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1. Introduction

The historical beginning of classical field theory comes back to XIX century with the discovery of electromagnetic
field by James Clerk Maxwell. However, only in XX century physicists and mathematicians started to look for a proper
mathematical description of phenomena described by this theory (see e.g. [2,9,27,28,32,34,36,38,40,41,47,48]). From the
mathematical point of view, a classical field is represented by a section of the fiber bundle # : E — M where the
base manifold M usually represents spacetime. For instance a real (complex) scalar field is a section of the trivial bundle
M xR — M (M x C — M), electromagnetic field is a section of the cotangent bundle T*M — M etc. The natural choice
for the configuration space of the first order classical field theory is a bundle of first jets J'E of sections of 7. The bundle
JIE plays a similar role in field theory as the tangent bundle TM in classical mechanics, however, one has to be careful
with this comparison since the internal structure of J'E is much richer than TM.

In mechanics one uses symplectic geometry to derive the dynamics of the mechanical system [1]. The cotangent bundle
T*M associated with the Hamiltonian description of the system has a canonical symplectic structure. On the other hand,
the bundle TM does not have a canonical symplectic form but, at least for regular systems, one can transport the canonical
symplectic structure from T*M to TM via the Legendre map [33]. In field theory one has to consider a multisymplectic
structure which is a generalization of the symplectic one. It turns out that in the presence of a volume form on the (n+1)-
dimensional manifold M, the phase bundle is isomorphic to the bundle AQ“E representing two-horizontal (n + 1)-forms
on E and being a canonical multisymplectic manifold. To read more about multisymplectic structures and its applications
in field theory one can see for example [10-12,22,25,26,43]. An interesting description of covariant Hamiltonian field
theories on manifolds with boundary, and applications to Yang-Mills theories, was developed in [30].

In the very center of interest of physicists are the so called gauge theories. Gauge theories are field theories with certain
special kind of symmetries called gauge transformations. In the modern description of fundamental interactions one usually
takes a classical Yang-Mills theory and then quantize it to obtain possible experimental predictions.
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On the other hand, Hamilton-Jacobi theory is a powerful tool in analytical mechanics that provides a method to find
the dynamics of the mechanical system. It is also the most clear way to see the classical limit of the quantum mechanics
when one takes # — 0. Its geometrical formulation was investigated in many papers, e.g. in [3-7,13-17,19,21,31,35,37] .
Recently, a Hamilton-]Jacobi for field theories version has been developed too [8,18,20,39,49]. In our paper we would like
to investigate the field theoretical version of Hamilton-Jacobi theory for gauge field theories.

The paper is organized as follows. In Section 2 we present the basic features of the geometrical picture of classical field
theory of first order. We start with a general definition of a multisymplectic structure. Subsequently, we present basic
tools of jet bundle theory and their relations to multisymplectic structures. In 3 we make a brief introduction to principal
bundles which provide the most common definition of a gauge field. The main result from this constructions is that a
gauge field is just a connection in a principal bundle. In Section 4 we present an equivalent definition of connection
which is based on jet bundles and is more useful for our purposes. In particular we present a canonical projection of
the configuration space of gauge field theory which is essential in our further work. Section 5 contains the Hamiltonian
formalism for gauge theories. In Section 6 we present the main result of our paper which is a Hamilton-Jacobi theory for
gauge theories.

Along this paper we will assume that the base manifold M has always dimension n + 1. If (x') are local coordinates in
M we introduce notation

dtx=d% A Ad™
and

dx; =is d°%A--- Ad"%
axt
for the contraction with the coordinate vector fields. Furthermore, we assume that M is orientable with fixed orientation,
together with a given volume form 7. Its pullback to any bundle over M will still be denoted », as for instance 7*7. In
addition, local coordinates on M will be chosen compatible with 5, which means such that 5 = d"*'x. To great extent,
this form 7 is not needed and our constructions can be generalized, although we are going to make use of n for the sake
of simplicity.

2. Multisymplectic structures and jet bundles
We begin reviewing the basic notions of multisymplectic structures and jet bundles.
2.1. Multisymplectic structures

Let V be a finite-dimensional real vector space. A (k + 1)-form £ on V is said to be multisymplectic if it is
non-degenerate, i.e., if the linear map

bo : V — Akv*

v+ bo(v) =i,

is injective. The pair (V, £2) is called then a multisymplectic vector space of order k+ 1. This definition has a straightforward
extension to differential manifolds. We say that a pair (P, §2) where P is a manifold and §2 a closed (k + 1)-form on P is
a multisymplectic manifold if each (T,P, £2(p)) is multisymplectic, for any point p € P.

In a similar way that a cotangent bundle is a canonical example of symplectic manifold, the canonical example of a
multisymplectic manifold is the bundle of forms P = A*N over a manifold N.

Let N be a smooth manifold of dimension n, AN be the bundle of k-forms on N and v : AXN — N be the canonical
projection (1 < k < n). The Liouville or tautological form of order k is the k-form © over AN given by

O@)v1, ...y vk) = W(TeV(V1), ..., Tov(W)), @ € AN, vy, ..., v € T, (AN).
The canonical multisymplectic form is then defined by
2 =—-do.

Let us introduce local coordinates (x') in N and induced local coordinates (', Pi;..i,) in AN where 1 <i; <---<i, <n.
Then

O = E Pip. i, X A Ldx
i <ip<--<ig

2 =— Z dpilmik AN d)(i1 VAN ...dXik.

i <ip<---<ik

It is immediate to check that §2 is indeed multisymplectic.
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Another example of multisymplectic manifold comes from the particular case of the previous example. Let 7 : E — M
be a bundle. Let us assume that dimM =n+ 1 and dimE =n+ 1+ m. Given 1 < r < m, we can consider the vector
subbundle AXE of AXE that consists of k-forms on E which are r-horizontal with respect to the fibration 7, i.e.

(A*E)e = {0 € AXE 11y, . ip0 =0, Vui,..., v € V.E}.

where e € E and VE C TE is the subbundle of vectors tangent to E which are vertical with respect to .
We denote by v, ©,, £2; the restrictions to A’r‘E of v, ®, 2, respectively. It is easy to see that (A’r‘E, £2,) is a
multisymplectic manifold. The most interesting cases from the point of view of field theory are k=n+1andr =1, 2.
Let (x', u®) denote adapted coordinates on E, where i € 0, n and o € 1, m. They induce coordinates (x', u®, p, p's) on
A;“E such that any element w € A;“E is locally expressed by

o = pd™1x + plydu® A d"x;,
where d"x; = i 5 d"* 1x. Therefore ©®, and £2, read as
axt
©, = pd™x + plodu® A dx;
Q2 = —dp Ad"x — dp'y, A du® A d™x;.

in local coordinates
2.2. First order jet bundles

We will introduce now the notion of first order jet spaces and their duals. We follow the notations in [29]. For a more
detailed discussion of the jet bundle geometry see e.g. [46].

Let 7 : E — M be a bundle with the total space of the dimension dimE = n+ 1+ m. We introduce in a domain U € M
a local coordinate system (x")?=O on M. In field theory, fields are represented by sections of the fibration 5. The total space
is a space of values of the field e.g vector fields are sections of the = being a vector bundle, scalar fields are sections of
the trivial bundle E = M x R or E = M x C, etc. On an open subset V C E such that #(V) = U we can introduce local
coordinates (x, u) adapted to the structure of the bundle.

In TE we have a vector subbundle VE consisting of those tangent vectors that are vertical with respect to the projection
m ie Trn(vy) = 0 for v, € V,E. We will also need the dual vector bundle V*E.

The space of first jets of sections of the bundle = will be denoted by J'E. By definition, the first jet j! ¢ of the section
¢ at the point m € M is an equivalence class of sections having the same value at the point m and such that the spaces
tangent to the graphs of the sections at the point ¢(m) coincide. Therefore, there is a natural projection j'm from the
space J'E onto the manifold E

jlm 1 JIE > E: j,ln¢ —> ¢(m).

Moreover, every jet j}nq& may be identified with a linear map T¢ : T,M — Tym)E. Linear maps coming from jets at the
point m form an affine subspace in a vector space Lin(T,,M, T.E) of all linear maps from T,,M to T.E. A map belongs to
this subspace if composed with Tz gives identity. In a tensorial representation we have an inclusion

JECTM®T.E.

It is easy to check that the affine space J!E is modeled on the vector space T:,M ® V.E. Summarizing, the bundle J'E — E
is an affine bundle modeled on a vector bundle

7*(T"M) ®¢ VE — E.

The symbol 7*(T*M) denotes the pullback of the cotangent bundle T*M along to the projection 7. In the following we
will omit the symbol of the pullback writing simply T*M ®g TE and T*M ® TE. '
Using the adapted coordinates (x', u®) in V. C E, we can construct the induced coordinate system (x', u®, u}) on
jlw~1(V) such that for any section ¢ given by n functions ¢%(x') we have
. apP
ui(¢7(x)) = —(x(m)).

ox
In the tensorial representation the jet j! ¢ may be written as

;0 aPp* 0
' ® oxi + X ou*’
where we have used local bases of sections of T*"M and TE coming from the chosen coordinates.
We will introduce now the bundle which is dual to the bundle J'E — E. Let us recall that each fiber J!E is an affine
space. We can consider a set of affine maps JIE — R which we will denote by Aff(JIE, R), for each e € E. Collecting
Aff(JIE, R) point by point we obtain a bundle of affine maps on J'E, namely Aff(J'E, R) — E. From now we will use

(K(m))d¥ @




4 M. de Leén and M. Zajqc / Journal of Geometry and Physics 152 (2020) 103636

notation JIE := Af(J'E, R). It is a vector bundle over E. If (x', u®, uﬁj) are coordinates in J'E, then we introduce coordinates
(¥, u%, r, ") in J'E. The evaluation between J'E and J'E in coordinates reads

JExpJ'E—R,  (T,je¥h) =1+ "y

We also introduce a vector bundle J°E over E which is a quotient of J'E by constant affine maps, namely
JE = J'E/{f :E — R}.

It is equipped with adapted coordinates (x, u®, (pbj). The bundle p : J'E — J°E is a principal R-bundle.

The following theorem justifies the importance of the multisymplectic structures in field theory.

Theorem 1. There exists an isomorphism ¥ : A;“E — J'E given by the formula
(W (), 10 = ¢}(@),  Viip € JE, Vo AFE.
We will therefore identify J'E with AJ"'E and J°F with A3"'E/AT'E.

3. Geometry of principal bundles

We introduce now a mathematical framework to analyze gauge theories. It turns out that gauge fields are sections of
the bundle of connections in a principal bundle.

3.1. Principal bundles

Let G be a Lie group and P a smooth manifold. We will denote by g the Lie algebra of G. We assume that G acts
on P from the right-hand side in a smooth, free and proper way. We denote by M the space of orbits P/G. The bundle
m : P — M is called a principal bundle. It is locally isomorphic to M x G. Let U, be an open subset in M. We have local
trivializations

77U, 4>U x G

N

where ¥, is a G-equivariant diffeomorphism such that ¥,(p) = (7= (p), g.(p)) for g, : P — G. Equivariance means that
v, (pg) = ¥,(p)g which implies that g, is also G-equivariant, says g,(pg) = g.(p)g.

Local trivializations of principal bundles are associated with its local sections. Let o, : U, — 7~ 'U, be a local section
of . Using o, we can construct a local trivialization by ¥,(o,(m)) = (7(0,(m)), e), where e is the neutral element of
G. Since ¥, is equivariant we obtain a trivialization of the whole subset = ~'U,. Conversely given a trivialization ¥, we
define value of o,(m) by condition ¥,(o,(m)) = (7 (o,(m)), e). Let us notice that g, o o,(m) = e, for each m € M. Local
trivializations (or equivalently local sections) enable us to identify fibers of the bundle 7 with a group G by choosing an
element p which satisfies g,(p) = e.

Let Uyp == U, N Ug. For ¥,, ¥y associated with U, and Ug, respectively, we have transition conditions such that the
following diagram commutes

Vo 1 Yp
Ua,ng<—7t UaﬂHUaﬂXG

b
pr pr

Unp

Let us assume now that m belongs to U,g. With each trivialization ¥,, ¥y there are associated functions g,, gg. One can
show that there exists a function g, : P — G such that

Zup(D) = Ea(P)2p(D)”!

In addition, g, is constant on each fiber i.e. g,4(p) = gs(pg). Therefore, g,4 defines a function
8up - M — G, gaﬂ(n(p)) = gaﬂ(p)

The transition functions g,z satisfy cocycle conditions

gaﬁ(m)gﬂa(m) =€ on Ua n Uﬂ
Lap(Mm)gp, (M)gyo(m)=e on U, NUg NU,.
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3.2. Adjoint bundle

Let F be a manifold and let G act on F from the left hand side. We assume that G acts on P x F by

g(p.f)=(pg.g7'f).
We denote by N := (P x F)/G the space of orbits of this action. We have a bundle

§:N—>M, [(p.f)] = =([p]),

which is called an associated bundle to a principal bundle P. Let s, : M D U, — P be a local section of P and let
N D 0, := £~ '(u,). Then for each orbit y € O,, where £(y) = m, there exists a unique element xs(y) € F such that
(s(m), xs(y)) belongs to y. A local section of 7 provides then a local trivialization of N

N> O, — Uy xF, yr— (&), xs¥).

The most important examples of associated bundles to P in context of our work are the bundles with fibers F = g or
F=G,i.e. N=(P x g)/Gand N = (P x G)/G. We will use the notation ad(P) := (P x g)/G and Ad(P) := (P x G)/G. The
action of G on g and G on G is the adjoint map given by

Ad:Gxg—g, (g X)r— Adg(X),
Ad:GxG— G, (g, h)— Adg(h),

respectively.
Let us take a closer look on the bundle & : ad(P) — M. It has a natural structure of the vector bundle with addition
and multiplication given by

[p. X1l +1[p, X2l =[p.Xi+X] peP, X, X eg (M
AMp, X1 =[p,AX] AreR (2)

The “zero” vector in the fiber over p is just the element [p, 0]. The bundle adP is called the adjoint bundle. Given a
section s, : U, — P we have a local trivialization of ad(P)

ad(P) —» U, x g, [p, X] —> (n(p),XSQ) hedG.
where X,, € g is the unique element satisfying
[p, XT = [sa (§(P)), X5, 1.

In the above trivialization the equivalence class is represented by its representative in e € G i.e. if in a local trivialization
(p, X) = (7(p), &(p), X), then [p, X] € adP reads (7 (p), Ad, (,)-1X).

The structure of adP has its reflection in transition functions between different trivializations of P. Every element (p, X)
is in relation with itself, therefore

(7 (p), &x(p), X) ~ (7 (p), gp(p), X)

where g, : 77U, — G and gp: 71‘1U/3 — G are two different trivializations related by the transition function g,g. Since
for each p € n‘lua/_z;, the relation g,(p) = g.p(7(p))gs(p) is satisfied, we obtain

1 0X).

Therefore, the local trivializations of adP must satisfy a condition

(n(p)v e, Adgu(p)_l o X) ~ (ﬂ(p), e, Adgaﬁ(m) o Adg,l(p)_

ad(P) [p, X1 3)
Uup X g Uap X g (m,Y) (m, Adg,,(m)Y)

on the overlappings Uyg = U, N Ug.
3.3. Forms with values in adP

We are ready now to construct the bundle of forms on M with values in adP. Denote by A¥(M, g) the bundle of g-valued
k-forms on M. We assume that G acts on g by

ReX = Adg-1X, geG Xeg

Let {£,) be a set of local k-forms on M such that for each «, &, € A¥(U,, g). We also require that for each overlapping
Uyp the condition

&x(m) = Adg,,(m) 0 Eg(m), me Uy, gup:Uip—>G (4)
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is satisfied. We claim that the family of forms {£,} defines an element of AX(M, adP). Indeed, if (vy, ..., vx) € TuM are
tangent vectors at a point m € Ugg, then &,(vy, ..., ve) and &g(vy, .. ., vi) satisfy (3).

Let us assume now that we have a scalar product on g which will be denoted by (-, -),. In an obvious way, it defines
a scalar product K on each fiber of the bundle P x g — P

K:(Pxg)xp(Pxg)— R, K(p)X,Y)=(X,Y),

Let us require now that the form K is Ad-invariant i.e.
K(p)X,Y) =K(p)(AdgX,Ad,Y) geG.

In such a case, it defines a scalar product K, on the associated bundle adP — M, namely
Ka:adP xyadP — R, Ka(m)(Xa(p), Ya(p)) = K(p)X.Y),  &(p)=m.

where X4(p) and Y4(p) are equivalence classes of the elements (p, X) and (p, Y), respectively. One can easily see that if K
is Ad-invariant, then the above definition does not depend on the choice of the representatives.

Let us assume now that the manifold M is equipped with a metric g. It allows us to define a Hodge star operator .
On the other hand, the Hodge star allows us to define a scalar product (-|-); on the space A¥(U,) given by

(@B = /a A
The above scalar product may be extended to a scalar product on AX(U,, g) by
1) : A¥(Uas 9) x A¥(Us, 0) > R, (alB) = /K,-ja”mﬁf

where we have used the notation o = d®e, f=p® ej and Kj; := K(e;, ¢;). In physical literature there is a common
notation Tr(a A %) = Kjja' A xp/. If we assume again that K (we will omit letter A in K,) is Ad-invariant then the above
formula defines also a scalar product on a space A¥(M, adP).

3.4. Connection in a principal bundle

A connection in a principal bundle P — M is a G-invariant distribution H in TP complementary to VP, i.e.
T,P=V,P®H, peP
and
Hpyg =Hy, g €G.

The above definition is very elegant and general, however when it comes to applications, it is more convenient to use
another definition of connection. We will start with introducing some basic mathematical tools. Let X be an element of
g. The group action of G on P defines a vertical vector field oy on P associated with the element X, namely

ox(p) : p exp(tX).

o a\rzo

The field oy is called a fundamental vector field corresponding to an element X. The fundamental vector field is equivariant
in the sense that

ox(pg) = oad__;x)(P)-

The connection in a principal bundle P is a G-equivariant, g-valued one-form w
w:TP — g,

such that w(ox(p)) = X for each p € P and X € g. The G-equivariance means that
Ryw(p) = Adg-1 o w(p).

Since the connection form is an identity on vertical vectors the difference of two connections is a horizontal form. It
follows that the space of connections is an affine subbundle A C T*P ® g over M modeled on a vector bundle of g-valued
horizontal forms on P. Due to the transformation properties, the bundle of horizontal forms may be identified with the
bundle T"M ® adP — M. We have the following diagram

ACTP®g

P
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The connection w provides also a decomposition of the dual bundle T*P. The annihilator (VP)° of the bundle VP is a
vector subbundle in T*P and by definition it is a bundle of horizontal forms on P. The complementary subbundle of (VP)°
in T*P is an annihilator of the horizontal distribution H°. Therefore, we have a Whitney sum

TP = (VP)° @y H°.

We also have identifications (VP)° >~ P x T*M and H° ~ V*P. The decomposition of the cotangent bundle allows us to
define a horizontal projection of differential forms. If 8 € AP is a k-form on P then its horizontal part is given by the
map

"oAkP — AlP, Br— B"
ﬂh(vl,...,vk)zﬂ(v’f,...,vL‘), Vi,..., 0k €TP

where vi" is a horizontal part of the tangent vector v;.
The curvature of the connection is defined as a horizontal part of the differential dw. It is a g valued two form on P
and it reads

1
2 =dow+ E[a), w],
where [w, w] is the bracket of g-valued forms on P.

3.5. Gauge fields

The notion of the connection may be equally expressed in terms of a family of g-valued one forms on M. This approach
is widely used by physicists working in classical field theory.
Lets, : M D U, — P be alocal section of the bundle 7. A pull-back of the connection form w defines a form A, = s,

Ay(m): TmM — g, v —> @p(Se(M))(TSe(Vm)). (5)
The form A, is called a gauge field. In local coordinates it takes a form
Ay(m) = A%(m) ® e, = A%(m)dd ® e, me M

where we skipped the index « in order to simplify the notation. One can show that gauge fields must satisfy a gluing
condition

Ay = Adg,, o (Ag — 8,40)

or equivalently
Ay = Adg,, 0 Ag + 8,0

on the overlapping U,g. We used here the Maurer-Cartan form
0:G—>TGC®g, 0(g)=TL1.

On the other hand, once we have a family of forms A, we can restore a connection form w on P. The restriction of w to
71U, is given by

0uP) = Ady, 5y 1 0 TAa(p) + £6(P). (6)

The proof of the above statement is rather technical so we will skip it here.

We can also use s, to pull-back the curvature form £2 and obtain a g valued two-form F, = s}£2 on M. It is an easy
task to check that F, and Fy satisfy the condition (4) on the overlappings. Therefore we claim that the family of forms
{F,} define a section

F:M — A*T*M ®y adP.
It turns out that the curvature of the connection w may be equally represented by a global g-valued two-form £2 on P or
by a global adP-valued two-form F on M.

4. Gauge fields in terms of jet spaces

In gauge field theories, the Lagrangian density usually depends just on the curvature instead of the full jet of the
connection. Therefore it is a natural physical question whether there is a geometrical procedure for describing a reduction
of the jet of the connection to the curvature. The answer turns out to be “yes” and it is associated with the notion of the
so-called canonical principal connection [23,24,44]. We will start with a more precise description of the bundle C — M.
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4.1. The jet bundle of a principal bundle

We will consider the bundle of first jets over a principal bundle. Let us take a closer look on the trivialization of the
bundle J'P. From the previous considerations, we have an inclusion J'P ¢ T*M ®p TP over P. Letg, : P D 7~ U, - G
be a local trivialization of P. We can use it to trivialize the tensor bundle T*M ®p TP, namely

TMQTP > TTMQ(TM x G x g) = (T"M ® TM) x G x (T"M ® g).

Notice that using that trivialization the affine bundle J'P reads that the left bracket is an identity on TM. Therefore, we
can skip it and introduce a local trivialization

¥, :J'P D ;7 'U, — G x (T"M ® g),

Volind) — (gl@(m). —¢"g;0).
where 6 is a Maurer—-Cartan form on G. It can be written as # = 0 ® e;,, where 6” are one-forms on T*G and {e}} is a
basis of g. Then we obtain a more convenient form of above trivialization —¢*g}0 = f? ® ey, where f? = —¢*g§6b are
one forms on M.

Letg, : P D n'U, — G,gg : P D n~'Ug — G be two trivializations. One can show that on the overlappings the
transition functions must obey a gluing condition

—¢*g§6 =—¢"g0 — Adg, o 5(m)-1 og;ae.
The right action R, of G on P can be prolonged to the action on the first jet bundle JIp
J'Rg 1P — J'P 1 jl o — ik (g),

such that the diagram

JIR
JIp 2= Jip

”1,0\L \L”l,@
R

P—=>p

is commutative. So, the action in local trivialization reads
JIR G X (T"TM ®g) — G x (T'M ® g),
(&.Ja) > (gh,Ady-10Jo),  Jjo €ETMQa.

The affine dual of the bundle J'P is the bundle J'P over M. We have a trivialization
JIP 5> GxRxTM Q g*.

Next, we introduce coordinates (g,(p), 1, X, @Y%) in JIPIf (e3) is a basis of g* then ¢“; are coordinates with respect to the
basis d¥’' ® e?. If in a local trivialization jl.¢ = (g, o ¢(m), x', A%) and Ty, = (g4(p), 1, X', ¢4'), then the evaluation between
JIP and JTP is given by

(im®s Tm) =1 + @JAT;.
The bundle J°P is locally isomorphic to G x TM ® g*. It has adapted coordinates (g,(p), X', /).

4.2. Connection in a principal bundle as sections of the jet bundle

We will present now an equivalent approach to the notion of connections in a principal bundle. Let 71 : J'P — P be
the bundle of first jets of P. Let us also consider a section o : P — J'P. For each p € P the value o(p) is a first jet of a certain
section of the bundle 7. Let us denote it by o(p) = j,;q) where ¢(m) = p. There is a tangent map T¢ : T,,M — TymP
associated with j}nd). The image Te(T,xM) C Tym)P is a horizontal complement to VP in the tangent space Ty, P, namely

T¢(m)P = V¢(m)P (&) T¢(TmM).

Therefore, a global section of the bundle 77 ¢ provides a horizontal distribution in the bundle = : P — M.
Since a principal connection has to be equivariant with respect to the action of G we can divide the bundle 71 :
JIP — P by this action and obtain a bundle

nc:C—-> M
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where C := J'P/G. Each section of ¢ provides a principal connection of the bundle 7= : P — M. The bundle m¢ is an
affine bundle over M modeled on a vector bundle T*M ®p adP. The trivialization of C comes from the trivializations of
JIP. We have

C—>TM®g:[in¢l > (o)
The transition functions between different trivializations read
lim¢]

C
(o)

™M & g————— M ® g (Adgﬁa(m) ojo + g;"ﬁQ)

There is a one-to-one correspondence between sections of the bundle 7 and G-invariant sections of the bundle ;o
given by the formula

[c]:M — C, [o]lim)=[o(p)], o:P— Jip

where we assume that o is G-invariant and 7 (p) = m. A glance at the expression shows that the above definition does
not depend on the choice of the representatives. _

The g-valued one forms j, can be identified with gauge fields. Therefore, we will introduce coordinates (x', jg) in C
such that

Je :jakdxk ® eq.

Since the forms j, may be identified with gauge fields, from now on we will write A, and A% instead of j, and j%,
respectively.

The bundle J'C may be equipped with local coordinates (xi, A%, A%). Similarly, in the dual bundle J'C we have
coordinates (x, A%, r, ¢“). In the bundle J'C we can distinguish a vector subbundle of constant affine maps on the
fibers. In coordinates it is given by (xi, A%, r, 0). Since each such a map depends only on its projection on C it can be
associated with a function f : C — R. We introduce the bundle

Joc = Jtc/{f : € - R}

with coordinates (x', A%, ¢%).
4.3. Canonical principal connection

It is well-known that if P — M is a principal bundle, then there is no a canonical choice of a connection in it. However,
it turns out that in a case of the bundle P x C — C such a canonical choice exists [42,44]. As it was stated before there
is a natural embedding J'P C T*M ®p TP. Furthermore, there also exists an embedding of J'P in T*P ®p VP given by the
formula

J'P — TP ®p VP, j} ¢ > (idrp — T(¢p o 7).
This embedding induces a map
0 :J'P xp TP — VP, (il v) —> (idrp — T(¢p o 7))(v),
and if we take the quotients by G we obtain
Oc:C xyA— adP,
(x, A%) x (¥, X, XP) — (&, XP — A%%).
The connection in the bundle P x C — C is given by a splitting of the short exact sequence
0—>VP xyC)—» TP xyC)—PxyTC—0
We can rewrite the above construction by using these identifications

V(P xy C) >~ C x VP, (7)
T(P XM C) ~ TP x) TC, (8)

and taking the quotient by G. Then, we obtain a short exact sequence

00— CxyadP - AxyTC - TC — 0.
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One can see that the embedding 6; provides a splitting of this sequence
0——=CxyadP ——= A xy TC ——TC —— 0.
\ iidxfc
A XM C

It follows that, if P — M is a principal bundle then the bundle P x); C — C admits a canonical connection. A form 6;
defines a horizontal lift

Zc : TC — TC x) A.
(XL AL R AD) — (AL X ADY x (X, X, ARRY),
which is a section of the tensor bundle
Zc :C— T"C ® (TC xy A),
Ze = dX' ® 3 + dAY ® Ops +ATdY ® eq.
We can define now the strength F¢ of the canonical connection Z¢
1
Fc = E[ZCvZC]FNv Fc € A*T*C ®py adP
o1
Fc = (dA% A dX + chi,mdx’“ Andx")® eq

where [-, -]gy is the Frélicher-Nijenhuis bracket. The strength form F¢ is called a canonical strength because if w : M — C
is any principal connection then w*Fc = F,,. The form F¢ allows us to define an affine surjective map

FIIC - Cx AP’ T"M ®y adP,  F(j'o) = 0*Fc =F,.
There exists a canonical splitting over C [45]
Jic=Cr@cC_,
Cp = J2P/G, C_ =C xy A°T*M @y adP
with projections
F:Jic - Cc_,
i apa b i aa 1 1 1 I jpa pb
(', A%, A%) '—><X,A is E(Ajk — Alj + CpA%A k))7
s:JIc— ¢y,
: : 1
(x', A%, APy) —> (Xl, AY, E(Aljk +Aly — LbAajAbk))-
One can see that the result of the first projection is just the curvature form of the connection
1
F, = do + 5[607 w],
1 . .
F, = EFaijdx, Ad¥ ® ey
where
Fa,'j = 8jAa,' — 8,’Aaj + CgmAmiAnj.

Therefore, we can introduce coordinates

(x', A%, FP) in C_, (9)
(X, A%, 5%) in C, (10)
such that Fbjk = —Fbkj and Sbjk = Sbkj.

4.4. The phase bundle

In the previous section we have described a procedure for reducing the bundle J'C to the bundle A>T*M ®); adP. We
will show now that F defines a similar reduction on the dual side. We recall that the bundle J!C consists of affine maps
on J'C. The bundle J'C can be decomposed on subbundles C,. and C_ where the first one is affine and the second one is
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of vector type. Therefore each affine map on J'C may be similarly decomposed on an affine map on C,. and a linear map
on C_. Let us recall that the bundle J'C is isomorphic to A;HC via the formula

v ALTIC > JiC
(W) j'on=ow'a, aeAft'C
The pull-back w*« reads in local coordinates as
a(X, A%, p, p*a) = pd™ x4+ p¥ A A dT, o(d) = (X, A%(X))
w'a = pd™x + p¥odA%(X) A d'x; = pd"™Ix 4 p¥0AN )X A d"x;
= pd™'x + p* 0 A% X = (p + p*adAT(X))d" .
Therefore the evaluation between J'C and J'C in given by
(). j'w) =p+p A%
In the same way, we can show that the evaluation between J°C ~ A;“C/A’{“C and J'C reads as
(W(a).j'o) = p"A%.

Let us recall that the coordinates Fbjk and Sbjk in C_ and C, are antisymmetric and symmetric in j, k respectively. It means
that the dual bundle to C_ in J°C is a subbundle C* C J°C such that each map from C* vanishes on C,. Similarly, the
dual bundle of Cy is a subbundle C; C J°C such that each map from C} vanishes on C_. We have a decomposition

JC=Cl & C
Py = 20+ ) + (s — p)
2 2
and coordinates
(Xi7Auj’ o) in C*, P
(Xi7Aaj’ g£*.) in C*, gk — ghi
One can show that there is an isomorphism
C* = C x (A’TM ®y ad*P).
Given a volume form 7 on M, we have the following decomposition
Jic = Ci®cCZOR.
Since the bundle J7C is isomorphic to the bundle AJ(C), then each element of C* @ R may be represented as follows
a(¥, A%, p, o™) = pd"x + ¢ dAY A d";
Similarly, we can identify the elements of C} and C* with forms
ATFIC/AMTIC 5 ¢ dA% A d"x; in CF,
AFC/ AT C s g% A% Adx; in C.
Finally, there is a decomposition
AU = AT (C @ CE @ R) = ATTI(CE @ R) @ A771(CE @ R)
which means that the canonical multisymplectic form on J'C may be written as
Q=9,+2_., where 2,¢eA(CI®R), £2_eA(C DR)
and
Q_ = —dp A d"'x — dgy A dAY A d"x.

We can easily check that submanifold (C; @ R, £2_) is still a multisymplectic manifold. If we take a Hamiltonian section
h:C* — C* ® R then the pull-back of the multisymplectic form reads

Q2 =h"Q2_ =024 e AFT(CH).
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5. Hamiltonian formalism for gauge theories

We will describe now the Hamiltonian formalism for field theories which configuration space is C_ instead of full JIC.
For example, this is a case of Yang-Mills theories. Since the bundle of gauge fields is the bundle = : C — M, then the
role of the configuration space is played by its bundle of first jets J'C. Therefore, the Lagrangian density is a map

£:J1C - A™M.
Let us assume now that £ does not depend on the full jet of connection but only on its projection on C_. Then we have
L£:C xy A°T"M ®y adP — A" M.

In presence of a volume form the Lagrangian density can be written as £ = Ly, where L is called Lagrangian function. In
coordinates we have

L(x', A%, F') = L(x', A%, F’)n.
The Hamiltonian side of the theory is usually obtained from the Lagrangian density £ via Legendre transform. Since the
Lagrangian depends only on C_ and

APy = FPy 4 Sy

B Bl a
= +
0Aby  OFby  0SPy

then the Legendre map J'C — J'C reduces to

Leg,:C_ — C* R, (11)

: . JaL JaL
i qa pb y_ [4i a0 7 _ b,
LEgL:(XsAijjk)— <X 7A jaL anij Jjkos 8Fbjk> (12)

Using the projection u : J1C — J°C we can now introduce the map

leg, =poleg,, leg,:C.— CZ, (13
) . JaL

leg ~(x', A%, F,) = ( &', A%, . 14

gﬁ( j ﬂ() ( J 8Fbjk> ( )

The Hamiltonian section is then defined as

h:C* - C*®R, h=Leg,oleg;',

h(x', A%, o) = (', A%, L(x, A%, FP) — @b FPi, i)
with the associated Hamiltonian density

H:C* DR — A™M,

HX, A%, p, o) = (p+ ¢ F'p — L)d™'x
and the Hamiltonian function

H(x', A%, ") = 0" F'5 — L. (15)
Let us consider now a section

T:M—>C*, ()= (xi, r"j(xi), Tafk(xi)).
The Hamilton-De Donder-Weyl equations on C* read

at%  9H dr)  BH

X g O Tox oA O
a J

T
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6. Hamilton-Jacobi theory for gauge theories

In this section we will apply the formalism derived in [8] for the case of gauge fields. Let us consider the diagram

Joc
I\
"
Jic M
’ Q /
g
C

where y is a section. We will assume now that we have a connection in the bundle J°C — M and that h is its horizontal
projector. The connection in 7§ can be projected to a connection in the bundle C — M in such a way that its horizontal
projector reads

hW(w):T,C — T,C,

X = W (@)(X) = Ty} (h(FXY).

where f = (noy)(w) and Y is any tangent vector of TJ°C which projects onto X by Tr7 ,. The Hamilton-Jacobi equation
can be expressed as follows.

Theorem 2. Assume that y is closed and that the induced connection h” on C — M is flat. Then the following conditions are
equivalent:

(i) If o is an integral section of h then (o y o o is a solution of the Hamilton-De Donder-Weyl equations

(ii) The (n 4+ 1)-form ho w o y is closed

In our case, the above diagram may be reduced to the diagram

C*

Let us denote by A := u o y_ a section of the bundle C* — C. We have the following theorem.

Theorem 3. Assume that y_ is closed and that the induced connection h¥ on C — M is flat. Then the following conditions
are equivalent:

(i) If o is an integral section of h then A o o is a solution of the Hamilton-De Donder-Weyl equations

(ii) The (n + 1)-form h o A is closed

Let us assume now that A = dS where

S =S¥, A)d"x;

is a 1-semibasic form on C such that {;;ng = —;A—S({i. Then in local coordinates the equation d(h o A) = 0 is equivalent to
as’ . as; ,
— 4+ H (X', AY, = f(x"). 16
s ( ] aAﬂj) f) (16)

7. Example: Yang-Mills theories

Let us consider now a Hamilton-Jacobi theory for Yang-Mills theory. A free Yang-Mills theory is described by the
Lagrangian

1
£:J1CDC xy A°T*"M @y adP — 2™, L(w, F) = Z1<a,,F” A *FP,
where F =F'® e, = F”ijdxi A d¥ ® e,. One can easily show that the associated Lagrangian function is

: 1 L 1 Ny
L(q', A%, F?) = ZKabglmg]nFaiijmn\/ lgl = ZFUUFaU gl
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where g is a metric on M and K is an Ad-invariant scalar product on g. To write the Hamilton-Jacobi equation we need
the Hamiltonian side of the theory. Using (12) and (14) we have

JaL . 1 .
lEgL(X A]7F l]) (X Aa]’ aFajj) = <X'7Aaj’ EFGU |g|)

. . 1 . 1 .
Leg ~(x', A%, F%) = (X',A"j, _ZFaijFaU\/ gl EFaU Igl)

The inverse map of leg, ™! reads
—1¢,i pa ij i aa 2 a
leg. (x', A%, ") = | X', A%, ﬁ‘/’ i) -
from which we have that
2
=

Therefore, from (15) we obtain that the Yang-Mills Hamiltonian reads

‘Pa ‘P ivigl = (pa §0 ij

i aa i 2 e 2
H(X,Ajyfﬂa):ﬁ%(ﬂij—L \/@(ﬂag"u
We can find now the Hamilton-De Donder-Weyl equations
at%  9H dt,Y oH
= = —orT, — = — oT
ax! @Y ox! 0AY;
for the above Hamiltonian. Let us consider a section
7(¥) = (X, 7). 7))
The derivatives of the Hamiltonian read
oH 2,
i ¢
9¢q Vgl
OH  oH dpt 2 » gl RN aFM
0AT g aAn gl M T2 Ay T UM e

where
8Fbkl
A — Cbma(Amk‘S’j _Aml(skj)
J
so that
oH b mk ¢l ml ok b mk ¢l kj b m
oA =¥ kiChma(A™ 8 — A™8%) = 20" CpmeA™ 8} = 2¢p ™A™
J

In the above calculations c’a‘b are the structure constants of the Lie algebra g. Therefore, the Hamilton-De Donder-Weyl

equations for Yang-Mills theory read

Br“j 2 a
- = @i,
g Vgl
" Kb am
qu = —2(pb CmaA k-

We can also write the Hamilton-Jacobi equation
aS; 1 aS; 9Sk

v P yory Tt

8. Hamilton-Jacobi theory for gauge theories in a Cauchy data space

The Cauchy data space itself allows to relate the finite-dimensional and the infinite-dimensional formulation of field
theory. It was shown in [8] that the Hamilton-Jacobi theory for classical fields may be formulated in a setting of the
Cauchy space. We will show here a similar construction of the Hamilton-Jacobi theory for gauge field theories. We will
base on the notation and constructions from [8].
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8.1. A space of Cauchy data

We will introduce now a notion of a Cauchy data space which is the fundamental tool to consider infinite-dimensional
version of our field theory. Let M be an n + 1-dimensional manifold and X an n-dimensional, compact, oriented and
embedded submanifold of M. We say that X is a Cauchy surface. Let us assume that X has a volume form 7y such that

/772=1~
s

We define a slicing of M which is a diffeomorphism
xmiRx X —>M, (t,p)—> xm(t,p).

We will assume here that M admits such a slicing and omit a detailed discussion of topological properties that ensure it.
For each fixed t € R the slicing defines an embedding of X in M
(xm) : 2 — M, pr— xu(t,p)

We will also assume that there exists such ty € R that X = (xu)
by &m:
a

b M — X(M), &= (xM)*(g)

where % is the vector field tangent to the curve (t, x) — (t + s, X).
Let 7 : E — M be a fiber bundle and let us define the set

t,(2). The infinitesimal generator of xy will be denoted

E:={oc:X —E, suchthat woo = ()xm)).

This is a line bundle over R and there is a one-to-one correspondence between sections of E — M and sections of E—>R
If  : M — E is a section than the section of E — R is given by

t—> ot =¢o(xm-

Furthermore, the standard bundle structures define by composition the bundle structures on the space of x-sections. For
instance, one can construct a bundle

1ot JE > E, ojop —> 1 0 © Ok
One can also define tangent vectors and forms on E. A vector tangent to the curve t — o; is given by map a X:¥—>TE
such that the diagram

X
E
is commutative and such that there exists k € R that

Tr(X(p)) = kv (7(0x(p))), VPN

Forms on E can be constructed from forms on E. Let « be a (k + n)-form on E. The k-form & on E is given by

(06 Ke) = / otz 5.0)
)

The most important examples of the above construction are forms .(NZh and 7 obtained from the forms £, and n,
respectively.

8.2. Hamilton-Jacobi theory on a bundle ¢

Let us consider now the case when E = C. The bundle C inherits an affine structure from C — M where the model
bundle is the vector bundle T*M ® adP — R. The correspondence between C — M and C — R constitutes the relation
between the infinite-dimensional and finite-dimensional picture of gauge field theory.

For a section t : M — J°C there is an associated section

c:R— JC, t+—> TN, 0 (Xm)e-
One can show that 7 satisfies the Hamilton equations if and only if
i¢)§2n = 0.

The above formula is an infinite-dimensional version of the Hamilton’s equations on the bundle C.
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Let us move now to the Hamilton-Jacobi equation. Let us assume now that y is a solution of the Hamilton-Jacobi
equation and that we have a connection in the bundle J'C — M which satisfies Hamilton’s field equations.
The section y defines a section

Vo C — JoC,
ocH——> (oyooc.
On the other hand we can construct vector fields X" and X" from the connection h and h” by
%h : J"?’ — T\IEE',
Op — ih(a) : X — TJ°C
p > X*(o)(p) = Hor(&((m(p)

where Hor(X)(y) represents the horizontal lift of the tangent vector X to the point y.

In the same way we can construct the vector field X" on C using the horizontal lift of the connection h”.

Now we can introduce an infinite-dimensional version of the Hamilton-Jacobi theorem [8]. Before we will do that let us
notice that there is no notion of Hamilton-Jacobi equation neither a solution of this equation in an infinite-dimensional
case. Therefore, our idea is to extrapolate this definition from the finite-dimensional case through the properties that
admit such an extrapolation.

First of all, let us notice that in a finite-dimensional case given the pair (T*Q x R, H) where H is a Hamiltonian on
T*Q x R then the pair of forms (wq, dt) defines a cosymplectic structure on T*Q x R. However, (T*Q x R, H) admits also
another cosymplectic structure given by a pair (£2q, dt) where £2 is a two-form such that

QQ:wQ+dHAdt.

The dynamics of the system is given by a Reeb vector field Ry satisfying iz, 2o = 0 and ig,dt = 1. Secondly, the solution
of a Hamilton-Jacobi equation for a classical Hamiltonian system (T*Q, wq, H) is a closed one-form y : Q — T*Q such
that H o y = const. However, the condition dy = 0 is equivalent to the condition y*wy = 0 and both of them just say
that y(Q) is a Lagrangian submanifold in T*Q.

It follows then that (J"C @, 7) is a precosymplectic system. In our infinite-dimensional case the vector field Xh
satisfies properties izn2;, = 0 and izn7] = 1. For dimensional reasons it fails to be cosymplectic. What is more, we
have a following theorem

Theorem 4. The section ' satisfies:
(i) 72 =0

(ii) lT]/(UC)th Q= 0 for all oc € Cwhich is an integral submanifold of hn(ac)

Due to these properties we call J a solution of a Hamilton-Jacobi equation in an infinite dimensional setting.
8.3. Reduced Hamilton-Jacobi in a space of Cauchy data

In the previous subsection we presented the infinite-dimensional formulation of Hamilton-Jacobi equation for gauge
theories. Now we will show how to reduce it when Hamiltonian depends only on the part C*.

First of all, let us notice that many of our constructions from Section 4 have their reflections in the bundles of
x-sections. For example, the decomposition J! "C = C_&cC, implies a decomposition Jic = C+ ¢ C_. The same happens
with the other bundles, namely J°C = C* e C* and JIC = C* & C* @R. Let us consider now the restriction of £2 to C*.
An infinite-dimensional counterpart of (Cj, £2_p) is a pair (Ci, 5_,1). Let us remind that (C*, £2_j) is a multisymplectic
manifold while (C*, Fz_h) is presymplectic.

Let us assume now that y is a solution of the reduced Hamilton-Jacobi equation (16). We define a section

'Jl:E—)C?@R,

oc——> (Loy_ooc.
One can easily see that
VI 2h = VN (2on + 2n) = V2.

~

On the other hand Ty_(o¢)(X"") € C* so that i o S =

=i .Q,h. Hence, we have a following conclusion
TV—(oc)X —) Ty—(oc)X

(Nh

Theorem 5. The section Y C—>CoR satisfies:
(i) 7*2_n =0,

(ii) lTy(GE (th).Q r =0 forall o € Ewhich is an integral submanifold of h~(ac)

Similarly as in Theorem 4 we call ¥ a solution of the reduced Hamilton-Jacobi equation in an infinite dimensional
setting.
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