
Journal of Geometry and Physics 106 (2016) 213–233

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Yangian of AdS3/CFT2 and its deformation
Vidas Regelskis
Department of Mathematics, University of Surrey, Guildford, GU2 7YX, UK

a r t i c l e i n f o

Article history:
Received 11 October 2015
Received in revised form 29 March 2016
Accepted 1 April 2016
Available online 11 April 2016

MSC:
primary 81R10
81R12
secondary 81T30
81Q80

Keywords:
Yangians
Quantum groups
Lie superalgebras
Integrability in AdS/CFT

a b s t r a c t

We construct highest-weight modules and a Yangian extension of the centrally extended
sl(1|1)2 superalgebra, that is a symmetry of the worldsheet scattering associated with the
AdS3/CFT2 duality.We demonstrate that the R-matrix intertwining atypicalmodules has an
elegant trigonometric parametrization. We also consider a quantum deformation of this
superalgebra, its modules, and obtain a quantum affine extension of the Drinfeld–Jimbo
type that describes a deformed worldsheet scattering.
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1. Introduction

Recent progress in exploring integrability in AdS/CFT dualities has led to the discovery of many new algebraic structures.
One of themost notable is a class of the so-called u-deformedHopf superalgebras,which emerge in theworldsheet scattering
theory in various backgrounds [1–6]. These superalgebras are deformed in the direction of their central extensions and lead
to R-matrices of a non-relativistic type closely resembling that of the one-dimensional Hubbard chain [7,8].

For example, the worldsheet superalgebra of the AdS5/CFT4 duality is the centrally extended superalgebra sl(2|2)⊕ Cu±

admitting a u-deformedHopf algebra structure [5] and having a non-conventional representation theory [9]. Interestingly, it
admits a non-standard u-deformed Yangian extension, whichwas constructed in various realizations: the Drinfeld J presen-
tation [10], Drinfeld Newpresentation [11], and RTT -presentation [12].Moreover, this superalgebra can be further deformed
in the Cartan direction. In such a way one obtains a double-deformed Hopf superalgebra. In particular, a q-deformation
of the u-deformed sl(2|2)⊕ Cu± and its affinization of the Drinfeld–Jimbo type were constructed in [13] and [14], respec-
tively.

In this paper we consider the centrally extended superalgebra Ch0 n sl(1|1)2 ⊕Cu±, which was shown to be a symmetry
of the worldsheet scattering in the AdS3/CFT2 duality [15] for the AdS3 × S3 × S3 × S1 background [1,16]. Moreover, its
quantum deformation was shown to be a symmetry of the deformed worldsheet scattering [17]. This superalgebra also
serves as a prototype for the symmetries of the duality on the AdS3 × S3 × T 4 background [18,2], which essentially contains
two copies of this superalgebra with their central elements identified. For this reason, in this paper we will focus on the
algebraic constructions associated with the former case only.
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This paper contains two parts. In the first partwe construct highest-weightmodules and a u-deformed Yangian extension
of the extended superalgebraCh0 nsl(1|1)2⊕Cu±. In particular, we construct typical and atypical Kacmodules K(λ1, λ2, ν)
and A(λ1, λ2, ν), and the one-dimensional module 1 of sl(1|1)2 ⊕ Cu±. We show that the tensor product of two atypical
modules is isomorphic to the typical one and obtain the corresponding R-matrix. In a suitable parametrization, this R-matrix
has a trigonometric form described by three independent variables. We also construct an evaluation homomorphism from
the newly constructed Yangian to the universal enveloping algebra of Ch0 n sl(1|1)2 ⊕ Cu±.

In the second part of the paper we consider a quantum deformation of the Ch0 n sl(1|1)2 ⊕Cu± superalgebra and obtain
its affine extension of the Drinfeld–Jimbo type. The structure of the second part closely resembles that of the first part.
We construct quantum deformed analogues of the highest-weight modules constructed before and obtain the deformed
R-matrix. The affinization presented in this paper is inspired by a similar double-deformed construction presented in [14].

The main results of this paper are presented in Sections 3 and 5, where the Yangian extension of the superalgebra
Ch0 n sl(1|1)2 ⊕ Cu± and an affinization of its quantum deformation are presented. Sections 2 and 5 serve as the neces-
sary preliminaries. Appendices A and D contain some additional computations and formulae that were omitted in the main
parts of the manuscript. Appendices B and C explain the connection between the notation used in the present paper and the
traditional notation which uses the x± variables.

The goal of the present studywas to obtain new infinite dimensional superalgebras and deformed superalgebras that can
be further used to study the highest-weight representation theory along the lines of [19–21]. Such representations would
be important in studying integrability of the AdS3/CFT2 duality using the techniques of the Bethe Ansatz similar to the ones
introduced in [22,8,23], and progress towards the Baxter Q-operators using the methods introduced in [24–26].

There is also a number of other important aspects of the integrability in the AdS3/CFT2 duality, where extended symme-
tries could play an important role: the description of themassless modes [18,16,27], determination of the so-called dressing
phases [28], integrability in the presence of mixed-flux backgrounds [16,29–31] and deformations [32,17]. The latter ques-
tions go beyond the scope of the present paper and will not be considered. We leave these question for further study.

2. The superalgebra C n sl(1|1)2 ⊕ Cu± and its highest-weight modules

In this section we present the superalgebra a = C n sl(1|1)2 ⊕ Cu± and the associated Hopf algebra which arises as
a symmetry of the worldsheet scattering in the AdS3/CFT2 duality [1]. We then construct highest-weight modules of this
algebra that are important in the aforementioned duality.

2.1. Algebra

Let [· , ·] denote the Z2-graded commutator, i.e. [a, b] = ab − (−1)p(a)p(b)ba for ∀a, b ∈ g, where g is a Lie superalgebra
and p = deg2 denotes the Z2-grading on g. We will also use the notation C×

= C\{0}.
We start by considering the centrally extended superalgebra C n sl(1|1)2 ⊕ C2, where C2

= Ck1 ⊕ Ck2. We then obtain
C n sl(1|1)2 ⊕ Cu± as the quotient of an extension of the former algebra. The motivation for this approach is explained in
Remark 2.4 given below.

Definition 2.1. The centrally extended superalgebraCnsl(1|1)2 ⊕ C2 is generated by elements ei, fi, h0 and central elements
hi, ki with i, j ∈ {1, 2} satisfying

[ei, fj] = δijhi + (1 − δij) ki, [h0, fi] = −fi, [h0, ei] = ei. (2.1)

The remaining relations are trivial. The Z2-grading is given by deg2(h0) = deg2(hi) = deg2(ki) = 0 and deg2(ei) =

deg2(fi) = 1.

Remark 2.1. The algebra C n sl(1|1)2 ⊕ C2 has outer-automorphism group GL(2)2 acting by
e1
e2


→ A


e1
e2


,


f1
f2


→ B


f1
f2


,


h1 k1
k2 h2


→ A


h1 k1
k2 h2


Bt , (2.2)

for any (A, B) ∈ GL(2)2. Here Bt denotes the transposed matrix. The element h0, which acts as an outer-automorphism on
the subalgebra sl(1|1)2 ⊕ C2, is invariant under the action of GL(2)2.

Our focus will be on the tensor product of two atypical highest-weight modules and the R-matrix. Bearing in mind this
goalwe extend the algebra above by the ringCu±(=Cu+

⊕Cu−) such that u±u∓
= 1 and introduce a book-keeping notation

a0 = C n sl(1|1)2 ⊕ C2
⊕ Cu±. Note that u± are central in a0. Let U(a0) denote the universal enveloping algebra of a0. The

next observation is immediate from the defining relations of the algebra.

Proposition 2.1. The vector space basis of U(a0) is given in terms of monomials

(f2)r2(f1)r1(h0)
l0(h1)

l1(h2)
l2(k1)l3(k2)l4(u)t(e1)s1(e2)s2 (2.3)

with ri, si ∈ {0, 1}, li ∈ Z≥0 and t ∈ Z.
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The monomials (2.3) give a Poincaré–Birkhoff–Witt type basis of U(a0). Moreover, by the standard arguments, U(a0) ∼=

U−

0 .U
0
0 .U

+

0 as vector spaces, where U−

0 and U+

0 are the nilpotent subalgebras generated by elements fi and ei with i ∈ {1, 2},
respectively, and U0

0 is generated by the remaining elements of a0.

Remark 2.2. The algebra U(a0) also admits a Z-grading given by

deg(h0) = deg(hi) = deg(u±) = 0, deg(ei) = 1, deg(fi) = 1, deg(ki) = 2,

where the upper sign in and is for i = 1 and the lower sign is for i = 2 (we will use this dotted notation throughout
this paper). Note that we could equivalently define the Z-grading by inverting the grading, namely deg → − deg.

Let I0 be the ideal of U(a0) generated by the relation

ki = αi(u2
− u−2), (2.4)

where αi ∈ C×. Define the quotient algebra U(a) = U(a0)/I0. Then one can introduce a Hopf algebra structure on U(a)
given by the coproduct for i ∈ {1, 2} (and i = 0 for hi)

∆(ei) = ei ⊗ u + u ⊗ ei, ∆(ki) = ki ⊗ u 2
+ u 2

⊗ ki,
∆(fi) = fi ⊗ u + u ⊗ fi, ∆(hi) = hi ⊗ 1 + 1 ⊗ hi, ∆(u±) = u±

⊗ u±,
(2.5)

the counit ε(a) = 0 and the antipode S(a) = −a for all a ∈ a except ε(u±) = 1, S(u±) = u∓.
Let us pinpoint some properties of the Hopf algebra U(a). First, the Z-grading introduced in Remark 2.2 agrees with

the powers of u± in the coproduct (2.5). Second, we want to explain the role of the ideal I0. Set ∆op
= σ ◦ ∆, where

σ : a ⊗ b → (−1)p(a)p(b)b ⊗ a is the graded permutation operator. Observe that all central elements of U(a) are co-
commutative:

∆(c) = ∆op(c) for c ∈ {hi, ki, u±
}, i ∈ {1, 2}.

This is obvious for hi and u±, while for ki we have∆(ki)−∆op(ki) = ki ⊗ (u 2
−u 2)+ (u 2

−u 2)⊗ki, which is equal
to zero only if (2.4) holds. (Moreover, this is a necessary condition for existence of the R-matrix.) Also note that due to (2.4)
the algebra U(a) is actually a two-parameter family of Hopf algebras parametrized by αi. Moreover, we need to formally
set degαi = 2, for (2.4) to respect the Z-grading. (In the AdS3/CFT2 duality one usually sets α1 = −α2 = −h/2, where
h ∈ C× plays the role of the coupling constant of the underlying field theory and the minus is to ensure unitarity.)

Remark 2.3. Besides the Chevalley anti-automorphism ei → −fi, fi → −fi, h0 → h0, hi → −hi, ki → −ki, u±
→ u∓ for

i ∈ {1, 2}, there are a number of involutive automorphisms of U(a) given by

fi → ei, ei → fi, hi → hi, ki → kj, h0 → −h0, u±
→ u∓,

fi → ej, ei → fj, hi → hj, ki → ki, h0 → −h0, u±
→ u±,

fi → fj, ei → ej, hi → hj, ki → kj, h0 → h0, u±
→ u∓,

(2.6)

for all i, j ∈ {1, 2} such that i ≠ j. These outer-automorphisms, that form a Klein-four group, are also Hopf algebra outer-
automorphisms of U(a).

Remark 2.4. The relation (2.1) in the algebra U(a) is equivalent to saying that

[ei, fj] = δijhi + αi(1 − δij)(u+2
− u−2). (2.7)

We could have started our considerations using this relation as the initial definition, however we chose (2.1) (and (2.4)) to
keep our definitions and notation as close as possible to the traditional notation used in [10,12,1,16,4,3,33]). In Section 4,
wherewe consider a q-deformation ofU(a), we use amore natural definition of the central extensions, in such away slightly
deviating from the traditional notation used in [14,13,17].We also find elements ki to be a good book-keeping notationwhen
considering the highest-weight modules of U(a).

2.2. Typical module

The typical module K(λ1, λ2, ν) is the four-dimensional highest-weight Kac module of U(a) defined as follows: let
v0 ∈ K(λ1, λ2, ν) be the highest-weight vector such that

hi.v0 = λiv0, ki.v0 = µiv0, u±.v0 = ν±1v0, ei.v0 = 0, h0.v0 = 0, (2.8)
for i ∈ {1, 2}, where λi, ν ∈ C× are generic and µi = αi(ν

2
− ν−2) due to (2.4). Set vi = fi.v0 and v21 = f2f1.v0. Then

K(λ1, λ2, ν) ∼= spanC{v0, v1, v2, v21} as a vector space. Moreover h0.vi = −vi and h0.v21 = −2v21. This allows us to write
the following weight space decomposition:

K(λ1, λ2, ν) = K0(λ1, λ2, ν)⊕ K−1(λ1, λ2, ν)⊕ K−2(λ1, λ2, ν),

where K0(λ1, λ2, ν) and K−2(λ1, λ2, ν) are one-dimensional weight spaces accommodating vectors v0 and v21, respectively,
and K−1(λ1, λ2, ν) = spanC{v1, v2}.
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Fig. 1. Typical module: (a) in up–down basis, (b) in down–up basis, (c) when λ1λ2 = µ1µ2 .

Observe that f2.v1 = −f1.v2 = v21 and

e1.v21 = µ1v1 − λ1v2, e1.v1 = λ1v0, e1.v2 = µ1v0,
e2.v21 = λ2v1 − µ2v2, e2.v1 = µ2v0, e2.v2 = λ2v0.

(2.9)

Introduce linear combinations
v′

1 = µ1v1 − λ1v2, f ′

1 = µ1f1 − λ1f2, e′

1 = µ2e1 − λ1e2,
v′

2 = λ2v1 − µ2v2, f ′

2 = λ2f1 − µ2f2, e′

2 = λ2e1 − µ1e2.
(2.10)

Then
f ′

1.v0 = v′

1, f1.v′

1 = λ1v21, f1.v′

2 = µ2v21, e1.v′

2 = (λ1λ2 − µ1µ2)v0,

f ′

2.v0 = v′

2, f2.v′

1 = µ1v21, f2.v′

2 = λ2v21, e2.v′

1 = (µ1µ2 − λ1λ2)v0.
(2.11)

Note that elements f ′

i , e
′

i and v
′

i are pairwise linearly independent for generic λi and ν. We call the set {v0, v1, v2, v21} the
up–down vector space basis and {v0, v

′

1, v
′

2, v21} the down–up vector space basis of K(λ1, λ2, ν). The module diagrams for
both bases are shown in Fig. 1(a) and (b).

2.3. Atypical module

The atypical module A(λ1, λ2, ν) is the two-dimensional submodule of the typical module K(λ1, λ2, ν) when λ1λ2 =

µ1µ2. Let us show that is indeed true. The aforementioned constrain combined with (2.9) and (2.10) implies that

v′

1 = γ 2v′

2, f ′

1 = γ 2f ′

2 and e1e2.v21 = 0 where γ 2
=
µ1

λ2
=
λ1

µ2
. (2.12)

Set v′′

1 = µ1v1 + λ1v2 and f ′′

1 = µ1f1 + λ1f2. Then clearly both v′′

1 , v
′

2 and f ′′

1 , f
′

2 are linearly independent and

f ′′

1 .v0 = v′′

1 , f ′

2.v
′′

1 = −(λ1λ2 + µ1µ2)v21, e1.v′′

1 = 2λ1µ1v0, e2.v′′

1 = (λ1λ2 + µ1µ2)v0. (2.13)
Themodule diagramof K(λ1, λ2, ν)when λ1λ2 = µ1µ2 is shown in Fig. 1(c). It is clear from this diagram that A(λ1, λ2, ν) ∼=

spanC{v′

2, v21} as a vector space. Moreover, it follows that

A(λ1, λ2, ν) ∼= K(λ1, λ2, ν)/A(λ1, λ2, ν). (2.14)
For the purposes of the present paper it will be convenient to choose vector space basis the atypical module to be

A(λ1, λ2, ν) = spanC{w0, w1}, (2.15)
wherew0 = v′

2 andw1 = γ−1v21. (This choice of the basis is convenient for obtaining an elegant expression of the R-matrix
(2.25).) The action of U(a) is given by

h1.wj = γ 2µ2wj, h2.wj = γ−2µ1wj ki.wj = µiwj u±.wj = ν±1wj (2.16)
for i, j ∈ {1, 2} and

ei.w0 = 0, f1.w0 = γµ2w1, f2.w0 = γ−1µ1w1,

fi.w1 = 0, e1.w1 = γ w0, e2.w1 = γ−1w0.
(2.17)

A connection with the traditional parametrization of the atypical module in terms of the x±-variables used in [1,16] is
given in Appendix B.

Remark 2.5. Themodule diagrams in Fig. 1 are very similar to those of the U(sl(1|1)) Lie superalgebra. Recall that sl(1|1) =

spanC{f , h, e} as a vector space. The highest-weight module K(λ) of U(sl(1|1)) is the two-dimensional Kac module spanned
by vectors v0, v1 such that e.v0 = 0, h.v0 = λv0, f .v0 = v1, e.v1 = λv0. The projective module P(λ) of U(sl(1|1)) is a
four-dimensional module spanned by vectors u0, u′

0 and u±1 such that f .u0 = u1, e.u0 = u−1, fe.u0 = u′

0, h.u0 = λu0,
e.u1 = λu0 − u′

0, e.u
′

0 = λu−1. Then the diagram in Fig. 1(c) exactly coincides with the one for P(λ) upon identification
v′′

1 → u0, v0 → u1, v′

2 → u′

0, v21 → u−1, ei → f and fi, f ′

2, f
′′

1 → e. The diagram of K(λ1, λ2, ν) is the completion of the one
for P(λ) (and clearly the diagram of A(λ1, λ2, ν) is equivalent to the one of K(λ)).



V. Regelskis / Journal of Geometry and Physics 106 (2016) 213–233 217

2.4. Tensor product of atypical modules

We show below that the tensor product of two atypical modules is isomorphic to the typical module of U(a). Let
wi ⊗ w′

j ∈ A(λ1, λ2, ν)⊗ A(λ′

1, λ
′

2, ν
′)with i, j ∈ {0, 1}. The action of U(a) on vectorswi ⊗ w′

j is given by

∆(f1).(w0 ⊗ w′

0) = γµ2ν
′w1 ⊗ w′

0 + (−1)p(w0)γ ′µ′

2ν
−1w0 ⊗ w′

1,

∆(f2).(w0 ⊗ w′

0) = γ−1µ1ν
′−1w1 ⊗ w′

0 + (−1)p(w0)γ ′−1µ′

1ν w0 ⊗ w′

1,

∆(f2f1).(w0 ⊗ w′

0) = (−1)p(w0)(γ−1γ ′µ1µ
′

2ν
−1ν ′−1

− γ γ ′−1µ2µ
′

1νν
′) w1 ⊗ w′

1

(2.18)

and

∆(e1).(w1 ⊗ w′

1) = γ ν ′−1w0 ⊗ w′

1 − (−1)p(w0)γ ′ν w1 ⊗ w′

0,

∆(e2).(w1 ⊗ w′

1) = γ−1ν ′w0 ⊗ w′

1 − (−1)p(w0)γ ′−1ν−1w1 ⊗ w′

0,

∆(e1e2).(w1 ⊗ w′

1) = (−1)p(w0)(γ−1γ ′νν ′
− γ γ ′−1ν ′−1ν−1) w0 ⊗ w′

0.

(2.19)

Setv0 = w0 ⊗ w′

0 andvi = ∆(fi).v0,v21 = ∆(f2f1).v0. Then
∆(h1).v0 = (γ 2µ2 + γ ′2µ′

2)v0 = (λ1 + λ′

1)v0 =: λ1v0,
∆(h2).v0 = (γ−2µ1 + γ ′−2µ′

1)v0 = (λ2 + λ′

2)v0 =: λ2v0
∆(ki).v0 = (µiν

′ 2
+ µ′

iν
2)v0 = αi(ν

2ν ′2
− ν−2ν ′−2)v0 =: µiv0, (2.20)

where the last equality is due to (2.4). Using the relations above, we find

∆(e1).v21 = (µ1ν
′−2

+ µ′

1ν
2)v1 − (γ 2µ2 + γ ′2µ′

2)v2 = µ1v1 −λ1v2,
∆(e2).v21 = (λ2 + λ′

2)v1 − (µ2ν
′2

+ µ′

2ν
−2)v2 = λ2v1 − µ2v2, (2.21)

which compared with (2.9) imply that

K(λ1,λ2,ν) ∼= A(λ1, λ2, ν)⊗ A(λ′

1, λ
′

2, ν
′) (2.22)

withλi = λi + λ′

i andν = νν ′.

2.5. One-dimensional module

Set

1 = γw1 ⊗ w′

0 + (−1)p(w1) γ ′νν ′w0 ⊗ w′

1. (2.23)

Let us show that a.1 = 0 ifλi = µi = 0 for all a ∈ U(a), a ≠ u±, h0. Notice, that it is enough to consider the action of
∆(ei) and∆(fi) on 1 only. It follows straightforwardly that∆(e2).1 = 0. For f2 we have∆(f2).1 = (−1)p(w1)γ ′γ ν(γ ′−2µ′

1 +

γ−2µ1) w1 ⊗ w′

1, which is equal to zero ifλ2 = 0. A simple computation for f1 gives

∆(f1).1 = (−1)p(w1)γ γ ′ν(µ′

2ν
−2

+ µ2ν
′2) w1 ⊗ w′

1 = (−1)p(w1)γ γ ′νµ2w1 ⊗ w′

1 = 0,

if µ2 = 0. It remains to consider the action of e1. We have ∆(e1).1 = (γ 2ν ′−1
− γ ′2ν2ν ′) w0 ⊗ w′

0. Using γ
2

= µ1/λ2,
γ ′2

= µ′

1/λ
′

2 and λ′

2 = −λ2 we find

∆(e1).1 =
ν ′

λ2
(ν ′−2µ1 − ν−2µ′

1) w0 ⊗ w′

0 =
ν ′µ1

λ2
w0 ⊗ w′

0 = 0,

ifµ1 = 0. On the other hand, we have µ′

2/µ2 = −ν2ν ′2 giving

∆(e1).1 =
1
ν ′µ2

(γ 2µ2 + γ ′2µ′

2) w0 ⊗ w′

0 =

λ1
ν ′µ2

w0 ⊗ w′

0 = 0,

ifλ1 = 0. Finally, we have that h0.1 ∈ C1, and requiring∆(u±).1 = 1 implies νν ′
= 1, which agrees withµi = 0.

2.6. R-matrix

Consider the Z2-graded vector space C1|1. Let Eij ∈ EndC1|1 denote the usual supermatrix units. The algebra gl1|1 is a
Z2-gradedmatrix algebra spanned by supermatrices Eij with i, j ∈ {1, 2} so that the grading is given by deg2 Eij = p(i)+p(j),
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where p(1) = 0, p(2) = 1, and satisfying

[Eij, Ekl] = δjkEil − (−1)(i+j)(k+l)δilEkj.

Moreover, for any X, X ′, Y , Y ′
∈ gl1|1 we have (X⊗Y )(X ′

⊗Y ′) = (−1)p(X
′)p(Y )XX ′

⊗YY ′ and deg2(X⊗Y ) = deg2 X+deg2 Y .
In particular, (Eij ⊗ Ekl)(Ers ⊗ Etv) = (−1)(k+l)(r+s)Eis ⊗ Ekv . The graded permutation operator P ∈ End (C1|1

⊗ C1|1) is given
by P =


1≤i,j≤2(−1)j−1Eij ⊗ Eji.

Let deg2 v0 = 0. Then deg2w1 = 0 and deg2w0 = 1. Set V = spanC{w1, w0} and identify V with C1|1 in the natural
way. Denote I = E11 + E22. Then the two dimensional (atypical) representation π : U(a) → End(V ), a → π(a) is given by
(c.f. (2.17))

π(e1) = γ E21, π(f1) = γµ2 E12, π(f2) = γ−1µ1 E12, π(e2) = γ−1E21,
π(h1) = γ 2µ2 I, π(h2) = γ−2µ1 I, π(k1) = µ1 I, π(k2) = µ2 I, π(h0) = −2E11 − E22,

(2.24)

whereµi = αi(ν
2
− ν−2). We will refer to the set of parameters {γ , ν} as the representation labels. Let V ′

= spanC{w′

1, w
′

0}

be a copy of V . We will denote by π ′
: U(a) → EndV ′ the representation with the labels {γ ′, ν ′

}.

Proposition 2.2. The R-matrix R(γ , ν; γ ′, ν ′) ∈ End(V ⊗V ′) intertwining the tensor product of atypical representations π and
π ′ is given by

R(γ , ν; γ ′, ν ′) =


γ ′νν ′

γ
−

γ

γ ′νν ′


E11 ⊗ E11 +


γ ′ν ′

γ ν
−
γ ν

γ ′ν ′


E11 ⊗ E22 −


ν2 − ν−2 E12 ⊗ E21

+

ν ′2

− ν ′−2 E21 ⊗ E12 +


γ ′ν

γ ν ′
−
γ ν ′

γ ′ν


E22 ⊗ E11 +


γ ′

γ νν ′
−
γ νν ′

γ ′


E22 ⊗ E22. (2.25)

Proof. The existence of the R-matrix follows from the fact that V ⊗ V ′ is an irreducible U(a)module, which is due to (2.22),
and application of the Schur’s lemma. Thus it only remains to compute it explicitly. This is shown in Appendix A.1. �

It is a lengthy but direct computation to check that R(γ , ν; γ ′, ν ′) satisfies the Yang–Baxter equation, namely, set
R12 = R(γ , ν; γ ′, ν ′) ⊗ I , R23 = I ⊗ R(γ ′, ν ′

; γ ′′, ν ′′) and R13 = (I ⊗ P)(R(γ , ν; γ ′′, ν ′′) ⊗ I)(I ⊗ P) for some (generic)
set of labels {γ , ν; γ ′, ν ′

; γ ′′, ν ′′
}, then R12R13R23 = R23R13R12.

Remark 2.6. (1) Let ν = eiθ1 , ν ′
= eiθ2 and γ = eiΛγ ′. Then R-matrix (2.25) can be written in the trigonometric form

R(θ1, θ2,Λ) = sin(θ1 + θ2 −Λ) E11 ⊗ E11 − sin(θ1 − θ2 +Λ) E11 ⊗ E22 − sin(2θ1) E12 ⊗ E21
+ sin(2θ2) E21 ⊗ E12 + sin(θ1 − θ2 −Λ) E22 ⊗ E11 − sin(θ1 + θ2 +Λ) E22 ⊗ E22. (2.26)

The unitarity property is

R(θ1, θ2,Λ)PR(θ2, θ1,−Λ)P =
1
2
(cos(2Λ)− cos(2θ1 + 2θ2)) I. (2.27)

In the limit when θ1, θ2 andΛ are all small, we obtain the rational R-matrix of the gl1|1 Lie superalgebra

R(θ, θ,Λ) ≈ −(ΛI − 2θP). (2.28)

(2) Let V̄ = spanC{w̄0, w̄1} and V̄ ′
= spanC{w̄′

0, w̄
′

1} be such that deg2 w̄0 = deg2 w̄′

0 = 0 and deg2 w̄1 = deg2 w̄′

1 = 1
(i.e. the Z2-grading is opposite to that of V and V ′). Denote the R-matrix (2.25) by RV ,V ′ . Then the R-matrices RV ,V̄ ′ , RV̄ ,V ′ and
RV̄ ,V̄ ′ can be obtained by conjugation G RV ,V ′ G, with a certain matrix G given by the case-by-case basis as follows:

RV ,V̄ ′ : G = E11 ⊗ (E12 + E21)− E22 ⊗ (E12 − E21),
RV̄ ,V ′ : G = (E12 + E21)⊗ E11 − (E12 − E21)⊗ E22,
RV̄ ,V̄ ′ : G = E12 ⊗ (E12 + E21)+ E21 ⊗ (E12 + E21).

(2.29)

(3) In the context of the AdS3/CFT2 duality, parameters θ1 and θ2 have an interpretation of the worldsheet momenta pw.s. of
individual magnons. The parameter Λ can be interpreted as a difference of the pseudorapidity of individual magnons. The
traditional notation used in the literature on AdS2/CFT2 duality can be recovered using relations given in Appendix B. In this
context (and using the traditional terminology), the representations π : U(a) → V and π ′

: U(a) → V ′ can be viewed as
left-moving representations, while π̄ : U(a) → V̄ and π̄ ′

: U(a) → V̄ ′ are right-moving representations. With a suitable
choice of γ or γ̄ , which depends on choice of the AdS3/CFT2 background and additional fluxes, they correspond massless
representations. Accordingly, the R-matrix RV ,V ′ is the left–left R-matrix. Likewise, the ones in (2.29) are left–right, right–left
and right–right R-matrices, respectively.
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3. Yangian

In this section we construct a u-deformed Yangian Y(a) of Drinfeld-New type [34,11] having U(a) as its horizontal
subalgebra, and obtain an evaluation homomorphism evρ : Y(a) → U(a).

3.1. Yangian Y(a)

Definition 3.1. The algebra Y(a) is the unital associative superalgebra generated by elements ei,r , fi,r and hi,r , ki,r , h0,r with
i, j ∈ {1, 2}, r ≥ 0, and satisfying

[ei,r , fj,s] = δijhi,r+s + (1 − δij) ki,r+s, [h0,r , fi,s] = −fi,r+s, [h0,r , ei,s] = ei,r+s. (3.1)

The remaining relations are trivial.

The Z2- and Z-grading on Y(a) are induced by the ones on U(a), namely deg2(ai,r) = deg2(ai) and deg(ai,r) = deg(ai)
for all ai,r ∈ Y(a) and ai ∈ U(a). The algebra Y(a) admits a unique coproduct respecting the Z-grading.

Proposition 3.1. There is a unique homomorphism of algebras ∆ : Y(a) → Y(a) ⊗ Y(a) respecting the Z-grading and given
by, for i, j ∈ {1, 2}, i ≠ j and r ≥ 0:

∆(ei,r) = ei,r ⊗ u + u ⊗ ei,r +

r
l=1


u hi,r−l ⊗ ei,l−1 + u ki,r−l ⊗ u 2ej,l−1


,

∆(fi,r) = fi,r ⊗ u + u ⊗ fi,r +

r
l=1


fi,r−l ⊗ u hi,l−1 + u 2fj,r−l ⊗ u kj,l−1


,

∆(hi,r) = hi,r ⊗ 1 + 1 ⊗ hi,r +

r
l=1


hi,r−l ⊗ hi,l−1 + u 2ki,r−l ⊗ u 2kj,l−1


,

∆(ki,r) = ki,r ⊗ u 2
+ u 2

⊗ ki,r +

r
l=1


ki,r−l ⊗ u 2hj,l−1 + u 2hi,r−l ⊗ ki,l−1


,

∆(h0,r) = h0,r ⊗ 1 + 1 ⊗ h0,r −

r
l=1


u+f1,r−l ⊗ u+e1,l−1 + u−f2,r−l ⊗ u−e2,l−1


.

(3.2)

Proof. Let ∆ϵ : Y(a) → Y(a) ⊗ Y(a) be homomorphism of algebras. By requiring ∆ϵ to respect the Z-grading we obtain
the following ansatz

∆ϵ(ei,r) = ei,r ⊗ u + u ⊗ ei,r +

r
l=1


ϵi,1u hi,r−l ⊗ ei,l−1 + ϵi,2u∓ki,r−l ⊗ u 2ej,l−1


,

∆ϵ(fi,r) = fi,r ⊗ u + u ⊗ fi,r +

r
l=1


ϵi,3fi,r−l ⊗ u hi,l−1 + ϵi,4u 2fjr−l ⊗ u kj,l−1


,

∆ϵ(hi,r) = hi,r ⊗ 1 + 1 ⊗ hi,r +

r
l=1


ϵi,5hi,r−l ⊗ hi,l−1 + ϵi,6u 2ki,r−l ⊗ u 2kj,l−1


,

∆ϵ(ki,r) = ki,r ⊗ u 2
+ u 2

⊗ ki,r +

r
l=1


ϵi,7ki,r−l ⊗ u 2hj,l−1 + ϵi,8u 2hi,r−l ⊗ ki,l−1


,

∆ϵ(h0,r) = h0,r ⊗ 1 + 1 ⊗ hi,r +

r
l=1


ϵ9u+f1,r−l ⊗ u+e1,l−1 + ϵ10u−f2,r−l ⊗ u−e2,l−1


,

(3.3)

with certain ϵi,k ∈ C and ϵ9, ϵ10 ∈ C. Let us focus on generators ei,r , fi,r , hi,r , ki,r first. To find constants ϵi,k we compute the
graded commutators

[∆ϵ(ei,r),∆ϵ(fi,s)] = hi,r+s ⊗ 1 + 1 ⊗ hi,r+s +

r
l=1


ϵi,1hi,r−l ⊗ hi,s+l−1 + ϵi,2u 2ki,r−l ⊗ u 2kj,s+l−1



+

s
l=1


ϵi,3hi,r+s−l ⊗ hi,l−1 + ϵi,4αj u 2ki,r+s−l ⊗ u 2kj,l−1


(3.4)
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and

[∆ϵ(ei,r),∆ϵ(fj,s)] = ki,r+s ⊗ u 2
+ u 2

⊗ ki,r+s +

r
l=1


ϵi,1u 2hi,r−l ⊗ ki,s+l−1 + ϵi,2αi ki,r−l ⊗ u 2hj,s+l−1



+

s
l=1


ϵj,3ki,r+s−l ⊗ u 2hj,l−1 + ϵj,4αi u 2hi,r+s−l ⊗ ki,l−1


. (3.5)

By requiring ∆ϵ to be algebra homomorphism and using the expressions above we find ϵi,1 = ϵi,3 = ϵi,5 = ϵj,4 = ϵi,8 and
ϵi,2 = ϵi,4 = ϵj,3 = ϵi,6 = ϵi,7, where as before, i ≠ j. Set ϵi = ϵi,1. Then, comparing both sides of [∆(h0,r),∆(ei,s)] = ∆(ei,s)
and [∆(h0,r),∆(fi,s)] = −∆(fi,s), we find that ϵ9 = −ϵ1 and ϵ10 = −ϵ2. (For completeness, the resulting coproduct is listed
Appendix D.)

It remains to show that for any choice of constants ϵi the coproduct is equivalent up to an automorphism of the Yangian
Y(a). Consider the map given by

ω : ei,r → ei,r , fi,r → ϵifi,r , hi,r → ϵihi,r , ki,r → ϵjki,r , h0,r → h0,r . (3.6)

It is easy to see that (3.1) is invariant under the map ω, thus it is an automorphism of Y(a). Then ∆ϵ is equivalent to ∆ if
∆(a) = (ω−1

⊗ω−1)(∆ϵ ◦ω)(a) holds for all a ∈ Y(a). Let us demonstrate that this is true for a = fi,r . Using (D.1) we have:

(ω−1
⊗ ω−1)(∆ϵ ◦ ω)(fi,r)

= ϵi (ω
−1

⊗ ω−1)

fi,r ⊗ u + u ⊗ fi,r +

r
l=1


ϵifi,r−l ⊗ u hi,l−1 + ϵj u 2fj,r−l ⊗ u kj,l−1



= fi,r ⊗ u + u ⊗ fi,r +

r
l=1


fi,r−l ⊗ u hi,l−1 + u 2fj,r−l ⊗ u kj,l−1


= ∆(fi,r). (3.7)

In a similar way one can show this equality is also true for generators ei,r , ki,r , hi,r and h0,r . Thus, without loss of generality,
we can set ϵi = 1 and obtain (3.2) as required. �

Next, we want to write the defining relation (3.1) and coproduct (3.2) in terms of generating series (Drinfeld currents).
We introduce the following series in Y(a)[[z−1

]]

ei(z) =


r≥0

ei,rz−r−1, fi(z) =


r≥0

fi,rz−r−1, hi(z) = 1 +


r≥0

hi,rz−r−1, ki(z) =


r≥0

ki,rz−r−1, (3.8)

for i ∈ {1, 2} and i = 0 should also be included for hi(z).

Proposition 3.2. The defining relations (3.1) are equivalent to the following identities in Y(a)[[z−1, w−1
]] (i, j ∈ {1, 2}):

(w − z) [ei(z), fj(w)] = δij(hi(z)− hi(w))+ (1 − δij)(ki(z)− ki(w)),
(w − z) [h0(z), fi(w)] = fi(w)− fi(z), (w − z) [h0(z), ei(w)] = ei(z)− ei(w),

(3.9)

The coproduct (3.2) is equivalent to the following identities in (Y(a)⊗ Y(a))[[z−1
]] (i, j ∈ {1, 2}, i ≠ j):

∆(ei(z)) = ei(z)⊗ u + u hi(z)⊗ ei(z)+ u ki(z)⊗ u 2ej(z),
∆(fi(z)) = u ⊗ fi(z)+ fi(z)⊗ u hi(z)+ u 2fj(z)⊗ u kj(z),
∆(hi(z)) = hi(z)⊗ hi(z)+ u 2ki(z)⊗ u 2kj(z),

∆(ki(z)) = ki(z)⊗ u 2hj(z)+ u 2hi(z)⊗ ki(z),
∆(h0(z)) = h0(z)⊗ 1 + 1 ⊗ h0(z)− u+f1(z)⊗ u+e1(z)− u−f2(z)⊗ u−e2(z).

(3.10)

Proof. To see that (3.1) imply (3.9) we need to multiply (3.1) by z−r−1w−s−1. Then sum over r, s ≥ 0 and use

(z − w)


r,s≥0, r+s=t

z−r−1w−s−1
= w−t−1

− z−t−1.

This gives (3.9). Conversely, using the identity above we deduce that

hi(z)− hi(w) = (w − z)

r,s≥0

z−r−1w−r−1hi,r+s.

Equating this with (w − z)[ei(z), fi(w)] yields [ei,r , fi,s] = hi,r+s. The remaining relations are obtained similarly.
To see that (3.2) imply (3.10) we only need to multiply (3.2) by u−r−1 and sum over r ≥ 0. Conversely, take coefficients

at z−r−1 with r ≥ 0 of (3.10). This reproduces (3.2). �
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Set H(z) = h1(z)h2(z)− k1(z)k2(z). The current H(z) has a well-defined inverse. Indeed,

H(z)−1
=

h1(z)−1h2(z)−1

1 − k1(z)k2(z)h1(z)−1h2(z)−1
=


l≥0

(k1(z)k2(z))l(h1(z)−1h2(z)−1)l+1. (3.11)

Since hi(z) are invertible, the series on the right hand side are elements in Y(a)[[z−1
]], and the coefficients of z−r are finite

sums of monomials (k1,r1)
l1(k2,r2)

l2(h1,r3)
l3(h2,r4)

l4 such that
4

i=1 liri < r . We are now ready to define the Hopf algebra
structure on Y(a).

Theorem 3.1. The algebra Y(a) has a hopf algebra structure, which is given by the coproduct (3.10), counit (i, j ∈ {1, 2})

ε(ei(z)) = ε(fi(z)) = ε(ki(z)) = 0, ε(h0(z)) = ε(hi(z)) = 1, (3.12)

and the antipode defined by S(u±) = u∓ and (i, j ∈ {1, 2}, i ≠ j)

S(ei(z)) = −

ei(z)hj(z)− ej(z)ki(z)


H(z)−1, S(hi(z)) = hj(z)H(z)−1,

S(fi(z)) = −

fi(z)hj(z)− fj(z)kj(z)


H(z)−1, S(ki(z)) = −ki(z)H(z)−1,

S(h0(z)) = 1 − h0(z)+ S(f1(z))e1(z)+ S(f2(z))e2(z).
(3.13)

Proof. The coproduct is a homomorphism by Proposition 3.1. The counit follows from (3.1) and (3.8). Thus we only need to
check that

M ◦ (S ⊗ id) ◦∆(ai(z)) = ι ◦ ε(ai(z)), M ◦ (id ⊗ S) ◦∆(ai(z)) = ι ◦ ε(ai(z)), (3.14)

for all a(z) ∈ Y(a); here id is the identity map, M : Y(a) ⊗ Y(a) → Y(a) denotes the associative multiplication and
ι : C → Y(a) is the unit map. Let us compute (3.14) explicitly for all a(z):
◦ hi(z):


hj(z)hi(z)− ki(z)kj(z)


H(z)−1

= 1 for both equalities,

◦ ki(z):

−ki(z)hj(z)+ hj(z)ki(z)


u 2H(z)−1

= 0 and (ki(z)hi(z)− hi(z)ki(z)) u 2H(z)−1
= 0,

◦ ei(z):

−


ei(z)hj(z)− ej(z)ki(z)


+ hj(z)ei(z)− ki(z)ej(z)


u H(z)−1

= 0 and
ei(z)H(z)− hi(z)


ei(z)hj(z)− ej(z)ki(z)


− ki(z)


ej(z)hi(z)− ei(z)kj(z)


u H(z)−1

=

ei(z)H(z)− ei(z)hi(z)hj(z)+ ei(z)ki(z)kj(z)


u H(z)−1

= 0,

◦ fi(z):

fi(z)H(z)−


fi(z)hj(z)− fj(z)kj(z)


hi(z)−


fj(z)hi(z)− fi(z)ki(z)


kj(z)


u H(z)−1

=

fi(z)H(z)− fi(z)


hi(z)hj(z)− ki(z)kj(z)


u H(z)−1

= 0
and


−


fi(z)hj(z)− fj(z)kj(z)


+ fi(z)hj(z)− fj(z)kj(z)


u H(z)−1

= 0.
◦ To compute (3.14) for h0(z)we will use the identity

S(f1(z))e1(z)+ S(f2(z))e2(z) = −(f1(z)h2(z)− f2(z)k2(z))H(z)−1e1(z)− (f2(z)h1(z)− f1(z)k1(z))H(z)−1e2(z)

= −f1(z)(e1(z)h2(z)− e2(z)k1(z))H(z)−1
− f2(z)(e2(z)h1(z)− e1(z)k2(z))H(z)−1

= f1(z)S(e1(z))+ f1(z)S(e1(z)).

Then h0(z): S(h0(z))+ h0(z)− S(f1(z))e1(z)− S(f2(z))e2(z) = 1 for both equalities. �

In the previous section we noted that U(a) is a two-parameter family of Hopf algebras. The same is true for Y(a). Indeed,
by requiring∆(ki(z)) = ∆op(ki(z))we find (i, j ∈ {1, 2}, i ≠ j)

ki(z)⊗ (u 2hj(z)− u 2hi(z)) = (u 2hj(z)− u 2hi(z))⊗ ki(z), (3.15)

which, together with (3.8), implies that

ki(z) = αi

u2h1(z)− u−2h2(z)


z−1. (3.16)

Moreover, it follows that ∆(hi(z)) = ∆op(hi(z)) is also true. Finally, the coefficients of z−1 in (3.16) reproduce (2.4) as
required.

3.2. Evaluation homomorphism

Recall that the algebra U(a) is isomorphic to the subalgebra of Y(a) generated by the elements ei,0, fi,0, h0,0, hi,0, ki,0.
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Proposition 3.3. There is a homomorphism of algebras given by

evρ : Y(a) → U(a), ai,r → ρrai where ρ =
u2h1 − u−2h2

u2 − u−2
, (3.17)

for all ai,r ∈ Y(a) and ai ∈ U(a) with i = 1, 2, r ≥ 0, a ∈ {e, f , h, k}.

Proof. It follows from (3.1) and (2.1), (2.4) that evρ(ai,r) = ρrai for some ρ ∈ C[hi, ki, u±
]. Taking the coefficients of z−r−2

at both sides of (3.16) we find

ki,r+1 = αi

u2h1,r − u−2h2,r


, (3.18)

for r ≥ 0. Since ki = αi(u2
− u−2), the evaluation map applied to (3.18) gives

ρr+1αi(u2
− u−2) = ρrαi


u2h1 − u−2h2


, (3.19)

which implies (3.17) as required. �

It is a direct computation to check that R-matrix (2.25) intertwines evaluation representations of Y(a), namely

(π ⊗ π ′)(evρ ⊗ evρ)(∆(a)) R(γ , ν; γ ′, ν ′) = R(γ , ν; γ ′, ν ′) (π ⊗ π ′)(evρ ⊗ evρ)(∆op(a)) (3.20)

for all a ∈ Y(a). Also note that evaluation homomorphism for the generating series can be written as

evρ : ai(z) → iz
1

z − ρ
ai, (3.21)

where iz denotes the expansion in the domain |z| → ∞.

4. The deformed superalgebra Uq(C n sl(1|1)2 ⊕ CU±) and its highest-weight modules

In this section we present a quantum deformation of the superalgebra considered in Section 2. This section follows
a similar strategy to the one presented in Section 2, namely we start by considering a q-deformed universal enveloping
superalgebra Uq(C n sl(1|1)2 ⊗ C2), and then we obtain Uq(a) = Uq(C n sl(1|1)2 ⊕ CU±) as the quotient of an extension
of the previous superalgebra. (Here U is considered as the q-deformed analogue of u in U(a) = U(C n sl(1|1)2 ⊕ Cu±).)

4.1. Algebra

Let q ∈ C× be generic (not a root of unity). Set

[x]q =
x − x−1

q − q−1
.

Definition 4.1. The centrally extended superalgebra Uq(C n sl(1|1)2 ⊕ C2) is the unital associative Lie superalgebra
generated by elements Ei, Fi, K±

0 and central elements K±

i , L±

i with i, j ∈ {1, 2} satisfying

K±

0 K∓

0 = K±

i K∓

i = L±

i L
∓

i = 1, K+

0 EiK−

0 = qEi, K−

0 FiK+

0 = qFi for i ∈ {1, 2},

[Ei, Fj] = δij
K+2
i − K−2

i

q − q−1
+ αi (1 − δij)

L+

i − L−

i

q − q−1
for i, j ∈ {1, 2}.

(4.1)

The remaining relations are trivial. The Z2-grading is given by deg2(K
±

0 ) = deg2(K
±

i ) = deg2(L
±

i ) = 0 and deg2(Ei) =

deg2(Fi) = 1.

Remark 4.1. Let h̄ ∈ C× be generic and set q = eh̄, K±

i = e±h̄Hi/2, L±

i = e±h̄Ji with an appropriate defining relations for the
new elementsHi, Ji implied by (4.1). Then, viewed as a C[[h̄]]-algebra, Uq(Cnsl(1|1)2 ⊕C2) has outer-automorphism group
GL(2)2 acting by

E1
E2


→ A


E1
E2


,


F1
F2


→ B


F1
F2


,

K±

1 α1(L±

1 )
1/2

α2(L±

2 )
1/2 K±

2


→ A


K±

1 α1(L±

1 )
1/2

α2(L±

2 )
1/2 K±

2


Bt ,

(4.2)

for any (A, B) ∈ GL(2)2. The elements K±

0 , which act as outer-automorphisms on the subalgebra Uq(sl(1|1)2 ⊕ C2), are
invariant under the action of GL(2)2.
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Following similar steps as we did in Section 2, we want to enlarge the algebra by central elements U± satisfying
U±U∓

= 1. We will denote this extended algebra by Uq(a0) = Uq(C n sl(1|1)2 ⊕ C2
⊕ CU±). The next observation

follows straightforwardly.

Proposition 4.1. The vector space basis of Uq(a0) is given in terms of monomials

(E2)r2(E1)r1(K+

0 )
l0(K+

1 )
l1(K+

2 )
l2(L+

1 )
l3(L+

2 )
l4(U+)l5(E1)s1(E2)s2 (4.3)

with ri, si ∈ {0, 1} and li ∈ Z.

The monomials (4.3) give a Poincaré–Birkhoff–Witt type basis of Uq(a0), and Uq(a0) ∼= U−

q0.U
0
q0.U

+

q0 as vector spaces,
where U−

q0 and U+

q0 are the nilpotent subalgebras generated by elements Fi and Ei with i = 1, 2, respectively, and U0
q0 is

generated by all the remaining elements. Next we give a remark which follows from analogous Remark 2.2 for U(a0).

Remark 4.2. The algebra Uq(a0) admits a Z-grading given by

deg(K±

0 ) = deg(K±

i ) = deg(U±) = 0, deg(Ei) = 1, deg(Fi) = 1 deg(αi) = 2. (4.4)

Let Iq0 be the ideal of Uq(a0) generated by the relations

L+

i = K+

1 K+

2 U 2, L−

i = K−

1 K−

2 U 2. (4.5)

Set Uq(a) = Uq(a0)/Iq0. Then one can define a Hopf algebra structure on Uq(a) by introducing the coproduct

∆(Ei) = Ei ⊗ U K−

i + U K+

i ⊗ Ei, ∆(Fi) = Fi ⊗ U K−

i + U K+

i ⊗ Fi, ∆(C) = C ⊗ C, (4.6)

and the counit and antipode

ε(Ei) = ε(Fi) = 0, S(Ei) = −Ei, S(Fi) = −Fi, ε(C) = 1, S(C) = C−1, (4.7)

for C ∈ {K±

0 , K
±

i , L
±

i ,U
±
}.

The coproduct (4.6) is a homomorphism of algebras ∆ : Uq(a) → Uq(a) ⊗ Uq(a). Indeed, for i, j ∈ {1, 2} and i ≠ j
we have

[∆(Ei),∆(Fj)] =
αi(L+

i − L−

i )

q − q−1
⊗ U 2K−

1 K−

2 + U 2K+

1 K+

2 ⊗
αi(L+

i − L−

i )

q − q−1

and

∆([Ei, Fj]) =
αi(L+

i ⊗ L+

i − L−

i ⊗ L−

i )

q − q−1
,

which agree with each other provided (4.5) holds.

Remark 4.3. Besides the Chevalley anti-automorphism Ei → −Fi, Fi → −Ei, K±

0 → K±

0 , K±

i → −K∓

i , L±

i → L∓

i , U
±

→ U∓

for i ∈ {1, 2}, there are a number of involutive automorphisms of Uq(a) given by (i, j ∈ {1, 2}, i ≠ j)

Ei → Fi, Fi → Ei, K±

i → K±

i , L±

i → L±

j , K±

0 → K∓

0 , U±
→ U∓, αi → αj,

Ei → Fj, Fi → Ej, K±

i → K±

j , L±

i → L±

i , K±

0 → K∓

0 , U±
→ U±, αi → αi,

Ei → Ej, Fi → Fj, K±

i → K±

j , L±

i → L±

j , K±

0 → K±

0 , U±
→ U∓, αi → αj,

(4.8)

which form the Klein-four outer-automorphism group of Uq(a). Note that it is also a group of the Hopf algebra outer-
automorphisms of Uq(a).

4.2. Typical module

The typical module Kq(λ1, λ2, ν) is the four-dimensional highest-weight Kac module of Uq(a) defined as follows. Let v0
be the highest-weight vector such that

K±

i .v0 = q±λi/2v0, L±

i .v0 = q±µi/2v0, U±.v0 = ν±v0, Ei.v0 = 0, K±

0 .v0 = 0 (4.9)

for i ∈ {1, 2}, where λi, ν ∈ C× are generic and

qµ1 = q
λ1+λ2

2 ν+2, qµ2 = q
λ1+λ2

2 ν−2 (4.10)
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due to (4.5). Set vi = Fi.v0 and v21 = F2F1.v0. Thus Kq(λ1, λ2, ν) ∼= spanC{v0, v1, v2, v21} as a vector space. Since
K±

0 .vi = q−1vi and K±

0 .v21 = q−2v21 we obtain the following weight space decomposition

Kq(λ1, λ2, ν) = Kq,0(λ1, λ2, ν)⊕ Kq,−1(λ1, λ2, ν)⊕ Kq,−2(λ1, λ2, ν),

satisfying v0 ∈ Kq,0(λ1, λ2, ν), v1, v2 ∈ Kq,−1(λ1, λ2, ν) and v21 ∈ Kq,−2(λ1, λ2, ν). We have

E1.v21 = α1[µ1]qv1 − [λ1]qv2, E1.v1 = [λ1]qv0, E1.v2 = α1[µ1]qv0,
E2.v21 = [λ2]qv1 − α2[µ2]qv2, E2.v1 = α2[µ2]qv0, E2.v2 = [λ2]qv0.

(4.11)

Define linear combinations

v′

1 = α1[µ1]qv1 − [λ1]qv2, F ′

1 = α1[µ1]qF1 − [λ1]qF2, E ′

1 = α2[µ2]qE1 − [λ1]qE2,
v′

2 = [λ2]qv1 − α2[µ2]qv2, F ′

2 = [λ2]qF1 − α2[µ2]qF2, E ′

2 = [λ2]qE1 − α1[µ1]qE2.
(4.12)

Then

F ′

1.v0 = v′

1, F1.v′

1 = [λ1]qv21, F1.v′

2 = α2[µ2]qv21, E1.v′

2 = ϑ−v0,

F ′

2.v0 = v′

2, F2.v′

1 = α1[µ1]qv21, F2.v′

2 = [λ2]qv21, E2.v′

1 = −ϑ−v0
(4.13)

where we have introduced a short-hand notation ϑ± = [λ1]q[λ2]q ± α1α2[µ1]q[µ2]q. Clearly, elements F ′

i , E
′

i and v
′

i are
pairwise linearly independent for generic λi andµi. In the sameway as forU(a), we call the set {v0, v1, v2, v21} the up–down
vector space basis and {v0, v

′

1, v
′

2, v21} the down–up vector space basis of Kq(λ1, λ2, ν). The module diagram for both bases
are equivalent to the ones shown in Fig. 1(a) and (b).

4.3. Atypical module

The atypicalmoduleAq(λ1, λ2, ν) is the two-dimensional submodule ofKq(λ1, λ2, ν)when itsweights satisfy the relation

[λ1]q[λ2]q = α1α2 [µ1]q[µ2]q, (4.14)

giving ϑ− = 0. It follows that

v′

1 = γ 2v′

2, F ′

1 = γ 2F ′

2 and E1E2.v21 = 0 where γ 2
=
α1[µ1]q

[λ2]q
=

[λ1]q

α2[µ2]q
. (4.15)

Set v′′

1 = α1[µ1]qv1 + [λ1]qv2 and F ′′

1 = α1[µ1]qF1 + [λ1]qF2. Then clearly both v′′

1 , v
′

2 and F ′′

1 , F
′

2 are linearly independent
and

F ′′

1 .v0 = v′′

1 , E1.v′′

1 = 2α1[λ1]q[µ1]qv0, F ′

2.v
′′

1 = −ϑ+v21, E2.v′′

1 = ϑ+v0. (4.16)

The module diagram of Kq(λ1, λ2, ν) when (4.14) holds is equivalent to the one shown in Fig. 1(c). Hence Aq(λ1, λ2, ν) ∼=

spanC{v′

2, v21} as a vector space, and

Aq(λ1, λ2, ν) ∼= Kq(λ1, λ2, ν)/Aq(λ1, λ2, ν). (4.17)

As before, it will be convenient to choose the vector space basis the atypical module to be

Aq(λ1, λ2, ν) = spanC{w0, w1}, (4.18)

wherew0 = v′

2 andw1 = γ−1v21. The action of Uq(a) is given by

K±

i .wj = q±λi/2wj, L±

i .wj = q±µi/2wj, U±.wj = ν±1wj, K±

0 .wj = q∓(1+j)wj (4.19)

for i, j ∈ {1, 2} and

Ei.w0 = 0, F1.w0 = α2γ [µ2]qw1, F2.w0 = α1γ
−1

[µ1]qw1,

Fi.w1 = 0, E1.w1 = γ w0, E2.w1 = γ−1w0.
(4.20)

A connection with the traditional deformed parametrization of the atypical module in terms of the x± variables used
in [14,17] is given in Appendix C.
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4.4. Tensor product of atypical modules

Let wi ⊗ w′

j ∈ Aq(λ1, λ2, ν) ⊗ Aq(λ
′

1, λ
′

2, ν
′) with i, j ∈ {0, 1}. A direct computation shows that the action of Uq(a) on

vectorswi ⊗ w′

j is given by

∆(F1).(w0 ⊗ w′

0) = α2γ ν
′q−

λ′1
2 [µ2]qw1 ⊗ w′

0 + (−1)p(w0)α2γ
′ν−1q

λ1
2 [µ′

2]qw0 ⊗ w′

1,

∆(F2).(w0 ⊗ w′

0) = ν ′−1q−
λ′2
2 [λ2]qw1 ⊗ w′

0 + (−1)p(w0)ν q
λ2
2 [λ′

2]qw0 ⊗ w′

1,

∆(F2F1).(w0 ⊗ w′

0) = α2γ γ
′(−1)p(w0)


(νν ′)−1q

λ1−λ′2
2 [λ2]q[µ

′

2]q − νν ′q
λ2−λ′1

2 [µ2]q[λ
′

2]q

w1 ⊗ w′

1

(4.21)

and

∆(E1).(w1 ⊗ w′

1) = γ ν ′−1q−
λ′1
2 w0 ⊗ w′

1 − (−1)p(w0)γ ′νq
λ1
2 w1 ⊗ w′

0,

∆(E2).(w1 ⊗ w′

1) = γ−1ν̄q−
λ′2
2 w0 ⊗ w′

1 − (−1)p(w0)γ ′−1ν−1q
λ2
2 w1 ⊗ w′

0,

∆(E1E2).(w1 ⊗ w′

1) = (−1)p(w0)

γ−1γ ′νν̄q

λ1−λ′2
2 − γ γ ′−1ν ′−1ν−1q

λ2−λ′1
2


w0 ⊗ w′

0.

(4.22)

Setv0 = w0 ⊗ w′

0 andvi = ∆(Fi).v0,v12 = ∆(F1F2).v0. Then
∆(K±

i ).v0 = q±
λi+λ

′
i

2 v0 =: q±
λi
2 v0, ∆(L±

i ).v0 = q±
µi+µ

′
i

2 v0 =: q±
µi
2 v0. (4.23)

Using the relation qµi = q
λ1+λ2

2 ν 2 and the expressions above we find

∆(E1).v21 = α1

ν ′−2q−

λ′1+λ′2
2 [µ1]q + ν2q

λ1+λ2
2 [µ′

1]q
v1 − α2(γ q−λ′

1 [µ2]q + γ ′qλ1 [µ′

2]q)v2
= α1


q−µ′

1 [µ1]q + qµ1 [µ′

1]q
v1 −


q−λ′

1 [λ1]q + qλ1 [λ′

1]q
v2 = α1[µ1]qv1 − [λ1]qv2,

∆(E2).v21 = [λ2 + λ′

2]qv1 − α2

ν ′2q−

λ′1+λ′2
2 [µ2]q + ν−2q

λ1+λ2
2 [µ′

2]q
v2

= [λ2 + λ′

2]qv1 − α2

q−µ′

2 [µ2]q + qµ2 [µ′

2]q
v2 = [λ2]qv1 − α2[µ2]qv2,

(4.24)

which compared with (4.11) imply that (c.f. (2.22))

Kq(λ1,λ2,ν) ∼= Aq(λ1, λ2, ν)⊗ Aq(λ
′

1, λ
′

2, ν
′) (4.25)

withλi = λi + λ′

i andν = νν ′. Moreover, qµi = q(λ1+λ2)/2ν 2.

4.5. One-dimensional module

Set

1q = γw1 ⊗ w′

0 + (−1)p(w1) q−λ2/2γ ′νν ′w0 ⊗ w′

1. (4.26)

Its clear that K±

0 .1q ∈ C1q. We need to show that a.1q = 0 if λi = µi = 0 for all a ∈ Uq(a), a ≠ U±, K±

0 . It follows
straightforwardly that∆(E2).1q = 0. For F1 and F2 we have

∆(F2).1q = (−1)p(w1)γ γ ′νq−
λ2
2


qλ2 [λ′

2]q + q−λ′
2 [λ2]q


w1 ⊗ w′

1 = (−1)p(w1)γ γ ′νq−
λ2
2 [λ2]qw1 ⊗ w′

1,

∆(F1).1q = α2(−1)p(w1)γ γ ′

ν−1q

λ1
2 [µ′

2]q + νν ′2q−
λ′2+λ′1

2 [µ2]q

w1 ⊗ w′

1

= α2(−1)p(w1)γ γ ′νq−
λ2
2


ν−2q

λ1+λ2
2 [µ′

2]q + ν ′2q−
λ′1+λ′2

2 [µ2]q

w1 ⊗ w′

1

= α2(−1)p(w1)γ γ ′νq−
λ2
2 [µ2]qw1 ⊗ w′

1,

which are zero only ifλ2 = µ2 = 0. Now consider the action of E1:

∆(E1).1q =

γ 2ν ′−1q−

λ′1
2 − γ ′2ν2ν ′q

λ1
2


w0 ⊗ w′

0.

Using γ 2
= α1[µ1]q/[λ2]q, γ ′2

= α1[µ
′

1]q/[λ
′

2]q and λ
′

2 = −λ2 we obtain

∆(E1).1q = α1ν
′
q
λ′2
2

[λ2]q


ν ′−2q−

λ′1+λ′2
2 [µ1]q + ν2q

λ1+λ2
2 [µ′

1]q

w0 ⊗ w′

0 = α1ν
′q
λ′2
2

[µ1]q

[λ2]q
w0 ⊗ w′

0,
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which is zero ifµ1 = 0. Finally, using γ 2
= α−1

2 [λ1]q/[µ2]q, γ ′2
= α−1

2 [λ′

1]q/[µ
′

2]q and λ
′

2 = −λ2, µ′

2 = −µ2, we get

∆(E1).1q =
ν ′

α2[µ2]q


ν ′−2q−

λ′1
2 [λ1]q + ν2q

λ1
2 [λ′

1]q

w0 ⊗ w′

0

=
ν ′

α2[µ2]q


qµ

′
2q−λ′

1−λ
′
2/2[λ1]q + q−µ2qλ1+λ2/2[λ′

1]q

w0 ⊗ w′

0 =
ν ′q−µ2+λ2/2

α2[µ2]q
[λ1]qw0 ⊗ w′

0,

which gives zero ifλ1 = 0. Nowλi = µi = 0 and requiring∆(U±).1q = 1q impliesν = 1.

4.6. R-matrix

We use the same notation as in Section 2.6. The two dimensional (atypical) representation π : Uq(a) → End(V ),
a → π(a) is given by (c.f. (4.20))

π(E1) = γ E21, π(F1) = α2γ [µ2]q E12, π(K±

i ) = q±λi/2 I, π(U±) = ν±I,
π(E2) = γ−1E21, π(F2) = α1γ

−1
[µ1]q E12, π(L±

i ) = q±µi/2 I, π(K±

0 ) = q∓2E11 − q∓E22.
(4.27)

Likewise, we denote by π ′
: Uq(a) → EndV ′ the representation with labels {γ ′, ν ′

}.

Proposition 4.2. The R-matrix Rq(γ , ν; γ
′, ν ′) ∈ End(V ⊗ V ′) intertwining the tensor product of atypical representations π

and π ′ is given by

Rq(γ , ν; γ
′, ν ′) =


q
λ1−λ′2

2
γ ′νν ′

γ
− q

λ2−λ′1
2

γ

γ ′νν ′


E11 ⊗ E11 +


q−

λ1+λ′2
2

γ ′ν ′

γ ν
− q−

λ′1+λ2
2

γ ν

γ ′ν ′


E11 ⊗ E22

−

q
λ1−λ2

2 ν2 − q−
λ1−λ2

2 ν−2E12 ⊗ E21 +

q
λ′1−λ′2

2 ν ′2
− q−

λ′1−λ′2
2 ν ′−2E21 ⊗ E12

+


q
λ1+λ′2

2
γ ′ν

γ ν ′
− q

λ′1+λ2
2
γ ν ′

γ ′ν


E22 ⊗ E11 +


q−

λ1−λ′2
2

γ ′

γ νν ′
− q−

λ2−λ′1
2
γ νν ′

γ ′


E22 ⊗ E22. (4.28)

Proof. The proof follows by the same arguments as those in the proof of Proposition 2.2. Explicit calculations are given in
Appendix A.2. �

Checking that the deformed R-matrix (4.28) satisfies the Yang–Baxter equation uses the same method described just
below Proposition 2.2.

Remark 4.4. (1) Note that λi = λi(γ , ν) and λ′

i = λ′

i(γ
′, ν ′) in (4.28) due to (4.10) and (4.14).

(2) Taking the q → 1 limit (4.28) coincides with (2.25).
(3) All what was said in Remark 2.6 (2) and (3) is also true in the deformed case. The traditional deformed notation is briefly
discussed in Appendix C.

5. Affinization

Wes affinize the algebraUq(a) by doubling its nodes. Our approach is inspired by a similar affinization presented in [14]. In
this section wewill use the additional notation (i) = (−1)i−1, which will appear in the powers of the central elements only.

Definition 5.1. The quantum affine algebra Uq(a) is the unital associative Lie superalgebra generated by elements Ei, Fi, K±

0
and central elements K±

i , U±, V± with 1 ≤ i ≤ 4 satisfying

K±

0 K∓

0 = K±

i K∓

i = U±U∓
= V±V∓

= 1, K+

0 EiK−

0 = qEi, K−

0 FiK+

0 = qFi for 1 ≤ i ≤ 4,

[Ei, Fj] = δij
K+2
i − K−2

i

q − q−1
+ αi(1 − δij)

L+

i − L−

i

q − q−1
for i, j ∈ {1, 2} or {3, 4},

[[E3, F2], [E4, F1]] =
K+

− K−

q − q−1
, [[Ei, Fi+2], [Ej+2, Fj]] =

L+

i L
+

j+2 − L−

i L
−

j+2

q − q−1
and

[Ei, Fj+2] = αi
U+V+(K+

i K+

j+2)
(i)

− U−V−(K−

i K−

j+2)
(i)

q − q−1
for i, j ∈ {1, 2}, i ≠ j,

(5.1)

where

K±
=


1≤l≤4

K±

l , L±

i = (U±2)(i)K±

1 K±

2 , L±

j = (V±2)(j)K±

3 K±

4 for i ∈ {1, 2}, j ∈ {3, 4}. (5.2)

The remaining relations are trivial. The Z2-grading is given by deg2(K
±

i ) = deg2(U±) = deg2(V±) = 0 and deg2(Ei) =

deg2(Fi) = 1.
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Notice that the affine extension is such that elements with i = 3, 4 together with V± generate a Hopf subalgebra of Uq(a)
isomorphic to the subalgebra of Uq(a) generated by all its elements except K±

0 . We will refer to the relations in the third line
of (5.1) as the quantum Serre relations and to the relation in the fourth line as the compatibility relation. The choice of these
additional relations will be explained a little bit further.

Remark 5.1. Assuming i ∈ {1, 2, 3, 4} and j ∈ {1, 2} the Z-grading on Uq(a0) is
deg(E2j−1) = deg(F2j) = 1, deg(E2j) = deg(F2j−1) = −1,

deg(K±

0 ) = deg(K±

i ) = deg(U±) = deg(V±) = 0, deg(α2j−1) = 2, deg(α2j) = −2. (5.3)

We can define a Hopf algebra structure on Uq(a) as follows.

Theorem 5.1. The algebra Uq(a) has a Hopf algebra structure given by the coproduct ∆(C) = C ⊗ C and

∆(Ei) = Ei ⊗ U−(i)K−

i + U+(i)K+

i ⊗ Ei, ∆(Fi) = Fi ⊗ U+(i)K−

i + U−(i)K+

i ⊗ Fi for i = 1, 2,
∆(Ei) = Ei ⊗ V−(i)K−

i + V+(i)K+

i ⊗ Ei, ∆(Fi) = Fi ⊗ V+(i)K−

i + V−(i)K+

i ⊗ Fi for i = 3, 4,
(5.4)

counit and antipode

ε(Ei) = ε(Fi) = 0, S(Ei) = −Ei, S(Fi) = −Fi, ε(C) = 1, S(C) = C−1 (5.5)

for C ∈ {K±

0 , K
±

i ,U
±, V±

}.

Proof. The proof follows by a direct computation. �

5.1. Evaluation homomorphism

Proposition 5.1. There exists a homomorphism of algebras Uq(a) → Uq(a) given by

evρ :


Ei+2 → −ρ−1(L+

j − L−

j )Ei, K±

i+2 → K∓

i , αi+2 → αi,

Fi+2 → ρ (L+

j − L−

j )
−1Fi, V±

→ U±,
(5.6)

for i, j ∈ {1, 2} and i ≠ j, where

ρ = U2K+

1 K−

2 − U−2K−

1 K+

2 . (5.7)

Proof. It is easy to see that evρ([Ei+2, Fi+2]) = [evρ(Ei+2), evρ(Fi+2)] and the same is true for the quantum Serre relations,
since evρ(K±) = 1 and evρ(L±

i,i+2L
±

j+2,j) = 1, which can be deduced from (5.2) (and is true only if evρ(V±) = U± and
evρ(K±

3 K±

4 ) = K∓

1 K∓

2 ). Now consider the compatibility relation. We have

evρ([Ei, Fj+2]) = αi
U2K+(i)

i K−(i)
j − U−2K−(i)

i K+(i)
j

q − q−1
= αi

ρ

q − q−1
(5.8)

and

[evρ(Ei), evρ(Fj+2)] =
ρ

L+

i − L−

i
[Ei, Fj] = αi

ρ

q − q−1
. (5.9)

Finally,

evρ([Ei+2, Fj+2]) = αi
U+2(i)K−

i K−

j − U−(i)K+

i K+

j

q − q−1
= αi

L−

j − L+

j

q − q−1
(5.10)

and

[evρ(Ei+2), evρ(Fj+2)] = −
L+

j − L−

j

L+

i − L−

i
[Ei, Fj] = αi

L−

j − L+

j

q − q−1
, (5.11)

which agree with each other, as required. �

It is a direct computation to check that R-matrix (4.28) intertwines evaluation representations of Uq(a), namely

(π ⊗ π ′)(evρ ⊗ evρ)(∆(a)) Rq(γ , ν; γ
′, ν ′) = Rq(γ , ν; γ

′, ν ′) (π ⊗ π ′)(evρ ⊗ evρ)(∆op(a)) (5.12)

for all a ∈ Uq(a).
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Remark 5.2. (1) The affinization of Uq(a) presented above is unique up to an isomorphism. For example, one could choose
the additional relations in (5.1) to be

[[E3, F1], [E4, F2]] =
K+

− K−

q − q−1
, [[Ei, Fj+2], [Ei+2, Fı̃]] =

L+

i L
+

i+2 − L−

i L
−

i+2

q − q−1
and

[Ei, Fi+2] = αi
U+V−K+(i)

i K+(i)
i+2 − U−V+K−(i)

i K−(i)
j+2

q − q−1
for i, j ∈ {1, 2}, i ≠ j,

leading to

evρ :


Ei+2 → −ρ−1 (L+

i − L−

i )Ej, K±

i+2 → K∓

j , αi+2 → αj,

Fi+2 → ρ(L+

i − L−

i )
−1Fj, V±

→ U∓.
(5.13)

(2) Let β ∈ C be such that β2
= 1. Then one could substitute the map V±

→ U± by V±
→ βU± in (5.6), since U± only

appear squared in the algebra Uq(a) (via (4.5)).

6. Conclusions and outlook

In this paperwehavedemonstratednovel algebraic structures that are inspired by theAdS3/CFT2 duality. Themain results
are the u-deformed Yangian Y(a) presented in Section 3, the double-deformed quantum affine algebra Uq(a) presented in
Section 5. The main goal of this study was to construct infinite dimensional deformed superalgebras and double-deformed
superalgebras, and obtain their evaluation modules that could further be studied using similar methods to the ones in
[19–21]. We also showed that the R-matrix of U(a) can be written in an elegant trigonometric form. (However we were
unable to find an elegant parametrization of the deformed R-matrix; we leave this question for a further study.) This allows
us to study the spectral problem of the AdS3/CFT2 duality, addressed in [35,36,15,37], using algebraic methods developed
in [24,22,8,23] in the Yangian case, and in [26,25] in the quantum deformed case.Wewill address these questions in a future
publication.

There is a number of important recent developments related the integrability of the AdS3/CFT2 duality for various
backgrounds with mixed NS–NS and R–R fluxes [18,16,2,4,32,31,29]. In many cases the underlying symmetry of the
worldsheet scattering is the centrally extended sl(1|1)2 or sl(1|1)4 superalgebra, and the complete worldsheet R-matrix has
a certain block structure, with building blocks in many instances being the four-dimensional sl(1|1)2 ⊕ Cu±-symmetric
R-matrices given by (2.26) and (2.29), that describe scattering of appropriate species of the worldsheet magnons. The
trigonometric parametrization of the R-matrix reveals some properties of the scattering that are not that obvious in the
traditional notation (which uses the x± variables introduced in [38]). Let us illustrate this. In terms of the terminology used
in [16], the eigenvalues of the magnon Hamiltonian H = h1 + h2 and angular momentumM = h1 − h2 operators are

H(p) = −4h sin(2Λp) sin(2θp), M(p) = 4ih cos(2Λp) sin(2θp),

whereΛp is what we call the pseudorapidity, and θp(=pw.s./4) is theworldsheetmomentum of an individualmagnon. Since
R(θ1, θ2,Λ) = P only if θ1 = θ2 andΛ(=Λ1 −Λ2) = 0 (in the principal region), the transmission channel is only allowed
for magnons having the same pseudorapidity. The modes having no angular momentum,M(p) = 0, (i.e. massless modes in
backgrounds with no flux) are obtained by setting the pseudorapidity toΛp = π/4 orΛp = 3π/4 (in the principal region).
Their scattering is described by R(θ1, θ2, π/2) and R(θ1, θ2, 0) (this, for example, exactly reproduces the two branches of
scattering of massless modes).

There are several other possible directions of further study. First, it would be interesting to generalize the constructions
presented in this paper for centrally extended superalgebras sl(1|1)n ⊕ Cn, with n > 2 for different ‘‘linkings’’ by extending
(2.1), namely [ei, fj] = δijhi + aij(1− δij)ki, where (aij)1≤i,j≤n is the matrix of a connected graph and [· , ·] denotes the graded
commutator; the questionwewant to ask iswhat types of graphs lead to ‘‘interesting’’ u-deformedHopf algebras having a u-
deformed coproduct (2.5). Then we would like to compare the representations of these new algebras with the classification
obtained in [39]. Second, itwould be interesting to construct a DrinfeldNewpresentation ofUq(a) following the construction
presented in [40]. Third, a similar superalgebra sl(1|1)⊕ Cu± emerges in the AdS2 × S2 duality [4,3]. We hope the present
paper will serve as a guideline for analogous constructions in this duality. Moreover, the u-deformed algebras are known to
have additional so-called ‘‘secret symmetries’’ [41,42,33]. The role of the ‘‘secret symmetry’’ of the Yangian Y(a) is played
by the generating function h0(u); it would be interesting to find its analogue for the quantum affine algebraUq(a). Following
the arguments presented in [42], it is natural to expect that there exist two ‘‘secret symmetry’’ extensions ofUq(a) that in the
evaluation representation are symmetries of (i.e. intertwine with) the deformed R-matrix. Lastly, it is well known that both
AdS5/CFT4 spin chain and its q-deformed model are closely related to the one-dimensional Hubbard model [7,8,43] and its
deformation [13,14]; we believe that the AdS3/CFT2 spin chain and its deformation can also be linked to the one-dimensional
Hubbard model or some generalization thereof (e.g. [44]). For example, one could consider the quotient of (2.1) by the ideal
⟨ei − ai, fi − aĎi , hi − 1, ki − αi⟩, with αi ∈ C, giving the algebra [ai, aj] = 0, [aĎi , a

Ď
j ] = 0, [ai, a

Ď
j ] = δij + (1 − δij)αi, which

can be interpreted as an ‘‘algebra of interacting electrons’’.
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Appendix A. Computing R-matrix

A.1. R-matrix

Let R ∈ End(V ⊗ V ′) be an arbitrary 4 × 4 matrix with elements rij and 1 ≤ i, j ≤ 4. We need to solve the intertwining
equation

(π ⊗ π ′)(∆op(a)) R = R (π ⊗ π ′)(∆(a)) (A.1)

for all a ∈ U(a). Since the tensor product of two atypical modules is isomorphic to the typical module we can restrict the
matrix R to

R = r11E11 ⊗ E11 + r22E11 ⊗ E22 + r23E12 ⊗ E21 + r32E21 ⊗ E12 + r33E22 ⊗ E11 + r44E22 ⊗ E22. (A.2)

Let a = e1. Then (A.1) is equivalent to the following set of linear equations:

γ ′ν ′(r11 − ν2r22)+ γ νr32 = 0, γ ν(ν ′2r22 − r44)− γ ′ν ′r32 = 0,

γ (ν ′2r11 − r33)− γ ′νν ′r32 = 0, γ ′(r33 − ν2r44)+ γ νν ′r23 = 0,

having a solution r23 = γ ′ν ′(γ ν)−1(ν2r22 − r11), r33 = ν ′(ν ′r11 −γ−1γ ′νr32), r44 = ν ′2r22 −γ ′ν ′(γ ν)−1r32. Next, let a = e2.
Now (A.1) gives

(γ ′2ν ′2
− γ 2ν2)r11 + (γ 2

− ν2γ ′2ν ′2)r22 = 0,

ν ′(γ 2ν2 − γ ′2ν ′2)r32 + γ γ ′ν(ν ′4
− 1)r22 = 0,

ν ′(γ 2
− ν2γ ′2ν ′2)r32 + γ γ ′ν(ν ′4

− 1)r11 = 0,

γ 2νν ′2(r22 − ν2r11)+ (ν4 − 1)γ γ ′ν ′r32 + γ ′2(νr11 − ν3r22) = 0,

the solution of which is

r22 = (γ 2ν2 − γ ′2ν ′2)(γ 2
− γ ′2ν2ν ′2)−1r11, r32 = (γ γ ′ν(ν ′4

− 1))(γ ′2ν2ν ′3
− γ 2ν ′)−1r11.

Finally, upon setting r11 = γ ′γ−1νν ′
−γ (γ ′νν ′)−1, we obtain (2.25). It remains to check that (A.1) holds when a = fi, which

follows by similar computations.

A.2. q-deformed R-matrix

This time we need to solve the intertwining equation (A.1) for all a ∈ Uq(a). We restrict the matrix R to the form given
in (A.2) and choose a = E1. Then (A.1) gives

q−
λ1
2 γ ′ν ′(qλ1ν2r22 − r11)− q−

λ′1
2 γ νr23 = 0, γ (qλ

′
1ν ′2r11 − r33)− q

λ1+λ′1
2 γ ′νν ′r32 = 0,

q−
λ1
2 γ ′ν ′r32 + q−

λ′1
2 γ νr44 − q

λ′1
2 γ νν ′2r22 = 0, q

λ1+λ′1
2 γ νν ′r23 + γ ′(r33 − qλ1ν2r44) = 0,

having a solution

r23 = q−
λ1−λ′1

2 γ ′ν ′(γ ν)−1 
qλ1ν2r22 − r11


, r33 = qλ

′
1ν ′2r11 − q

λ1+λ′1
2 γ ′γ−1νν ′r32,

r44 = qλ
′
1ν ′2r22 − q

λ′1−λ1
2 γ ′ν ′(γ ν)−1r32.

Now let a = E2. Then (A.1) for the remaining elements gives
q
λ′1−λ′2−λ1

2 γ ′2γ−2ν ′2
− q−

λ2
2 ν2


r11 +


q
λ2
2 − q

λ′1−λ′2+λ1
2 γ ′2γ−2ν2ν ′2


r22 = 0,

q
λ′2+λ2

2 γ 2νr32 − q
λ′1+λ1

2 γ ′2ν2ν ′3r32 − γ γ ′ν

qλ

′
2 − ν ′4qλ

′
1

r11 = 0,
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q−

λ2
2 γ ′−1ν − γ−2γ ′ν−1ν ′2q

1
2 (λ

′
1−λ

′
2−λ1)


r32 − q−

λ′2
2 γ−1ν ′−1qλ′

2 − ν ′4qλ
′
1

r22 = 0,

γ γ ′ν ′

qλ2 − ν4qλ1


r32 + q

λ′1+λ1
2 γ 2νν ′2 

ν2r11 − qλ2 r22

+ q

λ′2+λ2
2 γ ′2ν


qλ1ν2r22 − r11


= 0,

the solution of which is

r22 =
γ 2ν2q

λ′2+λ1
2 − γ ′2ν ′2q

λ′1+λ2
2

γ 2q
λ′2+λ1+2λ2

2 − ν2γ ′2ν ′2q
λ′1+2λ1+λ2

2

r11, r32 =
γ νγ ′


qλ

′
2 − ν ′4qλ

′
1


γ 2ν ′q
λ′2+λ2

2 − γ ′2ν2ν ′3q
λ′1+λ1

2

r11.

Then, upon setting r11 = q
λ1−λ′2

2 γ ′γ−1νν ′
− q

λ2−λ′1
2 γ (γ ′νν ′)−1, we obtain (4.28). It remains to check that (A.1) holds when

a = Fi, which follows by a lengthy but direct computations and the usage of the identities (4.10) and (4.15) for parameters
γ and γ ′.

Appendix B. Traditional notation

We briefly recall the traditional notation used to describe the atypical module of U(a) in the literature on AdS3/CFT2
duality. Wewill mostly refer to [1,16], where atypical modules are conveniently called short representations. Depending on
the choice of the grading of vectorsw0 andw1 (c.f. (2.15)) these will be called left-moving or right-movingmodules. Wewill
use barred notation to describe the right-moving module, i.e. w̄0, w̄1, etc. (as in [1]; a tilde notation and subscripts L and R
are used in [16] instead). Note that generators of U(a) in the traditional notation can be identified with our notation by (see
Appendix B:most symmetric frame in [2])

e1 = QL, f1 = SL, e2 = SR, f2 = QR, h1 = HL, h2 = HR,

k1 = P, k2 = PĎ, u±
= e±i p4 .

B.1. Left-moving module

Consider the atypical module A(λ1, λ2, ν) = spanC{w1, w0} defined in (2.15) and choose deg2w1 = 0 and deg2w0 = 1
(this corresponds to the same setup as in Section 2.6). We introduce the notation

|φp⟩ = γ dpw1, |ψp⟩ = w0, (B.1)
for some dp ∈ C×, where p = pw.s. denotes the worldsheet momentum. Vectors |φp⟩ and |ψp⟩ are interpreted as bosonic
and fermionic left-moving worldsheet magnons, respectively (see e.g. [1, Sec. 3.2]). Set ap = γ 2dp, bp = µ2/dp and
cp = γ−2µ1/dp. It follows from (2.17) that

e1 |φp⟩ = ap |ψp⟩, f1 |ψp⟩ = bp |φp⟩, f2 |ψp⟩ = cp |φp⟩, e2 |φp⟩ = dp |ψp⟩, (B.2)

and we recover the parametrization used in [1, Sec. 4.1]. Recall that λ1 = γ 2µ2, λ2 = γ−2µ1 and µi = αi(ν
2
− ν−2) for

i ∈ {1, 2}. By requiring the module to be unitary we find a∗
p = bp, c∗

p = dp, ν∗
= ν−1 and µ∗

i = µj for i, j ∈ {1, 2} and i ≠ j.
Fix p,M ∈ C, whereM denotes the angular momentum of a magnon (see e.g. [16, Sec. 2.4.2 and Sec. 4.2] for the description
of M for massive and massless modes) and introduce parameters x±

p ∈ C× (usually called Zhukovski variables, see [38])
satisfying

x+
p

x−
p

= e
√

−1 p, x+

p +
1
x+
p

− x−

p −
1
x−
p

=

√
−1M
h

, (B.3)

where h ∈ C is identified with the coupling constant of the model. Then, without loss of generality, we can choose

α1 = −α2 = −h and ν4 =
x+p
x−p

such that h∗
= h and (x±

p )
∗

= x∓
p . This gives

µ1 (= apcp) = hν2
x−

p

x+
p

− 1

, µ2 (= bpdp) = hν−2

x+
p

x−
p

− 1

. (B.4)

Set η2p =
√

−1 (x−
p − x+

p ). Then the parametrization

ap =
√
h ηp νp, bp =

√
h
ηp

νp
, cp = −

√
−h

ηpνp

x+
p
, dp =

√
−h

ηp

x−
p νp

(B.5)

satisfies the required constraints, since η∗
p = ηp. (Here we have denoted νp = ν for homogeneity of the notation.) Thus we

find that

γ 2(= ap/dp) = −
√

−1 ν2px
−

p , λ1(= apbp) =
√

−1h (x−

p − x+

p ), λ2(= cpdp) =
√

−1h


1
x+
p

−
1
x−
p


, (B.6)

which can be used to rewrite the R-matrix (2.25) (or equivalently (2.26)) in the traditional notation. Note that constraint
λ1λ2 = µ1µ2 becomes trivial in this parametrization.
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B.2. Right-moving module

Consider the atypical module A(λ̄1, λ̄2, ν̄) = spanC{w̄1, w̄0}, such that deg2 w̄0 = 0 and deg2 w̄1 = 1. Introduce the
notation

|ψ̄p⟩ = γ̄ b̄pw̄1, |φ̄p⟩ = w̄0, (B.7)

for some b̄p ∈ C×. Vectors |φ̄p⟩ and |ψ̄p⟩ can be interpreted as bosonic and fermionic right-moving worldsheet magnons,
respectively. Similarly as before, we introduce parameters x̄±

p and angular momentum M̄ satisfying analogous relations to
those in (B.3). Then, by requiring an analogous relation to (B.4) to hold, namely [e1, f2] |ϕ̄p⟩ = āpc̄p |ϕ̄p⟩ and [e2, f1] |ϕ̄p⟩ =

b̄pd̄p |ϕ̃p⟩ for ϕ̄ ∈ {φ̄, ψ̄}, we find

e1 |ψ̄p⟩ = c̄p |φ̄p⟩, f1 |φ̄p⟩ = d̄p |ψ̄p⟩, f2 |φ̄p⟩ = āp |ψ̄p⟩, e2 |ψ̄p⟩ = b̄p |φ̄p⟩, (B.8)

where parameters āp, b̄p, c̄p, d̄p have the same explicit form as those in (B.5) except x±
p are substituted by x̄±

p , and similarly
for ηp and νp (as in [1, Sec. 4.2]). Next, by comparing the expression above with (2.17), we find that c̄p = γ̄ 2 b̄p, d̄p = µ̄2/b̄p,
āp = γ̄−2µ̄1/b̄p and thus

γ̄ 2(= c̄p/b̄p) = −
√

−1
ν̄2p

x̄+
p
, λ̄1(= c̄pd̄p) =

√
−1h


1
x̄+
p

−
1
x̄−
p


, λ̄2(= āpb̄p) =

√
−1h(x̄−

p − x̄+

p ) (B.9)

which together with (B.6) can be used to write R-matrices given by (2.29) in the traditional notation. Also, as before, the
constraint λ̄1λ̄2 = µ̄1µ̄2 is trivial in this parametrization.

Appendix C. Traditional deformed notation

Herewepresent the traditional notation (as in [14,17]) that can be used to describe the atypicalmodule of the q-deformed
algebra Uq(a). Generators of Uq(a) in the traditional notation (as in [17]) can be identified with our notation by U±2

= U±1

and

E1 = (U VL)
−

1
2 Q+, F1 = (U VL)

1
2 S−, K±

1 = V
±

1
2

L , α1(L+

1 − L−

1 ) = (q − q−1)U−1(VLVR)
−

1
2 P,

E2 = (U VR)
1
2 S+, F2 = (U VR)

−
1
2 Q−, K±

2 = V
±

1
2

R , α2(L+

2 − L−

2 ) = (q − q−1)U+1(VLVR)
1
2 K.

C.1. Left-moving module

Consider the atypical module Aq(λ1, λ2, ν) = spanC{w0, w1} and choose deg2w1 = 0 and deg2w0 = 1. Following
the steps in Appendix B.1 we define new vectors |φp⟩ = γ dpw1 and |ψp⟩ = w0 for some dp ∈ C×. Set ap = γ 2dp,
bp = α2[µ2]q/dp and cp = α1γ

−2
[µ1]q/dp. It follows from (4.20) that

E1 |φp⟩ = ap |ψp⟩, F1 |ψp⟩ = bp |φp⟩, F2 |ψp⟩ = cp |φp⟩, E2 |φp⟩ = dp |ψp⟩. (C.1)

Denote σ = q(λ1+λ2)/4 and δ = λ1 − λ2, and set α1 = α2 = h. We have (i, j ∈ {1, 2}, i ≠ j)

[Ei, Fi] |ϕp⟩ = [λi]q |ϕp⟩, [Ei, Fj] |ϕp⟩ = h [µi]q |ϕp⟩ for ϕp ∈ {φp, ψp}. (C.2)

Thus the representation labels must satisfy the following set of identities

apbp (= [λ1]q) =
qδ/2σ 2

− q−δ/2σ−2

q − q−1
, apcp (= α1[µ1]q) = h

ν2σ 2
− ν−2σ−2

q − q−1
,

cpdp (= [λ2]q) =
q−δ/2σ 2

− qδ/2σ−2

q − q−1
, bpdp (= α2[µ2]q) = h

ν−2σ 2
− ν2σ−2

q − q−1
.

(C.3)

Moreover, the module shortening constraint given in (4.15) becomes

h2 
ν2σ 2

− ν−2σ−2 
ν−2σ 2

− ν2σ−2
=


σ 2

− q−δσ−2 
σ 2

− qδσ−2 . (C.4)

Inspired by [14] we choose the following x±-parametrization:

ν4 = qδ
x+

x−

ξx−
+ 1

ξx+ + 1
= q−δ x

+
+ ξ

x− + ξ
, σ 4

= qδ
x+

x−

x−
+ ξ

x+ + ξ
= q−δ ξx

+
+ 1

ξx− + 1
, (C.5)
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where parameters x± and ξ satisfy

q−δζ (x+) = qδζ (x−), ζ (x) = −
x + x−1

+ ξ + ξ−1

ξ − ξ−1
, h2

=
ξ 2

ξ 2 − 1
. (C.6)

It is a direct computation to verify that this parametrization satisfies (C.4). Using an analogy to (B.5), we set η2p = i(x−
p − x+

p )
and fix the expression for ap to give

ap =
√
h ηpνpσp, bp = i

√
h

qδ/2ξ ηpσp
hνp(q − q−1)(ξx+

p + 1)
,

cp = i
√
h

ηpνpσp

(q − q−1) x+
p
, dp =

√
h

q−δ/2ξ ηpσp

hνp(x−
p + ξ)

,

(C.7)

where we have added extra subscripts to all the parameters for the homogeneity of the notation. We have that γ 2
= ap/dp,

which together with the relations (C.3)–(C.7) can be used to write R-matrix (4.28) in the traditional notation.

C.2. Right-moving module

Consider the atypical module Aq(λ̄1, λ̄2, ν̄) = spanC{w̄0, w̄1} and set deg2 w̄0 = 0 and deg2 w̄1 = 1. As in Appendix B.2,
we introduce the notation |ψ̄p⟩ = γ̄ b̄pw̄1 and |φ̄p⟩ = w̄0. Then, requiring (i, j ∈ {1, 2}, i ≠ j)

[Ei, Fi] |ϕ̄p⟩ = [λ̄i]q |ϕ̄p⟩, [Ei, Fj] |ϕp⟩ = h [µ̄i]q |ϕ̄p⟩ for ϕ̄ ∈ {φ̄, ψ̄} (C.8)

and āpc̄p = h [µ̄1]q and b̄pd̄p = h [µ̄2]q (c.f. (C.3)) we find

E1 |ψ̄p⟩ = c̄p |φ̄p⟩, E2 |ψ̄p⟩ = b̄p |φ̄p⟩, F1 |φ̄p⟩ = d̄p |ψ̄p⟩, F2 |φ̄p⟩ = āp |ψ̄p⟩, (C.9)

where parameters āp, b̄p, c̄p, d̄p have the same explicit form as those in (C.7) subject to the bar notation. We have that
γ̄ 2

= c̄p/b̄p, which together with (C.3)–(C.7), subject to the bar notation, can be used to write deformed analogues of the
R-matrices discussed Remark 2.6 (3) in the traditional notation.

Appendix D. Coproduct∆ϵ

The coproduct∆ϵ is given by (i, j ∈ {1, 2}, i ≠ j)

∆ϵ(ei,r) = ei,r ⊗ u + u ⊗ ei,r +

r
l=1


ϵi u hi,r−l ⊗ ei,l−1 + ϵj u ki,r−l ⊗ u 2ej,l−1


,

∆ϵ(fi,r) = fi,r ⊗ u + u ⊗ fi,r +

r
l=1


ϵifi,r−l ⊗ u hi,l−1 + ϵj u 2fj,r−l ⊗ u kj,l−1


,

∆ϵ(hi,r) = hi,r ⊗ 1 + 1 ⊗ hi,r +

r
l=1


ϵihi,r−l ⊗ hi,l−1 + ϵj u 2ki,r−l ⊗ u 2kj,l−1


,

∆ϵ(ki,r) = ki,r ⊗ u 2
+ u 2

⊗ ki,r +

r
l=1


ϵj ki,r−l ⊗ u 2hj,l−1 + ϵi u 2hi,r−l ⊗ ki,l−1


,

∆(h0,r) = h0,r ⊗ 1 + 1 ⊗ h0,r −

r
l=1


ϵ1 u+f1,r−l ⊗ u+e1,l−1 + ϵ2 u−f2,r−l ⊗ u−e2,l−1


.

(D.1)

Setting ϵi = 1 one obtains∆ given by (3.2).

References

[1] R. Borsato, O.O. Sax, A. Sfondrini, A dynamic su(1|1)2 S-matrix for AdS3/CFT2, J. High Energy Phys. 1304 (2013) 113. arXiv:1211.5119.
[2] R. Borsato, O.O. Sax, A. Sfondrini, B. Stefanski jr., A. Torrielli, The all-loop integrable spin chain for strings on AdS3 × S3 × T 4: the massive sector,

J. High Energy Phys. 1308 (2013) 043. arXiv:1303.5995.
[3] C. Gomez, R. Hernandez, The magnon kinematics of the AdS/CFT correspondence, J. High Energy Phys. 0611 (2006) 021. arXiv:hep-th/0608029.
[4] B. Hoare, A. Pittelli, A. Torrielli, Integrable S-matrices, massive and massless modes and the AdS2 × S2 superstring, J. High Energy Phys. 1411 (2014)

051. arXiv:1407.0303.
[5] J. Plefka, F. Spill, A. Torrielli, On the Hopf algebra structure of the AdS/CFT S-matrix, Phys. Rev. D 74 (2006) 066008. arXiv:hep-th/0608038.
[6] A. Sfondrini, Towards integrability for AdS3/CFT2, J. Phys. A 48 (2015) 023001. arXiv:1406.2971.
[7] N. Beisert, The analytic Bethe Ansatz for a chain with centrally extended su(2|2) symmetry, J. Stat. Mech. 0701 (2007) 01017. arXiv:nlin/0610017.
[8] M. Martins, C. Melo, The Bethe ansatz approach for factorizable centrally extended S-matrices, Nuclear Phys. B 785 (2007) 246–262. arXiv:hep-

th/0703086.
[9] T. Matsumoto, A. Molev, Representations of centrally extended Lie superalgebra psl(2|2), J. Math. Phys. 55 (2014) 091704. arXiv:1405.3420.

http://arxiv.org/1211.5119
http://arxiv.org/1303.5995
http://arxiv.org/hep-th/0608029
http://arxiv.org/1407.0303
http://arxiv.org/hep-th/0608038
http://arxiv.org/1406.2971
http://arxiv.org/nlin/0610017
http://arxiv.org/hep-th/0703086
http://arxiv.org/hep-th/0703086
http://arxiv.org/hep-th/0703086
http://arxiv.org/1405.3420


V. Regelskis / Journal of Geometry and Physics 106 (2016) 213–233 233

[10] N. Beisert, The S-matrix of AdS/CFT and Yangian symmetry, PoS SOLVAY (2006) 002. arXiv:0704.0400.
[11] F. Spill, A. Torrielli, On Drinfeld’s second realization of the AdS/CFTsu(2|2) Yangian, J. Geom. Phys. 59 (2009) 489–502. arXiv:0803.3194.
[12] N. Beisert, M. de Leeuw, The RTT-realization for the deformed gl(2|2) Yangian, J. Phys. A 47 (2014) 305201. arXiv:1401.7691.
[13] N. Beisert, P. Koroteev, Quantum deformations of the one-dimensional Hubbard model, J. Phys. A 41 (2008) 255204. arXiv:0802.0777.
[14] N. Beisert, W. Galleas, T. Matsumoto, A quantum affine algebra for the deformed Hubbard chain, J. Phys. A 45 (2012) 365206. arXiv:1102.5700.
[15] A. Babichenko, B. Stefanski jr., K. Zarembo, Integrability and the AdS(3)/CFT(2) duality, J. High Energy Phys. 058 (2010) 1003. arXiv:0912.1723.
[16] R. Borsato, O.O. Sax, A. Sfondrini, B. Stefanski jr., The AdS3 × S3 × S3 × S1 worldsheet S matrix, J. Phys. A 48 (2015) 415401. arXiv:1506.00218.
[17] B. Hoare, Towards a two-parameter q-deformation of AdS3 × S3 × M4 superstrings, Nuclear Phys. B 891 (2015) 259–295. arXiv:1411.1266.
[18] R. Borsato, O.O. Sax, A. Sfondrini, B. Stefanski jr., The completeAdS3×S3×T 4 worldsheet Smatrix, J. High Energy Phys. 1410 (2014) 66. arXiv:1410.0866.
[19] H. Zhang, Representations of quantum affine superalgebras, Math. Z. 278 (2014) 663–703. arXiv:1309.5250.
[20] R.B. Zhang, Representations of super Yangian, J. Math. Phys. 36 (1995) 3854–3865. arXiv:hep-th/9411243.
[21] R.B. Zhang, The gl(M|N) super yangian and its finite dimensional representations, Lett. Math. Phys. 37 (1996) 419–434. arXiv:q-alg/9507029.
[22] S. Belliard, E. Ragoucy, Nested Bethe ansatz for all closed spin chains, J. Phys. A 41 (2008) 295202. arXiv:0804.2822.
[23] E. Ragoucy, G. Satta, Analytical Bethe Ansatz for closed and open gl(M|N) super-spin chains in arbitrary representations and for any Dynkin diagram,

J. High Energy Phys. 0709 (2007) 001. arXiv:0706.3327.
[24] V.V. Bazhanov, R. Frassek, T. Lukowski, C. Meneghelli, M. Staudacher, Baxter Q-operators and representations of Yangians, Nuclear Phys. B 850 (2011)

148–174. arXiv:1010.3699.
[25] E. Frenkel, D. Hernandez, Baxter’s relations and spectra of quantum integrable models, Duke Math. J. 164 (12) (2015) 2407–2460. arXiv:1308.3444.
[26] D. Hernandez, M. Jimbo, Asymptotic representations and Drinfeld rational fractions, Compos. Math. 148 (5) (2012) 1593–1623. arXiv:1104.1891.
[27] O.O. Sax, B. Stefanski jr., A. Torrielli, On the massless modes of the AdS3/CFT2 integrable systems, J. High Energy Phys. 1303 (2013) 109.

arXiv:1211.1952.
[28] R. Borsato, O. Ohlsson Sax, A. Sfondrini, B. Stefanski jr., A. Torrielli, Dressing phases of AdS3/CFT2, Phys. Rev. D 88 (2013) 066004. arXiv:1306.2512.
[29] T. Lloyd, O.O. Sax, A. Sfondrini, B. Stefanski jr., The complete worldsheet S matrix of superstrings on AdS3xS3xT4 with mixed three-form flux, Nuclear

Phys. B 891 (2015) 570–612. arXiv:1410.0866.
[30] B. Hoare, A. Stepanchuk, A.A. Tseytlin, Giant magnon solution and dispersion relation in string theory in AdS3xS3xT4 with mixed flux, Nuclear Phys.

B 879 (2014) 318–347. arXiv:1311.1794.
[31] B. Hoare, A.A. Tseytlin, Massive S-matrix of AdS3xS3xT4 superstring theory with mixed 3-form flux, Nuclear Phys. B 873 (2013) 395–418.

arXiv:1304.4099.
[32] B. Hoare, R. Roiban, A.A. Tseytlin, On deformations of AdSnxSn supercosets, J. High Energy Phys. 1406 (2014) 002. arXiv:1403.5517.
[33] A. Pittelli, A. Torrielli, M. Wolf, Secret symmetries of type IIB superstring theory on AdS3 × S3 × M4 , J. Phys. A 47 (2014) 455402. arXiv:1406.2840.
[34] V.G. Drinfeld, A new realization of Yangians and quantum affine algebras, Sov. Math. Doklady 36 (1988) 212–216.
[35] A. Babichenko, A. Dekel, O.O. Sax, Finite-gap equations for strings on AdS3xS3xT 4 with mixed 3-form flux, J. High Energy Phys. 1411 (2014) 122.

arXiv:1405.6087.
[36] R. Borsato, O.O. Sax, A. Sfondrini, All-loop Bethe ansatz equations for AdS3/CFT2, J. High Energy Phys. 1304 (2013) 116. arXiv:1212.0505.
[37] O.O. Sax, B. Stefanski jr., Integrability, spin-chains and the AdS3/CFT2 correspondence, J. High Energy Phys. 1108 (2011) 029. arxiv:1106.2558.
[38] N. Beisert, The su(2|2) dynamic S-matrix, Adv. Theor. Math. Phys. 12 (2008) 945. arXiv:hep-th/0511082.
[39] V. Kac, Representations of classical Lie superalgebras, in: Differential Geometrical Methods in Mathematical Physics II, Springer, Berlin, Heidelberg,

1978, pp. 597–626.
[40] D. Hernandez, Representations of quantum affinizations and fusion product, Transform. Groups 10 (2) (2005) 163–200. arXiv:math/0312336.
[41] T. Matsumoto, S. Moriyama, A. Torrielli, A secret symmetry of the AdS/CFT S-matrix, J. High Energy Phys. 0709 (2007) 099. arxiv:0708.1285.
[42] M. de Leeuw, T. Matsumoto, S. Moriyama, V. Regelskis, A. Torrielli, Secret symmetries in AdS/CFT , Phys. Scr. 86 (2012) 028502. arXiv:1204.2366.
[43] A. De La Rosa Gomez, The particle-hole transformation, supersymmetry and achiral boundaries of the open Hubbardmodel, J. High Energy Phys. 1504

(2015) 063. arXiv:1412.3292.
[44] G. Feverati, L. Frappat, E. Ragoucy, Universal hubbard models with arbitrary symmetry, J. Stat. Mech. 0904 (2009) P04014. arXiv:0712.1940.

http://arxiv.org/0704.0400
http://arxiv.org/0803.3194
http://arxiv.org/1401.7691
http://arxiv.org/0802.0777
http://arxiv.org/1102.5700
http://arxiv.org/0912.1723
http://arxiv.org/1506.00218
http://arxiv.org/1411.1266
http://arxiv.org/1410.0866
http://arxiv.org/1309.5250
http://arxiv.org/hep-th/9411243
http://arxiv.org/q-alg/9507029
http://arxiv.org/0804.2822
http://arxiv.org/0706.3327
http://arxiv.org/1010.3699
http://arxiv.org/1308.3444
http://arxiv.org/1104.1891
http://arxiv.org/1211.1952
http://arxiv.org/1306.2512
http://arxiv.org/1410.0866
http://arxiv.org/1311.1794
http://arxiv.org/1304.4099
http://arxiv.org/1403.5517
http://arxiv.org/1406.2840
http://refhub.elsevier.com/S0393-0440(16)30087-0/sbref34
http://arxiv.org/1405.6087
http://arxiv.org/1212.0505
http://arxiv.org/1106.2558
http://arxiv.org/hep-th/0511082
http://refhub.elsevier.com/S0393-0440(16)30087-0/sbref39
http://arxiv.org/math/0312336
http://arxiv.org/0708.1285
http://arxiv.org/1204.2366
http://arxiv.org/1412.3292
http://arxiv.org/0712.1940

	Yangian of  A d S3 / C F T2  and its deformation
	Introduction
	The superalgebra  C s l (1|1)2 oplus C u±  and its highest-weight modules
	Algebra
	Typical module
	Atypical module
	Tensor product of atypical modules
	One-dimensional module
	R-matrix

	Yangian
	Yangian  Y (a) 
	Evaluation homomorphism

	The deformed superalgebra  Uq (C sl(1|1)2oplus C U±)  and its highest-weight modules
	Algebra
	Typical module
	Atypical module
	Tensor product of atypical modules
	One-dimensional module
	 R -matrix

	Affinization
	Evaluation homomorphism

	Conclusions and outlook
	Acknowledgements
	Computing  R -matrix
	R-matrix
	 q -deformed  R -matrix

	Traditional notation
	Left-moving module
	Right-moving module

	Traditional deformed notation
	Left-moving module
	Right-moving module

	Coproduct  Δε 
	References


