Journal of Geometry and Physics 58 (2008) 1211-1220

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/jgp

Dolbeault cohomology groups of compact pseudo-Kahler
homogeneous manifolds

Takumi Yamada
Department of Mathematics, Shimane University, Nishikawatsu-cho 1060, Matsue 690-8504, Japan

ARTICLE INFO ABSTRACT
Article history: It is well known that a pseudo-Kdhler structure is one of the natural generalizations of a
Received 11 November 2007 Kahler structure. In this paper, we consider the Dolbeault cohomology groups of compact

Received in revised form 21 March 2008
Accepted 4 April 2008
Available online 10 April 2008

pseudo-Kdhler homogeneous manifolds.
© 2008 Elsevier B.V. All rights reserved.

MSC:

53D30
53D05
53C50

Keywords:

Pseudo-Kahler structure
Solvable Lie group

Dolbeault cohomology group

0. Introduction

A pseudo-Kdihler manifold is a symplectic manifold (M, w) with a complex structure J that is compatible with w, i.e., ®
induces an indefinite Hermitian metric on M. The manifolds represent an interesting class containing the class of Kahler
manifolds in symplectic geometry. For example, the Kodaira-Thurston manifold, which is the first example of compact
non-Kdhler symplectic manifolds, has a pseudo-Kahler structure. On the other hand, some results (e.g. [6,9]) have shown
that pseudo-Kdhler manifolds are natural generalizations of Kahler manifolds.

Dorfmeister-Guan [6] proved that a compact homogeneous pseudo-Kdhler manifold is biholomorphic to the direct
product of a homogeneous rational manifold and a complex torus (cf. also [15]). By a homogeneous pseudo-Kahler
manifold we mean a pseudo-Kdhler manifold on which the group of holomorphic isometric transformations act transitively.
Huckleberry [13] investigated pseudo-Kédhler manifolds from a Hamiltonian viewpoint, and gave a simpler proof of the result
of Dorfmeister—-Guan. However, in the non-homogeneous pseudo-Kahler case, the results are still not complete.

Our aim in the present paper is to construct some methods for investigating these manifolds by considering the
Dolbeault cohomology groups. This is because there exist many important studies related to Dolbeault cohomology groups
of homogeneous complex manifolds (for example, [1,14,17,20,21,25]), and we can investigate pseudo-Kdhler homogeneous
manifolds by using some of the results of these studies (cf. [28,29], and Corollary 5.4). By a pseudo-Kidhler homogeneous
manifold we mean a pseudo-Kéhler manifold on which the group of holomorphic transformations act transitively.

We mainly prove the following three theorems, one of which was announced in the previous paper [29]:

Theorem 2.2. For a compact pseudo-Kdhler manifold, the following two assertions are equivalent:
(a) Any Dolbeault cohomology class contains an almost 8-harmonic representative (see Definition 1.9).
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(b) The pseudo-Kdhler manifold satisfies the hard Lefschetz theorem with respect to the Dolbeault cohomology groups, i.e., every
Lefschetz mapping is an isomorphism.

For a compact pseudo-Kdhler manifold (M, w, J), we can consider a subspace of the Dolbeault cohomology group of type
(p, q) such that each cohomology class contains an almost d-harmonic representative. We denote the subspace by K?;7(M).
Then we have:

Theorem 3.3. Let (M, ]) be a compact complex manifold, and w, @' cohomologous pseudo-Kdhler structures. Then K%9(M) =
K%' (M) for each p, q.

Let I" be a discrete subgroup of a real Lie group G with a compact left coset space G/I". We can project the left G-invariant
forms on G onto G/I'. As an application of Theorem 3.3, we see:

Theorem 3.4. Let (G/I', w,]) be a compact pseudo-Kdhler manifold such that | is a left G-invariant complex structure. Assume
that each Dolbeault cohomology class contains a left G-invariant representative. Then a left G-invariant form wo that is
cohomologous to w is a pseudo-Kahler structure such that K5,4(G/I") = KE9(G/I"). In particular, each cohomology class of

K53(G/ I') contains a left G-invariant almost 9-harmonic representative.

Note that condition (a) can be rewritten as follows: (a") The subspace K?;%(M) is equal to the Dolbeault cohomology group of
type (p, q) for each p, q. Thus, there exists an important relationship among these theorems. As one of the applications, we
can exactly compute the dimensions of K?,7(G/I") for investigating pseudo-Kdhler structures of (G/I', w, ) if it satisfies the
above assumptions. Thus, we can also notice the properties of Lefschetz mappings.

Cordero-Fernandez-Ugarte [4] investigated condition (b) of Theorem 2.2, and they proved that if a compact pseudo-
Kahler nilmanifold satisfies condition (b), then it is a complex torus. On the other hand, there exists a non-toral compact
pseudo-Kahler solvmanifold which satisfies condition (b) (see Example 6.1). Cordero-Fernandez-Gray-Ugarte [3] proved
that if G is nilpotent, and if the complex structure J satisfies the nilpotent condition, then each Dolbeault cohomology class
contains a left G-invariant representative. For example, the Kodaira-Thurston manifold is a nilmanifold which satisfies the
nilpotent condition. Moreover, Cordero-Fernandez-Ugarte [5] showed that the complex structure underlying a pseudo-Kdhler
structure of a 6-dimensional nilpotent Lie algebra satisfies the nilpotent condition.

In Section 1, we prepare several notation and propositions to prove our main theorems. In Sections 2 and 3, we prove
Theorems 2.2 and 3.4.

A complex manifold M is said to be complex parallelizable if the holomorphic tangent bundle of M is holomorphically
trivial. Then M can be written as G/I', where G is a complex Lie group, and I" is a lattice of G. In the previous paper [29],
we proved that if a compact complex parallelizable solvmanifold M has a pseudo-Kahler structure, then M is the total space
of a complex torus bundle over a complex torus. In particular, the derived Lie subgroup of G is abelian. Thus we have the
following natural question:

“When does a compact homogeneous manifold which is the total space of a complex torus bundle over a complex torus have a
pseudo-Kdbhler structure?”

With respect to this question, in Section 5, we point out a remarkable property if M is complex parallelizable (see
Theorem 5.8 and Remark 5.9).

In Section 4, we construct a compact pseudo-Kdhler manifold which is a homogeneous space of a real solvable Lie group
G such that the derived Lie subgroup of G is not abelian. Moreover, we prove that the curvature tensor of the pseudo-Kahler
manifold vanishes.

1. The space of almost 3-harmonic forms

_Inthis section, we exactly define an almost d-harmonic form, and apply an sl(2)-representation to the space of all almost
d-harmonic forms in order to prove Theorems 2.2 and 3.4.

Let (M®*™, w) be a symplectic manifold and G the skew-symmetric bivector field dual to w. Hence, G induces a mapping
i(G) : 2*(M) — Q*2(M). We define a star operator

%y 0 QXM > 27" k(M)  fork=0,...,2m
by requiring
a Ak B = (AG)(a, vy fora, p e 24(M),

where vy, = ©™/m!. We define L,, : 2¥(M) — 2**2(M) by L, (@) = a A w. If there exist no possibilities of confusion, then
we write %, = * and L,, = L for simplicity. We define d* : 2¥(M) — 2% 1(M) by d* = (—1)* % d . Brylinski [2] proved the
following:

Proposition 1.1. d* = [d, i(G)] = d 0 i(G) — i(G) o d.
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We define an operator L* by
[* = #Lx : QX(M) = 2 2(M).

We can easily see that L* is the adjoint operator for L, where we define an inner product (,) on 2*(M) by (&, ) =
[ #(a A xB)vy for a, B € 2%(M). Moreover, we define an operator A by

A= Z(m — k)my,
where ;, : 2*(M) — 2%(M) is the natural projection.
Proposition 1.2 ([/30]). i(G) = —L*.

These operators satisfy the following relations:

Proposition 1.3 ([30]). [L*, L] = A, [A, L] = —2L, [A, L*] = 2L*.

Let X, H, Y be the standard basis of sl(2,C) = sl(2). Thus these satisfy the relations [X,Y] = H,[H,X] = 2X, and
[H, Y] = -2Y.
Definition 1.4. Let V be an infinite-dimensional vector space. Assume that sl(2) acts on V. We say that V is an sl(2)-module
of finite H-spectrum if the following two conditions are satisfied:

(a) v can be decomposed as the direct sum of eigenspaces of H.
(b) H has only finitely many distinct eigenvalues.

Let V be an sl(2)-module of finite H-spectrum, and V, the eigenspace of H with eigenvalue k. Note that {v € v, | Xv =
0} = {v € V; | Y*!v = 0}. By a basic result on an sl(2)-representation, we have the following:

Proposition 1.5 ([8]). For any k, the maps Y* : Vi, — V_, and X* : V_, — V| are isomorphisms.
Now we have a representation sl(2) on 2*(M) ® C by sending
X<«—1* Y<«—1, H<«—A.

It is easy to check that £2*(M) ® C is an sl(2)-module of finite H-spectrum, and 2™ *(M) ® C = V,.
From now on, we consider the case of pseudo-Kahler manifolds.

Definition 1.6. A non-degenerate real closed (1, 1)-form w on a complex manifold (M, J) is called a pseudo-Kdhler structure.

Let (M®", w, ]) be a pseudo-Kihler manifold of dimz M = 2m. Then we have the following:

Corollary 1.7. For each k < m, the Lefschetz mapping
" M) @ Cc — 2" M) @ C
is an isomorphism. In particular, for each p + q < m, the Lefschetz mapping
¥ QPIY(M) —> QM EMP (M)
is an isomorphism.
Proof. By Proposition 1.5, we have our corollary (note that wis a (1, 1)-form). O
By the definition of G, for & € 2%*(M) and 8 € 02P9(M), we have
N @@ B =0 ifs£qt#p,
which implies that * : QP4(M) —> Q™9™ (M). Thus we define operators 9* : 2P4(M) —> 2F~19(M) and 9 1 QPI(M) —>
QP 9=1(M) by * = (—1)7 % 3% and 3* = (—1)P*9 % 9%, respectively. Then we have the following lemma.
Lemma 1.8. 3* = [0, i(G)], 0* = [9, i(G)].
Proof. Since [d, i(G)] = d*,d = 3+ dand d* = 9" + 3", we have our lemma. O
For a complex manifold (M, J), we denote the space of all 3-closed (p, q)-forms on M by Zg"’(M), and we write B%’"’(M) =

(P11 (M)).

Definition 1.9. Let (M, w, J) be a pseudo-Kahler manifold. A form o € £279(M) is said to be almost d-harmonic with respect
to w, if it satisfies do = 9*« = 0. We denote the space of all almost d-harmonic forms of type (p, q) by X29(M),
and we set X(M) = >, K'(M) = X, >, KP9(M). We define the almost 8-harmonic cohomology group KP9(M) by
JPA(M)/KPA(M) N Bg’q (M).
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Remark 1.10. (1) It is obvious that dd* + d*d = 0 by Proposition 1.1, while 39* + 9*3 # 0. However, it is false that if
(00* + 0*9)a = 0, then do = 0.

(2) Let (M, g,J) be a compact Kihler manifold and s, the x-operator induced naturally. Brylinski proved that %, =
V=14, on 2P9(M), where  is the fundamental 2-form induced by g. Thus, in this case, if o = '« = 0, then

do = 0*a = 0.
Proposition 1.11. X (M) is an sl(2)-submodule of 2*(M) ® C = 3, , 2P9(M).
Proof. Since [i(G), d] = d*, [L, d*] = d, and [L, d] = 0, we see
[9,L*] = 3", [L*, 3] = 0, [L, ] = O, [L, &*] = 9.
Hence, X (M) is an sl(2)-submodule. 0O

Since X (M) is an sl(2)-submodule, we have the following:

Corollary 1.12. For each k < m, the Lefschetz mapping
L K"K M) — K (M)

is an isomorphism. In particular, for each p + q < m, the Lefschetz mapping
L"P s KPYM) — KTTETTP(M)

is an isomorphism.

2. Mathieu’s theorem of Dolbeault cohomology groups

In this section, we prove Theorem 2.2, which is a Mathieu’s theorem of Dolbeault cohomology groups. The original result
due to Mathieu is a theorem related to de Rham cohomology groups of symplectic manifolds (see [30]). The proofs of
Theorems 2.2 and 3.4 are essentially the same as that of the case of de Rham cohomology groups (see [30,26]). We use
same notation introduced in Section 1.

Proposition 2.1. Let (M?>™, w, ]) be a pseudo-Kihler manifold of dimy M = 2m. Then for each p, q,
P2A(M) C K29(M),
where P51(M) = {[e] € HE'(M) | L"P~9%1([a]) = 0).

Proof. Let [a] € P29(M). Hence, @ A @™ P9t! = 3y, where y € " 9+1mP(M). Since L™ P~9"1 . QPi-1(M) —>
Qm=atLm=p (M) is surjective, there exists 6 € 2P9~!1(M) such that L"P=%*1¢ = y. Then we have ["P~%1(o — 30) = 0.
Therefore, i(G) (@ — d0) = 0, which implies *(« — 36) = 0 by Lemma 1.8. Hence, o — 96 is almost 0-harmonic. O

Theorem 2.2. Let (M*™, w, ]) be a pseudo-Kéhler manifold. Then the following two assertions are equivalent:

(a) Any Dolbeault cohomology class contains an almost d-harmonic representative.
(b) For any p + q < m, the Lefschetz mapping L™ P~ : HY''(M) — H; ~*"""(M) is surjective.

Proof. (b) = (a). Consider the following commutative diagram
xraMy 2L gemeamp ()
HAam) SN g (v,

where the two vertical arrows are surjective by our assumption. It follows from Corollary 1.12 that the second horizontal
arrow is also surjective.
(@)= (b).Letu € Hg’q(M) and consider L™P~%*1(y). Since

[mra Hg"’ M) — Hgfq”"*”(zvl)
is surjective, there exists v € Hg’l‘q’l (M) which satisfies
Lm—p—q-H (u) — Lm—p—q+2 (V)

Hence, L™=+ (y — L(v)) = 0. Since u = (u — L(v)) + L(v), we have Theorem 2.2 by Proposition 2.1. O
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Condition (b) is sometimes called the hard Lefschetz property with respect to Dolbeault cohomology groups.

Corollary 2.3. Let (M®", w, J) be a compact pseudo-Kéhler manifold. If any Dolbeault cohomology class contains an almost 9-
harmonic representative, then for each p, q,

dim Hg’q(M) = dim Hg"’ M).

Proof. By Theorem 2.2, we have
dim Hg"’(M) = dim Hg‘*"’m*” (M).

On the other hand, let us consider any Riemannian metric g of M, and consider a Hermitian metric h induced by g and J. By
the Hodge decomposition with respect to h, we have

dim H}" (M) = dim H; " (M).

Hence, dim Hg'q(M) = dim H%“’(M). a

3. Nomizu type theorem on K27 (M)
In this section we prove Theorem 3.4, which is a Nomizu type theorem (cf. [7,18,26]).
Lemma 3.1. Let (M, ]J) be a complex manifold of dimy M = 2m. Assume that w, «/ are cohomologous pseudo-Kdéhler structures

on M. Then for each p, g,
PEI(M) =PI (M).

Proof. Letv = [«] € P?(M), where z € Z;/(M). Since w = o' + dy, we have

ngr](a) N N
= (@ + ) Aa
—tr'@+ X (T adpae
r#k+1 r
where k = m — p — q. Therefore,
Ly () = (L (@)] = (L ()] = L} ' (v) = 0.
Hence, P2¢(M) = P2/(M). O

Lemma 3.2. Let (M, w, J) be a compact pseudo-Kdihler manifold. Then for each p, q,
KB (M) = P5IM) + Lo (K51 (M).

Proof. Since KX (M) = 3, >, KP9(M) is an sl(2)-submodule of -, , 279(M), we have Lemma 3.2 in the same manner
as in the proof of Theorem 2.2. O

Theorem 3.3. Let (M, ]) be a compact complex manifold of dimy M = 2m. Assume that w, @' are cohomologous pseudo-Kdhler
structures. Then for each p, q,

KB (M) = K20 (M).

Proof. We prove our theorem by induction. By Lemma 1.8, we have k%°(M) = k%’ (M) = H2°(M) and K39(M) = K" (M) =
Hg‘q(M). Assume that if s +t < p +q < m, then K${(M) = K5/ (M). Let [a] € KP 19 1(M), where & € X2 19"1(M). By
induction, there exists [¢/] € Kf]“’*l(M), where o € JCZ)T“H(M), such that [«] = [¢/] on Hgfl"’*l(M). Then we have
L, (K219 1(M)) = L,y (K%, %7 (M)). Indeed,
Lo(K2 1971 (M) 3 [w A ] = [w] A [a]

= [w] A ]

=[wArd]=[@ +d) rd]

=[0 Ad] €Ly (Kifl’qfl(M)).
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Therefore, by Lemma 3.2, we have
K5I(M) = PRIM) + Lo (K547 (M)
= PPI(M) + L,y (K771 (M)
= K2 (M).
Letv = [B] € K]~*™P(M), where B € X ~¢™P(M). Since L" P79 : XP9(M) — K™ %" P(M) is an isomorphism, there

exists 0 € KP9(M) such thatv = [f] = [L(’;(G)] = L’;([G]), where k = m — p — q. Thus, by the above argument, there exists
T € X% (M) such that [f] = [t]. Since = ' + dy, we have L¥ ([9]) = L¥,([7]). Indeed,

L (10D = LE ([7]) = [o* AT
= [(& 4 3P AT

= [Lfo,(r) +> (’:) o A @A r} =[5 (0] = L¥ ([7]).
r#k

This implies K2:9(M) = K*(M) forp,q=0,...,m. O

Let I" be a discrete subgroup of a real Lie group G with a compact quotient space M = G/I', ] a left G-invariant complex
structure on G, and A¥(¢°)* = AX g* ® C the space of complex valued left G-invariant k-forms on G. By the projection onto
G/ I, we can consider A*(g°)* C 2%(M) ® C, and J is a complex structure of M. We define Zg’q(gc) = Zg"’(M) N A" (g")*. We
also define B‘é’“’(g‘c), Hg’q(gc) and KP9(g°) in the same manner.

Theorem 3.4. Let (G/I", w,]) be a compact pseudo-Kdhler manifold such that | is a left G-invariant complex structure. Assume
that H;°(G/I') = H2*(d") for each p, q. Then we have

K5H(G/T) = KiJ(G/T) = Kol (),

where wy is a left G-invariant form on G.

Proof. By Proposition 2.1, we see that K%9(G/I") = K5I(G/ ). Since A g ® Cis an sl(2)-submodule with respect to wp, and
since K50(G/ ) = K22 (") = H2(¢) and K3:9(G/T') = K%9(gf) = HyI(¢") by our assumption, we have Theorem 3.4 in the
same manner as in the proof of Theorem 3.3. O

4. A construction of compact pseudo-Kaihler solvmanifolds with flat curvature tensors

In this section, we construct a compact pseudo-Kdhler solvmanifold G/I" such that the derived Lie subgroup of G is not
abelian and the curvature tensor vanishes. In the paper [5], Cordero-Fernandez-Ugarte considered the curvature tensors of
compact invariant pseudo-Kahler nilmanifolds G/I", where an invariant pseudo-Kahler structure means a left G-invariant
pseudo-Kdhler structure on G. We consider the following Lie algebra over R,

g=a+ b+ + by,
where q, is abelian subalgebra, and b is an abelian ideal of g= a, + b, + - - - + b for each i. Put a, = dim a,, and b; = dim b;
for each i. Assume that a = spang{U,...,U,}, and b = spank{xg'), R Xé?} for each i. By our assumption, the basis
{Ut, ..., U, Xﬁp), ... ,X,SL’), ., Xgl), ... ,X,E})} has the following relations for each k, h:
[Uk,X,gi)] = Ziqm Xl(i)a [X(i)’xl?)] = Zijcﬁch Xl(i)’
1 1
where i > j,and ic},, ’Cl, € R.

Consider a Lie subalgebra h = a, + b, + - - - 4+ b; + +/—1b; of . (g)¢, where ¢ is the complexification of g Let us consider
an abstract vector space € = spang{Vy, ..., Vq,, Y]("), e Y,Ef:), el Yéz), el Yg?}. Put ¢® = €+ h. We define the product of ¢”
by relations [Uy, Y"1 = 3,ic,, v, X, v91 = ¥, cl, v for i > j, and the above relations. Then we can easily see that ¢’
is a Lie algebra. We define a complex structure J on g* by JU, = V, ]X,(l‘) = Y,S’) for each i, k, h. Let G” be the simply connected
Lie group corresponding to ¢”. Then we see:

Proposition 4.1. The almost complex structure J is integrable on G".

Proof. We prove our proposition by the induction. It is easy to check that the Nijenhuis tensor N; vanishes on a,+/a,+ b,+/b,
(see [27]). Assume that N, vanisheson g’ ; = ay +Ja, + b+ /B, + -+ b1 +Jb_1. If X € g_y = a+ b, +--- + b_; and
Y € b+ /b, then N;(X, Y) = J[X, Y] — [X, JY], hence N,(X, Y) = 0 by the definition of the brackets. If X € Jg_1 and Y € b + /b,
then Ny(X, Y) = —[JX, Y] — JUUX, JY]. Hence, N,(X, Y) = 0 by the definition of the brackets. Thus, N, vanisheson g°. O
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Let {1, ..., . B1, ..., B} be the dual basis of {Us, ..., U, V1,...,V,}, and {E(‘) .. S(’) n({), e nb)} be the dual
basis of {x{”, ..., X", Y{", ..., Y\"} for each i. We put

)\./{—Otk-l—\/ ﬂk, I<=1,...,a,,,
(=0 VT, hi=1,...byi=1,...,p

Proposition 4.2. If b has a non-degenerate 2-form w,, € A? B < 2%(G) such that dw,; = 0 for each i, then G® has a pseudo-
Kéihler structure w.

Proof. Let w, = Y, P& A £, where Pi, € R. Then
©= V=AY AR+ PP AED +EP A L) S PLED AED BV A L)

k<h k<h

is a pseudo-Kzhler structure, because >, _j, P, (¢ A TP + 29 A tP) = 3, PLED A ED 49D A nD) (see [27]). O

Remark 4.3. We can prove that ] is integrable without the assumption that b; is abelian.

Let w be the pseudo-Kahler structure on G” defined in the proof of the above proposition. We define an indefinite inner
product (, ) on ¢’ by (X, Y) = w(JX, Y). We also denote the induced pseudo-Riemann metric on G” by (, ). Then we have:
Proposition 4.4. The curvature tensor R corresponding to ( , ) vanishes.

Proof. Let V be the Levi-Civita connection of {, ). Since w is closed, we have the following relations for each i, j, k, h, s.

Vy, = ad(Us), Vy, =0, VX ,)X [X,(J),X,S’)], \Y% <’)Yh =V (I)XU) =0,

v _ [ v fori > j,

\% = .
X0 th 0 otherwise.

Note that [X<i>, Y,E’)] = 0 fori < j. Indeed, for example, let X, Y € b+ Jb, then
0 =dw(U;,X,Y) = —w([U, X],Y) + o([Us, Y], X) + 0
= (Y, [Us, X]) + ([Us, JY], X).
Hence,
2(Vy X, JY) = (Y, [Us, X]) — ([Us, JY], X)
= 2([Us, X1,JY).

By using the above relations and the Jacobi identity, we see that the curvature tensor vanishes. 0O
Remark 4.5. Since V;, = ad(Us), V is not natural reductive.

Example 4.6. Let us consider a solvable Lie group
et 0 ey 0 =z
0 et 0 GZ[XZ V4
G= 0 0 e 0  yi||tX1,%2,¥1,Y2, 21,22 €R
0 0 0 e’y
0 O 0 0 1

The Lie algebra gcorresponding to G is g = span{ty, X1, ¥;, Z1, X2, ¥, Z2}, Where
[X1,y1] = z1, [t, xq] = X, [x,y:] = -2y, [t,z1] = -2y,
(X2, V2] = 23, [t, X2] = —X), [t,y,] = 2y,, (t, 23] = 2.

Let {t}, X}, ¥y}, z}, X5, ¥5, z3} be the dual basis of {t1, X1, ¥, Z1, X2, ¥, Z}. Consider a decomposition @y = span{t}, b, =
{¥1,¥2), b1 = {X1,21, X2, o). Then w,, = yj A Y5 and w,, = X} A Z] + X5 A Z; satisfy the condition in the above theorem.
Then the modification G” of complexification of G has a left-invariant pseudo-Kahler structure. Indeed, we see

e 2w g ey 0 0 0 2
0 e%(erﬁ/) 0 ) (w+w) X 0 0 z
: 0 0 e~ (W W) 0 0 0  yi+i
G = 0 0 0 e+ 0 0 2ty | (>
0 0 0 0 e~ (WHW) 0 V1
0 0 0 0 0 ew+) V2
0 0 0 0 0 0 1




1218 T. Yamada / Journal of Geometry and Physics 58 (2008) 1211-1220

where w, x1,X2,¥1,¥2,21,22 € C. The derived Lie subgroup of G” is not abelian. The Lie group G® has a basis
{\, 1, 2, v1, V2, C1, &3} of left-invariant (1, 0)-forms on G” which satisfies the following relations:
diy = —(A 4+ X) A 1, dvi =2(A+A) A vy, dg1 = (A +A) AL — 1 A vy + D7),
dpa = (A4 1) A pa, dvy = =2(A + 1) A vy, dg = —(h+A) ALy — 2 A (V2 + D2).
Then we see that
O=vV=TAAL+ @G AV + V1 AD) + (1 AG1+ 1 AT+ 2 AL+ o A D)

is a left-invariant pseudo-Kahler structure on G°. The Lie group G” has a lattice I" (see [22]), hence we have a compact
pseudo-Kahler solvmanifold (G®/I", w) as desired, i.e. the derived Lie subgroup [G”, G"] is not abelian.

5. Dolbeault cohomology groups of compact complex parallelizable pseudo-Kihler solvmanifolds

In this section, we consider Dolbeault cohomology groups of compact complex parallelizable pseudo-Kédhler manifolds.
A complex manifold M is said to be complex parallelizable if the holomorphic tangent bundle of M is holomorphically trivial.
Wang [24] proved that a complex parallelizable manifold M is of the form G/I", where G is a complex Lie group and I is
a lattice of G. Thus in the case where M is complex parallelizable, we can investigate the details of Dolbeault cohomology
groups of M.

Let G be a complex Lie group and G = S - R a Levi decomposition, where S is a semi-simple Lie subgroup, and R is the
radical. We denote derived Lie subgroups of G, N and R by G, N’ and R/, respectively. Winkelmann has proven:

Theorem 5.1 ([25]). Let G, I', N, S, R, G, N' and R’ be as above. Let A = [S, R] - N'. Furthermore let W denote the maximal linear
subspace of the Lie algebra Lie(R'A/A) of R'A/Asuch that Ad(y)|w is a semi-simple linear endomorphism with only real eigenvalues
foreach y € I'. Then

dimH'(G/T, ©) < dimG/G + dimH'(G/RT", C) + dim W.
In the previous paper [28], we have:

Theorem 5.2. Let G/I" be an n-dimensional compact complex parallelizable manifold which admits a pseudo-Kéhler structure.
Then

e () ()

The following theorem is well known:

Theorem 5.3 ([16,19]). Let G be a complex semi-simple Lie group and I a discrete subgroup of G with a compact quotient G/T.
If G has no simple factors of dimension 3, then H' (G/I", C) vanish.

Thus we have:

Corollary 5.4 (cf. [9]). Let (G/I'", w) be an n-dimensional compact complex parallelizable pseudo-Kéihler manifold. Let G = S - R
be a Levi decomposition. If S has no simple factors of dimension 3, then G is solvable.

Proof. By Theorems 5.1-5.3, we see
n <dimG/G +dimW < dimG— dimG + dimR'A/A
= dimG—dimG +dimR' /R NA
< dimG — dimG + dimR < n,

which impliesG=R. O

Remark 5.5. In the paper [9], Guan proved that if a compact complex parallelizable manifold G/I" has a pseudo-Kdhler
structure, then G is a complex solvable Lie group (see also [10]).

Let F —> M —=> B be a holomorphic fiber bundle such that M, B, F are connected and F is compact. We denote the higher
direct image sheaf of © by Rz, Op. Put H*4(F) = U, Hg’q(Fh). Then H”?(F) becomes the total space of a differentiable vector
bundle over B. If every connected component of the structure group of 7 : M — B acts trivially on H”/(F), then the vector
bundle is a holomorphic vector bundle (for details, see [1,11]).

Let G/I" be a compact complex parallelizable solvmanifold, 7 : G/I' — B = G/G'I" the Albanese mapping and F its
fiber [12,25]. Note that ¥ : G/I" —> B = G/G'I" is a locally trivial holomorphic fiber bundle [23]. If the compact complex
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parallelizable solvmanifold G/I" has a pseudo-Kahler structure, then F is a complex torus [29]; in particular, we see that
HP*(F) is a holomorphic vector bundle. Moreover, we see that H*/(F) is holomorphically trivial in this case. Indeed, let us
consider the Albanese mapping 7 : G/I" —> G/G'I'. Note that

G/T' =G xgrF,
where F = G /T'¢,and I'c = G' N I' (cf. also [12], p. 165). Thus by an argument of Lescure ([ 14], Proposition 3), we see that
R, = H>(F),

where the equality means that the bundle over G/G'I" corresponding to Rim,© is H®?(F). Assume in addition that F is a
complex torus T2 %, i.e., G’ is abelian. If H®! (T¢~*) is holomorphically trivial, then HO"’(Tg“) is also holomorphically trivial.
Indeed, consider T2~ as a Kdhler manifold. Hence, Hg'q(Tg‘s) = F09(TP=5), where #%4(T"~5) is the space of all harmonic
forms of type (0, q). Let @1, .. ., @,_s be a basis of the global sections of H*! (T¢7%). Then {@;, A - - - A @;,} becomes a basis of

the global sections of H**(T"~).
Since T} * is a Kdhlerian manifold, we see that

R'7,0 =G xgp Hg‘l(TE’S) =G/G x¢re Hg’l(Tg’S).
Recall that the following exact sequence

0 — H'(B,9) — H'(G/T", 9) — H°(B, R'7,0).
In particular, we see that

dimH'(G/I, ©) < dimH!(B, ©) + dim H°(B, R'7,9).

Therefore, since h%!(G/I") = n, and since dim H°(B, E) = dim Ey — dim B, where E = R'7, 9, and E, is a subbundle of E such
that Ey is holomorphically trivial (see [25], Proposition 6.2.5), we see that E is holomorphically trivial by Theorem 5.2. Thus
we have:

Theorem 5.6 (cf. [29]). If a compact complex parallelizable solvmanifold admits a pseudo-Kdhler structure, then the bundle over
G/G I corresponding to R, 0 is trivial as a holomorphic vector bundle.

By the above theorems, we see that if a compact complex parallelizable solvmanifold G/I" admits a pseudo-Kdhler
structure, then the lattice I" satisfies a strong condition:

Proposition 5.7 (cf. [1], Section 6). Let G/I" be a compact complex parallelizable solvmanifold which admits a pseudo-Kdhler
structure. Then the eigenvalues of Ad(y) are non-zero real foreach y € I.

Proof. Let a be a subspace such that g = a+ ¢, and a(t) = exptA for A € a Since Ad(y)A = %ltzoay(exp tA) =

%|t=0ya(t)y“a(t)’l + % li—oa(t), and since W = ¢ by our assumption, where W is the same one in Theorem 5.1, we have
our proposition. O

By Theorems 5.1 and 5.2, we have that if a compact complex parallelizable solvmanifold G/I" has a pseudo-Kdhler
structure, then h%9(G/I") = <Z) (see [29] for details). Let (E,, d,) be the Leray spectral sequence converging to H*(G/I", ©)
whose second term is given by E;? = HP(B, Riw, ©) (for details, see [1,14]). We now have:

Theorem 5.8. Let G/I" be a compact complex parallelizable pseudo-Kéhler solvmanifold, and w : G/I" —> G/G'I" be as above.
Then the spectral sequence (E,, d,) satisfiesd, =d3 = --- = 0.

Proof. Note that in general dimE;, > dimE; > --- > dimE, where E; = . _ EP% By our assumption, we see
B = HP(B, R, 0) = HP(B, ©) ® H'(F, ©). Hence, dimE, = () = dim ES, which implies d, = 0. O

Remark 5.9. (1) There exists a fiber bundle 7 : G/I" — B = G/G'I" such that the vector bundle corresponding to R, 0 is
not holomorphically trivial but differentially trivial (cf. [17], case IlI-(3a) and [25], Proposition 7.9.2).

(2) Let G be the complex 3-dimensional Heisenberg group and I" a lattice of G. Then the typical fiberof 7 : G/ — G/G'T
is a complex torus. However, we see that the Leray spectral sequence (E,, d,;) converging to H*(G/I", O) satisfies d, # 0.

(3) Let G/I" be a compact complex parallelizable manifold. Considering a fiber bundle G/I' — G/NTI, the fibers of
which are compact complex parallelizable nilmanifold, we can investigate the Dolbeault cohomology group of G/ I" (see [25],
Proposition 7.9.2 and [21], Theorem 1).
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6. Example

Finally, we give an example which has the hard Lefschetz property.

Example 6.1 ([1,14,17]). Let us consider a representation ¢ : C — GL(2, C) given by ¢(z) = (e;Z eoz) Let B € SL(2,7Z)

be a unimodular matrix with distinct real eigenvalues, say, A, 1/A. Take ty = Log), i.e., e = A. Then there exists a matrix
P € GL(2, R) such that

A 0
-1 _
PP~ = (o A1).

L1 = tyZ + 2n/—1Z, L2={P<M)'M,V€Z[«/—]] .

14

Put

Let @, : C> —> T2 = C?/I; be the natural projection. Consider M = C! x;, T2 = C! x T2/ ~, where the equivalence
relation is defined by (z, wy(w)) ~ (7, wr,(W)) < 7z = z+ y and mr,(W) = @2 (¢(—y)(w)) for some y € L;. Note that
C3 = {(z, w1, wp)|z, wy, w, € C} is the universal covering of M. Then M is a compact complex parallelizable solvmanifold,
and w = +/—1dz A dZ + dw; A dw, + dw; A dw, induces a pseudo-Kahler structure on M. Let us consider the Albanese
mapping 7 : M —> C'/L;. Then the bundle corresponding to R, O is holomorphically trivial. Indeed, {e?dw1, e?dw,} and
{dwq A dw;,} are bases of global sections of Rz, and R?7r, O respectively. For each y = (o, y1, ¥2) € I’ = L x Ly, we obtain
the eigenvalues of Ad(y) as follows.

0 0 0 0
ady) [ -2 —en 2| Ad()( ):eVO ,
v <3W1 (o¢0,0)) owy (0,0,0) v ow, (0,0,0) ow, (0,0,0)
d a
Ad(y) [ = L i
@) (32 (0,0.0)) 0z1(0,0.0) n w1 1(0,0,0) v w2 1(0,0,0)

It is easily to check that (M, w) has the hard Lefschetz property with respect to Dolbeault cohomology groups (see [29],
Corollary 3.5).
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