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1. Introduction

Pick a primitive Tth root of unity @ € C*, for some non-negative integer T and let I := (a)) C C* denote a copy of
the cyclic group Z/TZ. Let g be a finite-dimensional semisimple Lie algebra and ¢ : g — g an automorphism whose order
divides T.

Associated to these data is a cyclotomic Gaudin algebra [1]. It is a large commutative subalgebra of U(g®V)?", depending
on a choice of non-zero marked points z = {z;, ..., zy} in the complex plane whose I'-orbits are pairwise disjoint. It
is generated by a hierarchy of Hamiltonians, among which are quadratic Hamiltonians #;, ..., #y that have appeared
previously in [2,3] - see also [4] - and, in the context of cyclotomic KZ equations, in [5]. It defines a quantum integrable
model generalizing the quantum Gaudin model [6], to which it reduces in the special case T = 1.

The cyclotomic Gaudin algebra was constructed in [ 1] using the technology of coinvariants/conformal blocks of g-modules
of critical level, following [7]. The relevant coinvariants in this case are I"-equivariant; see [8].

Now, in fact, this approach using coinvariants naturally gives commutative subalgebras not just of U(g®" ) but of the larger
algebra U (@ﬁ;g[[t - Zi]]), where g[[t —z]] = g[[t]] is the half loop algebra. Moreover, in the cyclotomic setting it is natural
to include also 0 and oo as marked points. These are the fixed points of the action of I, and to them one attaches twisted half
loop algebras, respectively g[[t]]" and (t~1g°P[[t~']])" (see Section 2.2). The first main result of the present sequel to [1] is
thus to construct, in Section 2, a large commutative subalgebra

N o7
Zozo(g,0) CU ((Hg”ur‘]]f ® Pollt -zl @ <9W1DF) :
i=1
It is the cyclotomic generalization of the universal Gaudin algebra defined in [9].
Quotients of half loop algebras of the form g[[t]] / t" 'g[[t]] are called (generalized) Takiff algebras. Taking such quotients of
Zo.2.0(8, 0)F one obtains commutative algebras .@j;oi”o’“" (g, o)"." In particular, one recovers the cyclotomic Gaudin algebra

* Corresponding author.
E-mail addresses: vicedo@herts.ac.uk (B. Vicedo), young8@herts.ac.uk (C. Young).

foo M, 1o

1 Actually, we define these 2,7 (g, o)!" first, and then the universal algebra 2., ; o(g, o)’ is their inverse limit.
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of [1] as the special case

2200, 0)" c U0 @ ¢ @ 0).

More generally, following [9] it is natural to call the integrable models defined by representing D%‘;Zfi:g‘"o(g, o) on tensor
products of modules over Takiff algebras, cyclotomic Gaudin models with irregular singularities. Among the simplest

possibilities is to introduce one irregular singularity, as mild as possible, at oo; that is, to consider

2,(1),1 i
2205 (9. 0) C U (Tag) @™ @ ¢7)° .
Here IT_1g C g denotes the o~ '-eigenspace of o. It is to be regarded here as a commutative Lie algebra: it arises
as the quotient I7_1g=c(t~"g[[t~"1])" /(t~2g[[t~']])"". Suppose we now pick a one-dimensional representation of this
commutative Lie algebra i.e. alinear map x : I7_1g — C. Applying this map we obtain a commutative subalgebra

AL DM e, 0, 00" C (Ue)®N ® U(e”)™,

where 9% denotes the centralizer of x under the coadjoint action of g” on (/7_1g)*. In the special case of N = 0 (i.e. only
one marked point, at the origin) this is a cyclotomic generalization of the quantum shift-of-argument subalgebra of [ 10]; see
also [11]. The latter is a quantization of the shift-of-argument subalgebra A, [12], the Poisson commutative subalgebra of
S(g) >~ P(g*) generated by all derivatives of every element of S(g)? in the direction of some fixed x € g*. The quantum
shift-of-argument subalgebra has important connections to g-crystals, certain limits of Uy(g)-modules, and cactus group
actions on these, see e.g. [13]. It would be interesting to investigate these various connections in the cyclotomic setting.
(Note also that quantum KdV theory is closely related to an affine shift-of-argument subalgebra [14].)

In the remainder of the paper we go on to diagonalize the Hamiltonians generating Alo]z)ol (9,0, x)" on tensor products
of Verma modules, by means of a Bethe ansatz. We assume that x, and the highest weights A1, ..., Ay, Ao of these Verma
modules, all belong to the dual of a single Cartan subalgebra, and that this Cartan subalgebra is stable under o. Under these
assumptions one can apply the approach to the Bethe ansatz for Gaudin models from [7,15], which uses coinvariants of a
particular class of g-modules at critical level called Wakimoto modules. See Section 3, Theorem 3.2, for the precise statement
of the result.

Finally, in the special case x = 0 we prove that the Bethe vectors are singular. See Theorem 3.4.

Let us conclude this introduction with some remarks and open questions.

As discussed in [9], the origin of the term irregular singularities comes from the description of the spectrum of Gaudin
algebras in terms of opers. The notion of opers with regular singularities was recently extended to the cyclotomic setting
in [16], and it was conjectured that the spectrum of the cyclotomic Gaudin algebra Qf;(zl‘)éo(g, o) admits a description in
terms of such cyclotomic opers, or I'-equivariant opers. It would be interesting to extend the definition of cyclotomic opers

to include the case of irregular singularities and relate these to the spectrum of f;"jig‘"o(g, o))" defined in the present paper.

The quadratic Hamiltonians of the algebra Alo“z)ol(g o, x)' are the cyclotomic analogues of the Gaudin models con-
sidered in [17], which exhibit a certain bispectrality property. It would be interesting to investigate bispectrality in the
cyclotomic setting, in the spirit of that paper.

Cyclotomic analogues of the KP hierarchy were defined recently in [ 18]. This construction involves a generalization of (the
completion of) Calogero-Moser phase space, which can be seen as a quiver variety whose underlying quiver has a single loop,
to quiver varieties for cyclic quivers. Calogero-Moser space is known to be related to Gaudin algebras (Bethe algebras) [19],

so it is natural to hope for a similar relation in the cyclotomic setting.
2. The cyclotomic Gaudin model
2.1. Rational functions and formal series

We work over C. For any formal variable t, we have the ring of polynomials C[t], the ring of formal power series C[[t]],

and the field of formal Laurent series C((t)). Given a finite collection of points ¥ = {x1, ..., X,} C Clet C x(t) denote the
localization of C[t] by the multiplicative subset generated by t — x1, ..., t — x,. Elements of C x(t) are rational functions
in t with poles at most at the points x4, .. ., X, and at infinity.

For any z € C we have the map t;_, : Coox(t) = C((t — z)) which returns the Laurent expansion ¢;_,f(t) of a rational
function f(t) about t = z. We have also (,-1 : Coox(t) — C((t~")) which returns the Laurent expansion ¢,-1f(t) of f(t) in
powers of t~1. The maps ¢;_, and ¢,—1 are both injective homomorphisms of C-algebras.

Let res; : C((t)) — C be the map which returns the coefficient of t 1. For any f(t) € Cuo x(t) we have

p
—res 1t f(E) + ) resi it f () = 0. (2.1)

i=1

(This is equivalent to the statement that the sum of the residues of a meromorphic one-form f(t)dt on CP! vanishes.)
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2.2. Opposite Lie algebras and left vs. right modules

Given a complex Lie algebra a with Lie product [, -] : a ® a — a we write a°? for the opposite Lie algebra, namely the
vector space a endowed with the Lie product [X, Y]°P := [Y, X]. The Lie algebras a and a°" are isomorphic (by e.g. X — —X)
but it will be useful to regard them as two distinct Lie algebra structures on the same underlying vector space. Modules
over a are naturally identified with left modules over the envelope U(a); modules over a°? are naturally identified with right
modules over the envelope U(a).

2.3. Marked points and the group I"

Let w be a root of unity of order T € Z1. The cyclic group I' := (w) = Z/TZ acts on the Riemann sphere CP! = C U {0}
by multiplication. The fixed points of this action are 0 and co. Pick N € Zs points zy, ..., zy € CP'\ {0, oo} whose I"-orbits
are disjoint: I"z; N I'z; = ¥ whenever i # j. We writez = {z;, ..., zy}.

Let g be a finite-dimensional simple Lie algebra over C and o : g — g an automorphism of g whose order divides T.
Let ( ) denote the Killing form on g normalized such that long roots have square length 2. This is o -invariant since for any
pair of elements X, Y € g we have tr(ad(cX) o ad(cY)) = tr(c 0 adX oadY o o~') = tr(adX o adY) using the fact that
ad(cX) = o oadX o o~ '. Let [Ty, k € Z/TZ, be the projectors

T-1

Iy = T Za)—mkam g—> g (2.2)

m=0

onto the eigenspaces of o' They obey } ; ; , [Tx = id. We write g” for the subalgebra of invariants,

g° = Iyg.
Denote by g;"kz,o, k € 7Z/TZ, the Lie algebra of those g-valued rational functions f(t) of a formal variable Tthat have no

poles outside the set of points {0, co} U I'z and that obey the equivariance condition w*f = w*of, i.e.
flwt) = oo f(1).

Let also (g ® C((t*1)™k == {f(t*1) € g ® C((t*1)) : f(0™!t*1) = o f(t*1)}. For brevity we write g, , = g2;% , and
(8 @ C((tFN)" = (g @ C((t*1))°, etc.
There is an injective homomorphism of Lie algebras

N

8® Coz0(t) — g @C((t ") ® P a®C(t — 2))® g ® C((1))
i=1

defined by
fO) = (=41 f(£); ke f(2), -, te—z f(1); (L))

(note the op and minus sign in our conventions).

Lemma 2.1 (I"-Equivariant Strong Residue Theorem). A tuple of formal series
N
(Fooi fors - fyifo) € (@ @ ()™ & P a® C((t — z)) & (g ® C((0))™*
i=1
belongs to (—t,—1; te—zys - -5 li—zys c[)(g;"‘zvo), i.e. they are the Laurent expansions of some rational function in g;',kzqo, if and only
if
1 N 1
— prese1Cfoo, —t18(O) + Y rese{f t8(0) + Lresilfo, u(g)) = 0 (23)
i=1
forallg(t) e g%
Proof. The proofis as in [1, Lemma A.1], but including the poles at co. Compare (2.1). O
Let’g}i denote the extension of g ® C((t — z;)) by a one-dimensional centre CK,, defined by the cocycle
in(f:Ziv gZ,‘) = restfz,'(fz,-» atfzigzi)Kzi, f:Ziv gZ,‘ € g ® (C((t - Zi))' (24)

Thus, eachg;, i = 1,..., N, is a copy of the (untwisted) affine Lie algebrag.
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Letﬁg denote the extension of (g ® C((t)))"" by a one-dimensional centre CKp, defined by the cocycle

20(fo. g0) = resy{fo. 0:go)Ko.  fo. &0 € (3@ C((1)))". (2.5)
Letﬁgg*r denote the extension of (g°® ® C((t~!)))" by a one-dimensional centre CK,, defined by the cocycle
Roo(foor 8o0) = 1€S1{foc, 0-1800)Koo
= —res-1{foo, 08xc)Koo,  fror 8o0 € (8P @ C((t™1)". (2.6)
Given any X € g, n € Z we introduce the notations
X[nl, =X ®(t —z)" €5y, X[nlo =X ®t" € Go, X[N]oo =X Q" € Poo.

Note in particular our conventions for the nth-modes at co.

The algebras ag and gl are both copies of an algebra g’ which is either a twisted affine Lie algebra (if o is an outer
automorphism) or else isomorphic tog (if o is an inner automorphism).

Let §oo.v.0 denote the extension of (g ® C((t~")))" & 1,9 ® C((t —z)) ® (g ® C((t)))", by a one-dimensional centre
CK, defined by the cocycle

1 ! 1
Q. g) = (-Trest_ltzgoo, 8o + Zrest,zi(fzi, gz) + ?rest(fo, 8[g0>> K, (2.7)
i=1

where f = (fooi foy - - foy: fo) and g = (8ooi &2y - - -+ &2y o) are in (6% @ C((t1))" & D19 ® C((t — 2:)) @ (3 ® C((1)).
In other words, goo n.0 is the quotient of the direct sum g2 @ @f’:fg}i @7, by the ideal spanned by K, — TKo,i=1,..., N,
and K, — Ko, leaving one central generator, say K,, which we call K.

We have an embedding of Lie algebras

N
(—tem13 beays - bz 1) B g0 > (8P @ CUET)) @ P o@C((t —2)) @ (9@ C((1) .
i=1

By Lemma 2.1 the restriction of the cocycle §2 to the image of gopo,2~0 under this embedding vanishes. Therefore the embedding
lifts to an embedding

ggo,z,o > oo.N.0- (2.8)

2.4. Induced oo n.o -modules

Let M, be amodule over g ® C[[t —z]], foreachi =1, ..., N. We then make it into a module over g ® C[[t — z]] ® CK;,
by declaring that K, acts by multiplication by k € C. Then we have the induced left U (’g}i )-module,
M, == U(gz) Quiseciit—zlieck,) Mz;- (2.9)
Let Mg be a module over (g ® C[[t]])". We make it into a module over (g ® C[[t]])" @ CK, by declaring that K; acts by
multiplication by k/T € C. Then we have the induced left U (ﬁg )-module,
k/T
Mg = U@ @u(gecian” ecky Mo- (2.10)

Let M, be amodule over (g°° ® t~'C[[t~']])"". We make it into a module over (g°° ® t ~'C[[t]])! @ CKx by declaring
that K, acts by multiplication by k/T € C. We have the induced left U(ge>” )-module,

MY = U@ " )®u(geperclie 1) oo Moo- (211
Let us write
N
M = Moo ® Q) Mz, ® Mo (2.12)
i=1
and
N
Tino ="t 'Clit )" & @ o Clit -zl & (g @ ClIt]]) & CK. (2.13)

i=1
Then the tensor product
N
k o~
M =M @ QM @My = U@oen0)®ugt M (2.14)
i=1
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is a module over goo n.0 0N Which K acts as k. Pulling back by the embedding (2.8), we have that M becomes a module over
92, 2.0 and we can form the space of coinvariants,

r o r
M/goc,z,o T M/(goo,z,O‘M)'
Proposition 2.2. The Lie algebras’gjof N0 and g;z,o embed as a pair of complementary Lie subalgebras in geo n 0, L.€.

-~ _~+ . T
900,N.0 = Boo,N,0 T B00,2,0

as vector spaces. Therefore there is a canonical isomorphism of vector spaces
M/ gl ;0 Zc M. (2.15)

Proof. Asin Lemma 2.1 and Corollary 2.4 of [1]. O

2.5. Vacuum verma module V§

Now let u € C* be an additional non-zero marked point, whose orbit I"u is disjoint from I"z. Then we have the algebras
ggo_z w0 8oo,N+1,0, €tc. defined as above but with the point u included. To the point u we assign a copy of the vacuum Verma

module V(’g over the local copy g, of the affine Lie algebrag. Recall that by definition V’(‘) is the induced module

V§ = U(@u)®u(g ociit—uliock,) Cvo. (2.16)
Here Cvg denotes the one-dimensional module over g ® C[[t — u]] & CK, on which g ® C[[t — u]] acts trivially and K,, acts
by multiplication by k € C.
AvectorX € Vg is singular if A.X = O for all A € g ® C[t]. The singular vectors form a linear subspace of Vg denoted 3(g).
Proposition 2.3. There is a canonical isomorphism of vector spaces
(M® V)0 su0Zc M®Crg=c M. O
It follows that, given any X € V¥, there is a linear map X(u) : M — M defined by

Mo>MZEMRVE - M VE) /gL, .0 — M (2.17)
where M < M is the natural embedding. The map X(u) depends rationally on u, with poles at most at the points 0, w*z;
(1<i<Nandk € Z/TZ)and ococ.

2.6. Generalized Takiff algebras

Forany n € Z there is anideal g ® t"C[t] C g ® C][t]. Define the Lie algebra 7,g to be the quotient
Tog = (g ® C[t]) / (s ® t"C[t])
ScgPtg--- Bt g

Thus 77g = g. The Lie algebra 7,g is known as a (generalized) Takiff algebra.
The Lie algebras 7,g together with the canonical projections T,g — Tng, n > m, form an inverse system, and g ® C[[t]]
is the inverse limit l(ilﬂ,]g.

Define also the twisted Takiff algebra Trg"
Tag = (@®CltD" /(a®t"Cle])"
Zcg” ®tihg-- & t" My

In particular Tig" = ¢°.
We use the notation X, for the class of the element tPX = X ® t? in Tyg.

Foranyz € C we have the naive isomorphism 7,9 = (g ® C[[t — z]]) / (g ® (t —2)"C[[t — z]]) which sends X, to the
class of X ® (t — z)P. By means of this isomorphism, modules over 7,g pull back to modules over g ® C[[t — z]].

2.7. Universal cyclotomic Gaudin algebra

Given any ng, Nz, ..., gy, Moo € Zx>q We Write . = {n,,, ..., ny ). Let S npny C U(@SMO) denote the two-sided ideal
in U(gZy o) generated by (g°° ® r"wC[[t*]])r, aQ(t —z)%C[[t —z]l,i=1,...,N,and (g ® t"C[[t]])". Define

U(/g\;;N‘,o)noc,n,no =U QOO,N,o)/fnoo,n,n0~ (2.18)

These form an inverse system whose inverse limit is U(gZ; y o)-
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Let us now take the module M in (2.12) to be a copy of U(E;N’O)noo,,,,no, regarded as a left module over itself. For any
X e Vg we have amap X(u) : U(g v olno.nng — U@N,o)noo,n.no as in (2.17). By construction this can be written in terms
of the left action of U(g] v ¢)neo.n.ng» Which commutes with the right action of U@;L,N_o)noo,mno- So X(u) commutes with the
right action of U@.Zw,o)noo.n.no- Hence for all a € U@;:N.o)nwnmo- X(u).a = X(u).(1a) = (X(u).1)a. That is, X(u) acts by
left-multiplication by the element X(u).1 € U goo’N.O)nw,,',no. Since the latter depends on the choice of n.,, n, ng, we will
denote it by X(u)n..,n,n,- When the choice of ny, n, ng is clear from the context we will write X(ut)n.. n,n, Simply as X(u). By
construction, whenever ng > ny, ";,- > ng and n, > ny then

X(u)noo,n,no = X(“)n{)‘n’,n’OQ + Fneo.ning- (2.19)

In other words, the elements X(u)n. n,n, € U (E;jf; ,\,’O)nm,,,,n0 are compatible with the above inverse system and hence define
an element of the inverse limit U(g] y o) By a slight abuse of notation we will also call this element simply X (u) € U@SN’O).
We have the natural inclusion g¢° < g and hence the “diagonal” embedding
N
¢ > g7 @9 ® 9" = TooN,0s
i=1
Xr— (=X;X,...,X; X) —> (=X[0]w; X[0];,, ..., X[0]; X[0]o). (2.20)
Identifying g” with its image under this embedding, this gives an action of g” on U(gsn.0) by left- and right-multiplication.
In particular, we can define the adjoint action of g” on U(gsn.0)- Note that the adjoint action stabilizes U(@:N,o) but the
actions by left- and right-multiplication do not, because the zero-modes at co are not present in U (’g]jj_ N.0)- Let us write

U@L o) =1{xeU@ ) :lax]=0forallac ¢’} (2.:21)

for the invariant subspace of the adjoint action of g° on U(g] y o). Define U(goo N, O)noo nno likewise.

Now suppose X is a singular vector, X € 3(g) C V" Then X is in particular g°-invariant, a.X = 0 for all a € g°. Hence we
have

0=[1®aX]=—[a.1®X] = —[X()a.1® vl = —[X(u)a.1]

where we “swapped using the constant rational function a”, i.e. used [a.(1 ® X)] = 0, in the second equality and used the
definition of X(u) in the third. On the other hand, in the space of coinvariants M/ggo,z’o we have

0 = [a.(X(u).1)] = [aX(u).1].
Taking the difference of the two equalities above, we get
0 = [[a, X(w)].1] = [a, X(u)]

where in the last equality we can use the identification M/g;!z,o = M. (The point is that neither aX(u) nor X(u)a need

belong to M = U(ﬁ;j’,\,yo),,m,,,,no, but the commutator [a, X(u)] does, as we noted above.) This shows that if X is singular then
X(u) € U@L N 0 hoc.nno-

For each X € V’(‘), the element X(u) depends rationally on u with poles at most at 0, w*z;, 0o, i = 1, ..., N. Define the
algebra 2 O'?Oz '(; "0(g, o) to be the span, in U@ZNﬁ)ﬂwn,no, of all the coefficients of singular terms of Laurent expansions of
the elements Z(u) as Z varies in the space of singular vectors 3(g) C Vahv.

By virtue of (2.19), the algebras 2 o”:‘;'(', "(g, o) form an inverse system. Define the universal cyclotomic Gaudin algebra
Zooz.0(g, o) to be the inverse limit,

Noo,N,Ng

«ffoo,z,o(gv ) = hmfoo 2,0 (g, G)r«

By the argument in [ 1], following [7], we have

Theorem 2.4. Each f;ﬁ 0"(g, o) is a commutative subalgebra of U(E.FOF,N,O)%;,,,,”O.

Hence % 2.0(g, 0)F is a commutative subalgebra of U(E;:N’O)ﬂa. O

2.8. Quadratic cyclotomic Hamiltonians

Letl, € gandI® € g,a = 1, ..., dim g, be dual bases of g with respect to (-, -}, i.e. (I, I?) = 8. Let ¢ := 11°I, € Z(U(g)),

the quadratic Casimir of g. Here and below we employ summation convention on the index a = 1, ..., dim g. Define an
element F € g° and number K € C by
T-1
1 P[oPI%, apI I
ol CAUT 0 Z ot (2.22)
P —1 (a)P — 1)

25
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The quadratic Segal-Sugawara vector S is by definition
1
§ = 1= 1Ml ~1lvo € VE. (2.23)
At the critical level k = —h", the vector S is singular.

Proposition 2.5. The corresponding element S(u) € U(g N’O)ﬂa is given by

N T-1 oo

WKL T Y e Y 22
(u— arkz p+1 yp+1 P '
i=1 k=0 p=0 p= Pmod T p=*2m°d7
where
N T-1 oo )n [n+m]

Hip=3.2 2. W’a[" + Pl (@ 1)ml,

j=1 1=0 n,m=0
J#i

I-1 o w m=1y [r+m] 1 p—1
+Z Z #z”n:’mz {Ia[r +plz, (o 9 [m]zI +Z —L[nl,I%lp — n — 11,
I=1 r,m=0 =0
o -ln n+m 1
+T Z = Z"+r£+] ]Iﬂ[n+p]21(nmla JImlo +Z Z'H'z F[n + pl

n,m=0 n=0 “i

[o°]
n+m
+T ) 7 [ ] (M-p-m-1la)[=n = m — Vool [p + ml, (2.25)
n,m=0

fori=1,...,N,and

oo oo N ( 1)n+1[n+m]

Hop=T?H H y ———n 2 e (1T -1l ( M )M + plo

m=0 n=0 i=1
T2 (ala)[nlo(T -nip- 1) =n+ p — 1o
n=p
T2 2
+ = 2 ad)lo(TTyn11*)lp — 1 = 1o + T(ITp+F)ip — 1o, (2.26)
n=0

and where finally

N oo o)
m—1—p
Hap=TYD S [ ! }mmua)[—m—uoo(nmpm)[n]z,,
i=1 n=0 m=p+n+1

(nnla)[n]O(nfpfn—ﬂu)[_p —n-— z]oo

(M-n-1la)l—n — Noo(IT—pn—11))=p + 1 — Noc + T(IT_p—2F)[—p — 2]ec. (2.27)

(o]
+T)
n=0
T2 &
+5 2
n=0
Proof. The proofis given in Appendix A. O

Remark 2.6. The expression (2.26) for Ho , vanishes unless p = 1mod T, in accordance with the restriction in the second
sum on the right hand side of (2.24). Indeed, the first three terms involve expressions of the form (I7.1,)[n](ITI*)[m] for
somer,s € Zr and m, n € Z>o. However, using the o-invariance of the bilinear pairing on g it follows that this is equal to
" ([11,)[n)(1T1*)[m] and therefore vanishes unless r + s = 0 mod T. Likewise, for the last term, (/T,_F)[p — 1] vanishes
unless p = 1since F € g°. The expression (2.27) for H. p vanishes unless p = —2mod T for similar reasons, in accordance
with the restriction in the third sum on the right hand side of (2.24).
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2.9. Regular singularities and shift-of-argument

In the special case whenn,, = 1fori=1,..., N and ny = 1, we obtain commutative subalgebras

200" < (e o) /@ eral ) ") o U™ © Ue")’

If furthermore we set n,, = 1 then we obtain the commutative subalgebra

220 (g, 0)" C (U@ @ U(g?))

Now consider setting n., = 2. Pick any linear map
x :I1_1g — C.

The Lie algebra (g% ® t”(C[t”])r/(g"p ® t*Z(C[t*‘])r is commutative, and is canonically isomorphic to I7_;g as a vector
space. We may therefore regard x as an algebra homomorphism x : U((g°° ® t”(C[t”])r/(gOID ® tfzc[t*‘])r) — C.Let
then

AXD g 0, ) = (x ® 1d® @ id) ( 2005, o) ) .

This defines a commutative subalgebra

AN g, 0, 0" € (UGN @ U”)™,

where 9% ={Xeg’: x([X,Y])=0forallY € IT_;g} denotes the centralizer of x under the coadjoint action. Note that in
the special case x = 0 we recover 2 “) 1(g o).
ForanyX e gandi=1,...,N we letX () denote the element of U(g)®" ® U(g®) with X in the ith tensor factor and a 1

everywhere else. Similarly, forX € g° we let X(@ be the element 12N ® X of U(g)®" ® U(g®). The only non-zero Hamiltonians
of Proposition 2.5 are then

A Gl R R G L LT WP
Hio = —_— TI‘HI“ ey I1_41y),
0 ;;Z_w,zj +;(l_w_,) + T=1(ToI") + T1°D x (IT_11,)
i B
1 .0 .
Hiq = 51};)1‘1“),

N
(=1) :
Hoo =T Y (T _1lo)(IToI")® + T2(Iolo)V x (IT41%),

i=1

T2
Ho1 = — (Mola) (Mol + TFO

and
2

T
Hoo,0 = ?X(qua))((nqla)-

Note that Hp o = O unless T = 1and He o = O unless T = 1 or 2, cf. Remark 2.6.

Remark 2.7. The cyclotomic Gaudin algebra introduced in [1] is the commutative subalgebra 2 - (U 0( a,0)" c (U(g)®N )’

It is the image of olo(zl)ol(g, o))" under id®N ® €, where € : U(g°) — C is the counit.

Remark 2.8. The algebra A;(.lz)"ol(g, o, x)' is a cyclotomic generalization of the quantum shift-of-argument subalgebra; see
[9-11].

Remark 2.9. Sometimes setting y # 0 is called adding twisted boundary conditions. The name comes from the Heisenberg
XXX spin chain of which the usual Gaudin model is a limit.

3. Statement of main results
3.1. Cartan data and Verma modules

We fix a Cartan decomposition g = n_ @ h @ nof g. Let AT C h* be the set of positive roots of g and {a;}ic; C A™ the set
of simple roots, where i runs over the set I of nodes of the Dynkin diagram of g. Let E, (resp. F,) be a root vector of weight «
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(resp. —a) for each root o € A, and H, = o« := [E,, F,] the corresponding coroot. Overloading notation somewhat, we
write H; := Hy,, i € I. Then {Hj}ie; U {Eqy, Fu}oen+ is a Cartan-Weyl basis of g. We shall assume the Cartan decomposition
has been chosen to be compatible with the automorphism o : g — g, in the sense that o(h) = h,o(n) =nando(n™) =n".
(Such a choice is always possible [20].)

Let M, denote the Verma module over g with highest weight A € h*, namely

M;. = U(g) Qu(yen) Cua, (3.1)

where Cuj, is the one-dimensional module over h @ n generated by a vector v; withn.v; = 0and h.v, = A(h)v; forallh € b.
Similarly, let My denote the Verma module over g° with highest weight A € h*7,

M7 = U(¢°) ®u(ye @n) Cos, (3.2)

3.2. The weight function

Let A1, ..., Ay € b* be g-weights. Let 1o € h™° be a g”-weight.

As above, let zy, ..., zy be a collection of N € Z>o non-zero points in C such that I'z; N I'z; = Y forall 1 <i < j < N.
In addition, let wy, ..., wy, be a collection of m € Z>o non-zero points in C such that "'w; N IM'w; =@ forall1 <i<j<m
and such that 'w;NI'zj=¢forall1 <i <mand 1 <j < N.Letc(1),..., c(m)be elements of I. We call c(i) the colour of

the variable w;.
We now define the (cyclotomic) weight function i associated to these data.
Recall the projectors [T, from (2.2), and in particular I7y. Define linear maps
N N
0, : ®MM®M§O®n_®...®n_ N ®MA,. ®M] @n_®...®n_
B N— ———— . N e’
i=1 s i=1 s—1

fors=1,2,...,mby
Os(x1 ® ... XN QX0 QY1 Q... RYs)

:X]®...®...®XN®(TH0y5)X0®y1®...®y5_1
Ws

N .
X1®...0X_1® (1Y) @Xi1 Q... QXN QX QY1 ® ... ® Ys—1
ey

i=1 jeZr

1 .

i SZZX1 ®..QXNBX% Y1 ®...0Yi1®[075. )il ®Yir1 ® ... ®Ys_1
— ws — oI w; .
i=1 jeZr

Then the weight function v is by definition the element

Y= (=1)"(01 0 0 On)(vi, ® ... ® Vi ® Vig ® Fuy) ® Fuy) ® ... @ Foy)- (3.3)
For A € b* define ITyA € b*° by (IToA)(IToh) := L(ITgh) for h € b.

Lemma 3.1. The weight function  is an element of ®f':1 M, ® M;’O of g°-weight

N m
oo =ho+ Y Mok — Y Mocte) € b™°. (3.4)
i=1 j=1

Proof. We can regard n_ as a module over 7, under the adjoint action. Then ®f':] M;, ® Mfo ® n® is a module over §°, for
every s € Zso. Pick any element IToh € b°. For each i € I we have (IToh).Fy, := [IToh, F,] = —ai(IToh)Fy, = —(IToo;)(h)Fy,.
That is, Fy, has g”-weight —ITo;. Therefore vy, ® ... ® viy ® vy, ® Fuy) @ Fapyy @ ... ® Fy, € ®f’:] M, @ M| ® n®m
has g”-weight A.

Now, if an element y € n_ has g°-weight A then so does o’y for any j € Zr. Indeed, ITy = oIy so that [ITph, o/y] =
[0 MToh, 67y] = o/[[Toh, y] = o’y A(ITph). It follows that the maps 6, commute with the action of §%, i.e. preserve g”-weight.
Hence the result. O
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3.3. The weight Ay
Define a weight Ay € h*“ by

T—1
_ o (o ady)
Ao(h) = le o (35)
=
where adj, : n — n; X — [h, X] is the adjoint action of h on n.

For a more explicit expression for Ao, note that [20, §3.6]

U(Ea) = TaErr(c()» U(Hi) = H{T(i)v G(Fa) = T(;lFrr(a)~ (36)

Here, by overloading notation, we write o : AT — A™ for the symmetry of the root system, coming in turn from a symmetry
o : I — I of the Dynkin diagram. The numbers 7., @ € A", are certain roots of unity in I" = »?”. (So the “inner part” of the
automorphism o : g — g is encoded in the choice of 7, i € I; the remaining 7, are fixed by this choice.)

Then

T-1 r—1
1 -1
Ag = T » [ bt | @ (3.7)
r=1 acat p=0

ol (a)=a

3.4. The cyclotomic Bethe equations

Given a complex vector space A on which o acts, for any linear map  : A — C we define L, := noo~!. Let x € h* be
such that L, x = wy. The cyclotomic Bethe equations (with twisted boundaries) are

T-1 N T-1 m

Olc(,),La)» Otc(, L ac(k)
0= o 2w e
r=0 i=1 rOklw_wrwk
k#j
T—1
L —EZ(alLra-H-(a‘T}\ + Ao) | + (ategiys x) (3.8)
w; 2 c(j)s Lo Qc(j) c(j)s 1 Ao 0 c(j)s X7+ .
r=1

3.5. Eigenvectors of the cyclotomic Gaudin algebra

Let x € b* be such that L, x = wy. Extend x to an element of g* by setting x(n) = x(n_) = 0. Then a x is a linear map
H,]g — C.

Suppose (w1, ..., wy; ¢(1), ..., c(m)) are such that cyclotomic Bethe equations (3.8) are satisfied.
Theorem 3.2. The weight function is an eigenvector of the algebra AOO 2. 0(9, o, x)''. In particular, the eigenvalues E; of the
quadratic cyclotomic Gaudin Hamiltonians H; o are given by
N T-1 m T— -1
(A, LA (A, L o) 1 1
= i, Tho + Ag) + = A LS A My X)-
=Y S Gl S OB (g S0 ) 4 0
1;1 s=0 j=1 s=0 s=1
J#l

Moreover the eigenvalues of Ho.0, Ho,1 and Heo o are, respectively,
1 1
(X, Tho+ 4o}, S(Tho+ Ao, Tho + Ao} +(Tho + A0, 0) =K, —{x, x),
where g == 13" _ i

Remark 3.3. The eigenvalue of H ¢ is zero unless T = 1, on Z/TZ-grading grounds, as it should be in view of Remark 2.6.
Similarly, the eigenvalue of H o vanishes unless T = 1 or 2.

(D1

“oz0 (8, 0)". Moreover, in that case we

In particular, when x = 0 the weight function is an eigenvector of the algebra Z.
have the following.

Theorem 3.4. In the special case x = 0, the weight function  belongs to (®¢ My, ® Mko); , the subspace of n°-singular
vectors of g”-weight A in @, My, ® My .

Remark 3.5. We have not shown that the weight function is non-zero. When ¢ is a diagram automorphism, this is proved
in[21].
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4. Proofs
4.1. Restricted duals and contragredient Verma modules
Given a module M over g we write (M),, for the subspace of weight u € b*,

(M), == {v € M : there exists n € Z>; such that (h — u(h)1)".v = 0forall h € b}. (4.1)

The module M is a weight module if M = @¢y+(M),. In this paper we work with weight modules all of whose weight
subspaces are of finite dimension. If M, N are two such modules, then by Hom¢(M, N) we shall always mean the restricted
space of linear maps

Homc(M, N) := @5 Homc ((M),, (N),).
L, VED*
In particular we shall write M* := Hom¢(M, C) = EBHG})*((M),L)*, i.e. our duals are restricted duals. We have Hom¢(M, N) =
Hom¢(M ® N*, C) = Hom¢(C, M* ® N) = M* ® N.
The restricted dual M of the Verma module M, is naturally a right U(g)-module. We may twist by any anti-automorphism
of U(g) to obtain a left module. The Cartan anti-automorphism ¢ : U(g) — U(g) is defined by

oH)=H;, iel, and ¢@E,)=F,, @F,)=E, aecA’. (4.2)

It obeys ¢? = id. The twist of M by ¢ is the left U(g)-module called the contragredient Verma module. Henceforth by M} we
shall always mean the restricted dual equipped with this left U(g)-module structure. That is

X)) = flex).v), feM;, xeg, veM,.

Seee.g.[22, §3.3].

Let S : U(g) — U(g) be the antipode map, i.e. the extension of the map g — g; X — —X to an anti-automorphism of
U(g). We have the automorphism ¢ o S = S o ¢ of g. Let us write (M;“)“"’S for the left U(g)-module obtained by twisting by
this automorphism. In other words (M;‘)“"’S is the dual of M, in the usual Hopf-algebraic sense. Hence we have

Hom,(A, B® M,) = Homy(A ® (M;)wos, B). (4.3)

Similarly, one has the notion of weight modules, contragredient Verma modules, etc., over g°.
Given a module V over a Lie algebra a, we denote by V*° the space of invariants V¢ := {x € V : a.x = 0 foralla € a}.

4.2. Heisenberg algebras at the marked points

Let zy, ..., 2y, w1, ..., Wy, be as in Section 3. For brevity we introduce p :== N + mand (x1,...,%p) = (z1,..., 2y,
Wi, ..., W) LetX == {x1,...,%,}.

Let n¢ (resp. nf.) denote the vector space n (resp. n*) endowed with the structure of a commutative Lie algebra. On the
commutative Lie algebra nc @ n: there is a non-degenerate bilinear skew-symmetric form (-, -) defined by

(X, 7). (Y, ) = w(X) — n(Y), (4.4)
forany (X, n), (Y, ¥) € nc @ n{ and an action by automorphisms of the group I" given by

w.(X, n) = (0(X), Ly(n)). (4.5)

Let Hy, i = 1,...,p, denote the central extension of the commutative Lie algebra (n¢ @ nf) ® C((t — x;)), by a

one-dimensional centre Cly;, defined by the cocycle res;_y, (f, g) 1. Let HOF denote the extension of (nc ® C((t)))"° &
(ng ® C((£)))"~! by a one-dimensional centre C1, defined by the cocycle res;(f, g)1o. Let HCI;O denote the extension of
(ne ® C((t=MN 0 @ (nf ® C((t~1)))"~! by a one-dimensional centre C1, defined by the cocycle res,—1t%(f, g)1xc.

Let us give a more explicit description of these Lie algebras in terms of generators and relations. To do so, we first construct
bases of n and n* adapted to the automorphism o. Recall the projectors Ty, k € Z/TZ, from (2.2). By the adjoint action, g is a
module over itself. In particular, it is a module over its Lie subalgebra g = ITyg. As a g° -module, g = @,(EZ/TZH](Q. Let A,:“
denote the set of g°-weights of ITyn and for o € A} let n o) denote the corresponding weight subspace of ITyn. We may
pick a basis of n consisting of vectors E o) € 0 o), Where k € Z/TZ, a € A:.z

We now have two bases of n, namely E,, o € A, and Eko) ke Z/TZ,a € Ak+. We write E}, o € AT, and E(’;(’a), kez/TZ,
a € Aj for their respective dual bases of n*.

2 Indeed, suppose @ € A7 is aroot of g such that the orbit 0%« has t elements, where t € Z divides T. Then o'E, = «™E, for some unique m € Z/TZ.
Let Egn—kr/r.a) = j;g W MKiGIE ¢ Wm—kr/t.a) for k = 0,1,...,t — 1. By picking one root from each o -orbit, we construct a basis of the required
form.
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Then Hy, has the following explicit set of generators:
ao[nly = E, @ (t —x;)", ai[nly :=E: @ (t —x)"",
where o € AT and n € Z; while explicit sets of generators for H(f and HE are

Ak, [nT + klo = Ego) ® " € (ne @ C((0)))°,
T[T — Klo = Ej oy @ " 1 € (nf @ C((0)))" 7,
and
Uk [NT + Koo = Egay ® " € (nc @ C((¢7)°,
T oy [T — Kloo = Ef oy @ " T e (i @ C((e™ 1)1,

+

v-andn e Z.

respectively, where k € Z/TZ,a € A

Remark 4.1. The above notation is in accordance with the notations for the modes a[n], n € Z of an elementa € Z ina
vertex Lie algebra .# used in [8] and recalled in Appendix B. In particular, the shift by 1 in the power of t for the modes of
ay has to do with the fact that this is an element of degree 0 in the vertex Lie algebra associated to the Heisenberg algebra,
cf. [8, Example 2.6]. Note also our conventions for the modes at co.

These generators obey the relations:
[aa [n]xis (17; [m]Xj] = Bijsaﬁan,—m‘lxia
[a(i.y (1o, afj gy[mlo] = 8ij8apdn,—m 1o,
[a(i,cz)[n]om azﬁj.f;)[m]oo] = Bijaaﬂan,—mlooa

with all other commutators vanishing.

Each Hy, is isomorphic to the Heisenberg Lie algebra H(g), while HOF and HY, are isomorphic to a subalgebra H(g)"". Note
that the opposite Lie algebra Horo’Op differs from Horo only in the sign of the central extension.

Let Hy p,0 denote the extension of

(ne @ C((t N @ (nf @ C((e= )"

p
@ @(ﬂc ®ng) ® C((t — x7))

i=1

®(nc ® C((1)))"° & (nf @ C((1))" (4.6)
by a one-dimensional centre C1, defined by the cocycle
1 . 1
2(f.g) = (Trest(fo,go) + ) resiylfi 84) — Trest1t2(foo,goo)> 1 (4.7)
i=1

where f = (foo; fy» - - fipi fo) and & = (8oo; 8x;» - - - » 8x, So) are elements of the Lie algebra (4.6). Equivalently, Huo p.0 is
the quotient of the direct sum H/;°* & &!_,H,, @ H/ by the ideal generated by 1,, — T1p,i = 1,..., p, and 15 — 1o. Then
1:=1,.

Define also

p
Boop0 = (h @ C((T N @ b ® C(t — %)) @ (h & T
i=1
Let us give a set of explicit generators for this commutative Lie algebra hoo p 0. Let Hy o), a = 1, ..., dim(J1ih), be a basis of
ITih for each k € Z/TZ. Then by p o is the commutative Lie algebra with basis

bi[nly, = H; ® (t — x)" € h ® C((t — xi)),
be.ay[nT + Klo == Hyqy ® t" 7 € (h ® C((£)))"°, (4.8)
by [nT + kloo == Hpeo) ® " € (h @ C((t~"))",
forjel,kez/TZ,a=1,...,dim(ITyh)and n € Z.

4.3. Wakimoto modules at the marked points

Foreachi=1, ..., p,let C|), denote the one-dimensional left module over U((n¢ @ ng) ® C[[t — x;]] @ C1,,) on which
1, acts as 1 and (n¢ @ ng) ® C[[t]] acts as zero. Define M, to be the induced module over Hy,,

My = U(Hx)®u(mcant)eciit—xlacty) Clx-



B. Vicedo, C. Young / Journal of Geometry and Physics 121 (2017) 247-278 259

Suppose we are given an h*-valued Laurent series v; € h* ® C((t — x;)) in the local coordinate t — x; about the point x;. Let
Cv,, denotes the one-dimensional module over h ® C((t — x;)) on which f.v,, = v, res;_yvi(f), for any f € b ® C((t — x;)).
Then the Wakimoto module W,, is the module over Hy; ® h ® C((t — x;)) given by

W,, =My, ® Cuv,,.

Explicitly, W,, is the Fock module generated by a vacuum vector |),, such that 1, [)x, = [)x;,
aG[nlhy, =0, n=0, alnl)y=0 nx=1,

and
be[n])x; = 1)x vi,—n—1(Hi)

where vi(t — x;) =: szs‘)i,s(t — x;) forsome S € Z and v; ; € h*. Here and in what follows we use the obvious shorthand
aq[n][)x; to denote aq[nly,|)x;, etc.

Similarly, let C|)o denote the one-dimensional module over (nec ® C[[t]])""° & (nE® CI[eID" ! @ C1, on which 1 acts
as 7 and the first two summands act as zero. Define M to be the induced module over H{':

r ._ r
Mo = U(H; )®y(ncaciemdemsectn1acty) Clo-

Suppose we are given an element vy € (h* ® C((t)))">~'. That is, vg is a h*-valued Laurent series in t such that vo(wt) =
o~ lovg(t). Let Cv,, denote the one-dimensional module over (h ® C((t)))"° given by

fvug = vygresiuo(f), (4.9)
foranyf € (h@C((t)))"-°. We may then consider the twisted Wakimoto module W, defined as the Hj' ®(HRC((t)))"°-module

Wlf; = MOF ® Cuyy.
Explicitly, it is the Fock module generated by a vacuum vector |)o such that 1g|)g = |)0%,

aro)[nll)o =0, n>0, Ao =0, n>1, (4.10)
and

b,y [n1lo = o vo,—n—1(Hek,a))

where vg(t) =: Y o~ cvost* for some S € Z and vg s € b*.
Finally, define

HE = (e @ t7IC[t ) 0 @ (nE @ t7'Cl[t ') ! @ Cl,,

and let M. denote the right module over U(HZ,) induced from the trivial one-dimensional right module C {| over U(H;*)
on which 14, acts as % and the first two summands act as zero:

ML 1= C (1@ UHL).

Suppose vy € (h* @ C((t71)))"~1. That is, v is a h*-valued Laurent series in t~! such that v, (0 't7!) = w o v (t™1).
Let Cv;_ denote the one-dimensional module over (h ® C((t=H))0 given by

fu,, = —vfwrest_ltzvoo(f), (4.11)
forf € (h ® C((t~1)))"°. Then we have the right UHL @ (h ® C((t~)))"?)-module

Wlf;;v =MV ® Coy .
Explicitly, Wul;c;v is the Fock module generated by a vacuum vector (| such that (|1, = % (I,

(agelnloe =0, 1 <0, (g}l =0, n<0, (4.12)
and

(|b(k,a)[n]oo = _Voo,—nfl(H(k,a)) (I (4-]3)

where vy (t) =: Zs

s=—

oVoo,st® forsome S € Z and vy 5 € b*.
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4.4. Free field realization

The modules W,; are smooth. That means, by definition, that for each v € W,,
0 = a4 [nlyv = a}[nlyv = b[nlyv forall n>>0,
foralla € A*andk € I.> Similarly W] is smooth. The module W, is co-smooth. By that we mean that for each v € W/,
0 =vagelnle =v az‘k’a)[n]00 = vbyalnle forall n <O,

forallk € Z/TZ,a € A} anda € {1, ..., dim ITch}.

Let now 7y =~ C[b;j[n]licr: n<—1 be the induced representation of h ® C((t)) in which b;[n] acts as 0 for all i € I and all
n € Zxo. Let M be the induced module over the Heisenberg Lie algebra with generators a,[n], a}[n], and 1, which we denote
H(g)asin[1, §3.5]. Then

Wo =M ® o, (414)

is an induced representation of H(g) & b ® C((t)). Explicitly, Wy is the Fock module generated by a vacuum vector |) such
that 1) = |),

ay[n]]) =0, n=>0, ay[n]]) =0, n=>1,
and
b[nll) =0, n=>0.

Let us recall some facts about the free-field realization of g.

The H(g) ® h ® C((t))-module Wy is endowed with the structure of a vertex algebra, see [7] or e.g. [1, equation (3.24)].
In the notation of [8], see also Appendix B, it corresponds to the vertex algebra V(.#) where ./ is the vertex Lie algebra
underlying the Lie algebra H(g) @ h ® C((t)), given for instance in [8, Example 2.6]. Specifically, .# is generated by the finite
dimensional vector space M° = n¢ @ n @ b with non-trivial nth-products given by

ayb = (a, b)1,

forany a,b € n¢ @ nf, where the skew-symmetric form (-, -) on the right hand side was defined in (4.4). As a vertex
algebra, Wy is in particular also a vertex Lie algebra. We may therefore consider the associated “big” Lie algebra L(Wy), cf.
Appendix B.1, consisting of all formal modes of states in Wy. For each of the marked points x;,i = 1, ..., p, there is a “local”
copy L(Wo)y, of L(Wo), which contains L(.# )y, = Hy; @ h ® C((t — x;)) as a subalgebra. Moreover, every smooth module over
Hy, @ h ® C((t — x;)) on which 14, acts as 1 becomes a smooth L(Wj),,-module in a canonical way. See e.g. [8, Proposition
5.9].

At the fixed-points 0 and co we have the local copies L(W )y and L(Wy ) of the big Lie algebra L(Wy). The automorphism
o of the Lie algebra L(.#) = H(g) ® h ® C((t)) extends in a unique way to an automorphism of Wy as a vertex algebra. So
we get an action by automorphisms of the group I" on both local Lie algebras L(Wy)o and L(W)s. Let L(Wo)g and L(Wo)f;C
denote the respective fixed-point subalgebras. They contain the local Lie algebras L(.# )Or = HOF @ (h ® C((1))° and
L), = HE & (b ® C((t=1))0 as subalgebras, respectively, using the notation of Appendix B.2. Every smooth module
over L(.# )g on which 1y acts as % becomes a smooth module over L(W, )OF .See [8, Proposition 5.8]. Likewise, every co-smooth
module over L(.#)%, on which 1 acts as % becomes a co-smooth module over L(W,)~ . See Proposition B.3.

Now the vacuum Verma module V; " also has the structure of a vertex algebra. In the notation of [8] recalled in
Appendix B, it corresponds to the vertex algebra V() where .¢ is the vertex Lie algebra underlying the affine Lie algebra,
generated by [° = g with non-trivial nth-products given by (see e.g. [8, Example 2.5])

a(g)b = [a, b], a(l)b = —hY (a, b)K,

forany a, b € g. The normalization of the 1st-product by —h" is chosen so as to conform with the convention adopted in [8]
that the central element K € L(.#) should act as 1 on all modules over L(.#), including V(.#).

The associated “big” Lie algebra L(Vahv ) containsg = L(.#) as a subalgebra, via the embedding sending K — vo(—1) and
A[n] — (A[—1]wg)(n) forany A € g and n € Z. In this way, every smooth module over L(VghV ) pull back to a smooth module
overg of level —h". In the same way, L(V h )" contains the twisted affine algebrag’ as a subalgebra, so that smooth (resp.
co-smooth right) modules over L(V, h )T pulls back to smooth (resp. co-smooth right) module over g’ of level —h" /T.

The Feigin-Frenkel homomorphism, or free field realization of Vahv, [23] (see also [24]) is a homomorphism of vertex
algebras

o V" — W (4.15)

3 That is, foreachv e W,, a € AT and k e I there exists an n € Z such that 0 = ay[mlyv = aj[mlyv = b[m]yv forallm > n.
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There is a Z-grading on W, defined by deg|) = 0 and dega, [n] = dega},[n] = degb;[n] = n. There is a Z-grading on Vghv
defined by deg vy = 0 and deg X[n] = n for X € g. The homomorphism p respects these Z-gradations (see e.g. [24, §6.2.4]).

The homomorphism p induces a homomorphism of big Lie algebras L(V‘h i — L(Wo)y, foreveryi = 1,...,p.
Moreover, by the equivariance of the homomorphism with respect to the action of a on both vertex algebras [25], it also
induces homomorphisms of I"-invariant subalgebras L(Vahv) — L(WO) and L(V ) — L(Wo)L.

By means of this homomorphism, every smooth module over L(.# )y, = Hx, PH® (C((t x;)) on which 1, acts as 1 becomes
a smooth module of level —h" over the local copy g, of g at x;, for eachi = 1, ..., p. Likewise, every smooth module over
L(///)Or = H{ ®(h®C((1)))"° on which 1¢ acts as % becomes a smooth module of level —h" /T overﬁg, and every co-smooth
module over L(.#°)}, = H®" @ (h ® C((t~')))"° on which 1. acts as 7 becomes a co-smooth module over g of level
—hY/T.

In particular, these statements apply to the Wakimoto modules W,,,i = 1,...,p, W,f; and W,f;v. We shall need the
following facts about the structure of these modules.
Foreachi=1,...,p, let W,, denote the linear span of states of the form a;l [0]... aj;k [01])x;, k € Zso.

Lemma 4.2. Suppose v; has at most a simple pole. Then the subspace Wui is stable under the action of the subalgebra g C Ty,
generated by zero-modes, X[0]y, with X € g, and there is an isomorphism of left U(g)-modules

W,, = M (4.16)

rese—x; Vi

Moreover the subspace WU,. is annihilated by all strictly positive modes X[n]y, n > 0,X € g.

Proof. See [7, §5] for the isomorphism (4.16). Note that a,[n] and a;[n] act as zero on Wu,» for all n > 0. The fact that v; has
at most a simple pole means that bi[n] acts as zero on W,, for all n > 0. The “moreover” part follows since Feigin-Frenkel
homomorphism respects the Z-grading of V; " and Wy and their big Lie algebras. O

Let W W/ denote the linear span of states of the form @.0)[0] - @ ) [O1D0, k € Zzo, 01, ..., i € Ay

Lemma 4.3. Suppose vg has at most a simple pole. Then the subspace ero is stable under the action of the subalgebra g° C ﬁg
generated by zero-modes, X[0]y with X € ¢°, and there is an isomorphism of left U(g° )-modules

Wl = M*e° (4.17)

vo F(rest(vg)—Ag)

where for A € h*° we denote by M;"? the contragredient Verma module over g” of highest weight A, and where Ay is the weight
givenin (3.7).
Moreover the subspace WF is annihilated by all strictly positive modes X[n]p, n > 0, X € g.

Proof. The first part is [ 1, Proposition 4.4], and the “moreover” part is again on Z-grading grounds. 0O

Concerning the Wakimoto module at infinity, we shall need two results. Recall the definition of x in Section 3.5. The first
result applies only to the case x = 0, so that t2v5 has at most a simple pole in t 1.
Let WV c W[V denote the span of vectors of the form (|a.o,)[0]. .. a(.ay[0], k € Z=g, @1, ..., a € A.

Lemma 4.4. Suppose t>v., has at most a simple pole in t~'. Then the subspace VT/V’;C-V is stable under the action of the subalgebra

g° C ﬁ; generated by zero-modes, X[0],, with X € g°, and there is an isomorphism of right U(g” )-modules (or equivalently left
U(g°°?) modules)

WF Y = Hom¢(M737 ,C)=M¥ ) (4.18)

1 (—res,_1(t2vo0)—40)’ F(—res,_1(t2vo0)—Ag)

Moreover the subspace Wv’;;v is annihilated by all strictly negative modes X[n].,,n < 0, X € ¢°.

Proof. The condition that t?v,, has at most a simple pole in t~' means that (Ibk,ey[n] = 0 for alln < 0. We have
{lag,«)[n] = 0 and (|a(k wlnl =0 for all n < 0. Therefore on Z-grading grounds, for all X € g, X[n] acts as zero on WF v

foralln < 0, and the only terms in the free-field expressions for the zero-modes X[0] which survive on vectors in WF Vv are
those involving only the zero-modes of a’s, a*’s, and b’s. In particular since only the zero-modes of b’s contribute,
VN\/lf;)v ~ VNVfiyt where A = —res,—1(t*vs),

as modules over the copy of algebra g° generated by zero-modes.

Also on Z-grading grounds, the only terms in the free-field expressions for the zero modes X[0] which survive on vectors
in W’"t are those involving only the zero modes of a’s, a*’s, and b’s.

Now W—x/r and WAI;[ are Fock modules over a copy of H(g)" as in (4.12) and (4.10). We have the natural pairing between

them, namely the bilinear map B : WFJr X WA/[ — Cdefined by B({|, |)) = 1 and B({|X, Y|)) = B({|, XY|)) = B({|XY, |)) for
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X,Y e U(H(g)"). This pairing is non-degenerate. In this way the right U(H(g)"")-module me is the (suitably restrlcted)
dual of the left U(H(g)" )-module W ot The pairing restricts to a non-degenerate pairing of the grade zero subspaces, w’ Y /t

and W’; So WF /V is the dual of WF as a module over the algebra of zero-modes of a’s and a*’s, and also of b’s since
(Ibk.ay[0] = A(Hk.a) (] and b o)[011) = |>X(H(k a)) -
We conclude that W’ Mt is the dual Homc(Ww, C)of W{;t as a module over the algebra of zero-modes X[0], X € g°. And

Lemma 4.3 shows that W}, = M"{fA - The result follows.  0J

Second, we need a result valid for all x.
Let C, denote the one-dimensional representation of (g°° ® t=IC[[t~1])" defined by
(0® @ 7't ) — (@ @ 7Tl ) /(0™ @ tACI[tT ) e 19 5 C.

Lemma 4.5. Suppose that t?v., has at most a double pole in t =1, with 2-residue — . That is, suppose that
Voo(t) = —x + O(1/t).
Then there is an isomorphism of (g°° ® t~'C[[t~!1])" -modules

C(l =C,. (4.19)

Proof. It follows from the explicit form of the Feigin-Frenkel homomorphism and the definition of the quasi-module map
Yw, cf. Appendix B and in particular Proposition B.3, that the vector (| of (4.13) obeys

1
(lg@ >t =0,  (UT1A)[-1]= XA (. O

4.5. The generators G,[n]

The Verma module M, = U(g)®uaen)Cvi=cU(n_)®cCu;, Section 3.1, is by definition a left module over U(g). In
particular it is a left module over the subalgebra U(n_) C U(g). But M, also admits a second left action, call it >, of this
subalgebra U(n_). These two left actions of U(n_) are mutually commuting. They are given by

Xn@uv,)=Xn®v, and X nNQuv,)=-nXQ® v, Xen_,neUn_).

In particular

X(1®v)=-Xr (1®v,). (4.20)

Correspondingly the contragredient Verma module admits a second left action of U(n). We write G,, @ € AT, for the
generators of this second copy of n, which we denote n,. So we have [G,, Eg] = 0 for all o, B € A™, where E, are the
generators of n from Section 3.1.

We have the vacuum Verma module of ni) ® C((t)),

U(ng ® C())BuwgectimCro (421)

where vy is a nonzero vector such that n @ C[[t]]vp = 0.1t has a natural vertex algebra structure, in which Y(A[—1]vg, X) =
Y nczAlnlx~ "' forall A € ng. There is a free-field realization of this vertex algebra, i.e. there is an injective homomorphism
from this vertex algebra into Wy. It is defined by

Gol—11l) = Y RE(a*[0D)agl—11),  « € AT,
Beat

for certain polynomials R homogeneous of grade 8 — «.

By means of this free-field realization, the Wakimoto module W,, becomes a module not only over g, but also over a
copy of niy ® C((t — x;)) whose generators we denote G,[n]y, = G, ® (t — x;)". With the obvious modifications, the
statement of Lemma 4.2 holds for this copy of ngy ® C((t — x;)). Namely, the subspace W, is stable under the subalgebra
U(ni) C U(nig ® C((t))) generated by zero modes, and (4.16) is an isomorphism of modules over n(), i.e. G,[0] acts as G,.

The analogous statements hold for ”‘(’c) too. Namely we have generators G o), o € A0+ which act from the left on
contragredient Verma modules M;” over n°. These generators commute with the generators E(g +) of the standard left action
of U(n?).

Lemma 4.6. The subspace WF is stable under the action of the subalgebra "(G) C (ng ® C((t )" generated by zero-modes,

X[0]owithX € g, ,and (4. ]7) is an isomorphism of left U(n c>) -modules. Moreover the subspace WF is annihilated by all strictly
positive modes X[n]o, n>0Xeng.
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Proof. The first part of the proof of [1, Proposition 4.4] shows that (4.17) is an isomorphism of left U(n”) modules. The
argument that it is an isomorphism of U(n‘(’c) )-modules is line-by-line identical but with the polynomials P, (which define

the free-field realization of E’s) replaced by Rg. O

4.6. Global Heisenberg algebra and coinvariants

Let H r x,0 be the commutative Lie algebra
Hol; x0 = (nc ® Coo rx, o(0)"0 B (nf ® Coo,rxo(t) 1.

That is, an element of H. so.x.0 1S @pair (f(t), g(t)) where f(t) is a rational function valued in nc with poles at most at the points
0,X1,...,Xp,00and obeymg the equivariance condition f(wt) = of(t), and where g(t) is a rational function valued in ng
with poles at most at the points 0, x1, . . ., x,, 0o and obeying the equivariance condition g(wt) = @~ 'L,g(t). By virtue of
the residue theorem there is an embedding of Lie algebras,

r
Hy x0 = Hoop.0;

by taking Laurent expansions, f(t) > (—t;—15 te—x;s - - - 5 te—xys e )f (£). CE. (2.8).
Let us write

oo = (08 Cornoc(e)* and 0 = (5" ® Cormee(t) -

There is an embedding of commutative Lie algebras
r

Doo.x.0 <> Doo,p.0
and we have the following, which is [ 1, Proposition 4.3] but now including the pole at co.
Lemma 4.7. The space of coinvariants Cv,,, ® ®"_ Cv,, ® Cv,,/ bL..x.0 is one-dimensional if and only if there exists a
v(t) € ‘J:’o{;,o such that
(Voo Vs + v Vp3s V0) = (—4=15 bemys -+ + 5 Le—xy; Le)V(E).
Otherwise it is zero-dimensional. [
Define

H;po = (nc @ ClLe N0 @ (v @ Cle )™

® @(nc @ nf) ® CIIt — xi]
i=1
®(ne ® CIIEIN™ @ (n: @ CIe]) ' @ C1.
Then
Hoo p.o _Hmp0+Hm0 and H;pomH;xo = {0}.

We may regard MV as a left module over U(H!°) and then

p
(Mcfc;v ® ®Mxi ® MOF) = U(Hoo,p,o)®u(y;p0)(c (1&g ® &)y, ® lo- (4.22)
i=1 "

Hence

(Mr ‘e ®Mxx ® ""o) JHE 2 0=cC{U® Ny ® - ® )y, ® [)0=cC.

i=1

Therefore for any v(t) € hoo x,0 the space of coinvariants
( —4 _qu(t ® ®Wlt —Xi v(t ® Wlfl) ) /(Hol;,x,o @ hgo,x,o) (423)
has dimension one. That means there is a unique (H., , , ® h;’x.o)-invariant linear functional, call it 7,(y),

Tu(t) - 7t ]U([‘) ® ® W‘t —x;v(t) W [u(t) —C (424)

normalized such that ‘L'v([)((| @y @+ ®l)x, ®l)o) =
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By functoriality, i.e. [8, Theorem 6.2] and [8, Corollary 6.6] generalized to the situation of Appendix B for coinvariants of
a tensor product of modules including one attached to infinity, the functional 7, is also invariant under ng,x,o-

4.7. Proof of Theorem 3.2

Letc(1),...,c(m) €, Aq,..., AN € b* Ao € b7 and x be as in Section 3. Recall
(X1, ... Xp) =(Z1, ..., 2N, W1, - .., W)
We now fix
N L Tho+ Ao .
u(t) = x + gz:, ; e ; o | T e (4.25)

where Ay is asin (3.5).
The following is [7, Lemma 2]. We write G; := G,,. (Recall G, for & € A™ a positive root was defined in Section 4.5.)

Lemma 4.8. Let u(t) be a highest weight of the form
O o0
)= —- (n)¢n
ity ==+ e,
n=0
w™ € p*. Then the vector Gi[—1]|) € W) is singular for g (i.e. X[n]Gi[—1]|) = 0 foralln > O and all X € g)if and only if
<a,—, p,(o)> =0. O

Let v}o) be the constant term in the Laurent expansion of v(t) about wj, for j = 1, ..., m. Note that the Bethe equations
(3.8) are equivalent to the statement that

(e v®) =0, j=1,....m. (4.26)

By Lemma 4.8, under this condition the vector Ge)l =N w; € WLH,J_ W(¢) 1S singular for’ﬁ(,,,j).
Henceforth, suppose that the Bethe equations are indeed satisfied. It follows that the linear functional

N
T r
Ilfv(f) . Wftti1 v(t) ® ® Wlt—z,-‘)(f) ® thv(t) - C (427)
i=1
defined by
Vo0)(Voos V14 -5 UN, V0) = Tu(e) (Voo V14 -+ o5 Uy Gey [ = 11D wy s - -+ Ge(m)l— 11 » v0)

is invariant under the Lie subalgebra g, , ; C g%, -
Now we use the set-up of Section 2.4 and specialize by setting

Mgy =M =W, ) CWogp, 1=1,....N,
0 ~ r
Mo = M)ikoa = WL[V([) - Wltv(f)’
Mo =C,=C(cWY (4.28)

—L—1 v(t)*

Here the isomorphisms are as in Lemma 4.2, 4.3 and 4.5, given that we have res;_, v(t) = A; and %(restv(t) — Ag) = Ao
Let ¢ denote the restriction of the linear functional ) of (4.27) to the subspace

N N
CX ® ®M)t ® M;:,U = C(' ® ® WL[_Ziv(t) ® Wll;u(t)- (429)
i=1 i=1

Such a functional is the same thing as a vector

N
v e QM @M. (4.30)

i=1

To complete the proof of Theorem 3.2, we shall now establish that

(i) W is the Bethe vector defined in (3.3), and
(ii) itis an eigenstate of the Gaudin algebra with the given eigenvalue for the quadratic Hamiltonians.
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We consider (i) first.
For notational convenience let us reorder tensor factors in the argument of ,( in such a way that

r,
To(ey - W2 Vlu(t) ® ® Wity © Wiy ® ® Wieyyoiey — C. (4.31)
i=1 j=1

Lemma 4.9. Foranyv ® vy € ®f\’: 1 WLH W) ® WL ot

(<| v, vaX1[_1]|>w1a cee Xsfl[_1]|>w5 17X$[_1]|)ws7 |>w5+1! e |>wm)

_ Z Z o) (1, (0*X)[0],v, vo, Xa[— 1]|)w17 s X [=UDwy s Dy - -+ Dum)

and any Xi, ..., X € nig, we have

—k
Ws — Zj
i=1 keZr s !

D0V T 0, X=Xl My s D)

Ws

+227w T V. o Xal =1y X L= Ty [0(X6), X111,

j=1 keZr
Xie1 [= D wpyqs -5 Xsma[= D wy s Duwgs - -+ Dum)-

Proof. Letuswritey = X1[—1][)u; ® -+ @ Xs—1[— 1wy @ Dus @+ ® [y € Wiy uie 1) for brevity. We have

] 1

0=Z[O)(5[_1]|).((|®v®vo®y)]. (4.32)

—k
w 't —w
keZr s

The square brackets [-] on the right hand side denotes the class in the space of coinvariants

r r
( —L 1v(t) ® ® W —z;v(t) ® Wtzu(t) ® ® te—wj vt )/(Hoo,z,o,w S hoo,z,o,w)’

and the equality in (4.32) follows from the stralghtforward generalization of the isomorphism in [8, Theorem 6.2] including
the point at infinity. Now

o* X, [—1]

y D (levewey)
Wt — wg

keZr

1
_Z<—rest 12— — (|YW(GX[ 1), HRVR U ®Yy

keZr
1
+(® ZreSr atin g (@ X[, t = 2)v ® v ® Y
i=1

+ (| ®@verest— Yw (o X[ =111}, thvo ® ¥

Wt — wg

m

1 k

+ <| RVER Vo ® Z restfwjltfwj a)_kf — w; YM(U Xs[_1]|)s t— wj)wjy>~ (433)

j=1

The res;_, term hereis (| ®V®vo @Xi[—1])w, ® - - @ Xs_1[— 11w, ®Xs[= 11D w5 D Duwgyy ® - - - @ |} wy,- (The expansion of
1/(w™*t — ws) at t = ws has a regular part but it does not contribute because (X;[—1]]))(n)|) = X;[n]|) is zero for alln > 0.)
Consider the first term on the right. We have

(|YW(CTX[ 1.0 =Y wle ™D (e X =1,y (4.34)

n>0

2
res,—1t°¢,—1
t okt —

and this vanishes on Z-grading grounds. (The free-field generators of n involve a, a* but not b.) Consider the third term.
We have

1 k —n—1 —kn k
resits - Yw(o Xl =111}, Ovo = = uy "X [- 110 (4.35)

n>0

and on grading grounds only the term n = 0 in this sum contributes, since vg € un(t)- The remaining terms are similar. O
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Recall that we can regard an element of a Verma module M, as a linear map Mj — C.
Lemma 4.10. The restriction of the linear functional
N
T Do D)t QR Wa i) ® Wiy = €
i=1
to the subspace
N N
>y o~ *,
® th—ziv(f) ® Wz[v(t):ﬂ‘I ®M)t ® MAOU
i=1 i=1

is equal to the tensor product

vk]®~--ka®vko

of the highest weight vectors v;; € M;,,i=1,...,N,and v, € M;’O.
Proof. The functional Tyi)( (|, ..., Dwys =5 Duwp) agrees with vy, ® ... v, ® vy, onthe vector [);, @ -+ ® |)zy @ [)z,.
Indeed, 7,y was normalized such that
Tue)( L Dzys v o5 Days Dzgs Dwgs + oo s D) = 1
and by definition
(V3 ® -y ® ig) Nz - s Days D) = 1.

~

It remains to show that the two agree on all other vectors in ®f\’= 1 WlHl_Um W/ w(t)- FOr that it is enough to show that, for
N~ ~
any v ® vp € ®i:l Wlt—z,- v(t) ® szv(t)‘

2o ({1 Vs @ 10100, Dy - -5 D) = 0, (4.36)

foranya € A}, and

tuo (1, a5 [0lzyv, vo, Dwys - s Duw) =0, i=1,...,N, (4.37)

foranya € AT,
To establish the equality (4.36) we use the invariance of 7, under the I"-equivariant function Ej, ,, ® t' e i ®
Co.rx.00(t))" 1. Namely, we have

E(*O.vt)
0=1yn T'“l QVRU® uw @@ uy)

and here

Eoa)
Ta( (| ®V®U0® |>w1 ®® |>wm)

= (18501 ®V® 10 ® uy ® - ® |uyy
N (E(*Oa))(i)
+; (1@ ty— =V ® Uy @ ® Dup
+{®V®ay ) [0lvo ® uw; ® & Nup,

m E* N
+Z (l VU ® |>w] R [tﬂuiMDwi - ® |)wm' (438)

: t
i=1

The first line is zero by definition of (. The second and fourth lines are zero on Z-grading grounds (recall that E*®t° = a*[1]).
This leaves only the third line, and thus we have (4.36) as required. The proof of (4.37) is similar (and is as in [1,7,26]). O

Recall the definition of G, and G o) from Section 4.5. Let Fg o) := ¢(E(0.«)) € n7,fora € Ag, be the negative root vectors

o

of g°.

Lemma 4.11.
(1) Let v, € M, be a highest weight vector. For any roots «V, ..., a®® € At we have
V(Gy1)Gu) - . . Gyiy-) = (—1)k(Fa(1)Fa(z) o Eiov)(e).
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(2) Let v;, € My, be a highest weight vector. For any ¢°-weights o'V, ..., o) € AJ we have
U)\O(G(O,aﬂ))c(o,a(Z)) cee G(oﬁa(k))') = (- ) (Fo ol )F(o «(2)) F(o PON NZOF

Proof. Consider part (1). It follows from (4.20) that v,(Es-) = —v;,(G,-). Because the two actions of U(n) commute, we
therefore have

Vi(Gy)Gu@) - - - Gyiiy-) = —Ua(EyyGu2) - - - Gyiy-)
= =G ... GuuwE,) =+ = (—1)’<Ux(Ea(k) ... E,oE,m)

for any roots !V, ..., a®¥) € AT, Part (1) follows by definition of the contragredient dual. For part (2) the argument is the
same. O

Lemmas 4.9, 4.10 and 4.11 together imply that the weight function v of (4.30) is given recursively as in (3.3). Indeed,
repeated use of the relations in Lemma 4.9 allow us to express

Ty ({1 v1s -+ oy v, V0, Gen)l—= 1wy« « s Gegmy [ = 11D wpy )

as a linear combination of terms of the form

ooy ({1 V1 - VR 0 Dy - D)
for certain vy, v], ..., vy, with each v, 1 < i < N, of the form G G, !) and v; of the form Gio.am)y - - - Go.aton])-
Then Lemma 4.10 tells us that 7, ( (|, v}, ..., s Dugs -« Do vo) = vko vo)]_[l 1v3,(v)). So we can use Lemma 4.11to

exchange G’s for F’s. It follows that the vectors v in (3.3) and (4.30) coincide, because the structure of the recursive definition
of ¢ in (3.3) is chosen so as to match the relations of Lemma 4.9.

It remains to consider (ii), that is to show that v is an eigenstate of the Gaudin algebra, and to compute its eigenvalue for
the quadratic Hamiltonians. The argument is exactly as in [1,9] following [7]. For completeness, let us recall it. Let u € C*
be an additional nonzero point, with I"-orbit disjoint from those of the x;, 1 < i < p. To the point u we assign a copy of the
H, &5 ® C((t — u))-module Wy = M ® 7y, cf. (4.14). Then we have a unique (HDO xu.0 P hoo X, 0) invariant linear functional

N

TR
T Wo i @ ® Wi i) © Wiy ® ® Wieyjoity ® Wo —> C
i=1 j=1

normalized such that
T ([ @ N2y @+ ® 1)z, N0 ® Ny ® -+ & [, ® D) =

(Compare (4.24) and (4.31).)
LetZ € 3(g) C Vg be a singular vector in the vacuum Verma module. Recall the Feigin-Frenkel homomorphism of vertex
algebras, p : Vg" — Wy from (4.15). Now, for any vector

N
veC, ® QM @M’
i=1

we may evaluate the quantity

TV, Gey[=111), - - -, Geemy[=111), p(2)) (4.39)

in two ways. First, the functional 7, is goox wo-invariant. If the cyclotomic Bethe equations (3.8) hold then for each j,
1 < j < m, the vector G.;[—1]]) € Wy, is singular for the action of g O(uw;), AS in Lemma 4.8. Therefore

Tyo)(V, Geey[=111), - - -, Gemy[—=111), p(2)) = Ty (Z(u).v, Geey[=111), - ., Geemy[=111), 1))
= Y(Z(u).v) = (p(Z(w).¥) (v). (4.40)

On the other hand, using the invariance of the functional 7,y under the rational function

1 a\"! o"bs -
— = —— € ,
(n—1) (8u> Z wTt—u Do

reZr

and the fact that [bs[n], G¢;[—1]] = 0, we have that for all w € Wy,

Ty0)(v, Geey[=111), - - -, Geamy[—=111), bs[—n]w)

1 a\"!
= T (v, Gen[=111), -+, Gegm[=111), w) (m_l), (5) fy, v(u))) : (441)
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Here, cf. (4.25),

N v
) rra(l) o), Thg + Ag
<“sv’”(u)>:<“sv’x>+z Z<u—wrz Z o - +(S u >

, u— o'wj
reLr i=1 j=1

It is known that p(3(g)) C 7o [7]. That means p(Z) is a linear combination of terms of the form by, [—n4]. .. by, [—nu]1l),
S1y ..y SM € I, ny,...,ny € Zsy. Therefore, by repeated use of formula (4.41) one has that
Ty (v, Geey [—=111), - - -, Gegmy[—111), p(Z)) is proportional to T, (v, Gey[—111), . . ., Gemy[—111), |)). Together with (4.40),
this establishes that ¥ is an eigenvector of ¢(Z(u)), as required.

In particular, consider the quadratic singular vector S € 3(g) from (2.23). It is known (see e.g., [24, §8.1.4]) that

1 9
/O(S): EZ(wS,w[)bs[—l]bt[_]”) _ Z (Ol 0() W[— )

4
s, tel aeAt

where ws, s € I, are the fundamental weights. Hence

1 ) /
p(S).¥ = (Z(ws,wm vy, viw) — 3 L g, v(u») v

s, tel acAt

_ <1<v(u), o) — (v (u), m) v (4.42)

where o = %Zaeﬁa. Taking the residue in u — z; (which comes only from the term (v(u), v(u))) we obtain the eigenvalue
of the quadratic Hamiltonians #; ¢ given in Theorem 3.2. (In this calculation one needs the following steps

N P R N oo I e P T
; z(1—w) 2 ; wi—o) " e —1)
(s L3 21 (L My M) 1= (R LS 1)
72 z(1 — ) Zk(a)s—‘l EZ

where the change of varlable s +— —s was performed in the second sum.) This completes the proof of Theorem 3.2.

4.8. Proof of Theorem 3.4

We keep the notations of the previous section. Let us now suppose that x = 0. Then we have from (4.25) that

T 1
() =0+ - ZHOA, Zﬂoaco + Ao + Ao/T +@< )

j=1
=0+~ (AOO+A0/T)+O(1>

where A isasin (3.4).

Now we modify the construction of Section 2.4 as follows. Let M, be a module over (g°° ® C[[t~!]])" (rather than
(g° ® t='C[[t~"]D) as in Section 2.4). We make it into a module M. over (g°° ® C[[t~1]])" & CKw by declaring that Kx
acts by multiplication by k/T € C. We have the induced right module U(g’,) module of level k/T,

KT . k/T r
MY = MY ®u((geciit—1) @CKoo) U (@20)- (4.43)

The tensor product

N
k/T
M =M @ Q)M ® My (4.44)
i=1

is again a module over gu, n.0 0n which K acts as k. Pulling back by the embedding (2.8), we have that M becomes a module
over g, , , and we can form the space of coinvariants M /g’ , . Let us write

N
Tono =" @Clt™ ) & Po®Cllt -zl & (g ® CIE . (4.45)

i=1
We have the natural inclusion g < g and hence the embedding

07 = Ono X+ (=X[0]oo; X[0z,, - - ., X[0zy; X[O]o)- (4.46)
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Pulling back by this embedding, the tensor product

N
M= Mo ® Q) My, ® Mo (4.47)
i=1

is a module over g° and we have the space of coinvariants M / g°.
Proposition 4.12. There is a canonical isomorphism of vector spaces
M/g;z,och/ga'
Proof. We have
M = U(/g\oo,N,O)(X)U@:CYN,O)M-

Here we regard M, as a left module over U(g?-°P).

There are natural embeddings of Lie algebras g% < g, y o and g” < gl , o the first is given in (4.46); for the second,
X € g” embeds as the constant function X(t) = X in g/, ;. Inturn, both g,  ,and g’ ,  embed into g, v o - see (2.8) - and
the following diagram of embeddings commutes

o

g « /gjo,N,o

[ [

1—‘ -~
950,20 —— Hoo,N,0-

We may identify g?, 3, y o and g, , o with their images in goo,n,0. Then
Too,N,0 :E;Lo,lv,o + gcl;o,z,O and ﬁ:o,N,o n ggc,z.o =g’

Therefore [27, Proposition 2.2.9] there is an isomorphism
U(@oo.n.0) = Ul85 2.0)®ue) U (@ 0

of vector spaces and in fact of left U(g;zno)—modules. Hence we have an isomorphism of left U(g;qz,o)—modules,
M = U(ggo,z,o)®U(E")U(E;,N,O)®U(ﬁ;NO)M = U(gg,z_o)@)U(g“)M'

The result follows by the following elementary lemma. O

Lemma 4.13. Suppose b — a is an embedding of complex Lie algebras. Let V be a b-module and M an a-module. Then
(U()®ue)V) ® M) /a=c(V @ M) /b.
In particular (taking M to be the trivial one-dimensional module), (U(a)®u(b)V)/aECV/b.

Proof. Consider the linear map V ® M=¢ (U(b)®uw)V) @ M < (U(a)QuxV) ® M — ((U(a)®uwV) ® M) /a sending
v ®m i [(1® v)® m]. This map is surjective. We must show that it has kernel 6.(V ® M). And indeed, the kernel is the
intersection of (U(b)®u)V) ® M with a. ((U(a)®u)V) ® M), which is b. ((U(b)®u)V) ® M) Zcb. (V@ M). O

We may now choose modules - cf. (4.28) -

Mzi :M)t gwlt—ziv(t)’ l: 1,...,N,
o~ ol
Mo =MLT =W/,
@~ T,
Moo = M) = Wﬂt:v(t), (4.48)
where the isomorphisms are as in Lemmas 4.2, 4.3 and, now, Lemma 4.4. The embedding of g-modules Mfl_ = NLHX_,,(t) >

th—ziv(t) extends to an embedding of modules over g ® C[[t — z]] @ CK of level —h". (Positive modes A[n],,,n > 0,A € g,
act as zero on Wlt—ziv(t) as in Lemma 4.2.) I\/JIZ‘I,“v is by definition the Exi—module of level —h" induced from M, = Mfi. So we
get a canonical homomorphism M o Wu-/ziv(t) of’g}i—modules of level —h". The marked points 0 and oo work similarly.
In total we get a canonical homomorphism of g p,o-modules

N N
—hV/T —hY —hY/T rw r
Moo / ® ®Mz,~ ® IMIO - Wft v(t) ® ® Wlt—zi‘)(f) ® Wl[\)([)'
i=1

t—1 <
i=1
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Y
Hense, from the ggo_zyo—invariant functional ;) of (4.27), we obtain a ggcyzvo—invariant functional Mooh Tg ®fV:] Mz‘ihv ®
Mgh T . By Proposition 4.12 this is the same thing as a g° -invariant functional

N
MY @ QM ® M;:” — C. (4.49)
i=1

Recall that we are embedding g° — g7 & @?’zlg ® g’ by X —» (=X,X,...,X,X) and that the antipode map
S:U(g°) — U(g°)isdefined by S(X) = —X for X € g°.So the space of g° -invariant functionals Mi’(;f@@fv:l M;‘i®Mf(’]" —C
is the space

Homyo ( (M7 ® ®M ® M}, ) .
Proposition 4.14. There is an isomorphism of vector spaces, and in fact of left (U(g)®" ® U(g®))®" -modules,

N n? N
<® M;, ® M;’O) = Homg ((M;’oo 5 @ (QM;, @ M, (C) : (4.50)
i=1 A i=1

00

Proof. We have

N
(® u, o M)
i=1

n?

N
= Homyo g0 ((Cvxoo, ® M, ® M;’[))

hoo i=1

N
= Homga (U(ga )®U(ba®,,a)CUMC, ® M)»i ® M)i))

i=1

N
= Hom,o (Mfm, QM & M;’O) . (451)

i=1

This is the space of those maps ¢ : M7 — ®f’:] M;; ® M7, such that

p(x.v) = (AVTX).P(v), veEM] xeg’. (4.52)

It carries a natural leftgaction of (U(g)®N ® U(g”))* : given one such a map ¢, the map v — X¢(v) is another, for any
X € (U(g)®" ® U(g”))
Then

N N V.S
Homgo (M;w, QM ® M;’O) = Homy | My, ® <® M, ® M;’[)) ,C (4.53)
i=1

i=1

where for a finitely-weighted left U(g° )-module M we denote by MV its restricted dual made into a left U(g” )-module
by twisting by the antlpode map S. Indeed, given a map ¢ such that (4.52) holds we definea map @ : M, ®

(®L i, @ m, ) T Chy b @) = @)y € Moy, i € (®IL s, @ M, )v It obeys @ (x.(v ® 1)) = 0
wherex.(v® 1) = (x.v) ® it + v ® (i o (—ANT1x.)), forx € ¢°.

Finally, we may twist the action of g° on M, , ® (®f’:1 M), ® Mfo)v~ by the automorphism S o ¢ = ¢ 0 S. Since S? = id
here, (M,"***¢ = M,""¥ =: M. Thus

N vi§ N
Homg | M{_ ® <® M, ® M;’O) ,C | = Homy ((Mgoo S @ QM © M, C) (454)
i=1 i=1
asrequired. O
Thus, the functional of (4.49) defines an element of (®f'=1 My, ® Mfo) . At the same time, by (4.51), this functional is
hoo
uniquely determined by its restriction to the subspace
N N
Coi ® QM @M = @ Q) W) ® Wy,
i=1 i=1
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By definition, on this subspace it agrees with the functional of (4.29). In other words, it defines the same vector ¢ €
®f’:] M), ® M;’O as in (4.30). We saw in the previous section that i vector of (4.30) is the weight function defined in (3.3).
So we have shown that the weight function v is singular when y = 0, completing the proof of Theorem 3.4.

Appendix A. Proof of Proposition 2.5

Let us write
n
am .= 12 .
X ax
Consider the I'-equivariant rational function

k
o A
fit)y= o F € 0% zu0- (A1)

The expansion of (A.1) at u is

T-1 o©
p+n 1)p+1 k(p+1)
wdf () =Al-p— 1l + Y [ ] — 1)n+p+1un+p+l( o A)lnl, € g ® C((t — u)). (A2)
k=1 n=0
Its expansions at z;,i = 1, ..., N, and at O are given by
T-1 oo —kn
t—zf(t) —8(p) Z Z m(a A)[”]z, € g ® CI[[t — z]l, (A3)
k=0 n=0
o0
uf(6) = -ToP Y um (IT,A)nlo € g ® CIIt]], (A4)
n=0

where, recall, A[n];, = A® (t — z)" € g ® C((t — z)). It is regular at co and its expansion there is given by

— 11 f () = =P Y Y (o uf'ototAl—n — 1o = —TOP > " u"(IT_ 1A —n — 1], (A5)

T
k=0 n=0 n=0

where recall that for the modes at infinity we write A[n],, = A ® t" in our conventions.
Thus, since [f(t).(x ® vg)] = 0, we have

1
[S(ux ® vo] := |:X®*Ia[—1]1a[—1]voi| [W(u)x@ I~ 1]vo]

-1
1 P 1
ol — (5P _
+Z =T [ ® (1[0l - 1]vo] ; P [x@ S (@Il 1]Uo] (A6)
where, putting the expansions at 0, z1, . . ., zy, 0o together, we shall write, for any A € g,
N oo T-1 —kn k [eS]
o*A) [n]z, (ITpA)n]o
(TT T e e S i< 1), A7)
i=1 n=0 k=0 =0
The equality in (A.6) is an example of what was called “cyclotomic swapping” in [1]. Then, defining the element F € g° and
number K as in (2.22), we see after one further such “swapping” that
1 a 1 1
S(u) = =I,(wI*(u) + —F(u) + =K. (A.8)
2 u u?
Consider first the terms in %Ia(u)l"(u) acting at sitesi,j € {1, ..., N},i # j. Let us write

ok dam_ LY A9
Zik '—mw "Zj an aik = m glk . ( . )
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Then ;s = - — and we get the terms

—

-1

15 . (m) 1 1 —kn—Im, _k Iya
5 H;O ”2:]: P 3zk — rz],w (0" 1a)[n]z (o 1%)Im],
J#i
_ 1 i XN: TX: a(ﬂ)a(m) ( 1 1 + 1 1 )wfknflm(o.kl nl (U'I“)[m]
S 2 w0 o1 kim0 T \u—ziezw—zi ' u—zjzy— za arta %
J#i
1 ¢ SRS (n) o(m) 1 1 —kn—Im k Ija
=3 WZ:O Z L {(e 1)L, (1) 0m1, )
00 Nj 'IF 1
S IDIDI L L ik i, (o1, (A.10)

U — Zjg Zik — Z;
n,m=0 ij=1 k,I=0 ik <ik il
J#i

where {a, b} := ab + ba denotes the anti-commutator. Now here

1
(n—p) o(m)
) <alk a]l i )
Zik — Zjl

n
1 n+m-— 1
= ](—])np|: + Pi| S — A1)
=0 (u — zyg )P+ m (zix — z)n—prm+

1
ik ]l U — Zi Zix — Z 1k

Thus we find the following terms in %Ia(u)I”(u):

0
n,m=

N T-1 n —kn—Im
w ,n+m—p 1 K |
-1 —————(o"y)[nl; (' 1")[m]y,
ZZ = (U — zi) p+l ) |: m :|(Zik_zjl)n_p+m+l(a )l (o Tl

0 I.le k,I=0 p=
J#

N T-1 oo N T-1 oo k(r4-p)— lm( 1) [r+m]

l m K a
:ZZZW > Z @z —w gy “)Ir + ply(a'1)m]y

k=0 p= j=1 1=0 r,m=0
J#

kot k N T-1 o0 (k—l)m(_l)r[r+m]

P el DD DD D e Iyt fall ¥ Pl (o1 [ml,

=1 =0 r,m=0

T—1 o© —kp+k k N T-1

0 —Im —1) r+m
> Mz [r + pla(a'1)ml; | . (A.12)

(Z _ w—lzj)r+m+1

— (u— 0zt

Il
-
=~

Il
<)
=

In part by a similar calculation we find the terms in %Ia(u)lﬂ(u) acting solely at one sitei € {1, ..., N}, namely

N T2l o —kptk gk
;;;(u—w—kz Y+
T-1 o0 wflm(_]) [r+m] 1 . p—1
(B s e i « o< ) a1

where the second term is an “on-diagonal” term in %Ia(u)la(u).
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The cross terms in %Ia(u)l"(u) acting at sitesi € {1, ..., N} and 0 are given by (here we use an obvious trick to make the
calculation resemble the one above)

-
|
-

1 1
u—2zgu—2z

g (1111
k"2 \u—zwzw—z u—zz—zy

1 (_l)n—p [n+m7p]

m
(u— zyg Pt (zg — z)r-piml

1 (_1)m—p [n+m—p]
n
(u— 2P+t (z — zg)rprm+

(m @ (o )Nl (Tl )Mo

z=0

M=
et
=3
NQJ

<]
Il
-
=~
Il
o

=

H
;070

-
|
_

I
h~]

_Ow—kn(akla)[n]zi(nmla)[m]o

I
hﬂ
M=
i}
L

|o—o@ (0¥ 1)1y, (Tl )Mo

e
M=

=

e 31
T
T

<)
Il
-
=~
Il
- o
=
II
<)

NE

-
|

0@ (0¥ 1)1, (ITI )Mo

=
o
T M =
[\
=~
N
o
h~1
T
o

+
~
il

_
|

—_

=

1 (=1*? [n+m_p] k(—p+m+1)
m —p+m k a

(u — w—kzi)pJﬂ Zn_p+m+1 w P (U Ia)[n]z,-(nml )[m]o
i

M-
N

=
<)
Il
-
=~
Il
- o
=
Il
<)

I
il

o] N T-1 m 1 (_.l)n+1 [n+m7p]
T XY e @O I (Tt (A14)
n,m=0 i=1 k=0 p=0 i
Next, the cross terms in %Ia(u)la(u) acting at sitesi € {1, ..., N} and oo are
T-1 o N wkn
m kya
IDIDIDD oyt A-nmila)l=m = Tl )inl
k=0 n,m=0 i=1
T-1 oo N m—n—1
— n+p mnlp —k w zl)mp
203303 Dol re 3 e
k=0 n,m=0 i=1 p=0
o™ MM _palg)[=m — Tloo(a 1) [0l (A.15)
where we used the identity
u™ " Tn+p . [m zm=p
— = ymn=1mpgP — -
T 3 >0 e
p=0 p=0
This can be seen by writing the left hand side as
u™ o 19t w1 9" m_]u’<zm—k—1 19" zZ"
(u—zy+'  nldz"u—z nlaz" nldz"u—z

k=0

After taking the n derivatives with respect to z, each of the two terms on the left hand side then evaluate to the two terms
on the left hand side of the above identity.
The pole term in (u — @ *z;)in (A.15)is (herer = n—p,n =r + p)

N T-1 oo
m
NN oy e 3 g 7 |5 om0,
i=1 k=0 r= p,m=0
N T2l o krbkk o m
m—
P DUTE D ok g [ S L
i=1 k=0 r= p,m=0 p
N T=1 o —krtkgk o0 n+p
:TZ Z (U — otz szn[ p }(”np11a)[—n—p—1]oo1“[r+p]zi (A.16)
i=1 k=0 r= n,p=0

where we use the fact that 6%I7_,,_1 = 0 ¥k 1_,,_;
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The powers of uin (A.15) are (herer =m—n—1—p,p=m—-n—1-r)

m—n—

N T-1 o 1
m—1-—r
T Z Z Z urw—km+k+krzm—n—l—r |: . :| (H—m—ﬂa)[_m _ 1]Oo(o_k1a)[n]Zi
i=1 k=0 m,n=0 r=0
oo T-1 oo 0o m—1—r
=T Z u Z Z Z Z o kmkkr 1 m n—1-r |: :| (M _p1l)[—m — 1]m(a"1”)[n]zi.
r=0 i=1 k=0 n=0 m=r+n+1 n

The cross terms in %Ia(u)l %(u) acting at sites 0 and oo can be conveniently written as

oo

1
" Z Z Malo)Jo(IT; i I*)[=n + 1 — 1l

ur+1

8

n=

3

+T12 Zur Z LI [No(IT—r— 1) [—n — T — 2] .

r=0 n=0
Finally the diagonal terms in Ela(u)la(u) acting at sites 0 and oo respectively are

r—1

T2 1
=y Z U+l (nnla)[n]o(nr—n—lla)[r —n-— ]]0
=0

2

r=1 n

and

r

N\“]

[e'e}
Zu’
=0

Next we turn to the term F(u)/u in (A.8). Noting that

(IM-n—1la)[—n — Moo (T I®)[—1 + 1 — 1.
0

n=|

n

LI N R S B )

u (Ll _ Z)n+1 s zh+1 (u _ Z)n7p+1 u znt1

we find that in F(u)/u the terms acting at the sitesi € {1, ..., N} are

o) n ) . a)ikn 1 w—kn(_nn kF
Z Z(_ ) (0 *z P+ (U — wkz) Pty (@ kz) o Flnl

i=1 k=0 n=0 \ p=0
N T-1 o0 o0 w—fknHkn—r+1) 1 »
B NH I S W=
(u _ w—kz.)r+l Zn—r+1 Zi n+1 zi
i=1 k=0 r=0 n=r ! i i=1 n=0 %i
N T-1 o0 o0 —kr+k 1
5035 303 S IR DRI 3 lct SRR
(u — w7kz4)r+] Zn+1 Zi n+1 -1 zi
i=1 k=0 r=0 n=0 ! i i1 n=0 Zi

The terms acting at the sites 0 and oo in F(u)/u are clearly

o0 1 00
TY TPl +T 3w (1T gy F)l—n — T
n=0 n=0

(A17)

(A.18)

(A.19)

(A.20)

(A21)

Now we collect terms, and use 0¥ [T, = "™ [Ty, 7%, = H, , and the fact that ITyF = 0 for all k € Z/TZ \ {0}, to obtain

the result.
Appendix B. Y;y-map

B.1. Vertex Lie algebras

In this appendix we use the notion of a vertex Lie algebra and related concepts as defined in [8], to which we refer the
reader for the precise definition. In particular, all our vertex Lie algebras are finitely generated as C[D]-modules, of the form

# = C[D] ® (L° ® Cc)/DC[P] ® Cc=cC[D] ® L° & Cc,

where L° is a finite dimensional vector space and D is the translation operator of the vertex Lie algebra. Moreover, we will
always consider the case when .¢ is Z-o-graded, in the sense that the underlying finite dimensional vector space L° is itself
Zsp-graded, D is an operator of degree 1, c is of degree 0 and deg(a,)b) = dega 4 degb —n — 1forany a, b € . where
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m ¥ x¥ — £forn € Zso denote the nth-products of . We denote by L(0) the degree operator on .¢, given by
L(0)a = (dega)a for homogeneous a € .#. We will always assume that .# is equipped with an action R: I — Aut Z,
o — R, through automorphisms of .#, and consider the corresponding twisted actionR : I' — GL(.%), @ — R, = o OR,,.

To any such vertex Lie algebra . we can associate a genuine Lie algebra, denoted L(.#) and defined as Liec)-# using
[8, Lemma 2.2] with A = C((t)), which is isomorphic as a vector space to L° @ C((t)) @ Cc. The element in L(.#) corresponding
toa®t" witha € L° and n € Z is denoted by a(n) € L(.#). We denote by c(—1) the copy of the element ¢ belonging to L(.#).
The definition of a(n), n € Z, then extends to all a € .# by repeatedly applying (Da)(n) = —na(n — 1). In particular then
c(n) = 0 unless n = —1. For a homogeneous vector a € L° we also make use of the notation a[n] € L(.#) for the element
corresponding to a ® t"T989=1 There is a vector space direct sum decomposition L(.#) = L=(.%) + LT(.¢) where L*(.¥) are
Lie subalgebras isomorphic as vector spaces to L° ® C[[t]] ® Cc and L° ® t~'C[t~!] respectively.

Denote by V(%) the vacuum Verma module over L(.#), namely the L(.#)-module induced from the one-dimensional
L™ (.#)-module Cvy on which ¢ acts as 1 and L° ® C[[t]] acts trivially. It is naturally endowed with the structure of a vertex
algebra. Finally, let L(.#)" denote the subalgebra of I"-invariant elements, where the action of I" on L(.¢) is defined by letting
a € I' send any a(n) witha € .# and n € Z to o " !(R,a)(n). Given any a € .# and n € Z we define the corresponding
twisted nth-mode

=) a ) e L)t

ael’

The two main examples of vertex Lie algebras .# we shall consider are given in [8, Examples 2.5 & 2.6], whose
corresponding Lie algebras L(.#) are centrally extended loop algebras and Heisenberg Lie algebras.

B.2. ‘Local’ and ‘global’ Lie algebras

Fix asetx = {x,'}?:1 of p € Z-( non-zero points in the complex plane. We attach to each point x; € x a local copy of
the Lie algebra L(.#) defined as Liec(—y,))-Z using [8, Lemma 2.2] with A = C((t — x;)), which we denote L(.Z)y,. We will
also use the index x; on the formal modes a(n) or a[n] when we wish to emphasize that these belong to L(.#)y,. Similarly,
to the origin we attach a local copy L(.Z ) of the I'-invariant subalgebra L(.#)". To the point at infinity we attach the Lie
algebra L(.z°P)[ defined as the subalgebra of I"-invariants in L(£°P)s = Lieg,-1)%°P, where 2P is the opposite vertex
Lie algebra given by the C[D]-module .# but with opposite nth-products. For any n € Z and homogeneous element a € .Z,
we denote by a(n)y (resp. a[nls) the class ofa ® t" (resp. a® t"taesa-1yjp | ((#°P)

Consider the direct sum L(.#°P) & @ (z)g. We define the ideal

Ioo.p0 = spanc{e(—1); — Te(—1)so J7_, U {C(—1)0 —c(— 1o} (B.1)

and the corresponding quotient Lie algebra

L(g)ooxo - ng @@ )g/lm,p.o-

Let Co, rx,0(t) be the algebra of global rational functions with poles at most at 0, oo and the points in I"x. It comes equipped
with the derivation d; and an action of I" defined through pullback by the multiplication map t — «~'t foro € I". Consider
the associated Lie algebra Liec -, o)< defined with the help of [8, Lemma 2.2] for A = Cq, rx,0(t). We will denote by
af = p(a ® f) the class in Liec_ ., 1) of an element a ® f € £ ® Coo, rx,0(t)- The action of I" on £ @ Coo, rx,0(t) defined
forany @ € I" by

a(@@f(t) :=a 'Rya®fla~'t),

gives rise to an action on Liec_, ., o1 by Lie algebra automorphisms, ¢f. [8, Lemma 2.13].
Consider the ideal in Liec ., o(1)-¢ defined by

I — span, ¢ — span c " T (B.2)
“’F”’O'_Spa‘czr—ax _Spaczt—axi e ) '

ael }xexu(o} ael i=

and denote the corresponding quotient Lie algebra by

Loo,rx,0(Z) i= Liec , ry ot f/’oorxo

Noting that the ideal (B.2) is invariant under the action of I', i.e. I".Ic rx,0 = Ioo,x,0, We obtain a well-defined action of I”
on the quotient Ly 1y 0(-Z). We denote the corresponding subalgebra of I"-invariants by

L o) == (Loo.rxo(2)) " (B.3)
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Proposition B.1. There is an embedding of Lie algebras

LD

oo,x,O(

L) = L(L)oo.x0- (B.4)

Proof. Taking the Laurent expansion of an element of Liec_, o) at 0, oo and the points in x yields an embedding of Lie
algebras

p
v Liec, 00Z < LZP) @ @D UL & UL (B.5)

af — (—p(a @ t-1f), p(a @ tr—x,f). - -, p(A® 1y, f), p(a @ 1f)).
Note that under the embedding (B.5) we have (3", +=-) = c(—1)x — Te(—1) for every x € xand ¢(1¢) = Te(—1)g —

Tc(—1) from which we deduce that the ideal I rxo C Liec, rxo®Z defined in (B.2) is mapped to the ideal I po C

L(Z°P)s D @f’ 1L(L)x, ® L(L)o defined in (B.1). By [8, Lemma 2.9] it follows that (B.5) induces an embedding of quotient
Lie algebras

p
2 Loo rx0(Z) = L(ZL%P)o ® @ L(ZL)y & L(f)o/loo,p,o-
i=1
Finally, by restricting the latter to the subalgebra of I'-invariants (B.3) we obtain the desired Lie algebra embedding (B.4). O
Let M, be a left module over L(.#)y, for eachi = 1, ..., p. Following the convention adopted in [8, Section 3], we will
always assume that such modules over L(.#) are of level 1, namely that the central element ¢(—1) acts as 1. Let Mg and
Mo be left modules over L(.f)g and L(.2°P)L respectively, or alternatively My, is a right module over L(.#)”. Following
also the convention of [8, Section 3], all such modules over L(.#)"" will be assumed to be of level % The tensor product

Mo ® ®, 1 My, ® My is then a left module over the Lie algebra L(.£)«x,0 SO that by virtue of Proposition B.1 it also
becomes a left module over the global Lie algebra Loo x0(-Z). In particular, we may form the space of coinvariants

Moo®®Mx, ®Mo/ Lexol2):

i=1

Many of the statements and proofs of [8] concerning cyclotomic coinvariants which did not include the point at infinity can
be seen to carry over with minor modifications to the present case.

B.3. Yw-map

A left module M over L(.Z) is said to be smooth if for all a € .# and v € M we have a(n)v = 0 for all n > 0. Likewise, we
will say that a right module N over L(.#) is co-smooth if for alla € .# and n € N we have na(n) = 0 foralln « 0.
Let Mo, be any right co-smooth module over L(.#)". We define the quasi-module map
Yuw(-, 1) : V() — Hom(Moo, Moo((u™"))),  Ar—> Y Afu""
nez
where u is a formal variable and AE’,‘:) are endomorphisms of M, for each A € V(.#) and n € Z, by direct analogy with the
definition given in [8] for left smooth modules over L(.#)" as follows. For any a € £ we set

Yw( UQ, Z Z R a ni].
aecl” nez

Moreover, the map is defined recursively for any other state in V(.#) by letting

Yw(a(—1)B, u) == Yw(a(—1)vo, )Yw(B, u)} + » Z

ael\{1} n>0

foralla € # and B € V(.%). Here : A(u)B(u): = A(u)+B(u) + B(u)A(u)_ denotes the usual normal ordering where for
Alu) =Y, ,Amu~""" we define

)n+1 ((Rda)(n)B! u)? (B.G)

u), = ZA(n)u‘”‘1 = ZA(—m — u™, (B.7a)
n<0 m>0
_= ZA(n)u‘”_l. (B.7b)
n>0

The following is a direct analogue of [8, Proposition 3.6] for the point at infinity, providing an alternative definition the
above Yy,-map on co-smooth modules using co-invariants.
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Proposition B.2. Let M, be a right co-smooth module over L(#)"". We have

1AM ® -] = [MeYw(A 1) ® -], (B.8)
T o 1

u oo oo

forallA e V(.#)and my, € Meo.

Proof. We use induction on the depth of A. When A = v the result follows from the analogue of [8, Proposition 3.2] including
the point at infinity. For the inductive step, we assume that (B.8) holds for states of depth strictly less than that of A. Without
loss of generality we can take the state A to be of the form A = a(—1)B for some a € .# and B € V(.%).

Let My, i = 1,...,pbe any collection of p € Z>o modules attached to the points x; € C fori = 1, ..., p which may
include the origin. We write X := {x, _,andletm e ® 1 My, By definition of the space of coinvariants we have

a”'Rya
[f().B®ms @m)] =0, where f(f)=) ———.
+ 0 T a 't—u
u o] X ael’
In other words,
p
[t (OB @ Moo @ m] — [B® Mo (1,-1f(£)) +Z B®moo®tt «f (Om] = 0.
» » » +
u oo X u oo i=1 u x

Thus the left hand side of (B.8) may be written as

—t,-1[a(— )B®moo®m]——t_1[zz (un+1B®m°O®m]
a1 n>0 U x
(Rya)(
— L1 |:lj ® mﬁooYW( a(—1)vo, u)4 ® m] by |:B ® m°° ® Z Z Z n+1 :|
: oS i=1 ael’ n>0

Here we made use of the notation (B.7a). The states at the point u on the right hand side are of lower depth in V(.#), so that
we may apply the inductive hypothesis to obtain

~t1la(= DB @ M ® m] =y Z G |:m¢ooYW ((Rea)n)B, u) ® m]

N
a#l n>0 00 X

+ |:m4\ooYW(a(_1)UOa u); Yw(B, U)®mi| + 4y |:mooYW (B, “)®ZZZ (ot — X)) n+1 :|

i=1 acl’ n>0

The first two terms on the right hand side are already in the desired form. Taking the map ¢,-1 explicitly in the remaining
term we may rewrite it as

|:mooYWB u ®ZZZZ[ ] a7 Ra@ms T}' (B.9)

i=1 acl’ m>0 n=0

Now consider the following identity
> um 1[ mooYW(B u)®m)] =0, where gu(t)=) o '(Rya) o 't)".
m>0 oo X ael’
Using this we may rewrite (B.9) simply as
> u ! macYu(B, u)(-1gn(6) @ m] = [moc Y (B, w)Yiw(a(—~ o, u)- @ m].
m=0 o x o x
Putting the above together and using the recurrence relation (B.6) of the Y,,-map we obtain
to1la(—1)B ® my @ m] = [mooYw(a(—1)B, u) @ m],

T » 1 + 1

u o0 X oo X

asrequired. O

Recall that the vacuum Verma module V(.#) has the structure of a vertex algebra and so is in particular a vertex Lie algebra.
We may thus form the associated Lie algebra L(V(.#)) as well as its subalgebra of I"-invariants L(V(.#))". The following is
an immediate generalization of [8, Proposition 5.8].
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Proposition B.3. Let M, be a co-smooth right module over L(£)". There is a well-defined co-smooth right L(V(£))" -module
structure on My, given for all my, € My, by

MoeA” (1) = mo Ay
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