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1. Introduction

Recent progress in exploring integrability in AdS /CFT dualities has led to the discovery of many new algebraic structures.
One of the most notable is a class of the so-called u-deformed Hopf superalgebras, which emerge in the worldsheet scattering
theory in various backgrounds [ 1-6]. These superalgebras are deformed in the direction of their central extensions and lead
to R-matrices of a non-relativistic type closely resembling that of the one-dimensional Hubbard chain [7,8].

For example, the worldsheet superalgebra of the AdSs /CFT, duality is the centrally extended superalgebra s((2|2) @ Cu*
admitting a u-deformed Hopf algebra structure [5] and having a non-conventional representation theory [9]. Interestingly, it
admits a non-standard u-deformed Yangian extension, which was constructed in various realizations: the Drinfeld J presen-
tation [10], Drinfeld New presentation [11], and RTT-presentation [ 12]. Moreover, this superalgebra can be further deformed
in the Cartan direction. In such a way one obtains a double-deformed Hopf superalgebra. In particular, a g-deformation
of the u-deformed s((2|2) @ Cu® and its affinization of the Drinfeld-Jimbo type were constructed in [13] and [14], respec-
tively.

In this paper we consider the centrally extended superalgebra Chg x sl(1]1)? @ Cu®*, which was shown to be a symmetry
of the worldsheet scattering in the AdSs/CFT, duality [15] for the AdS; x S* x S* x S! background [1,16]. Moreover, its
quantum deformation was shown to be a symmetry of the deformed worldsheet scattering [17]. This superalgebra also
serves as a prototype for the symmetries of the duality on the AdS; x S3 x T* background [18,2], which essentially contains
two copies of this superalgebra with their central elements identified. For this reason, in this paper we will focus on the
algebraic constructions associated with the former case only.
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This paper contains two parts. In the first part we construct highest-weight modules and a u-deformed Yangian extension
of the extended superalgebra Chg  s[(1]1)? @ Cu™*. In particular, we construct typical and atypical Kac modules K (A1, A2, v)
and A(A1, A2, v), and the one-dimensional module 1 of sI(1|1)? @ Cu*. We show that the tensor product of two atypical
modules is isomorphic to the typical one and obtain the corresponding R-matrix. In a suitable parametrization, this R-matrix
has a trigonometric form described by three independent variables. We also construct an evaluation homomorphism from
the newly constructed Yangian to the universal enveloping algebra of Chy x sI(1]1)? & Cu®.

In the second part of the paper we consider a quantum deformation of the Chg x s[(1]1)? @ Cu® superalgebra and obtain
its affine extension of the Drinfeld-Jimbo type. The structure of the second part closely resembles that of the first part.
We construct quantum deformed analogues of the highest-weight modules constructed before and obtain the deformed
R-matrix. The affinization presented in this paper is inspired by a similar double-deformed construction presented in [ 14].

The main results of this paper are presented in Sections 3 and 5, where the Yangian extension of the superalgebra
Cho x sI(1]1)> @ Cu® and an affinization of its quantum deformation are presented. Sections 2 and 5 serve as the neces-
sary preliminaries. Appendices A and D contain some additional computations and formulae that were omitted in the main
parts of the manuscript. Appendices B and C explain the connection between the notation used in the present paper and the
traditional notation which uses the x* variables.

The goal of the present study was to obtain new infinite dimensional superalgebras and deformed superalgebras that can
be further used to study the highest-weight representation theory along the lines of [19-21]. Such representations would
be important in studying integrability of the AdS;/CFT, duality using the techniques of the Bethe Ansatz similar to the ones
introduced in [22,8,23], and progress towards the Baxter Q-operators using the methods introduced in [24-26].

There is also a number of other important aspects of the integrability in the AdS;/CFT, duality, where extended symme-
tries could play an important role: the description of the massless modes [18,16,27], determination of the so-called dressing
phases [28], integrability in the presence of mixed-flux backgrounds [16,29-31] and deformations [32,17]. The latter ques-
tions go beyond the scope of the present paper and will not be considered. We leave these question for further study.

2. The superalgebra C x s((1]1)? @ Cu* and its highest-weight modules

In this section we present the superalgebra a = C x s[(1]1)> @ Cu* and the associated Hopf algebra which arises as
a symmetry of the worldsheet scattering in the AdS;/CFT, duality [1]. We then construct highest-weight modules of this
algebra that are important in the aforementioned duality.

2.1. Algebra

Let [-, -] denote the Z,-graded commutator, i.e. [a, b] = ab — (—1)PWP®pq for Va, b € g, where g is a Lie superalgebra
and p = deg, denotes the Z,-grading on g. We will also use the notation C* = C\{0}.

We start by considering the centrally extended superalgebra C x s[(1]1)? @ C2, where C? = Ck; @& Ck,. We then obtain
C x sl(1]1)? @ Cu* as the quotient of an extension of the former algebra. The motivation for this approach is explained in
Remark 2.4 given below.

Definition 2.1. The centrally extended superalgebra Cxs((1]1)? @ C? is generated by elements e;, f;, ho and central elements
hi, ki with i, j € {1, 2} satisfying

les, il = 8ihi + (1 — &) ki, Lho, fil = —f;, [ho, ei] = ei. (2.1)
The remaining relations are trivial. The Z,-grading is given by deg,(hy) = deg,(h;) = deg,(ki) = 0 and deg,(e;) =
deg,(fi) = 1.

Remark 2.1. The algebra C x s[(1]1)? @ C? has outer-automorphism group GL(2)? acting by

€1 s A €1 ) 1) B fi i hy  ky — A hy  ky B, (2.2)
ey ey 2 2 ’(2 hz ](2 h2
for any (A, B) € GL(2)?. Here B’ denotes the transposed matrix. The element hg, which acts as an outer-automorphism on

the subalgebra sI(1]1)? @ C?, is invariant under the action of GL(2)?.

Our focus will be on the tensor product of two atypical highest-weight modules and the R-matrix. Bearing in mind this
goal we extend the algebra above by the ring Cu® (=Cu* @Cu~) such that u*u™ = 1and introduce a book-keeping notation
ag = C x sl(1]1)? @ C? @ Cu™. Note that u¥ are central in ag. Let U(ag) denote the universal enveloping algebra of ag. The
next observation is immediate from the defining relations of the algebra.

Proposition 2.1. The vector space basis of U(ap) is given in terms of monomials

(B2 (F)" (ho) " (h1)1 ()2 (k1)" (ko)™ ()" (e1)" (e2) (2.3)
withri,s; € {0,1}, ; € Zsoand t € Z.
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The monomials (2.3) give a Poincaré-Birkhoff-Witt type basis of U(ap). Moreover, by the standard arguments, U(ag) =
U, .UJ.U; as vector spaces, where U, and Uy are the nilpotent subalgebras generated by elements f; and e; with i € {1, 2},
respectively, and Ug is generated by the remaining elements of ag.

Remark 2.2. The algebra U(ap) also admits a Z-grading given by
deg(ho) = deg(h;) = deg(u®) = 0, deg(e;) = +1, deg(f) = F1, deg(k) = +2,
where the upper sign in 4+ and ¥ is for i = 1 and the lower sign is for i = 2 (we will use this dotted notation throughout
this paper). Note that we could equivalently define the Z-grading by inverting the grading, namely deg — — deg.
Let Iy be the ideal of U(ag) generated by the relation
ki = ai(u* —u™?), (2.4)

where «; € C*. Define the quotient algebra U(a) = U(ag)/Io. Then one can introduce a Hopf algebra structure on U(a)
given by the coproduct fori € {1, 2} (and i = O for h;)

Al) =e@u’ +ut ®e, Ak)=kouT +uT2®k,
Af) =fiou* +u” ®f, A =h®1+1®h,  Au") =u*"Qu",
the counit e(a) = 0 and the antipode S(a) = —a for all a € a except e(ut) = 1, Su*) = u¥.
Let us pinpoint some properties of the Hopf algebra U(a). First, the Z-grading introduced in Remark 2.2 agrees with
the powers of u* in the coproduct (2.5). Second, we want to explain the role of the ideal I;. Set A°®® = ¢ o A, where
o0 :a®b i (—1)PPOp g qis the graded permutation operator. Observe that all central elements of U(a) are co-
commutative:

A(c) = A%P(c) forc € {h;, ki, ut}, i€ {1,2).

(2.5)

This is obvious for h; and u*, while for k; we have A(k;) — A% (k) = ki ® (u T2 —u*2) 4 (u™ 2 —u T ?) @ k;, which is equal
to zero only if (2.4) holds. (Moreover, this is a necessary condition for existence of the R-matrix.) Also note that due to (2.4)
the algebra U(a) is actually a two-parameter family of Hopf algebras parametrized by «;. Moreover, we need to formally
set dega; = &2, for (2.4) to respect the Z-grading. (In the AdSs/CFT, duality one usually sets ¢y = —a, = —h/2, where
h € C* plays the role of the coupling constant of the underlying field theory and the minus is to ensure unitarity.)

Remark 2.3. Besides the Chevalley anti-automorphism e; — —f;, fi = —fi, ho — ho, hi = —h;, ki = —k;, u™ — uT for
i € {1, 2}, there are a number of involutive automorphisms of U(a) given by

fi e, e — fi, h; — h;, ki — k;, ho — —hy, ut > ut,
fir e, ej — fi, hi — h;, ki — ki, ho — —hg, ut > ut, (2.6)
fi £, e > e, hi > hj, ki > ki, ho > ho, ut > uF,

foralli,j € {1, 2} such that i # j. These outer-automorphisms, that form a Klein-four group, are also Hopf algebra outer-
automorphisms of U(a).

Remark 2.4. The relation (2.1) in the algebra U(a) is equivalent to saying that
lei, fil = 8ihi + (1 — 8) (ut? — u™?). (2.7)

We could have started our considerations using this relation as the initial definition, however we chose (2.1) (and (2.4)) to
keep our definitions and notation as close as possible to the traditional notation used in [10,12,1,16,4,3,33]). In Section 4,
where we consider a g-deformation of U (a), we use a more natural definition of the central extensions, in such a way slightly
deviating from the traditional notation used in [14,13,17]. We also find elements k; to be a good book-keeping notation when
considering the highest-weight modules of U(a).

2.2. Typical module

The typical module K (A1, A, v) is the four-dimensional highest-weight Kac module of U(a) defined as follows: let
v € K(Aq, Az, v) be the highest-weight vector such that

hi.vg = Ajvo, ki.vo = uivo, ut vy = v, ej.vg =0, hg.vg =0, (2.8)
fori € {1,2}, where A;, v € C* are generic and p; = o;(v> — v™2) due to (2.4). Set v; = fi.vg and vy = fof;.vo. Then
K(A1, Az, v) = spang{vo, v1, V2, 21} as a vector space. Moreover hy.v; = —v; and hg.vy1 = —2v,;. This allows us to write

the following weight space decomposition:
K(Aq, Az, v) = Ko(A1, A2, v) @ K_1(Aq, Az, v) ® K5 (A1, A3, ),

where Ko(A1, A2, v) and K_, (A, A3, v) are one-dimensional weight spaces accommodating vectors vy and v,1, respectively,
and K_1 (A1, Ay, v) = spanc{vy, v2}.
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Fig. 1. Typical module: (a) in up-down basis, (b) in down-up basis, (c) when A1, = 1u5.

Observe that f,.v; = —f1.v, = v1 and

e1.U21 = W1V1 — AqUp, e1.v1 = AqVo, e1.V2 = U1V, (2.9)

€2.U21 = A2VU1 — UaU2, €2.V1 = UaVp, €.V = AyVp. ’
Introduce linear combinations

vy = vy — Mva, f] = pafi — Af, e} = pze1 — Aey, (2.10)

Uy = AgUp — [, fy = Mafi — paf, e, = Axeqy — [L1€s. ’
Then

fivo =}, f1.v] = Aqvar, f1.v5 = uava, e1.vy = (A1Ay — W1ii2) Vo, 2.11)

00 =03, fav] = v, vy = Aavay, e2.0] = (U1it2 — A1A2)vg. '

Note that elements f/, e/ and v; are pairwise linearly independent for generic A; and v. We call the set {vg, v1, v, v21} the
up-down vector space basis and {vg, v}, v, v21} the down-up vector space basis of K (11, A2, v). The module diagrams for
both bases are shown in Fig. 1(a) and (b).

2.3. Atypical module

The atypical module A(Aq, A, v) is the two-dimensional submodule of the typical module K(A, A, v) when A1, =
1M2. Let us show that is indeed true. The aforementioned constrain combined with (2.9) and (2.10) implies that

A
v, =y?v,  fi =vy%f, and ejey.vy; =0 where y? = m_ M (2.12)
Ay M2
Set v} = pqvy + Aqvz and f' = pafi + Aqfe. Then clearly both v7, v} and f/', f; are linearly independent and
filvo =7, L] = —=(aAa + pip2)var, e1.v] = 2A1[1vo, 2.7 = (A2 + (12)Vo. (2.13)

The module diagram of K (A1, A, v) when A1 Ay = w1, is shownin Fig. 1(c). It is clear from this diagram that A(A1, Az, v) =
spanc{v}, v21} as a vector space. Moreover, it follows that

A(r1, Az, v) = KA, Az, v) [A(R1, Az, ). (2.14)
For the purposes of the present paper it will be convenient to choose vector space basis the atypical module to be
A(A1, Az, v) = spanc{wg, w}, (2.15)

where wy = v} and w; = ¥ ~1v,1. (This choice of the basis is convenient for obtaining an elegant expression of the R-matrix
(2.25).) The action of U(a) is given by

hyw; = yzuz wj, hy.wj = yfz,u] wj kiowj = i w; ui.wj = vile (2.16)
fori,j € {1, 2} and

ewo =0,  frwo=yuawi, frwg=y 'uw, (217)
f,-.w1 =0, e1.wq =Y Wy, e wp = y_le.

A connection with the traditional parametrization of the atypical module in terms of the x*-variables used in [1,16] is
given in Appendix B.

Remark 2.5. The module diagrams in Fig. 1 are very similar to those of the U(s[(1]|1)) Lie superalgebra. Recall that s[(1|1) =
spanc{f, h, e} as a vector space. The highest-weight module K (1) of U(s((1]|1)) is the two-dimensional Kac module spanned
by vectors vg, vy such that e.vg = 0, h.vg = Avg, f.vg = v1, e.v;7 = Avg. The projective module P(L) of U(sl(1]1)) is a
four-dimensional module spanned by vectors ug, uy and uy4 such that f.ug = uy, e.ug = u_q, feug = up, h.ug = A,
e.u; = Alg — Uy, e.ly = Au_;. Then the diagram in Fig. 1(c) exactly coincides with the one for P(1) upon identification
V] = U, Vg —> Uy, V) = Uy, Uy — U_q,6 — fandfi, f5, f{' — e. The diagram of K(A1, A,, v) is the completion of the one
for P()) (and clearly the diagram of A(A1, A3, v) is equivalent to the one of K(1)).
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2.4. Tensor product of atypical modules

We show below that the tensor product of two atypical modules is isomorphic to the typical module of U(a). Let
w; ® wj € A(A1, Az, V) @ A(A], A, V') with i, j € {0, 1}. The action of U(a) on vectors w; ® wj is given by

A(fr).(wo ® wh) = VMzV w1 @ wy + (=P Y by we @ wi,
AR).(wo @ wy) =y 'y wy @ wy + (— 1)p(w0) - 1M,1V wo @ wy, (2.18)
A1) (wo ® wy) = (=P (y 1y wphv ™V — yy T vy wi ® w)

and

Alen). (w1 @ w)) = yv''wy ® wi — (=P v w; ® wy,
Aley) (w1 @ w)) =y Wwp @ w) — (=P v Tw; @ wy, (2.19)

7

Alerer). (w1 @ w)) = (=P (y Ty vy — pp W we ® wy.
Set ’170 =Wy Q w{) and E‘ = A(ﬂ).io, ’1721 = A(fz]‘-]).io. Then

A(hy).y = (2 M2+7/ Mz)vo A+ AT = * Vo,

Alhy) o = (v 2+ M1) Vo = (a2 + A5) Tp = R T (2.20)

Alk) Bo = (' F2 4+ 1 =2 %) = (v — v20"2) T =t [ii o,

where the last equality is due to (2.4). Using the relations above, we find

Aler) .y = (ugv' ™2 +M/1V )T1 — (2 Mz +y Mz) Uy = 17151 — 0 Ts, (221
Alez) V21 = (g + M) U1 — (v + pyv ) Ty = A2 01 — fa Vo,

which compared with (2.9) imply that
KRt 32, D) = Ah1. A2, 1) @ ARy, ), v) (2.22)

with A; = A; + AandV = v

2.5. One-dimensional module

Set
1=yw; @ wy+ (=YY y'vv'wy @ w). (2.23)

Let us show thata.1 = 0 1f3: =Ni; = O0foralla € U(a), a # u®, hy. Notice, that it is enough to consider the action of
A(e;) and A(f)) on 1 only. It follows straightforwardly that A(e;).1 = 0. For f, we have A(f,).1 = (— Py yu(y 2w +

Yy 2u) w ® w’, which is equal to zero if Az = 0. A simple computation for f; gives
A(f) A = (1P y vy + ppv?) wy @ wy = (= 1Py y vl wy ® wy =0,

if 71, = 0. It remains to consider the action of e;. We have A(e1).1 = (y?v'™! — y2v2v) wo ® wy. Using y? = p1/As,
y? = /A, and Ay, = —A, we find

v/ —2 -2/ / V/ﬁl ’
Ale) 1= — (V7w —v U wo @ wy = —— wo ® wy =0,
A2 A2

if 71 = 0. On the other hand, we have p} /1, = —v?v’? giving

~

1
Ae).1 = — —,—]w0®w6:0,
Vi 2 2
if3:1 = 0. Finally, we have that hy.1 € C1, and requiring A(u™).1 = 1 implies vv’ = 1, which agrees with 1i; = 0.

2.6. R-matrix

Consider the Z,-graded vector space C''". Let E; € End C'!" denote the usual supermatrix units. The algebra gly; is a
Z,-graded matrix algebra spanned by supermatrices E; with i, j € {1, 2} so that the grading is given by deg, E;; = p(i) +p(),
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where p(1) = 0, p(2) = 1, and satisfying

[Ej, Eul = 8ixEn — (= 1) T *HD 8,
Moreover, forany X, X', Y, Y’ € gl;;; we have X®Y)(X'®Y') = (— DPERW XX’ @YY’ and deg,(X®Y) = deg, X +deg, Y.
In particular, (Ej ® Ex) (Ers ® Ery) = (—1)*D+IE ® Ey,.. The graded permutation operator P € End (C'I' @ C'I) is given
by P = Zlfi,jSZ(_l)JilEij ® Ej.

Let deg, vy = 0. Then deg, w; = 0 and deg, wo = 1. Set V = spanc{w;, wo} and identify V with C''" in the natural
way. Denote I = Eq; + E5,. Then the two dimensional (atypical) representation 7 : U(a) — End(V), a — m (a) is given by

(cf. (2.17))

n(e)) =yEn,  w(fi) =yurEn, 7)) =y 'wiEn,  w(e) =y 'Ea, (2.24)
n(h) =y*uel,  why) =y 2uil,  wk)=pmil,  wlke) =pol,  w(ho) = —2Ey — E,

where u; = o;(v? — v2). We will refer to the set of parameters {y, v} as the representation labels. Let V' = spanc{w], wg}
be a copy of V. We will denote by 7" : U(a) — EndV’ the representation with the labels {y’, v'}.

Proposition 2.2. The R-matrix R(y, v; y’,v') € End(V ® V') intertwining the tensor product of atypical representations = and
7’ is given by

, yw y yv' oy -
R(y,v;y,v/)=( - )511®E11+( - Ey1 ® Exp — (v —v7?) Ea ® Exy

y o y'w yvooy'v
. ]/,V ]/U, y/ ')/\)V/
+ (V= V") En ®Epp + (yv’ - y’v) Ey ® Ey1 + <yvv’ Y >Ezz ® Ex. (2.25)

Proof. The existence of the R-matrix follows from the fact that V ® V' is an irreducible U (a) module, which is due to (2.22),
and application of the Schur’s lemma. Thus it only remains to compute it explicitly. This is shown in Appendix A.1. O

It is a lengthy but direct computation to check that R(y, v; y’, v') satisfies the Yang-Baxter equation, namely, set
Riz = R(y,v; ¢y, vV)®IL,Ryzs = I QR(y’,V;y",v'Yand R;3 = (I ® P)(R(y, v; ¥”,v") ® N(I ® P) for some (generic)
set of labels {y, v; y', V'; y”, v"}, then R;3R13R23 = RysRi3R12.

Remark 2.6. (1) Let v = %1, v/ = ¢?2 and y = e*y’. Then R-matrix (2.25) can be written in the trigonometric form
R(01, 02, A) = sin(0 + 0, — A)Eyy @ Eyy — sin(01 — 60, + A) Eyy ® Exp — sin(261) Epz ® Exy
+ sin(260,) Ex1 ® Eq3 + sin(0; — 6, — A) Exyy ® E11 — sin(0; + 6, + A) Exp ® Eo. (2.26)
The unitarity property is

1
R(01, 65, A)PR(6,, 01, —A)P = 3 (cos(2A) — cos(267 + 265)) 1. (2.27)
In the limit when 6, 6, and A are all small, we obtain the rational R-matrix of the gl;}; Lie superalgebra
RO, 0, A) =~ —(Al — 26P). (2.28)

(2) Let V = spanc{io, w1} and V' = spang{wy, w)} be such that deg, wy = deg, wy; = 0 and deg, w; = deg, w; = 1
(i.e. the Z,-grading is opposite to that of V and V'). Denote the R-matrix (2.25) by Ry y. Then the R-matrices Ry 3/, Ry » and
Ry y» can be obtained by conjugation G Ry v/ G, with a certain matrix G given by the case-by-case basis as follows:

Ryy : G=En ® (2 + E21) — E22 ® (E12 — Ez1),
Ryy @ G=(Ea + E21) ® Ey1 — (Era — E21) ® Enp, (2.29)
Ry + G=Epn ® (Ena + E21) + E21 ® (E12 + Ez1).

(3) In the context of the AdSs3/CFT, duality, parameters 6; and 6, have an interpretation of the worldsheet momenta p,, 5. of
individual magnons. The parameter A can be interpreted as a difference of the pseudorapidity of individual magnons. The
traditional notation used in the literature on AdS, /CFT, duality can be recovered using relations given in Appendix B. In this
context (and using the traditional terminology), the representations = : U(a) — V and =’ : U(a) — V’ can be viewed as
left-moving representations, while 7 : U(a) — V and 7’ : U(a) — V'’ are right-moving representations. With a suitable
choice of y or y, which depends on choice of the AdS;/CFT, background and additional fluxes, they correspond massless
representations. Accordingly, the R-matrix Ry - is the left-left R-matrix. Likewise, the ones in (2.29) are left-right, right-left
and right-right R-matrices, respectively.
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3. Yangian

In this section we construct a u-deformed Yangian ¥%(a) of Drinfeld-New type [34,11] having U(a) as its horizontal
subalgebra, and obtain an evaluation homomorphism ev,, : Y(a) — U(a).

3.1. Yangian Y (a)
Definition 3.1. The algebra % (a) is the unital associative superalgebra generated by elements e; ,, f; - and h; ;, ki r, ho » with
i,j € {1,2},r > 0, and satisfying

[ei,raﬁ',s] = 8ijhi,r+s + (1 - (Sij) ki,r+s’ [hor, fis] = —firts, [hO,ra eis] = €irys. (3.1)
The remaining relations are trivial.

The Z,- and Z-grading on % (a) are induced by the ones on U(a), namely deg,(a; ) = deg,(a;) and deg(a;,) = deg(a;)
forall a;» € Y(a) and a; € U(a). The algebra ¥ (a) admits a unique coproduct respecting the Z-grading.

Proposition 3.1. There is a unique homomorphism of algebras A : Y(a) — Y(a) ® Y (a) respecting the Z-grading and given
by, fori,je {1,2},i#jandr > 0:
. . r . . hd
Aeiy) =€, QuT +u* e, + Z (u Th, e tuT ki, @uT 231,1—1) ,
I=1
r . .
Afi) =fir@u™ +u® ®fi, + Z (fi,r—l Quhy+ut?f,  @uf kj,H) ,
=1

r . .
Alhiy) =hiy @ 1+ 1@ 0y + Y (hir @ by +u 7 2k @uT 214) (32)
=1

. . r . .
Alkiy) =k, @uT2+uT2 @ ki, + Z (l<i,r—t ®uT’hj_1+u 2@ ki,l—l) ,
=1
.

Achor) =ho, @1+ 1®hgr — Z (Ui @ute 1 +u o ®@u ey ).
=1

Proof. Let A, : Y(a) = Y(a) ® Y(a) be homomorphism of algebras. By requiring A, to respect the Z-grading we obtain
the following ansatz

r .
Ac(eiy) =6, @u™ +u” Qe+ Z <€z‘,1u Fhiro ® e+ €Utk @uT zej,H) ,
=1
T . .
Acfir) =fir@u® +uT Qfi + Z (Gi.3fi,r—l Qu*hij_1+€autfr @ut kj,l—]) ,
=1

r . .
Acthi) =iy @ T+ 1@ hiy + Y (eishi1 @ byt +eiou™ ki @u T 2k, (33)
I=1 :
. . r . .
Ackiy) =k, @uT?+u 2 kir + Z (fijki,r—l ®uT2h 1 +€su - hir1 ® ki,l—l) ,
1=

.
Achor) =ho, @ T+ 1@ by + Z (coutfiro @ uter 1+ e for @u ey1),
=1

with certain €; ; € C and €9, €19 € C. Let us focus on generators e; r, fi r, hi r, ki, first. To find constants €; , we compute the
graded commutators

r . .
[Ac(eir), Ac(fis)] = hirps @ 1+ 1® hyjrys + Z (éi.lhi,r—l ® hisiio1 + €au T2k @uT 2kj,s+l—1>
=1

S . .
+ Z (Gi,3hi,r+s—l ® hij—1 + €a0iuT *kirps ®uT zkj,l—l) (3.4)
=1
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and

. . r . .

[Ac(eir), Ac(fs)] = kirps @uT? 4 u ) Kirys + Z (Emu = hip_t ® Kisti1 + €ipikipm @uT 2hj,s+l—1)
=1

S . .
+ Z (Ej,3ki,r+s—z QuT2h 1 + €aaiu = Ry st ® ki,l—l) . (3.5)
=1

By requiring A, to be algebra homomorphism and using the expressions above we find €;1 = €3 = €;5 = €j4 = €;3 and
€i2 = €4 = €3 = €5 = €; 7, Where as before, i # j. Set €; = ¢; ;. Then, comparing both sides of [A(hg ), A(eis)] = A(e;s)
and [A(ho,r), A(fis)] = —A(fis), we find that eg¢ = —e7 and €19 = —e¢,. (For completeness, the resulting coproduct is listed
Appendix D.)

It remains to show that for any choice of constants ¢; the coproduct is equivalent up to an automorphism of the Yangian
Y(a). Consider the map given by

w I 6> €, fi,r = Eiﬁ,rs hi,r = eihi,ra ki,r = fjki,rv hO,r = hO,r- (3.6)
It is easy to see that (3.1) is invariant under the map w, thus it is an automorphism of % (a). Then A, is equivalent to A if
A(a) = (0" ' ® 0 1) (A ow)(a) holds for all a € Y(a). Let us demonstrate that this is true for a = f; .. Using (D.1) we have:

(@' @ w (A o w)(fir)

r . .
=€ '® Cf])(fi,r Qu* +u¥ ®fi, + Z (éifi,r—l Qu*hy1+eut’fi, @u¥ kj,l—]))
=1

r . .
=fr@ut +ut @fi+ ) (i @ul b +uT A @ut ki) = A, (37)
=1

In a similar way one can show this equality is also true for generators e; , k; r, h; » and hg . Thus, without loss of generality,
we can set ¢, = 1 and obtain (3.2) as required. O

Next, we want to write the defining relation (3.1) and coproduct (3.2) in terms of generating series (Drinfeld currents).
We introduce the following series in Y (a)[[z']]

«@=>Y ez, [@=) fuz"T" h@=1+Y hz k@ =) kez (3.8)
fori € {1, 2} a;l;loi = 0 should also be in;;:ded for h;(z). - -
Proposition 3.2. The defining relations (3.1) are equivalent to the following identities in Y(a)[[z~", w11 (i,j € {1, 2}):
(w —2) [ei(2), fi(w)] = §;(hi(z) — hi(w)) + (1 — &) (ki(z) — ki(w)), (3.9)
(w —2) [ho(2), fiw)] = fi(w) — fi2),  (w —2)[ho(2), ei(w)] = ei(2) — ei(w),
The coproduct (3.2) is equivalent to the following identities in (Y(a) ® Y(a)[[z7 111 (i,j € {1,2},i #j):

Ae@) =@ eut +uth@) @@ +ul k@) ®ul @),
Af@) =u” ®fi@) +fi@) @uth(2) +uF i) @ uT k).
Alhi(2)) = hi(2) ® hi(z) + u T %ki(2) ® u T 2ki(2), (3.10)
Aki(2)) = k@) ® uT 2hi(2) + uT2hi(2) ® ki(z),
A(ho(2)) =ho(2) @ 1+ 1Q ho(z) —u™f1(z) ® uTe1(z) —u fo(2) @ u ex(2).

-1

Proof. To see that (3.1) imply (3.9) we need to multiply (3.1) by z—"~'w~*~', Then sum over r, s > 0 and use

(z —w) Z 77Ty =51 — gyt gt
r,s>0, r4s=t
This gives (3.9). Conversely, using the identity above we deduce that
hi(@) —hi(w) = (w —2) Y 2wy,
r,s>0

Equating this with (w — z)[e;(2), fi(w)] yields [e; r, fis] = hi r+s. The remaining relations are obtained similarly.
To see that (3.2) imply (3.10) we only need to multiply (3.2) by u~"~! and sum over r > 0. Conversely, take coefficients
atz~"~' withr > 0 of (3.10). This reproduces (3.2). O
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Set H(z) = h1(2)hy(z) — kq1(2)k2(2). The current H(z) has a well-defined inverse. Indeed,

-1 hi(z)"'hy(z)~" _ I -1 —1y+1
HE) _1—k1(z)kz(z)h1(z)*1hz(z)’l_;(k](Z)kZ(Z))(h](Z) @) ) (1)

Since h;(z) are invertible, the series on the right hand side are elements in ¥ (a)[[z~']], and the coefficients of z~" are finite
sums of monomials (ki r,)" (ka.r,)® (h1,1,)" (ha.r,)™ such that ZL] lir; < r. We are now ready to define the Hopf algebra
structure on Y (a).

Theorem 3.1. The algebra Y (a) has a hopf algebra structure, which is given by the coproduct (3.10), counit (i, j € {1, 2})
e(ei(2)) = e(fi(2)) = e(ki(2)) =0,  e(ho(2)) = e(hi(z)) = 1, (3.12)
and the antipode defined by S(u*) = uT and (i,j € {1,2},i #J)
S(ei(2)) = — (ei@hi(2) — g(Dki@)) H@) ™', S(hi(2)) = hj@)H@) ™",

S(fi2) = — (i@h@) - f@k@)H@) ™", Ski@) =—k(@)H@) ™", (3.13)
S(ho(2)) =1 — ho(2) +S(fi(2))e1(2) + S(f2(2))ex(2).

Proof. The coproduct is a homomorphism by Proposition 3.1. The counit follows from (3.1) and (3.8). Thus we only need to
check that
Mo (S ®id) o A(a;j(z)) = t o e(a;i(2)), Mo (id ® S) o A(a;j(z)) = t o e(a;i(2)), (3.14)

for all a(z) € Y(a); here id is the identity map, M : %(a) ® Y(a) — ¥Y(a) denotes the associative multiplication and
t : C — Y(a) is the unit map. Let us compute (3.14) explicitly for all a(z):

o hi(2): (hj(2)hi(z) — ki(2)k;(z)) H(z)~" = 1 for both equalities,
o ki(2): (—ki(2)h;(z) + hi(2)ki(2)) uF2H(z)~" = 0 and (k(2)hi(z) — hi(2)ki(2)) u tpg-1=y,
o ei(2): (— (ei)hi(2) — j(2)ki(2)) + hij(2)ei(z) — ki(2)ej(2)) u FH(Ez) "' = 0and
(ei@H(2) — hi(2) (ei@hi(2) — €j(D)ki(2)) — ki(2) (ej()hi(2) — ei(2)k;(2))) ut H(z)™!
= (e(@H @) — ei@hi(Dhi(@) + ei@ki@k(@) uTHz) ™' =0,

o fi@): (fiH (@) — (f(@hj(2) — f;(2)k(2)) hi(z) — (f;(Z_)h,-(z) — [ @k@) k@) utHE) ™!

= (f@H@) — fi(2) (hi(@)h;(2) — ki(@2)ki(2))) u* H(z)~" =0

and (— (i@h(2) — fi(@ki(@)) + fi(@)hj(z) — fi(2)kj(2)) u T Hz)~' = 0.

o To compute (3.14) for hg(z) we will use the identity
S(fi@)e1(2) + S(h(2))ex(z) = —(fi(@hz(2) — L@k (2)H(2) "e1(2) — (D)1 (2) — fi(2)k1(2)H(2) "ex(2)
= —f1(2)(e1(Dh2(2) — e2(Dk1(2)H (@)~ — fr(2)(e2(D)h1(2) — e1(2)ka2(2))H(2) ™"
= f1(2)S(e1(2)) + f1(2)S(e1(2)).
Then hy(z): S(ho(2)) + ho(z) — S(f1(2))e1(z) — S(f2(2))e2(z) = 1 for both equalities. O

In the previous section we noted that U (a) is a two-parameter family of Hopf algebras. The same is true for % (a). Indeed,
by requiring A(k;(z)) = A°®(ki(z)) we find (i, j € {1, 2},i #j)

ki(2) ® (¥ 2hy(2) — uT 2hi(2) = WF 2y2) — u T 2hi2) ® ki(a), (3.15)
which, together with (3.8), implies that
ki) = a; (uh1(2) —u*hy(2)) 27" (3.16)

Moreover, it follows that A(h;(z)) = A°(h;(2)) is also true. Finally, the coefficients of z~! in (3.16) reproduce (2.4) as
required.

3.2. Evaluation homomorphism

Recall that the algebra U (a) is isomorphic to the subalgebra of ¥ (a) generated by the elements e; o, f; 0, ho,0. hi.0, kio-
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Proposition 3.3. There is a homomorphism of algebras given by

u2h1 — u*2h2
w2 —u2

foralla;, € Y(a) and a; € U(a) withi=1,2,r > 0,a € {e, f, h, k}.

Proof. It follows from (3.1) and (2.1), (2.4) that ev,(a; ;) = p"a; for some p € C[h;, k;, u*]. Taking the coefficients of z7" 2
at both sides of (3.16) we find

ev, : Y(a) — U(a), ai; — p'a; where p = (3.17)

ki,r+1 =0 (uzhl,r - U_th,r) ) (318)
for r > 0. Since k; = oj(u> — u~?), the evaluation map applied to (3.18) gives
p o —u™?) = plo (uhy —u’hy), (3.19)
which implies (3.17) as required. O
It is a direct computation to check that R-matrix (2.25) intertwines evaluation representations of % (a), namely

(r @ ") (ev, ® ev,)(A(@)R(y,v; ¥, v) =Ry, vy, V) (r @ ') (ev, ® ev,)(A%®(a)) (3.20)

for all a € Y(a). Also note that evaluation homomorphism for the generating series can be written as
1
ev, : aj(z) = i;,— aj, (3.21)
zZ—p
where i, denotes the expansion in the domain |z| — oo.

4. The deformed superalgebra U, (C x s1(1]1)? ® CU%) and its highest-weight modules

In this section we present a quantum deformation of the superalgebra considered in Section 2. This section follows
a similar strategy to the one presented in Section 2, namely we start by considering a g-deformed universal enveloping
superalgebra Uy (C x s[(1/1)?> ® C?), and then we obtain Uy(a) = Uy(C x sl(1]1)* & CU¥) as the quotient of an extension
of the previous superalgebra. (Here U is considered as the g-deformed analogue of u in U(a) = U(C x sl(1]1)? & Cu%).)

4.1. Algebra

Let ¢ € C* be generic (not a root of unity). Set

x—x!

W= =g
Definition 4.1. The centrally extended superalgebra U;(C x s[(1]1)2 @ C?) is the unital associative Lie superalgebra
generated by elements E;, F;, KOi and central elements K*, L with i,j € {1, 2} satisfying

17

KFKT = K*KT = LFLT =1,  KJEK; =qE, K, FKS =qF forie {1,2},
K2 — K Lr—L . (4.1)
(Ei, Fl = 85————— +a; (1 — &) —— fori,j e (1,2).
qa—q qa—q
The remaining relations are trivial. The Z,-grading is given by deg, (Koi) = deg, (K,-i) = deg, (Lii) = 0 and deg,(E;) =
deg,(F) = 1.

Remark 4.1. Let i € C* be generic and set q = e, K= = e*"i/2 [ = ¢*MNi with an appropriate defining relations for the
new elements Hj, J; implied by (4.1). Then, viewed as a C[[f1]]-algebra, U (C x s[(1] 1)2 @ C?) has outer-automorphism group

GL(2)? acting by

Eq Eq F F
()~(2) ()=(2)
( KT al(LfWZ)H A( ki alaf)”z) B

ay(L)'? K5 ay(LH)'? K

(4.2)

for any (A, B) € GL(2)2. The elements I(Oi, which act as outer-automorphisms on the subalgebra Uq(s[(lll)2 @ C?), are
invariant under the action of GL(2)?.
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Following similar steps as we did in Section 2, we want to enlarge the algebra by central elements U satisfying
U%UT = 1. We will denote this extended algebra by Uy(ag) = Uy(C x sl(1]1)> @ C? @ CU®). The next observation
follows straightforwardly.

Proposition 4.1. The vector space basis of Uy (ap) is given in terms of monomials
(E2)"™ (En)" (K ) (K1 (UG (L) (1) (U5 (B (Ez)™ (43)
withr;, s; € {0, 1} and |; € Z.

The monomials (4.3) give a Poincaré-Birkhoff-Witt type basis of Uy(ag), and Ug(ag) = Uq’O.U;’O.UJO as vector spaces,
where Ugo and U;[) are the nilpotent subalgebras generated by elements F; and E; with i = 1, 2, respectively, and U;’O is
generated by all the remaining elements. Next we give a remark which follows from analogous Remark 2.2 for U (ay).

Remark 4.2. The algebra U, (ao) admits a Z-grading given by

deg(K) = deg(K*) = deg(U) =0,  deg(E) = +1, deg(F) = 1  deg(a) = +2. (4.4)

Let I be the ideal of U,(ag) generated by the relations

LF=KKut?, =Kk Ut (4.5)
Set Ug(a) = Uy(ap)/Iqo. Then one can define a Hopf algebra structure on U, (a) by introducing the coproduct

AE) =EQUTK +U*K"®E, AF)=FQUIK +UTK'®F, AC)=C®C, (4.6)
and the counit and antipode

e(E)=¢(F)=0, S(E)=-E, SE)=-F «0O=1 SO=C", (4.7)
for C € {Ky, K*, L, UF).

The coproduct (4.6) is a homomorphism of algebras A : Uy(a) — Ug(a) ® Uy(a). Indeed, fori,j € {1,2} andi # j
we have

L (L — LT
[AGE), AF)] = M ®UT KK, + UK © a'(iﬂ
q—q! q—q
and
(LT QLT — L QL
A([E,‘,Fj]):al(l ® i _11 ® 1)7
q—4q
which agree with each other provided (4.5) holds.
Remark 4.3. Besides the Chevalley anti-automorphism E; > —F;, F; > —E;, K5 > K3, K* + —K7,LF > LT, U* — UT

fori € {1, 2}, there are a number of involutive automorphisms of Uy (a) given by (i, j € {1, 2}, i # j)

E—F., F—E K —K'. L'—L. K —K. U"—UT o«
Ei+> F, F>E, 1<i (N 1<i Li N Li K& KF, U U, o a (4.8)
EiE, F—F, K 1<i Lli > L]i, K K, U* > UT, o q,

which form the Klein-four outer-automorphism group of Uy(a). Note that it is also a group of the Hopf algebra outer-

automorphisms of Uy(a).

4.2. Typical module

The typical module K4(11, A5, v) is the four-dimensional highest-weight Kac module of U,(a) defined as follows. Let vg
be the highest-weight vector such that

KEvo = ¢ vy, LFwg = q %0,  Ufwg=viey, Ewy=0, KF.vp=0 (4.9)

fori € {1, 2}, where A;, v € C* are generic and

Atiy

R RS (4.10)

g1 =q
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due to (4.5). Set v; = Fi.vg and vy1 = FFy.vg. Thus Ky(Aq, A2, v) = spanc{vo, v1, vz, V21} as a vector space. Since
I(Oi.v,- =q 'v;and Koi.vﬂ = q~2v,; we obtain the following weight space decomposition

Kq(A1, A2, v) = Kgo(h1, A2, v) @ Ky —1(A1, Az, V) @ Kg —2 (A1, A2, V),

satisfying Vg € quo()q, A2, l)), V1, Uy € Kq_,l()q, A2, U) and V21 € Kq_,z(}q, A2, U). We have

Erv1 = aq[pqlqur — [A]guz, E1.v1 = [A1]quo, Ey.vy = aq[pq]quo, (4.11)
Ey.v21 = [A2]qv1 — @2[p2]qua, Ey.v1 = o[ u2]qvo, Ey.vz = [A2]qvo. )

Define linear combinations

V] = ai[pilqur — [Alquz, Fi = aq[p1lgF1 — [AM]gFo, El = aalpalgEr — [AMlgEas

412
vy = [A2lqu1 — o2[p2]qu2, Fy = [2]gF1 — aalp2]gFas E) = [A2)gEr — on[palgEa. (412)
Then
Flvg =), Fi.v] = [Mlguas, F.vy = aa[pz]qvar, E1.vy = ¥_vp, (4.13)
Fyvp = v3, F.v) = ag[plqvar, F.v) = [Alqva1, E;.vy = —9_vg '

where we have introduced a short-hand notation 9. = [A1]4[A2]q £ aaz2[pe1]qlie2]g- Clearly, elements F}, E and v; are
pairwise linearly independent for generic A; and ;. In the same way as for U(a), we call the set {vg, v1, v2, v21} the up-down
vector space basis and {vg, v}, v}, v21} the down-up vector space basis of K;(11, A2, v). The module diagram for both bases
are equivalent to the ones shown in Fig. 1(a) and (b).

4.3. Atypical module

The atypical module Aq(A1, A2, v) is the two-dimensional submodule of K; (A1, A, v) when its weights satisfy the relation
[A1]g[A2]q = aron [1lgluealg, (4.14)
giving 9_ = 0. It follows that

aq[p1lq _ [A1]q
[A2]q AP

v = y2v), F; = y?F, and EiE;.v;; =0 where y? = (4.15)

Set v = a1[p1lqv1 + [A1]qv2 and F{' = a1[p11gF1 + [A1]¢F2. Then clearly both v7, v} and FY, F; are linearly independent
and
F]”.U() = U;’, E1.U;/ = 2061[)\.1]‘1[#1]‘11)0, le.l);/ = —19+U21, Ez.va/ = 19+U0. (416)

The module diagram of K;(A1, A,, v) when (4.14) holds is equivalent to the one shown in Fig. 1(c). Hence Aq(A1, A2, v) =
spanc{v}, v21} as a vector space, and

Aqg(h1, Xz, v) = Kg(Aq, Ay, v) /Aq(X1, Az, V). (4.17)
As before, it will be convenient to choose the vector space basis the atypical module to be
Aq(A1, Xz, v) = spanc{wo, w1}, (4.18)
where wy = v} and wy = y ~1v,1. The action of Uq(a) is given by
Kii.wj = g, Lii.wj = gy, U*.wj = v, th.wj =gty (4.19)
fori,j € {1, 2} and

Eiwo =0, Frwy=ayllqwi, FBaw=ay [uilgws, (4.20)
F,'.wl = 0, E1.w1 =Y Wo, Ez.U}] = )/_111}0. )

A connection with the traditional deformed parametrization of the atypical module in terms of the x* variables used
in[14,17] is given in Appendix C.
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4.4. Tensor product of atypical modules

225

Let w; ® wi € Ag(A1, A2, v) ® Ag(A}, Ay, v') with i, j € {0, 1}. A direct computation shows that the action of Uy(a) on

vectors w; ® wj is given by

Yy s
A(Fy).(wo ® wy) = anV/q_Tl[Mz]q wi @ wy + (— 1)”<"’°)azy/v‘1q71[ug] wo ® W),
A(Fy).(wo @ wh) = v'"q™ 7 [Aaly wr @ wj + ( 1)p<w0>vq 7 [A)]q wo ® wl,

2
A(BF).(wo ® wy) = apyy’ (=P ()~ q e Dalglitylg — v'q S " [algl2]g) wr © w)
and

Yy IS
AE)).(wy @ w)) = yv'~lg™ 7 wo @ w) — (—1)P“0y g7 wy ® wy,

)L/
A(Ey).(wy @ w)) =y~ '5q" 7 we ® w) — (—1)P@0)y/ "1y q? w1 ® wy,

A Ay— A

A
A(E1Ey)- (w1 @ w)) = (— 1)) (y ™ y'viq 7" =y~ w772 ) wo @ wp.
Set "170 =wy w(’) and T)} = A(Fi).go,ilz = A(F]Fz)?}b Then

A A /
i Hitwg

A 3:1' ~ i~
AKF) .Yy = qiT To=qT2 7 ALH Ty =q¢7 T = 7 .
Using the relation g = q HyR i 2 and the expressions above we find
~ / 2 A/ H\ A /oA ’ ~
A(Ey) vy = Oll(v g7 [l + v? q [lh] ) v —ax(yq "zl + ¥ q [y lg) v2
= al(qw‘[lh]q + g [M/l]q) vy — (ff 1[M]q + ¢ [)L/l]q) Uy = a1[f1lq V1 — [xl]q v,

M+

A(E). V21 = [ + Ay]q —az(v/zq_ill [p2lg + v~ q 32 [uzl)

= [Aa + A0 — ((17“,2 [m2lq + g™ [M’z]q) v, = [)»z]q V1 — aa[a]g Vo,
which compared with (4.11) imply that (c.f. (2.22))

Ko, 3a, D) = Ag(ha, Az, 1) ® Ag(Xy, Ay, v)
with &; = A; + A/ and ¥ = vv'. Moreover, ¢ = qhi+i)/252
4.5. One-dimensional module

Set

13 = yw; ® wy + (=P %2/2)//1)\/100 ® wj.

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Its clear that KX.1, € C1, We need to show that a.l, = 0if % = i; = Oforalla € Uy(a), a # U*, K. It follows

straightforwardly that A(E;).14, = 0. For F; and F, we have

w _22 / 2L ’ w _t ~ ’
A(R) g = (—DP"Vyy g 2 (¢2[M]q + ¢ 2 [h2]) wi ® wh = (—1"Vyy'vg™ 7 [Ax]gwr ® w),
M M
A(F) g = ap(—1DPyy (v g2 [u;]q + 020777 [ualg) wi ® wh

_ _1\p(w1) / 22 ” M1ty ’

= o (1P yylvg (V72 ' [Mz]q+v a7 [p2lg) wi ® w)
) _J ~

= ar (= DP"Vyy'vg™ 2 [fiz]y wr ® w,

which are zero only if Xz = Ji, = 0. Now consider the action of E;:

’

)»
A(E)).g = ()/21/ g~ 7 y’zvzv’q 2 )wo ® wp.

Using y? = a1[u1lq/[A2]g ¥ = a1l lq/[M,]g and Ay, = —21, we obtain

2 ’ ~

. _/\/M [ ]
A 1g = oy — (v=2q~ 7 " [l +vg 7 [u1])wo®wo—a1vq [l;]
2lq

i
wo & wy,
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which is zero if fi; = 0. Finally, using y2 = o, '[AM]g/[12]g, Y2 = ) '[M1g/[145]g and Ay = —Az, )y = — i, we get

v /=2 —ﬂ 2 Moy ’
A(E1) g = i (V72q7 2 [Ailg + v2q 2 [)1g)wo ® wy
q
= v (qu’zq—AQ—x’z/z[mq n q—uqu1+xz/2[y]]q)wo ® wy = Vgt [X]]q wo ® wy,
az[i2]g o212l

which gives zero if A; = 0. Now A; = ji; = 0 and requiring AUF). 1y = 14 implies v = 1.
4.6. R-matrix

We use the same notation as in Section 2.6. The two dimensional (atypical) representation = : Ug(a) — End(V),
a +— m(a) is given by (c.f. (4.20))
w(E) =yEn,  w(F) =aylualgEn, 7K =g xUF) = v
w(E) =y 'En,  w(F) =y lgEn, @) =¢"1 w(KG) = ¢7En — g Ex.

Likewise, we denote by 7" : Us(a) — EndV’ the representation with labels {y’, v'}.

(4.27)

Proposition 4.2. The R-matrix Ry(y, v; y’,v') € End(V ® V') intertwining the tensor product of atypical representations
and 7’ is given by

A 7)»/ /U\)/ a 7)»/ )» +)»/ /v/ )x/ oy v
Rq(y,v;y’,v’)z(q 2y —q 5 1#)511(85114'(‘17 5 2);]) -q g 2%)&1@522
A=k _hhy ) M
—(q > V' —q 2 v)Ep®En+ (2 vVi—q 2 V)Eny ®Ep,
A+ )//\) Mt J/V/ 7A1—k’2 )// 7/\27}“1 yvv’
+ (a7 A W)Ezz @k + (07 i ) ®Fn.  (428)

Proof. The proof follows by the same arguments as those in the proof of Proposition 2.2. Explicit calculations are given in
Appendix A2. O

Checking that the deformed R-matrix (4.28) satisfies the Yang-Baxter equation uses the same method described just
below Proposition 2.2.

Remark 4.4. (1) Note that A; = A;(y, v) and A; = A{(y’, V') in (4.28) due to (4.10) and (4.14).

(2) Taking the ¢ — 1 limit (4.28) coincides with (2.25).

(3) All what was said in Remark 2.6 (2) and (3) is also true in the deformed case. The traditional deformed notation is briefly
discussed in Appendix C.

5. Affinization

Wes affinize the algebra U, (a) by doubling its nodes. Our approach is inspired by a similar affinization presented in [ 14].In
this section we will use the additional notation (i) = (—1)*~!, which will appear in the powers of the central elements only.

Definition 5.1. The quantum affine algebra U, (a) is the unital associative Lie superalgebra generated by elements E;, F;, KOi
and central elements K, U*, V* with 1 < i < 4 satisfying

KKy = K*KF = UUT =V*VF =1, KJEK, =qE, Ky FKS =qF for1<i<4,

+2 -2 + -

K L =1L .
[Ei, Fj]1 = &; ﬁ + ai(1 = 6;) q—q fori,j € {1,2} or {3, 4},

K+t — K~ LLf, — L, 5.1

Es. Fo). Ea Fill = —— = (B Fua. (oo = % and &1

UtVHKTKE D — U~V (KK )@
(Ei, Fisz] = o L A : L2 forije (1,2}, i 4],

q—q°
where

k=] & L=UkKS,  LF=@*2)OKFKS forie (1,2}, je(3,4). (5.2)

1<i<4

The remaining relations are trivial. The Z,-grading is given by deg, (Kii) = deg,(U*) = deg,(VT) = 0 and deg,(E) =
deg,(F) = 1.
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Notice that the affine extension is such that elements with i = 3, 4 together with V* generate a Hopf subalgebra of Uq (@)
isomorphic to the subalgebra of Uy (a) generated by all its elements except Koi. We will refer to the relations in the third line
of (5.1) as the quantum Serre relations and to the relation in the fourth line as the compatibility relation. The choice of these
additional relations will be explained a little bit further.

Remark 5.1. Assumingi € {1, 2, 3,4} andj € {1, 2} the Z-grading on U, (ay) is

deg(Ey—1) = deg(Fy;) =1,  deg(Ey) = deg(Fy—1) = —1,

53
deg(K)) = deg(K") = deg(UF) = deg(V*) =0,  deg(ap_1) =2,  deg(ay) = —2. (5.3)
We can define a Hopf algebra structure on U, (a) as follows.
Theorem 5.1. The algebra U,(a) has a Hopf algebra structure given by the coproduct A(C) = C ® C and
AE) =EQU K + UK ®@E.,  AF)=FUK +U K" ®F fori=1,2, (5.4)
AE) =E@V Ok +VTOKT®E,  AF) =FE@V'Ok +Vv k' ®F fori=3,4, :
counit and antipode
e(E) =¢e(F) =0, S(E) = —E;, S(F) = —F e(C) =1, S(C)=c" (5.5)
for C € {KE, K*, UF, vE),
Proof. The proof follows by a direct computation. O
5.1. Evaluation homomorphism
Proposition 5.1. There exists a homomorphism of algebras Ug(a) — Uy(a) given by
v {Ez‘+2 > —P_l(Lj+ —LE, K, — KT, Qiya H> A, (5.6)
P Fia > p (LF —L)7'F, VE - UF, ’
fori,je{1,2}andi # j, where
o = UK Ky — UK K, . (5.7)

Proof. It is easy to see that ev, ([Ei;2, Fiy2]) = [ev,(Eiy2), ev, (Fiy2)] and the same is true for the quantum Serre relations,
since ev,(K*) = 1and evp(LfiJrzLjin) = 1, which can be deduced from (5.2) (and is true only if ev, (V) = U* and
ev, (KFK;) = K K;7). Now consider the compatibility relation. We have

+(0) =) 25— @)
UKk — UK UK 0
ev, ([Ei, Fii2]) = o — =0 - (5.8)
q—q q—q
and
o p
ev,(E;), ev,(F; = —— [E;, Fi] = ¢ . 59
[ p( 1) p( ]+2)] Li+ _Li, [ i ]] 1q_q71 ( )
Finally,
UTOK K™ — UK K" L —Lf
ev, ([Eis, Fiiol) = i — = — (5.10)
qa—q q—q
and
(00, Buve) vy (o)) = — 0 (5 By a5 (5.11)
ev,(Eit2), ev, (F; =— i» i1 = o , .
p\Eit+2 p\j+2 Li+ — Li_ i 1] 1 q— q_l
which agree with each other, as required. O
It is a direct computation to check that R-matrix (4.28) intertwines evaluation representations of U, (a), namely
(T ® ') (ev, ® ev,)(A(@) Ry(y, vi ¥/, V) = Ry(y, vi v, V) (m @ ') (ev, ® ev,)(A™(a)) (5.12)

for all a € Uy(a).
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Remark 5.2. (1) The affinization of U, (a) presented above is unique up to an isomorphism. For example, one could choose
the additional relations in (5.1) to be

Kt —K~ LI, — LTl
[[E3, Fil, [Es, Rl = ———, [[Ei, Fis2l, [Eis2, Il = ————— and
q—q q—q
utv-Kk Ok —y-vrk Ok 9
[E;, Fiya] = o ‘ '*qz_ = L2 forije{1,2), i %],
leading to

o Kj]F, Qit2 F> O,

o fEpa > = 4 —LDE, K

evp + eyt £ F (5.13)
Fiz > pLF —L)'F, VE > U7

(2) Let B € C be such that 82 = 1. Then one could substitute the map V* — U* by V* = BU* in (5.6), since U* only

appear squared in the algebra U, (a) (via (4.5)).

6. Conclusions and outlook

In this paper we have demonstrated novel algebraic structures that are inspired by the AdSs /CFT, duality. The main results
are the u-deformed Yangian ¥ (a) presented in Section 3, the double-deformed quantum affine algebra U, (a) presented in
Section 5. The main goal of this study was to construct infinite dimensional deformed superalgebras and double-deformed
superalgebras, and obtain their evaluation modules that could further be studied using similar methods to the ones in
[19-21]. We also showed that the R-matrix of U(a) can be written in an elegant trigonometric form. (However we were
unable to find an elegant parametrization of the deformed R-matrix; we leave this question for a further study.) This allows
us to study the spectral problem of the AdS3/CFT, duality, addressed in [35,36,15,37], using algebraic methods developed
in [24,22,8,23]in the Yangian case, and in [26,25] in the quantum deformed case. We will address these questions in a future
publication.

There is a number of important recent developments related the integrability of the AdS;/CFT, duality for various
backgrounds with mixed NS-NS and R-R fluxes [18,16,2,4,32,31,29]. In many cases the underlying symmetry of the
worldsheet scattering is the centrally extended s((1|1)? or s((1|1)* superalgebra, and the complete worldsheet R-matrix has
a certain block structure, with building blocks in many instances being the four-dimensional s[(1]1)?> @& Cu*-symmetric
R-matrices given by (2.26) and (2.29), that describe scattering of appropriate species of the worldsheet magnons. The
trigonometric parametrization of the R-matrix reveals some properties of the scattering that are not that obvious in the
traditional notation (which uses the x* variables introduced in [38]). Let us illustrate this. In terms of the terminology used
in [16], the eigenvalues of the magnon Hamiltonian H = h; + h, and angular momentum M = h; — h, operators are

H(p) = —4hsin(2A,) sin(26,), M(p) = 4ihcos(2A,) sin(26,),

where A, is what we call the pseudorapidity, and 6,(=pw.s./4) is the worldsheet momentum of an individual magnon. Since
R(61, 605, A) = Ponlyif6; = 6, and A(=A; — A,) = 0(in the principal region), the transmission channel is only allowed
for magnons having the same pseudorapidity. The modes having no angular momentum, M (p) = 0, (i.e. massless modes in
backgrounds with no flux) are obtained by setting the pseudorapidity to A, = 7 /4 or A, = 37 /4 (in the principal region).
Their scattering is described by R(61, 6, 7w /2) and R(64, 6,, 0) (this, for example, exactly reproduces the two branches of
scattering of massless modes).

There are several other possible directions of further study. First, it would be interesting to generalize the constructions
presented in this paper for centrally extended superalgebras s((1|1)" & C", with n > 2 for different “linkings” by extending
(2.1), namely [e;, fj] = §jjh; + a;;(1 — &;) ki, where (a;)) 1< j<n is the matrix of a connected graph and [-, -] denotes the graded
commutator; the question we want to ask is what types of graphs lead to “interesting” u-deformed Hopf algebras having a u-
deformed coproduct (2.5). Then we would like to compare the representations of these new algebras with the classification
obtained in[39]. Second, it would be interesting to construct a Drinfeld New presentation of U, (a) following the construction
presented in [40]. Third, a similar superalgebra s{(1|1) @& Cu® emerges in the AdS, x S? duality [4,3]. We hope the present
paper will serve as a guideline for analogous constructions in this duality. Moreover, the u-deformed algebras are known to
have additional so-called “secret symmetries” [41,42,33]. The role of the “secret symmetry” of the Yangian ¥ (a) is played
by the generating function ho(u); it would be interesting to find its analogue for the quantum affine algebra U, (a). Following
the arguments presented in [42], it is natural to expect that there exist two “secret symmetry” extensions of U, (a) that in the
evaluation representation are symmetries of (i.e. intertwine with) the deformed R-matrix. Lastly, it is well known that both
AdSs /CFT4 spin chain and its g-deformed model are closely related to the one-dimensional Hubbard model [7,8,43] and its
deformation [13,14]; we believe that the AdS3 /CFT spin chain and its deformation can also be linked to the one-dimensional
Hubbard model or some generalization thereof (e.g. [44]). For example, one could consider the quotient of (2.1) by the ideal
(e — ai. fi — af, b — 1, ki — o), with ; € C, giving the algebra [a;, a]] = 0, [a], a]] = 0, [a;, a] = &; + (1 — 8)at;, which
can be interpreted as an “algebra of interacting electrons”.
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Appendix A. Computing R-matrix

A.1. R-matrix

Let R € End(V ® V') be an arbitrary 4 x 4 matrix with elements r;; and 1 < i, j < 4. We need to solve the intertwining
equation
(r @ 1')(A%®(@) R =R (7 ® 7')(A(a)) (A1)

for all a € U(a). Since the tensor product of two atypical modules is isomorphic to the typical module we can restrict the
matrix R to

R =r11E11 ® E1q + r2E11 @ Exx + 123E1 @ Ezq + 152E21 & E1z + 133E20 @ Ev1 + rasEay @ Epp. (A2)
Let a = e;. Then (A.1) is equivalent to the following set of linear equations:

YV (ri1 — vry) + yvrs =0, yv(?ry —rag) — Y5 =0,

V(V/Zrn —r33) — y'v'ry =0, y/(rs3 — V2ras) + yw'ns =0,
having a solution s = YV (Y v) ' (V21 —111), 133 = V' (V'r1 — ¥ 19/ 0rsy), Tag = V210 — 'V (yv) "', Next, leta = e,.

Now (A.1) gives

(% =y + (v’ = vy =0,

V(v =y 4+ yy v (v = rp =0,
Vi(y? =02y Hr +yyv = Do =0,
Y2 — vir) + 0! = Dyy'vrs + y? (i — ) =0,
the solution of which is

= (v’ —y 2 =y Iy, rp = (yy v = )2 —y?) .

1

Finally, upon setting r; = 'y ~'vv’ — y (y'vv’) "1, we obtain (2.25). It remains to check that (A.1) holds when a = f;, which

follows by similar computations.

A.2. g-deformed R-matrix

This time we need to solve the intertwining equation (A.1) for all a € Uy(a). We restrict the matrix R to the form given
in (A.2) and choose a = E;. Then (A.1) gives

Mo a2 # A2 Mo,
q 2yVv(@'wryn —r) —q 2 yvrs =0, y(@ ey —r3) —q 2 ywvvrp =0,
S M M AR
a2 YV +q 2yt —q2 yw'ry, =0, a7 yvs+y(r3 —q¢"vrw) =0,
having a solution
a—x / M+
—_ -1 A1,,2 A2 7.,—1 /
r3=q Z yvi(yv) (qlv rzz—Tn), 33 =q 1w ry—q 2 Yy VI,
A=

A2 o B N -1
Faa=q""Wrn—q 2 yv(yv) rm.

Now let a = E,. Then (A.1) for the remaining elements gives

N a/ ! ’
T S B _t2 5 22 M 5 2 a0
<q 2 yy wiT—q 2v7)m+\q92 —q 2 y'y v rp =0,

A+ A+
2772 5 o DL B I Ay 14 N,
a7 ylurp—q 7 Y —yyu(g —v Q‘)rn:O,
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A / / " ’ /
(q_sz/_]v _ y—zy/qu/zq%(xl—xz—xl)) ra — q_sz_1v’_](q)‘2 _ v’4qk1)r22 =0,

’ !’
MAr M2y

yy'v' (qAZ - V4qh) rp+q 7 yio? (Vzrll - qkzrzz) +q77 y?v (qhvzrzz - Tn) =0,

the solution of which is

Ay+aq M4y , ,
2,2 25— 12,72 (ot 14 )

Lo riviTT —yPuig e . R 4.7 C il ) N
2= 2y +hg 421 JURETRETR L 2= 24y Mg L
via T —viytuig 2 vV —yRAv3gT

A= A2

Then, upon settingri; =q~ 2 ¥’y ~'vv' —q~ 2 y(y’vv')~!, we obtain (4.28). It remains to check that (A.1) holds when

a = F;, which follows by a lengthy but direct computations and the usage of the identities (4.10) and (4.15) for parameters
yand y'.

Appendix B. Traditional notation

We briefly recall the traditional notation used to describe the atypical module of U(a) in the literature on AdSs/CFT,
duality. We will mostly refer to [1,16], where atypical modules are conveniently called short representations. Depending on
the choice of the grading of vectors wg and w1 (c.f. (2.15)) these will be called left-moving or right-moving modules. We will
use barred notation to describe the right-moving module, i.e. wq, w1, etc. (as in [1]; a tilde notation and subscripts L and R
are used in [ 16] instead). Note that generators of U(a) in the traditional notation can be identified with our notation by (see
Appendix B: most symmetric frame in [2])

er = 9y, fi =6, e; = Gp, fr = g, hy = %, hy = $g,
k1 = ‘I}, k2 = ;}BT’ Ui = eii%.
B.1. Left-moving module

Consider the atypical module A(Aq, A2, V) = spanc{w;, wo} defined in (2.15) and choose deg, w; = 0 and deg, wy = 1
(this corresponds to the same setup as in Section 2.6). We introduce the notation

Ip) = ydpwr,  [¥p) = wo, (B.1)
for some d, € C*, where p = p,,s. denotes the worldsheet momentum. Vectors |¢;,) and [y,) are interpreted as bosonic
and fermionic left-moving worldsheet magnons, respectively (see e.g. [1, Sec. 3.2]). Set a, = yzdp, b, = wy/d, and
¢, = ¥ w1 /dy. 1t follows from (2.17) that

€1 |¢p) =ap W’p)a fi |wp> = bp |¢p>a b Wfp) =0 |¢p>a € |¢p) = dp |Wp>s (B.2)

and we recover the parametrization used in [1, Sec. 4.1]. Recall that A; = y%puy, Ay = y~2u; and p; = o;(v? — v2) for
i € {1, 2}. By requiring the module to be unitary we find a; = by, ¢, = dy, v* = v~!and wi = upjfori,je{1,2}andi #j.
Fix p, M € C, where M denotes the angular momentum of a magnon (see e.g. [ 16, Sec. 2.4.2 and Sec. 4.2] for the description
of M for massive and massless modes) and introduce parameters xﬁ € C* (usually called Zhukovski variables, see [38])
satisfying

b 1 1 J=1M
P eV, Xtk ——= , (B.3)
Xp Xp Xp h
where h € C is identified with the coupling constant of the model. Then, without loss of generality, we can choose
+
o1 = —oy = —handv? = f{l_ such that h* = h and (xpi)* = XIT.This gives
P
2 X; -2 X;
i (= apep) =hv | = =1, M2 (= bydp) = hv = —-1). (B.4)
Xp Xp
Set n> = +/—1(x, — x¥). Then the parametrization
vV
g =i, by=vhZ = =-VoRE2 g, =R (B.5)
Vp Xp Xp Vp

satisfies the required constraints, since n,; = 7,. (Here we have denoted v, = v for homogeneity of the notation.) Thus we
find that

_ _ 1 1
Vi=ap/dy) = —v=100x, . h(=aqby) =V—1h(x; —x7),  la(=cdy) = v/—1h (Xj - F) ., (B6)
P p
which can be used to rewrite the R-matrix (2.25) (or equivalently (2.26)) in the traditional notation. Note that constraint
A1Ay = 1o becomes trivial in this parametrization.
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B.2. Right-moving module

Consider the atypical module A(Aq, Ay, D) = spanc{w1, woe}, such that deg, wy = 0 and deg, w; = 1. Introduce the
notation

w_/p) = )75;,12)1, |(/7’p> = W, (B-7)

for some Ep € C*. Vectors |<25p) and |1,_0p) can be interpreted as bosonic and fermionic right-moving worldsheet magnons,

respectively. Similarly as before, we introduce parameters )?l,i and angular momentum M satisfying analogous relations to
those in (B.3). Then, by requiring an analogous relation to (B.4) to hold, namely [es, f>] @) = a,C, |@p) and [ey, f1] |@p) =

byd, |@,) for ¢ € {$, ¥}, we find

e V) =Gld).  fild) =dpln).  f1p) =T 1Wn). e [Vp) = by ldp). (B.8)
where parameters @y, by, ¢,, d, have the same explicit form as those in (B.5) except xff are substituted by )2;—“, and similarly

for n, and v, (asin[1, Sec. 4.2]). Next, by comparing the expression above with (2.17), we find that ¢, = 7?2 Bp, ap = ﬁz/l_)p,

a, = ¥ %f11/b, and thus

_ D2 _ _ 1 1 _ _
72(=&,/by) = —\/—1;%, (= 6dy) = —1h (;F - f?) k(= @by = VThE, — &) (B.9)
P

P

P
which together with (B.6) can be used to write R-matrices given by (2.29) in the traditional notation. Also, as before, the
constraint AqA; = t1/4; is trivial in this parametrization.

Appendix C. Traditional deformed notation

Here we present the traditional notation (as in [ 14,17]) that can be used to describe the atypical module of the g-deformed
algebra Uy (a). Generators of Ug(a) in the traditional notation (as in [ 17]) can be identified with our notation by U*? = ¢(*!
and

_ -1 _ 1 4 kS =y A=y 1 -1
Ey = (UPp) 29y, Fi = (U9)26_, K =9, °, a(ly —L)=@—q U (VVr) 2%,

1 1 +1 _ _ 1
Ey = (UVR)26,, F=WVp) 29, K =92, ] —L)=(@q—q " )u ' (OT)?24

C.1. Left-moving module

Consider the atypical module Ag(A1, A2, v) = spanc{wog, w1} and choose deg, w; = 0 and deg, wy = 1. Following

the steps in Appendix B.1 we define new vectors |¢,) = ydyw; and |y,) = wy for some d, € C*. Seta, = vid,,
b, = aa[u2lq/dp and ¢, = a1y 2[11]4/d,. It follows from (4.20) that
Eq |¢p> =ap W’p)» Fy W’p) = bp |¢p>a E |Wp> =C |¢p)7 E; |¢p) = dp pr) (cn)
Denote o = q*1+*2/43nd § = A; — Ay, and set o; = ar, = h. We have (i, € {1, 2},i #j)
[E;, Fi] |¢p> = [)Li]q |¢p>7 [E;, Fj] |§0p> =h [Mi]q |§0p> for ¢p € {¢p, Ipp} (C2)
Thus the representation labels must satisfy the following set of identities
82,2 _ =82 2 2,2 _ -2 -2
q’-o q '"o Vo Vo
apbp =Mly) = — ) ayCp (= ar[p1lg) = h -
qfa/zgz _qqa/zafz ‘fzgz _qugfz (C3)
dep (= [)‘-Z]q) = q— qil , bpdp (= Olz[Mz]q) =h ﬁ
Moreover, the module shortening constraint given in (4.15) becomes
h? (vzgz — vfzafz) (vfzoz — vzafz) = (02 — qf‘sofz) (02 — q‘sq*z) . (C4)
Inspired by [14] we choose the following x*-parametrization:
l)4= 5£5X7+1— 76X++S O’4= 6£X7+g— 75SX++1 (CS)

x—Ext+1 o x+E& qx*x*—k’;”_ Ex—+ 1
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where parameters x* and & satisfy

52
:Sz_l

_ _ x+x'+E4+E7]
) =), (W=, I
£§-¢
It is a direct computation to verify that this parametrization satisfies (C.4). Using an analogy to (B.5), we set 77; =ix, — x;r)
and fix the expression for g, to give

(C.6)

5/2
. q §77p0p
a, = «/Hr) V0, b, = ivh ,
p pVpOp p hv,(q — q(s—l)(sxf,r +1) (€7)
_ f MpVpOp _ q /25 MpOp
¢ =ivh —————rp, p =Vh ———",
q—q )Xp hvp(xp +&)

where we have added extra subscripts to all the parameters for the homogeneity of the notation. We have that y2 = a,/d,,
which together with the relations (C.3)-(C.7) can be used to write R-matrix (4.28) in the traditional notation.

C.2. Right-moving module

Consider the atypical module Ay (A1, A2, V) = spanc{wyo, W} and set deg, Wy = 0 and deg, w; = 1. As in Appendix B.2,
we introduce the notation |y,) = yb,w and |¢,) = wy. Then, requiring (i,j € {1, 2},i # j)

(Ei, Fl1@p) = [Ailg |@p),  [Ei Fill@p) = hlfiilg|@p) for @ € {¢, ¥/} (C8)
and @,¢, = h[jt1]; and byd, = h[jiy], (cf. (C.3)) we find
E4 W_fp) = Ep |<Z>p>, E, |Iz/p) = Bp @p)a Fq @p) = ap h_bp)s F |(}p> = ap |1/_fp>v (C.9)

where parameters @y, by, ¢y, d, have the same explicit form as those in (C.7) subject to the bar notation. We have that

7?2 = Cp/ Ep, which together with (C.3)-(C.7), subject to the bar notation, can be used to write deformed analogues of the
R-matrices discussed Remark 2.6 (3) in the traditional notation.

Appendix D. Coproduct A,

The coproduct A, is given by (i, j € {1, 2},i #j)

r .
Aceir) =ei,QuT +u* Qe + Z (Gi Ut hi,o ®ej—1+e6uT ki, Qu i 29]’,171) )
=1

T . .
Acfir) =firQu™ +u™ @fi, + Z (eifi,r_, Qu*hiy1+eut?,  @u¥ kj,,_1) ,
=1

Ac(hiy) =hi, @1 +1Qh;; + Z <€ihi,r—1 Qhi1+euT ki, 1 ®u :F2’<j,1—1) , (D.1)
=1

. . r . .
Ae (ki,r) = ki,r Qu T2 +u +2 (2 ki,r + Z (Gj ki,rfl Qu i 2hj,lf1 +e€iu - 2hi,r—l ® k,',l,1> s
=1
r

Alhgr) =ho, ® 1+ 1® hgr — Z (erufir@utel 1+ eu o, @u ey ).
=1

Setting ¢; = 1 one obtains A given by (3.2).
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