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1. Introduction

Let M be a manifold of dimension n and B a Poisson structure on M. Fix a point x € M, let 2p, be the rank of B at x. Then,
using Weinstein splitting theorem, we fix a neighborhood U centered at x with coordinates (q1, ..., qp,, D1 - - -, Dpys 21,
..., Zn—2p) such thaton U
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where ¢y(z) are smooth functions that depend only on zy, .. ., z,_3,, and vanish at x [1,20]. Note that the intersection of

the symplectic leaf containing x with U is defined by the vanishing of z;, ..., z,_3,,. The submanifold N C U defined by
N=XeU:qx)=0=pX), i=1,..., 0}

is transverse to the symplectic leaf of x at x. Then (z1, ..., z,_3,,) are well defined coordinates on N and N inherits what
is called transverse Poisson structure [20]
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Assume that N’ is another submanifold transverse to the symplectic leaf of x at x, then we can perform Dirac reduction
(called Poisson-Dirac reduction in [20]) of B to get a Poisson structure BY" on N'. Then there exists at x, a local Poisson
diffeomorphism between (N, BY) and (N’,BN/) ([20], section 5.3). In this article, we consider the transverse Poisson
structures of Lie-Poisson brackets at nilpotent elements.

The rank of B is defined to be 2p = maxyey 20x. From the formula (1.1), we get 2p = 2, + max;cy rank ¢y(t). In
particular, the rank of the transverse Poisson structure BY at x is 2p — 2,.

We call a family of functionally independent functions fi, ..., f,—, a (Liouville) completely integrable system if they
are in involution under B. Moreover, we say that the Poisson structure is polynomial if there exist coordinates where
the entries of the matrix of B are polynomial functions in the coordinates. In this case, a completely integrable system
is called polynomial if it consists of polynomial functions. In this article, we provide examples of polynomial completely
integrable systems for polynomial Poisson structures.

Let us assume that the rank of B is constant on U, i.e. for ally € U, p, = p. Then we say that B is a regular
Poisson structure on U and the functions ¢;j(z) given in Eq. (1.1) vanish on U. In this case, the Poisson structure is
also known as a constant Poisson structure [1,20]. Then the coordinates given in (1.1) are called Darboux coordinates
and the coordinate functions ¢, ..., q,, 21, ..., Z;—2, form a polynomial completely integrable system. In other words,
integrability of constant or regular Poisson structure is obtained through Darboux coordinates.

Suppose B is a linear Poisson structure. Then B is a Lie-Poisson structure on the dual space g* of some Lie algebra g and
it is not regular. Assume further that g is a semisimple Lie algebra. Then B can be defined on g. In this case, Miscenko and
Fomenko construct a polynomial completely integrable system for B [23]. In their construction, they used a compatible
Poisson structure B, with B related to a regular semisimple element a in g. Then they apply what it is known now as
the argument shift method [4] on the compatible Poisson structures to find a family of functions in involution. In the
end, they proved that this family contains a sufficient number of independent function. We will review this construction
in Section 2. For arbitrary linear Poisson structures, a conjecture known as Miscenko-Fomenko conjecture states the
existence of polynomial completely integrable systems for any linear Poisson structure. This conjecture was proved in [28]
using a different method than the argument shift method. More information about open problems concerning integrability
of linear Poisson structures is given in ([5], section 5).

The existence of polynomial completely integrable systems for constant and linear Poisson structures leads to the
problem of finding examples of polynomial nonlinear Poisson structures that admit polynomial completely integrable
systems (this problem is also posed in a recent review paper by Bolsinov et al. see ([5], section 5.b). In this paper, we give
an infinite number of such examples. We consider transverse Poisson structures of Lie-Poisson structures on simple Lie
algebras at nilpotent elements, and we use the argument shift method to construct corresponding families of polynomial
functions in involution.

The argument shift method for a bihamiltonian structure works as follows: Assume on M there are compatible Poisson
structures B; and B,, i.e. B, and B; form a bihamiltonian structure, and suppose that By is in general position. Then, we
define the family of functions

F[B1, B;] := U, {F. : F, is a Casimir of By + AB,}. (1.2)

This family commutes pairwise with respect to both Poisson brackets. Thus, we can find a completely integrable system
by showing that F[B;, B;] contains a sufficient number of functionally independent functions. Bolsinov [4] proved that
this is the case under certain condition on dimensions of singular sets of the Poisson pencils B + AB;, » € C. However,
methods used in this article are not using this result.

In order to formulate the main result in this article, let us assume that M is a simple Lie algebra g and B is the Lie-
Poisson structure on g. Then the symplectic leaves of B coincide with the orbits of the adjoint group action. Let L; be a
nilpotent element in g. By Jacobson-Morozov theorem, there exist a nilpotent element f and a semisimple element h such
that A := {L4, h, f} C g is a sl,-triple with relations

(h,Lhi]=Ly, [h.fl=—f, I[L.f]l=2h (1.3)

We consider the Slodowy slice Q := L; 4+ ¢/ where ¢ is the subalgebra of centralizers of f in g. Then Q is a transverse
subspace to the adjoint orbit of L, and it inherits the transverse Poisson structure BC of B at L;. It turns out that B2 is a
polynomial Poisson structure [9] (see also [12] where an alternative proof is given by using the notion of bihamiltonian
reduction and finite-dimensional version of Drinfeld-Sokolov reduction). The rank of B? in the case L; is regular or
subregular nilpotent element is 0 and 2, respectively. Hence, integrability is trivial in those cases. However, the rank
is greater than 2 for other types of nilpotent elements. For example, when L, is a nilpotent element of type Dop(am—1)
and g is a Lie algebra of type Dy, m > 2, the rank of B¢ is 2m — 2 while dim Q is 4m — 2. Thus, it is natural to ask about
the existence of completely integrable systems for this large family of polynomial Poisson structures.

To apply the argument shift method, we consider a bihamiltonian structure on g formed by compatible Poisson
structures B and By,, where the definition of By, depends on a nilpotent element K related to L; (see Eq. (2.3)). Then one
can perform bihamiltonian reduction to obtain a bihamiltonian structure B¢ and B,% on Q [12]. The collection F[BC, B%]

of Casimirs of Poisson pencils Bg = B¢ + )»B% needed to perform the argument shift method is easy to describe. Let
Pi, ..., P, be a complete set of generators of the ring of invariant polynomials on g. Then the restrictions of the functions
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P; to Q + AK; are a complete set of independent Casimirs of the Poisson pencil Bg. Hence, to find a completely integrable
system, it remains to investigate whether F[B2, B;%l] contains a sufficient number of independent functions. Examples
show that this is always the case. However, we provide a uniform proof only for some distinguished nilpotent elements
of semisimple type. The proof includes the family of nilpotent elements of type Dyn,(a,—1) mentioned above. It relies on
the notion of opposite Cartan subalgebras, the weights of the adjoint action of A at g, and properties of the so-called
quotient map. Precisely, we prove the following

Theorem 1.1. Let A = {Ly, h, f} be an sl,-triple in a simple Lie algebra g of rank r where L, is in one of the following
distinguished nilpotent orbits of semisimple type: Dym(am—_1), Bam(am), F4(az), Es(as), Es(ay) and Eg(ay) (if Ly is of type Z.(a;)
then g is of type Z;).

Let Q := L; + ¢ be the Slodowy slice and consider the transverse Poisson structure B¢ of the Lie-Poisson structure on g.
Let Py, ..., P, be a complete set of homogeneous generators of the invariant ring under the adjoint group action. Assume K; is

an eigenvector of ady, of the minimal eigenvalue such that Ly 4+ K; is regular semisimple. Consider the family of functions E on
Q defined by the expansion

Bi )
Px+AKi) = > WPi(x), Vxe Q. i=1,....r (1.4)
j=0

Then the set of all functions 17]! are independent and form a polynomial completely integrable system under BC.

We organize the paper as follows. In Section 2, we fix some notations and review Miscenko-Fomenko construction of
a polynomial completely integrable system for Lie-Poisson bracket on a simple Lie algebra. In Section 3, we review the
construction of a bihamiltonian structure on the Slodowy slice of an arbitrary nilpotent element and we show how the
argument shift method can be applied. We give properties and identities related to distinguished nilpotent elements of
semisimple type in Section 4. In Section 5, we prove Theorem 1.1. In the last section, we give some remarks.

2. Integrability of Lie-Poisson structure

In this section, we fix notations and state some facts about simple Lie algebras. For completeness of this article, we
review the Miscenko-Fomenko construction of polynomial integrable systems for the Lie-Poisson bracket.

Let g be a complex simple Lie algebra of rank r with the Lie bracket [-, -], and denote the Killing form by (.|.). Define
the adjoint representation ad : g — End(g) by adg,(g2) := [g1, 82]. For g € g, then g® denotes the centralizer of g in g,
i.e. g¢ := keradg, and O, denotes the orbit of g under the adjoint group action. The element g is called nilpotent if ad, is
nilpotent in End(g) and it is called regular if dim g = r. Any simple Lie algebra contains regular nilpotent elements. The
set of all regular elements is open dense in g.

Using Chevalley theorem, we fix a complete system of homogeneous generators Py, ..., P; of the algebra of invariant
polynomials under the adjoint group action. We assume throughout this article, the degree of P; equals v;+ 1. The numbers
V1, V2, ..., v, are known as the exponents of g and we suppose they are given in a non decreasing order, i.e. v; < v; if
i < j. Consider the adjoint quotient map

¥ig— C, W(x)=(Pi(x),...,P(x)). (2.1)

From the work of Kostant in [19] the rank of ¥ at x equals r if and only if x is regular element in g.
We define the gradient VF : g — g for a function F on g by the formula

1 F(x + tq) = (VF(x)|q), VX, q € g. (2.2)
te=o
It is obvious that for any x € g the rank of ¥ at x equals the dimension of the vector space generated by VP;(x).

Let K; be an element in g. Then, we define the following bihamiltonian structure on g which consists of Lie-Poisson
bracket {., .} and the so called frozen Lie-Poisson bracket {., .}, [22]. We denote their Poisson structures by B and B,
respectively. In formulas, for any two functions F and G and v € T;g = g, we have

{F, G}(x) = (XI[VG(x), VE(X)]);  B(x)(v) = [x, v] (2.3)
{F, G}, (%) = (K4[[VG(x), VE(x)]); Bk, (x)(v) = [Ky, v].

We will use this bihamiltonian structure under different assumptions on K;. However, the following setup do not depend
on the property of K; ([3], section 2.2.4). Consider the Poisson structure By, := B+ AB,, A € C. Then B, is isomorphic to B
by means of the linear transformation x — x + AKj. Thus, the rank of B; equals dim g — r. Moreover, the tangent space of
the symplectic leaf through x is spanned by the image of ady,k,. Hence, the symplectic leaf of B;, through x coincides with
the orbit Oy1,k,. Furthermore, the polynomials P;(x + AK;) form a complete set of global independent Casimir functions
for B,, i.e.

[VPi(x 4+ AKy), x + AK;] = 0; Vi (2.4)
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Following the argument shift method, we consider the family of functions

F[B, BK1] = U)Le(g{l'—")L : F)L is a Casimir of B + )\BK1 } (25)
We expand P;(x + AK;) in powers of A
vi+1 Vi
Pi(x + K1) = Y XP(x); and VP(x+ aKi)= ) MVPI(x). (2.6)
j=0 j=0

Then the functions Pii(x) functionally generate F[B, By, ] and are in involution with respect to both Poisson brackets {., .}
and {., .}x, [23]. Moreover, P,.O(x) = Pi(x) and VPi‘)i(X) = VP;(K;). Furthermore, using (2.4), we get the following equations

[VPi(x),x] = 0, [VP/(x),K;] = 0 and [VP(x),x] + [VP} '(x),Ki] =0, j=1,..., w. (2.7)
In particular,
VPi(x) € ¢* and VP/'(x) = VP(K;) € ¢, Vxeg, i=1,...,T. (2.8)

As we mention in the introduction, to find a completely integrable system, it remains to prove that the set of functions
Pi’(x) contains %(dimg + r) independent functions.

Let L; be a nilpotent element in g. By Jacobson-Morozov theorem, there exist a nilpotent element f and a semisimple
element h such that A := {L{, h, f} C g is a sl,-triple with relations

[h,Li1 =L, [h,fl=—f, [L1,f]l=2h. (2.9)
Consider the Dynkin grading associated to L;
0= s={gco:adg=ig) (2.10)
ie%Z

It follows from representation theory of sl,-algebras that the eigenvalues of ad, are integers and half integers and
ady, : gi — git1 is surjective for i > —1 and injective for i < 0.
Let us recall Miscenko-Fomenko construction and the proof for the integrability on B.

Theorem 2.1 ([23]). Assume L, is regular and consider the expansion (2.6) with K; = h. The set of functions T = {P{(x)li =
1,...,r, j=0,..., v} form a polynomial completely integrable system for B.

Proof. We consider the bihamiltonian structure (2.3) with K; = h. Then it is known that h is a regular semisimple
element and the eigenvalues of ad; are all integers. In particular, h := go is a Cartan subalgebra. From the identities (2.7),
VPi"‘(L1) = VPi(h) is in b for every i. Since h is regular, properties of the adjoint quotient map implies that VPiVi(L1 ),
i=1,...,r, are linearly independent and form a basis for h. The identities (2.7) also give ad, VP{(Ll) = —athPfl(L]).
Since ad;, : gi — gi4+1 is surjective for i > O, the gradients VPI.”"_“(Ll) span the vector space g,, @ > 0. Thus all
gradients of the functions in T span the space b = @®;>0g; which is a Borel subalgebra. Thus a lower bound for the
number of functionally independent functions is dim b. On the other hand, since L, is regular, the restriction of the adjoint
representation to the sl,-subalgebra A generated by A decomposes g into r irreducible .4-submodules V; of dimensions
2vi+1,i=1,...,r.Each V; has v;+1 eigenvectors of ad, of nonnegative eigenvalues. Then it follows from the definition of
b that dimb = ) ._,(v;+ 1). Thus the cardinality of T equals the dimension of b. Therefore, elements of T are functionally
independent and form a polynomial completely integrable system for B. O

3. Argument shift method for transverse Poisson structure

In this section, we review the construction of a bihamiltonian structure on Slodowy slice and we apply the argument
shift method. We keep the notations introduced in the previous section. We emphasize that the constructions and results
in this article depend on the nilpotent orbit ©;, and not on the particular representative Ly of O,.

We fix a good grading g = @ie%zﬁi of g compatible with the sl,-triple A = {L;, h,f}, i.e. [y € g;, h € §p and
ady, : g — iy Is surjective for i > —1 and injective for i < 0. See [15] for the definition and classification of good
gradings associated to nilpotent elements. Note that the Dynkin grading defined in (2.10) is a good grading.

We fix an isotropic subspace [ C g_1 under the symplectic bilinear form on g_1 defined by (x, y) — (L{|[x,y]). Let '
denote the symplectic complement of (and introduce the following nilpotent subaigebras

m=10Pw r=reoPau. (3.1)
i<-1 i<—1

Let b denote the orthogonal complement of n under {(.|.).
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We consider the bihamiltonian structure (2.3) and assume K; centralizes the subalgebra n, i.e. n € gX1. We can take
K7 to be of the minimal degree under the good grading.

Define Slodowy slice Q := L, +¢. This affine subspace is transverse to the adjoint orbit of L;. The space ¢ is invariant
under the action of adj. Let Xi,X», ..., X, be a basis of g of eigenvectors under ad,. We introduce the coordinates
(z1, ..., zy) such that an element in Q can be written in the form L; + ) z,X;. Then we have the following theorem.

Theorem 3.1 ([12]). The space Q inherits a bihamiltonian structure B¢, B%l from B, By,, respectively. Moreover, B2 and B,% are
polynomial in the coordinates (z1, . .., z,) and B2 is the transverse Poisson structure of B at Ly. This bihamiltonian structure is
independent of the choice of a good grading and isotropic subspace 1. It can be obtained equivalently by using the bihamiltonian
reduction with Poisson tensor procedure, Dirac reduction and a finite-dimensional version of the generalized Drinfeld—Sokolov
reduction.

Details on bihamiltonian reduction can be found in [7]. Drinfeld-Sokolov reduction is initiated and applied for regular
nilpotent elements in [14]. Generalizations to other nilpotent elements are obtained in [6,17] (see also [11]). The relation
between Drinfeld-Sokolov reduction and bihamiltonian reduction in the case of regular nilpotent elements is treated
in [25] where the Poisson tensor procedure is also initiated (also called the method of transverse subspace in [21]).
The relation between Drinfeld-Sokolov reduction and Dirac reduction is also mentioned in [17]. The fact that B¢ is a
polynomial Poisson bracket is proved in [9] (see also [20]), and an alternative proof is given in [12].

Throughout this article, we denote the restriction of P; to Q by ﬁ?. We observe that for any A € C the pencil
BS = B¢ + )\B% is obtained by a Dirac reduction of B, := B + ABy,. Since the functions Pi(x + AK;), x € g, form r

global independent Casimirs for B;, it follows that the functions ﬁ?(z + AK1), z € Q, form r independent Casimirs for Bg.
In particular, the rank of BS is less than or equal to dimQ — r. Moreover, B is the transverse Poisson structure, hence
rank B¢ equals dim g—r —dim O, = dim Q —r. Thus the rank Bg equals dim Q —r for almost all values of A. In particular,
BS is zero in the case L; is a regular nilpotent element, and thus integrability of B does not make sense.

In the following, we would like to show how to realize that the Casimirs of BS are the functions Pf’(z + AK7) when we
apply the Poisson tensor procedure. To this end, let us summarize the construction of the Hamiltonian vector field of a
function F on Q under BS. Let z € Q and identify T;Q with g using the Killing form {(.|.). Then we consider dF(z) as an
element of g'1. We extend dF(z) to a covector vr € T}g by requiring that

1. The projection of v to gl equals dF(z), and
2. B)L(UF) S gf ~ TZQ.

It turns out that this extension v is unique and can be calculated by solving recursive equations. Then the value of the
reduced Poisson structure is given by the formula

BY(dF) = B, (vr) = [z + MKy, vE]. (32)
Thus we get a Lax representation of any Hamiltonian vector field in Q under Bg. The following proposition describes the
Casimirs of Bg using (3.2).

Proposition 3.2. The functions ﬁ?(z +AK1),ze€Q,i=1,...,r, form a set of independent global Casimirs for a generic Bg.

Proof. We follow a method given in ([1], page 68). Let ¢ : g — gI(C™) be any faithful matrix representation of g and F a
function on Q. Consider the Lax representation (3.2) under ¢. Let z(t) denote the integral curve of BS(dF ) and TrS denotes
the trace of S, S € ¢(g). Then

{Tr(¢(z + AK1))', F}2(t)

d P -1z
aTr(qs(z + 1K) = iTr((¢(z + 1Ky)) IE)

iTr((p(z + 1K) d(vr) — (d(z + 1K) ™ d(vE)((z + AK1))) = 0

Thus Tr(¢(z + AK;))' are Casimirs of BS. Since the functions Tr(¢(g)), & € g generate the ring of invariant polynomials
undgr the adjoint group action, we conclude that the restriction of the invariant polynomials P; to Q + AK; are Casimirs
of By. O

Recall that the nilpotent element L; is called subregular if dim gi* = r4-2 and any simple Lie algebra contains subregular
nilpotent elements.

Corollary 3.3. If L; is a subregular nilpotent element then B possesses a polynomial integrable system.

Proof. In case L; is a subregular nilpotent element we have dimQ = r + 2, rank B® is 2 and ﬁ?, R ﬁ: are Casimirs of
B2. Thus (ﬁ?, ey ﬁr) F) form a polynomial completely integrable system for any polynomial function F on Q. O
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Similar to the treatment in the last section, to apply the argument shift method for a general nilpotent element L,, we
consider the family of functions
F[B®, B} ] := Uscc{Fy : Fy is a Casimir of B® + 2B} }. (3.3)

and we consider the expansion

Yi X
Pz + K1) =Y ¥ P{z). z€Q (3.4)
j=0

Then the functions ﬁ?(z) are Casimirs of B2, ﬁf " are Casimirs of B% and the functions 171 are in involution with respect
to both Poisson structures [23]. The numbers y; depend on L; and Kj. Thus, to find a polynomial completely integrable

system it is enough to show that the functions ﬁi contain %(dim Q +r) functionally independent functions. This is indeed
the case for all examples we calculated. In other words we conjecture the following:

Conjecture 3.4. The non constant functions Fi of the expansion (3.4) are independent over Q and form a polynomial completely
integrable system for B<.

Here is an example to illustrate the procedure.

Example 3.5. It is known that the nilpotent orbits in the special Lie algebra sl are in one to one correspondence with
the partitions of m. We consider the Lie algebra sls and a nilpotent element L, corresponding to the partition [3, 2]. In
contrary to the treatment in next sections, L; is not of semisimple type [16]. Using standard procedure to obtain the
sly-triples [8], we set

1 1
Li=bip+o3+8s h=01 -3+ 5(4,4 - 5{5,5, f=201+28332+ 854

where ¢;; denote the standard basis of gls(C). Then points of Slodowy slice Q will take the form

2ug 1 0 0 0
2uy — Zus 2ug 1 Ug 0
Uy 2u1 — §U5 2“5 uy 2”8 (35)
2u3 0 0 —3ug 1
up us 0 u, + gU5 —3”6

We take K; = ¢3.1 which has the minimal degree under the Dynkin grading. Using the same notations given in (3.4), we
get the following completely integrable system

=1 45 5

—0 —1
P, =u +3u3 Py=us, P,=us— Xué + U (3.6)
Pj = uy — 10ug + 10uus — Susus + Suslsg,
—0 2 8 2 1 1
P, = uqug — 10u2 + 2usu® — Zu? + —u? — Suqus + —ustly + —Uylg,

3 4ls 6+ 5631+755 515+237+223

45 8

ﬁi = u4uis — 90ug + 100u;ud — 10usug — ju4u§ + 25uzugug — 10uug + guguﬁ

5 5
—6uqUslg — Suslyug — Suyuglg + Zu1u4 — Zu2u7 — Suqusug — 4ususug.

We make the following change of coordinates using the Casimirs of B,% which has the property that the inverse map is
also a polynomial map

0 =0 =1 —1
(w1, wy, ..., ws) = (Pq, Py, P, Py, Uy, U3, Uy, Ug). (3.7)

Then the nonzero terms of the transverse Poisson bracket B¢ are

5
{ws, ws} = gWs {ws, we} = gWe {ws, w7} = —gvr {ws, ws} = —gWe (3.8)

5 2
{ws, ws} = ~5 (140w w3 + 35wsws + 18wawe) ., {wa, we} = T (ws + 4wz ws) ,

5 5
{wa, wr7} = g (140wsw3 + 35w7ws + 18waws) , {ws, wg} = o (w7 + 4wsws) , {w7, ws} = ?wé

10 5
{ws, wg} = —?wé, {ws, wg} = 3 (1080w§ — 110w w3 + 64waws + 3w, — 21w6wg) ,
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1
{we, w7} = = (1080w3 — 110w w3 + 64waws + 3w, — 21wews) , {we, ws} = 5 (—540w3 + 25w — 8wy),

ol u

{w57 w7} =

&l

(59400w3 — 10250w;w3 — 2840w4w; + 375waws — 3375wewgws — 144w3)

2
+E(450w1w4 + 75wew7 + 75wswg).

In particular the vector field

8
d
X4 = Z{WAI, wi} (3.9)
i=5

8wi

is an integrable Hamiltonian vector field on Q.
4. Distinguished nilpotent elements of semisimple type

In this section, we collect properties of distinguished nilpotent elements of semisimple type in simple Lie algebras and
we derive important identities needed to prove our main results.

Let us recall some definitions and notations from [8]. If L; is regular then the orbit space Oy, equals the set of all regular
nilpotent elements in g ([8], page 58). While if L; is subregular then the orbit space O, equals the set of all subregular
nilpotent elements in g ([31], Proposition 34.5.7). The nilpotent orbit Oy, is called distinguished, and hence also Ly, if O,
has no representative in a proper Levi subalgebra of g. It turns out that L, is distinguished iff dim go = dim g;. Also, when
L, is distinguished, the eigenvalues of ad, are all integers. A regular nilpotent orbit is always distinguished. Distinguished
nilpotent orbits, along with other nilpotent orbits, are classified by using weighted Dynkin diagrams [8]. Distinguished
nilpotent orbits are listed in the form Z(a;) where Z, is the type of g and i is the number of vertices of weight 0 in the
corresponding weighted Dynkin diagram. If there is another orbit of the same number i of 0's, then the notation Z(b;) is
used. For example, regular nilpotent elements will be of type Z(ag), while distinguished subregular ones will be of type
Zr(al )

Let k¥ denote the maximum eigenvalue of ad,. The nilpotent element L, is said to be of semisimple type [16], if there
exists an element g of the minimal eigenvalue —« under ady such that L; + g is semisimple. In this case L; + g is called
a cyclic element. When L, is also distinguished, the element L; + g will be regular semisimple. The list of distinguished
nilpotent orbits of semisimple types is given in [16] and [10]. It consists of

1. All regular nilpotent orbits in simple Lie algebras (those of type Z.(ap)) and subregular nilpotent orbits F4(a;), Eg(ay),
E7(ay) and Eg(ay).
2. Nilpotent orbits of type Byn(am), Dam(@m—1), Fa(az), Fa(as), Es(az), Ez(as), Es(az), Es(as), Es(as) and Eg(a7).

We mention that nilpotent orbits in classical Lie algebras are classified by the partition of the dimension of the
fundamental representations. In this article, Bop,(an,) corresponds to the partition [2m+ 1, 2m — 1, 1] when the Lie algebra
g iS S04m+1 (type Bay). While as usual in the literature, Dy;,(a,—1) corresponds to the partition [2m + 1,2m — 1] when g
is S04 (type Dom).

For the remainder of this article, we assume L, is a distinguished nilpotent element of type Z.(a,_s) (thus g is of type
Z.), where Z,(a,_;) is one of the nilpotent orbits

Bym(am), Dam(am—1), Fa(az), E¢(as), Es(az), and Eg(aa).

The number s is introduced in this form in order to give universal statements to all nilpotent orbits under consideration.

Since L; is of semisimple type, we fix an element K; € g_, such that the cyclic element Y; := L; + K; is regular
semisimple. In what follows, we give a general setup associated with cyclic elements following the work of Kostant for the
case of cyclic elements associated with regular nilpotent elements [18]. Let i’ := g" be the Cartan subalgebra containing
Y1. It is known as the opposite Cartan subalgebra. Then the adjoint group element w defined by

2mi

w = exp adp (4.1)

K+ 1

acts on b’ as a representative of a regular conjugacy class [w] in the Weyl group W(g) of g of order « + 1 [10,16].

The element Y; is an eigenvector of w of eigenvalue € where ¢ is the primitive (« + 1)th root of unity. We also define
the multiset E(L;) which consists of natural numbers #;,i = 1, ..., r, such that €"’s are the eigenvalues of the action of w
on h'. We call E(L;) the exponents of the nilpotent element L;. Our justification of the name exponents for E(L) is that, in
this contest, the exponents E(g) of the Lie algebra equal the exponents of the regular nilpotent element [18] (a nilpotent
element of type Z.(ag)). The set E(L;) can be found by combining the results in [10,16] and [30]. In Table 1, we list in the
first 2 columns the elements of E(L;) and in Table 2 we list the exponents of g. Note that we give the elements of E(L;)
in a particular order such that the following significant relation between E(L{) and E(g) is simple to state and its proof is
given by examining Tables 1 and 2.
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Table 1
Weights and exponents of L;.
Orbit W(Ly)
Zr(ar—s) N N2s-ees s Ns41s 0 es Nr Nr1s -+ Nn
Bom(am) 1,3,...,2m—1 1,3,..., 2m—1 1,2,..., 2m—-2;m—1,m
Dom(am—1) 1,3,....2m—1;2m — 1 1,3,..., 2m—3 1,2,...,2m—2
Fa(az) 15 15 12,34
Es(as) 1,4,5 125 1,2,2,3,3,4
Es(az) 1,7,11,13,17,19 39 5,8,11, 14
Es(as) 1,7,11,13 2,4.8,14 3,5,5,7,7,9,9, 11
E(L1)

Table 2

Exponents of g.

g Vi, V2, e, vy

Bom 1,3,...,4m—1

Dom 1,3,...,2m—1

2m—1,2m—-3,..., 4m — 3

F4 1,5,7,11

Es 1,4,5,7,8,11

Eg 1,7,11,13,17,19, 23, 29

Lemma 4.1. The following formula gives a bijective map between E(g) and E(L,)

SR i<s;
T mitk+1, i>s.

Let Y1, Y, ..., Y, be a basis of b’ of eigenvectors of w such that w(Y;) = €"Y;. Then the elements Y; will have the form
Yi=L+K; L€ On;s K; Oni—(k+1)» i=1,...,r. (4.2)
The commutators [Y;, ¥;] = O imply that the set {L, ..., L} generates a commutative subalgebra of g!1. Hence upon

considering the restriction of the adjoint representation of the sl,-subalgebra A generated by A = {Lq, h, f}, the vectors
L; are maximal weight vectors of irreducible .4-submodules of dimensions 2n; + 1. We observe that the total number of
irreducible A-submodules is n := 3r — 2s. The numbers 7,1, ..., n, are given in the third column of Table 1. Let us fix
a decomposition of g into irreducible .4-submodules, i.e.

s=Pv (4.3)
j=1

where dimV; = 2n; + 1 and L; is maximal weight vector of V; fori = 1, ..., r. We found it more convenient to denote
also the maximum vectors of the remaining spaces V; by L;. The numbers 7, ..., n, are known in the literature as the
weights of the nilpotent element L; and will be denoted W(L;). A procedure to obtain W(L,) for nilpotent elements of
type Dym(am—1) and Byy(ay,) is given in [13].

Recall that (.|.) denotes the Killing form of g. Let us define the matrix of its restriction to b’

A = (YilY)). (4.4)

Proposition 4.2. The matrix A; is nondegenerate and antidiagonal in the sense that

Aj =0, ifni+n #r+1

Proof. It follows from the properties of Cartan subalgebras that the matrix A; is nondegenerate. We will use the fact that
the matrix (.|.) is a nondegenerate invariant bilinear form on §'. Hence for any element Y; there exists an element Y; such
that (Y;|Y;) # 0. Using the Weyl group element w defined in (4.1), we get the equality

2(n; + my)wi
K+ 1
It forces n; +nj =k + 1in case (Y;|Y;) #0. O

(YilYj) = (wYilwYj) = exp (YilY;).

Observe that rank r is even. Let us set m :=r /2.
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Lemma 4.3. The elements Y;, i > 1 can be normalized such that the only nonzero values of {.|.) on the basis Y; are given as
follows

YilYm—iv1) =6+ 1, (YmuilYom_iy1) =6 +1; i=1,...,m (4.5)
Proof. Form the last lemma the elements Y1, ..., Y, can be grouped to subsets of 4 or 2 elements where the restriction
of (.|.) will be nondegenerate and has the form

0 0 =*x =

0 0 x =x 0 =x

* x 0 O or ( * 0 ) ’ (46)
* x 0 O

respectively. Using simple linear changes, they can be transformed to blocks of anti-diagonal matrices without losing the
fact that they are eigenvectors of the action of w on . O

We assume that the elements of the basis Y; of ' are normalized and satisfy the hypothesis of the previous lemma.
Then we get the following identities

Lemma 4.4.
(LilK;) = nj(8ij,me1 + Bitj.3n+1) (4.7)

Proof. Recall that

Yi=L+K; L€ n;» K; e Oni—(k+1)s i=1,...,r. (4.8)
Using the identity 0 = [Y;, Y] = [L;, Kj] + [K;, L;] with the invariant bilinear form yields
0 = (h|[L;, K;] + [Ki, Li]) = (< — nj + 1Ll K;) + ni{KilLy). (4.9)

This equation with the normalization (Y;|Y;) = (Li|Kj) +(Ki|K;) = (¥ +1)(8i1j,mt1-+8i4j,3m+1) yields the required identity. O
5. Argument shift method and adjoint quotient map

We keep the notations and assumptions given in the last section. We prove below that the argument shift method
produces a polynomial completely integrable system for BC. Observe that the dimension of Q is n = 3r — 2s and «
denotes the maximum eigenvalue of ad.

Consider the adjoint quotient map ¥ defined in (2.1). As we mentioned before, Kostant in [19] proved that the rank of
¥ at x equals r if and only if x is a regular element in g. Later, Slodowy showed that the rank of ¥ is r — 1 at subregular
nilpotent elements [29]. Finally, the rank of ¥ at distinguished nilpotent elements in g was computed by Richarson [27]
except for nilpotent elements of type Eg(a,). In this article, we proved the rank at nilpotent elements of type Eg(a;) is 6
(see Corollary 5.5).

Under the normalization given in Lemma 4.4, we fix a basis eg, e1, €,, ... for g such that:

1. The first n + r are given in the following order
Ky L, L1, Ly oo, Lin—1; Ly - Lo K Koy oo o Kines Kty - -+, Ko, (5.1)
2. (e]Y1) #0ifand only ifi=0o0ri=1.
Then we define on g the linear coordinates
xi(g) = (eilg), i=0,1,2,... (5.2)

In what follows we will trace the dependence of the invariant polynomials on the coordinates xo and x;. Note that the
gradient VF of a function F on g will be given by the formula VF = g—;ei. Moreover, since Y; is regular, the gradients
VP;(Y;) are linearly independent and in fact a basis of i'. We use these remarks in the following lemma.

Lemma 5.1. The matrix with entries g%(yl ), i,j=1,...,r, is non-degenerate. Moreover, P; have the following form
P;=R +R’+R} (5.3)
where
vi—1 2m
R! = Z 07T 'x ™" and R} = Z Z CijaX5xg (X + Xjyn—1) (5.4)
{a:a(k+1)=vj—nr} a=0 j=2
ap3
and %(Yﬂ = 0, Vk. Here c;jq and 6; , are complex numbers.
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Proof. Since VP,(Y;) € g"' = b’ and i’ has basis Y; = L; + K;, we get

2m 2m 2m
1) = Za,ij = Za‘,j(l-j +Kj) = Gii(eo +e1) + Z Cij(ej + entjo1)- (55)
— — =
Hence
ax](Y1) = 3X}+n o), 1<j=n;
Gij = aP; ap; ; (56)
(Y1) = 30 (Y1), i=1

and ﬁ(Y1) = 0 for other indices y not included in (5.6). By definition of the coordinates and Lemma 4.4, x;(Y;) are all

zero except x1(Y7) = 1 and xo(Y;) = «. Hence, for 1 < j < 2m, dP‘(Yl) # 0 implies that =t must contain a term of the
form
vi—1

Zcuaxa o a—l, Gija €C (5.7)

This gives the formula for R2 Note that —(Y1) = 0. Thus, for ; ap —L (Yl) to be nonzero, it must contain terms of the form
fia = x3T'x) ™. But then a is constrained by the identity

af;i of;
fl‘a(yl) =(a+ 1" = fl’a(Yl) = (v — a1
X1 9Xo

(5.8)

This leads to the formula for R}. The condition on R? is a direct consequence from our analysis. Finally, the non-degeneracy
condition follows from the fact that the vectors VP;(Y;) are a basis for y’. O

We observe that gl is orthogonal to ¢’ under (.|.) [32]. Thus (x1, . .. ., x,) form a coordinate system on Q. Also Y; € Q
and its coordinates are given by (xq,....,x,) = (1,0,0,...,0). From Lemma 4.4, xo(q) = (Kn|L1) = « is constant for
every q € Q.

We set degree x; equals &; + 1 where &; denotes the eigenvalue of e; under ady, i = 1, ..., 2m. We recall the following

theorem due to Slodowy.

Theorem 5.2 ([29], section 2.5). The restriction F? of P; to Q is quasi-homogeneous polynomial of degree v; + 1.

Then we get the following refinement of the last lemma. We introduce the numbers 8; where 8; = 0 for i < s and
Bi=1fori>s.

... I .
Proposition 5.3. The functions P; in the coordinates (X1, ..., X,) take the form

—0 ~
Pi(x1,...,%) = Z c,]x1 X + R (x), ¢jeC. (5.9)
{j:vi—deg xj=Pj(x +1)}

ap3 250
Here %(Yl) =0for k=1,...,n Moreover, the square matrix %(Yl); i,j=1,...,r is nondegenerate.
k J

Proof. We obtain the restriction ﬁ,) of P; to Q by setting in (5.3), X = « and x; = 0 for k > n. From the quasihomogeneity
ofﬁi) and Lemma 5.1
vi—1

-0 ~ =3 ~
Pi(x1,...,%) = Z Z CijaX{X + R (x), CjaeC (5.10)

a=0 {j:a(k+1)=v;—degx;}

253
where ﬁ? is the restriction of R? to Q. The condition (5.3) implies %(Yl) =0,k=1,...,n Note that degP; — degx; =
a(k + 1). Using the relation between the multisets E(g) and E(L;) observed in Lemma 4.1, a can only take the values S;
indicated in the statement. In other words the constants ¢;j , in (5.3) are nonzero only if a = ;. This gives the form (5.9).
For the nondegeneracy condition, note that the only possible value for the index a in (5.3) is a = 8; and so xo appear only
with the power v; — ;. This implies that %(Yl) = %(Yﬁ, i,j=1,...,2m. Thus the determinant of the required matrix
is nonzero. O ! !

We apply the procedure given in Section 3 for the nilpotent element L; by considering Dynkin grading and setting
u = Kj. Then, using Eq. (5.9) and (L;|K;) = 1, the expansion (3.4) will take the form

Pix + 1K) = 3 Tylx1 + A)Pix + R (x + AKp) = Po(x) + PP (x), x € Q. (5.11)
{j:vi—deg xj=Pi(k+1)}
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In particular, we have the following coordinates.

Lemma 5.4. Consider the degrees of the coordinates (x, ..., X,) given in Theorem 5.2. Then there exists a quasihomogeneous
change of coordinates on Q defined by
Bi _ 51
t :={ P =P, i=1,....1 (5.12)
X, i=r+1,

such that the degree of t; equals n; + 1. Moreover, these coordinates can be chosen such that there exists one index iy such that
ti, is the only coordinate depending on xy and having the form t;; = x, 4 nonlinear terms.

Proof. Note that 3//P; will have the form

=0 =3 — —
8,’?1’13,- = Bfl‘Ri (X) + Z CijXj, Cij € C, (513)
{j:vi—deng:ﬂ,‘(K+l)]

where 9, af;‘ﬁf(O) = 0. Then

aP, .
axjaf;P,(O) ax;- (), i,j=1,...,r. (5.14)

Using the last proposition, we conclude that the matrix Bﬁiﬁ: is nondegenerate. Hence, Bﬁ’Pf’ can replace the coordinates
xionQ fori =1, ..., r.This shows that(ty, ..., t,) defined above are coordinates on Q. Quasihomogeneity and the degree
of each t; follow from Theorem 5.2 and Lemma 4.1. This proves the first part. The second part follows from the structure
of the degrees n; + 1 and the fact that x; is of maximum degree « + 1. If there is another coordinate x;, with maximum
degree « + 1, then the statement follows by doing some linear change of coordinates. For example, for the nilpotent
element of type Eg(as), we must take ip =r. O

—0 . . . . I
Note that t; = P; fori = 1,...,s. Hence, in the coordinates developed in the last corollary, the restriction ¥ of the
quotient map ¥ to Q takes the form

— -0 —0
Wty bty o) =(t1, ..o b5, Poy sy Py, (5.15)

Corollary 5.5. The rank of the quotient map ¥ at Ly equals s.

Proof. From quasi-homogeneity, the rank of ¥ at L is the same as the rank of &< at the origin which equals s. O

Consider the set of functions T = {13?, e ﬁ; ﬁslﬁ, .. P PH], cee ﬁr)} which result from applying the argument
shift method to B2 and Bg The set T consists of 1 5(dimQ + rank B?) = 2r — s polynomial functions in involution. We

give below what remains to prove Theorem 1.1.

Proof (Theorem 1.1). We only need to prove that elements of T are functionally independent functions. For this task we use
properties of the restriction of the quotient map ¥. We consider what is called the momentum map & in the coordinates
(t1, ..., t;) developed above:
—0 —1 =0 -0
D(ty, ..., ty) = (Pq,.. P PH], .o P P4, ... P)), (5.16)
40

=0
= (t1,. . tr,Peyy .., P

rle

Observe that the functions in T are independent if and only if the map @ is regular at some points. The Jacobian matrices
J¥ and J& of the maps ¥ and @ have the forms

- 0 0 L0 0
Jo(t)= d o P3| Jo(t) = d? [;)—S d()) (5.17)
1 2 3

o5
where I, denotes the identity matrix of size m and ¢, is the square matrix of size r — s with entries 5:‘ 1<i,j<r-s.
Then the entries of the matrices ¢; and ¢3 are understood from the definition of the Jacobian. Thus the regularity of @
is guaranteed by showing that the minor matrix ¢s is of maximal rank at some points of Q. Let V be the subvariety of
Q defined by vanishing of the entries of ¢,. By quasihomogeneity of the polynomials ﬁi, entries of ¢, are not constant
and hence V is not empty. Since, the set of regular points of the quotient map is dense open subset in g, and hence in Q,
there is open subset U C V where the rank of ¥ is maximal. Thus ¢3 is of maximal rank at the points of U. This ends the
proof. O
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6. Remarks

We observe that the proof of Theorem 1.1 depends on the fact that the argument shift method produces a set of
functions with the property that each of them is either a Casimir of B2 or/and can be included as a part of coordinates
on Slodowy slice. This property is not valid for distinguished nilpotent orbits of semisimple type F4(as), E;(as), Es(ag) and
Eg(ay).

In this article, we used the notion of opposite Cartan subalgebra and properties of the adjoint quotient map to prove
integrability of transverse Poisson structure. However, examples show that integrability does not depend on these notions.
Thus we believe that integrability of transverse Poisson structure at other types of nilpotent elements can be obtained
using different methods than the ones given in this article.

We observe that even if the notion of Poisson reductions is well studied, there are no results about the reduction of
completely integrable systems. For instance, it will be interesting to show that the restriction of the polynomial integrable
system obtained by Theorem 2.1 for B leads to a completely integrable system of the transverse Poisson structure B¢ on
Slodowy slice Q.

Experts know that the linear terms of B¢ define a linear Poisson structure, which can be identified with the Lie-Poisson
structure B? of the Lie algebra ¢’. Note that ¢ is a nilpotent Lie algebra. In [24], the existence of a completely integrable
system for g’ using the argument shift method is proved for a large family of nilpotent elements. It will be interesting to
find the relation between the method introduced in this article and [24].

The quantization of B? is studied in [26], and it is known in the literature as a finite W-algebra [32]. Recently [2], the
finite W-algebra is used to give a quantization of the completely integrable system that could be obtained for B® using
the argument shift method. It seems that the methods of [2] can be used to obtain a quantization of the integrable system
constructed in this article.
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