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1. Introduction

In a complex manifold X one defines the Abelian group of divisors, Div(X), as formal sums of complex codimension 1
submanifolds. On the other hand the holomorphic line bundles also form an Abelian group, known as the Picard group
Pic(X). It is a classical fact that Pic(X) = Div(X)/ ~, where ~ denotes linear equivalence of divisors. If X is supposed to
have a Kdhler form, it follows from Hodge theory that each holomorphic line bundle has a unique Hermitian-Yang-Mills
(HYM) connection, equivalently a unique connection with harmonic curvature. In this short note, inspired by Hitchin’s work
on the moduli of special Lagrangian submanifolds [ 1], we imitate part of these ideas from complex geometry to the case of
G, manifolds.

Let (X7, g) be a compact G,-manifold, i.e. a compact, Riemannian 7-manifold with holonomy contained in G,. Equiv-
alently, one can think of the metric g has being induced from a certain 3-form ¢, which is harmonic with respect to g.
Appealing to this point of view, we will also refer to a G,-manifold as the pair (X, ¢). In addition, a G,-manifold is said to
be irreducible if its holonomy representation is irreducible, i.e. Hol(g) = G,. For future reference we shall use the notation
¥ = x@ € 24X, R), where # is the Hodge-* operator of the Riemannian metric g.

On a G,-manifold there are very interesting calibrated submanifolds called associatives and coassociates. Being the later
ones are the main subject of this paper, we now focus on them. These are 4-dimensional submanifolds N* calibrated by v,
i.e. Y|y = dvoly,, where g|y denotes the restriction of the metric g to N. We use them to define the following G, analogue
of the group of divisors.

Definition 1. Let CDiv(X, ¢) denote the Abelian group of finite formal sums

k
Z qiNi,
i=1

where the g; € Z and the N; are coassociative submanifolds.
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In [2], Joyce conjectured that it may be possible to define an enumerative invariant of G,-manifolds by “counting” coas-
sociative submanifolds. In [3], Donaldson and Segal suggested it may be easier, to define an invariant from solutions of a
gauge theoretical equation, the G,-monopole equation. The authors have further suggested that such monopoles may be
somehow related to coassociative submanifolds, and this have been further investigated in [4]. This short note contains
a detour, which considers gauge theoretical objects of another nature, which we show to also be related to coassociative
submanifolds. In order to further motivate our construction, we now mention some natural questions regarding coassocia-
tive submanifolds: Given a class @ € H>(X, Z), is there a coassociative representative of the Poincaré dual of «? What are
the possible topological obstructions for a class « to be represented by a coassociative submanifold? (as on G,-manifolds
H;‘ = 0 we do not know any such). Given a class «, are there any topological/geometric restrictions of possible coassociative
representatives of «? Some of these problems seems to be currently out of reach and is certainly not the author’s goal to
attempt it. Nevertheless, we believe our results may be of interest and we hope may motivate further research along similar
lines. We give some possibilities for these at the end of this note.

We turn now to the definitions of the gauge theoretical objects, which are our G, analogues of the Picard group. Recall that
we want these to be related to coassociative submanifolds, which are of codimension 3, this is where gerbes with connection
come into play. For the sake of simplicity, in this introduction it is enough to think of a gerbe 4 as being determined by a
representative of a Cech cocycle H2(X, C*°(S')), where C°°(S?) is the sheaf of smooth functions with values in S*. This should
be compared with the way a cocycle in i (X, C*(S")) determines a circle bundle. Gerbes, as bundles, can be equipped with
connections. There is the notion of a trivialization of a gerbe, and if {U;};c; is an open cover of X, such that on each U; we
have gerbe trivializations, then a connection is determined by connection 2-forms F; satisfying some extra conditions, see
Section 2 for more details. These conditions ensure that the exterior derivatives dF; agree on double intersections and so
define a global, closed 3-form H called the curvature of the connection. The third cohomology class represented by H is
integral and independent of the connection. This class is denoted by c;(4) and called the first Chern class of the gerbe §. In
fact, c1(4) may also be defined as the image under the Bockstein morphism of the exponential sequence, i.e.

¢ HX X, CR(SY) > H3(X, 7).

We are now ready to define our G,-analogue of the Picard group.

Definition 2. A monopole gerbe is a pair (4, F), where § is a gerbe and F a connection on §, such that
e There is an open cover {U;}i¢; of X equipped with local trivializations of §, and connection 2-forms F; satisfying
*(Fi A ) = déoi,

for some ¢; : U; — R.
e The curvature of F is the harmonic representative of ¢1($).

The monopole gerbes form an Abelian group, which we denote MPic (X, ¢).

The operation under which the monopole gerbes form an Abelian group is the tensor product of the underlying gerbes
and the canonically induced connections, see Section 3.

Remark 1. We compare each of the conditions above with the definition of a holomorphic line bundle, or rather a complex
line bundle with a connection inducing a holomorphic structure. In this comparison:

e The first condition is the analogue of the existence of holomorphic trivializations where the connection 1-forms are of
type (1, 0).

e The second condition is analogous to changing the Hermitian structure so that the connection has harmonic curvature.
In the Kahler case there is a unique such connection (up to gauge) and this is the so called Hermitian-Yang-Mills one
(HYM).

In the general context of a Riemannian manifold, Hitchin defined in [1] a way to canonically associate a gerbe with
connection to a codimension 3 submanifold. We review this construction in Proposition 2. We are now ready to state our
first result.

Theorem 1. Let (X7, @) be a compact, irreducible G,-manifold, then Hitchin’s construction yields a group homomorphism

m : CDiv(X, ¢) — MPic(X, ¢). (1.1)

There is a forgetful map MPic(X, ¢) — H3(X, Z), which associates to (¢, F) the topological type of the gerbe c;(4). Our
second result is the following analogue of the hard-Lefschetz theorem for (1, 1) classes.

Theorem 2. Let (X, ¢) be a compact, irreducible G,-manifold, then the map MPic(X, ¢) — H>(X, Z) is surjective.
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Understanding the image of the map resulting from composing that of Theorem 2 together with that of Theorem 1
would give an answer to the first question mentioned above. Namely, which classes can be represented by coassociative
submanifolds. For instance, if the map (1.1) is surjective, then a G,-analogue of the Hodge conjecture would be true. However,
this may well not be the case and, as said before, it is not our goal to attempt an answer to that question.

A more practical goal with the tools at hand, is to obtain restrictions on the geometry/topology of possible coassociative
representatives of certain classes. This may be of interest for better understanding the global geometry of coassociative
fibrations on G, manifolds. One further possible reason of interest is in giving topological obstructions for the convergence
of the mean curvature flow of a 4 dimensional submanifold to a coassociative one. Our final result, which is not an application
of the previous ones, is aligned with that direction. It is an observation that yields topological restrictions on coassociative
submanifolds in terms of the class they represent. This follows from a coassociative analogue of the adjunction formula and
the fact that on a compact, non-flat G,-manifold p;(X) U [¢] > 0. Namely we prove that

Proposition 1. Let (X, ¢) be a compact G,-manifold, « € H3(X, Z), and N a coassociative representative of «. If T and x
respectively denote the signature and Euler characteristic of N, then p;(X) U« = 6t — 2x. In particular,

e 7> 1y ifandonlyif py(X) Ua > 0;

e =1y ifandonlyif py(X) Ua = 0;

e T < ixifandonlyif p(X) Ua <0

and there are integral classes « satisfying the first and third inequalities in the right hand side.

Remark 2. In this result I have used the convention that my 3-forms are modeled on

0o =eP tel A(e® —e) +e? A (€% — ) + &3 A (¥ — %),

on R’. In this way, N = 0 x R* is coassociative and the map e; — Le;¢ yields an isomorphism of TN+ with A%N, the anti-
self-dual 2-forms on N. For such irreducible G,-manifolds locally modeled on these we have p;(X) U[¢] > 0, see Remark 6.
However, many authors use G,-structures locally modeled on ¢y = e'?> 4+-e! A (e® +e57) +e? A (6% +e7°) —e3 A (e¥ +-2°F),
in which case the normal bundle of a coassociative submanifold N is isomorphic to AiN . For such structures, we have
p1(X) U[g] < 0on any irreducible G,-manifold. Moreover, the result of Proposition 1 should then be stated as p;(X) Ua =
67 4+ 2 and so

e 7> —iyxifandonlyif p;(X) U > 0;
—1x ifand only if p;(X) U = 0;
e T < —3xifandonlyifp;(X) Ua <O.

°
_
Il

In fact, these two statements are related by changing the orientation of the coassociative, in which case is calibrated by —1/.

An immediate consequence of this result is that given any irreducible G,-manifold (X, ¢) and a compact 4-manifold N*,
there are classes in X, such that N cannot be embedded in X as a coassociative representative of such classes. For example,

given that a 4-torus has 7 = % = 0 we have

Corollary 1. Any coassociative T* of a compact G,-manifold must represent a class « such that p;(X) U « = 0. In particular, if
b*(X) = 1, then (X, @) has no coassociative tori.

, We must however remark that up to the author’'s knowledge there are no known examples of G,-manifolds with
bPX) =1
This note is organized as follows. Section 2 gives a self contained introduction to gerbes, which recalls Hitchin’s working
definition of gerbes and connections on them. Then, we recall Hitchin’s construction of a gerbe with connection associated
with a codimension-3 submanifold. In Section 3 we give the proofs of the results mentioned in this introduction. Section 4
gives an illustrative example of the construction in the case when the G,-structure is reducible to SU(3). Finally, in section,
5 we mention some possible future directions related to our work.

2. Gerbes

In the introduction we worked with a gerbe as being determined by a representative of a Céch cocycle ¢ €

I:IZ(X, C>°(S")). Alternatively, as in [1], one can take an open cover {U, }¢; and a gerbe § can be defined by the following
data

o A Hermitian line bundle L, g over each U,g = U, N Ug, and isomorphisms Lg, = L;;.
e Hermitian trivializations 6yp, : LogLg,Lye = C, such that 60 = 10on Uygys.
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One recovers the cocycle § € I:IZ(X , C®(S1) as follows. First, refine the trivialization so that the line bundles become
trivializable in the double intersections. Then, the trivializations # : C = C in the triple intersections are simply S!-valued

functions. Moreover, the condition that §6 = 1 in the quadruple intersections means they form a cocycle in H? X, C®(ShH).
This is the original point of view taken in the introduction. Turning back to Hitchin’s point of view, a connection F on § is
determined by the following data

e Hermitian connections Vg on the Lyg, such that Vig,,6,6, = 0 0n Uyg,,.
e 2-forms F, on the Uy, such that on Uyg

Fyp = Fy — Fjg,
is the curvature of Vg on Lyg.
Then, in the double intersections Uyg = U, N Ug
dFg = dF, + dF,g = dF,,
by the Bianchi identity. Therefore, there is a well defined 3-form H such that
Hly, = dFy,

for all « € I. This H is called the curvature of the gerbe connection.

Remark 3. If (4, F) is a monopole gerbe, then it is easy to see that the connections V4 on the line bundles satisfy

Fup A = *doyp,

where F,g = F, — Fg and ¢y = ¢ — Pp. In other words (Vug, o) form an Abelian monopole on L,g. This justifies our
nomenclature.

Codimension-3 submanifolds and gerbes

In this section we shall consider a more general setup where (X", g) is a real n-dimensional Riemannian manifold and N
a codimension 3 (embedded) submanifold. The next proposition is an analogue of the construction of the map Div — Pic in
complex geometry and I learned it for gerbes from Hitchin’s paper [1]. For completeness, we shall include the construction.

Proposition 2. Let N be a codimension 3, connected and embedded submanifold of X and H € PD[N] € H*(X, Z). Then, there
is a Gerbe with connection ($y, F) whose curvature is H. In particular, c;($y) = PD[N].

Proof. To construct the gerbe take a finite open cover given by Uy = X\N and {U, }4¢;, Such that N C U, U, and each
Uy NN, U, NUyg is contractible. We shall use the indices {i, j, k} to refer to either 0 or & € I. To define the Gerbe §, one must
give line bundles L; on the double intersections U; = U; N U; satisfying a cocycle condition on the triple intersections. Using

the notation L; = L;l, this is given by fixing a trivialization L; ® L ® L; = C on the triple intersections Uy, = U; N U; N Uk.
Notice that up to homotopy Uy, = (U, N'N) x S?, then we let Lyo be the pullback of Hopf bundle on the S? factor. On
Uqp we let Ly g be the trivial bundle. Then the cocycle condition is trivially satisfied on the triple intersection Up,g by fixing
a trivialization C = Loy ® Lgolugys-
We turn now to the definition of the connection. This requires giving the connection 2-forms F; on each Uj;, such that
Fj = Fi — Fj,
is the curvature of a connection on L. We weakly solve the PDE for currents
AHy = H — 8y
which is possible, since [H — §y] = 0 in de Rham cohomology for currents. Then dHy = 0, as AdHy = dAH, = 0, so that
dH, is both exact and harmonic and so vanishes. Also notice that Hy is only unique up to a harmonic 3-form. Then, we solve
AH, = H, dH, =0,
on each open set U,. Using the solutions Hy, H, to these equations, one can define the connection 2-forms by

Fy = d*HO on Uy
F, = d*H, on U,.

Notice that Fy is indeed uniquely defined as any other Hy will differ by a global harmonic three form, which is then coclosed
and give rise to the same Fy. One still needs to check that the 2-forms Fj are the curvature of a connection on L. For Fyg
this is obvious as dF, g = d(F, — Fg) = 0 on Uy and the Poincaré lemma gives a primitive to F,g which we take to be our
connection on Lyg.
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Over Uy, there is a unique nontrivial 2 cycle, namely the one generated by the 2-spheres S? in the normal bundle.
These do bound a 3-dimensional disk D* in U, but not in Uy,. Indeed any such disk D* does need to intersect N. Since
dF,o = d(F, — Fy) = 8y, Stokes’ theorem gives

/Fm:/ dFO(,:/ Sy = 1.
52 D3 D3

This shows that the 2-forms F; do define a connection on the gerbe Gy. To check that H is its curvature we compute
dFy = dd*Hy = H in Uy, and dF, = dd*H, = HinU,. O

Remark 4. Hitchin’s construction described above can possibly also be phrased in the language of Hodge sparks, as in section
12 of [5]. For instance, the connection 2-form Fy constructed above can be extended as a current to all of X and that is the
spark of the cycle N (see definition 12.2 in [5]).

Let Y denote the disjoint union of a collection of open sets covering X. Then, the connections on the gerbes Gy above
were defined using 2-forms F € £22(Y) satisfying some compatibility conditions, also known as curvings [6]. Given two
open coverings Y, = {U;}ae, and Y, = {Ué},gej, we can define a refined open cover

Yio = {Uolt N Ué}(a,ﬁ)elxﬁ
Then, we can add two connections F! € £2%2(Y;) and F? € £22(Y,) to define a new one F'? € £22(Y;,), such that
F12|U&nuf, = Fl'u& +F2|u§-

Proceeding inductively, given connections F; € £22(Y;), fori = 1, ..., k. We define Y;_, for any k-tuple of open covers, as
well as the sum of the connections F'* € £22(Y;_j).

Definition 3. Let N = N;U- - - UN, with each N; as in Proposition 2, and H; € PD[N;] be 3-forms representing the respective
cohomology classes. Denote the gerbes constructed via Proposition 2 by (4y;, F;), where the F; € 22%(Y;) are connections
on §y, with curvature H;. Then, we define the gerbe with connection (§y, F) to be givenby gy = Gy, ® - - - ® §n, and the
connection F by F1-K € 22(Y; ).

Notice that the gerbe constructed in the previous Definition 3 has first Chern class ¢1($n) = ¢1($n,) + -+ +c1(Gn,) =
PD[N]. Its curvature is indeed H = H; + - - - + H,.

Lemma 1. In the setup of Definition 3, let all N;’s be embedded and such that N = N, U - - - U N, remains embedded. Then, given
H € PD[N] the gerbe with connection (4y, F) from Proposition 2 coincides with the one constructed via Definition 3, for any

choice of H; € PD[N;], such that H = ZL H;.

Proof. For simplicity we shall only do the case k = 2, the gerbes in question are defined via line bundles on the double
intersections of the open cover given by the sets Ul = X\Nj, Ug = X\N; and {U;}aezl. {Uj}aelz such that N; C Ugey, U;

e
fori = 1, 2 and we suppose the U;’s are disjoint from the Uazt's. As before, let Uy = X\N and weakly solve the PDE’s for the
following 3-forms (currents)

AH, =H;, dH! =0,
on each U and

AH)) = H; — 8p,,

on Ué fori = 1, 2. Then, the 2-forms defining the connection are given by
Fo = d*(Hj + HZ), on Uy
F! = d*(H} + H}), onU,
F2 = d*(H} + Hy), onU;.
It follows that dFy = H; +H, on Ug and fori = 1, 2 one has dF(i = H;+H, oneach U‘i, which shows that the curvature of the

connection on gy, ® §n, is H = Hy + H,. To check that the connection does not depend on the splitting H = H; + H, take

instead the splitting given by the 3-forms H; + dw and H, — dw for some w € £2%(X). These are obviously cohomologous to
the initial ones and do add to H. The forms H,, H, change by +«, —«, fori = 1, 2 respectively, where « satisfies

dd*a = dw, da =0.

So the forms F} = d*H} and F, = d*H! change by +d*« showing that Ff, = F] + FZ do not change. Exactly the same
argument proves that the F, remain unchanged and therefore so does the connection. O
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3. Proof of the main results

In this section we return to the case when (X, ¢) is a G;-manifold and denote by ¥y = x¢ the calibrating 4-form. The
3-forms in a G, manifold, pointwise split into G,-irreducible representations as

3 3 3 3
AT =470 47 Ay,

where the subscripts in the right hand side denote the respective dimension. The respective projections will be denoted by

1, 7, 727

Recall from Definition 2 that a gerbe with connection (4, F) is said to be a monopole gerbe if its curvature H € 23(X, R)
is the harmonic representative of c;(4) € H>(X, Z) and there is a trivialization {U, }¢<; and 2-forms F, satisfying

*(Fy AY) = dope,
where the ¢,’s are real valued functions. It is immediate from the discussion at the end of the previous section that the
monopole gerbes form an Abelian group, which we have denoted by MPic(X, ¢). The group operation is the tensor product
of the gerbes and addition of the connection, as described at the end of last section (see Definition 3, Lemma 1 and the
discussion preceding these). We shall now turn to the proof of the first main result, Theorem 1. Namely, that associated to
a coassociative submanifold there is a canonical monopole gerbe.

3.1. Proof of Theorem 1
We start by proving an easy but key lemmata.

Lemma 2. Let N be a coassociative submanifold and 8y the current it generates, then 5y A ¢ = 0.

Proof. An equivalent way to define a coassociative submanifold is to say that ¢|y = 0. Then for all n € 21(X),

SNMﬂ(n)::/nNﬂ:& O
N

Lemma 3. Let (F, ¢) be a 2-form and a function on a contractible open set U of a G,-manifold. Then, if m;dF = 0 and
F A Y = xd¢, we have F = d*G where G is a closed 3-form.

Proof. We write F = x(f A ¢) + g for some 1-form f and g € A3,. Then, as F A ¢ = xd¢, we conclude that f = %“5 and
using table 3 in [7] we compute dF = —%A(%)go + m7dg + m,7dg. Moreover, as 7 (dF) = 0 by assumption, we conclude
that r;dg = 0.

Now, we compute d * F = %(;r;dg A ¢) = 0 and so F is coclosed. As U is contractible we can write F = d*G” on U and
extend G” to a 3-form G’ on X, for example by multiplying G’ by a bump function supported on a slightly larger open set
U’ D U and letting it vanish on its complement. Then, by de Rham’s theorem G’ = da, + d*a4 + as for some a; € £2! with
as harmonic. We now redefine G = da, |y, which is therefore closed (in fact exact) and on U

d*G = d*da, = d*G = d*G’ =F,
as we wanted to show. O

We now prove Theorem 1 which we also restate here for convenience.

Theorem 3. Let (X, ¢) have holonomy strictly equal to G,, N be a connected, embedded, coassociative submanifold. Then, the
gerbe with connection associated with N is a monopole gerbe.

Proof. Let H be the harmonic representative of PD[N] and recall the construction of the connection F on 4. On the open
cover {Uj}icoyur it is given by a collection of 2-forms F;. These are defined such that each F; = d*H;, with each H; being a
closed 3-form on U; such that AHy = H — §y and AH, = H,fora € I.

We shall first work on the open set Uy. As X is supposed to have full G, holonomy, there can be no parallel 1-forms, [8].
This, together with the fact that a G,-manifold is Ricci flat, implies through the Bochner-formula that there are no harmonic
1-forms, and so no harmonic 3-forms of type A;. Hence, as H is the harmonic representative of PD[N], and the Laplacian
preserves the type decomposition, H has no component in A;‘ .Moreover, Lemma 2 guarantees that éy also has no component
in A;’. Putting this together with AHy, = H — &y we then have that

A7T7H() = 7T7AHO =0.

Again, the hypothesis that g has full G, holonomy then yields that 77Hy = 0. Then, the equation dHy = O turns into
dmq(Ho) = —dmy7(Hp) and if one writes 7r1(Hp) = —ag, for some function q, this is

dmy7(Ho) = da A . (3.1)
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Then we compute d*m,;Hy = m7d*my7Hg + 714d*7127Hg, using that m;d*my;Hy = —% * (x(*dmy7Ho A @) A ) together with
Eq. (3.1) gives

1
d*Ho = m1ad*mwy7Ho — 3 * (k(xdmy7Ho A @) A ) — d*(ag)
4
= m4d*my7Hy + 3 * (da A) + *(da A )

7
= 7'[14(1*7'[271‘10 + g * (da A\ 1//) s

where we used that x(x(da A ¢) A ¢) = —4da. Now we put Fy = d*Hp, ¢ = 7a and compute x(Fy A ¥). Since A%4 is the
kernel of wedging with ¥ and *(x(d¢ A ¥) A ) = 3d¢, we obtain
* (Fg A ) = dop. (3.2)

We now need to define the connection 2-forms for our monopole gerbe on the remaining U,’s. Since H is closed we
can locally find, on each U, a 2-form F,, such that dF,, = H. Restricting to each U, we shall seek a connection 2-form
Fy = F, + da, such that the monopole equation *(F, A V) = d¢, holds on U, for some ¢.

To do this we set (a,, ¢o) = (x(dby A V), —d*by) and solve for b, instead. Using 3d”- = x(x(d - AY¥) A ¥) and that
3d*d’ = d*d, the monopole equation turns into

— % (F, A) = 3d*d’b, + dd*b, = Ab,,.

Moreover, as g is Ricci flat, on 1-forms A = V*V and so we need to solve V*Vb, = — % (F, A v). This can be done by
solving the Dirichlet problem

V*Vby = — % (F, AYr), on U,
bylsu = 0, onaU,.

This follows from minimizing the functional J(u) = fu |Vul?> + (u, f), where f = *(F, A ). To prove it is coercive and
bounded by below we proceed as follows

J) = / IVl + (. f)
U

£ 1
z/|V|u||2—5/|u|2—2—/|f|2
1] U & Ju

& 2 1 2
> (cy— = u? — —
= (w=5) [ - [ 1

where ¢y > 0is some constant and ¢ > 0 is to be chosen small enough to ensure the first term is positive. We also remark
that in the computation above, the first inequality follows from Kato’s and Young’s inequalities, while the second one makes
use of Poincaré’s inequality, as u has vanishing boundary values. This shows that the functional J is coercive and bounded
by blow, so we can find a solution to the Dirichlet problem above by taking a minimizing sequence of J. Standard elliptic
estimates yield the regularity of the solution b,.

Then set Fy, = F,, + da, with (ay, ¢o) = (x(dby A ¥), —d*b,), and it follows by construction that (Fy, ¢,) satisfy both:
the monopole equation, and dF, = H. Moreover, it follows from Lemma 3 that the connection 2-forms constructed in this
way agree with the one from the construction in Proposition 2. 0O

In fact, as remarked to the author by an anonymous referee, the second part of the previous proof also proves that given
a harmonic 3-form H on a compact, irreducible G,-manifold, then there is a monopole gerbe whose curvature is H. The
author, does not know whether a gerbe with harmonic curvature, on a compact, irreducible G,-manifold can be written as
a monopole gerbe without changing the connection (up to gauge). If true, this is analogous to the fact that in an irreducible
Calabi-Yau manifold of complex dimension greater than 2, any line bundle with harmonic curvature is holomorphic. A
slightly more general version of this “integrability” theorem is stated as Problem 1.

The second part of the previous proof is, in fact also the key for proving Theorem 2

Proof. We prove that the map MPic(X, ¢) — H3(X, Z), given by (4, F) — c1(§) is surjective. To do this we start with a
gerbe g and construct a connection F on § satisfying the required conditions so that (4, F) is a monopole gerbe.LetH € ¢1(4)
be the harmonic representative and {U, },¢; be a good open cover of X, i.e. each U, and U,g is contractible.

Then, following the last step in the proof of Theorem 3 we let F, be such that dF, = H. Then, correct each of these
to F, = F, + day, with (aq, ¢4) = (x(dby A ), —d*by), such that F, A ¢ = *d¢,. As before, this holds if and only if
V*Vb, = — * (Fy A v) which can be solved by standard minimization techniques as in the previous proof. O

Remark 5. Theorem 2 and its proof show that any gerbe with harmonic curvature can be tensored with a flat gerbe so that
the resulting gerbe with connection is a monopole gerbe.
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Proof of Proposition 1

Let p1(X) denote the first Pontryagin class of the tangent bundle of X. f N C X is a coassociative submanifold, then
TX|y = TN @ A% (N) and so p1(X)|y = p1(N) + p1(A2 (N)). Moreover, if N represents a class o € H3(X, Z), we have

(p1(0) U, [X]) = / PN + f P1(AZ(N)). (3.3)
N N

The first term is 37 and we shall now compute the second. Fix a local orthonormal framing {eo, ey, €3, e3}. Then in this
framing, the curvature of the Levi-Civita connection on N acts via the matrix

0 20 2 29
-2 0 2 2
-2y -2, 0 23
-29 -9 -2 o0

e 2%(N, s0(IN)),

where Q}(X, Y) = el (R(X, Y)e;). Using this, the Gauss-Bonnet formula and Chern-Weil theory give
= Y el A2 = Y 20 A 2
= ijk14; = ijk4;
24722! T 2372 T

1
:4—712(!2?/\.(232—%(22/\[213—%9;’/\921).

1
N)=———tr(RAR
Pi(N) = — SR AR)
1
=4—”2(9?/\[2?—1—93/\934—9?/\924-92]/\.(2214—[23]/\5231—!—932/\(232).
Now let w; = eg; — 23, w2 = gy — €31, w3 = €p3 — €12 be a local basis of A2 . The curvature of the induced connection on
A? acts on this basis by

0 —(29-92)) 29+02,
Rp=| 02—, 0 —(2) — 22) | € 2%(N, s0(A%)).
—(2)+25) 20— 23 0
Then, we compute
1
p1(AZN) = —a2 TRz AR2)
1

0 0 0 0 0 0 1 1 1 1 2 2
EﬂQAQ+%A%+%A%+%A%+%A%+%A%)

1
—ﬁ(ﬂf/\ﬂg-}—ﬂg/\ﬂf-i-ﬂg/\ﬂ;)
= p1(N) — 2x.

Hence, inserting this into equality (3.3) and using the signature theorem we have

f P1(X) Uar = (2p1(N) — 20). [N]) = 67 — 2 (3.4)
X
as we Wanted to prOVE.

Remark 6. 1. Using our conventions for the 3-form ¢, see Remark 2, we have p;(X) U [¢] > 0 for any compact nonflat
G,-manifold. To see this we notice that p;(X) U ¢ = —Sn%tr(FR A Fr) A @. Moreover, as X has holonomy G, Fy takes

values in Aﬁ = g, by the Ambrose-Singer theorem. Then, using our conventions we have Fz A ¢ = %Fg, so that
1
(P1(X) U, [X]) = — | ——tr(Fg A #Fp) = [IFz]l% > O,
x 872

as (X, @) is not flat.
Using the other convention for ¢ we have Fr A ¢ = — x Fp and so this sign gets reversed. In any case, there do exist
classes o™, @~ € H3(X, R) such that p;(X) Uat > 0and p;(X) Ua~ < 0.
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2. In[9], corollary 4 — 3, McLean observed a particular case of this equality. Namely, the torus T has trivial tangent bundle,
hence p1(T?) = 0, and any coassociative submanifold of T7 must have t = x /3. For instance N = T* x 0 C T’ has
T = 0 = y, which does satisfy such equality.

3. On a G,-manifold there is one other class of very interesting submanifolds known as associatives. These are defined
by requiring that the restriction of ¢ to them agrees with the volume form of the induced metric. Then, there are no
associative submanifolds M of a compact, irreducible G,-manifold (X, ¢) representing the class p;(X). Otherwise we
would have vol(M) = fM @ = fx p1(X) U [¢] < 0, which is clearly impossible. If one uses the other convention for ¢,
then the same argument shows that there are no associatives representing the class —p;(X). [ was informed by Henrique
Sa Earp that in joint work with Johannes Nordstrom they have constructed associative submanifolds representing the
negative of such classes, i.e. —p;(X) in my convention, p;(X) in theirs.

4. A toy example

In this section we explore the construction above in a case when the holonomy representation is actually reducible
and in order to adapt the definition of monopole gerbe to this case we require that 7;(H) = 0, where H is the harmonic
curvature. Let X = S x M® with (M, w, £2) being an irreducible Calabi-Yau with Kahler form  and holomorphic volume
form 2 = 2, + i$2,. In this case the G,-structure is

2
0=do Aw— 2, 1//=—d9/\.{22+%,

where @ is a periodic coordinate on S'. From, the last of these formulas it is easy to identify two types of coassociative
submanifolds of S' x M. Namely, those calibrated by either —dé A 25, or “’72 These are of the form S' x SL? and p x D*,
where SL, © and p are respectively a special Lagrangian submanifold of M, a divisor in M, and a pointin S'.

In order to analyze some features of our construction in this case we need to explain how to get a complex line bundle
7.4 over X from a gerbe § over X. This is most naturally seen by regarding § as a line bundle over the loop space L(M x S')
asin [1] and chapter 6 in [10]. Each element of L(X) isamap y : S' — X.As S! is 1-dimensional, the pulled back gerbe y*§
has a flat trivialization given by a flat line bundle L, — S ! and trivializations whose difference is a flat bundle with trivial
holonomy are regarded as equivalent. Then, the moduli space of flat connections on S', i.e. H'(S', Z) = S! acts on these
trivializations by tensoring with a flat connection. This shows that the space

P ={(y,Ly) | y € L(X) and L, is a trivialization of y*§},

together with the S action described above is a circle bundle over L(X). Now we consider the map

M5 LX), p (4.1)

where y, : ST — X is the constant loop at p, i.e. y,(9) = (9, p) forall 9 € S'.

Definition 4. We define .. to be the complex line bundle associated with I"*P over X. When, X = S1 x MS we shall also
denote by 7, g the pullback of this line bundle to M.

Proposition 3. Let D* C M be a 4-dimensional submanifold and § the gerbe associated with p x D* C S' x M. If ¢ is a monopole
gerbe, then D is a divisor. In particular w,.§ comes equipped with an HYM connection.

Proof. Let H be the harmonic representative of N = p x D. As the Poincaré dual of N is [df] U PD[D], this is of the form
H = d& A h where h € £22(M) is the harmonic representative of PD[D]. Similarly 8y = §(0 — pt)dd A §p and we solve the
equation

AHp = (h — 8pé(6 — pt)) A db, (4.2)
which implies dHy = 0. Using the splitting A3X = A3M @ (A'S! ® A2M) we write Hy = g(0) + dd A f(0) and compute
og
duf = — 43
mf Y (4.3)
dMg =0
ato = do A (anf — 25 4 Ay — 22 (4.4)
0= M g2 ) T OME T Gz '
So the component of Eq. (4.2) in A>M turns into Ayg — % = 0. Separation of variables plus periodicity in # implies that

g must be constant (in 6) and gy-harmonic. Then, Eq. (4.3) turns into dyf = 0.
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Now define the map 7, : 2*7'(M x S') — £2*(M), given by 7,(w) = 0 and .(df A w) = [;; d6 A w,forw € ARM.
Let hy = m,Hy, then applying 7, to Eqs. (4.2)-(4.4) leads to

Afg = ho — 8p, dufo =0,

where fy = fsl f € £2%(M). So in order to prove that D is a divisor, i.e. the current 8, is of type (1, 1) we just need to show
that Afy is of type (1, 1), as hy certainly is as it is harmonic and H>°(M) = 0 for any irreducible Calabi-Yau. Note that
such statement does not follow neither from the Kéhler identities, neither from the d0-lemma, as we do not know the type
decomposition of fy neither whether it is exact. However, if § is a monopole gerbe, then d*Hy A ¥ = *d¢ where ¢ is the
function such that 1 (Hyp) = ¢(df A w — £21). Then, this equation yields

of w? f o ¢
AL A2 —df Al )= LAY s 226 A sy duo.
(ae 2~ duf 2) 00" 2 T ™% *u dnd

Applying m, to it and using the fundamental theorem of calculus gives dj,fo A ”’72 = — ¥y dyP, where & = fsl ¢. This
equation is easily seen to be equivalent to dy,fo = Idy @ and so

Afy = 2i90P,

which is clearly of type (1, 1) and so D is a divisor. O

5. Some problems and questions

We now state some directions and conjectures for further research along these lines. The first of these goes back to
Hitchin’s work on the moduli of special Lagrangian submanifolds, [1].

1. In order to understand what is the image of the map m one could hope to proceed as in the case of line bundles. In our
setting this would be something along the following lines: start with a gerbe with connection (4, F). Then, construct a
rank 3-real vector bundle V such that the vanishing locus of a generic section lies in the Poincaré dual of ¢;(4). Finally,
consider sections of V satisfying a partial differential equation, such that their vanishing locus is coassociative.

The first steps in this construction would give a notion of a “section” of a gerbe. I am unaware if something like this
already exists in the literature.

2. The map MPic(X, ¢) — H3(X, Z), from Theorem 2 has a kernel which can be used to define an analogue of the Jacobian

CDiv(X, ¢)
m
Jac(X, ) > MPic(X,9) —> H*(XX,Z).

In this way Mjac(X, ¢) € H?(X, Z) and this can be used to define linear equivalence of coassociatives. Namely, two
coassociatives Ny and N are linearly equivalent if and only if the holonomies of the flat monopole gerbe associated with
N; — N3 vanish.

3. Given a G,-manifold (X, ¢), we can say it is polarizable (or prequantizable) if [¢] € H3(X, Z), i.e. is integral. In this case,
by fixing a good open cover {U;}ic;, we can define a monopole gerbe (4, F) with curvature H. This is somewhat similar in
spirit to a polarized complex manifold, or a prequantizable symplectic manifold. It remains to see what can we do with
this G,-version.

4. In the case of a complex manifold and a complex line bundle L, the standard integrability theorem guarantees that if A is
a connection on L whose curvature has no (0, 2) component, then the bundle is holomorphic, i.e. there are trivializations
where the (0, 1)-components of the connection forms vanish. We conjecture that the following analogue of this works
for closed G,-structures.

Problem 1. Let U C R’ be a contractible precompact set, equipped with a closed G,-structure ¢ and H be a closed 3-form
on U with H; = 0. s there a 2-form F and a function ¢, such that H = dF and F A Y = xd¢?
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