Journal of Geometry and Physics 61(2011) 1263-1291

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Nonholonomic Hamilton-Jacobi theory via Chaplygin Hamiltonization

Tomoki Ohsawa **, Oscar E. Fernandez®, Anthony M. Bloch ¢, Dmitry V. Zenkov d

2 Department of Mathematics, University of California, San Diego, 9500 Gilman Drive, La Jolla, CA 92093-0112, United States

b Institute for Mathematics and its Applications, University of Minnesota, 207 Church Street SE, Minneapolis, MN 55455, United States
¢ Department of Mathematics, University of Michigan, 530 Church Street, Ann Arbor, MI 48109-1043, United States

4 Department of Mathematics, North Carolina State University, Raleigh, NC 27695, United States

ARTICLE INFO ABSTRACT

Article history: We develop Hamilton-Jacobi theory for Chaplygin systems, a certain class of nonholonomic
Received 12 October 2010 mechanical systems with symmetries, using a technique called Hamiltonization, which
Accepted 10 February 2011 transforms nonholonomic systems into Hamiltonian systems. We give a geometric account

Available online 26 February 2011 of the Hamiltonization, identify necessary and sufficient conditions for Hamiltonization,

and apply the conventional Hamilton-Jacobi theory to the Hamiltonized systems. We
show, under a certain sufficient condition for Hamiltonization, that the solutions to
Hamilton-Jacobi theory the Hamiltoq—]acob_i equation _associa_ted With.the Hamiltonizeq .system also.solve the
Reduction nonholonomic Hamilton-Jacobi equation associated with the original Chaplygin system.
Hamiltonization The results are illustrated through several examples.

© 2011 Elsevier B.V. All rights reserved.

Keywords:
Nonholonomic mechanics

1. Introduction

1.1. Background and motivation

In 1911, S.A. Chaplygin published a paper (re-published in English in [1]) introducing his theory of the “reducing
multiplier” into the study of nonholonomically constrained mechanical systems. In his paper, Chaplygin showed that
a two degree of freedom nonholonomic system possessing an invariant measure became Hamiltonian after a suitable
reparameterization of time, a process we would like to refer to as Chaplygin Hamiltonization. Since then, Chaplygin’s result
has generated considerable interest and has been extended [2-6] to more general settings.

However, a second contribution contained in Chaplygin’s paper has been left undeveloped. In Section 5 of his paper,
Chaplygin integrates the nonholonomic system now known as the Chaplygin Sleigh [7] by using the Hamilton-Jacobi
equation for the Hamiltonized system. The aim of this paper is to develop this idea further to establish a link with the
nonholonomic Hamilton-Jacobi equation in [8,9].

Specifically, we first employ the technique called Chaplygin Hamiltonization to transform Chaplygin systems into
Hamiltonian systems, and then apply the conventional Hamilton-Jacobi theory to the resulting Hamiltonian systems
to obtain what we would like to call the Chaplygin Hamilton-Jacobi equation. This is an indirect approach towards
Hamilton-Jacobi theory for nonholonomic systems, compared to the direct approach of extending Hamilton-Jacobi theory
to nonholonomic systems, as in [8,10,9,11].
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Fig. 1. Relationship between the nonholonomic H-] equation applied to a Chaplygin system and the H-] equation applied to the Hamiltonized Chaplygin
system. Explicit formulas for the correspondence W + y are given in Theorems 4.1 and 7.1.

1.2. Direct vs. indirect approaches

The indirect approach to nonholonomic Hamilton-Jacobi theory via Chaplygin Hamiltonization has both advantages and
disadvantages. The main advantage is that we have a conventional Hamilton-Jacobi equation and thus the separation of
variables argument applies in a rather straightforward manner compared to the direct approach in [9]. A disadvantage is that
the Chaplygin Hamiltonization works only for certain nonholonomic systems; even if it does, the relationship between the
Hamilton-]Jacobi equation and the original nonholonomic system is not transparent, since one has to inverse transform the
information in the Hamiltonized systems. Nevertheless, Hamiltonization is known to be a powerful technique for integration
of nonholonomic systems [1,4,12,13,6], and hence it is interesting to establish a connection with the direct approach.

Let us briefly summarize the differences between two approaches. Recall from [9] that the nonholonomic Hamilton-Jacobi
equation is an equation for a one-form y on the original configuration manifold Q:

Hoy =E, (1.1)

along with the condition that y, seen as a map from Q to T*Q, takes values in the constrained momentum space M C T*Q
(see Eq. (2.4) below), i.e., ¥ : Q — M, and also that

dy|loxo =0, ie,dy(v,w) =0 foranyv,w € D, (1.2)

where £ C TQ is the distribution defined by nonholonomic constraints, and H : T*Q — R the Hamiltonian.

On the other hand, the Chaplygin Hamiltonization first reduces the system by identifying it as a so-called Chaplygin
system with a symmetry group G, and then Hamiltonizes the system on the cotangent bundle T*(Q /G) of the reduced
configuration space Q /G. The resulting system is a (strictly) Hamiltonian system on T*(Q /G) with another Hamiltonian
Hc : T*(Q/G) — R; so we may apply the conventional Hamilton-Jacobi theory to the Hamiltonized system to obtain the
Chaplygin Hamilton-Jacobi equation

I:IcOdV_V:E,

which is a partial differential equation for a function W : Q/G — R. Therefore, the difference lies not only in the forms
of the equations (the former involves the one-form y, which is not even closed, whereas the latter invokes the exact
one-form dW), but also in the spaces on which the equations are defined. Furthermore, the Chaplygin Hamilton-Jacobi
equation corresponds to the Hamiltonized dynamics and is related to the original nonholonomic one in a rather indirect
way. Therefore, on the surface, there does not seem to be an apparent relationship between the two approaches.

1.3. Main results

The main goal of this paper is to establish a link between the two distinct approaches towards Hamilton-Jacobi theory for
nonholonomic systems. To that end, we first formulate the Chaplygin Hamiltonization in an intrinsic manner to elucidate the
geometry involved in the Hamiltonization. This gives a slight generalization of the Chaplygin Hamiltonization by Fedorov and
Jovanovi¢ [4] and also an intrinsic account of the necessary and sufficient condition for Hamiltonizing a Chaplygin system
presented in [6]. These results are also related to the existence of an invariant measure in nonholonomic systems (see,
e.g., [14,154]).

We also identify a sufficient condition for the Chaplygin Hamiltonization, which turns out to be identical to one of those
for another kind of Hamiltonization (which renders the systems “conformal symplectic” [5]) obtained by Stanchenko [2]
and Cantrijn et al. [16]. We then give an explicit formula that transforms the solutions of the Chaplygin Hamilton-Jacobi
equation into those of the nonholonomic Hamilton-Jacobi equation (see Fig. 1). Interestingly, it turns out that the sufficient
condition plays an important role here as well. We also present an extension of these results to a class of systems that
are Hamiltonizable after reduction by two stages, following the idea of Hochgerner and Garcia-Naranjo [5]. We illustrate,
through several examples, that the Chaplygin Hamilton-Jacobi equation may be solved by separation of variables, and that
the solutions are identical to those obtained by Ohsawa and Bloch [9] after the transformation mentioned above.
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1.4. Outline

We begin with an overview of nonholonomic mechanical systems in Section 2.1, specializing to Chaplygin systems in
Section 2.2. Afterdiscussing the relationship between the Hamiltonizability of a nonholonomic system and the existence
of an invariant measure for it in Section 3.1, we derive necessary and sufficient conditions for a Chaplygin system to be
Hamiltonizable in an intrinsic manner in Section 3.2. This result then leads to the development of Hamilton-Jacobi theory
for Hamiltonizable Chaplygin systems in Section 4.2. Specifically, we relate the Chaplygin Hamilton-Jacobi equation for the
Hamiltonized system with the nonholonomic Hamilton-Jacobi equation for the original system. A couple of examples are
presented in Section 5 to illustrate the theoretical results. In Section 6, we introduce a further reduction of the reduced
Chaplygin systems under certain conditions; the second reduction is employed to Hamiltonize those systems that are not
Hamiltonizable after the first reduction. Then, in Section 7, we relate the Chaplygin Hamilton-Jacobi equation for such
systems with the nonholonomic Hamilton-Jacobi equation. We then illustrate the theory in the Snakeboard example.

2. Chaplygin systems

2.1. Hamiltonian formulation of nonholonomic mechanics

Consider a nonholonomic system on an n-dimensional configuration manifold Q with a constraint distribution H C TQ
defined by the constraint one-forms {w*}]_ ; as

D={vem |’ v) =0,5=1,....,m}
and also with the Lagrangian L : TQ — R of the form

1
L(vg) = qu(vqa vg) — V(@) (2.1)
with the kinetic energy metric g defined on Q. Define the Legendre transform FL : TQ — T*Q by
d
<FL(Uq)a wq) = @L(Uq +¢€ wq) . = gq(qu wq) S5 (g[;(vq), wq)s
&=l

where the last equality defines g” : TQ — T*Q; hence we have FL = g”. Also define the Hamiltonian H : T*Q — R by
H(pg) == (pq» vq) — L(vy),

where vy = (FL)™! (pq) on the right-hand side. Then, Hamilton’s equations for nonholonomic systems are written as follows:

ix2 = dH — Amg o, (2.2)
along with
TngX) e D or &*(TngX))=0 fors=1,...,m, (2.3)

where 7y : T*Q — Q is the cotangent bundle projection. Introducing the constrained momentum space
M = FL(D) C T*Q, (2.4)

the above constraints may be replaced by p € M.

2.2. Chaplygin systems

Definition 2.1 (Chaplygin Systems). A nonholonomic system with Hamiltonian H and distribution O is called a Chaplygin
system if there exists a Lie group G and a free and proper group action of iton Q,i.e, ® : G X Q — Qor®, : Q — Q for
any h € G, such that

(i) the Hamiltonian H and the distribution £ are invariant under the G-action;
(ii) for each q € Q, the tangent space T,Q is the direct sum of the constraint distribution and the tangent space to the orbit
of the group action, i.e.,

T,Q = Dq © TgOy;
where (g is the orbit through g of the G-actionon Q, i.e,,
Oq :={Py(q) €Q | h € G}.

This setup gives rise to the principal bundle

7:Q—>Q/G=120Q
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and the connection
A:TQ — g,

with g being the Lie algebra of G such that ker A = D. So the above decomposition may be written as
T,Q = ker Aq @ ker Tymr.

Furthermore, for any q € Q and § := 7 (q) € Q, the map Ty7lp, : Dg — TQQ is a linear isomorphism, and hence we have
the horizontal lift

h? :T,Q > D vy > (Tylp,) ' (V).
We will occasionally use the following shorthand notation for horizontal lifts:

vf; = hlf(v;,).
Therefore, any vector W, € T;Q can be decomposed into the horizontal and vertical parts as follows:

W, = hor(W,) + ver(W,), (2.5a)
with

hor(Wg) = hI (wg),  ver(Wy) = (Aq(Wy))o (@), (2.5b)

where wg := Ty (W) and &g € X(Q) is the infinitesimal generator of § € g.
We may then define the reduced Lagrangian

L:=Lohl?, (2.6a)

or more explicitly,

- 1_ -

L:TQ — R; vg > qu(vq, vz) — V(Q), (2.6b)
where g is the metric on the reduced space Q induced by g as follows:

Z3(vg, wg) = gq (NI (vg), 1Y (wg)) = g, (v], wy), (2.7)

and the reduced potential V : Q — R s defined such that V = V o 7.
This geometric structure is carried over to the Hamiltonian side (see [17]). Specifically, we define the horizontal lift
hIj* : TQ — Mq by
hi* == FLy o hIY o (FL);' = g; o hI? o (8");", (2.8)
or the diagram below commutes.
Flg

Dy ———= My

D M
hig hl

T:Q <———TXQ
qQ (JFi);l q

We will use the shorthand notation
h.
ay = hl ()

forany oz € T;Q.
We also define the reduced Hamiltonian H : T*Q — R by

H:=Hohl™. (2.9)
It is easy to check that this definition coincides with the following one by using the reduced Lagrangian L:
H(py) = (pg, vg) — L(vg),

with v; = (FL); ' (pg).
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Performing the nonholonomic reduction of [18] (see also [19,17,5]), we obtain the reduced Hamilton’s equations for
Chaplygin systems defined by
iz 2™ = dH (2.10)
with the almost symplectic form
QM .=0 -7, (2.11)

where X is a vector field on T*Q and 2 is the standard symplectic form on T*Q; the two-form & on T*Q is defined as
follows: For any o5 € T;Q and Y., Zo, € T T*Q letY; == TnQ(yaq) and Z; = TnQ(Z%) where 75 : T*Q — Q is the
cotangent bundle projection, and t(hen set

By (Yog» Zag) = (To WX (atg), By (NI (Yg), hIY (Zp)))
= (@), B4(Y;. Z))), (2.12)

where J : T*Q — g* is the momentum map corresponding to the G-action, and 8 is the curvature two-form of the
connection s. This is well-defined, since the Ad*-equivariance of the momentum map J and the Ad-equivariance of the
curvature B cancel each other [3]: Writing hq := ®,,(q), we have, using Lemma A.1 and the G-equivariance of the momentum
map J and the curvature B (see, e.g., [20, Corollary 2.1.11] for the latter),

(J(a,,q) Jth(th,th)) (1 (T @ 1(ah)) q),;*sq(yh,z;))

= (Ad?_ J(al), Ady B, (Y], Z)

= (J@)). By(Y,. ZD)).

3. Chaplygin Hamiltonization of nonholonomic systems

This section discusses the so-called Chaplygin Hamiltonization of the reduced dynamics defined by Eq. (2.10). The results
here are mostly a summary of some of the key results of Stanchenko [2], Cantrijn et al. [16], Fedorov and Jovanovi¢ [4],
and Fernandez et al. [6]. However, our exposition is slightly different from them, and also touches on those aspects that
are not found in the above papers. Furthermore, our intrinsic account of the Hamiltonization provides us with a better
understanding of the geometry involved in it, and then leads us to our main results on nonholonomic Hamilton-Jacobi
theory in Sections 4 and 7.

3.1. Hamiltonization and existence of invariant measure

We first discuss the relationship between Hamiltonization and existence of an invariant measure for nonholonomic
systems. The next subsection will show how to Hamiltonize the reduced system, Eq. (2.10), explicitly.
Letf : T*Q — R be a smooth nowhere-vanishing function that is constant on each fiber, i.e., f (ag) = f(By) for any

ag, B € T*Q Therefore, we can write, with a slight abuse of notation, f (ag) = f(q); so f may be seen as a function on Q as
well.

Remark 3.1. The above definition of the function f is essentially the same as that of [ 1], where f is defined as a function on
Q. However, in the present work, it is more convenient to formally define f as a function on T*Q.

Remark 3.2. In the discussion to follow, we derive certain conditions on the function f in order to Hamiltonize the system
given by Eq. (2.10). It sometimes turns out that such f is nowhere-vanishing only on an open subset U in Q. In such cases,
we redefine Q := U.

Now, consider the vector field
_ 1_ _
X/f =-X € X(T*Q),
f
and let qﬁfw : T*Q — T*Q be the flow defined by the corresponding vector field, i.e., for any ag € T*Q,

o) = X/ (ag) = X ().

1
a? o flag)
Furthermore, define a map ¥; : T*Q — T*Q by
¥ o= fa,



1268 T. Ohsawa et al. / Journal of Geometry and Physics 61 (2011) 1263-1291
which is clearly a diffeomorphism with the inverse lI/f_1 = Yy T*Q — T*Q; o — o /f, and define <ch :T*Q — T*Q
by

o =y o o = w0 0wy,

or the diagram below commutes.

_ oI B B
T"Q————=TQ  o/f o (/)
u =y % (3.1)
T*Q——¢?C—>T*Q Otkfff>q)i<C(a)

Then, we have the vector field Xc € X(T*Q) corresponding to the flow q§§c, which is the pull-back of X /f by ¥, = ¥y

Forany o € T*Q,

d —
— & (ag)

)_(c (ag) = p”

t=0

d % -
= a f0¢?(/f0l1/f ](O[[])

= T¥ - X/H ¥ (ag)
= (&) X/ (eg)
= v (X)) (32)

t=0

In particular, the third line in the above equation shows that X /f and X are W;-related:

T o (X/f) = Xc 0 ¥. (3.3)

Now, we relate the (possible) symplecticity of the vector field X with the existence of an invariant measure for the
reduced system, Eq. (2.10):

Theorem 3.3. If Xc € X(T*Q) is symplectic, i.e, £ )?CQ = 0, then the reduced system, Eq. (2.10), has the invariant measure
=1 A, where i1 := dim Q and A is the Liouville volume form

B (_1)ﬁ(ﬁ—1)/2 B _ _
A:=TQ/\---AQ:dq]/\---/\dq”/\dpl/\~--/\dpﬁ.
n

In other words, we have
£:(f"TA) = 0.
This theorem is a slight generalization of the following:
Corollary 3.4 (Fedorov and Jovanovic [4]). If Xc € X(T*Q) is Hamiltonian, i.e.,
5.2 = dHc
for some He : T*Q — R, then the reduced nonholonomic dynamics, Eq. (2.10), has the invariant measure f*~' A.

Proof. Follows easily from Cartan’s formula:

£3.2 = d(i5 2) + iz, d2 = ddHc = 0. O
We state a couple of lemmas before proving Theorem 3.3.

Lemma 3.5. Let f : T*Q — R be a smooth function that is constant on each fiber, i.e., flag) = f(By) forany oy, B € T;Q
Then,
* C * C — ﬁ C e C
(P 2) A /\(llff.Q)_f 2N NS2.

n

i
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Proof. Let @ be the symplectic one-form on T*Q, i.e., 2 = —d@. Let us first calculate ¥*®: We have, for any o € T*Q and
v e T,T*Q,
(¥ 0)a(v) = Ouye) (TY (V)
(¥ (@), Tg o T (v))
= (fa, T(mq o lI/f)(v)>
= f{a, Tmq(v))
= f @a (U)7

where we used the fact that ¥; is fiber-preserving, i.e., 7q o ¥ = 7q. Hence we have ¥/*® = f©, and thus

Q2 = U (—dO)
= —d(¥'0)
—d(f®)
= —df A O —fd®
=fQ2 —df AO. (3.4)

Therefore, using the fact that A 8 = B8 A « for any two-forms « and 8, we have

- _ _ LIS o - - -
WD AW =f"Q2AN--- AR+ ( )(—1)’<f”*’<:2A...AQ/\(de@)A-..A(de@).

Let us show that the second term vanishes. Since f is constant on fibers, we have

of | .

df = — dq".
faqaq

Therefore,
- )
df A ® =pb—f dq® A dg”
aq°

and thus df A ® does not contain any term with dp,’s. On the other hand, 2 A - - - A £2 contains only ii—k of dp,’s. Therefore,
—

i—k
the 2n-form

QA AQAAfFAO)YA---Adf AO)

n—k k

contains only n — k of dp,’s, and thus n + k of dq”’s, which implies that this 2n-form must vanish. O

Definition 3.6. Let M be an n-dimensional orientable manifold, and  be a volume form, i.e., a nowhere-vanishing n-form.
Then, the divergence div,, (X) of a vector field X on M relative to u is defined by

£xu = div, (X) p. (3.5)

Therefore, the flow of X is volume-preserving if and only if div,, (X) = 0.

Lemma 3.7. Let M be an orientable differentiable manifold with a volume form u, X a vector field on M, and f a nowhere-
vanishing smooth function on M. Then, the following identity holds:

div, (fX) = fdivs, (X). (3.6)
Proof. We have the identities (see, e.g.,[21] Proposition 2.5.23 on p. 130)
1
divy,, (X) = div, (X) + fx [f,  div,(fX) = fdiv, (X) + XIf].

Multiplying the first by f and taking the difference of both sides, we have the desired identity. O
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Proof (Theorem 3.3). As shown in Eq. (3.3), the vector fields X /f and Xc are ¥ -related. Therefore,
Ex/r (¥ 2) = W3, 2 =0,
since X¢ is assumed to be symplectic; thus

Ex i [(FFQ2) A+ A ()] = 0.

ii
However, by Lemma 3.5, we have
f

and hence £z (f" A) = 0; this implies divfﬁ;‘()_(/f) = 0. Then, the above lemma gives
diviio13(X) = fdivgaz (X/f) =0,
which implies £5(f"'A) =0. O

3.2. The Chaplygin Hamiltonization

Here we discuss the so-called Chaplygin Hamiltonization of the reduced system, Eq. (2.10). Let us first find the equation
satisfied by the vector field X¢ defined in Eq. (3.2).

Lemma 3.8. The vector field Xc € X(T*Q) satisfies the following equation:
_ 1 - -
i [sz + 7 (df AO —F 5)] = dHc, (3.7)

where Hc : T*Q — R s defined by

I:Ic = I:I o l[/]/f. (38)

Proof. As shown in Eq. (3.3), the vector fields X /f and Xc are W;-related. Therefore, Yz o = iy ;¥ o for any differential
form o (see, e.g. [21], Proposition 2.4.14]); in particular, for &« = £2, we have

Wiz 2 = iz 7 Q2.
Using Egs. (3.4) and (2.10) on the right-hand side, we have
i ¥ 2 =iy (f2 —df AO)
= ixQ2 — iz, (df A O)
= dH +ix & — ig; (df A O)
= dI:I—iX/f(df/\(:)—fE).
Therefore,
Wiz 2 + iz (df AO —f E) =dH,
and then applying l1/1*/f to both sides gives
i5.2 + Wiz (df AO —f 5) = dHc.
Since the vector fields Xc and X /f are ¥ s-related, we have Wiz po = ix W1pe for any differential form o; hence
Wiz (Af AO —FE) =iz Wi (df AO—f5)
= iz [dWSf) A (#:0) — 0 (F 2]
ig [df A (©/f) - 5]

1 _
i)—(c[f (df/\@)—fE)],
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where llfl*ff = f since f is constant on each fiber; llll*f@ = @ /f as in the proof of Lemma 3.5; llfl*/fE = Z /f follows from
the following calculation: From the definition of Z in Eq. (2.12), we have

(w1*/fE)aa(yaa» zota) = Eot[]/f (Twl/f(ya[])s Tllll/f (Za[z))
{Jo hlqM (ag/f), Bg (hlf(Y;z), hlf Z))
1

= Ve hl (e7), By (W1 (Yg), i (Zg)))

1
= @ ‘:a(](ya[]s ZD{@)»
where, in the second line, we defined Y3, Z; € T;Q as
Yg = Trg o T¥ s (Yag) = T(7g © W1/p) (Yag) = TG Yy

and Z; in the same way, which coincide the ones introduced earlier when defining Z'; the third line follows from the linearity
of hI* and also of J in the fiber variables. O

Proposition 3.9 (Necessary and Sufficient Condition for Hamiltonization). The vector field Xc € X(T*Q) satisfies Hamilton’s
equations

i5 2 = dHc (3.9)
if and only if the one-form ix_ (df A @ — f &) vanishes.

Proof. Follows immediately from Lemma 3.8. O
Remark 3.10. Locally, the above necessary and sufficient condition is precisely Eq. (2.17) in [6].

Definition 3.11. The process of finding an f satisfying the above condition is called Chaplygin Hamiltonization, or just
Hamiltonization for short; the resulting Hamiltonian system, Eq. (3.9), is called the Hamiltonized system; we would like to
call Hc a Chaplygin Hamiltonian.

Now, combining Proposition 3.9 with Theorem 3.3 or Corollary 3.4, we have

Corollary 3.12. Suppose there exists a nowhere-vanishing fiber-wise constant function f : T*Q — R such that iz (df A
® — f &) vanishes. Then, the 2ii-form f"=! A is an invariant measure of the reduced system, Eq. (2.10).

We now state the main result of this section. The following theorem will be used in the next section in relation to the
nonholonomic Hamilton-Jacobi theory:

Theorem 3.13 (A Sufficient Condition for Hamiltonization). Suppose there exists a nowhere-vanishing fiber-wise constant
function f : T*Q — R that satisfies the equation

df AO =fE&. (3.10)
Then, the vector field Xc € X(T*Q) satisfies the following Hamilton’s equations:

iz 2 = diic, (3.11)
and, as a result, the reduced nonholonomic dynamics Eq. (2.10) has the invariant measure f =1 A.
Proof. Straightforward from Lemma 3.8 and Corollary 3.4. O

Remark 3.14. Locally, the sufficient condition (3.10) becomes condition (2.22) in [6].

Remark 3.15. As shown by Stanchenko [2] (see also [16]), Eq. (3.10) is also a sufficient condition for the two-form £2; :=
f(§£2 — &) to be closed, so that Eq. (2.10) becomes

ix s 2y = dH,

and so the dynamics of X /f is Hamiltonian with the non-standard symplectic form .(_Zf.
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4. Nonholonomic Hamilton-Jacobi theory via Chaplygin Hamiltonization

4.1. The Chaplygin Hamilton-Jacobi equation

Since the Hamiltonized system, Eq. (3.11), is a canonical Hamiltonian system on T*Q, we may apply the conventional
Hamilton-Jacobi theory (see, e.g., [21, Chapter 5]) to the system and obtain the (time-independent) Hamilton-Jacobi
equation:

Hc o dW =E, (4.1)

with an unknown function W : Q — R and a constant E (the total energy). We would like to call Eq. (4.1) the Chaplygin
Hamilton-Jacobi equation.

Now that we have two Hamilton-Jacobi equations for Chaplygin systems, i.e., the nonholonomic Hamilton-Jacobi
equation (1.1) and the Chaplygin Hamilton-Jacobi equation (4.1), a natural question to ask is: What is the relationship
between the two?

4.2. Relationship between the Chaplygin H-] and nonholonomic H-J equations

In relating the Chaplygin Hamilton-Jacobi equation (4.1) to the nonholonomic Hamilton-Jacobi equation (1.1), a natural
starting point is to look into the relationship between the Chaplygin Hamiltonian Hc and the original Hamiltonian H (recall
from Eqgs. (2.9) and (3.8) that they are related through the Hamiltonian H); the upper half of the following commutative
diagram shows their relationship.

R
H a Hc
H

M * %

M T = — 110 (4.2)

|
7 dw

I

‘ -

Q _ a

Now, suppose that a function W Q — R satisfies the Chaplygin Hamilton-Jacobi equation (4.1). This means that the
one-form dW, seen as a map from Q to T*Q, satisfies Hc o dW(q) = E for any § € Q with some constant E; equivalently,
Hc odW o (q) = E for any q € Q. The lower half of the above diagram (4.2) incorporates this view, and also leads us to the
following:

Theorem 4.1. Suppose that there exists a nowhere-vanishing fiber-wise constant function f : T*Q — R that satisfies Eq. (3.10),
and hence by Theorem 3.13, we have Hamilton’s equations (3.11) for the vector field Xc. Let W : Q — R be a solution of the
Chaplygin Hamilton-Jacobi equation (4.1), and define y : Q — M by

y(q) = hl) o W5 0 dW o 7 (q) = hl} <f( ) ) (4.3)
where q := 7 (q). Then y satisfies the nonholonomic Hamilton-Jacobi equation (1.1) as well as the condition equation (1.2).

Remark 4.2. Notice that Theorem 4.1 relates a solution of the Chaplygin Hamilton-Jacobi equation, which is for the reduced
dynamics defined by Eq. (3.11), with that of the nonholonomic Hamilton-Jacobi equation for the full dynamics defined by
Eq. (2.2). Therefore, the theorem provides a method to integrate the full dynamics by solving a Hamilton-Jacobi equation
for the reduced dynamics.

Proof. That the one-form y defined by Eq. (4.3) satisfies the nonholonomic Hamilton-Jacobi equation (1.1) follows from
the diagram (4.2). To show that it also satisfies the condition equation (1.2), we perform the following lengthy calculations:
Let Y", Z" € X(Q) be arbitrary horizontal vector fields, i.e., Y;', Z}' € D, forany g € Q. We start from the following identity:

dy (Y", 2" = Y[y @™] - Z"[y (Y™] — y (Y™, ZM). (4.4)
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The goal is to show that the right-hand side vanishes. Let us first evaluate the first two terms on the right-hand side of the
above identity at an arbitrary point g € Q: Let Z; := T,mq (Z};) € T;Q, then Z; = hlf (Z3)- Thus, using Lemma A.2, we have!
y(@™)(q) = (I} o ¥y)r 0 dW (@), hI (Zg))
= (W15 0 AW (@), Z5)
1 -
= —dW(©2)(©@).
f@

Hence, defining a function y; : Q — R by

1 -
q) = —— dW(2)(q),
vz(Q) @ 2)(@)

we have y (Z") = y; o 7. Therefore, defining Y; := Tz (Y}'), i.e., Y = hI?(Yy),
Y'ly @@ = Y'lyz o 71(q)
= (d(yz 0 )q, Y;)
= ((*dyz)q. Y])
= (dyz(@). Tym (Y))
= (dy2(@. Yy)

= Y[y1@
1 -
=Y|-dW(@)| (g
[ 7AW )] @
1 - 1 - _
_ (f V[ - 5 ) dW(Z)) @.
Hence we have
1 . = 1 T 1
Viy@ =2y = £ (V[Z[W]] - Z[¥ [W]]) - 7 (V) dW @) — df @) aW (1))
1

— LAWY 2D~ 55 df AdW(Y.2), 45)

where we have omitted g and q for simplicity.
Now, let us evaluate the last term on the right-hand side of Eq. (4.4): First we would like to decompose [Y", Z h]q into the
horizontal and vertical part. Since both Y" and Z" are horizontal, we have?

hor([Y", Z"]p) = hI([Y. Z1p).
whereas the vertical part is
ver([Y", Z"y) = (Aq(IY". 2", @ = — (Be(¥. Z))),, (@)

where we used the following relation between the connection 4 and its curvature 8 that hold for horizontal vector fields
YM and Z":

By(YLZD) = dAg(Y). Z])

Y'[AEZM1(Q) — Y [AEZM (@) — ACY", 2" (@)
= —A(Y", Z")(9).

As a result, we have the decomposition

[Y", 2" = hiP (Y. Z1p) — (Be(Y. Z)),, (@

1 Recall thatf : T*Q — Ris fiber-wise constant and thus, with a slight abuse of notation, we may write f (o) = f(q) forany o € T(-;‘Q; therefore f may
be seen as a function on Q as well.
2 See, e.g., [22, Proposition 1.3(3), p. 65].
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Therefore,
y (Y™, 2")(q) = (hI}* o ¥y /r 0 dW o 7 (q). hIP([Y. Z]g)) — <hl;“ o W0 dW o (q), (B4(Yg. Z))), (q)>
= (W1)r 0 dW (@), [Y. Z1g) — (J (hIy o W15 0 dW (@) , B, (Y, Z)))

1 - _
= — ([dW(@. [Y.Z]g) — J o h} (dW @) /f @) . Bo(Y,". Z]))

f@
1 - 1 _
= — dW(Y, Z])(G) — — (J o h1* (dW(@)) , B, (h1®(Y5), h1® (Z;
@ ( D@ @ (J q ( (Q)) q( q (Yg) q ( q)))
1 - 1 -
= —dW([Y,ZD)(q) — — dW)*E (Y, 2)(q), 46
@ (Y, Z)h(q) f(q)( ) E(Y,Z)(Qq) (4.6)

where the second equality follows from Lemma A.2 and the definition of the momentum map J; the fourth one follows from
the linearity of hl* and also of J in the fiber variables; the last one follows from the definition of & in Eq. (2.12): Since
75 o dW =idg and thus Ty o TdW = idg5, we have

AW)*E(Y, 2)(@) = Egp (TAW(Yy), TdW (Z))
(o hl) (dW(@)) , B, (h1? (Yy), hi? (Zp))) .
Substituting Egs. (4.5) and (4.6) into Eq. (4.4), we obtain

dy (Y", z%) —le df ANdW(Y,Z) + %(dW)*E(Y, 7)

1 _ _
Nz (df AdW —f W) E) (Y, 2)

1. .
= — (W) (df A6 —fE)(Y.2)
:07

where the third line follows since* (dW)*f(@) = f(dW(@)) = f(@) and also that (dW)*® = dW (see, e.g, [21]
Proposition 3.2.11 on p. 179); the last line follows from Eq. (3.10), which is assumed to be satisfied. O

5. Examples
Example 5.1 (The Vertical Rolling Disk; see, e.g., Bloch [7]). Consider the motion of the vertical rolling disk of radius R shown

in Fig. 2. The configuration space is

Q = SE22) x S' = (50(2) x R?) x S' = {(¢, x, y, ¥)}.

z

Fig. 2. Vertical rolling disk.
Suppose that m is the mass of the disk, I is the moment of inertia of the disk about the axis perpendicular to the plane of the
disk, and J is the moment of inertia about an axis in the plane of the disk (both axes passing through the disk’s center). The
Lagrangian L : TQ — R and the Hamiltonian H : T*Q — R are given by

3 Again recall that f : T*Q — R may be seen as a function on Q as well.
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1 1 1 .
L= —m (& + 72 210 4 — 12
2m(x +y)+2]<p +3 W

1 2+2 2 2
H:(px py+pl+pl .

and

2 m J I
The velocity constraints are
X =Rcosp i, y =Rsing ¥,
or in terms of constraint one-forms,
o' =dx—Rcospdy, w?=dy—Rsingdy.
So the constraint distribution » C TQ and the constrained momentum space M C T*Q are given by
D={(¢.%y,%)€TQ|%x=Rcosg s, y=Rsing yr}
and

mR mR .
M= {(pw,px,py,px//) eT*Q | px= - CoS¢Py, Py = Tsmwpw}.

Let G = R? and consider the action of G on Q defined by
GxQ—>Q; ((@b),(p.xy, V) (¢, x+ay+b y).

Then, the system is a Chaplygin system in the sense of Definition 2.1. The Lie algebra g is identified with R? in this case; let
us use (&, n) as the coordinates for g. Then, we may write the connection 4 : TQ — g as

] a
A:(dx—Rcoswdgﬁ)@£+(dy—Rsin<pd1p)®a—, (5.1)
n
and hence its curvature as
0 ad
B =R|(sinpdp Ady @ — —cospdp ANdYy @ — . (5.2)
9§ an
Furthermore, the momentum map J : T*Q — g* is given by
J(pg) = pxd§ + pydn. (5.3)
The quotient space is Q := Q/G = {(¢, ¥)}. The reduced Hamiltonian H:T*Q — Ris
- 1/1, I+mR ,
H::§<jp¢+44?rfpw). (5.4)

A simple calculation shows that the horizontal lift hI* : T*Q — A is given by

M mR mR .
hl™ (py, py) = | Py» OS¢ Py, - singpy. py ). (5.5)

Then, we find from Eq. (2.12) along with Egs. (5.1)-(5.3) and (5.5) that & = 0. Therefore, the sufficient condition, Eq. (3.10),
for Chaplygin Hamiltonization reduces to df A @ = 0, and hence we may choose f = 1. Thus, the Chaplygin Hamiltonian
Hc : T*Q — Ris identical to H (see Eq. (3.8)).

To illustrate Theorem 4.1, we begin with the Chaplygin Hamilton-Jacobi equation (4.1):

110w\ 14+mr (oW’
|-l ) + — =E. (5.6)
21J \ e I2 oy
Now, we employ the conventional approach of separation of variables, i.e., assume that W : Q — R takes the following
form:

W (g, ¥) = W,y (9) + Wy ().
Then, Eq. (5.6) becomes

1 {1 (dW>+ I i (d%” r
2(J \ do 12 dyr
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Fig. 3. Knife edge on inclined plane.

Since the first term on the left-hand side depends only on ¢ and the second only on v/, we obtain the solution

dv'v«,_ 0 dww_ 0

%—%ﬂv dy =VYy> (5.7)
where y(/? and y$ are the constants determined by the initial condition such that
2 [}(y(,?)z + "LI;"RZ <y$)2] —E.
Then, Eq. (4.3) gives
0 mR 0 mR 0 0
y(p.x,y,¥) =y, dp+ T cos gy, dx + T sing vy, dy + vy, dy, (5.8)

which is the solution of the nonholonomic Hamilton-Jacobi equation (1.1) obtained in [9, Example 4.1]:

Example 5.2 (The Knife Edge; see, e.g., Bloch [ [7]). Consider a plane slanted at an angle « from the horizontal and let (x, y)
represent the position of the point of contact of the knife edge with respect to a fixed Cartesian coordinate system on the
plane (see Fig. 3) and ¢ the angle of it as shown in Fig. 3. The configuration space is

Q =SE(2) =50(2) x R* = {(¢, x, )}

Suppose that the mass of the knife edge is m, and the moment of inertia about the axis perpendicular to the inclined plane
through its contact point is J. The Lagrangian L : TQ — R and the Hamiltonian H : T*Q — R are given by

1 1
L=_m (#+y) + 5](272 + mgxsina

and

1(p}+p; D’
H=- +2
2 m ]

) — mgxsina.
The velocity constraint is
sinpx —cosgpy =0
and so the constraint one-form is
w! = sing dx — cos ¢ dy.
The constraint distribution £ C TQ and the constrained momentum space M C T*Q are given by
D ={(¢,x,y) € TQ | sinpx — cosgy = 0}
and
M = {(Py, Px, Py) € T*Q | singpy = cosppy} .
Let G = R and consider the action of G on Q defined by
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Then, the system is a Chaplygin system in the sense of Definition 2.1. The Lie algebra g is identified with R in this case; let

us use 7 as the coordinate for g. Then, we may write the connection 4 : TQ — gas

ad
A= (dy —tanpdx) ® —,
an

and hence its curvature as

1 0]
B = dxANdp @ —,
cos? ¢ an

(5.9)

(5.10)

where we assume that ¢ stays in the range (0, 7 /2) or (;r /2, ) to avoid singularities. Furthermore, the momentum map

J: T*Q — g*is given by
.'(pq) = Dy dn.
The quotient space is Q := Q /G = {(¢, x)}. The reduced Hamiltonian H : T*Q — Ris
- 1 fcos’¢p , 1, .
H = 5 <Tp"+jp“’ —mgxsino.
A simple calculation shows that the horizontal lift hI* : T*Q — A is given by
hI™(p,. px) = (Py. cOs® @ px, sing cos @ py) .
Then, we find from Eq. (2.12) along with Egs. (5.9)-(5.12) that
E =pytangpdx A do.

Therefore, the sufficient condition, Eq. (3.10), for Chaplygin Hamiltonization gives

of of
— — px— = (pytan .
Dy ax Dx g (px o) f
It is easy to find the solution
f = cos ¢.

Note that f is nowhere-vanishing if ¢ is assumed to be in the range (0, 7 /2) or (1 /2, 7).
Then, Eq. (3.8) gives the following Chaplygin Hamiltonian:

H(w,x, Py ,A)

cos@’ Cos @
1., 1 .
=-(= — mgxsina.
2 P ]coszwp“’ &

The Chaplygin Hamilton-Jacobi equation (4.1) then becomes

1[1 /oW 2+ 1 (oW’ _ .
o e — [ — — mgxsina = E.
2| m\ ox Jcos?p \ 9¢ gxsina

Assume that W : Q — R takes the following form:
W (g, x) = W, (p) + Wi(x).
Then, Eq. (5.14) becomes

11 faw\? , 1 (dw,\’
— | — — (2mgsina) x + — =E
2| m\ dx Jcos?p \ do

The first two terms in the brackets depend only on x, whereas the third only on ¢, and thus
- 2 0,2 - 2
1 (dw, (7p) 1 [dw,
— X —(2mgsina)x:2E—L, —) =),
m \ dx ] cos? @ \ do ¢
with some positive constant yq?. Hence, assuming dW,/dx > 0, we have

dw, 0)2 dw,
*= Im(2E - &y + (2m2g sinw) x, —2 = 0%o0s¢.
dx ] do ¢

Hc(g, X, Dy, Dx)

(5.11)

(5.12)

(5.13)

(5.14)



1278 T. Ohsawa et al. / Journal of Geometry and Physics 61 (2011) 1263-1291

Then, Eq. (4.3) gives

(r2)?
y(p,x,y) = y£ do + \/m <2E — y%) + (2m2g sin«) x (cos ¢ dx + sin ¢ dy),

which is the solution of the nonholonomic Hamilton-Jacobi equation (1.1) obtained in [9, Example 4.2].
6. Further reduction and Hamiltonization

It often happens that there does not exist an f that satisfies the necessary and sufficient condition in Proposition 3.9 or
the sufficient condition, Eq. (3.10), and hence we cannot Hamiltonize the system based on the above theory. However, we
may reduce such systems further and then attempt to Hamiltonize the further-reduced system.

6.1. Further reduction of Chaplygin systems

We consider the following special case of the “truncation” of [5, Section 3.B]. Recall the reduced Chaplygin system,
Eq.(2.10),on T*Q, i.e.,

ir2"™ = dH (6.1)
with the almost symplectic form
om=0-7, (6.2)

and consider a free and proper Lie group action K x Q — Q, or <1>,'f : Q — Q withany k € K, that satisfies the following
conditions:

I. The Hamiltonian H is K-invariant, i.e, H o T*®¥ = H for any k € K, where T*®¥ is the cotangent lift of &X.
IL. For any element 7 in the Lie algebra ¢ of K, the infinitesimal generator 7y« satisfies

iy S = 0. (6.3)

Now, letJi : T*Q — ¥* be the equivariant momentum map for the cotangent lift of the K -action &, i.e., for any ag € T*Q
andn € ¢,

(I (@q). n) = (o3, mg) - (6.4)
Also define J; : T*Q - R by Jg (ag) = (JK (ag), n) for each n € ¢ Then, we have
iyyuq 2 = dIy.

Notice that Condition Il implies

i,,T*Q.(_Z““ = lnT*QQ,
and thus
i,]T*é(_Z“h = i,,T*éfz =djy. (6.5)

In other words, Jx is a momentum map with respect to both the standard symplectic form £2 and the almost symplectic form
2" We also have the following:

Proposition 6.1. Under Conditions I and Il stated above, the momentum map Ji : T*Q — ¥* is conserved along the flow of the
vector field X of the reduced Chaplygin system, Eq. (6.1).

Proof. Follows easily from the following calculation:
X UI?] = i)-(dj,?
= iy 2™
= iy iz 2™
iy, s dH
= —Nr=Q [I:I ]
=0,

where we used Eq. (6.5) in the second line, and Condition I in the last line. O
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Also, let K, be the coadjoint isotropy group of u, i.e., K, = {k e K| Adju = /,L}, and assume
IIl. o € ¢*is aregular value of J, and K, acts freely and properly on J,f ().

Since Jx is a momentum map with respect to the almost symplectic form 2", the two-form 2™ itself works as a “truncated
form” (see [5, Section 3.B and Theorem 3.3]) in this special case: Performing the almost symplectic reduction of [23], we may
drop the dynamics to j,?l () /K, as follows:

Proposition 6.2 (Further Reduction of Chaplygin Systems). Under Conditions I-11I, we have the following:

(i) There exists an almost symplectic form 2 Sh on J,;l () /K, uniquely characterized by
w2t =it Q™ (6.6)
wherei, : Ji ' (1) = T*Qand 7, : J ' () — J ' () /K,
(ii) The reduced Chaplygin system, Eq. (6.1), is further reduced to the following system:
iy, 23" = dH,, (6.7)
where X and X,, are r,,-related, i.e.,
T, 0X =X, 07, (6.8)
and H,, : Ji '(1)/K,, — R is defined by
H,om, =Hoi,. (6.9)

(iii) The almost symplectic form 2} is written as

g. (6.10)

Proof. (i) and (ii) follow directly from [23, Theorem 2.1]. (iii) Since J is an equivariant momentum map with respect to the
canonical symplectic form §2, the symplectic reduction of [24] applies here as well (not to the reduction of the dynamics but
to the reduction of the symplectic structure). Hence there exists a unique (strictly) symplectic form £2,, on j,?] (n)/K, such
that

iR, =R, (6.11)
Combining this with Eq. (6.6), we have

TR -2 =i (2 -2™) =15,
Since 7, is a surjective submersion, the pull-back ”Z is injective, and thus the uniqueness follows. O

Furthermore, under certain assumptions, we may employ a result from the theory of cotangent bundle reduction (see,
e.g., [20, Section 2.2]) to make our result more explicit. To that end, we first define a mechanical connection on the principal
bundle

7:Q—>Q/K=2Q
as follows: For each § € Q, let I(g) : ¢ — &* be the locked inertia tensor defined by
(I@n.¢) =& (16@. ¢5@) »

where g is the kinetic energy metric defined in Eq. (2.7), and » and ¢ are arbitrary elements in £ Then, the mechanical
connection Ay : TQ — tis defined by

Ak (vg) =1@) " oJx (FL(vg)) . (6.12)
We will also need the “jt-component” of A, i.e., the one-form «,, on Q defined by o, (q) = Ag(q)*u, or equivalently,
(@), vg) = (1, Ak (vg)). (6.13)

Let us introduce the two-form §,, on Q defined by

7B, = day, (6.14)
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and also the two-form Bﬁ on T*Q defined by
B = 3By (6.15)

where 5 : T*Q — Q is the cotangent bundle projection.
Now, we assume the following:

IV. K,, = K, which is always the case when K is Abelian;
V. a, is K-invariant and takes values in J; ' (11).

With these additional assumptions, we have the following important special case of Proposition 6.2:

Proposition 6.3 (Further Reduction of Chaplygin Systems—Special Case). If, in addition, Conditions IV and V hold, then we
may extend the ~results of Proposition 6.2 so that the dynamics after the second reduction is described on the cotangent bundle
T*(Q/K) = T*Q as follows:

(i) The reduced space ]I;l(u) /K is symplectically diffeomorphic to T*Q with the symplectic structure 2 — Bﬁ, where £2 is the

standard symplectic form on T*Q.
(ii) Let ¢, : ],Zl (n)/K — T*Q be the symplectomorphism that gives the correspondence in (i). Then, the dynamics on _l,;l (n)/K
defined by Eq. (6.7) is equivalent to the one defined by

iy, 25" = dH,.. (6.16)
where
Q=2 -8B - &, (6.17)

with X,, = ((pljl)*)_( By = (¢, )*E,, and H,:=H,o (pIII.

Proof. (i) See [20, Theorem 2.2.3 on p. 64]. The construction of the map ¢,, is summarized in Appendix B. The diagrams
below summarize the spaces and almost symplectic forms involved in the procedure of the reduction.

T*Q th
ip ifL
I i 2" =it
T 7{;
-1 o1 P Gy @D am
.'1( (/’L)/K —>T"Q m m

(ii) Apply (¢;,")* to both sides of Eq. (6.7) and use the fact from (i) that (¢, ")*$2,, = Q- BY.

6.2. Hamiltonization after second reduction

Now, we follow a similar argument as in Section 3 to discuss the Hamiltonizability of the system defined by Eq. (6.16): Let
fu : T*Q — Rbe asmooth nowhere-vanishing function that is constant on each fiber, and define the map Y, T*Q — T*Q
by

‘i’fu o fa.
Define the vector field )?g analogously to Eq. (3.2) so that

Xt =0y Xu/f)s (6.18)

and hence X,, /f,, and )?é‘ are 'j/f“ -related:
TW;, o (Xu/fu) = X&' o Wy, (6.19)

Following the same arguments as in the proofs of Proposition 3.9 and Theorem 3.13, we obtain similar results for the further-
reduced system, Eq. (6.16).



T. Ohsawa et al. / Journal of Geometry and Physics 61 (2011) 1263-1291 1281

Proposition 6.4 (Necessary and Sufficient Condition for Hamiltonization after Second Reduction). The vector field )?é‘ € x(T*Q)
satisfies Hamilton's equations

i)zg.Q = dH{
with the Chaplygin Hamiltonian

HY = H, o ¥y, (6.20)
if and only if the one-form i;(ét [df,t e —flf (Bﬁ + i/]*/fﬂ éu)] vanishes, where @ is the symplectic one-form on T*Q.

Proof. The result follows from essentially the same calculations as in the proof of Lemma 3.8. The only difference is the
treatment of the curvature term B’;, which is not present in Lemma 3.8. Specifically, we need to calculate lI/]*/fM Bﬁ: From the

definition of Bl’j, Eq. (6.15), we have
T, % K _ 7% *
lpl/fMBu = ‘1’1/f#7'fél3u
~ *
= (né ° lIll/f/x) By
= 7[5/3”
_ pk
= Bf,

where we used the fact that ¥, It is fiber-preserving, i.e., TG o 7 S = T4 Therefore, we obtain

) ~ 1 ~ - = ~
iz {9 +r [df 1 & =12 (B + B, au>]} = dii", (6.21)
"
and thus the claim follows. O

Remark 6.5. Since 2 — Bﬁ is also a (non-standard) symplectic form as well, we may discuss Hamiltonization with respect to

this symplectic form. However, we prefer to work with the standard symplectic form £2 since the standard Hamilton-Jacobi
theory directly applies to Hamiltonian systems defined with the standard symplectic form 2.

Theorem 6.6 (A Sufficient Condition for Hamiltonization after Second Reduction). Suppose there exists a nowhere-vanishing
fiber-wise constant function f,, : T*Q — R that satisfies the equation

df, A O = (Bﬁ + 7, §M> . (6.22)
Then, the vector field )?é‘ € X(T*Q) (see Eq. (6.18)) satisfies the following Hamilton’s equations:
i;(gfz = dH, (6.23)

and, as a result, the further-reduced nonholonomic dynamics, Eq. (6.16), has the invariant measure fj‘lf\, where fi ;= dim Q
and
B (_])ﬁ(ﬁ—l)/Z B
A=—"—"7——802N---NS2.

i
Proof. Follows immediately from Eq. (6.21) and Corollary 3.4. O

7. Nonholonomic H-] theory via Hamiltonization after second reduction

7.1. Relationship between the Chaplygin H-J and nonholonomic H-] equations after second reduction

If the system is Hamiltonized in the sense of Theorem 6.6, then we have the Chaplygin Hamilton-Jacobi equation
HY odWH =E (7.1)

corresponding to Hamilton’s equation (6.23). One then wonders if there is any relationship between W* and y thatis similar
to the one obtained in Theorem 4.1.

A natural starting point towards the answer to this question is, again, to look into the relationship between the Chaplygin
Hamiltonian I:Ig and the original Hamiltonian H; then we obtain the relationship between the two solutions W* and
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y by exploiting the geometry involved in the process of reduction and Hamiltonization. The diagram below combines
the following things together: the first and second reductions of Chaplygin systems; the relationship between the two

Hamiltonians I:I‘C‘ and H; the shift map shift, : J,?l(u) — ],;1(0) (see Appendix B); also the horizontal lift hI* : T*Q —
M= _l,;l (0), which is defined in a similar way as hl* (see Eq. (2.8)) using the connection 4 (see Eq. (6.12)) as follows: Let
us define the horizontal space

D = ker Ay C TQ.
Then, the connection 4y induces the horizontal lift hi? - TQ — D defined by hi? = (T|5)~'. Let us also define

M= J; (0).
Then, it is straightforward to see that M = FL(D). Now, we define the horizontal lift hi™ T*Q — M as follows:

hi}* == Fi; o hi? o (FL) ", (7.2)
wherel: TQ — Risdefined by L := L o hl®.

R

H
_ in i shift, '
f/}\'{ vy Ti:\Q Jo (W) Ji (0 (7.3)
| | hi#
T
: !
| _ ~ ~
v e, I () /K — T*Q < T*
\ ‘ o Y1/fu
: ‘ TdW“
\ ! -
Q 7 Q = Q

Th~at thg map hl;AZ fits iQto the diagram is shown in Appendix C (see also Appendix B). The diagram also shows the map
dW# : Q — T*Q with W* being a solution of the Chaplygin Hamilton-Jacobi equation (7.1); this leads us to the following
result that is similar to Theorem 4.1:

Theorem 7.1. Suppose that there exists a nowhere-vanishing fiber-wise constant function f, : T*Q - R that satisfies Eq. (6.22),

and hence by Theorem 6.6, we have Hamilton’s equations (6.23) for the vector field )?é‘ Let W* : Q — R be a solution of the
Chaplygin Hamilton-Jacobi equation (7.1), and define y : Q — M by

(@) = hl) o 7, 0 7(q) (7.4)
with 3, : Q — T*Q defined by*
Yu(@) =i, 0 shift;] o hlgZ o 'i/‘l/fp' o dW* o 7 (q)
. i1, ~, - _
= ig o hly’ <f—dW“(q)) + 0, (9), (7.5)
n
where ¢ := 7 (q) and § := 7(q). Then y satisfies the nonholonomic Hamilton-Jacobi equation (1.1) as well as the condition

equation (1.2).

4 see Appendix B for the relationship between i,, iy, and shift, : We havei, o shift;1 (pg) = io(pg) + o, (q) for any p; € ],;] (0).
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Proof. That the one-form y defined by Egs. (7.4) and (7.5) satisfies the nonholonomic Hamilton-Jacobi equation (1.1)
follows from the diagram (7.3). Showing that it also satisfies the condition equation (1.2) requires tedious calculations:
Following a similar calculation to that of dy (Y", Z") in the proof of Theorem 4.1, Eq. (7.4) gives

dy (Y", Z") = dy (Y, Z) + 7, E(Y, 2) (7.6)

for arbitrary horizontal vector fields Y?, Z" € X(Q), where Y := Tz (Y") and similarly for Z.
Let us calculate the first term in Eq. (7.6): Writing

/1 -
Vo =g o hlz (—dW“) ,
Ju
we have y,, = ¥ + «, and thus
d)_//l(ys Z) = d)_/o(yf Z) + da/t(ys Z)

Calculation of dy (Y, Z) is somewhat similar to that of dy (Y", Z") in the proof of Theorem 4.1, but there is one difference:
Y and Z are not horizontal here. Specifically, we have

dyo (Y, Z) = Y[(2)] — Z[yo(Y)] — no([Y, Z])

1 - . - 1 - e~
= —dW,([Y,Z]) —  dfy AdW, (Y, Z) — po([Y, Z]),
fu fi

where we defined Y = Tn(Y) and similarly for 7. To calculate o ([Y, Z]), we decompose [Y, Z] into the horizontal and
vertical parts:

[Y,Z] = hi®([¥, Z]) + (Ax([Y. Z])5 .

where we note that Tﬁ([Y Z]) = [17 Z], since Y and Z are 77-related to Y and Z, respectively. As a result, we have

— - M e ~ -
7o(lY. ZD(@ = G = AW 2D@ + G e o bl (a9, @) . A1y, 2D @)

AW, (Y, Z
fﬂ() (Y. 2@,

where the second term vanishes because hl* takes values in M := J,f (0). Next let us calculate do, (Y, Z): Using Eq. (6.14),
the relation 75 o dWH = idg, and Eq. (6.15), we obtain

da,(Y,Z) = 7*B,.(Y,Z)
= 7% o (g 0 AW*)* B, (Y, Z).
= 7% o (AW")* o w5 BuY, 2).
= % o (dW")*BX (Y., 2).
= (dW")*B{ (Y, 2).
Therefore, the first term on the right-hand side of Eq. (7.6) becomes

1 - - ~ =~
A7u(Y.2) = — 5 (AW")" (df. A O —F2 BS) (Y, 2),
"

since (dW,)*f,, = f, and also (dW,)*® = dW,,.
Now, let us evaluate the second term on the right-hand side of Eq. (7.6): Substitution of Eq. (7.5) gives

2

_ - - *
Vil (Shift_1 ) hl'—M oWy, o dW" o 7'_() oi* &

shift,! o Bl o By, 0 dW" 07 ) 0715,

Ty 0 shlft_1 o hl- o W5, 0 dW* o n) =,

- -\ *
1/f, © dW* o ﬁ') o (7‘[# o Shift;1 o hl‘gl) oM

(
(
(7
= (7

1/fu o dW“ o 7'_[)* [¢] ((/);])* Eﬂ
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Fig. 4. The snakeboard.

(6]

~ ~ *
= (!Ill/fuodW"oﬁ) I
ﬁ,*

o (dW")* o i’l*/m

(&S]

m

where we used Eq. (6.10), the relation 7, o shift;] o hl;—?Z = ga;l from the diagram (7.3), and the definition of LEJM from
Proposition 6.3. This implies

VRE(Y.Z) = dW")* o ti/]*/fﬂ E.(Y,2).
As aresult, Eq. (7.6) becomes
1 ~ - - - ~ ~
ay (2 = — o @iy’ (df 7 & =52 (BS + 85, 5,) | 7. D),
I
which vanishes because the sufficient condition, Eq. (6.22), is assumed to be satisfied. O

7.2. Example of further reduction, Hamiltonization, and Chaplygin H-J equation

Example 7.2 (The Snakeboard; see, e.g., Ostrowski et al. [25], Bloch et al. [26] and Koon and Marsden [27]). Consider the motion
of the snakeboard shown in Fig. 4. Let m be the total mass of the board, J the inertia of the board, J, the inertia of the rotor,
J; the inertia of each of the wheels, and assume the relation | + Jo + 2J; = mr2. The configuration space is

Q =SE2) x S' x 8! = (S0(2) x R?) x S' x §' = {(8,x,y, ¢, ¥)}.
The Lagrangian L : TQ — R and the Hamiltonian H : T*Q — R are given by

1 , . . :
L= [m@E@+57+10%) + 2000 v + 2167 +Jo I’]
and

1 1
_ 2, - .2 2
(Po —py)* + 4hp¢+

1
H=_—(pi+p)+ 2.7

1
2m 2(mr? — Jo)
The velocity constraints are
X+rcotg cosf O =0, y+rcotg sindd =0,
or in terms of constraint one-forms,
w' =dx+rcotep cosb do, ®® =dy +rcote sind do.
So the constraint distribution » C TQ and the constrained momentum space M C T*Q are given by
D={0.%y,9,9) €TQ | O, %7, $,4) =0, 5= 1,2},
and
M = { (Do, Px Pys Py, Py) € T*Q | px = —k cOt$ cos6 (pg — Py), py = —k ot sinf (b — py)} .

where «k := mr/(mr? — Jp).
Let G = R? and consider the action of G on Q defined by

GxQ—>Q; ((ab), O, xy.¢.¥) > (0, x+ay+b ¢, ).

Then, the system is a Chaplygin system in the sense of Definition 2.1. The Lie algebra g is identified with R? in this case. Let
us use again (£, n) as the coordinates for g. Then, we may write the connection 4 : TQ — g as

B] B
A = (dx +rcotg cosfdb) ® % + (dy + rcot¢sinf df) ® P (7.7)
n
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and hence its curvature as
2 a . 2 8
B = |rcosbcsc ¢d9/\dq§®£+rsm9csc qﬁd@/\dqb@a— . (7.8)
n

Furthermore, the momentum mapJ : T*Q — g* is given by
.'(pq) = pxdé +py dn. (7.9)
The quotient space is Q := Q/G = {(#, ¢, ¥)}, and the reduced Hamiltonian A : T*Q — Ris
_ 1 sin ¢ p, | Py
H=-—"—"5— s —p)*+ -2+ 2],
2 (W “hositg P TP Ty

and the horizontal lift hI* : T*Q — M is given by

(mr? — Jo) sin® ¢ mr cos ¢ sin ¢ cos @
hI*(pg, py, = +——""——(9 — Dy), — —py),
(Po, Py, Py) (Pxp mr? — Jo sin? (Po — py) 7 — Josin? ¢ (Po — py)
mrcos¢sin¢sin9( ) ) (7.10)
mr? — Josin? ¢ Po — Py ), Py Py |- .

Then, we find from Eq. (2.12) along with Eqs. (7.7)-(7.10) that

2
- t

5= TR PO gy,
mré — Jo sin” ¢

However, there exists no function f that satisfies the sufficient condition, Eq. (3.10), for Chaplygin Hamiltonization. In fact,
one can show (see [6]) that there does not exist an f which satisfies the necessary and sufficient condition for Hamiltonization
from Proposition 3.9. Hence the system is not Hamiltonizable at this level of reduction. Therefore, we would like to further
reduce the system: Let K = S! and consider the action of K on Q defined by

KxQ—Q; (. (0,0, ¥)) > (0,9, ¥ +0);
and so QDf ©@,¢,v) =, ¢, ¥ +c) for any c € K. This gives rise to the cotangent lift

KxT*Q—>T*Q; (¢, (0,9, V. Do, Py, Py)) > (0,8, ¥ +¢, Do, Py Py,
that is,

T*®X (0, ¢, V. po, Py Py) = (0,9, ¥ + ¢, Do, Py, Py)-

It is easy to see that the Hamiltonian H is K -invariant. Also, for any ¢ € ¢, we have the infinitesimal generator {reg = § 0/0Y
and so easily see that ifr*a Z = 0. Hence Conditions I and II are satisfied. Therefore, by Proposition 6.1, the corresponding
momentum map
Jx(pg) = py d¢
is conserved. It is straightforward to check that Condition Il is satisfied for any i = uy, d¢ € €*. Then, Proposition 6.2 gives
the reduced dynamics on_l,?l (n)/K,, and Eqgs. (6.9) and (6.10) give
2

_ 1 sin® ¢ , Py Mg
Hi=-|——5 (s — + 2 +-F
“T 2 (er Josintg TR g T

and

_mr?(pg — iy) cotp
mr2 — Josin’ ¢

)

m

do A do.
Furthermore, Eq. (6.12) gives the mechanical connection
ad
Ay = (d0 + dy) ® o (7.11)

and hence Eq. (6.13) gives
o, = u(do +dyr), (7.12)
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andso B, = Oand Bﬁ = 0.1t is also straightforward to check that Conditions IV and V are satisfied. Therefore, we may apply

Proposition 6.3 to this case. Specifically, we have Q = Q/K = {(0, ¢)}, and Eq. (B.5) (from Example B.1 in Appendix B)
gives

0, T Q= I\ (W/K: (0.6.po.Pg) = (0. ¢, Do + iy Dy),

and hence we have

3 _ 1 sin? ¢ Py 1
H,(©, ¢,ps,ps) :=Hy, OWM](& @, Do, Pp) = 5 <mr2—]osmz¢ P; + jbl + ](:/

and
mr2pg cot ¢
mr2 — Jo sin® ¢

O]

do A do.

W= (go;l)*EM —

Therefore, the sufficient condition, Eq. (6.22), for Chaplygin Hamiltonization becomes

af/l, af//. _ mr? C0t¢ f
Pode " P % T TP e Zysint
which gives
%—O, o mr’cote i

¢ mr2—Jysin¢p "
A straightforward integration yields®
sin ¢

fu = =

mr2 — Jo sin® ¢

90

where we assume that | sin¢| < 4/m/Jo r. Then, Eq. (6.20) gives the following Chaplygin Hamiltonian:
~ Vmr2 —Josin?¢  /mr2 —Josin? ¢
Hu, 93 ¢s P 0 P p¢
sin ¢ sin ¢

1 mr? — Josin® ¢ "3
=3 Pé e é +2L).

2 2]; sin’ ¢ Jo
Hence the Chaplygin Hamilton-Jacobi equation (7.1) becomes

~ 2 ~ 2
1| [own mr? — Jo sin? awH 7%
- + 1,02 ¢ +—2 | =E. (7.13)
2 a0 2J1 sin” ¢ ¢ Jo

HY O, ¢, po, py) =

Assume that W* : Q — R takes the following form:
WO, ¢) = Wy'(0) + Wy (9).
Then, Eq. (7.13) becomes

~ 2 ~ 2
1 (dWé‘) +mr2—]osin2¢> (dW¢’f> +/¢12/, _

2 do 2J; sin? ¢ do Jo
The first term in the brackets depends only on # whereas the second only on ¢, and the third one is constant. Thus we have
awl o, dw} sing 0
= y . = y ,
do ’ do mr2 — J sin® ¢ ?

with some set of constants y; and y, that satisfy

5 Formr? = Jo = 1, this verifies the result of [6, Section 4.4].
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which is solved for y9° (assumed to be positive) to give

(J/O)z %
),0 = _ el Ty
v= (E 41 2]0)'

Therefore, Eq. (7.4) with Eq. (7.5) gives

(mr? —]O)Csind)) _ mrCcot¢ sing
g(¢) 2(®)

v(0.%,y,¢,¥) = (IW + (cos 6 dx + sin 6 dy) + y,) dp + pwy dy,

where we defined

(2wl
_ Zl _%’ g(9) :=\/(mr2—JoSiﬂ2¢)/2~

This is the solution of the nonholonomic Hamilton-Jacobi equation (1.1) obtained in [9, Example 4.3].

C:=

8. Conclusion and future work

We established a link between two different approaches towards nonholonomic Hamilton-Jacobi theory; the direct one
in [8,9] and the indirect one via Hamiltonization. We formulated the procedure of Hamiltonization in an intrinsic manner;
this helped us understand the relationship between the two approaches and also lead us to the formulas relating the
solutions of the two different types of Hamilton-Jacobi equations resulting from the direct and indirect approaches. The
formulas provide us with the following new method to exactly integrate equations of motion of nonholonomic systems:

1. Reduce and Hamiltonize the nonholonomic system.

2. Solve the Chaplygin Hamilton-Jacobi equation for the Hamiltonized reduced system.

3. Use the formula in Theorem 4.1 or 7.1 to obtain the solution of the nonholonomic Hamilton-Jacobi equation for the full
dynamics.

4. Integrate the full dynamics using the solution as shown in [9].

A notable feature of this method is that it links the solution of the Hamilton-Jacobi equation for the reduced system with
integration of the full dynamics. We illustrated this method with a few examples and obtained the solutions identical to
those in [9].

The following questions are interesting to consider for future work:

e Hamiltonization and Hamilton-Jacobi theory for a more general class of nonholonomic systems with symmetries: This paper
only dealt with Chaplygin systems, a special case of the more general class of nonholonomic systems with symmetries
treated in [26]. We are interested in extending our results to the general case, possibly relating them to the results on
existence of an invariant measure in [15].

e Application to nonholonomic systems on Lie groups: Nonholonomic systems on Lie groups, such as the Suslov problem (see,
e.g., [28,29]), often involve an interesting question on integrability: Whether or not the full dynamics is integrable when
the reduced dynamics is (see [30]). Relating this question with the Hamilton-Jacobi equations for the full and reduced
dynamics is an interesting question to consider.
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Appendix A. Some lemmas on the horizontal lift h1*

Lemma A.1. The horizontal lift h1™ is invariant under the action of the cotangent lift of ®. Specifically, for any h € G, we have
hlpt = Ty @1 0 WIS, (A1)
where hq = ®(q); or equivalently, for any az € T;Q

h h
Uy = Ty Pp1(ag).
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Proof. From the definition of hl;;“ and the G-invariance of hl®, we have
hlj = Flyg o hljy o (FL);"
= FLpq o Ty®p 0 hl;o o (IFI_.)(-;1

Now, using the G-invariance of the Lagrangian L, we have, for any vy € T;Q and wyq € TyqQ,

d
(FLig 0 Ty®n(vg), o) = ——L(Tg@n(Vg) + & Wi)

e=0

d
= £L o Tq(Ph(Uq +¢& Thq¢lrl (whq))

e=0

d
= gL(vq +¢ Thq(phfl (whq))

e=0
= (FLq(vq), Tag®Pp-1 (Whq))
= (T, ®y-1(FLy(vg)), W),
and thus FLyg o T®, = T*®;-1 o FL;. Hence we obtain
hlps = Ty ®y-1 0 Flg o hIY o (FL)
=T 1 ohly. O

Lemma A.2. Let q be an arbitrary point in Q and § = 7 (q) € Q. For any ag € T;Q and v € T,—,Q, the following identity holds:
(hI (ag)., hIY (vg)) = (etg. vg) -
Proof. Follows from the definitions of g and hlﬁ‘ (see Egs. (2.7) and (2.8), respectively):
(nly ). BIP () = (g o M o @) (). 1P )
= g (h1? 0 @) (eq). N2 (1))
= & (@)7" @), vq)
= (& 0 @7 @) )
= [og, va)-

Appendix B. Construction of ¢, :JEI([L) /K — T*Q

We briefly summarize the construction of the map ¢, : j,;l(u) /K — T*Q that appears in Proposition 6.3 following
Marsden et al. [20, Section 2.2]. First define ¢ : ],;1 (0) - T*Q by
(@o(pa). Ta (vg)) = (pg. vg) (B.1)

for any p; € T;Q and v € T;Q. Let 770 : J '(0) — J ' (0)/K be the projection to the quotient. Then, ¢ : J; ' (0)/K — T*Q
is uniquely characterized by the relation

@o 0 Ty = Q. (B.2)

It can be shown that ¢y is in fact a diffeomorphism (see [20, Proof of Theorem 2.2.2 on pp. 62-63]). We also introduce the
shift map

Shift, : T*Q — T*Q
defined by
Shift, (pg) == pg — . (), (B.3)

where o, is the one-form on Q defined in Eq. (6.13). This gives rise to the K-equivariant diffeomorphism

shift, : J' (1) — J; ' (0),
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and the commutative diagram below, where i,, and iy are both inclusions.
_ Shift,, _
Qg —>T°Q

in i

—J ' (0)

shifty,

| (D)
Since the map shift, is K-equivariant, it induces the diffeomorphism
shift, < J' () /K — I (0) /K.

The map ¢, : Ji'()/K — T*Q is then defined by

¢, = @ o shift,. (B.4)
The diagram below summarizes the construction of ¢,,.

. shift,, .
Jo (W) —J (0)

Ve (0)/K ———>J O)/K ———=>T"Q

Pu

Example B.1 (The Snakeboard; See Example 7.2). Let us first determine ¢ and ¢q. Note that we may parametrize J,;l (0) as
follows:

J'0) = {6, ¢, ¥, po, Ps, Py) € T*Q | by =0} = {(6, ¢, ¥, Py, Py)},
and also that 7 (0, ¢, ¥) = (0, ¢) and hence T (vy, vy, vy ) = (vg, vy). Therefore, Eq. (B.1) gives
P00, @, ¥, o, Pp) = (6, 9, Py, Py)-
Since 770(6, ¢, V. po. Py) = (0. b. Po. Py). Eq. (B.2) gives
©0(0, ¢, pa, D) = (0, b, Do, Py)-
Now, let us determine the map ﬁl\iftﬂz Using the o, in Eq. (7.12), we find, from Eq. (B.3),
Shift, (0, &, ¥, Pa, Py, Py) = (0, P, ¥, Po — ly, Pg» Py — My ).
Parameterizing J,?l () as
N () = {0, . ¥.po.pg.Py) € T*Q | py =y} ={(0. ¢, V. o, Dy)}.
we obtain
shift, (6, ¢, V. pa. Pp) = (0, ¢, ¥, Dy — Ly Pg),
and hence
shift,, (6, 6, pa, Py) = (6, 6. po — 11y Py).
As a result, we obtain, from Eq. (B.4),

Gﬂu(@; ¢s p@;pgb) = (97 ¢s Do — Uy P¢) (BS)
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Appendix C. On the horizontal lift hI*

Lemma C.1. Let g be a pointin Q and § = 7 (). Then, we have hlg2 0@o(pz) = pgforanyp; € j,;] (0) and also ¢ ohl™ = idpsg,
and the diagram

' (0)

((0)/K ——>T*Q

commutes with an appropriate choice of the base point q of the image of hI#.

Proof. Letp; € T;Q and v € Tg]é be arbitrary. Then, Eq. (B.1) implies that

<¢0 o hi¥ (py), Ty (hlg?(va)» - (hlgZ (Pd). hlg?(vg)>

= <Pa, v;;),
where we used an identity on pairings between the images of hl# and hl?, which can be shown in the same way as
Lemma A.2. However, the definition h1® := (T7|5)~! implies T o hl® = idy4, and thus the above equation reduces
to

<<7)0 o i (py), U{;) = (pg. vg) -
Therefore, we have ¢q o hl* = id;.5- So Eq. (B.2) gives

9o 0 19 0 hI* = id.g,
which also implies

m .
g o hl™ oy = ldjkl(o)/K,

since ¢ is a diffeomorphism.
To §how hl;-;“ o ¢o(pg) = pg take an arbitrary vz € T3Q. Then, we may decompose vz into the horizontal and vertical
parts, i.e.,

vg = hI2 (T5) + (Ax (v9)g @)
where vz = T37 (vg). Therefore, we obtain
(b1 o Go(p), vg) = (NI o Gopg), NP @) + (B 0 Golpy), (Ax (1)) @)
= (Bo(po). ) + (I o hlz" 0 Go(pg). Ax(vp))
= (go(pg). Ta7 (vg))
= {pg, va),
where we used the fact that hl** takes values in M = ],;1(0), and also Eq. (B.1). Hence hl;f o ¢o(pg) = pg and also, by
Eq.(B.2), hly* o o 0 mo(pg) = pg. O
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