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a b s t r a c t

We consider aspects of Chern–Simons theory on L(p, q) lens spaces and its relation
with matrix models and topological string theory on Calabi–Yau threefolds, searching for
possible new large N dualities via geometric transition for non-SU(2) cyclic quotients of
the conifold. To this aim we find, on one hand, a useful matrix integral representation of
the SU(N) CS partition function in a generic flat background for the whole L(p, q) family
and provide a solution for its large N dynamics; on the other hand, we perform in full
detail the construction of a family of would-be dual closed string backgrounds through
conifold geometric transition from T ∗L(p, q). We can then explicitly prove the claim in [5]
that Gopakumar–Vafa duality in a fixed vacuum fails in the case q > 1, and briefly discuss
how it could be restored in a non-perturbative setting.

© 2009 Elsevier B.V. All rights reserved.

1. Overview

After the seminal work of Witten [1], Chern–Simons (CS) theory has been deeply studied both in Mathematics and
Physics. Amost attractive property of this topological field theory is its largeN dualitywith the A-model topological string as
discovered by Gopakumar and Vafa in [2]. From the Physics viewpoint, this is a concrete realization of ’t Hooft’s intuition [3]
that the large N Feynman expansion of a gauge theory with U(N) structure group can be recast as a perturbative expansion
of closed oriented strings in a suitable background;mathematically, such duality is a precise (and amazing!) correspondence
between two seemingly very unrelated mathematical objects, namely knot invariants and (relative) Gromov–Witten
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invariants. This duality is realized through a particular kind of geometric transition, called conifold transition, which plays
a relevant rôle in the study of the moduli space of Calabi–Yau threefolds (CY3) (see e.g. [4–6] for reviews).
Let us recall the basic features of Gopakumar–Vafa (GV ) duality. We have the following

Proposition 1 (Witten, [7]). Let M be a closed smooth 3-manifold such that T ∗M is a Calabi–Yau threefold. Then, the open
topological A-model on T ∗M, with N Lagrangian branes wrapping M, is equivalent to U(N) Chern–Simons theory on M.

Proposition 2 (Gopakumar–Vafa, [2]). The topological open A-model on T ∗S3withN A-braneswrapping the base S3 is equivalent
at large N to the closed topological A-model on OP1(−1)⊕ OP1(−1). The closed string coupling gs is identified with t/N, where
t is Kähler volume of the base P1.

The closed string target space OP1(−1) ⊕ OP1(−1) and the open string one T
∗S3 are related by topological surgery — a

birational contraction plus a complex deformation of a nodal singularity. This is what goes under the name of ‘‘(conifold)
geometric transition’’. As it stands, the content of Proposition 2 is striking and somewhat mysterious: a topological invariant
of a 3-manifold — the CS partition function, or Reshetikin–Turaev–Witten invariant of S3 — is also a generating function
of symplectic invariants of a non-compact Kähler manifold — its Gromov–Witten potential. It would be then extremely
interesting to see if one could find new examples of such a duality along the same lines, replacing S3 with a generic 3-
manifold and engineering the geometric transition in such a case. Indeed, one expects on general grounds the duality to
hold for Chern–Simons theories on rational homology spheres, but actually very few examples beyond S3 are known:

Open problem. Find when the Reshetikin–Turaev–Witten invariant of a compact smooth 3-manifold M is equal, in suitable
coordinates, to the all genus Gromov–Witten potential of an algebraic threefold XM obtained by geometric transition from T ∗M:
that is, XM is given by a complex deformation of T ∗M to a normal variety, followed by a birational resolution.

This issue has been addressed in the case of Zp ⊂ SU(2) cyclic quotients of S3:

Proposition 3 ([8]). Let M = L(p, 1). The Hori–Vafa mirror curve and differential of the family of CY3 obtained by geometric
transition from T ∗M coincide with the spectral curve and resolvent of the L(p, 1) = M Chern–Simons matrix model [9].

This has been achieved through a detailed study of the random matrix representation for the Chern–Simons path integral,
originally obtained byMariño in [9]. An early confirmation of the above assertionwas provided in [10] for p = 2, bymatching
the ’t Hooft expansion of the Chern–Simons 2-matrix model with the solutions of the Picard–Fuchs system at the orbifold
point of KP1×P1 . Notice that, assuming

1 the validity of local mirror symmetry for toric CY3, Proposition 3 implies GV duality
for L(p, 1) lens spaces at least in genus zero; actually, recent progress [12] strongly suggests that the spectral data contain
the full structure of the B-model on toric CY3 at all genera, in which case the work [8] would become automatically an
all-genus proof.
However, it has been suspected that one could hardly go further along this direction for generic M . Actually, the most

exhaustive and detailed monograph on the subject contains the following.

Claim 1 ([5, Section 7.3]). Proposition 3 is false when M = L(p, 1) is replaced by the generic lens space M = L(p, q) for q > 1.

In this note, we will perform a detailed analysis of the whole family M = L(p, q), thus including cyclic subgroups not
contained in SU(2), along the lines of [8] and assumingmirror symmetry. The case q > 1, inwhich the lens space is not aU(1)
bundle on S2, appears to be much harder as most of the features of the q = 1 case, like the mirror realization of [10] become
either unclear or simply are not there. To this aim, in Section 2, we will work out explicitly the conifold transition for the
case at hand and obtain a class of would-be largeN duals X̂p,q as well as their Hori–Vafamirror curves, correcting en passant
a few claims in the literature about the impossibility of performing such a geometric transition in the L(p, q) case preserving
at the same time the CY condition; in Section 3, we will present a matrix integral representation for the Chern–Simons
U(N) partition function on L(p, q) in a fixed flat connection background and consider its large N expansion as governed by a
spectral curve and a resolvent. Wewill find disagreement for q > 1with the B-model spectral data obtained after geometric
transition from T ∗L(p, q); under the assumption of validity of local mirror symmetry for toric CY3, this proves the claim
above.
Even though our proof of Claim 1 might appear to be an obstruction to the program of extending the duality of [2] to

more general backgrounds, let us outline two possible avenues of further investigation which we think might lead to the
solution of the puzzle for the case under scrutiny.
One possible way out is to regard GV duality as an identity between the full CS partition on a 3-manifold M and some

suitable non-perturbative definition of the A−model on the CY3 obtained through conifold geometric transition from T ∗M .
Indeed, as first advocated in2 [16], a proper non-perturbative definition of the A−model on toric target spaces with a dual
matrix integral description should be given in terms of a filling fraction independent sum over multi-instanton sectors. This
would be dual to the proper definition of the Reshetikin–Turaev–Witten invariant as a sum over flat connections.

1 There is presently a strikingly large body of evidence of the validity of mirror symmetry for toric CY3; see also [11] for rigorous mathematical proofs.
2 See also [13,14] for related work on background independence and [15, Section 6.3], [14, Section 5.2] for a discussion precisely about the case of
topological strings with a L(p, 1) Chern–Simons matrix model representation.
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A secondpossibility, hinted at by the geometric picture arising in the discussion of Section 2,might consist in a refinement
of the notion of ‘‘orbifold of the GV duality for S3’’ in order to properly encompass the case of the generic lens space. Indeed,
for 1 < q < p − 1 the cyclic group does no longer act fiberwise on the resolved conifold, giving rise to an orbibundle over
a rational curve with marked points (see Remark 1). This new feature with respect to the q = 1 case definitely begs for
further understanding, in order to clarify the correct formulation of GV duality in this case as well as its possible relation
with a (suitably twisted) Gromov–Witten theory of orbicurves.
We hope to address both these issues in the future work.

2. Closed string side: Conifold transition for T ∗L(p, q)

2.1. Geometric transition

According to Propositions 1 and 2, the GV duality for the case of the generic L(p, q) lens space should be realized in two
steps:

(1) a complex deformation of X̂p,q ≡ T ∗L(p, q) to a normal varietyXp,q (a suitable Zp quotient of the singular conifold);
(2) a complete crepant resolutionXp,q of the latter.

The first step is realized as follows: let us recall that, from [4, Theorem 1.6], the cotangent bundle to the 3-sphere T ∗S3 is
diffeomorphic to a smooth hypersurface in A4

xy− zt = µ (1)

which is a complex structure deformation of a conifold singularity. The base S3 is the real locus y = x̄, t = −z̄

|x|2 + |z|2 = µ. (2)

Now, consider the Zp action

Zp × C4 → C4

ω (x, y, z, t) → (ωx, ω−1y, ωqz, ω−qt)
(3)

where ω = e2π i/p, 1 ≤ q < p, (p, q) = 1; the orbit manifold restricted to (2) is a L(p, q) lens space. At first sight, using
the same coordinatization as [4], the cyclic group acts both on the fibers and on the base of T ∗S3, thus yielding something a
priori different from an R3-bundle over L(p, q). However, we have the following simple

Lemma 1. The orbit space of (3) restricted to (1) is smoothly diffeomorphic to T ∗L(p, q).

Proof. Introduce the new set of variableswi = qi + ipi

w1 = (x+ y)/2 w2 = i(−x+ y)/2
w3 = (−z + t)/2 w4 = i(z + t)/2.

(4)

In these coordinates, (1) is the locus in R8 described by

4∑
j=1

q2j − p
2
j = µ,

4∑
j=1

qjpj = 0. (5)

Consider then the change of variables

p̃1 = q1p1 + q2p2, p̃2 = q1p2 − q2p1
p̃3 = q3p3 + q4p4, p̃4 = q3p4 − q4p3

(6)

and q̃i = qi, i = 1, . . . , 4. The change of variables for µ > 0 is non-singular everywhere in the set defined by (5), which is
then rewritten as

4∑
i=1

q̃2i = µ, p̃1 + p̃3 = 0. (7)

The Zp action is now represented on the tilded R8 in the form:q̃1q̃2q̃3
q̃4

→
 cos 2π/p sin 2π/p 0 0
− sin 2π/p cos 2π/p 0 0

0 0 cos 2πq/p sin 2πq/p
0 0 − sin 2πq/p cos 2πq/p


q̃1q̃2q̃3
q̃4

 (8)
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p̃4

→
p̃1p̃2p̃3
p̃4

 (9)

realizing, therefore, theZp quotient (3) of the deformed conifold as a trivialR3-bundle over L(p, q). By Stiefel’s theorem [17],
the latter being an orientable three-manifold, there exists a (strong) C∞ bundle isomorphism mapping R3 × L(p, q) to
T ∗L(p, q) =: X̂p,q. �

With the algebraic realization (1), (3) of X̂p,q at hand it is straightforward to perform the second step of the transition.
As in the S3 case, the µ parameter measures the size of the lens space and sending µ to zero amounts to deforming X̂p,q to
the singular varietyXp,q, where the Lagrangian null section L(p, q) has shrunk to zero size. We have the following.

Theorem 4. The singular variety Xp,q, obtained as the orbit space of (3) inside (1) with µ = 0, is a toric variety with trivial
canonical sheaf, KXp,q ' OXp,q .

Proof. For q = 1 the theoremwas proven in [8], where the authors exploited the fact thatXp,1 is obtained from the resolved
conifold (a rank 2 bundle over S2 as in Proposition 2) by quotienting a fiberwise-acting Zp group and ‘‘blowing-down’’ the
base S2. For q > 1, though, the Zp group does no longer act fiberwise and we have to deal with it in a different way.
By definition,3 we have to prove thatXp,q contains an algebraic three-torus as an open subset effectively acting through

an extension of its obvious action on itself. This is identified as follows: the singular conifoldX, as an affine variety

X := Spec
C[x, y, z, t]
{xy− zt}

is toric with torus action given by

(C∗)3
j
↪→ X

(t1, t2, t3)→ (t1, t2, t3, t1t2t−13 ). (10)

This action descends to an action on the orbifolded conifoldXp,q by (3)

(C∗)3/Zp
j̃
↪→ Xp,q. (11)

Proving thatXp,q is toric, therefore, amounts to find explicitly an isomorphism π : (C∗)3/Zp 7→ (C∗)3

0→ Zp
i
→ (C∗)3

π
→ (C∗)3 → 0 (12)

where the injection i is dictated by (3) to be

i : Zp ↪→ (C∗)3

ω 7→ (ω, ω−1, ωq)
(13)

and by (12) we can write for π

π : (C∗)3 ↪→ (C∗)3

(t1, t2, t3) 7→ (tp1 , t1t2, t
q
1 t
−1
3 ).

(14)

The three-torus inside the quotient of the conifold by the action (3) is then identified by

(C∗)3
j̃◦π−1
↪→ Xp,q

(t1, t2, t3)→ (t1/p1 , t−1/p1 t2, t
q/p
1 t
−1
3 , t

−q/p
1 t2t3). (15)

From (15), we can read off the dual cone as the real tetrahedron spanned by

a1 =

(1/p
0
0

)
a2 =

(
−1/p
1
0

)
a3 =

(q/p
0
−1

)
a4 =

(
−q/p
1
1

)
. (16)

The fan is then obtained by taking the inward pointing normal to each facet, normalized in such a way to hit the first point
on the Z3 lattice. Modulo an automorphism of the lattice, we thus get that the rays of the fan ofXp,q are given by

3 See [18] for an introduction to toric geometry.
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Fig. 1. Fan ofXp,q for p = 5, q = 2.

b1 =

(0
1
q

)
b2 =

( 0
1
q+ 1

)
b3 =

(p
1
1

)
b4 =

(p
1
0

)
(17)

and the fan consists of a single cone generated by bi, i = 1 . . . 4. Notice that the tip of the rays all lie in an affine hyperplane,
namely y = 1, thus implying triviality of the canonical class [18]. The theorem is proved. �

Remark 1. It is instructive to point out an interesting new geometrical fact in the 1 < q < p − 1 case. Let us consider
the orbifold of the resolved conifold geometry OP1(−1) ⊕ OP1(−1) by the Zp action (3), which corresponds to a partial
resolution of Xp,q. This can be described as an orbibundle fibration of a Hirzebruch–Jung singularity over a P1 with two
marked points with Zpvi-monodromy. One way to do that is to realize the projectivization of the resolved conifold as a
subspace {[z0, z1, z2], [z3, z4, z5], [r, s] ∈ P2×P2×P1|z1r = z2s, z3r = z4s}. The Zp action on the above variables is inferred
from (3) through the identification (z1, z2, z3, z4) = (x,−z, t,−y) and imposing invariance of the relations, which gives
(r, s) → (ωq−1r, s). The fiber over the north pole r = 0, s = 1 is parameterized by (z1, z3), which describes precisely a
Hirzebruch–Jung singularity. The analogue of the above is valid for the fiber over the south pole.

All we are left to do to complete step 2 is to take a complete resolutionXp,q ofXp,q

Xp,q
r
99K Xp,q.

Since Xp,q is Gorenstein, the birational morphism r can be taken to preserve the condition of Xp,q being both toric and
Calabi–Yau, i.e. to be a crepant toric resolution. We can realize this diagrammatically [18] by adding all the interior lattice
vectors inside the tetrahedron spanned by bi, and declaring that the (top-dimensional part of the) fan of Xp,q is made by
the cones constructed above the 2-simplices which triangulate the projection of the fan onto the y = 1 plane. Notice that
the latter is a parallelogram with shorter sides of length 1 (see Fig. 1). This means that the intersection of the parallelogram
with the horizontal lines x = 1, . . . , p contains either one point of the lattice in the interior or two points on the diagonal
edges, the latter possibility being excluded by the coprimality condition (p, q) = 1. Thus, the number of points of the lattice
(apart from the 4 external vertices) in the interior of the parallelogram is precisely p− 1. As is clear from the picture, these
points have the form (on the plane) ([q + 1 − jq/p], j) = (q − [jq/p], j), where square brackets denote the integer part of
the argument.
It is straightforward to get a complete crepant resolution of the orbifold by taking a triangulation of the p+ 3 points

v1 ≡

(
q+ 1
0

)
v2 ≡

(
q
0

)
vp+3 ≡

(
1
p

)
vj+2 ≡

(
q− [jq/p]

j

)
, j = 1, . . . , p. (18)

Definition 1. We will callXp,q the toric variety defined (modulo flops) by a fan supported by the rays

bi ≡
(vi
1

)
(19)
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Fig. 2. Fan ofXp,q for p = 5, q = 2.
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z=0

z=0

z=0

z=0

(0,1)

(p,q)

^ X(p,q)X(p,q) X(p,q)

Fig. 3. A pictorial representation of the geometric transition for Lens spaces L(p, q) as T2 fibrations.

and whose 3-dimensional cones are defined by having their intersection with the z = 1 hyperlane coincide with the sim-
plices of a complete triangulation of the convex hull of (19).

By construction Xp,q is a simplicial, smooth4 toric CY threefold which is birationally isomorphic to Xp,q. Step 2 is
completed. �
The toric data (19) allow us to extract some useful information on the geometry ofXp,q. First of all, since internal vertices

are in one-to-one correspondencewith linear equivalence classes of (compact) divisors ofXp,q, we have that the fourth Betti
number is

b4(Xp,q) = p− 1

for every q. Moreover, given that the Euler characteristic χ(Xp,q) is simply given by twice the area of the base of the
tetrahedron and that odd Betti numbers vanish, we can easily compute the dimension of the second cohomology group as

b2(Xp,q) = χ(Xp,q)− b0(Xp,q)− b4(Xp,q) = 2p− 1− (p− 1) = p (20)

for every q. This is expected: the dimension of the Kähler moduli space of Xp,q should match the number of inequivalent
flat connections of the CSSU(N) theory on L(p, q), which is π1(L(p, q)) = p.
It is however remarkable, as it is also apparent from Figs. 2–4, that the intersection structure of Xp,q for q > 1 is

significantly more complicated than the simple case q = 1. Instead of the simple ladder diagrams describing the pq-webs
of the Ap−1 geometries, which were built out of a single tower of (nef) Hirzebruch surfaces, the compact divisors here are
generic toric Fano surfaces and intersect in a wildly more intricate way, due to the fact that the vertices of the rays of the
fan are no longer tetravalent and vertically aligned.

4 A triangulation of the p+ 3 points (18) realizes the projection of our cone onto the plane y = 1 as the disjoint union of precisely 2p triangles. The fact
that the number of triangles is 2p is a consequence of Euler’s formula: denotingwithm the number of triangles in a triangulation of (18), since each triangle
has 3 edges and the convex hull has 4, the number of edges is (3m + 4)/2, due to the fact that each edge is incident to exactly two faces. Plugging all the
ingredients (number of points and edges) into Euler’s formula, it follows that the number of triangles is exactly 2p. Now, each triangle has half-integer area
since each vertex is a site of the lattice, and the area is then given by half the determinant of an integer matrix. But p is the area of the whole parallelogram,
so having 2p triangles implies that each triangle must have area 1/2. The cones which project onto those triangles are then simplicial and smooth (i.e. each
triple of vectors spanning a cone in the fan of the resolution is an integer basis of the lattice), which is precisely the non-singularity condition for a toric
variety.
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A

BC

D

(0, 1)

(5, 2)

(5, 2)
(0, 1)

Fig. 4. pq-web diagram for the resolution of the orbifold p = 5, q = 2. A, B and C , D represent two dP2 and two F1 surfaces, respectively.

2.2. Mirror symmetry

From the toric data (19), we can straightforwardlywrite down theHori–Vafamirror curve toXp,q.We recall the following

Definition 2 (Hori–Vafa mirror, [19]). The B-model target space mirror to a toric CY threefold X is the hypersurface in
C2(x1, x2)× (C∗)2(U, V )

x1x2 = PX (U, V )

where PX (U, V ) is the Newton polynomial associated to the fan of X . Periods of the holomorphic 3-form reduce to periods
of the differential

dλX = logU d log V

on the mirror curve ΣX (a projective curve with n punctures) given by the zero locus PX (u, v) = 0. Denoting with FX the
projection of the fan onto the hyperplane containing the tip of the 1-dimensional cones, the number n of punctures and the
genus of its n-point compactification are determined as

n = # of external points of FX , g = # of internal points of FX (21)

While (ΣX , dλX ) depends on a choice of a representation for the dual lattice of X , i.e. on a GL(3,Z) equivalence class, the
periods are automatically invariant. In our case we have from (18), modulo a shift and a reflection on the x direction, that in
logarithmic coordinates u = logU , v = log V

Pp,q(u, v) =
(
epu+qv − 1

)
(ev − 1)+ dp +

p−1∑
j=1

djeju+(q−[(p−j)q/p])v (22)

where dj ∈ C are complex moduli of the mirror geometry. When dj = 0, corresponding to the singularXp,q, this form for
the mirror curve had already been suggested by [10]. Notice, from (18), that there is no GL(3,Z) transformation sending the
points in FXp,q into a strip of horizontal width less than 3 for 1 < q < p − 1. Moreover, by (3), the fan ofXp,q andXp,p−q

are related by an automorphism of the lattice, thus yielding isomorphic toric varieties. Collecting it all together, we have
proven the following

Proposition 5. The Hori–Vafa mirror curve and differential are given by

ΣHVp,q : Pp,q(e
u, ev) = 0, dλp,q = udv

where Pp,q is given by (22) and u, v ∈ R×S1. The curve has 4 punctures and genus p−1 for all q, and its periods have a symmetry
given by q→ p− q. For 1 < q < p− 1,ΣHVp,q is not hyperelliptic. �

3. Open string side: CS theory on L(p, q) and matrix models

The goal of this section is to provide a suitable matrix model representation of the partition function of Chern–Simons
theory on a L(p, q) lens space in a given vacuum. This case has been already considered in [9], where a generalmatrix integral
representation for the partition function of Chern–Simons theory on Seifert homology spheres has been derived (see also
[20,21]). Here, we find a slightly different, but equivalent, representation more useful for our purposes.
More precisely, let us consider U(N) Chern–Simons theory at level k ∈ Z on a L(p, q) lens space (1 ≤ q < p, p and q

coprime) and index withm ∈ ZNp the set of U(N)-flat connections on L(p, q). We will denote the corresponding partition

function, or Reshetikin–Turaev–Witten invariant, as Z L(p,q)U(N)

(
k,m

)
. We have the following
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Theorem 6 (Hansen–Takata, [22]). The Chern–Simons partition function for a L(p, q) lens space, gauge group U(N), level k and
a fixed choice of flat connectionm is given by

Z L(p,q)U(N)

(
k,m

)
= CN(p, q; gs) e

−
4π2q
g2s p

m2 ∑
ω̃,ω∈SN

ε(ω) e
g2s
2 p ω(ρ)·ρ e

2π i
p ω̃(m)·(q ρ+ω(ρ)) (23)

where g2s =
4π i
k+N =

4π i
k̂
, ρ = 1

2

∑
α>0 α is theWeyl vector of SU(N), SN is the permutation group of N elements and CN(p, q; gs)

is a fixed overall factor, not depending on the particular flat connection (the exact expression of CN(p, q; gs) is given in [22] and
does not play any role here).

To obtain amatrix model representation it is useful to observe that this expression, up to an overall normalization factor,
can be also written as

Z L(p,q)U(N)

(
k,m

)
=

∑
ω̃,ω∈SN

ε(ω) e
1
4g2s p
(g2s (ω(ρ)+ρ)+4iπω̃(m))

2
+2π i (q−1)p ω̃(m)·ρ

. (24)

By exploiting a trivial integral representation of the Gaussian function, we can rewrite the above partition function as an
integral

Z L(p,q)U(N)

(
k,m

)
=

∫
∞

−∞

dNx
∑
ω̃,ω∈SN

ε(ω) eik̂pπ(x·x)+2π
(
ω(ρ)+ρ+k̂ ω̃(m)

)
·x+2π i (q−1)p ω̃(m)·ρ

=

∫
∞

−∞

dNx
∑
ω̃,ω∈SN

ε(ω) eik̂pπ(x·x)+2π
(
ω̃−1(ω(ρ))+ω̃−1(ρ)+k̂ m

)
·ω̃−1(x)+2π i (q−1)p m·ω̃−1(ρ)

. (25)

Since the measure of integration and (x · x) are symmetric under permutations, the partition function can be rearranged as

Z L(p,q)U(N)

(
k,m

)
=

∫
∞

−∞

dNx
∑
ω̃,ω∈SN

ε(ω)ε(ω′) eik̂pπ(x·x)+2π
(
ω(ρ)+ω̃′(ρ)+k̂ m

)
·x+2π i (q−1)p m·ω̃′(ρ)

. (26)

To perform the sum over ω and ω′, it is sufficient to recall the Weyl formula∑
ω∈SN

ε(ω)ei(φ·ω(ρ)) =
∏
α>0

2 sin
(
α · φ

2

)
, (27)

and we thus get, restoring gs = 4π i
k̂
,

Z L(p,q)U(N)

(
k,m

)
=

∫
∞

−∞

dNx eik̂pπ(x·x)+2π k̂ m·x
∏
α>0

sinh (πα · x) sinh
(
πα ·

(
x+ i

(q− 1)
p

m
))

=

∫
∞

−∞

dNx e−gsp(x·x)+4π i m·x
∏
i<j

sinh
(
∆ij +

iπ(q− 1)
p

(mi −mj)
)
sinh

(
∆ij
)
, (28)

where∆ij ≡
gs
2 (xi − xj). All the equalities hold up to irrelevant multiplicative constant factors and we have

Theorem 7. The partition function of Chern–Simons theory on a L(p, q) lens space for a choicem of flat connection can be written
as a multi-eigenvalue integral as

Z L(p,q)U(N)

(
k,m

)
=

∫ p∏
I=1

dNIu(I)k e
−

N∑
j=1
u2j

p
2gs ∏

i<j

sinh
(
∆̂
(I)
ij

)
sinh

(
∆̂
(I)
ij

)
×

∏
I<J

∏
i<j

sinh
(
∆̂
(IJ)
ij +

π i(I − J)
p

)
sinh

(
∆̂
(IJ)
ij + q

π i(I − J)
p

)
(29)

where uIi ∈ R, I = 1, . . . , p, i = 1, . . . ,NI and we have defined ∆̂
(I)
ij ≡

1
2

(
u(I)i − u

(I)
j

)
, ∆̂(IJ)ij ≡

1
2

(
u(I)i − u

(J)
j

)
.

In (29), we have eventually rescaled gs by a factor of two in order to make contact with the notation of [10,8], to which
it reduces in the case q = 1 and discarded a constant in front of the final matrix integral. This representation is of course
equivalent to the one found in [9], up to an overall multiplicative constant.
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Remark 2. At this stage, we can already spot a few signals of the fact that GV duality could break down for q > 1. Indeed,
two L(p, q) and L(p′, q′) lens spaces are homeomorphic if and only if p = p′ and q = ±q′ (mod p) or qq′ = ±1 (mod p):
the related partition functions are topological invariants and should thus be equal. This can be verified explicitly when the
sum over the flat connections is performed and the Chern–Simons level is correctly quantized [22], but the same property
does not seem to show up for the partition function in the background of a fixed flat connection: as one can easily check
by explicit examples, different flat connection sectors are mixed under the relevant transformations. On the other hand,
as pointed out in Proposition 5, q = ±q′ (mod p) is instead a symmetry of the closed string background described in the
previous section. Therefore, it is expected that the spectral data (22) will be different from what we will extract from the
large N analysis of (29).

3.1. Large N limit of the CS matrix model

We nowwould like to prove that, as in the case of hermitianmatrix models, the eigenvalue integral (29) is governed by a
pair (ΣCSp,q, dRp,q)made up of a spectral curveΣ

CS
p,q and a resolvent dRp,q, out of which the genus zero free energy is extracted

by the usual relations of special geometry. Proving spectral equivalence as in Proposition 3 amounts then to finding an
isomorphism of curves φ such that

φ : ΣHVp,q 7→ ΣCSp,q isomorphism
(φ−1)∗dλp,q = dRp,q.

(30)

Let us first introduce some basic objects in the discussion of the large N limit.

Definition 3. Let N ∈ N0, I = 1, . . . , p and x ∈ R. For every I , the sequence of tempered distributions ρ(I)N ∈ S
′(R)

ρ
(I)
N (x) :=

1
N

N∑
i=1

δ(x− u(I)i )

will be called Ith eigenvalue density at rank N . Their integral on the real line gives the relative fraction of eigenvalues (filling
fraction) in the Ith group∫

R
ρN(x)dx =

NI
N
. (31)

We then make the following basic.

Assumption. We assume that the N →∞ distributional limit

ρ(I)(x) := lim
N→∞

ρ
(I)
N (x)

is a compactly supported continuous function on the real line, ρ(I) ∈ C0c (R), ∀I .

This assumption is motivated by the analogous situation for hermitianmatrix ensembles as well as for the CSmatrixmodels
of [8], and we will prove that it is self-consistent. It will be useful in the following to denote with t ≡ gsN the total ’t Hooft
coupling and with SI the large N limit of the filling fractions

SI := t lim
N→∞

NI
N

normalized so that
∑
I SI = t .

We will now construct explicitly the spectral curve ΣCSp,q and differential dRp,q emerging from the large N study of (29).
As usual in random matrix theory, this will be accomplished by finding an implicit algebraic expression Pp,q(u, v) for the
force v(u) on a probe eigenvalue u at large N , in terms of which we will define

ΣCSp,q := {(u, v) ∈ (R× S
1)× (R× S1)|Pp,q(u, v) = 0}

dRp,q := v(u)du. (32)

At large N , v(u) will have cuts in the complex plane whose discontinuity yields the individual eigenvalue densities ρ I ; its
regularized integral from infinity to the Ith cut will instead measure, by construction, the variation of the (leading order)
free energy with respect to the Ith filling fraction. This is summarized by the special geometry relations∮

AI
dRp,q = SI

∮
BI
dRp,q =

∂F

∂SI
. (33)

We will now show, from the explicit form of (ΣCSp,q, dRp,q), that no such a φ as in (30) does in fact exist for 1 < q < p− 1.
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Proof of Claim 1. As is customary forCSmulti-matrixmodels, the steepest descent (saddle point)method to evaluate (29) at
largeN yields a singular integral equation for ρ(I) with q-dependent hyperbolic kernels. From (29), we can straightforwardly
write the saddle point equation as

pλI = t−
∫
coth

(
λI − λ

′

I

2

)
ρI(λ

′

I)dλ
′

I +
t
2

∑
J 6=I

∫
R

[
coth

(
λI − λJ

2
+ dIJ

)
+ coth

(
λI − λJ

2
+ qdIJ

)]
ρJ(λJ)dλJ (34)

where dIJ := iπ(I − J)/p and the slashed integral indicates the Cauchy principal value (‘‘improper’’) integral.
Now, let us define the following set of resolvents

ωI(z) ≡ t
∫

R
coth

(
z − λI
2

)
ρI(λI)dλI , (35)

ω(z) =
1
2

p∑
I=1

[
ωI

(
z − 2π i

I
p

)
+ ωI

(
z − 2π i

qI
p

)]
. (36)

We will need the following easy generalization of the Sokhotski–Plemelij lemma

Lemma 2. Define the following limits in S ′(R)

coth±(z) := lim
ε→0
coth (z ± iε) .

Then, the following identities in S ′(R) hold true:

coth++ coth− = 2pv(coth), (37)
coth+− coth− = −2π iδ. (38)

For notational purposes, we define accordingly ω±(z) ≡ limε→0 ω(z + iε).
Given that the eigenvalue densities are supported on the real axis, we conclude immediately from (35) and (38) that the

individual resolvents ωI(z) have branch cuts which coincide with5 supp(ρi) = [−aI , aI ] for some aI ∈ R (see Fig. 5). This
implies thatω(z), as a function from the cylinder 0 ≤ =mz < 2π to the Riemann sphere, has p cuts centered at z = 2π iI/p,
whose width as usual depends on a choice of filling fractions SI . Explicitly, from (36) we have for J = 0, . . . , p− 1

2ω
(
z +

2π iJ
p

)
= ωJ (z)+ ωĴ(z)+

∑
I 6=J

ωI

(
z −

2π i(I − J)
p

)
+

∑
I 6=Ĵ

ωI

(
z −

2π i(qI − J)
p

)
(39)

where Ĵ is defined by qĴ = J mod p. When I = 0 we have Î = 0, and for x ∈ [−a0, a0]we get that

ω+(x)+ ω−(x)
2

= t−
∫
coth

(
x− λ′I
2

)
ρ0(x′)dx′

+
t
2

∑
J 6=0

∫
R

[
coth

(
x− x′

2
+ dpJ

)
+ coth

(
x− x′

2
+ qdpJ

)]
ρJ(x′)dx′

= px (40)

due to (34) and Lemma 2. However, a quick inspection shows that for no other 0 < I < p it is possible to find a closed
expression for the average of the resolvent on the Ith cut. Indeed, since I 6= Î for 0 < I < p, different individual resolvents
become singular at x+ 2π iI/p inside the total sum (36), namely ωI and ωÎ 6= ωI , and it appears to be very intricate to infer
the structure of ω(z) from (34). However, let us restrict ourselves for the moment to the special case in which

ρI = ρ1 1 < I < p. (41)

This corresponds to a particular symmetric choice of filling fractions, that is one in which a fraction of S0 eigenvalues have
been put on the cut on the real axis, corresponding to the trivial Chern–Simons connection, and SI = (t−S0)/(p−1) for I > 0
are democratically distributed between the non-trivial flat connections (see Fig. 6). This would amount to explore a peculiar
codimension p − 2 subspace in the space of ’t Hooft parameters, for which the large N data can be described in complete
detail. In particular, this would give a 2-parameter closed subset of our sought-for p-dimensional family (ΣCSp,q, dRp,q).
Under the constraints (41) we now have that, for x ∈ [−aI , aI ],

ω+

(
x+ 2π iI

p

)
+ ω−

(
x+ 2π iI

p

)
2

= px ∀I = 0, . . . , p− 1. (42)

5 The eigenvalue integral is parity invariant, which therefore implies a Z2 symmetry in the location of the branch points.
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z

0

πι

2πι

Fig. 5. Cuts of the resolvent for p = 5. Cuts relative to non-trivial flat connections are drawn in red. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

z

0

πι

2πι

Fig. 6. Cuts of the resolvent for p = 5, imposing the constraint (41). Cuts relative to non-trivial flat connections are drawn in red. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)

Now, let us map conformally the cylinder of width 2π to the punctured complex plane through

Z : R× S1 7→ C∗
z 7→ ez . (43)

Exponentiating (42) yields

Zp = eω+/2eω−/2. (44)

Introduce now

g(z) = eω/2 + Zpe−ω/2. (45)

This is a function which is single-valued on the whole strip 0 ≤ =mz < 2π , because for all x ∈ [−aI , aI ]we have that

g+(x+ 2π iI/p) = eω+/2 + ep(x+2π iI/p)e−ω+/2 = eω+/2 + epxe−ω+/2 = epxe−ω−/2 + eω−/2 = g−(x+ 2π iI/p). (46)

and it is regular everywhere, except perhaps at infinity. This implies that g(Z) is an entire analytic function in Z with algebraic
growth

g(Z) =
p∑
n=0

dnZn (47)
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where the dn’s are (still unknown) functions of the two filling fractions S0, SI = S1 = (t − S0)/(p− 1). The resolvent ω(z) is
then determined by solving the quadratic equation (45) with the appropriate boundary condition at infinity, which yields

ω(z) = log
[
1
2

(
g(z)−

√
g2(z)− 4epz

)]
. (48)

Defining u ≡ z, v ≡ (t − 2ω)we arrive at the following form forΣCSp,q under the constraint
6 (41)

ΣCSp,q: et−2v − et/2−ve−t/2
(
epu +

p−1∑
n=1

dnenu + 1

)
+ epu = 0

⇒ et − ev
(
epu +

p−1∑
n=1

dnenu + 1

)
+ epu+2v = (ev − 1)(epu+v − 1)+ et − 1+ ev

p−1∑
n=1

dnenu = 0, (49)

which coincides with the Hori–Vafa mirror curve (22) for q = 1 and a proper identification of the complex structure
parameters. We have then proven the following.

Proposition 8. Let ΣCSp,q and dRp,q ≡ vdu be the 2-parameter family (49) of large N spectral curves and differentials of the L(p, q)
Chern–Simons matrix model (29) under the constraint (41). Then, they are q-independent and they make up a closed subset of
the family of Hori–Vafa mirror curves (22) with q = 1.

This concludes the proof of Claim 1 for the following reason. Notice that this restricted class of L(p, q) large N curves
consists of hyperelliptic Riemann surfaces, since they coincide with the large N curves of the q = 1 case. Moreover, they
are generically smooth and have topological genus p − 1. But for 1 < q < p − 1, there is no such a subfamily inside the
Hori–Vafa family of mirror curves (22), as follows from the discussion preceding Proposition 5.7 �

Acknowledgements

We are particularly grateful to Etienne Mann for his advice on the content of Section 2. A.B. would like to thank
Boris Dubrovin, Jarah Evslin, Barbara Fantechi, Davide Forcella, Tamara Grava, Luca Philippe Mertens, Paolo Rossi and Sara
Pasquetti for useful discussions. We are moreover indebted to Marcos Mariño for his suggestions and comments on the
content of Section 3. The present work is partially supported by the European Science Foundation Programme ‘‘Methods
of Integrable Systems, Geometry, Applied Mathematics’’ (MISGAM) and Marie Curie RTN ‘‘European Network in Geometry,
Mathematical Physics and Applications’’ (ENIGMA).

Appendix. CSMM as a unitary matrix model

An alternative matrix model realization can be given, in the trivial vacuum m = 0, as an integral over unitary matrices.
Starting from (23) and reasoning along the lines of [9], we have that the CS partition function can be written as

Z L(p,q)U(N)

(
k, 0

)
=

∫
dNxe−

p(x·x)
gsq

∏
i<j

sinh
(
xi − xj
2q

)
sinh

(
xi − xj
2

)
, (50)

and by means of the identity

∏
i<j

sinh
(
a(xi − xj)

)
=
e
−a(N−1)

∑
i
xi

2N(N−1)/2
∆(e2axi), (51)

we can write (50) as follows

ZCS =
∫
+∞

−∞

dNx
2N(N−1)/2

exp

[
−p(x · x)
gsq

−
(N − 1)(q+ 1)

2q

∑
i

xi
]
∆(xi)2

∆(exi/q)∆(exi)
∆(xi)2

. (52)

6 We also set d1 = dp = 1 with a redefinition u and dividing by an overall factor.
7 Indeed, the very definition of the Hori–Vafa map and the fact that the toric diagram is not contained in a strip of width at most two for 1 < q < p− 1
imply that hyperellipticity can be obtained only imposing a vanishing condition on a coefficient multiplying a monomial associated to an external point in
the toric diagram. This amounts to discard a 1-dimensional ray in the fan and all the 3-dimensional cones in which it is contained, as is familiar from the
degenerate limit in which local surfaces reduce to local curves. But this fact will automatically lower the number of internal points and thus the genus of
the mirror curve. Hence there can be no hyperelliptic and genus p− 1 subfamily of curves inside (22).
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Now, with the help of the Itzykson–Zuber formula [23]

det(ejxi/q)

∆(ij)∆(xji)
=

1
N−1∏
p=0
p!

(
1
q

) N(N−1)
2

∫
dU1e

1
q Tr (U1ADU

Ď
1 Xd) (53)

with AD = diag (1, . . . ,N) and using that∫
u(N)
f (X)dX = ΩN

∫
RN
dNx∆2(x)f (diag(xi)) (54)

for any Ad-invariant f : u(N) → C, where ΩN = (2π)N(N−1)/2/
∏N
j=1 j!, we can turn (28) form = 0 into a HUU 3-matrix

integral

ZCS =
(

N!
(4πq)N(N−1)/2

)∫
dXe

−p
gsq Tr X

2
−
(N−1)(q+1)

2q Tr X
∫
dU1dU2e

1
q Tr (U1ADU

Ď
1 X)+Tr(U2ADU

Ď
2 X). (55)

Defining X̂ ≡ UĎ
1XU1, U ≡ U

Ď
1U2 and exploiting the translation invariance of the Haar measure on U(N)

ZCS =
(

N!
(4πq)N(N−1)/2

)∫
dX̂e

−p
gsq Tr X̂

2
−
(N−1)(q+1)

2q Tr X̂
∫
dUe

1
q Tr (ADX̂)+Tr(UADU

ĎX̂)
. (56)

The Gaussian integral over X̂ gives

ZCS =
(

N!
(4πq)N(N−1)/2

)∫
dUe

gs
2p TrUAU

ĎA

× exp

{
gs
8pq

[(
N − 1
4

)2
N(q+ 1)2 + (q2 + 1)TrA2 − (N − 1)(q+ 1)2TrA

]}
. (57)

Notice that this last integral can be explicitly evaluated by means of the Itzykson–Zuber formula [23]. The result is in
agreement with [21], where the same expression was computed by exploiting the biorthogonal polynomials.
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