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In the present paper, we introduce a class of infinite Lie conformal superalgebras S(p), 
which are closely related to Lie conformal algebras of extended Block type defined in 
[6]. Then all finite non-trivial irreducible conformal modules over S(p) for p ∈ C∗ are 
completely classified. As an application, we also present the classifications of finite non-
trivial irreducible conformal modules over finite quotient algebras s(n) for n ≥ 1 and sh
which is isomorphic to a subalgebra of Lie conformal algebra of N = 2 superconformal 
algebra. Moreover, as a generalized version of S(p), the infinite Lie conformal superalgebras 
GS(p) are constructed, which have a subalgebra isomorphic to the finite Lie conformal 
algebra of N = 2 superconformal algebra.
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1. Introduction

The notion of Lie conformal (super)algebras was originally introduced by Kac in [16,18], which encodes an axiomatic de-
scription of the operator product expansion (or rather its Fourier transform) of chiral fields in conformal field theory. It plays 
important roles in quantum field theory, vertex algebras, integrable systems and so on, and has drawn many researchers’ 
extensive attentions. As is well known, the theory of Lie conformal (super)algebras gives us a powerful tool for the study of 
infinite-dimensional Lie (super)algebras satisfying the locality property described in [17].

There are a lot of researches on the case of Lie conformal algebra. It follows from [11] that Virasoro Lie conformal algebra 
and all current Lie conformal algebras with finite-dimensional simple Lie algebras exhaust all finite simple Lie conformal 
algebras. The theory of finite Lie conformal algebras associated with Virasoro Lie conformal algebra were intensively studied 
(see, e.g., [1,7,8,11,19,25]). Furthermore, the problem of classifying finite simple Lie conformal superalgebras was completely 
solved in [14]. It shows that any finite simple Lie conformal superalgebra is isomorphic to one of the Lie conformal superal-
gebras of the list, which includes current Lie conformal superalgebras over finite-dimensional simple Lie superalgebras, four 
series of “Virasoro-like” Lie conformal superalgebras and exceptional Lie conformal superalgebra C K6. It is worth noting that 
finite non-trivial irreducible conformal modules of them were completely classified in [2–4,7,9,21].

The infinite Lie conformal (super)algebra has become one of the major research objects in conformal algebraic theory. In 
order to better understand the theory of infinite Lie conformal (super)algebras, it is very natural to investigate some impor-
tant examples. Based on the relation of Lie algebras and Lie conformal algebras, some infinite Lie conformal algebras were 
defined by loop Lie algebras and Block type Lie algebras (see, e.g., [5,6,13,15,22–24]). In a similar way, a class of infinite 
Lie conformal superalgebras called loop Virasoro conformal superalgebras were constructed in [10], which are associated 
with the loop super-Virasoro algebras. Recently, the infinite Lie conformal superalgebras of Block type were introduced in 
[26], which contain a Neveu-Schwarz conformal subalgebra. At the same times, their finite non-trivial irreducible confor-
mal modules were classified for p �= 0. But, for all we know, there are very few works about the infinite Lie conformal 
superalgebras.

In this paper, we define a new class of infinite Lie conformal superalgebras S(p) with p �= 0, which is related to a class 
of extended Block type Lie conformal algebras B(α, β, p) studied in [6]. The Lie conformal superalgebras of extended Block type 
are S(p) = S(p)0̄ ⊕ S(p)1̄ with S(p)0̄ = ⊕i∈Z+C[∂]Li

⊕⊕i∈Z+C[∂]W i , S(p)1̄ = ⊕i∈Z+C[∂]Gi and λ-brackets as follows

[Li λ L j] = (
(i + p)∂ + (i + j + 2p)λ

)
Li+ j, (1.1)

[Li λ W j] =
(
(i + p)∂ + (i + j + p)λ

)
W i+ j, (1.2)

[Li λ G j] =
(
(i + p)∂ + (i + j + 2p)λ

)
Gi+ j, (1.3)

[W i λ G j] = Gi+ j, [W i λ W j] = [Gi λ G j] = 0 (1.4)

for i, j ∈ Z+ . Note that the even part S(p)0̄ of S(p) is an extended Block type Lie conformal algebra B(α, β, p) for α =
p, β = 0. The subalgebra H =C[∂]( 1

p L0) ⊕C[∂]W0 of S(p)0̄ is so-called Heisenberg-Virasoro Lie conformal algebra.
This article is organized as follows.
In Section 2, we introduce some basic definitions and related known results about Lie conformal superalgebras and 

conformal modules.
In Section 3, by recalling the definition of B(α, β, p) and certain module structures, we define a class of Lie conformal 

superalgebras S(p). Then we investigate their subalgebras, quotient algebras and representations of annihilation superalge-
bras.

In Section 4, the irreducibilities of all free non-trivial rank 1 + 1 modules over S(p) are determined. A complete classifi-
cation of all finite non-trivial irreducible conformal modules of S(p) is given, which shows that they must be free of rank 
1 or 1 + 1.

In Section 5, we construct a class of Lie conformal superalgebras, which are generalizations of Lie conformal superalgebras 
S(p). They have some subalgebras, one of them is exactly the Lie conformal algebra of N = 2 superconformal algebra.

At last, as a byproduct of our main result, we also obtain the classification of all finite non-trivial irreducible conformal 
modules over the subalgebra sh and quotient algebras s(n) for n ≥ 1.

Throughout this paper, all vector spaces, linear maps and tensor products are assumed to be over complex field C. We 
denote by C∗ , Z and Z+ the sets of nonzero complex numbers, integers and nonnegative integers, respectively. Moreover, 
if A is a vector space, the space of polynomials of λ with coefficients in A is denoted by A[λ].

2. Preliminaries

In this section, we recall some basic concepts and results related to Lie conformal superalgebras and conformal modules 
in [11,16,18].

We denote Z2 = {0̄, ̄1}. A vector space U is called Z2-graded if U = U 0̄ ⊕ U 1̄ , and u ∈ Uī is called Z2-homogenous and 
write |u| = ī.
2
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Definition 2.1. A Lie conformal superalgebra S = S 0̄ ⊕ S 1̄ is a Z2-graded C[∂]-module endowed with a λ-bracket [a λ b]
which defines a linear map Sα ⊗ Sβ →C[λ] ⊗ Sα+β , where λ is an indeterminate, and satisfy the following axioms:

[∂a λ b] = −λ[a λ b], [a λ ∂b] = (∂ + λ)[a λ b],
[a λ b] = −(−1)|a||b|[b −λ−∂ a],
[a λ [b μ c]] = [[a λ b] λ+μ c] + (−1)|a||b|[b μ [a λ c]]

for all c ∈ S , Z2-homogenous elements a, b in S , and α, β ∈Z2.

A Lie conformal superalgebra is called finite if it is finitely generated as a C[∂]-module, or else it is called infinite.

Definition 2.2. A conformal module M = M0̄ ⊕ M1̄ over a Lie conformal superalgebra S is a Z2-graded C[∂]-module en-
dowed with a λ-action Sα ⊗ Mβ →C[λ] ⊗ Mα+β such that

(∂a) λ v = −λa λ v, a λ (∂v) = (∂ + λ)a λ v,

a λ (b μ v) − (−1)|a||b|b μ (a λ v) = [a λ b] λ+μ v

for all v ∈ M , Z2-homogenous elements a, b in S , and α, β ∈Z2.

Let M = M0̄ ⊕ M1̄ be a conformal S-module. Obviously, there is a parity-change functor � from the category of S-
modules to itself, which implies that a new module �(M) is obtained by �(M0̄) = M1̄ and �(M1̄) = M0̄ . The module M is 
called finite if it is finitely generated over C[∂]. We call that the rank of M is m + n as a C[∂]-module, if the rank of M0̄ is 
m and the rank of M1̄ is n. If M has no non-trivial submodules, the conformal module M is called irreducible.

A Lie conformal superalgebra S is called Z-graded if S = ⊕i∈ZSi , each Si is a C[∂]-submodule and [Si λ S j] ⊆ Si+ j[λ]
for any i, j ∈Z. The conformal module M is Z-graded if M = ⊕i∈ZMi , each Mi is a C[∂]-submodule and Si λ M j ⊆ Mi+ j[λ]
for any i, j ∈Z. Furthermore, if each Mi is freely generated by an element vi ∈ Mi over C[∂], then M is called a Z-graded 
free intermediate series module.

Definition 2.3. An annihilation superalgebra A(S) of a Lie conformal superalgebra S is a Lie superalgebra with C-basis 
{a(n) | a ∈ S, n ∈Z+} and relations (for any a, b ∈ S and k ∈C)

(ka)(n) = ka(n), (a + b)(n) = a(n) + b(n), (2.1)

[a(m),b(n)] =
∑

k∈Z+

(
m

k

)
(a(k)b)(m+n−k), (∂a)(n) = −na(n−1), (2.2)

where a(n) ∈ A(S)α if a ∈ Sα , and a(k)b is called the k-th product, given by [a λ b] = ∑
k∈Z+

λk

k! (a(k)b). Furthermore, an 
extended annihilation superalgebra A(S)e of S is defined by A(S)e = C∂ � A(S) with [∂, a(n)] = −nan−1, where C∂ ⊆
A(S)e

0
.

Now we can define k-th actions of S on M for each j ∈Z+ , i.e. a(k)v for any a ∈ S, v ∈ M

a λ v =
∑

k∈Z+

λ(k)

k! (a(k)v), (2.3)

which is similar to the definition of k-th product a(k)b for a, b ∈ S .
The following result appeared in [7], which implies that a close connection between the module of a Lie conformal 

superalgebra and that of its extended annihilation superalgebra.

Proposition 2.4. A conformal module M over a Lie conformal superalgebra S is the same as a module over the Lie superalgebra A(S)e

satisfying a(n)v = 0 for a ∈ S, v ∈ M, n 
 0.

3. Lie conformal superalgebra S(p)

In this section, a class of extended Block type Lie conformal superalgebras S(p) are defined.
We first recall the definition of the extended Block type Lie conformal algebra B(α, β, p) and its Z-graded intermediate 

series modules (see [6,26]).
The infinite Lie conformal algebra called extended Block type Lie conformal algebra B(α, β, p) with p ∈C∗ has a C[∂]-basis 

{Li, W i | i ∈Z+} satisfying the following non-trivial λ-brackets
3
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[Li λ L j] = (
(i + p)∂ + (i + j + 2p)λ

)
Li+ j,

[Li λ W j] =
(
(i + p)(∂ + β) + (i + j + α)λ

)
W i+ j

for any α, β ∈ C. In the following, we only consider α = p, β = 0. For α1, β1, γ1 ∈ C, p ∈ C∗ , the C[∂]-module 
V (α1, β1, γ1, p) = ⊕

i∈ZC[∂]vi is a Z-graded free intermediate series module over B(α, β, p) with λ-actions as follows:

Li λ v j =
(
(i + p)(∂ + β1) + (i + j + α1)λ

)
vi+ j, W i λ v j = γ1 vi+ j. (3.1)

Inspired by this, we consider a Z2-graded C[∂]-module

S(α1, β1, γ1, p) = S0̄ ⊕ S1̄

with S0̄ = ⊕i∈Z+C[∂]Li
⊕⊕i∈Z+C[∂]W i, S1̄ = ⊕i∈Z+C[∂]Gi , and satisfying

[Li λ G j] =
(
(i + p)(∂ + β1) + (i + j + α1)λ

)
Gi+ j,

[W i λ G j] = γ1Gi+ j, [Gi λ G j] = 0

for i, j ∈Z+ . Let α1 = 2p, β1 = 0 and γ1 = 1. Then the Z2-graded C[∂]-module S(α1, β1, γ1, p) becomes the Lie conformal 
superalgebra S(p), which is exactly what we defined in (1.1)-(1.4).

Now we present some interesting features on S(p) as follows.

3.1. Subalgebras

Setting L = 1
p L0, W = W0, G = G0 ∈ S(p) in (1.1)-(1.4), we can obtain the non-vanishing relations as follows:

[L λ L] = (∂ + 2λ)L, [L λ W ] = (∂ + λ)W , [L λ G] = (∂ + 2λ)G, [W λ G] = G,

which is called Heisenberg-Virasoro Lie conformal superalgebra sh. Clearly, the even part of sh is Heisenberg-Virasoro Lie 
conformal algebra, which has been studied extensively (see, e.g., [6,19,25]). We see that C[∂](L + aW ) for a ∈ C spans a 
subalgebra of Heisenberg-Virasoro Lie conformal algebra which is isomorphic to the Virasoro Lie conformal algebra. Now we 
define the following C[∂]-module homomorphism from sh to Lie conformal algebra of N = 2 superconformal algebra (see 
[9]):

L + 1

2
∂W → L, W → J , G → G+. (3.2)

Then it is easy to check that sh is isomorphic to a subalgebra of Lie conformal algebra of N = 2 superconformal algebra.

3.2. Quotient algebras

Many finite Lie conformal superalgebras will be obtained by considering the quotient algebras of S(p). We note that 
S(p) is Z-graded in the sense of

S(p) = ⊕k∈Z+S(p)k, (3.3)

where S(p)k =C[∂]Lk ⊕C[∂]Wk ⊕C[∂]Gk . For any n ∈Z+ , we can define a subspace S(p)〈n〉 of S(p) by

S(p)〈n〉 = ⊕i≥nC[∂]Li

⊕
⊕i≥nC[∂]W i

⊕
⊕i≥nC[∂]Gi .

Obviously, S(p)〈n〉 is an ideal of the Lie conformal superalgebra of S(p). For n ∈Z+ , define

S(p)[n] = S(p)/S(p)〈n+1〉. (3.4)

Note that S(p)[0] ∼= sh. Choosing p = −n for 1 ≤ n ∈ Z, we can define the quotient algebras S(−n)[n] by the following 
relations

s(n) = S(−n)[n] = S(−n)/S(−n)〈n+1〉. (3.5)

Then a series of new finite non-simple Lie conformal superalgebras can be produced. Now we give the following two 
examples for n = 1, 2.
4
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Example 3.1. Setting L = −L̄0, W = W̄0, G = Ḡ0, M = L̄1, H = W̄1, I = Ḡ1 ∈ s(1), one can obtain the following non-trivial 
relations

[L λ L] = (∂ + 2λ)L, [L λ W ] = (∂ + λ)W , [L λ G] = (∂ + 2λ)G,

[W λ G] = G, [L λ M] = (∂ + λ)M, [L λ H] = ∂ H,

[L λ I] = (∂ + λ)I, [W λ I] = [H λ G] = I, [M λ G] = −λI.

Other λ-brackets are given by skew-symmetry. We observe that C[∂]L ⊕C[∂]W and C[∂]L ⊕C[∂]M are both Heisenberg-
Virasoro Lie conformal algebra. Maybe s(1) should be called BiHeisenberg-Virasoro Lie conformal superalgebra.

Example 3.2. Set L = − 1
2 L̄0, W = W̄0, G = Ḡ0, M = L̄1, H = W̄1, I = Ḡ1, X = −L̄2, Y = −W̄2, Z = −Ḡ2 ∈ s(2). Then the non-

vanishing relations are presented as follows

[L λ L] = (∂ + 2λ)L, [L λ W ] = (∂ + λ)W , [L λ G] = (∂ + 2λ)G,

[W λ G] = G, [L λ M] = (∂ + 3

2
λ)M, [L λ H] = (∂ + 1

2
λ)H,

[L λ I] = (∂ + 3

2
λ)I, [W λ I] = I, [L λ X] = (∂ + λ)X, [L λ Y ] = ∂Y ,

[L λ Z ] = (∂ + λ)Z , [W λ Z ] = Z , [M λ M] = (∂ + 2λ)X, [M λ H] = ∂Y ,

[M λ I] = (∂ + 2λ)Z , [H λ I] = Z , [M λ W ] = −(∂ + λ)H,

[M λ G] = −(∂ + 3λ)I, [H λ G] = I, [X λ G] = −2λZ , [Y λ G] = Z .

Other λ-brackets can be obtained by skew-symmetry. Note that C[∂]L ⊕ C[∂]M ⊕ C[∂]X and C[∂]L ⊕ C[∂]W are re-
spectively Schrödinger-Virasoro Lie conformal algebra and Heisenberg-Virasoro Lie conformal algebra. Maybe s(2) should be 
called Schrödinger-Heisenberg-Virasoro Lie conformal superalgebra.

3.3. Representation of annihilation superalgebras

In this section, the irreducible modules over a subquotient algebra of the annihilation superalgebra A(S(p)) of S(p) are 
classified.

Firstly, we provide the explicit super-brackets of A(S(p)) as follows.

Lemma 3.3.

(1) The annihilation superalgebra of S(p) is

A(S(p)) =
{

Li,m, W j,n, Gk,l | i, j,k,n ∈Z+,m, l ∈Z+ ∪ {−1}
}

with the following Lie super-brackets:

[Li,m, L j,n] = (
(m + 1)( j + p) − (n + 1)(i + p)

)
Li+ j,m+n,

[Li,m, W j,n] = (
(m + 1) j − n(i + p)

)
W i+ j,m+n,

[Li,m, G j,n] = (
(m + 1)( j + p) − (n + 1)(i + p)

)
Gi+ j,m+n,

[W i,m, G j,n] = Gi+ j,m+n, [W i,m, W j,n] = [Gi,m, G j,n] = 0,

(3.6)

where p ∈C∗;
(2) The extended annihilation algebra is

A(S(p))e =
{

Li,m, W j,n, Gk,l, ∂ | i, j,k,n ∈Z+,m, l ∈Z+ ∪ {−1}
}

satisfying (3.6) and

[∂, Li,m] = −(m + 1)Li,m−1, [∂, W j,n] = −nW j,n−1, [∂, Gk,l] = −(l + 1)Gk,l−1.
5
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Proof. By the definition of the k-th product in Definition 2.3 and S(p), we conclude that

Li (k)
L j =

⎧⎪⎪⎨⎪⎪⎩
(i + p)∂Li+ j if k = 0,

(i + j + 2p)Li+ j if k = 1,

0 if k ≥ 2,

Li (k)
W j =

⎧⎪⎪⎨⎪⎪⎩
(i + p)∂W i+ j if k = 0,

(i + j + p)W i+ j if k = 1,

0 if k ≥ 2,

Li (k)
G j =

⎧⎪⎪⎨⎪⎪⎩
(i + p)∂Gi+ j if k = 0,

(i + j + 2p)Gi+ j if k = 1,

0 if k ≥ 2,

W i (k)
G j =

{
Gi+ j if k = 0,

0 if k ≥ 1,

Gi (k)
G j = W i (k)

W j = 0 for any k ∈ Z+.

From (2.1) and (2.2), it is easy to see that

[(Li)(m), (L j)(n)] = (
m( j + p) − n(i + p)

)
(Li+ j)(m+n−1),

[(Li)(m), (W j)(n)] = (
mj − n(i + p)

)
(W i+ j)(m+n−1),

[(Li)(m), (G j)(n)] = (
m( j + p) − n(i + p)

)
(Gi+ j)(m+n−1),

[(W i)(m), (G j)(n)] = (Gi+ j)(m+n), [(Gi)(m), (G j)(n)] = 0,

[(W i)(m), (W j)(n)] = 0, [∂, (Li)(m)] = −m(Li)(m−1),

[∂, (W j)(n)] = −n(W j)(n−1), [∂, (Gk)(l)] = −l(Gk)(l−1).

(3.7)

Then the lemma is proved by setting Li,m = (Li)(m+1), W j,n = (W j)(n) and Gk,l = (Gk)(l+1) in (3.7) for i, j, k, n ∈ Z+, m, l ∈
Z+ ∪ {−1}. �
Remark 3.4. It has come to our notice that the super Heisenberg-Virasoro algebra is isomorphic to the Lie superalgebra 
generated by {L0,m, W0,n, G0,l | m, n, l ∈Z} in A(S(p)) (see [20]).

Secondly, we investigate the representation theory of a subquotient algebra of A(S(p)). It is obvious that

A(S(p))+ = A(S(p))+
0̄

⊕A(S(p))+
1̄

is a subalgebra of A(S(p)), where A(S(p))+
0̄

= {Li,m, W j,n | i, j, m, n ∈ Z+} and A(S(p))+
1̄

= {Gk,l | k, l ∈ Z+}. For any 
t, N ∈Z+ , we denote

I(t, N) = I(k, N)0̄ ⊕ I(k, N)1̄,

where I(t, N)0̄ = {Li,m, W j,n ∈ A(S(p))+ | i, j > t, m, n > N} and I(t, N)1̄ = {Gk,l ∈ A(S(p))+ | k > t, l > N}. We see that 
I(t, N) is an ideal of A(S(p))+ . Denote

p(t, N) = p(t, N)0̄ ⊕ p(t, N)1̄ = A(S(p))+/I(t, N).

For the later use, denote the following ideals of p(t, N) for t, N ≥ 1:

χ(t, N) = spanC{L̄t,m, W̄t,n, Ḡt,l ∈ p(t, N) | m,n, l ≤ N},
ψ(t, N) = spanC{L̄i,N , W̄ j,N , Ḡk,N ∈ p(t, N) | i, j,k ≤ t},
φ(t, N) = spanC{L̄t,m, W̄t,n, Ḡt,l, L̄i,N , W̄ j,N , Ḡk,N ∈ p(t, N) | m,n, l ≤ N, i, j,k ≤ t − 1}.

We also denote two finite sets:

� = {(i,m) | L̄i,m, W̄ i,m, Ḡ i,m ∈ p(t, N)}\{(0,0)}, �0 = {(i,m) ∈ � | i − pm = 0}.
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Lemma 3.5. Let t, N ≥ 1, �0 �= ∅ and

i0 = max{i | (i,m) ∈ �0}, m0 = max{m | (i,m) ∈ �0}.
Assume that V = V 0̄ ⊕ V 1̄ is a non-trivial finite-dimensional irreducible module over p(t, N).

(1) If i0 < t, then the ideal χ(t, N) of p(t, N) acts trivially on V ;
(2) If m0 < N, then the ideal ψ(t, N) of p(t, N) acts trivially on V ;
(3) If i0 = t, m0 = N, then the ideal φ(t, N) of p(t, N) acts trivially on V .

Proof. (1) Consider the action of L̄0,0 on χ(t, N):

[L̄0,0, L̄i,m] = (i − mp)L̄i,m, [L̄0,0, W̄ i,m] = (i − mp)W̄ i,m, [L̄0,0, Ḡ i,m] = (i − mp)Ḡ i,m,

where 0 ≤ i ≤ t, 0 ≤ m ≤ N . It follows from t > i0 that (t − mp) �= 0. Obviously, χ(t, N) is a completely reducible C L̄0,0-
module with no trivial summand. By Lemma 1 of [7], we get that χ(t, N) acts trivially on V . Similarly, (2) can be obtained.

(3) Note that p > 0. Assume that φ(t, N) acts non-trivially on V . According to the irreducibility of V , one can see that 
V = φ(t, N)V . Choose a decomposition of φ(t, N) as follows

φ(t, N) = spanC{L̄i0,m0 , W̄ i0,m0 , Ḡ i0,m0} + φ̃(t, N),

where φ̃(t, N) = φ(t, N) \ spanC{L̄i0,m0 , W̄ i0,m0 , Ḡ i0,m0 }.
Considering the action of L̄0,0 on φ̃(t, N), we know that every element in φ̃(t, N) acts nilpotently on V by Lemma 1 of 

[7]. From

[L̄i0,0, L̄0,m0 ] = −((i0 + p)m0 + i0)L̄i0,m0 ,

[L̄i0,0, W̄0,m0 ] = −(i0 + p)m0W̄ i0,m0 ,

[L̄i0,0, Ḡ0,m0 ] = −((i0 + p)m0 + i0)Ḡ i0,m0 ,

we check that spanC{L̄i0,m0 , W̄ i0,m0 , Ḡ i0,m0 } acts trivially on V . The results hold. �
Lemma 3.6. Let V = V 0̄ ⊕ V 1̄ be a non-trivial finite-dimensional irreducible module over p(t, N). Then we obtain dim(V ) =
dim(V 0̄) = 1 or dim(V ) = 1 + 1.

Proof. Regard V as a finite-dimensional p(t, N)0̄-module. By Lemma 3.5 of [6], we know that there exists v ∈ V such that 
L̄i,m v = σi,m v, W̄ i,m v = τi,m v for all i, m ∈Z+ , where σi,m, τi,m ∈C.

When Ḡ0,0 v = 0, by the relation of [W̄ i,m, Ḡ0,0] = Ḡ i,m , we obtain Ḡ i,m v = 0 for i, m ∈Z+ . Then dim(V ) = dim(V 0̄) = 1.
If Ḡ0,0 v �= 0, we present the following two cases. First, consider �0 = ∅. We have a decomposition of p(t, N):

p(t, N) = spanC{L̄0,0, W̄0,0, Ḡ0,0} + p̃(t, N),

where p̃(t, N) = p(t, N) \ spanC{L̄0,0, W̄0,0, Ḡ0,0} and p̃(t, N) is a nilpotent ideal of p(t, N). Considering the action of L̄0,0
on ̃p(t, N), which implies that ̃p(t, N) is a completely reducible C L̄0,0-module with no trivial summand. By Lemma 1 of [7]
and Ḡ2

0,0 v = 0, we immediately obtain that V 1̄ =CḠ0,0 v and dim(V ) = 1 + 1.
Next, consider �0 �= ∅. Assume that t, N ≥ 1. We note that if the χ(t, N) (respectively, ideals ψ(t, N), φ(t, N)) of p(t, N)

acts trivially on V , then V can be viewed as an irreducible module over p(t −1, N) (respectively, p(t, N −1), p(t −1, N −1)). 
Using simultaneous induction on t , N and Lemma 3.5, we obtain that the odd vector can be written as V 1̄ = CḠ0,0 v , and 
dim(V ) = 1 + 1. �
4. Classification of finite irreducible modules

This section will be devoted to giving a complete classification of all finite non-trivial irreducible conformal modules 
over S(p).

4.1. Equivalence of modules

We first recall a useful result appeared in [6], which is related to classification of finite non-trivial irreducible conformal 
modules over S(p)¯ .
0
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Lemma 4.1. Assume that V is a finite non-trivial irreducible conformal module over S(p)0̄. Then V is isomorphic to Va,b,c,d =C[∂]v
with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v = p(∂ + aλ + b)v,

L1 λ v = δp+1,0cv,

W0 λ v = dv,

W i λ v = 0, i ≥ 1,

L j λ v = 0, j ≥ 2

for a, b, c, d ∈C.

The equivalence between finite conformal modules over S(p) and those over its quotient algebra S(p)[n] for some 
n ∈Z+ is given as follows.

Theorem 4.2. Let V be a finite non-trivial conformal module over S(p). Then the λ-actions of Li , W i and Gi on V are trivial for i 
 0.

Proof. Regard V as a finite conformal module over S(p)0̄ . It follows from Theorem 4.2 of [6] that Li λ v = W i λ v = 0 for all 
i 
 0 and any v ∈ V . Take i such that i > |p|. Fix i 
 0. Since

W i λ (G0 μ v) − G0 μ (W i λ v) = Gi λ+μ v,

one can check that Gi λ v = 0 for any v ∈ V , proving the theorem. �
Remark 4.3. In fact, a finite conformal module over S(p) is isomorphic to a finite conformal module over S(p)[n] for some 
large enough n ∈Z, where S(p)[n] is defined as (3.4).

4.2. Rank 1 + 1 modules

In the following, a characterization of non-trivial free conformal modules of rank 1 + 1 over S(p) is presented. According 
to Lemma 4.1, we can define the following three classes of conformal modules Va,b,c,d,a′ ,b′,c′,d′ , Va,b,c,d,σ and Va,b,σ .

(1) Va,b,c,d,a′,b′,c′,d′ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = p(∂ + aλ + b)v 0̄,

L1 λ v 0̄ = cv 0̄,

W0 λ v 0̄ = dv 0̄,

Gi λ v 0̄ = 0, i ≥ 0,

W j λ v 0̄ = 0, j ≥ 1,

Lk λ v 0̄ = 0, k ≥ 2,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = p(∂ + a′λ + b′)v 1̄,

L1 λ v 1̄ = c′v 1̄,

W0 λ v 1̄ = d′v 1̄,

Gi λ v 1̄ = 0, i ≥ 0,

W j λ v 1̄ = 0, j ≥ 1,

Lk λ v 1̄ = 0, k ≥ 2,

where a, b, c, d, a′, b′, c′, d′ ∈C;
(2) Va,b,c,d,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = p(∂ + aλ + b)v 0̄,

L1 λ v 0̄ = cv 0̄,

W0 λ v 0̄ = dv 0̄,

G0 λ v 0̄ = σ v 1̄,

Gi λ v 0̄ = 0, i ≥ 1,

W j λ v 0̄ = 0, j ≥ 1,

Lk λ v 0̄ = 0, k ≥ 2,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = p(∂ + (a + 1)λ + b)v 1̄,

L1 λ v 1̄ = cv 1̄,

W0 λ v 1̄ = (d + 1)v 1̄,

Gi λ v 1̄ = 0, i ≥ 0,

W j λ v 1̄ = 0, j ≥ 1,

Lk λ v 1̄ = 0, k ≥ 2,

where a, b, c, d ∈C, σ ∈C∗;
8
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(3) Va,b,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = p(∂ + aλ + b)v 0̄,

W0 λ v 0̄ = (a − 1)v 0̄,

G0 λ v 0̄ = σ
(
∂ + aλ + b

)
v 1̄,

Gi λ v 0̄ = 0, i ≥ 1,

W j λ v 0̄ = 0, j ≥ 1,

Lk λ v 0̄ = 0, k ≥ 1,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = p(∂ + aλ + b)v 1̄,

W0 λ v 1̄ = av 1̄,

Gi λ v 1̄ = 0, i ≥ 0,

W j λ v 1̄ = 0, j ≥ 1,

Lk λ v 1̄ = 0, k ≥ 1,

where a, b ∈C, σ ∈C∗ .

Theorem 4.4. Let V be a non-trivial free conformal module of rank 1 + 1 over S(p).

(1) If p �= −1, then V ∼= Va,b,0,d,a′,b′,0,d′ or Va,b,0,d,σ or Va,b,σ or �(Va−1,b,0,d−1,σ ) or �(Va,b,σ ) for some a, b, d, a′, b′, d′ ∈ C, 
σ ∈C∗;

(2) If p = −1, then V ∼= Va,b,c,d,a′,b′,c′,d′ or Va,b,c,d,σ or Va,b,σ or �(Va−1,b,c,d−1,σ ) or �(Va,b,σ ) for some a, b, c, d, a′, b′, c′, d′ ∈
C, σ ∈C∗ .

Proof. In order to prove this theorem, we first let V = C[∂]v 0̄ ⊕C[∂]v 1̄ . Regarding V as a conformal module over S(p)0̄
and using Lemma 4.1, we can suppose that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = p(∂ + aλ + b)v 0̄,

L1 λ v 0̄ = δp+1,0cv 0̄,

W0 λ v 0̄ = dv 0̄,

W i λ v 0̄ = 0, i ≥ 1,

L j λ v 0̄ = 0, j ≥ 2,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = p(∂ + a′λ + b′)v 1̄,

L1 λ v 1̄ = δp+1,0c′v 1̄,

W0 λ v 1̄ = d′v 1̄,

W i λ v 1̄ = 0, i ≥ 1,

L j λ v 1̄ = 0, j ≥ 2,

where a, b, c, d, a′, b′, c′, d′ ∈ C. Owing to Theorem 4.2, we see that Li λ vs = W i λ vs = Gi λ vs = 0 for s ∈ Z2, i 
 0. Let 
t0 ∈ Z+ be the largest integer such that the action of S(p)t0 (see (3.3)) on V is non-trivial. For 0 ≤ t ≤ t0, t ∈ Z+ , we can 
write

Lt λ v 0̄ = ft(∂,λ)v 0̄, Lt λ v 1̄ = f̂t(∂,λ)v 1̄,

Wt λ v 0̄ = gt(∂,λ)v 0̄, Wt λ v 1̄ = ĝt(∂,λ)v 1̄,

Gt λ v 0̄ = ht(∂,λ)v 1̄, Gt λ v 1̄ = ĥt(∂,λ)v 0̄,

where ft(∂, λ), ̂ft(∂, λ), gt(∂, λ), ̂gt(∂, λ), ht(∂, λ), ̂ht(∂, λ) ∈C[∂, λ]. Note that

f0(∂,λ) = p(∂ + aλ + b), f1(∂,λ) = δp+1,0c, f i(∂,λ) = 0,

f̂0(∂,λ) = p(∂ + a′λ + b′), f̂1(∂,λ) = δp+1,0c′, f̂ i(∂,λ) = 0,

g0(∂,λ) = d, ĝ0(∂,λ) = d′, g j(∂,λ) = ĝ j(∂,λ) = 0

for i ≥ 2, j ≥ 1. For 1 ≤ t ≤ t0, s ∈Z2, we have

Wt λ (G0 μ vs) − G0 μ (Wt λ vs) = Gt λ+μ vs,

which gives ht(∂, λ) = ĥt(∂, λ) = 0 for t ≥ 1. Then for s ∈Z2, by L1 λ (G0 μ vs) = G0 μ (L1 λ vs), one has(
h0(∂ + λ,μ)c′ − h0(∂,μ)c

)
δp+1,0 = 0 and

(̂
h0(∂ + λ,μ)c − ĥ0(∂,μ)c′)δp+1,0 = 0. (4.1)

For s ∈Z2, we have G0 λ (G0 μ vs) + G0 μ (G0 λ vs) = 0, which implies

h0(∂ + λ,μ)̂h0(∂,λ) + h0(∂ + μ,λ)̂h0(∂,μ) = 0, (4.2)

ĥ0(∂ + λ,μ)h0(∂,λ) + ĥ0(∂ + μ,λ)h0(∂,μ) = 0. (4.3)

Setting λ = μ = 0 in (4.2) or (4.3), one can get h0(∂, 0)̂h0(∂, 0) = 0. Let us consider the following three cases.
9
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Case 1. h0(∂, 0) = ĥ0(∂, 0) = 0.

For s ∈Z2, we get L0 λ (G0 μ vs) − G0 μ (L0 λ vs) = [L0 λ G0] λ+μ vs , which shows

h0(∂ + λ,μ)(∂ + a′λ + b′) − (∂ + μ + aλ + b)h0(∂,μ)

= (
λ − μ

)
h0(∂,λ + μ), (4.4)

ĥ0(∂ + λ,μ)(∂ + aλ + b) − (∂ + μ + a′λ + b′)̂h0(∂,μ)

= (
λ − μ

)̂
h0(∂,λ + μ). (4.5)

Setting μ = 0 in (4.4) and (4.5), we check that h0(∂, λ) = ĥ0(∂, λ) = 0.

Case 2. h0(∂, 0) �= 0 and ĥ0(∂, 0) = 0.

Taking μ = 0 in (4.5) gives ̂h0(∂, λ) = 0. Based on W0 λ (G0 μ v 0̄) − G0 μ (W0 λ v 0̄) = G0 λ+μ v 0̄ , we obtain

d′h0(∂ + λ,μ) − dh0(∂,μ) = h0(∂,λ + μ). (4.6)

Setting λ = μ = 0 respectively in (4.4) and (4.6), we check that

b′ = b and d′ = d + 1.

Then we let μ = 0 in (4.4) and (4.6), which gives

(∂ + a′λ + b′)h0(∂ + λ,0) − (∂ + aλ + b)h0(∂,0) = λh0(∂,λ), (4.7)

d′h0(∂ + λ,0) − dh0(∂,0) = h0(∂,λ). (4.8)

Inserting (4.8) into (4.7), we get

(∂ + (a′ − d′)λ + b)h0(∂ + λ,0) = (∂ + (a − d)λ + b)h0(∂,0). (4.9)

Consider a′ �= d′, a �= d or a′ = d′, a = d in (4.9). It is straightforward to verify that h0(∂, 0) = σ ∈C∗ . Using this in (4.7) and 
(4.8), we have

h0(∂,λ) = σ and a′ = a + 1.

If p = −1 in (4.1), one has c = c′ .
Clearly, we need not discuss the case for a′ �= d′ and a = d. The final case is a′ = d′ and a �= d. Considering the highest 

degree of λ in (4.9), one can obtain degλ

(
h0(∂ + λ, 0)

) = 1. The equation of (4.7) can be written as

h0(∂,λ) + ah0(∂,0) − a′h0(∂ + λ,0) = (
∂ + b

)h0(∂ + λ,0) − h0(∂,0)

λ
. (4.10)

Taking λ → 0 in (4.10), we get (a − a′ + 1)h0(∂, 0) = (
∂ + b

) d
d∂

(
h0(∂, 0)

)
, which implies

a′ = a and h0(∂,0) = σ(∂ + b) (4.11)

for σ ∈C∗ . Now putting (4.11) in (4.7) or (4.8) gives

h0(∂,λ) = σ(∂ + aλ + b).

If p = −1 in (4.1), we have c = c′ = 0.

Case 3. h0(∂, 0) = 0 and ĥ0(∂, 0) �= 0.

By the similar arguments in Case 2, we show that

a′ = a − 1,b′ = b,d′ = d − 1, ĥ0(∂,λ) = σ and if p = −1, c′ = c,

or

a′ = a = d,b′ = b,d′ = a − 1, ĥ0(∂,λ) = σ(∂ + aλ + b) and if p = −1, c′ = c = 0,

where σ ∈C∗ . This completes the proof. �
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Now we determine the irreducibilities of conformal modules V over S(p) defined in Theorem 4.4.

Proposition 4.5. Let V be a conformal module over S(p) defined in Theorem 4.4.

(1) If V ∼= Va,b,c,d,a′,b′,c′,d′ , then V is reducible, which has some submodules as C[∂]v 0̄ and C[∂]v 1̄ .
(2) If V ∼= Va,b,c,d,σ , then V is irreducible if and only if (a, c, d) �= (0, 0, 0). The module V 0,b,0,0,σ contains a unique non-trivial 

submodule C[∂](∂ + b)v 0̄ ⊕C[∂]v 1̄
∼= V 1,b,σ .

(3) If V ∼= Va,b,σ , then V is irreducible if and only if a �= 0. The module V 0,b,σ contains a unique non-trivial submodule C[∂]v 0̄ ⊕
C[∂](∂ + b)v 1̄

∼= V 0,b,0,−1,σ .
(4) If V ∼= �(Va−1,b,c,d−1,σ ), then V is irreducible if and only if (a, c, d) �= (1, 0, 1). The module �(V 0,b,0,0,σ ) contains a unique 

non-trivial submodule C[∂]v 0̄ ⊕C[∂](∂ + b)v 1̄
∼= �(V 1,b,σ ).

(5) If V ∼= �(Va,b,σ ), then V is irreducible if and only if a �= 0. The module �(V 0,b,σ ) contains a unique non-trivial submodule 
C[∂](∂ + b)v 0̄ ⊕C[∂]v 1̄

∼= �(V 0,b,0,−1,σ ).

4.3. Classification theorems

The following lemma can be found in [7,16].

Lemma 4.6. Let L be a Lie superalgebra with a descending sequence of subspaces L ⊃ L0 ⊃ L1 ⊃ · · · and an element ∂ satisfying 
[∂, Ln] =Ln−1 for n ≥ 1. Let V be an L-module and let

Vn = {v ∈ V |Ln v = 0}, n ∈Z+.

Suppose that Vn �= 0 for n 
 0 and let N denote the minimal such n. Suppose that N ≥ 1. Then V =C[∂] ⊗C V N . Particularly, V N is 
finite-dimensional if V is a finitely generated C[∂]-module.

The method in Lemma 6.3 of [26] can be expanded to the following results with a slightly different discussion.

Lemma 4.7. Any finite non-trivial irreducible S(p)-module V must be free of rank 1 or 1 + 1.

Proof. It follows from any torsion module of C[∂] is trivial as a module of Lie conformal superalgebra that any finite non-
trivial irreducible S(p)-module V must be free as a C[∂]-module. According to Theorem 4.2, one can see that the λ-actions 
of Li , W i and Gi on V are trivial for all i 
 0. Assume that t ∈Z+ is the largest integer such that the λ-action of S(p)t on 
V is non-trivial. Thus V can be regarded as a finite non-trivial irreducible conformal module over S(p)[t] . Denote

gsb = {
L̄i,m, W̄ j,n, Ḡk,l, ∂ | 0 ≤ i, j,k ≤ t,n ∈Z+,m, l ∈Z+ ∪ {−1}}.

Based on Proposition 2.4, the conformal S(p)[t]-module V can be viewed as a module over the associated extended annihi-
lation algebra gsb =A(S(p)[t])e , which satisfies

L̄i,m v = W̄ j,n v = Ḡk,l v = 0 (4.12)

for 0 ≤ i, j, k ≤ t , m, n, l 
 0, v ∈ V . For later use, we write

gsbz = {L̄i,m, W̄ j,n, Ḡk,l ∈ gsb | 0 ≤ i, j,k ≤ t,m, l ≥ z − 1,n ≥ z}, ∀z ∈Z+.

Then gsb0 = A(S(p)[t]) and gsb ⊃ gsb0 ⊃ gsb1 ⊃ · · · . It follows from the definition of extended annihilation algebra that 
the element ∂ ∈ gsb satisfies [∂, gsbz] = gsbz−1 for z ≥ 1. Denote

V z = {v ∈ V | gsbz v = 0}, ∀z ∈Z+.

We observe that V z �= ∅ for z 
 0 by (4.12). Assume that N ∈Z+ is the smallest integer such that V N �= ∅.
Firstly, consider N = 0. Let 0 �= v ∈ V 0. Then U(gsb)v = C[∂]U(gsb0)v = C[∂]v . Therefore, from the irreducibility of V , 

we have V = C[∂]v . It is clear that gsb0 acts trivially on V . According to Proposition 2.4, we know that V is a trivial 
conformal S(p)-module, which leads to a contradiction.

Secondly, consider N ≥ 1. Take 0 �= v ∈ V N . From

[∂ − 1

p
L̄0,−1, Li,m] = [∂ − 1

p
L̄0,−1, W i,m] = [∂ − 1

p
L̄0,−1, Gi,m] = 0

for i, m ∈ Z+ , one can show that ∂ − 1
p L̄0,−1 is an even central element of gsb by the definition of extended annihilation 

algebra. So there exists some � ∈C such that L̄0,−1 v = p(∂ +�)v by Schur’s Lemma of Lie superalgebra. Moreover, according 
to the following relations
11
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L̄i,−1 v = 1

p
[L̄i,0, L̄0,−1]v and Ḡ i,−1 v = 1

p
[Ḡ i,0, L̄0,−1]v,

we obtain that the action of gsb0 on v is determined by gsb1 and ∂ . Obviously, V N is gsb1-invariant. By the irreducibility 
of V and Lemma 4.6, we obtain that V =C[∂] ⊗C V N and V N is a non-trivial irreducible finite-dimensional gsb1-module.

If N = 1, from the definition of V 1, we know that V 1 is a trivial gsb1-module, which gives a contradiction.
If N ≥ 2, the module V N can be viewed as a gsb1/gsbN -module. Note that gsb1/gsbN

∼= p(t, N − 2). Based on Lemma 3.6, 
one can see that V N is 1-dimensional or 1 + 1-dimensional. Then V is free of rank 1 or 1 + 1 as a conformal module over 
S(p) by Proposition 2.4. The lemma holds. �

Note that the S(p)0̄-module Va,b,c,d defined in Lemma 4.1 can be regarded as an S(p)-module by the trivial action of 
S(p)1̄ . Combining Theorem 4.4, Proposition 4.5 and Lemma 4.7, we have the main result of this paper as follows, which 
shows that the irreducible modules V defined in Theorem 4.4 exhaust all non-trivial finite irreducible conformal modules 
over S(p).

Theorem 4.8. Let V be a non-trivial finite irreducible conformal module over S(p).

(1) If p �= −1, then

V ∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Va,b,0,d for (a,d) �= (0,0),b ∈C,

Va,b,0,d,σ for (a,d) �= (0,0),b ∈C,σ ∈ C∗,

Va,b,σ for a,σ ∈C∗,b ∈C,

�(Va−1,b,0,d−1,σ ) for (a,d) �= (1,1),b ∈C,σ ∈ C∗,

�(Va,b,σ ) for a,σ ∈C∗,b ∈C;
(2) If p = −1, then

V ∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Va,b,c,d for (a, c,d) �= (0,0,0),b ∈C,

Va,b,c,d,σ for (a, c,d) �= (0,0,0),b ∈C,σ ∈C∗,

Va,b,σ for a,σ ∈C∗,b ∈C,

�(Va−1,b,c,d−1,σ ) for (a, c,d) �= (1,0,1),b ∈C,σ ∈ C∗,

�(Va,b,σ ) for a,σ ∈C∗,b ∈C.

5. Generalized version of S(p)

The aim of this section is to construct a class of new Lie conformal superalgebras as an extended case of S(p).
Now, we continue to apply the B(p, 0, p)-module V (α1, β1, γ1, p) in (3.1) and define a super module V = V 0̄ ⊕ V 1̄ , 

where V 0̄ = ⊕i∈ZC[∂]vi
0̄

and V 1̄ = ⊕i∈ZC[∂]vi
1̄

. More precisely, for α1, β1, γ1, ̂α1, ̂β1, γ̂1 ∈C, p ∈C∗ , the C[∂]-module

V (α1, β1, γ1, α̂1, β̂1, γ̂1, p) = ⊕i∈ZC[∂]vi
0̄

⊕
⊕i∈ZC[∂]vi

1̄

is a Z-graded free intermediate series module of rank two over B(p, 0, p) with λ-actions as follows:

Li λ v j
0̄
=

(
(i + p)(∂ + β1) + (i + j + α1)λ

)
vi+ j

0̄
, W i λ v j

0̄
= γ1 vi+ j

0̄
,

Li λ v j
1̄
=

(
(i + p)(∂ + β̂1) + (i + j + α̂1)λ

)
vi+ j

1̄
, W i λ v j

1̄
= γ̂1 vi+ j

1̄
.

We consider a Z2-graded C[∂]-module

GS(α1, β1, γ1, α̂1, β̂1, γ̂1, {φi, j,ϕi, j}) = GS 0̄ ⊕ GS 1̄

with GS 0̄ = ⊕i∈Z+C[∂]Li
⊕⊕i∈Z+C[∂]W i , GS 1̄ = ⊕i∈Z+C[∂]Gi

⊕⊕i∈Z+C[∂]Hi and satisfying

[Li λ L j] = (
(i + p)∂ + (i + j + 2p)λ

)
Li+ j,

[Li λ W j] =
(
(i + p)(∂ + β) + (i + j + α)λ

)
W i+ j,

[Li λ G j] =
(
(i + p)(∂ + β1) + (i + j + α1)λ

)
Gi+ j,
12
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[W i λ G j] = γ1Gi+ j,

[Li λ H j] =
(
(i + p)(∂ + β̂1) + (i + j + α̂1)λ

)
Hi+ j,

[W i λ H j] = γ̂1 Hi+ j,

[Gi λ H j] = φi, j(∂,λ)W i+ j + ϕi, j(∂,λ)Li+ j,

[W i λ W j] = [Gi λ G j] = [Hi λ H j] = 0,

where φi, j(∂, λ), ϕi, j(∂, λ) ∈C[∂, λ] for i, j ∈Z+ .

Lemma 5.1. Let p ∈C∗, α1 = 2p, ̂α1 = p, β1 = β̂1 = 0, γ1 = 1 and ̂γ1 = −1. Then Z2-graded C[∂]-module GS(α1, β1, γ1, ̂α1, ̂β1,

γ̂1, {φi, j, ϕi, j}) becomes a Lie conformal superalgebra if and only if φi, j(∂, λ) = � and ϕi, j(∂, λ) = �
(
(i + p)∂ + (i + j + p)λ

)
for 

i, j ∈Z+, � ∈C.

Proof. It follows from Definition 2.1 that the sufficiency is clear.
We only need to prove the necessity. Assume that GS(α1, β1, γ1, ̂α1, ̂β1, ̂γ1, {φi, j, ϕi, j}) is a Lie conformal superalgebra. 

For any i, j ∈Z+ , using the Jacobi identity for triple (W0, Gi, H j), we have

ϕi, j(∂,λ + μ) = ϕi, j(∂,μ), (5.1)

(i + j + p)λϕi, j(∂ + λ,μ) = φi, j(∂,λ + μ) − φi, j(∂,μ). (5.2)

From (5.1), one has

ϕi, j(∂,λ) = ϕi, j(∂,0) (5.3)

for i, j ∈Z+ . For any i, j ∈Z+ , by the Jacobi identity for triple (L0, Gi, H j), we check that(
p∂ + (i + j + p)λ

)
φi, j(∂ + λ,μ)

= (
(i + p)λ − pμ

)
φi, j(∂,λ + μ) + (

p(∂ + μ) + ( j + p)λ
)
φi, j(∂,μ), (5.4)(

p∂ + (i + j + 2p)λ
)
ϕi, j(∂ + λ,μ)

= (
(i + p)λ − pμ

)
ϕi, j(∂,λ + μ) + (

p(∂ + μ) + ( j + p)λ
)
ϕi, j(∂,μ). (5.5)

Setting μ = 0 in (5.5) and using (5.3), we conclude that ϕi, j(∂, λ) = � ∈ C for any i, j ∈ Z+ . We take μ = 0 in (5.2), one 
can write

φi, j(∂,λ) = φi, j(∂,0) + �(i + j + p)λ (5.6)

By choosing μ = 0 in (5.4), it is easy to show that

p∂

(
φi, j(∂ + λ,0) − φi, j(∂,0)

)
λ

= (i + p)φi, j(∂,λ) + ( j + p)φi, j(∂,0) − (i + j + p)φi, j(∂ + λ,0). (5.7)

Taking λ → 0, we have ∂ d
d∂

φi, j(∂, 0) = φi, j(∂, 0), which has a nonzero solution φi, j(∂, 0) = �0(i + p)∂ for �0 ∈ C. Then 
(5.6) can be written as

φi, j(∂,λ) = �0(i + p)∂ + �(i + j + p)λ (5.8)

Inserting (5.8) into (5.7), we immediately obtain � = �0, which yields φi, j(∂, λ) = �
(
(i + p)∂ + (i + j + p)λ

)
for i, j ∈

Z+, � ∈C. We complete the proof. �
Remark 5.2. Up to isomorphism, we may assume that � = 2 in Lemma 5.1 for � �= 0. Then we can define a class of Lie 
conformal superalgebras GS(p) = GS 0̄ ⊕ GS 1̄ with

GS 0̄ = ⊕i∈Z+C[∂]Li

⊕
⊕i∈Z+C[∂]W i, GS 1̄ = ⊕i∈Z+C[∂]Gi

⊕
⊕i∈Z+C[∂]Hi

and the following non-trivial λ-brackets
13
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[Li λ L j] = (
(i + p)∂ + (i + j + 2p)λ

)
Li+ j,

[Li λ W j] =
(
(i + p)∂ + (i + j + p)λ

)
W i+ j,

[Li λ G j] =
(
(i + p)∂ + (i + j + 2p)λ

)
Gi+ j,

[Li λ H j] =
(
(i + p)∂ + (i + j + p)λ

)
Hi+ j,

[W i λ G j] = Gi+ j, [W i λ H j] = −Hi+ j,

[Gi λ H j] = 2Li+ j + 2
(
(i + p)∂ + (i + j + p)λ

)
W i+ j.

Denote the subalgebra C[∂]L0 ⊕C[∂]W0 ⊕C[∂]G0 ⊕C[∂]H0 of GS(p) by SN . Define the following C[∂]-module homo-
morphism from SN to the Lie conformal algebra of N = 2 superconformal algebra (see [9]):

1

p
L0 + 1

2
∂W0 → L, W0 → J , G0 → G+,

1

p
H0 → G−.

It is easy to check that the subalgebra SN is isomorphic to the Lie conformal algebra of N = 2 superconformal algebra.

A class of infinite-dimensional Lie superalgebras related to Block type Lie algebra are presented in the rest of this section, 
which have a subalgebra called topological N = 2 superconformal algebra.

Lemma 5.3. The annihilation superalgebra of GS(p) is given by

A(GS(p)) =
{

Li,m, W j,n, Gk,l, H p,q | i, j,k,n ∈Z+,m, l ∈Z+ ∪ {−1}
}

with non-vanishing relations:

[Li,m, L j,n] = (
(m + 1)( j + p) − (n + 1)(i + p)

)
Li+ j,m+n,

[Li,m, W j,n] = (
(m + 1) j − n(i + p)

)
W i+ j,m+n,

[Li,m, G j,n] = (
(m + 1)( j + p) − (n + 1)(i + p)

)
Gi+ j,m+n,

[Li,m, H j,n] = (
(m + 1) j − n(i + p)

)
Hi+ j,m+n,

[Gi,m, H j,n] = 2Li+ j,m+n + 2
(
(m + 1) j − n(i + p)

)
W i+ j,m+n,

[W i,m, G j,n] = Gi+ j,m+n, [W i,m, H j,n] = −Hi+ j,m+n,

where p ∈C∗ .

Proof. Since the proof is similar to Lemma 3.3, we omit the details. �
Remark 5.4. We observe that the topological N = 2 superconformal algebra is isomorphic to the Lie superalgebra generated 
by {L0,m, W0,n, G0,l, H0,q | m, n, l, q ∈Z} (see [12]).

6. Applications

From the definition of (3.4), we know that S(p)[n] has a C[∂]-basis {L̄i, W̄ i, Ḡ i | 0 ≤ i ≤ n} with the following λ-brackets:

[L̄i λ L̄ j] = (
(i + p)∂ + (i + j + 2p)λ

)
L̄i+ j,

[L̄i λ W̄ j] =
(
(i + p)∂ + (i + j + p)λ

)
W̄ i+ j,

[L̄i λ Ḡ j] =
(
(i + p)∂ + (i + j + 2p)λ

)
Ḡ i+ j,

[W̄ i λ Ḡ j] = Ḡ i+ j, [W̄ i λ W̄ j] = [Ḡ i λ Ḡ j] = 0

for i, j ∈ Z+, p ∈ C∗ (i + j > n the above relations are trivial). It follows from that S(p)[0] ∼= sh, s(n) = S(−n)[n] for n ≥ 1
(also see (3.4), (3.5)). Now we define C[∂]-modules V̄a,b,0,d , V̄a,b,0,d,σ and V̄a,b,σ over s(n) for n > 1 as follows.
14
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(1) V̄a,b,0,d =C[∂]v with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̄0 λ v = −n(∂ + aλ + b)v,

W̄0 λ v = dv,

Ḡ i λ v = 0, 0 ≤ i ≤ n,

W̄ j λ v = 0, 1 ≤ j ≤ n,

L̄k λ v = 0, 1 ≤ k ≤ n,

where a, b, d ∈C;
(2) V̄a,b,0,d,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̄0 λ v 0̄ = −n(∂ + aλ + b)v 0̄,

W̄0 λ v 0̄ = dv 0̄,

Ḡ0 λ v 0̄ = σ v 1̄,

Ḡ i λ v 0̄ = 0, 1 ≤ i ≤ n,

W̄ j λ v 0̄ = 0, 1 ≤ j ≤ n,

L̄k λ v 0̄ = 0, 1 ≤ k ≤ n,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̄0 λ v 1̄ = −n(∂ + (a + 1)λ + b)v 1̄,

W̄0 λ v 1̄ = (d + 1)v 1̄,

Ḡ i λ v 1̄ = 0, 0 ≤ i ≤ n,

W̄ j λ v 1̄ = 0, 1 ≤ j ≤ n,

L̄k λ v 1̄ = 0, 1 ≤ k ≤ n,

where a, b, d ∈C, σ ∈C∗;
(3) V̄a,b,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̄0 λ v 0̄ = −n(∂ + aλ + b)v 0̄,

W̄0 λ v 0̄ = (a − 1)v 0̄,

Ḡ0 λ v 0̄ = σ
(
∂ + aλ + b

)
v 1̄,

Ḡ i λ v 0̄ = 0, 1 ≤ i ≤ n,

W̄ j λ v 0̄ = 0, 1 ≤ j ≤ n,

L̄k λ v 0̄ = 0, 1 ≤ k ≤ n,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L̄0 λ v 1̄ = −n(∂ + aλ + b)v 1̄,

W̄0 λ v 1̄ = av 1̄,

Ḡ i λ v 1̄ = 0, 0 ≤ i ≤ n,

W̄ j λ v 1̄ = 0, 1 ≤ j ≤ n,

L̄k λ v 1̄ = 0, 1 ≤ k ≤ n,

where a, b ∈C, σ ∈C∗ .

The C[∂]-modules ¯̄Va,b,c,d , ¯̄Va,b,c,d,σ and ¯̄Va,b,σ over s(1) are given.

(1) ¯̄Va,b,c,d =C[∂]v with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v = −(∂ + aλ + b)v,

L1 λ v = cv,

W0 λ v = dv,

Gi λ v = 0, 0 ≤ i ≤ 1,

W1 λ v = 0,

where a, b, c, d ∈C;
(2) ¯̄Va,b,c,d,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = −(∂ + aλ + b)v 0̄,

L1 λ v 0̄ = cv 0̄,

W0 λ v 0̄ = dv 0̄,

G0 λ v 0̄ = σ v 1̄,

G1 λ v 0̄ = W1 λ v 0̄ = 0,

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = −(∂ + (a + 1)λ + b)v 1̄,

L1 λ v 1̄ = cv 1̄,

W0 λ v 1̄ = (d + 1)v 1̄,

Gi λ v 1̄ = 0, 0 ≤ i ≤ 1,

W1 λ v 1̄ = 0,
15
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where a, b, c, d ∈C, σ ∈C∗;
(3) ¯̄Va,b,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

L0 λ v 0̄ = −(∂ + aλ + b)v 0̄,

W0 λ v 0̄ = (a − 1)v 0̄,

G0 λ v 0̄ = σ
(
∂ + aλ + b

)
v 1̄,

G1 λ v 0̄ = W1 λ v 0̄ = L1 λ v 0̄ = 0,

and

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

L0 λ v 1̄ = −(∂ + aλ + b)v 1̄,

W0 λ v 1̄ = av 1̄,

Gi λ v 1̄ = 0, 0 ≤ i ≤ 1,

W1 λ v 1̄ = L1 λ v 1̄ = 0,

where a, b ∈C, σ ∈C∗ .

The following C[∂]-modules ¯̄̄
Va,b,0,d , ¯̄̄

Va,b,0,d,σ and ¯̄̄
Va,b,σ over sh are presented.

(1)
¯̄̄
Va,b,0,d =C[∂]v with⎧⎪⎪⎪⎨⎪⎪⎪⎩

( 1
p L0) λ v = (∂ + aλ + b)v,

W0 λ v = dv,

G0 λ v = 0,

where a, b, d ∈C;

(2)
¯̄̄
Va,b,0,d,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎨⎪⎪⎪⎩

( 1
p L0) λ v 0̄ = (∂ + aλ + b)v 0̄,

W0 λ v 0̄ = dv 0̄,

G0 λ v 0̄ = σ v 1̄,

and

⎧⎪⎪⎪⎨⎪⎪⎪⎩
( 1

p L0) λ v 1̄ = (∂ + (a + 1)λ + b)v 1̄,

W0 λ v 1̄ = (d + 1)v 1̄,

G0 λ v 1̄ = 0,

where a, b, d ∈C, σ ∈C∗;

(3)
¯̄̄
Va,b,σ =C[∂]v 0̄ ⊕C[∂]v 1̄ with⎧⎪⎪⎪⎨⎪⎪⎪⎩

( 1
p L0) λ v 0̄ = (∂ + aλ + b)v 0̄,

W0 λ v 0̄ = (a − 1)v 0̄,

G0 λ v 0̄ = σ
(
∂ + aλ + b

)
v 1̄,

and

⎧⎪⎪⎨⎪⎪⎩
( 1

p L0) λ v 1̄ = (∂ + aλ + b)v 1̄,

W0 λ v 1̄ = av 1̄,

G0 λ v 1̄ = 0,

where a, b ∈C, σ ∈C∗ .

Based on Theorem 4.4, the classification of non-trivial conformal modules of rank 1 + 1 over sh and s(n) for n ≥ 1 can be 
presented. Moreover, the same irreducibility assertions as those modules of sh and s(n) for n ≥ 1 in Proposition 4.5 are 
obtained. We see that the irreducible modules of these modules exhaust all non-trivial finite irreducible conformal modules 
respectively over sh and s(n) for n ≥ 1.

Corollary 6.1. Assume that V̄ is a finite non-trivial irreducible conformal module over sh or s(n) for n ≥ 1.

(i) If V̄ is an s(n)-module for n > 1, then

V̄ ∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

V̄a,b,0,d for (a,d) �= (0,0),b ∈C,

V̄a,b,0,d,σ for (a,d) �= (0,0),b ∈C,σ ∈C∗,

V̄a,b,σ for a,σ ∈C∗,b ∈ C,

�(V̄a−1,b,0,d−1,σ ) for (a,d) �= (1,1),b ∈C,σ ∈C∗,

�(V̄ ) for a,σ ∈C∗,b ∈ C;
a,b,σ
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(ii) If V̄ is an s(1)-module, then

V̄ ∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

¯̄Va,b,c,d for (a, c,d) �= (0,0,0),b ∈C,

¯̄Va,b,c,d,σ for (a, c,d) �= (0,0,0),σ ∈ C∗,b ∈C,

¯̄Va,b,σ for a,σ ∈C∗,b ∈C,

�( ¯̄Va−1,b,c,d−1,σ ) for (a, c,d) �= (1,0,1),σ ∈C∗,b ∈C,

�( ¯̄Va,b,σ ) for a,σ ∈C∗,b ∈C;
(iii) If V̄ is an sh-module, then

V̄ ∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

¯̄̄
Va,b,0,d for (a,d) �= (0,0),b ∈C,

¯̄̄
Va,b,0,d,σ for (a,d) �= (0,0),σ ∈ C∗,b ∈C,

¯̄̄
Va,b,σ for a,σ ∈C∗,b ∈ C,

�(
¯̄̄
Va−1,b,0,d−1,σ ) for (a,d) �= (1,1),σ ∈C∗,b ∈C,

�(
¯̄̄
Va,b,σ ) for a,σ ∈C∗,b ∈ C.

Remark 6.2. By (3.2), we also obtain the classification of all non-trivial finite irreducible conformal modules over a subalge-
bra of Lie conformal algebra of N = 2 superconformal algebra.
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