with the first equation in (3.18), we conclude that

hy and h, are quadratic functions in x; and x; respectively. That is,
1 C\, 5 5
filx1,%2) = <ﬂ - 5)(x1 +x3) + C1x1 + Coxp + C

for some constants Cy, Gy, and C. On the other hand, if we denote the coordinates of H? by (w1, w»), i.e. H? = {(wq, w;) €
R?|w, > 0}, then the metric g~ ! is given by

i
(wy)?

Using the formula, we can compute the Christoffel symbols of g~ 1:

(3.19)

7]_
g ' =

1 2 2 1 1 1 2
Iy=15=5=15%»=0 Iy=rh=Ih)=-—
This implies that

dw? 9w, dw?  wy dwy’
92 a 92 19
o b Oh 10k (3.20)
311)]31,02 3?1}1 311)]31,02 w»y SUJ]
Ph a0 _h 1
dw?  Pow,  dwl  w dwy

92 0 02 1 9
V1V1f2=£ 20 _ f2

ViVof, =

VoVaofy =

Combining (3.19), (3.20), and the second equation of (3.17), we obtain

92 19 1 1
f f +(E+C)f=0,

Bw% wy awz

7h 10

8w18w2 w»y 8w1

92 19 1 1
Th 1%, (5 +¢)

2 T 19 — =0.
Jw; wy dw; 12 w)

2
W

=0, (3.21)
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Since

8w1

VAT S -

—f R
sz w» 8w18w2 wy 8w1

by the second equation of (3.21), the function izz + wizfz depends only on w,. That is,

Jw:
)
for some function h. Differentiate it with respect to w,, we get
2f 1 df 1
ng wy dwz  wj
Combining this with the third equation of (3.21), we obtain

<1+>1 1f h/( )
——=4c)—= ——=fH = .
12 w% w%z w2

From this, we see that f, depends only on w». In particular, we have ‘Z% = 0. Hence, it follows from the first equation of
(3.21) that '
1 f 1 1
————i—(——i—c)— =0.
wy dw; 12 w%

Solving it, we obtain
1
f(wi, wa) = <E + C) log wy.
Combining all these, we have the following:

Theorem 3.8. All the gradient solitons (3.4) to the Bach flow of the product manifold R?> x H? equipped with the product metric
g% x g~V must be in the form

1 ¢\, 5, 1
X1, X2, W1, =(—— =) +x Cix1 + Cox (— c)lo C
flx1, X2, wq, wa) (24 2)(1+ 2)+ Cix1 + Goxp + 12+ g wy +
for (x1, x2) € R? and (w1, w,) € H?, where Cy, Gy, and C are constants.

4. A Lie group in four dimension

In [15], Isenberg-Jackson-Lu considered the Ricci flow on locally homogeneous closed 4-manifolds. In particular, they
studied the Ricci flow on 4-dimensional unimodular Lie groups.

In this section, we consider the Bach flow on a four-dimensional Lie group, which is the class U1[1, 1, 1] appeared in
section A2. of [15].

Let 6; be the frame of 1-forms dual to X;. Assume that the solution to the Bach flow takes the form

g(t) = A(t)(61)° + B(t)(62)" + C(t)(63)* + D(t)(0a)* (4.1)
with the initial condition

8(0) = A1(61)* + 22(62)* + A3(65)* + Aa(0a)’. (4.2)
Then X; = ﬁxh X, = ﬁxz, X; = \%X& X4 = %X;; is an orthonormal frame with respect to the metric g = g(t). Let

W = w1Xq + w2Xs + w3X3 + waXs. Then the Ricci curvature tensor of g is given by (see P.355 in [15]):

. 2(k* +k+1
Rlc(W,W):O-w%—I—O-w%—i-O-wg—%wi.

In particular, we have

- o 20 +k+1
Ric(X:, X)) = 0for 1 < i < 3 and Ric(Xy, Xy) = —(Jr’%). (43)

In four dimension, the Bach tensor can be written as (see P.304 in [ 16] or see P.411in [17]):

4
1 1 1
Bj = Vp ViR — - VpVpRi + 5RRy — RyiRyj + — (3 > (Rs) - Rz) 8ij. (4.4)

r,s=1
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It follows from (4.4) that the Bach tensor is diagonal if the Ricci tensor of the left-invariant metric is diagonal. Moreover, it
follows from (4.3) and (4.4) that

202 4 k+ 1) 2(k* + k+ 1)

, Ty for1 <i<3andBy = — o7 (4.5)
where B; is the Bach tensor with respect to X;. This implies that the Bach flow is equivalent to
dA 202 +k+1PA dB  2(k*+k+1)B
d 3D2 Tdt 3D2 ’
dC  2(k* +k+17C and dD  2(k* 4+ k4 1)
e 3D2 ’ d D '
It follows that
D? = Aq +4(K* + k + 1)%t. (4.6)
Hence, we have
dA 20 +k+1PA 2(k* + k+ 1)°A
dt 3D? T30+ 4K+ k+ 1))
which gives
1
A4k +k+172 \ °®
A=A1<]+$t) (4.7)
4
Similarly, we get
1 1
4K +k+1)2 \7F Ak +k+ 1) \°F
Beiy1+ JAKEDT N ndc =14 MEEREDN (438)
Ay Ay
Next, we compute the curvature decay of g(t). The sectional curvatures of g(t) are given by (see P.356 in [15])
k k+1 k(k+ 1)
K(X1,X2) = —=, K(X1,X3) = , KX, X3) = ———,
D D D
(4.9)
(X0 Xa) = — & KO Xe) = -5 KOt x) = K2
174—D7 274—D7 3,7A4) = D

These curvatures of the solution g(t) decay at the rate 1/+/t. Pick a point p € M. Combining (4.6)-(4.9), we can conclude
that the solution (M, g(t), p) of the Bach flow collapses to a line the pointed Gromov-Hausdorff topology.
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