Journal of Geometry and Physics 97 (2015) 25-33

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Leibniz algebroids, generalized Bismut connections and @CmssMark
Einstein-Hilbert actions

Branislav Jur¢o®, Jan Vysoky “*

2 Mathematical Institute, Faculty of Mathematics and Physics, Charles University, Prague 186 75, Czech Republic

b Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany

¢ Czech Technical University in Prague, Faculty of Nuclear Sciences and Physical Engineering, Prague 115 19, Czech Republic
4 Jacobs University Bremen, 28759 Bremen, Germany

ARTICLE INFO ABSTRACT

ATfiCl_e history: ) Connection, torsion and curvature are introduced for general (local) Leibniz algebroids.
Received 21 April 2015 Generalized Bismut connection on TM @ APT*M is an example leading to a scalar curvature
Received in revised form 9 June 2015 of the form R + H2 for a closed (p + 2)-form H.

Accepted 26 June 2015

Available oniine 3 July 2015 © 2015 Elsevier B.V. All rights reserved.

Keywords:
Generalized geometry
Leibniz algebroid
Bismut connection
Torsion

Curvature

1. Introduction

In this short note, we start to develop a general theory of connections, torsions and curvatures for local Leibniz algebroids.
Interesting Leibniz algebroids are, for instance, those related to exceptional generalized geometries [ 1]. We believe that our
constructions can be applied to a wide class of closed form Leibniz algebroids, classified in [2]. In all these Leibniz algebroids
we have, in addition to the anchor controlling the Leibniz property in the second argument of the Dorfman bracket, also the
so called locality operator controlling the behavior of the bracket under the multiplication of its first argument by a function.
This locality operator can then be used to define the appropriate notions of torsion and curvature.

Though the general theory is simple and transparent, explicit computations are quite tedious even in the simplest ex-
amples. Hence, in this short note we present as an example only results for the simplest Leibniz algebroid on TM @& APT*M
equipped with the higher Dorfman bracket and with the corresponding generalized metric (defined by an ordinary Rieman-
nian metric g and by a (p 4+ 1)-form C). In this example, we generalize the (generalized) Bismut connection from the case
p = 1, whose significance in the context of generalized geometry was first understood and investigated in [3]. Its proper-
ties were highlighted in [4], where its torsion was defined too. The calculations relating such metric connections with skew
torsion to the Courant bracket go back to [5,6].

Of course, what we aim for are general definitions that in our example lead to the scalar curvature of the form R + (dC)?.

There is a vast and important literature on supergravity actions from the point of view of (exceptional) generalized
geometry and/or double field theory. It is far beyond the scope of this short note to comment on all of these, even to cite
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them. Among these, it seems to us that [7,8] are, at least in some aspects, closest to our point of view and include an excellent
overview of the literature.

2. Local Leibniz algebroids

Let us recall the notion of a Leibniz (Loday) algebroid. A Leibniz algebroid is a triple (E, p, o), where E 5 Misa (smooth)
vector bundle, p : E — TM is a vector bundle morphism, called the anchor, and o is an R-bilinear bracket on sections I" (E)
of E, satisfying the Leibniz rule

eo(fe) =f(eoe) + (p(e).f)e (1)
and the Leibniz identity

eo(@oe’)y=(eoce)oe" +eo(eoe) (2)
foralle,e’,e” € I'(E) and f € C®(M).

From the consistency of the Leibniz rule and the Leibniz identity under the replacement ¢’ + fe”, it follows that
peoce) = [p(e), p(e)]. Further, we have a natural “differential” d! defined as an R-linear map d : C*(M) — I'(E*)

(df . e) = p(e).f (3)
foralle € I'(E) and f € C°°(M). Obviously d satisfies the usual Leibniz rule d(fg) = d(f)g + fd(g), for f, g € C>*(M).
Next, one can define a Lie derivative £, corresponding to o. It will define a first order differential operator on the tensor
bundle 7 (E). It is defined in the lowest orders and extended as a differential to all tensors. On functions, it just the derivative
in the direction of p(e)

LEf = p(e).f (4)
foralle e '(E) andf € C*(M) = 1"(700 (E)). On sections of E, it is the Leibniz bracket o itself

LEe =eoe (5)
foralle e I'(E)and e’ € I'(E) = 1“(’1’01 (E)). On sections of I" (E*)
<££(X, e/> = °C£<a» e/> - <O[7 cclefe/) (6)

forallf € C*°(M),e,e € I'(E) and« € I'(E*) = I'(T(E)).

Note that one has to use the Leibniz rule in order to guarantee the proper tensorial behavior on the right-hand side of
the defining equations. For example, the right-hand side of (6) has to be C*°(M)-linear in €', which is guaranteed by Leibniz
rule. On the other hand, Leibniz identity shows that e £§ defines a bracket homomorphism

Loy = oLy — Lok, (7)
foralle, e’ € I'(E).

In general, one has no relation between (fe) oe’ and eo €. As a consequence, e o e’ can depend on the values of the section
e at every point of the manifold M. If this happens, we cannot restrict the bracket to local sections, which is necessary in
order to write it in some local frame components. Hence, in the following we will restrict ourselves only to the so called
local Leibniz algebroids, in particular the bracket o will be a bidifferential operator of degree one.

We say that the Leibniz algebroid (E, p, o) is a local one,? if there exists L € F(Tz2 (E)), such that

(fe) o€’ =f(eoe) — (p(€).fle+L(df, e, €) (8)
where L is viewed as C*°(M)-trilinear map L : I'(E*) x I'(E) x I'(E) — I'(E).

Obviously, L in its first argument is defined uniquely only on the subbundle® Ann(ker p) C E*, the annulator of the kernel
of the anchor, which is locally generated by sections of the form df.* Nevertheless, using the partition of unity we can define
a scalar product on E* and extend L trivially on the orthogonal complement to Ann(ker p). Also, the C°>°(M)-trilinearity of L
is essential for the definition to be a consistent one.

As a direct consequence of the definition of a local Leibniz algebroid, we see that

p(L(df, e, €)) =0 (9)
i.e., L(df, e, €’) takes values in the subbundle ker p. Moreover, we can always choose an L satisfying p(L(8, e, €')) = 0 for all
B € I'(E*), e, e € I'(E), by extending it - as mentioned above - trivially to (Ann(ker p))*.

1 Not to be confused with ordinary de Rham differential on M.
2 ¢f Definition 4.7 and Theorem 4.8 in [9].
3 Assuming that ker p is a subbundle of E.

4 To be more precise, we would have to distinguish between the L defined on Ann(ker p) x I'(E) x I'(E) and its extension to I"(E*) x I'(E) x I'(E),
in which case we would consider the L defined on Ann(ker p) x I"(E) x I'(E) being a part of the definition of a local Leibniz algebroid. The choice of an
extension would then be an extra datum.
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Example 2.1. A Lie algebroid is simply a Leibniz algebroid with skew-symmetric bracket. Obviously we can put L = 0 in
this case.

Example 2.2. A Courant algebroid is a Leibniz algebroid equipped with fiberwise metric (-, -)¢ satisfying

1
(¢,eoe) = Ep(e’)-(e, e)e (10)
for all e, ¢’ € I'(E) and being invariant with respect to the Lie derivative induced by o, that is

pe).(e', ey =(eoe,e")p+ (e, e0e’)s (11)

foralle, e, e” € I'(E). Note that (-, -)¢ defines an isomorphism vy : E — E*. Using this isomorphism, we can define yet
another differential & : C*°(M) — Eas D = ¥ 15 d. The first axiom of a Courant algebroid can then be rewritten as

1

eoe= Ei)(e, e)g. (12)
This can be polarized to

eoe =—e oe+ Die €. (13)
Hence,

(feyoe =f(eoe) — (p(e)fe+ (e, &) Df. (14)
We thus get the condition on L to be

L(df, e, €) = (e, €)p; ' (df). (15)

Therefore, in addition to the generic choice of L satisfying p(L(8, e, €’)) = 0 we also have an another one L(B, e, ¢/) :=
(e, e/)Elle_l(ﬁ), which seems to be more natural in case of a Courant algebroid.

Example 2.3. Consider E = TM & APT*M, with anchor p = pryy,, the projection to the tangent bundle TM, and bracket o

defined as

(x, ap) o (¥, bp) = ([x, y1, Lxby, —i,day,) (16)

for vector fields x, y € X(M) and p-forms a,, b, € £27(M). One can easily show that this is indeed a Leibniz algebroid. It is
neither a Lie nor a Courant algebroid. One finds that

(f(x, @) o (v, bp) = f((X, ap) o (¥, bp)) — V)%, @) + (0, df A (X, ap), (v, bp))T) (17)
where (-, -)* is an £2P~1(M)-valued pairing on E, defined as
(%, ap), 7, bp)) T = ixby + iyay. (18)

The dual bundle is E* = T*M & APTM, and the map d is then df = (df, 0). Let p; : E* — T*M be the projection onto the
first factor. We find

L(df5 e, e/) = (07 p](df) A (ev e/>+)' (]9)
There is an obvious example of L satisfying pL(8, e, ') = 0. Namely,
L(B.e.e) = (0,p1(B) A (e, e)™) (20)

foralle, e’ € I'(E) and B € I'(E*). See [10] for more structures associated with higher Dorfman bracket.

We have defined local Leibniz algebroids with the intention to be able write them in local coordinates/bases. Assume
therefore that we have a neighborhood U with some local frame (e, . .., e) for E, and a set of local coordinates (y!, ..., y")
on M. We can define the structure functions of o as

ey 0 = C"ypes. (21)
The structure functions of p are defined by

plea) = pyok (22)
and finally those of L as

L(e”, ey, e5) = [ 4pe;. (23)
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Ife = v”e, and ¢’ = w’ep, we can write the bracket of e and e’ as
k k k
eoe = (v"‘w‘sclaﬂ +v¥pkwt | — w kvt + v"‘,kwﬂpuﬂ”aﬂ)ex. (24)
To simplify the notation, we introduce the partial derivative along E directions, that is

fo = df = pLaf = pfi = (df)a- (25)

The above coordinate expression is then rewritten as

eoe = (vVVwfctyp +viwh o — w* (W o — VP L p0))en (26)

3. Linear connections on local Leibniz algebroids

3.1. Connection

Alocal Leibniz algebroid (E, p, o) is in particular a vector bundle with an anchor, a vector bundle morphism p : E — TM.
Hence, we can define a connection on it just mimicking the definition for the case of a Lie algebroid [11].° Note that our
construction does not use the full Leibniz identity (2), but merely a homomorphism property of anchor p. One can thus
generalize constructions of this paper, including connection, torsion and curvature, to pre-Leibniz algebroids [13].

Let (E, p) be an anchored vector bundle and V a vector bundle. We say that an R-bilinearmap V : I'(E) x I'(V) — (V)
is an E-connection on V, if

1. V(fe,v) = fV(e, v)
2. V(e, fv) =fV(e,v) + (p(e).fHv

foralle € I'(E),v € I'(V) and f € C*(M). We invoke the usual notation V, = V(e, -), and call V, a covariant derivative
along e. If E = V we say that V is a (linear) connection on (E, p). We say that an E-connection V on V is induced by a

TM-connection V' on V if V, = V/’)(e).

Locally, in some frame (eq, ..., ex), one can define Christoffel symbols by equation
Ve85 = I upes. (27)
These are of course not tensors, and for e = v”e, and e’ = wfez, we get
Vee = v* (w4 + I opu?)e;. (28)
We also can denote the covariant derivative using the usual semicolon formalism
wh.y = why + I ypw. (29)
Linear connections (covariant derivatives) can be extended to all tensors using standard formulas. In lowest orders

Vef = p@)f,  (VeB. €)= Vele, B) — (B, Vee') (30)

fore,e’ € I'(E), B € I'(E*) and f € C°°(M). On higher tensors on E, V is extended as usual.
If we have at our disposal a fiber-wise metric g on E, we say that the connection is metric compatible if

p(e)ge(e’, ") = ge(Vee', e”) + ge (€', Vee"). (31)

3.2. Torsion operator

For a local Leibniz algebroid (E, p, o, L), one would like to define a torsion. Obviously, the naive guess
T(e,e) =V.el = Vye—eoe (32)

is unsatisfactory in general, it is not C°°(M)-linear in e. Moreover, it is not antisymmetric in (e, €’). This is a minor drawback
when compared to non-tensoriality. Once the non-tensoriality is fixed, the antisymmetrization, if needed at all, is trivial.

Here is our proposal. Let V be a linear connection on a local Leibniz algebroid (E, p, o, L) and let e, be some (local) frame
of E and e* the dual one. Then there is a well defined (not necessarily antisymmetric) torsion operator T of the form

T(e,€) = Ve — Vee + L(e*, Ve,e,€) —eoe. (33)

5 Fora thorough discussion of connections on Courant algebroids see [12].
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A direct computation reveals that it is C°*°(M)-linear in e and ¢/, and thus defines an element T € 1"(’72l (E)). It is obvious
that T explicitly depends on the choice of the tensor L. One thus always has to specify which one is used. Note that if V is
induced by a TM-connection on E, this is not the case.

Concerning the local expression for T, we define the components of T as

T(eq, ep) = T"upes. (34)
One finds that
Tap = Tap = Tpa + Tl op = Fap. (35)

Note that this definition in particular includes the case of Courant algebroids. For Courant algebroids, there already exists
definitions of torsion operator [4,12]. The torsion introduced in [4] is the following one

1
T'(e, e, €e") = (Vee' — Ve —{e, €'}, ") + 5(<Veve, ) — (Vere', e)g) (36)

where {e, €’} is the antisymmetrized Dorfman bracket (the Courant bracket). A direct check shows the relation T’ (e, €/, €’) =
%((T(e, e),e"\g — (T(€, e), ")), if one chooses L given by

L(B,e €)= (e, ey ' (B). (37)

Hence the torsion operator of [4] is a skew-symmetrized version of our torsion operator, with one index lowered by (-, -)E.
Note that the particular choice (37) of L was important in establishing the relation. In [12], a Courant algebroid torsion is
defined to be a 3-form C given by

/ AN 1 / /! 1 / /! . / /!
Cle, e, e") = 3<{e,e } e — 2<Vee — Vee, e")g +cyclic(e, e, e7). (38)
For V compatible with (-, -) in the sense of (31), one can prove that in fact C = —T'.

Another notion of the generalized torsion, which can be applied to Leibniz algebroids, was introduced in [7,8]. They
defined it as difference of “covariantized” Dorfman derivative and ordinary Dorfman derivative. By Dorfman derivative they
mean the Lie derivative £ with respect to the first section. By “covariantized” derivative they mean Lie derivative with
partial derivatives in coordinate expression replaced by covariant derivatives. We can relate this to our torsion in a local
holonomic frame (if such exists),

eqoeg =0
in which case

(LEY = v w? ) — w (v — VP [ py) (39)
for e = v%e, and ¢’ = w%e,. The covariantized Lie derivative is thus

(LYY = v*why — w (v — 0P I ). (40)

5

Hence, according to the definition of [7,8]

T(e,€) = (£ — £L)e. (41)
Note that .£) ¢’ can be rewritten as

L)€ = Ve — Ve + L(e", Ve, e, €). (42)

Now it is obvious that (41) gives exactly the formula (33). Had we not assumed the holonomicity of the frame, T(e, €’) in
(41) would contain, compared with our definition, an additional v*w?” ckalg term, and would not be a well-defined section
of I'(E) anymore.

Obviously, for induced connections, their torsion (33) does not depend on the choice of L.

3.3. Curvature operator

Here, we would like to define a curvature operator for connections on local Leibniz algebroids. As for the torsion operator,
the first naive guess would be
R(e, )e’ = V,Vye' — VaVee" — Veore” (43)

foralle, e,e” € I'(E). Due to the property of the anchor p(e o ') = [p(e), p(e')], such an R(e, ¢’) is C*°(M)-linear in e”,
i.e. a vector bundle morphism. As easily identified, the problem lies in the C°(M)-linearity in e (the C°(M)-linearity in e’
is more or less obvious from the definitions). Here is our proposal how to fix this.
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Let (E, p, o, L) be a local Leibniz algebroid, such that p oL = 0.Let V : E — D(E) be a linear connection on E. The
formula
R(e, €')e” = V. Vye" — Vo Vee" + Vier vy )€’ — Veorre” (44)

is C*°(M)-linear ine, €/, ¢’ and thus defines an element R € 1"(‘731 (E)). We call R the curvature operator, or when viewed as
a tensor, we call it R the Riemann tensor of the linear connection V. Note that the condition p oL = 0 is essential in order not
to destroy the tensoriality in e”. It is a straightforward check to see that the additional term Vi(e Ve, c.en€” indeed cancels
the nontensoriality in e. It preserves the tensoriality in e’ though. Again, the definition of R depends on the particular choice
of the operator L. However, in the case of induced connections, the correcting term with L drops out completely.

In coordinates, one defines components of R as

R(eav eﬁ)eu = (R)L;Laﬂ)e)» (45)
and one finds the explicit expression for those
Rk;wzﬂ = F)\ﬂu,a - F)Lap.,ﬂ + FAaKFKﬂ;L - F)LﬂKFKOZ[L + FBJaLKUrSﬂF)LK/L - CKozﬂrAKps (46)

Note that R(e, €’) is not necessarily skew-symmetric in (e, e’). Of course, we can always skew-symmetrize it in (e, ')

1 1 :
Ra(e, e/)e// e {VeVe/ — Ve/Ve =+ EVL(e"‘,Veae.e’) —_ EVL(EO‘,Vgae’,e) —_ V{e,e/}} e/ . (47)

Ricci tensor is defined as usual
Ric(e, €') = (€%, R(eq, €)e).

For a metric compatible connection we define the Ricci scalar in a standard way as
R =Ric(g7'e%, ey).

Let us note that for an induced connection, the term containing the operator L does not contribute to R at all and we have
a more traditionally looking expression of the form

R(e, €)e" = (V) Vo) = Vo) Vo) = Vipe.oen)e’-

For more general connections, the curvature as well as the torsion depend explicitly on the choice of an extension of L.
An interesting question® is whether one can always contract the curvature to get a scalar curvature which is independent
of L. We hope to discuss this elsewhere.

4. Generalized Bismut connection
4.1. Connection

In [3] a generalized Bismut connection on the Courant algebroid of Example 2.2 was introduced. Here, we generalize it to
the case of Example 2.3. Hence, we consider the local Leibniz algebroid E = TM & APT*M with its higher Dorfman bracket
and the map L chosen as’

L(B.e,€) = (0, p1(B) A (e, €)"). (48)

Such an L satisfies p o L = 0. We define a generalized metric G and a connection V compatible with this metric. Let g
be a metric on M and g is a skew-symmetrized p-fold tensor product of g, defining a fiberwise metric on APTM. Also, let
C € 2P*1(M) be a (p+1)-form on M. With an abuse of notation, we introduce the corresponding maps g : X (M) — 21(M),
g7 2P(M) — xP(M), C : XP(M) — £2'(M). For instance,

C@) = Gygdy

with the transpose map CT : X (M) — $£2P(M) being an insertion of vector field into (p + 1)-form C: C” (x) = i,C for all
x € X(M). Then G is defined as

e=(6 1) )(e ) *

It maps X(M) & 2P (M) to 2 (M) & XP(M).

6 posed by the referee.
7 Obviously, for the connection, the existence of the Dorfman bracket and locality are not necessary.
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If VL€ is the Levi-Civita connection on M and H := dC, then the generalized Bismut connection V will be defined so that
the covariant derivative V q,) will not depend on the p-form a,, which will be indicated as Vo). Hence, the generalized

Bismut connection will be an induced one. Before giving the definition, we introduce another, a bit simpler, connection v
related to V as

Vo = e Ve S, (50)

where the map e is defined as

e (y. by) = (v, by — i,C) = <—1CT (1)) (g;) . (51)

The expression for the connection V is

1 -

_ \/a ——g 'HX, g '(%), )

Vo) = 1 2 p (52)
—EH(x, *, ) \Y%

where « indicates places where components of the pair (y, by) € X(M) @ £2P(M) acted upon by the covariant derivative are
inserted. Explicitly, when acting on (y, 0) we have

- e 1
Va0, 0) = <Vx ¥, _EH(X’ YV, -))

and when acting on (0, b,) we obtain
v L 51 Lc
v()(,0) (o, bp) = _Eg Hx, g (bp)’ ), Vx bp .

It is a rather straightforward check that the connection Vis compatible with the generalized metric G = diag(g, g7 ).
Hence, as a consequence, the generalized Bismut connection V is compatible with the generalized metric G.

4.2. Torsion operator

Here, we write down the result of a rather lengthy and tedious computation of the torsion operator of the generalized
Bismut connection V. We split the result into the vector field and p-form components T; and T, respectively. However, let
us start with formulas for the respective torsion components T; and T of the simpler connection V. We have

1

ffl(("‘a ap)v (Y; bp)) = Eg_l(H(yv g_l(ap)v ) - H(X, g_l(bp)a )) (53)
for the first one and

~ 3 1 .

(% @), (v, b)) = —=JH(x, ¥, ) = Eek A g 1410, 31 (ap), ) bp (54)

for the second one. Here e, and e are elements of some mutually dual frames of TM and T*M, respectively. To get a better
understanding on how the second form in this formula works, contract it against a p-tuple of vector fields (z;, ..., z,). The
result will be

p

T e . 1 -1 ~—1
1G Azg_lmek,g_l(apmbp)(z],...,z,,):—Zibp(zh...,g H(z, 8 (), ), ..., 2). (55)
i=1

Note, for p > 1, the torsion is not necessarily skew-symmetric in (e, e’).
The relation between the hatted and unhatted torsions is®

T(e. ) = e“(T(e™“e, e~ €)) + (0, H(p(e). p(€), ) (56)
and we get
1 ~ ~
T]((X, ap)7 (ya bp)) = §g71(H(y» gil(ap + iXC)7 ) - H(X7 gil(bp + iyc)v )) (57)

8 For the relation it is important that @ = §efce, since /V\e depends only on the vector field part of e, and the well known property of the Dorfman
bracket e~ (eCe o eCe’) = e o e’ + (0, H(p(e), p(€), ).
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and

1 1 . .
T2 ((x, ap), (v, bp)) = _EH(X’ V) — Eek A lg—lH(ek,g—l(apHXC),,)(bp +ixC)

1,
T Sl HO.E T @O -HEE T By, 0, 0 C (58)

Note that V is induced by a TM-connection on E, and the torsion operator T consequently does not depend on the choice of
the operator L. We finish this subsection with the comment on p = 1 case. The generalized Bismut connection in this case
is same as the one in [3]. Also, our torsion is for p = 1 the same as the one of [4]. Since the connection is an induced one,
both natural choices for L have to give the same torsion. Our choice (48) of L not only works for p > 1, as we have seen, its
property p o L = 0, also is essential for our definition of curvature to work.

4.3. Curvature operator

Here, we give the result of calculation of the Ricci scalars of the connections V and V, they will turn out to be > the same.
We start with the simpler connection V. Again, we split the result into the vector field and the p-form parts R; and R;,
respectively.

~ 1 ~ ~
Ri((x. ). 07,52, ) = R (v )z = 87 (V0. T (). ) = (VR E T (6). )

1 ~ ~
+ Zg‘l(H(x, g 'Hy,z, ), ) —HY,E 'H(x, z,-), ) (59)

and

~ 1 1
Ro((x, @), (v, Bp) 2, ) = R (6, 1)&p = S (VT (v, 2,) + S (V, ) (. 2, ). (60)

For the Ricci tensor, the only component contributing nontrivially to the Ricci scalar is
Ric((x, 0), (z, 0)) = Ric*“(x,2) — %H(z, g Hewx, ). 87" (). (61)
The scalar curvature is defined using the fiberwise metric G. We get
R o= R~ LHE@),F Hiew ), 57@) = R~ 1g"g T Hyg

LC (=DP nmJ
=R +‘4 Hnij . (62)

Again due to the fact that ’V\e depends only on the vector field part of e it is easy to find the following relations between
primed and unprimed curvatures:

R(e, €)e” = e“{R(e Ce, e Ce')eCe’). (63)
Now we can compute the Ricci scalar R using the generalized metric G. From the above relation in follows that
P~ LC (= 1)p nmjJ
R =R =R+ ——HmH (64)
leading to the generalized Einstein-Hilbert action
LC (=1P nmJ

Again note that V is an induced connection, and the curvature operator R thus does not depend on the choice of the map L.
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