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Abstract: Suppose the ground field F is an algebraically closed field of characteristic
different from 2, 3. We determine the Betti numbers and make a decomposition of
the associative superalgebra of the cohomology for the model filiform Lie superalge-
bra. We also describe the associative superalgebra structures of the (divided power)
cohomology for some low-dimensional filiform Lie superalgebras.
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0 Introduction

In 1970, in the study of the reducibility of the varieties of nilpotent Lie algebras, Vergne
introduced the concept of filiform Lie algebras and showed the fact that every filiform Lie
algebra can be obtained by an infinitesimal deformation of the model filiform Lie algebra
L,, (see [1]). Since then, the study of the filiform Lie algebras, especially the model filiform
Lie algebra, has become an important subject. Many conclusions on cohomology of the
model filiform Lie algebra with coefficients in the trivial module have been obtained. For
example, the Betti numbers for L, with coefficients in the trivial module over a field of
characteristic zero have been calculated in [2-4]. A result, in [5], states that the filiform Lie
algebras L,, and my(n) have the same Betti numbers over a field of characteristic two, which
is different from the case of characteristic zero. Moreover, the first three Betti numbers of
L,, and my(n) over Zg have been calculated in [6]. As what happens in the Lie case, every
filiform Lie superalgebra can be obtained by an infinitesimal deformation of the model
filiform Lie superalgebra L, ,,. Many conclusions on cohomology of the model filiform Lie
superalgebra with coefficients in the adjoint module have been obtained. For example,
Khakimdjanov and Navarro gave a complete description of the second cohomology of
Ly, with coefficients in the adjoint module in [7-11]. The first cohomology of L, ,, with
coefficients in the adjoint module has been described in [12] by calculating the derivations.
However, in the trivial module case, less of work is done for Ly, ,,.

Throughout this paper, the ground field F is an algebraically closed field of charac-
teristic different from 2, 3 and all vector spaces, algebras are over F. In the character-
istic zero case, for any non-negative integer k, we make a decomposition of Hk(an)
by the Hochschild-Serre spectral sequences, moreover, we can describe completely the
Betti number of H*(L,,,,) and the superalgebra structures of the cohomology for some
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low-dimensional filiform Lie superalgebras. We also describe the graded superalgebra
structures of the (divided power) cohomology for some low-dimensional filiform Lie su-
peralgebras by the Hochschild-Serre spectral sequences to a certain ideal, in characteristic
different from 2, 3.

1 Filiform Lie superalgebras

A Lie superalgebra is a Zo-graded algebra whose multiplication satisfies the skew-supersymmetry
and the super Jacobi identity (see [13]). For a Lie superalgebra L, we inductively define
two sequences:
Ly=1Ls,  Li =[Lg, L]
and
LY=Ly, LY =L LY.

If there exists (m,n) € N2 such that Lt =0, L%”_l # 0 and L} = 0, L’f_l # 0, the
pair (m,n) is called the super-nilindez of L. In particular, A Lie superalgebra L is called
filiform if its super-nilindex is (dimLg — 1, dimL7) (see [7]).

Denote by Fy, », the set of filiform Lie superalgebras of super-nilindex (n,m). Let F
be a filiform Lie superalgebra over C. If F € F,, ,,, there exists a basis {Xo, X1,..., X, |
Yi,..., Y} of F such that:

[XO7Xi] :XiJrla 1 Szén_17 [X()aXn] :Oa
[X1,X2] € CXy+ -+ CXp;
[Xo,Yi]=Yit1, 1 <i<m—1, [Xo,Yy]=0.

Recall the following classifications up to isomorphism (see [14]):
The classification of F7 o:
(1) Fio: [Xo, Y1] = Ya;
(2) Fi ¢ [Xo, V1] = [X1, 1] = Va;
(3) Fiy: [Xo, 1] = Yo, [Y1,V1] = X1.
The classification of F3 o:
(1) .7:2172 : [Xo,Xﬂ == XQ, [Xo,Yl] = YQ;

(2) F3o: [Xo, X1] = 2[V1, Ya] = Xy, [Xo,Y1] = Yo, [V1, V1] = X1;
(3) F5o : [Xo, X1] = 11, Y1] = X, [Xo, V1] = V2;

(4) Foy 1 [Xo, X1] = X, [Xo,Y1] = [X1,Y1] = Ya;

(5) Foo : [Xo, X1] = [V1,Y1] = X, [Xo, V1] = [X1,Y1] = Ya.

Let L, ., be the filiform Lie superalgebra with a homogeneous basis
{Xo, X1,..., X | Y1,.... Y}
and Lie super-brackets are given by
(X0, Xi] =Xiq1, 1 <i<n—1; [Xo,Y;] =Y, 1<j<m—1.

We call Ly, ,, the model filiform Lie superalgebra and {Xo, X1,..., X, | Y1,...,Ys,} the
standard basis of L, .
Obviously, we have:
Flo=1Lia, Fao=Loo.
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2 (Divided power) cohomology

In this section, we introduce the definitions of cohomology and divided power cohomology
of g with coefficients in the trivial module. For more details, the reader is referred to [13],
[15] and [16].

Let g be a finite-dimensional Lie superalgebra, denote by g* the dual superspace of g.
Fix an ordered basis of g

{z1,. T | Ting1s oy Tmtn (2.0.1)
where |z1| =+ =|zm| =0, |[Tmii]| = = |[Tmin| = 1, and write
{IT, cee 7x;kn | m;kn—i-lv . 'a$:n+n}a

for the dual basis.
For k € Z, we let \* g* be the k-th super-exterior product of g*. Let A®g* = @ A"g*.

keNy
Then A°® g* can be viewed as a g-module in a natural manner. Note that A® g* also has a Z-
grading structure given by setting ||z1]| = ... = ||Zmnl|| = 1. Hereafter ||z|| denotes the Z-

degree of a Z-homogeneous element z in a Z-graded superspace. Let d : A\* g* — A°® g* be
the linear operator induced by the dual of the Lie superalgebra bracket map g* — /\2 g~
Then

* * q 1 ; 2
* k% * -
1<k<I<m+n m+1<k<m+n

d(x Ay) = d(z) Ay + (=DHz A d(y), 2.y € N\,

where a};l, 1 <14k, Il <m+ n, are the structure constants of g with respect to the basis
(2.0.1). Then d is a g-module homomorphism and

=0, |d=0, |d|=1.

Denote by H*(g) the cohomology of g defined by the cochain complex (A°®g*,d). Note
that A®g* is a Z-graded associative superalgebra in a natural manner, which induces a Z-
graded associative superalgebra structure on H®(g). In particular, the dimension of H*(g)
is called the k-th Betti number.

Over a field of prime characteristic p > 2, we introduce the definition of divided power

cohomology of g. For a multi-index r = (r1,...,7m4n), where r1,..., 7, are 0 or 1, and
Tm+1, - - - s 'm+n are non-negative integers, we set
ZL‘ri m-+n
ul(-”) =2 and @ = H ul™,
7’" 7
v i=1

Clearly, their multiplication relations are

m  m+n

m S5O resit+ > rrsy
wDy®) = <Hmin(1,2 oy Si))(—l)jl ki1 S i Sem < z-:é ) urte (2.0.2)

=1
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m+n
(r+8>_ 11 (n+8i>
r iy ri
i=m+1
Fix two n-tuples of positive integers t = (t1,...,t,) and ™ = (71,...,T,), where m; = pli,
1 <4 < n. Denote

where

] < < .
O(m’mt):o(g*;t)=span]F<u(T‘)TZ,{ <, m+1<i<m+n; )

=0orl, 1<2<m.

From Eq. (2.0.2), O(g*;t) is a finite dimensional submodule and a graded subalgebra of
A°® g*. In particular,

O(g™:t) = Oi(g";1),
=0
m—+n

where O;(g*;t) = spang{u® | S 7, = i}. Let d : O(g*;t) — O(g*;t) be the linear
k=1
operator induced by the dual of the Lie superalgebra bracket map. Then

d(1) =0,
da)= Y (yFilkilaager — Y ae”, 1<i<mtn,
1<k<l<m+4n m+1<k<m+n
m-+n
d(u(ﬁ)) - Z (_1)T1+---+T’j—1+\$;|(T’m+1+---+7’j—1)d(x;j)u(z—ej')’
j=1
where €; = (651, +,6j,m+n), a};l, 1 <4,5,k, 1 < m+ n, are the structure constants of g

with respect to the basis (2.0.1). Then d is a g-module homomorphism and
d*>=0, |d=0, [d|=1.

Denote by DPH®(g) the divided power cohomology of g defined by the cochain complex
(O(g*;t),d). Note that O(g*;t) is a Z-graded associative superalgebra in a natural manner,
which induces a Z-graded associative superalgebra structure on DPH®(g).

Finally, we close this section with some remarks on the Hochschild-Serre spectral se-
quence (see [13]). Suppose [ is an ideal of g. Then there is a convergent spectral sequence
called the Hochschild-Serre spectral sequence such that

By = HF(g/1,H*(I)) = H**(g) (2.0.3)

3 Characteristic zero

Throughout this section the ground field F is an algebraically closed field of characteristic
Z€ero.
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3.1 Model filiform Lie superalgebras
Let Z be a subspace of L, ,, spanned by

(X1, . X0 | Y1, . Y}

Obviously, Z is an abelian ideal of Ly, ,,. Moreover, H*(L,, ,,) is described by using the
Hochschild-Serre spectral sequence relative to Z.

Lemma 3.1. Let
D: /.\I* — /.\I*,
rz+— —Xgo - x.
Let Dy = D |/\kl—*. Then H*(L,,,») = Ker Dy @ (FXg A (/\k_ll*/Im Dj—1)).
Proof. From Eq. (2.0.3), we have
HO(FXo, A" %), p=0;

E&k*p o Hl (FX(), /\k*l I*), p= 1;
0, p#0,1,

Then we have

k k—1
H*(Lym) = € ERY =H <IFX0, /\I> ar)ik <IFXO, A I*).

p+q=k

By the definitions of the low cohomology (see [13]), we have

k
HO <IFX0, /\I> = Ker Dy,
k—1 k—1
Der<IFX0, A I*) =Fx; \ N\T
k—1
Inder (IFXO, /\ I*) =FX; /\Im Dy_1.

Moreover, we obtain that

H*(L,,.m) = Ker Dy @ (FX(; /\ (k/_\ll'*/hn D,H)).

Theorem 1. As a Z-graded superalgebra, we have

H*(L,,m) = Ker D x <IFX5‘ A </\I*/1m D)).
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Proof. For any z,y € Ker D, z € A\*Z*/Im D, we have
D(zNy) = =Xo- (zAy) = =[(Xo-z) Ay + 2 A (Xo-y)l,
= D(z) Ny+z A D(y),
and

(XgAZ)ANx =X A (ZA),
= Xg A (zAT) €FXG N (/.\I*/Im D).

Thus, Ker D is a subalgebra of H*(L,,,,) and FXj A (/\' Z* /Im D> is an ideal of

H*(Ly, ) with trivial multiplication. From Lemma 3.1, the proof is complete.

In order to calculate the dimension of H*(Ly, ), it suffices to calculate the dimension
of Ker D.
Let

o, , —_ ,
fi—mXia 1<7<n, gj—myja 1<j<m.

Let z,y, h € Endg(Zg), such that

=D |Ig’
Let 2/,y/', b/ € Endp(Z7), such that
«' =D |Ii‘7
y'(9;) = jgj+1, 1<j<m—1, o (gm) =0,
h'(gj) = (m+1—2j)g;, 1<j<m.

Obviously, spang{z,y, h}, spanp{z’, v/, h'} are subalgebras of gl(Z;) and gl(Z]), respec-
tively. Moreover, the following Lie algebra isomorphism holds:

spang{z, y, h} = spang{a’,y’, 1’} = s1(2).

By Weyl’s Theorem and representation theory of s((2) (see [17]), Z; and Z} are simple
modules of s[(2) and, for k > 0, A* Z* is a completely reducible module of s[(2). Moreover,
we can obtain the following theorem.

Lemma 3.2. Suppose k > 0. Then

k

dim Ker Dy, = Z fn.m (Ko, k — ko),
ko=0

where fy,m (ko, k — ko) = card{(il,...,iko,jl,...,jkko) eZF|1<ii<...<ip, <n, 1<

ko k—ko \‘ko(n—l—l)—F(k'_kO)(m—’—l)J +

1< oo <k SmAk—ko—1,Y g+ Y jp = 5
a=1 b=1
(k:—ko)(k:—ko—l)}

2
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Proof. For k > 0, set

k T
Az - .
i=1
where Vi, ..., V, are simple sl(2)-modules. Moreover,

Ker Dy = éKer Dkﬂm.
=1

So we obtain that for any v € V;, Di(v) = 0 if and only if v is a maximal vector of V;.
Moreover, the following conclusions hold:

k k
dim Ker Dy = r = dim (/\I*)O—i— (/\I*)17 (3.1.1)

where ( /\k I*)O, (/\k I*)l are weight spaces of weight 0, 1, respectively.

Let sl(2) = spanp{ X, H, X_}, where FH is a Cartan subalgebra of s[(2), and f;, A
firg NGjr N+ AN Gjy_y, 18 a standard basis of /\k Z*, where 0 < kg <k, i1 < ... <1k, <mn,
1 <71 <... < Jk—k, <m. Note that

k—ko
H(fis Ao A fing NI A NG y) = (k:g(n+1)+(k—k0 Y(m+1)— (ZzaJr Z ]b>>

fil/\"'/\fiko/\gjl/\"'/\gjk—ko'

From Eq. (3.1.1), it is sufficient to calculate the dimensions of (/\k I*)O and (/\k 7).
We consider the following cases:
Case 1: ko(n+ 1) + (k — ko)(m + 1) is even. Then

(ko(n+1)+(k—ko)(m+1) (izwrkzk:ojb)): 0,

a=1

k—k 1 B )
if and only if Z Qg+ Zojb ko(n + )-1-(]; ko) (m + )
a=1 b=1

Case 2: ko(n+1) + (k — ko)(m + 1) is odd. Then

<k0(n+1) (k — ko)( —2<Zza+kf%)>=,

k—k k 1 k—k 1) —
if and only 1lea+ Zojb o(n+1)+( . 0)(m+1)
a=1 b=1

Thus, the conclusion holds. O

Theorem 2. Suppose k > 0. Then

dim H*( anmko,k ko) +anmk0,k ko — 1).
ko=0 ko=0
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Proof. 1t follows from Lemmas 3.1 and 3.2. O

In order to characterize the superalgebra structure of H*(Ly, ., ), we make a Z-gradation
of N¥Z* for any k > 0.

For any 0 < s < k, let [ such that oy, < | < i, where ap s = w + k — s,
Bre = 2C =t 4 (k — s)m.

Let (/\/I€ I*)ls be the space spanned by

XN ANXEANYFT A LAY

where 1 <11 <...<1is<n,and ay,...,q,, > 0, satisfying that

m S m
Zaj:k:—s, Zia—i—Zabb:l.
j=1 a=1 b=1

Let
k l k -1
D (/\I) o (/\I) :
S S
x — Dy(z).

Obviously,
k E  Brs k l
AT =@ D (A7)
5=0 l=0y, s s

since the linear mapping Dy, is compatible with this graduation, we have:

k ﬁk,.s

Ker Dy, = @ @ Ker D (3.1.2)

s=0 l=ay, ¢

k /Bk,s
Im D, =P & m D, (3.1.3)
s=0 l=ay, s
where oy, s = @ +k—35, Brs = M + (k — s)m.

We describe the superalgebra structures of the cohomology for some low-dimensional
filiform Lie superalgebras by the decomposition in Theorem 1.

Example 1. Then the following Z-graded superalgebra isomorphism holds:
H*(L12) 2 U2 X V12,
where U 2 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

{a14, 04 | i >0},

satisfying that |a1 ;| = |a;| = ¢ (mod 2), [Jay 4]l =i+ 1, |||l = ¢, and the multiplication is
given by
Q0 = Qyg, Q105 = QO 445, 1,5 > 0.
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V12 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{0, 0,1, | 1> 0},

satisfying that |ag ;| = |ap1,i| =7 (mod 2), |||l =i+ 1, |[ao 1] =i+ 2, and the trivial
multiplication. The multiplication between U] 2 and V) 2 is graded-supercommutative, and
the multiplication is given by

7 o
apiaro = (—1)'a014, o0 = o4, 00100 = Qo1 > 0.

Proof. Note that

2k—1

(AZ), =3 FXpAyy™ Ay ™ s=1;
0, else.
Moreover, we have
Fy;", s=0,l=k;
Ker Df’l = FX] A Yl*k_l, s=1,1=k;
0, else.
FY'l*Qk—H-l A Yz*l—k—1, —— 0’ k 4 1 S l S Qk;
Im Df’l =93 FX{A Yl*%fl A YQ"H%I7 s=1,k+1<1<2k—1;
0, else.

From Theorem 1 and Eqgs. (3.1.2), (3.1.3), H*(L12) has a basis:
Vi, OXEAYY, XEAYS, XEAXEAYS, i>0.
The conclusion can be obtained by a direct calculation. O
Example 2. The following Z-graded superalgebra isomorphism holds:
H®(Lo1) =2 Us1 X Va1,
where Us 1 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{ov, 14,012, | i > 0},

satisfying that |a;| = |a1i] = |a1.24] = (mod 2), ||| = i, ||| = i+ 1, |ar4]l =i +2,
and the multiplication is given by

Qi = Qiyj, Q105 = Q45,1205 = Q12i+5, §,] > 0.
Vs 1 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{01, 20,25, 00,125 | © > 0},

satisfying that ]a07i| = |040,2,i = ‘a07172,i =1 (mod 2), HO&OJH =141, ”04072#‘“ =142,
lao1,2,i]| =4+ 3, and the trivial multiplication. The multiplication between Us 1 and Va1
is graded-supercommutative, and the multiplication is given by

Qo = QQ,i+5, 0205 = Q02i+5, €0,12:i05 = Q0,1,2,i+j,

_ i1 B .
ag2i01; = (—1)" 012,45, Q00125 = ®0,1,2,i45, 4, J > 0.
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Proof. Note that

FY;, s =0;
l FX;AYF s=1,1=k;
(/\I*)S: FX;/\YI*Fz, s=1,l=k+1;
FXFAXGAYY ) s=21=k+1;
0, else.
Moreover, we have
FY;, s =0;
* wl—1 n Wy
Ker Df’l _ ) FXyAYT s s=1L1=F
FXPAXIAYY S, s=21=k+1;
0, else.

Im D8 = § FXT AT s=1l=k+ 1
s 0, else.

From Theorem 1 and Eqgs. (3.1.2), (3.1.3), H*(L2,1) has a basis:
VL OXIAYY, XIAXIAYY . XEAYY ., XEAXGAYD, XEAXIAXEAY, >0,
The conclusion can be obtained by a direct calculation. O

Example 3. The following Z-graded superalgebra isomorphism holds:
H*(L13) = Uiz x Vi3,
where U 3 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

{ai,jaal,i,j7‘ Zvj 2 0}7

=2j+i+1, and

satisfying that |oy j| = |oa ;] = 27 + @ (mod 2), || ;]| = 27 +14, |loa,i

the multiplication is given by
P, S N i i i >0
Qg O jr = Qiif jpjls Qg Q0 G0 = Qi j+57 0,0, ] = U
V1 3 is an infinite-dimensional Z-graded superalgebra with a Zj-homogeneous basis
{a0ij, @014 |45 > 0},
satisfying that |ao;| = |aoig| = 2i+j (mod 2), flaoill = 20+ 5+ 1, laoisll =

2t + j + 2, and the trivial multiplication. The multiplication between U 3 and Vi3 is
graded-supercommutative, and the multiplication is given by

Q0,i,j il 5 = Pigalj X0+ 45! j—i" s

2i+j 2i+j .
agg oy = (1) agja o = (1) pj jar o ivirjrj—irs 55 >0,

i1 TH (Y gy Jtti
where p; ;i o = H PICERIET S} z+j +S S +t ZJrl Hl a bHO 2(i+4d'+j'—t+b)+1 |°
i/ a= =
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Proof. Note that

o

@ F}/lz A Y23k7172i A Y};L'Jrl72k7 s=0k <1< 2k
1=2k—1
E
i @ FY'IZ /\}/23]{771721 /\}/31+l72k’ s=0,2k+1<1<3k
i=0

(NT).=1 [52]- , o
@ ]FXl/\}/11/\}/2316—1—21—2/\}%1-1%—2]6—&-1’ s=1,k<1<2k—1;
i=2k—1—1
EE
P FXIAY{A Y'23kflf22¥2 /\Y?)Hlf%ﬂ’ s=1,2k<1<3k—2;
=0
0, else.

From a direct computation, we have the following conclusion:
If 2k +1 <1 < 3k, or k <1< 2k and 3k — [ is odd, we have Ker D}'! = 0.
If £ <1 <2k, and 3k — [ is even, we have dim Ker Dg’l =1 and Ker Dg’l has a basis:

3k—1

2 ; 3k—1—2i itl—
Yl*Qk—l /\ Y2*l—k —"_ Z Af’lyl*l /\ YZ*dk -2 /\ Y3* +1 2k7
i=2k—1+1
i—2k+1
where A = ] w Moreover, we have
j=1
k » - - .
(/\I*)Z—I/Im phl — FY; Ay T 2k 41 <1< 3k and 3k — [ is odd;
0 0, else.

From Theorem 1 and Eqgs. (3.1.2), (3.1.3), H*(L1 3) has a basis:

}/1*1 A }/'2*2J S Z A?]-HA]-HYl*S A }/2*2(1+J s) A }/3*5 27
s=i+1
2 el 2( )

% j S s Ad s i+j—s s—1

Xik A }/1* N YQ* J + Z A§]+174J+1Xik A }/1* A Y2* J A Yg* ,
s=i+1

XeAYE AV XEAXEAYS AYY, 0> 0.
The conclusion can be obtained by a direct calculation. O

Example 4. The following Z-graded superalgebra isomorphism holds:
H*(L31) = Uz x V31,

where U3 1 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

i >0l

{oi, 014,01 0,4, 1.2.3
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satisfying that |Oél| = |0417i| = |O[1’27¢| = |a172,37i| = i (mod 2), ||Oél|| = ’i, ||0‘1,i|| = Z+ 1,

lat2:ll =i+2, la123,

Qi = Qi

Q10 = Q1 itj,

Q12,05 = Q1 .25+7,

=i+ 3, and the multiplication is given by

01,230 = 123i+j, 4,J = 0.

V31 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

satisfying that ’a07i| = |Oéo737i| = |Oéo72737i| = |a0,17273,i| = 5 (mod 2), ||O[07i|

{a0,i, 20,3,i, 0,2,3,i, 0,1,2,3,i | © > 0},

=i+1, [z

i+2, |ao2sill = i+3, [[@01,2,34| = i+4, and the trivial multiplication. The multiplication
between U3 1 and V3 is graded-supercommutative, and the multiplication is given by

Q0 = Q455

Q0,340 = (0,3, i+7,

002,30 = 00,2,3,i+7,

023015 = o123 = (—1)'agza12; = (—1)'a0,1,2,3,i+5, 4,7 > 0.

Proof. Note that

Moreover, we have

Ker DM =

Im Dbt =

%0
Y,

XS N Yl*iv

S

XFAYY,

XEAXEAY,

FY;, s=0;
FX:AY; ', s=1,1=k;
FX3AY; ", s=1,1=k+1;
FXZAYY s=1,l=k+2;
FXFAX5AYF D, s=21=k+1;
FXFAXIAYE s=2,1=k+2;
FX5AX5AYF ", s=2,1=k+3;
FXFAXIAXIAYY °, s=3,1=k+3;
0, else.
FY;, s=0;
FX:AYF s=1,1l=k;
FXFAX5AYF s=21=k+1;
FXFAXIAXIAYY S, s=3,1=k+3;
0, else.
FX:AY;? s=1,1=k+1;
FX3AY s=1,1=k+2;

FX;AXGAYF Y s=21=k+2;
FXFAXIAYY ", s=21=k+3;
0, else.

From Theorem 1 and Eqgs. (3.1.2), (3.1.3), H*(L3 1) has a basis:

XiAXIAYY,

XEANXEANXEANYY,

XiAXEAXIAY,

XoANXTANXSAXSAYT

The conclusion can be obtained by a direct calculation.

a07172737iaj = a07172’377j+]’,

, 0> 0.
O
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Example 5. The following Z-graded superalgebra isomorphism holds:
H*(L22) E Uz X Va o,
where Us o is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{ovi, a1, 12,4, i | i > 0},

satisfying that |oy;| = || = |a124] = @ (mod 2), || = i+1 (mod 2), |l = i,
llaa il =i+ 1, |loa 2l = ||5i]| =i+ 2, and the multiplication is given by

Qi = Qtg, 0105 = O 345, Q1205 = Q1.2+,

Biay = Birg, 1B = (—1) 14411, 64 > 0.
Vs o is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

{@0,i, @0,1,i, 202,15 0,12, | @ > 0},

satisfying that |agi| = |24 = |@0,1,2,] = @ (mod 2), |14 =7+ 1 (mod 2), |jag,| =
i+ 1, |zl =142, [ao1ll = |eo,1,24] = ¢+ 3, and the trivial multiplication. The
multiplication between Us 2 and Vs o is graded-supercommutative, and the multiplication
is given by

Qp i) = Qpg, Q0100 = Q014 Q02,00 = 0,24, (01,200 = (0,1,2,4,

ao2ia10 = (—1) T ag 0100 = (=1)"ag 12,4,

@280 = (1) ag12:11, oo = (—1)"" g,

42 1 ,
apifo = (—1)Zi n 7A0Li  Q02i00 = —mao,u, t > 0.
Proof. Note that
. Fy; " Avy ", 5 =0;
*Qk—l—l l—k * 2k—1 I—k—1
(A, = B @ e
s FXTAXSAYY NYy , 5=2;
0, else.
Moreover, we have
FY;', s=0,1=k;
FX:AY? s=1,1=k;
Ker DF' =0 F(XFAYY P AYF — X3 AYE ), s=11=k+1;
FXFAXEAYF s=2,1=k+1;
0, else.
Fy; " Ay s=0k+1<1<2k;
FX;AY? s=1,l=k+1;
Im DM = ¢ FXy Ay AV T T @FXI AT AYY T, s=1k+2 <1< 2k
FXFAX3AY Ay 2 s=2k+2<1<2k—1;

0, else.
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From Theorem 1 and Eqgs. (3.1.2), (3.1.3), H*(L3 1) has a basis:

i+1

YV, OXEAYY, XPAXIAYY, XPAYE AY:— XEAYET

XEAYS . XEANXIAYS T XEAXIAYS, XEAXIAXIAYS, i>0.
The conclusion can be obtained by a direct calculation. O

3.2 Low-dimensional filiform Lie superalgebras

In this section, we describe the cohomology of Fi2, F22 by using the Hochschild-Serre
spectral sequence.

Lemma 3.3. For Fl%), s = 1,2, 11 = 1,2,3, tp = 1,3,4,5, let Z{%, = [F%, Fu%]. For k >0,
0 < i <k, the following conclusions hold:
k—i,i k—i s s \* i s )k s
(1) Eq ” = %(-7:5,2/I£,2) ®/\I(I§,2) = Hk(Fﬁg)'
(2) E&™ = ES

Proof. (1) Since I§f2 cC (]—";:*2), the action of FﬁfQ /I;f2 on (Iﬁz)* is trivial. Moreover, from
Eq. (2.0.3), we have

k—i 7
k—iy —1 s s ] s s s \* s \* s
By " = HYU(Fy /T HU(T) = \(Fa/To) Q) N\ (@) = HE(F).

(2) From (1), we have
EF =B, 1 >3

Moreover, Eﬁgl’l = El;*”. ]

Theorem 3. The following Z-graded superalgebra isomorphisms hold:
(1) H‘(.7-"1272) = Z/l1272 X V1272, where L{12,2 is an infinite-dimensional Z-graded superalgebra
with a Zo-homogeneous basis
{ai, a0 | 1 > 0},

satisfying that
|ai| = |ag,i| =i (mod 2);  laill =4, [|all =i +1,
and the multiplication is given by
oG = Gy, 00y = v, 4,7 >0,
V%Q is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{ag,1, 00,10 | @ > 0},
satisfying that
lab,1] = lao,il =7 (mod 2);  [lag |l =i+ 1, ol =i+2,

and the trivial multiplication. The multiplication between L{iz and V1272 is graded-super
-commutative, and the multiplication is given by

Qo100 = Qg 1, 001,00 = Q0,14 Q0,001 = 01,0, ¢ = 0.
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In particular,

1, k=0
dim H¥(F7,) =< 3, k=1
4, k>2.

Y

(2) H*(F}y) = U}y, where UF, is an infinite-dimensional Z-graded superalgebra with a
Zo-homogeneous basis
{0, a1, 0,4, 8i | i = 0},

satisfying that
|| =0 (mod 2), |ai] =1 (mod 2), |ap;| = |8i] =7 (mod 2);
laoll =0, laall =1, [lawsll =i+ 1, [|Bill =i +2,
and the multiplication is given by
apap = g, Qoo = Qq, 0o = 0, oo = B, 1> 0.

In particular,
1, k=0;

: k 3 _
dim H*(F7,) = { 9 k>1

(3) H*(F3,) = U3 ,, where Us, is an infinite-dimensional Z-graded superalgebra with a
Zo-homogeneous basis

{0, a1, B1, 00,1, 0,4, Boi, 00,1, Bo,1,i | @ > 0},
satisfying that
o] = |ar| =0 (mod 2), |B1] = |a1] =T (mod 2), |ao| = |01 = |Boil = |Bo,1,i| =i (mod 2);

laoll = 0, flaall = [[B1l] = 1, lleanll = 2, llaosll = i+1, llaopill = lBoll = i+2, [[Bo1all = i+3,

and the multiplication is given by
apag = o, ooy = a1, apf =B, apail = aid,
Qo = 0, Qo1 = 00,1, @oPBoi = Boi, 0o, = Po,1,is
a1 = a1, a1 = —ao1i,  @1Boi = Poi, B = 200,10,

B1Boi = 2c0,1,i+1,  Bo,ibo,j = 200,1,i4j+2, © = 0.

In particular,

1, k=0;
dim H¥(F3,) = ¢ 3, k=1;
4, k>2.

(4) H'(fég) = Uy o X Vi, where Uy, is an infinite-dimensional Z-graded superalgebra
with a Zo-homogeneous basis
{aiaﬁi | (P 0},

satisfying that

|| =i (mod 2), [Bi] =i+1 (mod 2); il =14, [|Bi]| =i+2,
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and the multiplication is given by
Biocw = Pi, iy = auyj, 1,5 > 0.
Vé,z is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis
{o, B, 0,3, 0,14, 0 2,3, X0,1,2,i5 P1,is B2 | © > 0},
satisfying that
lal = [B] =0 (mod 2), |ao;| = |aoz2,| = [eo,,2:] = i (mod 2),
0,14 = |81 = |B24| = i+ 1 (mod 2);
el =1, 118l =2, llaw,ill = i+ 1, [laozll = [|Brill = i + 2,

oo, 1ill = llao12ill = (B2l =i + 3,

and the multiplication is given by
032, = 0,1,25i+1, 0,08 = @0,1,2,0, @0,081,0 = ®0,2,1 — 0,10,
_ i _ i+l
@0,if1j+1 = (=1)'@02,i+j+2, @0,i+101,; = (=1)"" 0,2,i4+j+2,
Q2,00 = —0p1,20, f1,0=—Q01,0— 02,1,
@0,2,081,0 = @0,1,2,1,  Peic = (—1)'ao,1,2,i+1,

i1 ..
BoiBio = (—1)"ap12it2, aBiit1 =—qo2,+2 i) > 0.

The multiplication between Z/IQ{Q and V§72 is graded-supercommutative, and the multipli-
cation is given by

Qp,1,i00 = Qo1 (0,1,2,iQ0 = Q0,1,2,i, Poico = P24, «aag=ca, Bag=p,

_ _ _ _ i+1
00,08 = 0,1, Q0 = QQi+j5, C0,2iQx5 = Q0,24+, Bia = (—1) Q0,1,4,

1 .
Bo,i0 = R 9 Q0 Litls  QQit] = —Q0it+1, aif1j = (=1)"Bri+j,
143
@02,08i = —a0,1,2,i+1, Bif = ao12i41,  Bib1o = (—1)ZZ. 0Lt
Bay = —ap10 — @021, PBaite = —ap2it+2, 4,J > 0.
In particular,
1, k=0;
3, k=1;
dim HF(Fg,) =< ’
( 2,2) 6, k= 2;
8, k>3

(5) H'(]:25’2) = U3 5, where Uy, is an infinite-dimensional Z-graded superalgebra with a
Zso-homogeneous basis
{Oéo, Q1,4 1,y a(z],la Bl,iv 52,2' | i > 0}7

satisfying that

lao] = |a1| =0 (mod 2), || = |a671| =1 (mod 2), |B14] = |B2il =i+ 1 (mod 2);
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| =i+ 2,

= |82,

laoll = 0, fleall = 1, [lagall = IBrill = i +1, e,

and the multiplication is given by

i i
Qoo = g,  Qpa1 = a1, QA1 = Q014 Q0001 = Qo1 B = Bri,  aobei =

arap g =ao1i,  Bii = Biy BrinBris = 20010y +iy, 101,82 > 0.

In particular,

7

Y

I

k
k
k

N = O

1
dim H¥(F3,) =< 3
4

AV

Y

Proof. (1) For k >0, 0 <i < k, consider the mapping

k—i k—i+2

" NFL/FY) QFYS — \ (Fra/FY) QFYS
wi—1

fovs — (=) ndvy) e v,

where
d(Yy) = (Xg + X7) A YT

By Lemma 3.3, we have

( N (PR /FY2)" i=0;
/\k_2(]:12’2/]FY2,):,ATd(Y2*i) 7 o i )
phoie = | TESHXDAT o OFKAMML B <oy
o0 NTTHF] o /FY2) AFA(YS) @ FYS
F(XG+ X)) @Y i=k-;
0, i=k.

k -
From H*(F{,) = @ EL %! we can obtain the conclusion.
i=0

The proofs of (2),(3), (4), (5) are similar to (1).

Lemma 3.4. For ]-'2272, let I = spanp{ Xy, X2, Y1, Y2}
(1) For k > 0, the following conclusion holds:

H*(F3,) = HO(FXo, H(I)) @ H' (FXo, H* (1))
(2) For k > 2, H*(I) has a basis:
v XA XA Ay
(3) For k > 2, HO(FXo, H*(I)) has a basis:
v, XAV S X AYrAYy
(4) For k > 3, HY(FXo, H*~1(I)) has a basis:

XenYy L XEAXIAYS T XEAXEAYTAYS

17

BQ,ia
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Proof. (1) Note I is an ideal of ]:2272. From Eq. (2.0.3), we have

o HY(FXo,H*(I)), i=0;
EGF > & HYFXo, HY(D)), i=1;
0, else.

Moreover, we have
k . .
HF(F3,) = @B = HO(FXo, HE (1)) @) H (FXo, HY1(1)).
i=0

(2) We use the Hochschild-Serre spectral sequence relative to the ideal Iy = [, I]. Note
that I; C C(I), we have

ki _{ AT/L) QN I, 0<i<
i _

0, else.

Moreover, we have

N - FYy", i = 0:
BE =By =S BX AT X AYE AT, =1
0, else.

k -
Form H*(I) = @ EE ™, we can obtain the conclusion.

1=0
(3) By the definitions of the low cohomology (see [10]), we have
HO(FXo, H*(I)) = HF(D).
(4) From (3), we have

H' (FXo, H*~! (1)) = FX5 A\ H* (D).

Theorem 4. The following Z-graded superalgebra isomorphism holds:
H*(F3 ) = U3,
where Z/{2272 is an infinite-dimensional Z-graded superalgebra with a Zs-homogeneous basis

{a, a1, 204, Bo, B1is B2,is B3, | © > 0},

satisfying that
lao| = 0 (mod 2), |ou| = |Bo] =T (mod 2),
i

= |B3,s (mod 2), [B2| =i+ 1 (mod 2);
| =2, |laoill =i+ 1, ||Brill =i +2, ||B2ill = |83l =i + 3,

laoi| = [P
ool =0, [[aa]l =1, [|Bo

and the multiplication is given by

apap = 0, Qo = a1, 0o = 0o, B = Po, @B = B B2i = B,
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aoB3; = P34, Brion =204,  oifo = (—=1)"B2i, @01, = 00i+j+2,
aoifs; = (—1)"Boitjr1,  Pribo = (—=1)"Bsit1, Br,ib1j = Bri+j+2,
B2iB1,j = B2itjve, B3P, = B3i+j+2, 4, J = 0.

In particular,

>
|
02

uplkuoolor—t
=l
Vol
Cadi

Proof. For k > 3, by Lemma 3.4, let
& : HO(FXo, H* (1)) — HF(F3,),
Yy Yy - 2k XA X AYS
XIAYY X AYEAYS T e XY S XEAYTAYS
F20k = 2XEAXIAXEAYS
and
v HY (FXo, H* (1)) — HY(F3,),
xXinyy !
XoAXIAYS X AXIAYFAYS s XEAXIAYS - XEAXIAYAY

— XEAYS

Then ® and ¥ are injective linear mappings, and Im & N Im ¥ = 0. Moreover, we have
HM(F3,) = ®(HO(FXo, HY (1)) €D W(H (FXo, H*1(1))).

Thus, H*(F3,) has a basis:

w2

LYy, XoAYS, XEAYy—X5AYE, VP U —20i+2)XEAXEAYS,
XeAXIAYS T S XEAXIAY Y

i+2

XEAYs S XEAYEAYS T 26+ DXEAXTAXIAYS i > 0.

The conclusion can be obtained by a direct calculation. ]

4 Characteristic p > 3

Throughout this section the ground field I is an algebraically closed field of characteristic
p> 3.

Lemma 4.1. For F%), s = 1,2, 11 = 1,2,3, tp = 1,3,4,5, let I(%, = [Fi%, Fu%]. For k >0,
0 <i < k, the following conclusions hold:

(1) E’;” = Ok—g((fzfz/zzf2)*§t) & Oi((zgfz)*;ﬁ) == DPHk(f§f2)-

(2) E&™ = ES

Proof. The proof is similar to Lemma 3.3. O
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4.1 Divided power cohomology of F ,

Theorem 5. The following Z-graded superalgebra isomorphisms hold:
(1) DPH®(F| ) = U] »(t), where U »(t) is a p"~!(4p" + 2p — 2)-dimensional Z-graded
superalgebra with a Zs-homogeneous basis

{a() 7051]670(]67040]'17051 ; St|0<2<p _170§j§pt2_170§k§pt1 _17

1<s<phhi<t<p? -1},

satisfying that
g’ | = lagh| = T+ (mod 2), |ay| = |a1 x| = & (mod 2), |a**| = |aj| =5+ — 1 (mod 2);

lag? | = ipj+1, laghll = ip+i+2, ol =&,

o]l = sptt=1, [lal"|| = sp+t,

and the multiplication is given by

Ozél’joéi,z‘gp — (_1)i1+j ( (i1 —11—22)10 > Oélolzrl%] aéhjaigp — < (i1 —i—w)p > aél‘i‘i%j

Y

1p i1p

Q1 oy Oy = ( ]ﬁ;—ll@ ) O kg o Oéi,ipas’t r_ ( (i+ j;)p -1 > azi—i—s,t?
Oy Oy = < kl;l@ >06k1+k2, a'&’foxm = < (i1 Zgz)p >O‘i)l,i%2’j>
oo, = < (i + j’z)?p —1 > gt = < (i + Zp —1 > aitot,

where 0 < 4,471,590 < p'71 —1,0< j <p2—1,0 < ki,ko <pit —1,1 < s < pht!
1<t<p?—1.

(2) DPH'(F%Q) = L{1272(§), where L{f,Q(t) is a pf1~1(4p" + 2p — 2)-dimensional Z-graded
superalgebra with a Zs-homogeneous basis

)

l . t1—1 . 4 t1—1
{ao,O[OI,O[Z,],Oéo,Oél,aO’LS’k‘]_S’Lgpl 71§j§p2_170§8§p1 _17

0<k<p?-1,0<1<ph—1},
satisfying that

J‘_ = s+ k (mod 2), |a6|:\al|:l(mod2);

\ao | j| =1+ j — 1 (mod 2), |a8’)’1€] =

| =

log? || = ip+j. [l

and the multiplication is given by

R ( (i+s)p—1 ) A ( (i+s)p—1 ) aited,

sp sp

1+ s)p—1 k s1 + 82
Qi jOlgp = < ( S;)p )ai+s,jv Oé(s)lpaffi = (_1)81 < ( 181p )p >a0,1731+52,ka

51k (81+82)P \ si+s0k _( (s1+s2)p
Qp,1 Asop = < s1p Q.1 » Q0 1,81,kMsop = s1p Q0,1,51+s2,k>

. k
= ip+j—1, [lagill = sprh+1, lao skl = sprh+2, lagll = 1+1, [l =1,
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Ih+1 lh+1
04610412 _ < 1 y 2 >a61+12’ g, 0, = < 1 L 2 )alﬁ-lza

where 1 < i < pht71, 1 < j < p2—1,0< 5,851,850 < ph™t—1,0< k < p2—1,
0<1,ly,l §pt1 —1.

(3) DPH®(F},) = UP,(t), where U ,(t) is a p'~!(4p + 1)-dimensional Z-graded su-
peralgebra with a Zs-homogeneous basis

{0401,041,0(1 agk,alk,als, Stlo<i<ph 1 —1,0<j<p?2—20<k<p?—1,
1<s<phi<t<p—1},
satisfying that
=i+ (mod 2), |a;| =i (mod 2), |a}| =7+ 1 (mod 2),

|O‘8,jl
\aé’k]:i+k(mod2) ¥ =5+ k — 1 (mod2), |ays| =5 (mod 2), [a*| =5+ —1 (mod 2);
logh Il =ip+ 5 +2, llsll = ip, laill = ip+1, Jag"| =ip+k+1,
o3 ] = sp+k, llaasl =sp—1, o] =sp+t—1,

and the multiplication is given by

i ( (1t i)p \ iting [ (i1 +i2)p
Qo 1 Aip = < : @1 )y QG Qy = ; Qg +igs

1p up
1 Ga+ig)p 1 ik (1+82)p \ itisk
Qo = iy Qi iy O iy = iy Qg ,
k i+s)p—1 it+s.k i+38)p—2
O[i’ o = < ( /L;)p > Ozzl—‘rs’ , aq . s0G = < ( Zz)jp > Q145
ata; = ( (i +s)p—1 > Qs ay sl = ( (i +s)p—1 > a0,
p ’ wp+1
agkal o= (—1)FHkHL ( (i + Zp -2 > %ai+s,k+17

where 0 < i,i1,99 < p'171-1,0<j <p2—2,0<k<pl2—1,1<s<ph—l 1<t <plz—1.
Proof. (1) For k > 0, 0 <i < k, consider the mapping
A5 O (FLo/FY2) ) RQFYs " — Opia(FLo/FY2) s t) QFY;
fevs v (~yWlpnays) e v ",

where
By Lemma 4.1, we have

Ok ((Fi 2/FY2)*3t)

Ok —2((F1 5 /FY2)*3t) AFd(Y5)’ i =0;
k—i,i
Ek—i,i _ Ker dso . l<i<h_2
o0 - Ok*z*i((ff,Q/FYQ)*;t) /\]Fd(y2*) ®]FY2*
IFXS ® YQ*(k_l)a 1=k — 1

0, 1=
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where

w(k—i—2) «(®)

Ker d* % = FX; AV 0 v @DFXG A XA Y ®Y;
@ Fop i X7 A Yl*(k_i_l) ® Yz*m @ F5k+1—z‘Y1*(k_i) ® }/2*(i)7

k ..
where §, = 1 when a = 0(mod p) and §, = 0 otherwise. From DPH"(F{,) = @ EL
=0
we can obtain the conclusion. '

The proofs of (2), (3) are similar to (1). O

4.2 Divided power cohomology of F3 5

Theorem 6. The following Z-graded superalgebra isomorphisms hold:
(1) DPH®(F3,5) = Uy »(t), where Uso(t) is a p't=1(8p'2 + 4p — 7)-dimensional Z-graded
superalgebra with a Zs-homogeneous basis

a- i 7‘ 7t 7‘ ) 7t ] > 4 > t
{ai,Oég‘j,all,agé,048717a87‘1727au7t,O[zfv,()équ,/@u’h,()/iz,ﬂi ’ 0 S 1 S p ' — 170 S J S p 2 — 17
0 < < t1—1 to t1—1 to to
<s<p L1<t<p?-1,1<u<p? 2<v<p?—-1,1<h<p? -2},
satisfying that

= |ag ol = 5+ (mod 2),

| = || = \0&2\ =i (mod 2), |B;| =i + 1 (mod 2), \ag’j\ = ‘0‘8:%
oyl =511 (mod 2), |ayy| = |alhl =u+7—1 (mod 2),
0] =u+ v —1 (mod2), |Bunl =u+h—1 (mod 2);
leill =i, [laill =i+ 1, edoll = 18ill = i +2, [lag” | = sp+j+1,

lagdll = sp+i+2, loglall =sp+i+3, logill=sp+t+2

| =up+t—1, a5 =up+t+1, [of"| = up+v, |Bunl = up+h,

vt

and the multiplication is given by

11 + 12 i i1 + 12 i+
Q) Qjy = ( . >ail+izv ay g, = i al ",

11
i 11 + 92 i1+ i1 + 92
21 . 4 11+12 —
A 2y = ( i ary B, = i Biy+izs
aSlJa _ (31 + 82)2? a81+52,j asl’ja _ (51 + 82)]? a31+52’j
0 S2p 51D 0 ’ 0,2 ~s2p s1p 0,2 ’
st [ (81+82)P \ sitsat  siy _ o (s1+82)P | sits
Qg1 Xsop = 51p Qg1 » Qg 12®sop = $1p Qp12 s
Al . (51 + s2)p Qfits2dtl s s (_1)31+j (51 + s2)p QS
0,2 Ysap+1 — $1p 0,1 ) 0 1 = $1p 0,1 )

ot _ 182D\ sitsng s ( (51H82)D 0 sitssy
0 %2 = 01,2 > 1 Qo2 = s1p 01,2 >
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s+up—1 s+u)p—1
Qgp Qg = ( ( )p >as+u,ta ailt,vasp _ < ( )p >ai+u,v’

Sp sp
Oéqf,’;asp = < (s+ Zz))p -1 ) afzu’tv Bunsp = < (s+ z})?p V, > Bs+u,hs
BunOispst = — ( (s+ Q;Z))P -1 > a;—l—u,h—l—l, 0Py — < (s+ Zz))p —1 > astut,
o Bup = (—1)° < (s+ z;p -1 ) ai*;“’h, atyan s = ( (s + Z})jp -1 > Lle—;ut’

stu)p—1 sS+u
Bspau,t — ( ( S]))p ) <t+1)ai+u’t+1, IBUJLBSP — (_1)u+h < ( Sz))p > h u+s h+1,

05! Bap = (1)1 H ( " :1;2)]9 ) (j + 2)agy 7 H,

S1+ S8
0‘8127]58217 ( )Sl+j+l ( ( 181p2)p ) (J + 1) SH_SMH:

SR o
! By = (1) ( " +;12 " ) (ig + Dafig ™™, 0 <iyip <ph —1,
where 0 < ;51,80 < p'l =1, 0 < j<pP -1, 1<t <ph-1,1<u<ph!
2<v<p—1,1<h<ph-2

(2) DPH®(F3,) = Us,(t), where Uso(t) is a p"~'(8p'” + 1)-dimensional Z-graded su-
peralgebra with a Zs-homogeneous basis

)

(28 S R Y s,J 1 . t1—1
{abal 7a0 7a0 1,041 27a1 2,0&1 shaﬁswﬁi,bﬁl,i,bﬂls,ta7%’7@' 7’75,h | 0 S 1 S p - 17

0<j<p?-1,1<s<ptlo<t<p?—-21<h<p?-1},
satisfying that

o] = |yl =7 (mod 2), Jai'| = hy}| = T+ 1 (mod 2), |at ol = [B:] = 5 (mod 2),

lag?| = lagh| = T+ (mod 2), = [Brisl =i+t (mod 2), |Base| =5+t —1 (mod2),
(mod 2), |1 snl = yshl =s+h =1 (mod 2);
H%-II ip, lof ] =il =ip+1, oy =ip+2, |8l =sp—1,
o5 oll = sp, llog” | =ip+5+1, laghll =i+ +2, [Bull = ip+t+2,
|B1.i4ll = ip+t+3, = sp+t, |a}3] = sp+i+1, [orspll = spth, [Ysnll = sp+h—1,

and the multiplication is given by

1,5,V = < ( .)p )Oél,i—l—s,ha ai’,]z% = ( ( .)p >o/1jr2507

1P p

i+s)p—1 i+ s)p—1 ;
Ys,h Vi = < ( -)p >%’+s,h, Off,z%‘ = < ( ~)p >0/14,_287

ip p
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1+s)p—1 1+s)p—1
Bsvi = ( ‘)p Bivs, BostVi = ( . P Q1 its t+1,
ip+1

ip
oot = < (i —Zps-)fl_ 1 > a0 B = < Z —'z—pSJr 1 ! > 2B2,i+5,0,
ol Biys = < (i j i2)p > B1,i1+is aé’jaiz = < s 5)p ) 1oa,i+s,j+h
1p 2
a(z'ijl \ = (—1)FHH < (i + ‘j;)p -1 ) Mitsjtl, OhYsh = ( (i jpp > Q1 its,hs

i i i1+s)p—1 i . . i+s)p—1
et = Hy( oy >0‘f'25’t, aifs = <—1)’< i )2 e

t+s)p—1 i+5,0 1+ s)p—1
Vs = (1)t ( ( z‘p—)i— 1 ) 20411;5 y BastYi = ( ( zg)a B2its,ts

(i+s)p—1 45,041 (i+s)p—1
ai ofBit = ( i+ 1 a5 BiBs = (=1)™ it 1 202,i+s,t+15
(i1 +i2)p 1 (i1 +i2)p \ 1
Vi1 Vi = ( ip Yir+izs - VinVip = i1p Vi1 tias
i1 + i2)p >0%1+i2’j= ol = ( (i1 Z;2)p > o,

1P
(21 t;2)p )ai11+i27 21, Yiy = ( (i1 ‘_"22)p >ai11+i2,1’

.,
Y = i 1p

-
( (
11 + 19 11 + 19
Bix tYia = ( ( ; p >/Bi1+i2,t7 By tYio = ( ( . p >5l,i1+z‘2,t,
1P up
( (i1 +i2)p > i1-tia,1
. ay ,
nup

i1 +i2)p )aimm

11 +12)p i1+i,0
= 2( ( ip | >a6171 20,

11+t o i1 o
51'1,75%'12 =2 ( ( 1 i1p2)p >O‘E)1j127t+ 7 0[7(/)17] 112 _ (_1)11+J < (

)

ilp ’
1+s)p—1
]ﬂs — ( )2+J+1 ( ( i;p > Vitsjtls

(i+s)p—1 i+s,t+1
e = (1t (ORI Yo,

: 1+ s)p—1 t1+ta+1
/Bi»t162757t2 = (_1)1+t1 ( ( lp‘)+' 1 > ( tl + 1 > al,i+8,t1+t2+27

(i1 +i2)p t1 +to + 2 ittt 2
punian = ( i1p A L

where 0 < i,i1,90 < ph™ 1 —1, 1 < s <ph 1,1 <h<ph—-—1,0<j < p?—

0 <t ty,ta <ph2—2.
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(3) DPH®(F35) = Uy o(t) X V3 5(t), where Us o(t) is a p' ! (2p+1)-dimensional Z-graded
superalgebra with a Zs-homogeneous basis

{ai7a0,i7a1,s | 0 S 7 S ptl _ 170 S s S pt171 o 1},

satisfying that

|| = || =i (mod 2), |a1,s| =3 (mod 2);
leull =i, laoill =7+ 1, [Jonsll = sp+1,
and the multiplication is given by

11 + 19 11 + 19
QG Oy, = ( il Qi 4igs Q5 Oy = Zvl Q051495

(s1+ s2)p (s+qp+r
S1p sp

where 0 < ip <p" —1,0<s1,50 <p T =1, 0< s <ph -1, 0<gp+r <ph -1,
1<r<p-1. V§72(§) is a 2p'1=1(4p"? + p — 3) — 1-dimensional Z-graded superalgebra with
a Zs-homogeneous basis

{002, Bo2,i: 31,60 30

1,51 0sop = < > A1 514505 A1, sQgpyr = — < > Q0 (s4-q)p+r>

J k VDY J P 1 : (
1,2, 40,150 ¢0,1,2,5> ¥1,2,5, Op, A p5 a0’27h,6072’h, a1.2.1 [0 <di<pt—1,

s L&y

1<j<pP-1,0<s<p" =1, 1<h<p" L 0<k<pP-1,1<I<ph~'-1,1<p<ph-2}

satisfying that
law,2,i| =4 (mod 2), |Bo2il =i+1 (mod 2), |2, =5 (mod 2),
|O‘i2,l| =1+1 (mod 2), |O/6;,172,s‘ =5+ k (mod 2), ’58,2,h| =h+p—1 (mod 2),
’Bé,Ls‘ = ’/88,1,2,5’ = |0‘é71,s| =s+7 (mod 2), ‘ai‘ = !aé,h\ = \046’27;2\ =h+j—-1 (mod2);

=sp+2, [laggll =p+3, [By1,ll=sp+j+1,

lao,2,ill = [1Bo,2,ill =1+ 2, [loa,2,
180.12,5l = llag1 sl = sp+5+2, lag o4l = sp+k+3, [lag || = hp+5—1, llag |l = hp+j,

logopll =hp+3+1, 1854, = hp+p,

and the multiplication

j (s+hp—1 ; ; (s+hp—1 ;
00,2,5p04), = < . WQasphr Q12,50 = = s 02,54k

sp 51p

_( (s1+s2)p 1
Bo,2,51p01,2,55 = ®0,1,2,51+527

- (s+h)p—1 , +1 j (s1+ s2)p j
/807275pa‘}71 : < (j + 1)aéys+h7 5671781a172752 = aé,172731+527

S1p

J _ 41 (s1+s2)p j
040,2,51;950,1732 = (=1~ ( s1p 0,1,2,51452°

)
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j i+1 51+ s2)p . i+1
6(]),1,81&),27821) = (_1)81+]+ ( ( s1p ) > (J +2)O‘g],1,s1+s2’

_ +1( (s+h)p—1 +1
Bo2,sp 0 = (=1)° < o+ 1 0251

1 (51 + 52)p . 41
50,2751175(1),1,2,32 = < s51p (J+ 1)a€),1,2,51+527

where 0 < s,s1,80 < p7! =1, 1 < h <ph 1 1 <j<plr—11<p<ph-—
2. The multiplication between Uy ,(t) and V3,(t) is graded-supercommutative, and the

multiplication is given by

! _( (s+0Dp 1
12001 = —Qp10 — ¢0,2,1, ©C12]C0sp+1 = sp Q1 2 11>
_ | i si [ (s1+s2)p Y\
Bo2,001,0 = —20010 — 0,21,  0,spPB 1,5, = (1) ( s1p O 1,51 +527
1 (h+1p 1 (h+1)p 0
« Ahp—1 = (6% (6% 1 = (6%
1,2,1%hp—1 < Ip+1 1,2,h+l  Q0,hp—107 2 Ip+1 0,1,2,h+1>

O‘;zo‘sp = < (s fSLZ)?p - > O‘i+h7 58,1,81a52p = ( (51 ;;ﬂp > 5&1,514@7
B,2.1%sp = < o Z;)p - > Bozsenr Bo2ntspt1 = ( ¢ J,gphJ)rpl_ : > aéiim
aé,hasp = < (s Z])Dp ! ) ag,s+hv ﬁg,l,zsl%zp = < (51 ;;2)1) > 58,1,2,31+527

58,1,2,51a82p+1 = - ( (s :;;2)1) > agﬁ,llersy O%,Q,izasp = < (ot Zj)gp ! > O%,Q,s-i—h’

j o (si+s2)p Y\ k o (si+s2)p ) &
ap,1,51 Xsap = ( QD,1,51 4500  X0,1,2,51 Ysap = s$1p Q0,1,2,51+s23

s1p
[t o [ (s1+s2)p
QQ,2,iy Xig = i Q0,201 +i25 (1,2, Xsgp = s1p Q1,2,514525

(s+q)p+m

(s+Dp 1
01,2, 5s0p41 = < sp A12.5+0 X125 ptr = T sp @0,2,(s+q1)p+r1>

(+lp+r+1

1 _( (s+Dp 1 1 _
Q0 0sp = ( sp Q125415 012 10ptrs = — Ip+1 @0,2,(qa+1)p+ra+1>

11 + 19 i s+hp—1 i
60,2,1‘1041'2 = ( . > 5072,i1+’i2a Ozo,sp()é% = < ( 3])9p a{),s—i-h’

11
(51 + s2)p ) 0

(s1+s2)p \
@0,51pX¥1,2,50 = s1p ®0,1,2,51+527

J _
0‘0,811050,1,2,52 = ( $1p Q0,1,2,51+s27

i (s+hp—11Y\ _ (s1+s2)p ) o
1,sQp = — ( sp QAo sthr A1,51Q0.2,50p = — s1p Q(,1,2,51+527
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s+1 (s+l)p+1
Bo,2,1p01,s = (—1)i*? < ( sp p ) aé,l,erl + (-1 p > 0‘i2,s+lv

1 s+1)p 1
Bo2,sp1 = (—1)°F <( ) >a071’8+’+ Q12 541>

sp

s+ h) p 1

aO,spﬂ(l)),zh = (=1)**H < > 0‘0 2,5+h
L i1+i9+1

a0,i, 50,2,is = (—1)" (12 + 1) ( P )

B ha (s+h)p—1
56)727;1041,5 - (_1) P ( sp 048727344“

j o (s1+ s2)p j
/6671751051,52 - (_1)81+J ( S1p ) a671751+827

s+lp+1> 1

a0,2721+12+17

j _ +i+1 [ (s1+s2)p j
Bo1.2 010 = (=17 ( s1P 0,1,2,51+s21

s+q)p+rz+1
Bo2,asptrs s = (—1) B34 (r3 4 1) ( ( q3p i— r3+1 > 0,2, (s+qs)p+ra+1

where 0 < i1, 40, 1p+71,g2p+72,q3p+7r3 <Pt —1,0 < 5,81,80 < pltTl—1,1 < h < pht~l,
OSkSPtQ_lﬂ 1Sl§ptl_1_17 1§j§pt2_171§0§pt2_272§7’1 Sp_17
1§T27T3§p_2‘

(4) DPH®(F3,) = Us,(t), where Uso(t) is a p"~!(8p'? + 2)-dimensional Z-graded su-
peralgebra with a Zs-homogeneous basis

i kbl ig kg ; t1—1
{061,061,06071,040,040 aa() 1,040 2,040 270416[151060 1»61,2’,8)62,2‘,8763,/67]' | 0<i< p ! - 11

0<j<p?-1,0<s<p?2-21<k<pt~l1<i<p?-1},
satisfying that

| = [ah| = 7 (mod 2), |afy| = |ai]| =7+ 1T (mod 2), ag}| = [y} = 7+ (mod 2),

1Brisl = |Boisl =i+ 5 (mod 2), |af!| = ogy| =k +1—1 (mod 2),

lag 3| = 1Bagl =k + 7 — 1 (mod 2), |af,| =[x =& (mod 2);
laill = ip, llagll = llaill = ip+ 1, llagll = ip+2, Jaghll = ip +j +2,

18530 = ip+ 3+ 1, 1Brisll = ip+5+2, [Boisl = ip+5+3, [lag”

| =kp+1,
ol = kp+1—1, ||a]5:é|| =kp+j+1, ||Bsnjll =kp+34, laball = kp, [|Bkll = kp—1,

and the multiplication is given by

w i1+ WACGER '\ tin ]
oo, = (7P e gy = o (7P o

1p 1p

B oy = (1 +i2)p \ ginting i _ [ (a+i2)p ) i+i
0,1 Yia = : 01 > Qg Qip = : O
1P up
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aflal? = ( (i1 Z;z)p > 0BT, 0l By s = < i1 +12 P >ﬁ2’i1+i2’s7
ol o, = ( (41 Z;é)p >aélj-i27 oy = < i1 +Z2 p )%m,
a0 = ( (i ;;;2)1? > At By s, = < htn p )51,z‘1+i2,57
B2,iy,sQiy = < (i Z;Q)p > B2,i1-+ia,s5 aé’ﬂﬁk = (=1 ( <Z ) k)p ) ! ap I,
0/5,20‘1‘ - ( o Ij])jp - > O‘égkv o Qﬁo’] = (-1)F ( N k ) Z+k I,
B = < (i+]2)p_2 )ﬂmw 50 1Bk = (—1)TatH ( Z+k p 2 ) SQitkjtl
() oA
B o e (e
Qi) = ( i+ lj;p ! > Qitkly  D3k,j0 = < i lz;p ! > B3itkjs
ahBs ;= (—1)' ( (i + Z))p -1 ) aé,é’“’j, Brat = < (@ tpkjrpl_ ! > B3,i+k,05
a1 B = (1) ( (i tpk}rpl_ ! ) apy?, af 0l = ( (i tpk}rpl_ ! ) gy,
afoBis = < ( J;ka)rpl— f )ozéj_gk’sﬂy BrbBryi,s = ( (i j;pkipl_ ! >53,i+k,s+1,
- AR N (A e
st (B ) st (48
BissiBriss, = ( (i1 + i2)p + 2 ) < s1+ 82+ 2 ) aélii-ig,s1+82+27
up+1 s1+1 ;
BakiPlis = — ( (i tpkj)Lpl— 2 ) ( Jj+ j +1 ) %aé+k’j+5+2,

where 0 < dyigyip <p7l -1 0<j <p—1,0< 55,5 <p?-21<k<ph!
1<I<pl2—1.

)

Proof. The proof is similar to Theorem 5. O
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