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1. Introduction

A fundamental question in the theory of submanifolds is to know when a (pseudo)-Riemannian manifold can be
isometrically immersed in a given ambient space. In the case where the ambient space is a Riemannian space form, it is a
well-known fact that the Gauss, Codazzi and Ricci equations are necessary and sufficient (see [12]). This fact is also true
for pseudo-Riemannian manifolds, and a short proof of it can be found in [9], where the authors there used it to obtain
isometric immersion results in product of space forms. In particular for immersions of codimension 1, the Ricci equation
is trivial and the Gauss and Codazzi equations are equivalent to the existence of a local isometric immersion into the
desired space form.

Versions of the fundamental theorem of submanifold theory were recently achieved by Benoit Daniel in [1,2], Julien
Roth in [11] and by Marie-Amélie Lawn and Miguel Ortega in [5]. In [2], Daniel considers hypersurfaces in M" x R, where
M" is the sphere S" or the hyperbolic space H" of dimension n. He observed that for a hypersurface M of M" x R the
Gauss and Codazzi equations depend only on the first and second fundamental form, the projection T of the vertical
vector dt onto the tangent bundle TM and its normal component v, and proved that these two equations together with
additional first order differential equations in T and v give necessary and sufficient conditions for a manifold M to be
immersed locally and isometrically into M" x R. In [11], Roth expanded Daniel’s result and proved a fundamental theorem
of hypersurfaces for the case of the Lorentzian products M" x Ry. In [5], Lawn and Ortega generalized Roth’s result and
obtained a fundamental theorem for hypersurfaces in semi-Riemannian warped products. It is interesting to bring to
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attention that none of these three results already mentioned above deal with submanifolds of codimension greater than
one. It is also worth to point out that theorems of submanifolds for the case of arbitrary codimension have been proved
(see, e.g., [4,6-9]).

Our aim in this paper is to give a proof of a fundamental theorem for submanifolds in semi-Riemannian warped
products. It extends the result of Lawn and Ortega. Namely, we consider isometric immersions of arbitrary codimensions.
Like the proof in [5] we use moving frames and integrable distributions, the standard method based on differential forms
first used by Cartan and after Tenenblat [12] or Daniel [2] for instance.

2. Preliminaries

Let (P™, gp) be a semi-Riemannian manifold of dimension dim P = m. All our manifolds will be connected and of class
C®, unless otherwise stated. We consider a smooth function a : I € R — R™, where [ is an interval, a (sign) constant
& = £1 and the warped product

P = ¢ x4, P™, (-, -y = edt® + a(t)’gp
We set our convention for the curvature operator R of a connection D as
R(X, Y)Z = DxDyZ — DyDxZ — Dix.v}Z.

Let Rp and Rp be the curvature operator of P™+! and P™, respectively. Since there is no confusion, we will use the same
notation for the associated curvature tensors along the paper. Let V and V” be the Levi-Civita connection of P™*! and
P™, respectively. We recall the following formulae, which can be checked in [10], bearing in mind the change of sign.

Lemma 1 (Cf. [10]). On the semi-Riemannian manifold P™*", the following statements hold, for any V, W lifts of vector fields
tangent to P™:

1. Vadt =0, Vydt =2V,

2. grad(a) = ed'dt,

3 WW = VW — (v, w)at,

4. Rp(V, 86)3t = — %V, Re(dt, VIW = 2 (V, W)dt, Re(V, W)dt = 0.

N+1
RA

We also need to set the standard Euclidean space of dimension N 4+ 1 > 3 and index 2, with its metric

de— Z dx?.

i=N—A+1

Let MQ (c) be the semi-Riemannian space form of constant sectional curvature ¢ € {—1, 1} and index A, with metric g.
We put

BV R ifMY(c) = SV, ¢ = +1,

RV, ifMY(c)=HY, c=—1,

with its standard pseudo-Riemannian flat metric gy and Levi-Civita connection V°. We are considering Sf and H'f
respectively, as one of the connected components of

EN*Y golp,p) = +1}, HY = {p e E}""; go(p.p) = —1}.

Following the previous notations, we consider PNt = o] x, MN( ) with metric (-, -), Levi-Civita connection V and
curvature tensor R. We also consider PN*2 = ¢l x, ]EN+1 with metric (-, -),, Levi-Civita connection V and curvature
tensor R. From the usual totally umbilical embedding & M (c) > IEN“ we construct the isometric immersion

Sy =1pe

"-‘:7 : (81 Xa M[)Y(C)! (7 )) - (81 XGE&V+]7 <7 )2)7 (t7 p) = (t! E(p))

Proposition 1 (Cf. [10]). The curvature tensor R of PN*2 is given by

/\2
INQ(X, Y,Z, W) = 8%((X,Z>(Y, W) — (Y, Z)(X, W))

(a// (a/)2>
+ (s ((X,Z)(Y,Bt)(W, 3ty — (Y, Z)(X, 3t) (W, at)

a a?

— (X, W){Y, 9t)(Z, ot) + (Y, W)(X, at)(Z, 8t)>,

for any sections X, Y,Z, W € I'(TPN+2),
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Using the general Gauss equation for the isometric immersion above, one concludes the following:

Proposition 2 (Cf. [10]). The curvature tensor R of PNt! is given by

/\2
RX.Y.Z,W) = (g@ - %) (x.200, W) = (v, 2)0%, W)
a a

a (@)Y ec
+ (7 LA —2) ((x.2)(v, 000w, 98) = (¥, 2)(X, D)W, 3¢)
a a a

—(X, W)(Y, at)(Z, at) + (Y, W)(X, at)(Z, 8t)>,

for any tangent vector fields X,Y,Z, W e TPN+1.

3. Isometric immersions into warped products

Let M" be a semi-Riemannian manifold isometrically immersed in PN+ = ¢f x, MQ (c). Let V and V be the Levi-
Civita connection of M™ and PN*!, respectively. Denote by R and R the curvature tensors of the tangent and normal
bundles TM and TM*, respectively, by & € I'(T*M ® T*M ® TM~) the second fundamental form of the immersion and by
A, € I'(T*M ® TM) its shape operator in the normal direction 7, given by (A,X,Y) = («(X,Y), n), for all X, Y e I"(TM).
Let ¥ : M — I be the restriction to M of the natural projection 7; : &l xaMy(c) — I'and 0t = T+&, where T = ¢-grad(m).
Hence, we have £ € I'(TM'), because for any x, € M and v € Ty M

(E(x0), v) = (9t — T(xo), v) = (dt, v) — edmy,(v) = 0.
In particular, we have the equation
e = (0t,dt) = (T, T) + (£, &).
In the following, we are using these decompositions for the tangent bundle TPN*:

Tty u)PN 1 = Tio ] @ Ty MY (€) = Tity i)M™ @ (Teg i)M™)-, (to, %0) € PNH1.

Lemma 2. Under the previous conditions, the following equations hold for any X € TM:
1. Vxdt = ©(X — (X, T)dt).
2. VxT = %(X — e(X, T)T) + A¢X.
3. Vg = (X, T)E — a(X, T).

Proof. For any X € TM, there exists Xy € TMQ(C) such that X = ¢(X, T)at + X,. Using Lemma 1, one has

_ _ a a
ant = onaf = gX() = E(X — 8(X, T)af)

Finally, we obtain

VxT + (X, T) = VxT
= Vyxdt — V&
!

%(x — e(X.T)3) — (—AcX + Vi)

/

%(x — (X, T)T) + AcX — (m (X, T)E + V;s) .

4
a
Now, the last two equations are just the tangential and the normal part of VxT. O

By using Proposition 2 and the classical Gauss equation for submanifolds, which states

RX,Y,Z,W)=RX,Y,Z, W) — ((X,Z), a(Y, W)) + (a(X, W), a(Y, Z)),

for any X,Y,Z, W € TM, we obtain:
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Proposition 3. The curvature tensor R of M in €l x4 Mf (c)is

/\2
RX,Y,Z,W) = (8(aaz) — ;) ((X,Z) (Y, W) — (Y, Z) (X, W))
a’  (@)P ec
+ (7 -—+ 7) ((X,Z) Y, T)(W,T) = (Y, Z) (X, T) (W, T)
a a a

— WYY, TY(Z,T) + (Y, W) (X, T) (Z, T))
X, Z), Y, W) + (a(X, W), a(Y,Z))
forany X,Y,Z,W € TM.

Proposition 4. The Codazzi equation of M in el x, MY(c) is
a// (a/)z ec

(Fya)X. Z, ) — (Vxa )Y, Z, n) = (7 _@r e
a a a

) € (7. %) (v.2) = (T.7) (X.2)).
forany X,Y,Z € TM and n € TM*.

Proof. The classical Codazzi equation for submanifolds states
(Vya)(X,Z,n) = (Vxa)Y,Z,n) = —RX,Y,Z, ).
Proposition 2 gives us

" /\2
RX.Y.Z.7)= (‘L - (‘;2) + Zg) €0 ({1.9) (X.2) = (1.X) (¥.,2).

and the proof is complete. O

Proposition 5. The Ricci equation of M in el x, M’A" (c)is
RYX, Y = a(A,Y, X) — a(A,X, Y),
forany X,Y € TM and n € TM*.

Proof. The classical Ricci equation for submanifolds states
RE(X, Y)n = R(X, Y)n + a(A,Y, X) — a(A,X, Y).

Proposition 2 gives us R(X, Y)n = 0, and the proof is complete. O
4. Structure equations and main theorem

In the previous section we found necessary conditions for a nondegenerate arbitrary signature manifold M" to be
realized as a submanifold in the large class of warped product manifolds el x4 M’A"(c), where ¢ = +1, a: I CR - R*
is the scale factor and M’A\’ (c) is the N-dimensional semi-Riemannian space form of index A and constant curvature
¢ € {—1, 1}. Now, we want to prove the converse. Namely, we want to show that if M" satisfies Gauss, Codazzi and
Ricci equations for a submanifold in el x, M} (c), along with some additional conditions that appear in Lemma 2, then
M™ can be isometrically immersed into el x4 M?(c).

Elie Cartan developed the moving frame technique. Definitions, basic results and some other details can be found in [3].
We will use the following convention on the ranges of indices, unless mentioned otherwise:

0<oa,B,7,...<N+1; 1<i,j,k,...<nm n+1<u,v,w---<N+1
We consider PN*2 = ¢] xaEi’“ with a connection V and a base (Eo, ..., En, ), where (Eg, ..., Ey) is an orthonormal
_ E _ Eyv — _ _
frame of E)™'. We set Ey = C—O, ..vEn = =X Exi1 = 8, and, consequently, (Eo. ..., Eny1) is an orthonormal base
of e x4 E}*". If necessary, we reorder (Ei, ..., Ey;1) so that (E,. E), .n+1 = &€o = £1 and suppose, without lost of
oI xqE)

generality, that ¢ = gg. Also, let V be the Levi-Civita connection of PN*1 = eI x, MY(c).

From now on, let (M", (, ));) be a semi-Riemannian manifold of index p and (E, (, )¢) a semi-Riemannian vector bundle
of index q and rank m = N + 1 — n over M with compatible connection V£ and curvature operator RE. Let us also give
of a symmetric section in I'(T*M ® T*M ® E), £ a section in I"(E), real numbers c, & € {—1, 1} and smooth functions
a:1CR— Rt and 7 : M — I. We define the vector field T € TM by T = ¢ - grad(z) and, for each n € I'(E), we define
the section A, € I'(T*M ® TM) by («F(X, ), n) = (A,(X), ).
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Definition 1. Under the previous conditions, we say that M satisfies the structure equations if the following conditions
hold for any X, Y,Z,W € TM and n € I'(E):

(A) (T, T)+ (§,&) =e.

a/
(B) VxT = — (X =& (X, T)T) + AcX.
—ed

(C) Vgé =
(D) (Gauss)

p (X, T)& — of(T, X).

(@)

C
RIX.Y.Z, W) = (e - aZ) (%.2) (v, w) = (v.2) (X w))

a// (a/)z ec
( 3 +7> ((X,Z) (Y, T) (W, T) = (Y, Z) (X, T) (W, T)
a a a

+

— W)Y T)Z.T) + (V. W) (X.T) (Z,T))
—{a(X,Z), a(Y,W)) + {a(X, W), (Y, Z)).
(E) (Codazzi)

(VYO[E)(X, Z’ 7]) - (anE)(Y, Z! 77) =

a’ (a/)z ec
(;—az+ﬁ)@anxM%a—nﬂHxa)
(F) (Ricci)

RE(X, Y)n = of(A,Y, X) — o (A, X, Y).

Remark 1. By abuse of notation, we have written above a = a o 7.

Theorem 1.

(i) Existence: Assume that M, under the previous conditions, is simply connected and satisfies the structure equations. Then
there exists an isometric immersion f : M — ¢l x4 Mf(c) and a vector bundle isometry @ : E — Tf(M)*, such that:

1. 9, =df(T)+ @(&).
2. =mof, where my : el x4 MQ(C) — | is the projection.
Zap=Po of o df~1, where ay is the second fundamental form of immersion f.

4. (D), (E) e (F) are the Gauss, Codazzi and Ricci equations, respectively, of the immersion founded.
5 Vie = oVE

(ii) Uniqueness: Let f,g : M — ¢l x4 Mf (c) be isometric immersions of a semi-Riemannian manifold. Assume that there
exists a vector bundle isometry & : TyM* — T;M* such that

da; =ay and @'VI =¢vVie.
Then there exists an isometry t : el X, Mi’(c) — el x4 Mﬁ(c) such that t o f = g and r*leML= D.

Regarding the part (i), let V be the Levi-Civita connection on TM. Consider the Whitney sum F = TM & E endowed
with the orthogonal sum of the metrics in TM and E. Define

VIY = VxY +af(X,Y), X,Y e I'(TM),
Vin = -AX+VEn, Xel(IM), ne I'E).

It is easy to see that V¥ is a compatible connection on F. Let us give a point x € M and consider around it a local

orthonormal frame {eq, ..., €n, €441, - ., €nym} for F, with their signs &, = (e,, e,) = 1, where {ey, ..., e,} is a local
orthonormal frame for TM and {e;1, - - ., €s+m} is a local orthonormal frame for E. Define in I"(F*) the 1-forms
wy =€, seac{l,...,n+m}, ewy=0.

Also defline 8§ € I'(F*) by 6(X) = (X, T+E&), for X € F. With the help of the tensor S in I'(TM* ® F) given by
SX = ;—C X —e(X, T+ &) (T +&)), we construct the following 1-forms

0o0(X) = —&q (€, SX),  w(X) = & (ei, vy €j> = g (ei, Vxey).
ww(X) = & <€,‘, \%4 eu> = —¢& (ei,Aeu(X)> s on(X) = ey <ew \%4 ev> = &y (eu, Vxey),

Wop = —EuELWLx,
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for any X € TM, which are known as the connection 1-forms. Now, define the functions T, = §(e,) for @ € {1, ..., n+m}
and Ty = 0. Next, we consider the matrices X and 7", given by

ed
Xqﬁ = T{Tlgwa - EO,SﬁTawlg}, T =% - X,
where £2 = (wqp). A simple computation gives
dY + T AT =dR —dX+ Q2 A2 -2 AX-XA2+XAX. @))

Our goal now is to prove that the right side of (1) vanishes, and the proof of it will be split in some lemmas.

Lemma 3. The following equalities hold:
(13, & T, =&
(2) 8 =3, Tywy;
a ed
(3) dT, = Zy Tya)ya + Eeaa)a — ?TQ(S,
4. dW =—2 AW, where W= (wy, .. ., @Wnpm) ' -

Proof. Item (1) comes from item (A) of the structure equations, and (2) is immediate from definitions of the §, T, and
w, . In order to prove item (3), we see that if X € TM and « > 1, then

N o) = 3 (e T+£)e, <ey, V) ea>
Y

Y

= <T + £, VXFea>
= X(T+8 ) = (Vi (T +6).ea)

= X(T,) - <‘Z X — & (X, T)(T +£). ea>

! /
= dT,(X) — S ewa(X) + - T,8(X).
a a

where the penultimate equality was obtained from the items (B) and (C) of the structure equations and the definition of
the connection VF. If o = 0,

D To,0X) ==Y (e, T +&)e, (e, 5X)
b4 yzl1
= —(T+§,5X)

=0.

a ed
Then, dTy = Zy Tya)yo + ESQCUO — 7T08, because dTp = Ty = wy = 0.

/

Finally, to prove item (4), we see that if « > 1, then
dwe(X,Y) = X(wo(Y)) = Y(wa(X)) — wa([X, Y])
= X(ga (eav Y)) - Y(ga <e(¥7 X)) - Sa((ea, [X, Y]))

I
™
R
—
o
)
53
~
—_
|
™
R
—
<]
<
o
53
>
-

(Z a)ya(x)sywy(y) - wyd(Y)SVwV(X)
y=1

:5‘0(

> 0palX)ey 0, (Y) = 0ya(Y ey 0y, (X)
Y20

= &y
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- — wa Awy(X,Y)

y=0
= —(2 AW)(X, Y).
If « = 0, then dw, = 0, and

(2 A WX, Y) = D w0, (X, (Y) = w0, (Y, (X)
Y

- %5 A (Z Tya)y> (X.Y)
Y

= S5 A8(X.Y)=0.
a
This concludes the proof. O

Lemma 4. The following equalities hold:
ad’ — (a/)2

ad’

/

ed ea
1. (dX)aﬁ =& ( 1) /\Xa/g + 7 (dTﬂ A Wy — 8a8ﬁdTa A a),g) + 7 (Tﬂda)a — 80,8/3Tadw,3);

ead a\’
2. (X /\X)(,ﬁ = — (a) ) /\Xaﬁ — (a) EEBWy N W]
ed ea
3. (.Q /\X)wg + (X N Q)aﬁ = — <7> (Tﬁda)a - Tasaeﬂdwﬂ) - <7> (dTﬁ N Wy — 8a€5dTa VAN a)ﬂ)
2

ed a
— ? 8/\Xa/5—2 E EERWy N Wg;

a\? aa’ — (a')?
4. (dR2)ap + (2 N Q2)up = — (E) gy N wg + € <%> 8 A Xap.

!

Proof. First of all, it is important to remember that T = ¢ - grad(sr) and that we have been written a = a o 7. For (1), we
have

/
(dx)aﬁ =d (T{Tﬂ(l)a — SQSﬂTaa)Ig})

ed ed
=d 7 VAN {Tﬁwa — SQEﬁTawﬂ} + Td <{T,3a)0, — EQEﬁTawﬁ})
’ ’

aa’ — (@’ a ea ga
g (#) 98 /\Xaﬂ + 7 (dTlg N Wy — 8a8/3dTa AN wﬁ) + 7 (Tlgda)a — SQEﬂTO,dU)ﬂ) .

@
For (2), we have

X AX)ap = > Xay AXyp
Y

a\?
(€] Sl oo

14

a\? a\?
== Tewy A T. - - T2 ) wo A
(a> (ﬂw ; ywy) (a) 3 (Xy:fy y)w g

N 2

a

—) eagsTo [ DT A
+<a>8‘9ﬁ< wa) wp

Y
a\’ a\’ a\’
= (a> (Tﬁa)a A 5) — (E) Egewy N wg + (E) cutpTad A wp

ed a\?
—) Xop NS — <—> E€gwy N wg.
a a
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For (3), we initially calculate (2 A X),5. We have

(R AX)up = Y @uy AXyp
ed
= (a) Za)ay VAN (Tlga)y — sysﬂTya)ﬂ>
Y
ed ed
= <7> Tﬂ Za)ay N Wy + <7> Exp <Z Tya)yo,) N wg
Y y
ed ed a ed
(7) Ty ;way Awy, + (7> €a€p (dTa - Eeaa)a + 7Ta8) A wg

ed ed a\’ a\’
— (7) Tﬂda)a + (7) 8,18/3dTa Nwg — <*> EERWy N W + (*) 8a8ﬂTa(S N wg.
a a a a

Now, we compute (X A £2).5. We have

(XA R2)p = Y Xy A yp
14

ed
= (a) Z(Tyw"‘ — sasyTaa)V> AN wyp
Y

= ( ) (ZT a)yﬁ> ( )T Eqbp (Zw,g,, /\a)y>
ed a ed ea
<7> Wy N (dTﬁ — Eé‘ﬂa)ﬂ + ?T55> — (?) T, Ealp (Z wgy /\a)y)
’ 7\ 2 ’
—ﬂdT/\a)—a— ssw/\w—a— Tgd N w ETsada)
a B o a BPa B a B o a aCacplpg.

a ea a
Hence, (2 A X)up+(XAR2)up = — (%) (Tyde, — Tueqepdary) — (a) (ATy A w0 — EaepdTy A wp)— (2) SA Xap—

a\?
2 (E) £€gwy N Wg.

For (4), if &, B > 1, a straightforward computation gives

(d2)ap + (2 A R2)up = €a (RF(X, Yep, €a) — wao A wop(X, Y).

First, we calculate (R(X, Y)es, e,) in some cases:
Case 1: o, B € {1,...,n}

(R(X, V)ep, e,) = (v Vies — VEVies — Vi e ea>
(V; Vy(:’ﬁ +a (8/3, Y)) VYF (Vxelg + ozE(e,g,X)) — (V[X,y]eﬂ + O{E (e,g, [X, Y])) y €a>
< FVyep + ViEab(es, Y) — Vi Vxes — Vi af(ep. X) — Viyies — oF (ep, X, Y1) | ea>

VxVyes, eq) + (o (X, Vyes), eq) — <Aas(eﬁ,y)x, e(,> + (Vxat(es, Y), eq)

of (es, [X, Y1), eq)

RIX, Y )i, ea) -+ ((Vx0) (65, ¥) = (Vx) (€, Y, @) = (Aut ey 1)X = At 1) ) -

={ (

— [V Vxep, e0) = (0 (¥, Vxes) ) + (Aot ey ) Y- €a) — [V (eg X), 0]
— (Vixvies. ea) =

= {
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Since e, € TM,

(RU(X. Ve, €a) = (RIX, Y)eg, ea) — ( (eg, Y) , o (ew, X)) + [ (e, X) , @ (ea, V)
/\2
Sﬂ — ¢ ) ((X eﬁ) (Y, ea> - (Yy eﬁ) (X7 ed))

% 85) ((x es)8(0Y)T — (Y, e5) S(X)Ty — (X, ) (Y )Ts + (Y, ) S(X)Tﬁ)

+ —

@y c
) Eq€pWy /\(1)/3(X Y)

EC
a2

a
i ) ea(Tpwy — Toeuepwa) A S(X,Y)

a (@)Y ec

)8‘18/3600[ Nwpg(X,Y)— <; -

( 7" 2
a
( 2 a2> 7 —egeXap N 8(X,Y).

But, it is easy to see that

—E0€p Eoé
Weo N wog = Twa VAN wg + @X(,ﬁ N (S,

and, in this case, we conclude that

a 2 a’ a 2 ca
Z)Sﬂa)aAa)ﬂ—< ( )) Xaﬂ AS.

(dQ)aﬂ-i-(Q/\Q)aﬁ = —¢ a

a a? a

For the other cases, we use a similar computation, noting that w,(TM) = 0 if @« € {n+ 1,...,n + m}. Now, for « or
equal zero, we have, considering 8 = 0 for instance,

(dQ)OtO + (Q N Q)otO = —gX <eas 5Y> + &aY <eas SX> + €a (eou S[X’ Y]>

+ Y —eaty <ea, 2 ey> ey, SY) = > —eat, <ea, \ e,/> (ey. SX)

y=1 y>1
= _‘gaX (eou 5Y> + ‘c/\otY <eou SX) + &q (ecxv S[X, y])

+ &g ZEV <VXF Cus ey>(ey, SY) — &4 Zay (VYF ey, ey><ey,SX>

y=1 y>1

= —uX (€, SY) + £aY (ea: SX) + £ (€0, SIX, Y1) + £ (VY €0, SY) — £ (V] €4, SX)
= —e, <ea, V) sy> + e <ea, V) sx> + £ (ea, SIX, Y1)
= eu(eas ~V SY + V{SX 4 SIX, Y1)

-1
Now, we need to compute —Vy SY + V7 SX + S[X, Y]. First, we note that for any U € I'(F) it holds Vy (EU> =

ed 1
— (XU — —V; U and V(T + &) = —ca'SX. Therefore,
ca asg

Vg SY = Vi (;—Cl (Y —ed(YXT + S)))

1
- j“ BX) (Y = e8(Y )T +§) =~V (¥ = 3(Y)(T +£)
= S s00Y — LSBT+ 8) — LVEY 4+ EXGOONT +8) — L a(v)s.
ca ca ac ac a

Analogously,

VISX = g—az/a(y)x - a—/S(Y)(S(X)(T +&)— lv;x + ZyEONT + £) - g—da(X)sy
ca C ac ac a
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Then,

VI SX = VISY 4 SIX, YT = ~(8(Y)X — 800Y) + %[x, Y1+ —¥(0X)) — XY +§)

- %a/(B(X)SY — 8(Y)SX) + SIX, Y]

= g—az(S(Y)X —3X)Y)+ l[x, Y] — i(S([x, YT + &)
ca ac ac
- %(a(X)sy — 8(Y)SX) + S[X, Y]

= *802/ (8(Y)X —8(X)Y) — —Sa/((S(X)SY — 8(Y)SX)
ca a
=0.

Therefore, it follows that (d$2 ), + (2 A £2)e0 = 0. Since

(a/)z a’ (a/)Z ca
—SGTSﬁwa A\ wg — ; — o) ?Xaﬁ A S

vanishes when g8 = 0, the item (4) is proved. This concludes the proof. O
Lemma5. d7Y +7 AT =0.

Proof. Eq. (1) says that
dY + 7T AT =dR2 —dX + Q2 A2 —Q2ANX XA +X AKX,

and the items of Lemma 4 say that the right side of this equation vanishes. This finishes the proof. O

c—1
SetN=m+n—1,A=p+q+| |

and define 8 = {Z € My42(R); Z'GZ = G}, where Gup = £484p. Also set the
maps:S— S (Ef’“) ={X e E"?; (X,X) = ¢} given by Z — (Z+1y0. - - - ,ZN+1N+1)t.

Proposition 6. The map s described above is a submersion.

Proof. First, notice that W e T8 if and only if Z7'W e T;S. If e, = (0,0,...,0, 1 ,0,...,0,0), then it is clear that
k+1th

s(U) = U'ey1. We have to show that (ds); : Tz8 — Tyz)S (Ef“) is surjective. In fact, (ds);(W) = s(W) = W'ey,1.

Therefore, for a given V e TyzS (IEA”“), we want to find W e T8 such that W'ey,; = V, which is equivalent to

(Z7'W)(Z'ey,1) = V. So we want to find H € T;)S§ = s = {H € My,»(R); H'G 4+ GH = 0} such that H(Z'ey,). Since
{Z'e...,Z"'eyN;1} is a base to E;' ™ and (V,ZteNH) = (V,s(Z)) = 0, this is possible (to see this, change to base {Z'e,},
set the last column of H to being V and construct the rest of H using that Hyg = —&,egHg. ). This finishes the proof. O

Now, we prove the following
Proposition 7. Let (M, (,)) be a semi-Riemannian manifold satisfying the structure equations. Set Z(x) = {Z € 8|Znt1p =

Tg(x), B =0,1,...,N+1}. Then for each xo € M and By € Z(xo), there exists a neighborhood U of o in M and a unique map
B: U — 8, such that

B 'dB= 2 — X, B(xo) = By,
and B(x) € 2(x), for all x € U.

Proof. For an open neighborhood U of xy € M, we define the set
F={(x,Z) e U x 8|Z € Z(x)}.
Since s is a submersion by Proposition 6, the dimension of the manifold 7 is
(N4 1)N+2) NN+1)

dimJF =n — — (N 1)=n
- 2 N+ =n+——

and its tangent space is
T2y ={(U, V) € LU Tz8|(dTg)x(U) = Vyy15, 8 =0, ..., N+ 1}.
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Consider on ¥ the distribution D(x,Z) = ker Oyz), where @ = ¥ — Z71dZ = £ — X — Z~'dZ. Also consider
H = {H € s|ZH € ker(ds)z}. It is easy to see that

N+ 1N +2 N(N + 1
dim 3¢ = dim ker(ds); = dim ker(ds);,, = dim s — (N + 1) = (+)27(+) —(N+1)= %

Now, we observe the equivalences
OWU,V)eH & QU)-XWU)-Z"WVex
& Z2U)—ZX(U) —V € ker (ds);
& (Z2U)nv1p — (ZX(U)N+1g — VN4 =0, for =0,...,N+ 1.
But
(ZRWU)n+1p — ZXUvi1p — ([dTpU) = Y Znp1y 2(U)yp — Y Zn11, X(U)yp — (dTp)(U)
Y 14

=Y T,XwypU) = > T,(0X(U)yp — (dTys1p)(U)
Y Y
= (dT)(U) — %sﬁ(wﬁ)xw) + %Tﬁ(x)sx(w
— = Y 00 Ty, W(U) — 85T, (30 V)
Y
— (dT4)(U)
= 0,

for $ =0,...,N 4+ 1. Therefore, Im ® C H. Now, if H € %, then (0, —ZH) € T(x )%, which means that ©(0, —ZH) = H,
and it follows that @ is surjective, that is, Im ® = #. Hence, we conclude that dim D(x, Z) = dim Ty zy¥ —dim Im & =n.
Now, we want to prove that D is integrable. Since dT + 7 A T = 0, we have

dO =dY +Z7VdZAZMdZ =dV +(T —O)A (T —O)=T AO —O AT +O AO.

Thus, if U,V € D, we obtain dO(U,V) = (Y A® — O AT 4+ O A O)U,V) = 0. On the other hand, we have
deU,V)=UB(V))-V(EeWU)) —e([Uu, V]) = —-6([U, V]), and we conclude that [U, V] € D.

For what is missing, let L be an integral manifold through (xo, Bo). For each (0, V) € D4, 5,), We have O, )0, V) =
B, 'y = 0, which gives V = 0. This means that L intersects {xo} x § transversely in (o, Bo). Shrinking U, if necessary, and
using the Local Characterization of Graphs, we conclude that L is a graph of a unique function B : U — 8. Since L C 7, for
each x € U we have B(x) € Z(x). Finally, since ® = 0 on L, B satisfies the equation B"'dB= 2 —X. O

5. Proof of the main theorem

Let U be a neighborhood in M of a given point X, € M and B : U — § the map found in Proposition 7. Define
fiu— el x, BV by

fo=¢Boo, ... , fn=2¢enBno, fny1=7m.

A direct computation gives us Im f C el X, M‘A"(c). In order to see that f is an isometric immersion, we compute

df(e) = Y dfy (e)E,
Y

= Z df, (e)E, + dr(ei)Ent1

y<N

= Z SydByO(ei)Ey + eTiEn 11
y=<N

= Z &y (BS2(e;) — BX(e:)), 0 E, + en+1Bn+1iEn+1
y=N

= 28;/3;/96090(31‘)5;/ + en+1Bn+1iEN+1

y=N
0
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889TT9 8
—&,B y9 : E, | + en+1Bn+1iEn+1

y<N

( (Z SQTgBy()) ) E, + ent1Bni1iEnta
V<N

—&
= ? eT; ZSGB}/GBNJHQ —Byi | E, + eny1BnyiiEn 1

0

—L (eTie, 8,n+1 — Byi) Ey + en1Bni1iEn1

€
v
= EByiEy + eny1Bni1iEn+1

= Z SyBy,'Ey
14

Since B € 8, we have
(df(e, df e_, <Z Ey mEa’ ZS BWE > = ZSVBWBVJ = 81'8,‘_,' = (E‘j, €j> s
Y

which means that f is an isometric immersion. Now, let E“y = ZgaBayEa- We have that E; = df(e;) is tangent to f(l)
o

and E, is normal to f(U). In fact, for each i, we have

<Eu7 E1> = <Z EctBaquu ZgyBViEV> = ZeyByuByi = &ibui = (ey, ;) =0,
a 4 Y

since i # u. Then, Tf(U)* = span {E,). Let @ be an extension of the immersion f defined as follows:

O :TUS o (W CTMDE — TFW) & TF(W)*-

(p, nyey> - (f(p), nyéy> :
Y Y

where o : E — M is the projection. It is easy to see that @ is a isomorphism between the bundles TU & cr‘l(u)~ and
Tf(u) @ Tf(U)L. Moreover, the metric induced by @ also coincides with the given bundle metric since P(e,) = E,. If
o, B,y > 1, then

(Vé(e,')(p(eu)’ lp(ev )> =

[
=[]

£0BgydBgy(e;) + Z £0€3.€BiBrvBou <6EPE6’ EA>
0,10

= &,(B"'dB(e:))pu + Z £0€1.€B,iBrvBou <6§p59, EA)
0,1,p

ed ed
= gou(e) + 73N+1u E £0ByiBoy — ?BN+1v ZfeBeiBeu
6<N 6<N

— <ev, ve eu> - (q>(ev), D(VE eu)>.

If we call, by abuse of notation, the isomorphism Q>‘ o~ (W) C E — Tf(u)* by @ too, then we conclude that

=)

oVE =vio,
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A similar computation gives of = @ o of o df ~1, where «; is the second fundamental form of f. In fact,
(df o s )ei, ) = df(oy(ei, €))) = V,rdf(e)) = Vééj =V, ®(e)
= ®Vie; = D(a’ (e, €)) = (@ oa’)(ei, ¢).

We also notice that

8t = ZE‘V <Ey, 3t>l§y
14

= ZSV ZSQBQVEQ,at Ey
1% 0
= ZSVBN+1)/E;/
14
= Zs,,TVE'y
Y
= ZSV (ey, T + S)EV
14
= Zey ), @(T +£))E,

_ Zgy <E‘y, (T +g)>Ey
Y

= O(T) + D(&).

Now, we finish the proof by showing that the local immersion f is unique up to a global isometry of €l x, MQ (c). For
this, let f : T — &l x4 MN (c) be another isometric immersion satisfying all the properties of Theorem 1, with U a simply
connected nelghborhood of Xo included in U and {V } the associated frame, with V; = df (e;) and V, normal to f(U). Let B
e be the matrix of the coordinates of the vectors Ve in the frame {E,}. Obviously, up to a direct isometry of el xq4 M (c),
we can assume that f(xo) = f(xo) and the frame {E,} and {V,} coincide at the point x, and hence B(xo) = B(xo). Moreover,
these two matrices satisfy all the properties of Proposition 7, so by uniqueness of the solution in Proposition 7, we have
B(x) = B(x), for all x € 1. Hence, by construction of f andf from B and B, we deduce that f =f in U.

Now, we will prove that f can be extended in a unique way to M. For this, we consider x; in M and a curve
I :[0,1] - M so that I"'(0) = xo and I'(1) = xy. Then, for each point I'(t) there exists a neighborhood of I'(t) such
that there exists an isometric immersion of this neighborhood into el x, M’A\’ (c) satisfying the properties of the theorem.
From this family of neighborhood, we can extract a finite subsequence (Uo, ..., U,) covering I" with Uy = U. Hence, by
uniqueness, we can extend f to U, and define f(x;). We conclude by noting that since M is simply connected, the value
of f(x1) does not depend on the choice of the curve I'. Finally, having the global immersion f : M — &l x4 My(c) we
obtain the desired global bundle isomorphism & : E — Tf(M)'.

This finishes the proof of Theorem 1.
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