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1. Introduction

Let M be a Riemannian manifold of dimension n and g denotes the Riemannian metric of M. Then a linear connection
V defined on M is said to be symmetric or torsion free if its torsion tensor T defined as TX,Y) = VXY VyX — [X, Y] is
zero for all vector fields X and Y on M, where [-, -] denotes the Lie bracket of g. If the torsion tensor T is non-zero on M,
then the linear connection V is said to be non-symmetric [6]. The linear connection V on M is said to be semi-symmetric
if T takes the form

TX,Y)=n(Y)X —7(X)Y, VX, Y € x(M). (1.1)

This notion has been introduced by Friedmann and Schouten [19] on a differentiable manifold. Here 7 is a 1-form and
satisfies w(X) = g(X, p) for a vector field p on M. In this series, Hayden [21] introduced the idea of metric connection
on a Riemannian manifold (M, g). According to Hayden, a linear connection V is said to be metric if the Riemannian
metric is parallel with respect to V, that is, Vg = 0. Otherwise, it is non-metric. Pak [25] has combined the idea of
Friedmann et al. and Hayden and proved that V satisfies (1.1) and Vg = 0 is a semi-symmetric metric connection. The
systemic study of semi-symmetric metric connection on a Riemannian manifold has been given by Yano [34]. Since then,
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the properties of semi-symmetric metric connection have been studied by many geometers. For instance, we cite [1,13,23]
and the references therein. Recently, Chaubey et al. [5] introduced the notion of semi-symmetric metric p-connection on
a Riemannian manifold.

A Riemannian metric g of a complete Riemannian manifold M of dimension n > 2 is said to be Yamabe soliton [20] if
it satisfies

Lvg=(MA—r)]g (1.2)

for a real constant A (soliton constant) and a smooth vector field V (soliton vector field) on M, where £ denotes the Lie
derivative operator and r is the scalar curvature of M. In particular, if we choose X as positive, negative, or zero, then the
Yamabe solitons, respectively, become shrinking, expanding, or steady.

Yamabe’s conjecture (a metric of a complete Riemannian manifold is conformally related to a metric with constant
scalar curvature) motivates the Hamilton [20] to introduce the notion of Yamabe flow. The Yamabe flow,

a

&g(t) = —rg(t), 8o :g(o)v

introduced by Hamilton [20], is a technique to solve the Yamabe problems. Notice that the problem of fast diffusion case
of porous medium equation (the plasma equation), in mathematical physics, may be solved by Yamabe flow. It is well
known that a Ricci soliton is a special solution of Ricci flow [12,20,29]. Similarly, the Yamabe solitons are the special
solutions of the Yamabe flows. If the soliton vector field of the Yamabe soliton is replaced by the gradient of a smooth
function f on M, then the Yamabe soliton becomes gradient Yamabe soliton and Eq. (1.2) takes the form

1
Vf = SO=1ke,

where V2 = Hess, the Hessian operator of g and f is the potential function of the gradient Yamabe soliton. A Yamabe
soliton (gradient Yamabe soliton) is said to be trivial when V is Killing (f is constant) on M. Sharma [26] studied
Yamabe solitons on a three-dimensional Sasakian manifold, although Wang [31] and Erken [18] characterized the three-
dimensional Kenmotsu and normal almost paracontact metric manifolds with the same solitons, respectively. In this
series, Suh et al. [27,28] characterized the almost co-Kéhler and three-dimensional N(k)-paracontact metric manifolds with
Yamabe solitons, respectively. The Yamabe solitons within the framework of Riemannian manifolds have been studied by
B. Y. Chen and his co-authors (see [8,17]). Also, the deep results on Yamabe solitons have been studied by many geometers
but few are [2-4,9-11,22,30].

The above studies motivate us to characterize the three-dimensional Riemannian manifolds equipped with a semi-
symmetric metric p-connection if its metric is a Yamabe soliton. In this series, we prove the following:

Theorem 1.1. If the Riemannian metric of a three-dimensional Riemannian manifold with a semi-symmetric metric
p-connection is a Yamabe soliton, then the manifold is of constant sectional curvature —1 and the Yamabe soliton is expanding
with A = —6.

2. Semi-symmetric metric p-connection and basic definitions

Let M be a Riemannian manifold of dimension n. Then a linear connection V on M is defined by
ViY = VY + (V)X — g(X, Y)p (2.1)

for all vector fields X and Y is known as a semi-symmetric metric connection [34] if it satisfies Eq. (1.1) and Vg = 0,
where V denotes the Levi-Civita connection and 7 is the 1-form associated to the unit vector field p by

7(X) = g(X. p). (2.2)
Moreover, if V satisfies the relation

Vp=0=Vp=n®p—I, (2.3)
which is equivalent to

(Vxm)(Y) = n(X)m(Y) — g(X, Y)

for all vector fields X and Y on M, then V is called a semi-symmetric metric p-connection [5]. A Riemannian manifold M
of dimension n equipped with a semi-symmetric metric p-connection satisfies the following:

RX,Y)p =n(X)Y — n(Y)X, (24)

R(p. X)Y = m(Y)X — g(X, Y)p,
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7(RX,Y)Z) =m(Y)g(X,Z) — n(X)g(Y,Z),
SY,p)=—(n—=1n(Y)<= Qp=—(n—1)p (2.5)

for arbitrary vector fields X, Y and Z [5].

A smooth vector field V on an n-dimensional Riemannian manifold M is said to be a conformal vector field if its flow
consists of conformal transformations, or equivalently, there exists a smooth function o (called the potential function of
V) that satisfies the equation

Lvg = 20g. (2.6)

The conformal vector field V is said to be non-trivial on M if V is a non-Killing vector field. A conformal vector field V
is Killing if the potential function o = 0 (or the flow generated by V consists of isometries of the Riemannian manifold).
For more detail about conformal vector field, we refer [ 14-16,24,35] and the references therein. From Eqgs. (1.2) and (2.6),
it is obvious that
A—r

7
Now, we recall some basic integrability conditions for conformal vector field in the following:

(2.7)

o =

Lemma 2.1. On an n-dimensional Riemannian manifold (M, g) endowed with a conformal vector field V, the following
identities

(LyS)X,Y)=—(n—2)g(VxDo,Y)+ (Ao)g(X,Y), (2.8)

Lyr = =201 4+ 2(n — 1)Ac (2.9)
hold, where A := —divD, the Laplacian operator of g and D represents the gradient operator [33].

A conformal curvature tensor C on an n(> 3)-dimensional Riemannian manifold M is defined as

C(X,Y)Z = RX,Y)Z — H%Z{S(Y, Z)X — S(X, Z)Y +g(Y, Z)QX

—8(X,Z)QY — (g(Y, Z)X —g(X, Z)Y]}

(n—1)
for arbitrary vector fields X, Y and Z on M [32]. The manifold M is said to be conformally flat if and only if C = 0.

3. Main results

This section deals with the study of Yamabe soliton on a three-dimensional Riemannian manifold M3 with a
semi-symmetric metric p-connection.
Lemma 3.1. A three-dimensional Riemannian manifold equipped a semi-symmetric metric p-connection satisfies
p(r) =2(r +6). (3.1)
Proof. It is well-known that a three-dimensional Riemannian manifold is conformally flat and therefore the curvature
tensor R of M? holds the following:
RX,Y)Z =S(Y,Z)X —S(X,2)Y +g(Y,Z)QX — g(X, Z)QY

r
—E{g(Y,Z)X —gX.zZ)Y} (3.2)

for all vector fields X, Y and Z on M3. Changing Y and Z by p and then using (2.2) and (2.4), we get
X = (% + 1)x - (% + 3) 7(X)p. (3.3)

This shows that M3 is a quasi Einstein manifold. The covariant derivative of (3.3) along the vector field Y gives

Y
(WQIX) = — (£ +3) (@r00(r) — 8Y, X — (W) + 20— 200, (34

Contracting (3.4) for Y and using (trace{Y — (VyQ)(X)} = %X(r)) we infer

r p(r)
2 (5 + 3) 7(x) - El(0) =0,

With the help of (2.2), the above equation gives (3.1). Hence Lemma 3.1 is proved. O
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Proposition 3.2. If the Riemannian metric of a three-dimensional Riemannian manifold M> equipped with a semi-symmetric
metric p-connection is Yamabe soliton, then the scalar curvature of M> is harmonic and the Yamabe soliton is expanding with

soliton constant A = —6.

Proof. The Lie derivatives of g(p, p) = m(p) = 1 along the vector field V, follows with (2.6), give
r—aAa
5

n(Lvp) = —(Lym)(p) =
From (2.7), it is obvious that
1 1
Ao = —=Ar, Do =—=Dr.
2 2
On M3, Egs. (2.8), (2.9) and (3.6) give
1 1
(LvS)X,Y) = Eg(VxDr, Y)— E(Ar)g(X, Y)
and
Lyr =1(r — X) —2Ar.
The inner product of (3.3) with Y gives

SX,Y) = (% " 1) g(X,Y) — (% + 3) 2 (X)(Y).
Taking Lie derivative of (3.9) along the soliton vector field V and then using (1.2), (3.7) and (3.8), we find

g(VxDr,Y) = [2(0 — 1) — Arlg(X, Y) + [2Ar — r(r — A)]w(X)7(Y)
—(r +6){(Lym )(X)m (Y) + 7w (X)( Ly )(Y)}.
Setting Y = X = p in (3.10) and using (2.2), (3.1) and (3.5), we lead
p(p(r)) = Ar — 4k —1)
In consequence of (3.1), Eq. (3.11) takes the form
Ar = 4(A +6).
Changing Y with p in Eq. (3.10) and using (2.2) and (3.5), we get

(r + 6)(Lym)(X) = [4(A + 6) + (A — 1) (% - 1)]71(X) — g(VxDr, p).

The covariant derivative of g(Dr, p) = p(r) along the vector field X, follows with Eqgs. (2.2), (2.3) and (3.1), gives

g(VxDr, p) = 3X(r) — 2(r 4+ 6)m(X).
In view of (3.12) and (3.14), Eq. (3.13) assumes the form

r
(r+6)Lym)X)=[4A+6)+(1—T) (5 - 1) + 2(r 4+ 6)]7(X) — 3X(r).
Using the last equation in (3.10) and then using (3.12), we find

g(VxDr,Y) = =2(r + A + 12)g(X, Y) + 2(x — 3r — 12)7(X)7(Y)
+3X(r)m(Y) + 3 (X)Y(r),

which gives
VxDr = —=2(r + 1 4+ 12)X + 2(A — 3r — 12)7(X)p + 3X(r)p + 37 (X)Dr.
Replacing X by p in Eq. (3.15) and using Eq. (2.2), we infer
V,Dr = =2(r +6)p + 3Dr.
Also, from Egs. (2.2) and (2.5) we have
S(p,Dr)=g(Qp,Dr) = —2p(r) = —4(r + 6).
Taking covariant derivative of (3.16) along the vector field X, we get

VxV,Dr = —2X(r)p — 2(r 4+ 6)m(X)p + 2(r + 6)X + 3VxDr,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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where Eq. (2.3) is used. The covariant derivative of (3.15) along the vector field p gives

V,VxDr = 2(A — 3r — 12)n(V,X)p — 2(r + A + 12)V,X — 12(r + 6)y(X)p
—4(r 4 6)X + 3V,(X(r))p + 3n(V,X)Dr + 3n(X)V,Dr,

because Egs. (2.2) and (2.3) have been used. Also, from (3.15) we infer

Vix,p1Dr = =2(r + 1 + 12)[X, p] 4+ 2(A — 3r — 12)n([X, pD)p + 3[X, pl(r)p + 3n([X, p])Dr.

Using Egs. (3.18)-(3.20) in
R(X, p)DT = vapDr — VPVXDT' — V[x,p]Dr,
we find

R(X, p)Dr = —2X(r)p — 2(r + 6)(X)p 4+ 2(r + 6)X + 3VxDr + 4(r + 6)X
+2(r + A + 12)V,X + 12(r + 6)n(X)p — 2(A — 3r — 12)n(V,X)p
—2(x = 3r = 12)5(V,X)p — 3V,(X(r))p — 3n(V,X)Dr
=3n(X)V,Dr + 2(r + A + 12)[X, p] — 2(A — 3r — 12)n([X, p])p
=31X, pI(r)p — 3n([X, p1)Dr.

Contracting the above equation for X, we lead

S(p,Dr) = 24(r 4+ 6) — 3V,(2(r +6)) — 6n(V,Dr) — 4(r + 1 + 12)
—3n(Vprp — V,Dr) + 3{trace X — VxDr}.

From (3.15), we have
{trace X —> VxDr} = —4(\ — 3r + 6).
Using (3.16) and (3.22) in (3.21), we obtain
S(p, Dr) = —4(r 4+ 4A + 30).
From (3.17) and (3.23) we have
A= —6.
This shows that the Yamabe soliton is expanding. Again using (3.24) in (3.12), we get

Ar =0.

Hence, we conclude that the scalar curvature of M3 is harmonic. Thus, Proposition 3.2 is proved.

Proof of Theorem 1.1. The covariant derivative of (1.2) along an arbitrary vector field X gives

VxLvg = —X(r)g.
In [33], it is proved that

(LvVxg — VxLvg — Vivxig)Y,Z) = —g((Lv V)X, Y), Z) — g((Lv V)X, Z), Y),
which becomes

(VxLvg)(Y,Z) =g((Lv V)X, Y). Z) + g((Lv V)X, Z2). Y),

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

because Vg = 0. Since the operator (£yV) is symmetric, that is, (LyV)(X,Y) = (£yV)(Y, X). Making use of (3.25) in

(3.26), we have

1 1 1
(cyV)X,Y) = Eg(X, Y)Dr — EX(r)Y — EY(r)X,

(3.27)

where D denotes the gradient operator on M3, Now, the covariant derivative of (3.27) along the vector field Z gives

1 1 1
(VzLy V)X, Y) = Eg(X, Y)V;Dr — Eg(X, V;Dr)Y — Eg(Y, V;Dr)X.

(3.28)
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It is well-known that
(LvR)X, Y)Z = (VxLy V)Y, Z) — (VyLy V)X, Z)
1 1 1
= Eg(Y, Z)VxDr — ig(Z, VxDr)Y — Eg(X, Z)VyDr
1 1
+§g(Z, VyDr)X — E{g(Y, VxDr) — g(X, VyDr)}Z, (3.29)

where Eq. (3.28) is used. Substituting Z = p in (3.29) and then using Eqs. (2.2), (3.15) and (3.24), we get

(LvR)X,Y)p = {;Y(r) —2r+ A4+ 18 (Y)IX +{(2r + A + 18)m(X)

3 3
—EX(T)}Y + E{X(T)N(Y) = Y(r)m(X)}p. (3.30)

The Lie derivative of Eq. (2.4) along the soliton vector V gives

(
(LvRX, Y)p = {8(X, Lvp) — (r + 6)m(X)}Y — {g(Y, Lvp)
—(r +6)x(Y)}X — R(X, Y)Lyp. (3.31)

In consequence of (3.30) and (3.31), we obtain
RX,Y)Cyp ={gX, Lvp) — (Br + X +24)n(X) + %X(r)}Y — g{X(r)n(Y)
=Y (X))o +{3Br + 1 +24)m(Y) — g(Y, Lyvp) — gY(r)}X.
Contracting the above equation along X, we find that
S(Y, Lvp) = =2g(Y, Lyp) + (3r + 21 + 30)7(Y) — ;Y(r). (3.32)

Again, from Egs. (2.2), (3.3), (3.5) and (3.24) we infer

S(Y, £vp) = (g + 1) (Y, Lyp) — (g +3) <“2LG> 2 (Y).

The above equation along with (3.32) should be
1
(r+6)Cyp = 5{r2 +24r 4 156 + 81} p — 3Dr.

If possible, we suppose that r # —6 on M3, then the above equation assumes the form
r+18 3
0 —
2 r+6
Replacing Y with p in the well-known formula of Yano [33]
(v V)X, Y) = LyVxY — VxLyY — Vy xY
and using Eqgs. (2.2), (2.3), (3.15), (3.24) and (3.33), we lead

(r—6)
2(r + 6)X(r)p
6 r4+6 3
+r+—6n(X)Dr + TX - mx(r)Dr. (3.34)

Again, setting Y = £ in (3.27) we have

Lvp = Dr. (3.33)

(LyV)X. p) = — (g +15) 7(X)p -

1 1 1
(Lv V)X, p) = En(X)Dr - EX(T)P - Ep(r)X, (3.35)
where Eq. (2.2) has been used. From Egs. (3.34) and (3.35), we have
(r—6)
(r+6)
+ 12 (X)Dr 4 (r +6)X _5 X(r)D
b4 r+(r — r)Dr.
r+6 (r +6)>
Changing X with p and then using Eq. (2.2) we get
r—=6 6
Dr —
r+6 (r+6)

7(X)Dr — X(r)p — p(r)X = — (r +30) n(X)p — X(r)p

p(r)p —24p — 5 p(r)Dr = 0. (3.36)
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Using (3.1) in (3.36) we infer that
Dr =2(r — 6)p. (3.37)
Differentiating equation (3.37) covariantly along the vector field X and using (2.3) we have
VxDr = 2X(r)p + 2(r — 6)w(X)p — 2(r — 6)X.
Again Egs. (3.15) and (3.24) give
VxDr = =2(r + 6)X — 727(X)p + 3X(r)p.
The last two equations with X = p give
r=-—6
and therefore Eq. (3.3) takes the form
QX = —2X < S(X,Y) = —2g(X, Y).
Using the last two equations in (3.2), we find
RX,Y)Z = —g(Y,Z)X + g(X, 2)Y.

This means that M? is of constant sectional curvature —1. Thus, we have the statement of Theorem 1.1.
4. Example

Example 4.1. Let R" denote a real space of dimension n and
M? ={(x.y.2) € R® : x,y,2(# 0) € R}

is a differentiable manifold of dimension three. Define a positive definite metric g on M3 as g = e ?[dx ® dx + dy ®
dy] + dz ® dz and g(U, p) = n(U), where r is the 1-form and p is a unit vector field on M? [7]. Let us define a set of

linearly independent vector fields on M3 as e; = e, e, = e?-2, e3 = 2 and therefore it forms a basis for the tangent
0x ay 0z

space T(M?) of M3. For p = e3, (M3, g) forms a Riemannian manifold of dimension three. By direct computations, we can
observe that the non-zero components of Lie bracket are given by [eq, e3] = —eq, [e2, e3] = —e;. Motivated from the
Koszul’s formula

28(VxY,Z) = Xg(Y,Z) + Yg(Z,X) — Zg(X.Y)
—g(X, Y, z]) — g(Y,[X,Z]) + &(Z, [X, Y]),
we can easily find the non-zero components as
Ve1el = es3, Ve1e3 = —eq, V32€2 = es, Veze3 = —ey,

where V denotes the Levi-Civita connection corresponding to the metric g. By straight forward computations, we have

R(e1, ex)er = ez, R(ey,e3)e; =es, R(er,ex)es = —eq, R(ez, e3)e; =es,
R(e1, e3)es = —e1,  R(ez, e3)e3 = —ez,  S(eq, e1) = S(ez, €2) = S(es, e3) = —2
and other components can be easily obtained by the symmetric properties. From the above results, we have r = —6.

Let X be an arbitrary vector field of M3, then it can be written as X = a;e; + aze, + ases. For p = e3, we have
Vxp = Vxp +X — n(X)p
= Vaje;+arer+azes€3 + (A1€1 + @€ + azes) — gaje; + azex + ases, e3)es = 0.

If X = aje; + aze; + ases, Y = bie; + baey + bses and Z = cieq + ce; + cses are arbitrary vector fields of M3,
then by direct calculations we have T(X,Y) = g(Y,e3)X — g(X,e3)Y and (Vxg)(Y,Z) = O for all vector fields X, Y
and Z. Thus, the linear connection V defined by Eq. (2.1) is a semi-symmetric metric p-connection on M3. Here g;,
bi, ci € Rfori = 1,2,3. Again, let V = > die; for alli = 1,2,3, d; € R and a;, b; and d; satisfy the condition
2(ai1by + a;b,y)ds = (a1bs + asbq)d; + (azbs + asb,)d,. Then by straight forward calculations, we have

8(VxV,Y) = aibsdy — aydsby + axdybs — axdsb;
and
g(X, VyV) = bydiaz — bidsaq + badras — badsa,
By considering the above facts, we conclude that
(Lvg)X,Y)=g(VxV,Y)+g(X, VyV)=0.
This shows that the soliton vector field V on M? is Killing.
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We can easily observe that the Riemannian curvature tensor and the Riemannian metric of M take the following form
R(X,Y)Z = [aycaby + ascsby — bycaa; — csbsag] ey + [arbycy — azbicy
—azbscs + asbycsle; + [abscy + azbscy; — azbic; — azbycz] es
and
g(Y,Z)X — g(X,Z)Y = [bycaa1 + c3bsa; — aycby — azcsbi] ey + [axbicy — arbycy
—asbycs + azbscsle; + [—aybscy — azbscy + asbycy + asbyc;] es.

From the above discussions, it is observed that R(X, Y)Z = —{g(Y,Z)X — g(X,Z)Y} and r = —6 and thus Theorem 1.1 is
verified.
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