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We find necessary and sufficient conditions for nondegenerate arbitrary signature man-
ifolds to be realized as hypersurfaces in a large class of warped products manifolds. As
an application, we give conditions for a 3-dimensional hypersurface in a 4-dimensional
Robertson–Walker spacetime to be foliated by surfaces with lightlike or zero mean curva-
ture and hence describe a way to study horizons in such spacetimes.
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1. Introduction

Given an immersed hypersurface in a spacetime, the Einstein equations satisfied on the ambient space impose rela-
tionships on the extrinsic and intrinsic curvatures, the so-called constraint equations. In this sense, Y. Choquet-Bruhat and
R. Geroch obtained one of the main results in General Relativity, namely, if a Riemannian 3-manifold equipped with a given
(2, 0)-tensor K satisfies the constraint equations, then it can be embedded as a Cauchy hypersurface in a unique maximal
4-dimensional globally hyperbolic Lorentzian manifold whose Riemann tensor is trace-free, in such a way that the given
tensor K is its second fundamental form (see [1]). This is the so-called Cauchy problem.

In addition, this can be seen as constructing solutions to Einstein’s equation, for which there are four well established
techniques, namely

1. a spacelike Cauchy problem,
2. a boundary–initial value problem,
3. a characteristic Cauchy problem on two transverse hypersurfaces, or
4. a characteristic Cauchy problem on the light-cone.
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(See [2] and references therein.) These techniques can be regarded as particular cases of a more general, very interesting
problem of Submanifold Theory, namely, to determine when a (semi-)Riemannian manifold (Mn, g) can be immersed into
a (semi-)Riemannian manifold (M̄n+p, ḡ). This problem is two-fold, depending on what you fix. On one hand, the target
is to find in which ambient space can be immersed a specific manifold. This is the case of the above mentioned ones, like
the Cauchy Problem. On the other hand, it is also possible to set the ambient space and try to find necessary and sufficient
conditions for the existence of submanifolds with certain properties, known as Fundamental Theorems. In either case, the
Gauß, Ricci and Codazzi equations must be satisfied by any submanifold, and their rule consists of relating the intrinsic
and extrinsic curvatures. In fact, the classical Fundamental Theorem of Submanifolds states that they are necessary and
sufficient conditions for a semi-Riemannian n-dimensional manifold to admit a (local) immersion into spaces of constant
sectional curvature of dimension n + d. If the ambient space is not of constant sectional curvature, proving fundamental
theorems is technically difficult and there are only few other results known by the authors. For instance, B. Daniel obtained
in [3] a fundamental theorem for hypersurfaces in the Riemannian products Sn

× R and Hn
× R, looking for tools to work

with minimal surfaces in such manifolds when n = 2. J. Roth generalized B. Daniel’s theorem to spacelike hypersurfaces in
some Lorentzian products (see [4] and also [5,6] or [7] for related works). It is also worth pointing out that this geometric
framework has been studied by discussing the causal character of the submanifold, namely timelike, lightlike, or spacelike.
However, in a recent work, M. Mars showed a common formulation for all causal characters (see [8]). In addition, the
classical moving frame technique by E. Cartan allows to construct immersions from a smoothmanifold into a Lie groupwith
associated Lie algebra g, if and only if, there exists a g-valuated 1-form satisfying the so-called Maurer–Cartan equation.
Sometimes, the Maurer–Cartan equation holds due to the structure equations (see for instance [9,6]).

Now, we recall that the spaces of constant sectional curvature are examples of Einstein manifolds, i.e., manifolds for
which the metric is a solution to the vacuum Einstein field equations (with cosmological constant). In order to get a deeper
understanding of the global characteristics of the universe including its topology, a generalization of Einstein manifolds is
needed, especially to the non-vacuum case. First generalizations are quasi-Einstein manifold. Examples of such manifolds
include Robertson–Walker-spaces, which play an important role in standard models of cosmology and arise as solutions of
the non-vacuum Einstein equations. Geometrically speaking, they are special cases of semi-Riemannian warped products.

Our main result in this paper is a fundamental theorem for non-degenerate hypersurfaces in a family of semi-Riemannian
warped products ε I ×a Mn

k(c), where ε = ±1, a : I ⊂ R → R+ is the scale factor and Mn
k(c) is the semi-Riemannian

space form of index k and constant curvature c ∈ {1, 0, −1}. In this way, this allows to study existence problems of
spacelike and timelike hypersurfaces in this family of warped products. As a particular case, we are describing away to study
3-dimensional spacelike or timelike surfaces in 4-dimensional Robertson–Walker spacetimes. Thus, we are not following
M. Mars’ approach, and thus we are discarding the timelike case. Since our computations are made for any dimension, they
might also allow to study surfaces in toy-models or supergravities, but this has to be explored.

For a hypersurface M in ε I ×a Mn
k(c), the vector field ∂t (t ∈ I) decomposes in its tangent and normal parts, i.e.,

∂t = T + εn+1Tn+1en+1 where en+1 is a (local) normal unit vector field, εn+1 = ±1 shows its causal character and Tn+1
is the corresponding coordinate. It turns out that the Gauss and Codazzi equations depend not only on the shape opera-
tor A, but also on the vector field T and on the warping function a, as well as on the function Tn+1. Recall that the Ricci
equation provides no information for hypersurfaces (i.e., codimension 1). Moreover, in order to construct the immersion, a
third equation is needed, namely the covariant derivative of T , which cannot be obtained from Gauß and Codazzi equations.
Based on these three necessary conditions, we state in Definition 1 all needed tools. Theorem 1 states the necessary and
sufficient conditions for the existence of a (local) metric immersion χ : U ⊂ M → ε I ×a Mn

k(c). Technically, we are us-
ing the previously mentioned technique of moving frames. As an application, in Corollaries 2 and 3, we obtain conditions
for such a 3-dimensional hypersurface to be foliated by surfaces whose mean curvature vector is either lightlike or zero,
in Robertson–Walker spacetimes. In this way, we are including surfaces with vanishing mean curvature vector, MOTS and
mixed cases. This can be helpful for the study of horizons on Robertson–Walker spacetimeswith spacelike or timelike causal
character, including Marginally Outer Trapped Tubes.

2. Preliminaries

Let (P, gP) be a semi-Riemannian manifold of dimension dim P = m. All our manifolds will be connected and of class
C∞, unless otherwise stated. We consider a smooth function a : I ⊂ R → R+, a (sign) constant ε = ±1 and the warped
product

P̄m+1
= εI ×a P, ⟨, ⟩ = εdt2 + a2(t)gP .

Clearly, the unit vector field ∂/∂t = ∂t will play a crucial role on themanifold P̄n+1. We set our convention for the curvature
operator R of a connection D as

R(X, Y )Z = DXDYZ − DYDXZ − D[X,Y ]Z .

Let R̄P and RP be the curvature operator of P̄n+1 and P , respectively. Since there is no confusion, wewill use the same notation
for the associated curvature tensors along the paper. Let D be the Levi-Civita connection of P̄n+1. We recall the following
formulae, which can be checked in [10], bearing in mind the change of sign.
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Lemma 1 (Cf. [10]). On the semi-Riemannian manifold P̄n+1, the following statements hold, for any V ,W lifts of vector fields
tangent to P:

1. D∂t ∂t = 0,DV ∂t =
a′
a V ,

2. grad(a) = εa′∂t .
3. DVW = ∇

P
VW −

εa′
a ⟨V ,W ⟩∂t .

4. R̄P(V , ∂t)∂t = −
a′′
a V , R̄P(∂t , V )W = −ε a′′

a ⟨V ,W ⟩∂t , R̄P(V ,W )∂t = 0.

Now, let M be a non-degenerate hypersurface of P̄m+1, with ∇
M its Levi-Civita connection, σ the second fundamental

form and RM the curvature operator of M, respectively. Given a (local) unit normal vector field ν of M in P̄m+1, with
δ = ⟨ν, ν⟩ = ±1, let A be the shape operator associated with ν. The Gauß and Weingarten’s formulae are

DXY = ∇
M
X Y + σ(X, Y ), DXν = −AX,

for any X, Y ∈ TM. The second fundamental form can be written as

σ(X, Y ) = δ⟨AX, Y ⟩ν, for any X, Y ∈ TM.

Recall that themean curvature vector of M is defined by

H⃗ =
1

dim(M)
Tr(σ ).

Next, the Codazzi equation ofM takes the general form (R̄P(X, Y )Z)⊥ = (DXσ)(Y , Z)−(DYσ)(X, Z), for any X, Y , Z tangent
to M, equivalently,

R̄P(X, Y , Z, ν) = ⟨(∇M
X A)Y − (∇M

Y A)X, Z⟩, (1)

for any X, Y , Z ∈ TM. Further, the general Gauß equation is given by

R̄P(X, Y , Z,W ) = RM(X, Y , Z,W ) − ⟨σ(Y , Z), σ (X,W )⟩ + ⟨σ(Y ,W ), σ (X, Z)⟩

= RM(X, Y , Z,W ) − δ⟨AY , Z⟩⟨AX,W ⟩ + δ⟨AY ,W ⟩⟨AX, Z⟩, (2)

with X, Y , Z,W tangent to M.
We also need to set the standard Euclidean semi-Riemannian space of dimension l + 1 ≥ 3 and index k, El+1

k = El+1

with its metric

g =

l−k
i=0

dx2i −

l+1
i=l−k+1

dx2i .

Following the previous notation, we constructPn+2
= ε I ×a En+1. LetR be the curvature tensor ofPn+2. The following result

can be found in [10].

Proposition 1. Let X, Y , Z,W ∈ Γ (TPn+2).

R(X, Y , Z,W ) = ε
(a′)2

a2


⟨X, Z⟩⟨Y ,W ⟩ − ⟨Y , Z⟩⟨X,W ⟩


+


a′′

a
−

(a′)2

a2


⟨X, Z⟩⟨Y , ∂t⟩⟨W , ∂t⟩ − ⟨Y , Z⟩⟨X, ∂t⟩⟨W , ∂t⟩

− ⟨X,W ⟩⟨Y , ∂t⟩⟨Z, ∂t⟩ + ⟨Y ,W ⟩⟨X, ∂t⟩⟨Z, ∂t⟩

.

Let Mn
k(c) be the semi-Riemannian space form of constant sectional curvature c ∈ {0, 1, −1} and index k, with metric g .

We put

En+1
=


Rn+1

k , if Mn
k(c) = Sn

k, c = +1,
Rn+1

k+1, if Mn
k(c) = Hn

k, c = −1,

with its standard pseudo-Riemannian flat metric go and Levi-Civita connection ∇
o. We are considering Sn

k and Hn
k ,

respectively, as one of the connected components of

Sn
k ⊂ {p ∈ En+1

: go(p, p) = +1}, Hn
k ⊂ {p ∈ En+1

: go(p, p) = −1}.

Next, we construct P̄n+1
= ε I ×a Mn

k(c), with metric ⟨, ⟩. We denote by R̄ the curvature operator of ε I ×a Mn
k(c).

For a moment, we assume c ≠ 0. From the usual totally umbilical embedding Ξ : Mn
k(c) → En+1, we construct the

following isometric embeddingΞ : (ε I ×a Mn
k(c), ⟨, ⟩) −→ (εI ×a En+1, ⟨, ⟩2), (t, p) → (t, Ξ(p)).
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In the sequel, for the sake of simplicity, we will also use the notation ⟨, ⟩2 = ⟨, ⟩. Let ∇ and ∇̄ be the Levi-Civita con-
nection on ε I ×a En+1 and ε I ×a Mn

k(c), respectively. It is well-known that ξ = Ξ/c is a unit normal vector field satisfying
∇

o
Xξ = X/c for any X tangent to TpMn

k(c). Thus, we can consider the normal vector field of Ξ̃ : ε I ×a Mn
k(c) → ε I ×a En+1 as

e0(t, p) = (0, ξ(p)/a(t)) =

0, p/(c a(t))


, forany(t, p) ∈ ε I ×a Mn

k(c). We also set ε0 = ⟨e0, e0⟩ = ±1. Since Mn
k(c) lies

naturally in En+1, the normal vector field ξ satisfies go(ξ , ξ) = c . In addition, ε0 = ⟨e0, e0⟩ = ⟨(0, p/(ac)), (0, p/(ac))⟩ =

a2go(p, p)/(a2c2) = c. In this way, by Lemma 1,

∇∂t e0 =
−a′

a2
(0, ξ) +

1
a
∇∂t (0, ξ) =

−a′

a2
(0, ξ) +

1
a
a′

a
(0, ξ) = 0.

Moreover, if (0, Z) ⊥ e0, then Z ⊥ ξ , so that

∇(0,Z)e0 =
1
a
∇(0,Z)(0, ξ) =

1
a


∇

0
Z ξ −

⟨(0, Z), (0, ξ)⟩

a
grada


=

1
ac

(0, Z).

This means that the Weingarten operator S associated with e0 is

SY =
−1
ac

(Y − ε⟨Y , ∂t⟩∂t), for any Y ∈ T P̄n+1.

Now, we let c = 0. We consider a totally geodesic embedding Ξ : En
k → En+1

k and we make the corresponding totally
geodesic embedding Ξ̃ as in the cases c = ±1, with a unit spacelike normal vector field is e0. Thus, S = 0. Therefore, it
makes sense to let c take the values {0, 1, −1}, and then

SY =
−c
a

(Y − ε⟨Y , ∂t⟩∂t), for any Y ∈ T P̄n+1. (3)

Proposition 2. The curvature tensor of P̄n+1
= ε I ×a Mn

k(c) is

R̄(X, Y , Z,W ) =


ε
(a′)2

a2
−

c
a2


⟨X, Z⟩⟨Y ,W ⟩ − ⟨Y , Z⟩⟨X,W ⟩


+


a′′

a
−

(a′)2

a2
+

εc
a2


⟨X, Z⟩⟨Y , ∂t⟩⟨W , ∂t⟩ − ⟨Y , Z⟩⟨X, ∂t⟩⟨W , ∂t⟩

− ⟨X,W ⟩⟨Y , ∂t⟩⟨Z, ∂t⟩ + ⟨Y ,W ⟩⟨X, ∂t⟩⟨Z, ∂t⟩

, (4)

for any X, Y , Z,W in T P̄n+1.

Proof. For c ≠ 0, we recall ε0 = c , and we just need to resort to (2), Proposition 1 and (3). For c = 0, ε I ×a Mn
k(c) is totally

geodesic in εI ×a En+1, so that the formula trivially holds since c = 0. �

3. Hypersurfaces

Let Mn, n ≥ 2, be an immersed, non-degenerate hypersurface in P̄n+1. Let ∇ be the Levi-Civita connections on M . Let
en+1 be a (locally defined) normal unit vector field toM , with εn+1 = ⟨en+1, en+1⟩ = ±1. AlongM , the vector field ∂t can be
decomposed in its tangent and normal parts, i.e.,

∂t = T + f en+1,

where T is tangent toM and f = εn+1⟨∂t , en+1⟩. We also define the 1-form onM given by η(X) = ⟨X, T ⟩, for any X ∈ Γ (TM).
Given a tangent vector X toM , we again decompose it in the part tangent to {t} × Mn

k(c) and its component in the direction
of ∂t as X = X̃ + x∂t . Similarly, en+1 = ẽn+1 + n∂t .

Lemma 2. Under the previous conditions,

1. εn = ⟨en+1, ∂t⟩ = εn+1f , εx = ⟨X, ∂t⟩ = ⟨X, T ⟩.
2. ⟨X̃, ẽn+1⟩ = −εεn+1f ⟨X, T ⟩,

Proof. From en+1 = ẽn+1 + n∂t , it is immediate that εn = ⟨∂t , en+1⟩ = εn+1f . Further, ⟨X, ∂t⟩ = ⟨X, T + fen+1⟩ = ⟨X, T ⟩ =

⟨X̃ + x∂t , ∂t⟩ = εx. Next, 0 = ⟨X, en+1⟩ = ⟨X̃, ẽn+1⟩ + xnε = ⟨X̃, ẽn+1⟩ + εεn+1f ⟨X, T ⟩. �
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Let A be the shape operator ofM associated with en+1. By using (2), Proposition 2 and Lemma 2, we can prove:

Proposition 3. The curvature tensor R of M in εI ×a Mn
k(c) is

R(X, Y , Z,W ) =


ε
(a′)2

a2
−

c
a2


⟨X, Z⟩⟨Y ,W ⟩ − ⟨Y , Z⟩⟨X,W ⟩


+


a′′

a
−

(a′)2

a2
+

εc
a2


⟨X, Z⟩⟨Y , T ⟩⟨W , T ⟩ − ⟨Y , Z⟩⟨X, T ⟩⟨W , T ⟩

− ⟨X,W ⟩⟨Y , T ⟩⟨Z, T ⟩ + ⟨Y ,W ⟩⟨X, T ⟩⟨Z, T ⟩


+ εn+1


⟨AY , Z⟩⟨AX,W ⟩ − ⟨AY ,W ⟩⟨AX, Z⟩


,

for any X, Y , Z,W ∈ TM.

Proposition 4. The Codazzi equation of M in ε I ×a Mn
k(c) is given by

(∇XA)Y − (∇YA)X = εn+1f

a′′

a
−

(a′)2

a2
+

εc
a2


⟨Y , T ⟩X − ⟨X, T ⟩Y


, (5)

for any X, Y tangent to M.

Proof. By (1), we have to compute R̄(X, Y , Z, en+1) for any tangent vectors X, Y , Z to M . To do so, we recall Proposition 2.
Thus,

R̄(X, Y , Z, en+1) =


ε
(a′)2

a2
−

c
a2


⟨X, Z⟩⟨Y , en+1⟩ − ⟨Y , Z⟩⟨X, en+1⟩


+


a′′

a
−

(a′)2

a2
+

εc
a2


⟨X, Z⟩⟨Y , ∂t⟩⟨en+1, ∂t⟩ − ⟨Y , Z⟩⟨X, ∂t⟩⟨en+1, ∂t⟩

− ⟨X, en+1⟩⟨Y , ∂t⟩⟨Z, ∂t⟩ + ⟨Y , en+1⟩⟨X, ∂t⟩⟨Z, ∂t⟩


= εn+1f

a′′

a
−

(a′)2

a2
+

εc
a2


⟨Y , T ⟩⟨X, Z⟩ − ⟨X, T ⟩⟨Y , Z⟩


.

This yields the result. �

Lemma 3. The following equations hold for any X tangent to M:

1. ∇̄X∂t =
a′
a (X − ε⟨X, T ⟩∂t).

2. ∇XT =
a′
a (X − ε⟨X, T ⟩T ) + fAX.

3. X(f ) = −εn+1⟨AT , X⟩ −
a′
a ε⟨X, T ⟩f .

Proof. First, we recall that X = X̃ + εη(X)∂t . Therefore, ∇̄X∂t = ∇̄X̃∂t =
a′
a X̃ =

a′
a (X − ε⟨X, T ⟩∂t). Next, we compute

∇̄XT = ∇̄X (∂t − fen+1) = ∇̄X∂t −X(f )en+1 − f ∇̄Xen+1 =
a′
a (X −ε⟨X, T ⟩∂t)−X(f )en+1 + fAX =

a′
a (X −ε⟨X, T ⟩(T + fen+1))−

X(f )en+1 + fAX =
a′
a (X − ε⟨X, T ⟩T ) −

εfa′

a ⟨X, T ⟩en+1)) − X(f )en+1 + fAX . Now, each equation is just the tangential and the
normal part of ∇̄XT = ∇XT + εn+1⟨AX, T ⟩en+1. �

4. Moving frames

Élie Cartan developed the moving frame technique. Definitions, basic results and some other details can be found in
[9, p. 18]. We will use the following convention on the ranges of indices, unless mentioned otherwise:

1 ≤ i, j, k, l ≤ n; 1 ≤ u, v, w, . . . ≤ n + 1; 0 ≤ α, β, γ , . . . ≤ n + 1.

We recall that M is a hypersurface of P̄n+1, hence n = dimM . Consider a local orthonormal frame (e0, e1, . . . , en, en+1)
defined on an open subset U of M , such that e1, . . . , en are tangent to M and en+1 is normal to M in P̄n+1, with εα =

⟨eα, eα⟩ = ±1. We define the matrix G = (εαδαβ). Let (ω0, . . . , ωn+1) be the dual basis of eα , i.e. ωα(eβ) = δαβ , where
ωr |TM = 0, r ∈ {0, n + 1}. The dual 1-forms ωα can be obtained as ωα(X) = εα⟨eα, X⟩.

Given (E0, . . . , En) a parallel orthonormal frame of En+1, we construct (E0, . . . , En+1) = (E0/a, . . . , En/a, ∂t), which is
an orthonormal frame of εI ×a En+1. If necessary, we reorder the basis (E0, . . . , En+1) to obtain ⟨Eα, Eα⟩ = εα, En+1 = ∂t .

Next, we define the functions Bαβ := ⟨Eα, eβ⟩ and the matrix B = (Bαβ). With them we compute


µ εµBµαBµβ =


µ εµ

⟨Eµ, eα⟩ ⟨Eµ, eβ⟩ = ⟨eα, eβ⟩ = εαδαβ . This equation reduces to BtGB = G, which implies B−1
= GBtG, where Bt is the trans-

pose of B and B−1
= (Bαβ). Next, from the fact that BtGB = G, we recall the Lie group {Z ∈ Mn+2(R)|Z tGZ = G, det Z = 1},
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where Mn+2(R) is the usual set of all matrices of order (n+ 2)× (n+ 2). For simplicity, we call S the connected component
containing the identity matrix,

In+2 ∈ S ⊂ {Z ∈ Mn+2(R)|Z tGZ = G, det Z = 1}.

In addition, s = {H ∈ Mn+2(R)|H tG + GH = 0} is the Lie algebra associated with S. As usual, we identify the tangent space
of S at the identity matrix with s. Next, we point out that we have constructed a map B : U → S, and therefore, we imme-
diately obtain the s-valued 1-form B−1dB.We explain this notion a little. Given a smooth manifoldM of dimension n, Λ1(M)
is the set of all 1-forms defined on M. Then, we introduce the set s(Λ1(M)) of all matrices Υ or order (n + 2) × (n + 2)
whose entries are 1-forms defined on M, and satisfying the equation Υ tG + GΥ = 0. In other words, s(Λ1(M)) is the set
of the so-called s-valued 1-forms on M. In particular, B−1dB ∈ s(Λ1(U)). As a remark, given matrices Z ∈ Mn+2(R) and
Υ ∈ s(Λ1(M)), it makes sense to compute ZΥ .

Let us now define the connection 1-forms Ω = (ωαβ),

ωαβ(X) = εα⟨eα,∇Xeβ⟩, for any X ∈ TU,

or equivalently ωβα = −εαεβωαβ . This means Ω ∈ s(Λ1(U)). In particular,

∇ei =


k

ωkiek, ∇̄eu =


v

ωvuev, ∇eα =


γ

ωγαeγ , (6)

We now define the 1-form η(X) = ⟨T , X⟩ and functions Tk = ⟨ek, T ⟩, Tn+1 = εn+1f and T0 = 0. Clearly,


k Tkωk = η.
Obviously, we can recover the vectors eβ =


γ εγ Bγ βEγ . Consequently, by (6),

∇eα eβ =


µ

ωµβ(eα)eµ =


γ

εγ


µ

ωµβ(eα)Bγµ


Eγ

= ∇eα


γ

εγ Bγ βEγ


=


γ

εγ dBγ β(eα)Eγ +


µ,γ

εγ εµBµαBγ β
∇Eµ

Eγ .

By now, we just care for the last summand. In these particular computations, we take γ , µ ≠ n + 1, obtaining

∇En+1
En+1 = ∇∂t ∂t = 0, ∇Eµ

En+1 =
1
a
∇Eµ∂t =

a′

a
Eµ,

∇En+1
Eγ = −

a′

a2
Eγ +

1
a
∇∂t Eγ = −

a′

a2
Eγ +

a′

a2
Eγ = 0,

∇Eµ
Eγ =

1
a2
∇EµEγ =

1
a2

∇
o
Eµ
Eγ −

⟨Eµ, Eγ ⟩

a
grad(a) = −

εµδµγ εa′

a
∂t .

Consequently, by the fact that the terms for µ = n + 1 vanish, now γ , µ ≤ n + 1, we have∇eα eβ −


γ

εγ dBγ β(eα)Eγ =


µ,γ

εγ εµBµαBγ β
∇Eµ

Eγ

=


µ,γ<n+1

εγ εµBµαBγ β
∇Eµ

Eγ +


µ<n+1

εn+1εµBµαBn+1β
∇Eµ

En+1

=
εn+1a′

a


µ<n+1

εµBµαBn+1βEµ −
εa′

a


γ<n+1

εγ BγαBγ βEn+1.

By comparing coordinates, we get for γ = n + 1
µ

Bn+1µωµβ(eα) = dBn+1β(eα) −
a′

a


γ<n+1

εγ BγαBγ β (7)

and for γ = 0, . . . , n,
µ

Bγµωµβ(eα) = dBγ β(eα) +
εa′

a
BγαBn+1β . (8)

Since Bµα =


γ Bµγ ωγ (eα), we get for Eq. (7),


µ Bn+1µωµβ − dBn+1β = −
a′
a


γ


µ<n+1 εµBµβBµγ ωγ = −

a′
a


γ ,µ εµ

BµβBµγ ωγ + ε a′
a


γ Bn+1βBn+1 γ ωγ , and for Eq. (8),


µ Bγµωµβ = dBγ β +

εa′
a


κ Bn+1βBγ κωκ , for any γ = 0, . . . , n + 1.

Summing up, for all γ = α
µ

Bαµωµβ = dBαβ +
εa′

a
Bn+1β


γ

Bαγ ωγ −
a′

a
εβδα n+1ωβ .
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Moreover, we have


µ Bαµδµ0εβωβ = Bα0εβωβ = εβεαεB0αωβ , that is, ωαβ =


µ BαµdBµβ +
εa′
a


Bn+1βωα − εβεαBn+1α

ωβ


. Finally, we obtain

Ω − X = B−1dB, Xαβ =
εa′

a


Bn+1βωα − εβεαBn+1αωβ


. (9)

We point out that Bn+1α = ⟨En+1, eα⟩ = ⟨∂t , eα⟩ = Tα .

5. Main theorem

Let (M, ⟨, ⟩) be a semi-Riemannianmanifold with its Levi-Civita connection∇ , its Riemann tensor R. We choose numbers
ε, ε0, εn+1 ∈ {−1, 1} and c ∈ {−1, 0, 1} such that either c = ε0 ≠ 0, or c = 0 and ε0 = 1. Consider smooth functions
a : I ⊂ R → R+, Tn+1 : M → R and π : M → I . We construct the vector field T ∈ X(M) by T = ε grad(π), with its 1-form
η(X) = ⟨X, T ⟩. Also, let A be a tensor of type (1, 1) onM .

Definition 1. Under the previous conditions, we will say thatM satisfies the structure conditions if the following conditions
hold:

(A) A is ⟨, ⟩-self adjoint;
(B) ε = ⟨T , T ⟩ + εn+1T 2

n+1;
(C) ∇XT =

a′◦π
a◦π

(X − εη(X)T ) + εn+1Tn+1AX , for any X ∈ TM;
(D) X(Tn+1) = −⟨AT , X⟩ − ε a′◦π

a◦π
Tn+1η(X), for any X ∈ TM;

(E) Codazzi equation: for any X, Y ∈ TM , it holds

(∇XA)Y − (∇YA)X = Tn+1 b

η(Y )X − η(X)Y


,

b =
a′′

◦ π

a ◦ π
−

(a′
◦ π)2

(a ◦ π)2
+

εc
(a ◦ π)2

;

(F) Gauß equation: for any X, Y , Z,W ∈ TM , it holds

R(X, Y , Z,W ) =


ε
(a′

◦ π)2

(a ◦ π)2
−

c
(a ◦ π)2


⟨X, Z⟩⟨Y ,W ⟩ − ⟨Y , Z⟩⟨X,W ⟩


+ b


⟨X, Z⟩η(Y )η(W ) − ⟨Y , Z⟩η(X)η(W ) − ⟨X,W ⟩η(Y )η(Z)

+ ⟨Y ,W ⟩η(X)η(Z)


+ εn+1

⟨AY , Z⟩⟨AX,W ⟩ − ⟨AY ,W ⟩⟨AX, Z⟩


.

We recall the warped product (P̄n+1
= I × Mn

k(c), ⟨, ⟩1 = εdt2 + a2go).

Theorem 1. Let (M, ⟨, ⟩) a semi-Riemannian manifold satisfying the structure conditions. Then, for each point p ∈ M, there
exists a neighborhood U of p on M, a metric immersion χ : (U, ⟨, ⟩) → (P̄n+1, ⟨, ⟩1) and a normal unit vector field en+1 along
χ such that:

1. εn+1 = ⟨en+1, en+1⟩1;
2. πI ◦ χ = π , where πI : ε I ×a Mn

k(c) → I is the projection;
3. The shape operator associated with en+1 is A;
4. (E) is the Codazzi equation, and (F) is the Gauß equation,
5. and along χ , it holds ∂t = T + εn+1Tn+1en+1.

Proof. Given a point x ∈ M , around it we consider a local orthonormal frame {e1, . . . , en} on M , with their signs εi =

g(ei, ei) = ±1, and its corresponding dual basis of 1-forms {ω1, . . . , ωn}. We point out that an alternative definition for
these 1-forms is ωi(X) = εi⟨ei, X⟩, for any X ∈ TM . We also need to define ωn+1 = ω0 = 0. With the help of the tensor
SY = −c


Y − εη(Y )T


/a, for any Y ∈ TM , we construct the following 1-forms

ωij(X) = εi⟨ei, ∇Xej⟩, ωi n+1(X) = −εi⟨ei, AX⟩,

ωi0(X) = −εi⟨ei, SX⟩, ωn+1,0 = −
εεn+1c
a ◦ π

Tn+1η, ωαβ = −εαεβωβα, (10)

for anyX ∈ TM , known as the connection 1-forms. In thisway,we consider the s-valuedmatrixΩ = (ωαβ). As a consequence,
we get ∇ei =


k ωkiek. Now, we define the functions Ti = η(ei), i ∈ {1, . . . , n}, T0 = 0. We point out that by condition (B),

we have ε =


γ εγ T 2
γ . Next, we also construct the matrices X = (Xαβ) and Υ as

Xαβ =
εa′

a


Tβωα − εαεβTαωβ


, Υ = Ω − X. (11)



62 M.-A. Lawn, M. Ortega / Journal of Geometry and Physics 90 (2015) 55–70

A simple computation shows

dΥ + Υ ∧ Υ = dΩ − dX + Ω ∧ Ω − Ω ∧ X − X ∧ Ω + X ∧ X.

Thus, our target consists of proving that the second half of this equality vanishes. Since the computation is rather lengthy,
we will split it in some lemmata.

Lemma 4. dη = 0.

Proof. Since T = ε grad(π), we obtain that η = εdπ . Therefore, dη = 0. �

We define the matrices ϖ = (ωα) and Γ = (Γαβ) = dΩ + Ω ∧ Ω .

Lemma 5. dϖ = −Ω ∧ ϖ, Γαβ = −εαεβΓβα ,

Γij = εεj
(a′)2

a2
ωj ∧ ωi −


a′′

a
−

(a′)2

a2

 
Tjωi − εiεjTiωj


∧ η,

Γi n+1 = Tn+1

a′′

a
−

(a′)2

a2


η ∧ ωi, Γu0 = 0.

Proof. Given X, Y ∈ TM , since ωn+1 = ω0 = 0, we have

dωi(X, Y ) = X(ωi(Y )) − Y (ωi(X)) − ωi([X, Y ])

= εi⟨∇Xei, Y ⟩ + εi⟨ei, ∇XY ⟩ − εi⟨∇Y ei, X⟩ − εi⟨ei, ∇YX⟩ − εi⟨ei, [X, Y ]⟩

= εi

k

ωki(X)⟨ek, Y ⟩ − εi

k

ωki(Y )⟨ek, X⟩ = −


γ

ωiγ ∧ ωγ (X, Y ).

On the other hand, by (10),
γ

ωn+1 γ ∧ ωγ (X, Y ) =


k

ωn+1 k ∧ ωk(X, Y ) =


k


εn+1⟨ek, AX⟩εk⟨ek, Y ⟩

− εn+1⟨ek, AY ⟩εk⟨ek, X⟩


= εn+1

⟨Y , AX⟩ − ⟨X, AY ⟩


= 0 = −dωn+1(X, Y ).

We recall that whenever c ≠ 0, then c = ε0. Then,
γ

ω0γ ∧ ωγ (X, Y ) =


k

ω0k ∧ ωk(X, Y )

=
c
a


k


−ε0


⟨ek, X⟩ − εTkη(X)


ωk(Y ) + ε0


⟨ek, Y ⟩ − εTkη(Y )


ωk(X)


=

c ε0

a


−⟨Y , X⟩ + εη(Y )η(X) + ⟨X, Y ⟩ − εη(X)η(Y )


= 0 = −dω0(X, Y ).

Now, given X, Y ∈ TM , we make the computation dωij(X, Y ) = X(ωij(Y )) − Y (ωij(X)) − ωij([X, Y ]) = εiX(⟨ei, ∇Y ej⟩) − εiY
(⟨ei, ∇Xej⟩) − εi⟨ei, ∇[X,Y ]ej⟩ = εi⟨∇Xei, ∇Y ej⟩ − εi⟨∇Y ei, ∇Xej⟩ + εiR(X, Y , ej, ei). Next, by Eq. (6), ⟨∇Xei, ∇Y ej⟩ =


k εk

ωki(X)ωkj(Y ) = −


k εiωik(X)ωkj(Y ). Therefore, we obtain dωij(X, Y ) = −


k ωik ∧ ωkj(X, Y ) − εiR(X, Y , ei, ej), which
implies

dωij(X, Y ) +


γ

ωiγ ∧ ωγ j(X, Y )

= ωi0 ∧ ω0j(X, Y ) + ωi n+1 ∧ ωn+1,j(X, Y ) + εiR(X, Y , ej, ei)
= −εiε0⟨ei, SX⟩⟨ej, SY ⟩ + εiε0⟨ei, SY ⟩⟨ej, SX⟩ − εiεn+1⟨ei, AX⟩⟨ej, AY ⟩

+ εiεn+1⟨ei, AY ⟩⟨ej, AX⟩ + εi


ε
(a′)2

a2
−

c
a2


⟨X, ej⟩⟨Y , ei⟩ − ⟨Y , ej⟩⟨X, ei⟩


+

a′′

a
−

(a′)2

a2
+

εc
a2


⟨X, ej⟩η(Y )η(ei) − ⟨Y , ej⟩η(X)η(ei)

− ⟨X, ei⟩η(Y )η(ej) + ⟨Y , ei⟩η(X)η(ej)

+ εn+1


⟨AY , ej⟩⟨AX, ei⟩ − ⟨AY , ei⟩⟨AX, ej⟩


= εεj

(a′)2

a2
ωj ∧ ωi(X, Y ) −

a′′

a
−

(a′)2

a2


Tjωi − εiεjTiωj


∧ η(X, Y ).
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Next, given X, Y ∈ TM , we compute

dωin+1(X, Y ) = X(ωin+1(Y )) − Y (ωin+1(X)) − ωin+1([X, Y ])

= −εi⟨∇Xei, AY ⟩ + εi⟨∇Y ei, AX⟩ + εi⟨ei, (∇YA)X − (∇XA)Y ⟩

= −εi

k

ωki(X)⟨ek, AY ⟩ + εi

k

ωki(Y )⟨ek, AX⟩ + εi⟨ei, (∇YA)X − (∇XA)Y ⟩

= −


γ

ωiγ ∧ ωγ n+1(X, Y ) + Tn+1

a′′

a
−

(a′)2

a2


η ∧ ωi(Y , X).

Moreover, dωi0(X, Y ) = X(ωi0(Y )) − Y (ωi0(X)) − ωi0([X, Y ]) = εi

⟨∇Y ei, SX⟩ − ⟨∇Xei, SY ⟩ − ⟨ei, (∇Y S)X − (∇XS)Y ⟩


. On

one hand, for any U ∈ X(M), it holds ∇Y

−U/a


= εa′η(Y )U/(a2) − (∇YU)/a, so that we can see

(∇Y S)X − (∇XS)Y = ∇Y SX − S∇YX − ∇XSY + S∇XY

=
εca′

a2

η(Y )X − η(X)Y


+

ε

ac


η(X)∇Y T − η(Y )∇XT


=

εεn+1cTn+1

a
(η(X)AY − η(Y )AX).

By using this, we obtain

εidωi0(X, Y ) = ⟨∇Y ei, SX⟩ − ⟨∇Xei, SY ⟩ +
εεn+1cTn+1

a
⟨ei, η(X)AY − η(Y )AX⟩

=


k


ωki(Y )⟨ek, SX⟩ − ωki(X)⟨ek, SY ⟩


+

εεn+1cTn+1

a
⟨ei, η(X)AY − η(Y )AX⟩

= −εi


γ

ωiγ ∧ ωγ 0(X, Y ) + εiωi n+1 ∧ ωn+1,0(X, Y )

−
εiεεn+1cTn+1

a
η ∧ ωi n+1(X, Y ) = −εi


γ

ωiγ ∧ ωγ 0(X, Y ).

Next, we easily see dωn+1,0 = −εεn+1(c/a) dTn+1 ∧ η. This implies

dωn+1,0(X, Y ) = −
εεn+1c

a
dTn+1 ∧ η(X, Y ) = −

εεn+1c
a


X(Tn+1)η(Y ) − Y (Tn+1)η(X)


= εn+1


k

εk

⟨AX, ek⟩⟨SY , ek⟩ − ⟨AY , ek⟩⟨SX, ek⟩


= −


k

ωn+1 k ∧ ωk0(X, Y ) = −


γ

ωn+1 γ ∧ ωγ 0(X, Y ). �

Lemma 6. dXαβ = εαεβdXβα, dXu0 = 0,

dXij =
a′′a − 2(a′)2

a2
η ∧ (Tjωi − εiεjTiωj) +

εa′

a


Tjdωi − εiεjTidωj


+ 2εεj


a′

a

2

ωj ∧ ωi +
εa′

a


u

Tu

ωuj ∧ ωi − εiεjωui ∧ ωj


,

dXi n+1 =
a′′a − 2(a′)2

a2
Tn+1η ∧ ωi +

εa′

a


k

Tkωk n+1 ∧ ωi + Tn+1dωi


.

Proof. Since Xαβ = −εαεβXβα , we trivially have dXαβ = −εαεβdXβα . Next,

dXαβ = d
εa′

a


Tβωα − εαεβTαωβ


=


k

ek
εa′

a


ωk ∧ (Tβωα − εαεβTαωβ)

+
εa′

a


dTβ ∧ ωα + Tβdωα − εαεβdTα ∧ ωβ − εαεβTαdωβ


=

a′′a − (a′)2

a2
η ∧ (Tβωα − εαεβTαωβ) +

εa′

a


dTβ ∧ ωα + Tβdωα − εαεβdTα ∧ ωβ − εαεβTαdωβ


.
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For β = 0 and any u > 0, since T0 = 0 and ω0 = 0, then dXu0 = 0. For β = n + 1 and i < n + 1, since ωn+1 = 0, we have

dXi n+1 =
a′′a − (a′)2

a2
Tn+1η ∧ ωi +

εa′

a


dTn+1 ∧ ωi + Tn+1dωi


.

By condition (C), and the fact T =


k εkTkek, we see dTn+1(X) = −⟨AX, T ⟩ − ε a′
a Tn+1η(X) = −


k εkTk⟨ek, AX⟩ −

εTn+1
a′
a η(X), and then dTn+1(X) =


k Tkωk n+1(X) − εTn+1

a′
a η(X). With this,

dXi n+1 =
a′′a − (a′)2

a2
Tn+1η ∧ ωi +

εa′

a


k

Tkωk n+1 ∧ ωi − ε
a′

a
Tn+1η ∧ ωi + Tn+1dωi


=

a′′a − 2(a′)2

a2
Tn+1η ∧ ωi +

εa′

a


k

Tkωk n+1 ∧ ωi + Tn+1dωi


.

Next, for α = i and β = j, we have dXij =
a′′a−(a′)2

a2
η ∧ (Tjωi − εiεjTiωj)+

εa′
a


dTj ∧ωi + Tjdωi − εiεjdTi ∧ωj − εiεjTidωj


.

We need the following computation dTk =


l el(⟨T , ek⟩)ωl =


l


⟨∇elT , ek⟩ + ⟨T , ∇elek⟩


ωl =


l


⟨
a′
a (el − εTlT ) +

εn+1Tn+1Ael, ek⟩ +


j ωjk(el)Tj

ωl, which implies

dTk =
a′

a
εkωk − ε

a′

a
Tkη +


u

Tuωuk. (12)

In this way, a straight forward computation yields

dXij =
a′′a − 2(a′)2

a2
η ∧ (Tjωi − εiεjTiωj) +

εa′

a


Tjdωi − εiεjTidωj


+ 2

εεja′

a
ωj ∧ ωi +

εa′

a


u

Tu(ωuj ∧ ωi − εiεjωui ∧ ωj)


. �

Lemma 7.

(X ∧ X)αβ =


a′

a

2 
Tβωα − εαεβTαωβ


∧ η − εεβωα ∧ ωβ


.

Proof. We recall condition (B). Also, given X ∈ TM , we have


γ Tγ ωγ (X) =


k Tkωk(X) = η(X). Then,

(X ∧ X)αβ =


γ

εa′

a


Tγ ωα − εαεγ Tαωγ


∧

εa′

a


Tβωγ − εγ εβTγ ωβ


=


a′

a

2
γ


Tγ Tβωα ∧ ωγ − εβεγ T 2

γ ωα ∧ ωβ − εαεγ TαTβωγ ∧ ωγ

+ εγ εγ εαεβTαTγ ωγ ∧ ωβ

a′

a

2 
Tβωα − εαεβTαωβ


∧ η − εεβωα ∧ ωβ


. �

Now, we put Φ = Ω ∧ X + X ∧ Ω .

Lemma 8. Φαβ = −εαεβΦβα, Φu0 = 0,

Φi n+1 =
εa′

a


−Tn+1dωi +


k

Tkωi ∧ ωk n+1

, (13)

Φij =
εa′

a


εiεjTidωj − Tjdωi +


u

Tu

ωi ∧ ωuj − εjεuωiu ∧ ωj


. (14)

Proof. By construction, Xαβ = −εαεβXβα . This shows Φαβ = −εαεβΦβα . In general, we get

Φαβ =
εa′

a


γ

ωαγ ∧

Tβωγ − εβεγ Tγ ωβ


+


γ

εa′

a


Tγ ωα − εγ εαTαωγ


∧ ωγ β

=
εa′

a


γ


Tβωαγ ∧ ωγ − εβεγ Tγ ωαγ ∧ ωβ + Tγ ωα ∧ ωγ β − εαεγ Tαωγ ∧ ωγ β


.
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By Lemma 5,

Φαβ =
εa′

a


εαεβTαdωβ − Tβdωα +


γ


Tγ ωα ∧ ωγ β − εβεγ Tγ ωαγ ∧ ωβ


.

For the case α = i, β = n + 1, the result is immediate due to the fact ωn+1 = 0. For the case α = i, β = 0, since
ω0 = 0 and T0 = 0, we begin by writing down Φi0 =

εa′
a


γ Tγ ωi ∧ ωγ 0. However, by Condition (C),


γ Tγ ωγ 0(X) =

i Tiωi0(X) + Tn+1ωn+1,0(X) =


i
Ti
ac


εi⟨ei, X⟩ − εεiTiη(X)


− εεn+1

T2n+1
ac η(X) =


i εi⟨ei, T ⟩⟨ei, X⟩ − ε


i εiT

2
i


η(X) −

εεn+1T 2
n+1η(X)


/(ac), and hence

γ

Tγ ωγ 0(X) = 0. (15)

The case α = n + 1 and β = 0 trivially vanishes due to ωn+1 = ω0 = 0. �

Lemma 9. dΥ + Υ ∧ Υ = 0.

Proof. This is equivalent to prove dX − dΩ − Ω ∧ Ω − X ∧ X + X ∧ Ω + Ω ∧ X = 0. The case α = u, β = 0 is trivial. For
α = i, β = n + 1, we compute

(dX − dΩ − Ω ∧ Ω − X ∧ X + X ∧ Ω + Ω ∧ X)i n+1

=
a′′a − 2(a′)2

a2
Tn+1η ∧ ωi +

εa′

a


k

Tkωk n+1 ∧ ωi + Tn+1dωi


− Tn+1


a′′

a
−

(a′)2

a2


η ∧ ωi +

εa′

a


−Tn+1dωi +


k

Tkωi ∧ ωk n+1


−


a′

a

2 
Tn+1ωi − εiεn+1Tiωn+1


∧ η − εεn+1ωi ∧ ωn+1


=

a′′a − 2(a′)2

a2
Tn+1η ∧ ωi − Tn+1


a′′

a
−

(a′)2

a2


η ∧ ωi −


a′

a

2 
Tn+1ωi


∧ η

= 0.

A similar computation holds for the case α = i and β = j, but we have to use the previous Lemmata. Thus, we also obtain
(dX − dΩ − Ω ∧ Ω − X ∧ X + X ∧ Ω + Ω ∧ X)ij = 0. �

We recall En+2 as in Section 2, with its standard flat pseudo-Riemannian metric. Now, it is clear that the map s : S →

S(En+2) = {X ∈ En+2
|⟨X, X⟩} = εn+1}, Z → (Zn+1,0, . . . , Zn+1 n+1)

t , is a submersion. Given a point x ∈ M , we define the
set

Z(x) = {Z ∈ S|Zn+1β = Tβ(x), β = 0, . . . , n + 1}.

Now, we prove the following

Lemma 10. Let (M, ⟨, ⟩) be a semi-Riemannian manifold satisfying the structure conditions. For each x0 ∈ M and B0 ∈ Z(x0),
there exists a neighborhoodU of x0 in M and a unique map B : U → S, such that B−1dB = Ω −X, B0 = B(x0), and B(x) ∈ Z(x)
for all x ∈ U. Also, in case c = 0, we can assume B0α = δ0α .

Proof. Given U be an open neighborhood of x0 ∈ M , we define the set

F = {(x, Z) ∈ U × S|Z ∈ Z(x)}.

Since themap s is a submersion,F is a submanifold ofM×Swith dimF = n+(n+1)(n+2)/2−(n+1) = n(n+1)/2+n.
Moreover, given (x, Z) ∈ F ,

T(x,Z)F = {(U, V ) ∈ TxU ⊕ TZS|Vn+1β = (dTβ)x(U), β = 0, . . . , n + 1}.

We recall the definition of s and s(Λ1(F )) in Section 4. Then, we introduce the s-valued 1-form Θ = Υ − Z−1dZ =

Ω − X − Z−1dZ , defined on F . In other words, given (U, V ) ∈ T(x,Z)F , we have Θ(x,Z)(U, V ) = Ωx(U) − Xx(U) − Z−1V .
Needless to say, Θ ∈ s(Λ1(F )).

Next, we consider on F the distribution D(x, Z) = kerΘ(x,Z), and we would like to see that dimD = n. To do so, we
choose any point (x, Z) ∈ F . Since S is a Lie group, the way to move from s to the tangent space at a given point Z ∈ S is by
using the left translation LZ , which satisfies (LZ )∗ = LZ . However, we will not use this notation to make the computations a
bit simpler. Now, we consider the associated space H = {H ∈ s|(ZH)n+1β = 0, β = 0, . . . , n + 1}.
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Next, it is clear that H ∈ H if and only if H ∈ ker(ds)In+2 . But the map s is a submersion, hence dim(ker(ds)In+2) =

dimH = (n + 1)n/2. We notice that (ZΘ)n+1β = (ZΩ)n+1β − (ZX)n+1β − (dZ)n+1β = (ZΩ)n+1β − (ZX)n+1β − dTβ .
Consequently, by Eq. (12) and T0 = 0, we get

(ZΘ)n+1k =


γ

Zn+1γ ωγ k −


γ

Zn+1γXγ k −
a′

a
εkωk + ε

a′

a
Tkη −


u

Tuωuk

=


γ

Tγ ωγ k −


γ

Tγ

εa′

a


Tkωγ − εγ εkTγ ωk


−

a′

a
εkωk + ε

a′

a
Tkη −


u

Tuωuk

= −
εa′

a


Tkη −


γ

εγ εkTγ Tγ ωk


−

a′

a
εkωk + ε

a′

a
Tkη

=
εa′

a


γ

εγ εkTγ Tγ ωk −
a′

a
εkωk = 0,

since ε = ⟨T , T ⟩ + εn+1T 2
n+1. Similarly,

(ZΘ)n+1 n+1 =


γ

Tγ ωγ n+1 −


γ

Tγ

εa′

a


Tn+1ωγ − εγ εn+1Tγ ωn+1


− dTn+1

=


γ

Tγ ωγ n+1 −
εa′

a
Tn+1η −


k

Tkωk n+1 + εTn+1
a′

a
η = 0,

and with Eq. (15), it is clear (ZΘ)n+1,0 =


γ Tγ ωγ 0 −


γ εTγ a′

T0ωγ − εγ ε0Tγ ω0


/a − dT0 = 0. Hence, Im(Θ) ⊂ H =

ker(ds)In+2 . Now, given the space {(0, ZH)|H ∈ H} ⊂ T(x,Z)F , we haveΘ(x,Z)(0, ZH) = −Z−1(ZH) = −H , whichmeans that
Θ(x,Z) is a submersion unto H , and Im(Θ) = H . Now, we get dimD(x, Z) = dim kerΘ(x,Z) = dim T(x,Z)F − dim ImΘ(x,Z)

= n.
Next, we prove that D is integrable. On one hand, since D = kerΘ and dΥ + Υ ∧ Υ = 0, we compute dΘ = dΥ +

Z−1dZ ∧ Z−1dZ = dΥ + (Υ − Θ) ∧ (Υ − Θ) = −Υ ∧ Θ − Θ ∧ Υ + Θ ∧ Θ . Therefore, given U, V ∈ D, dΘ(U, V ) =

U(Θ(V )) − V (Θ(U)) − Θ([U, V ]) = −Θ([U, V ]) = (−Υ ∧ Θ − Θ ∧ Υ + Θ ∧ Θ)(U, V ) = 0, which implies [U, V ] ∈ D.
Next, let L ⊂ F be an integral manifold through (x0, B0). For each (0, V ) ∈ D(x0,B0) = TB0L, we have Θ(x0,B0)(V ) =

B−1
0 V = 0, and hence V = 0, since B0 ∈ S. This implies D(x0,B0) ∩ [{0} × TB0S] = {0}. In particular, by shrinking U if

necessary, L is the graph of a unique map B : U → S. Also, since L ⊂ F , then for each x ∈ U, B(x) ∈ Z(x). Finally since
Θ ≡ 0 on L, B satisfies by definition B−1dB = Ω − X.

As a final remark for c = 0, sinceω0α = X0α = 0, we have (B−1dB)0α = 0. Thismeans that we can assume B0α = δ0α . �

Lemma 11. For c = 0, given a point x ∈ U and the matrix

C = Diag

1,

ε0ε1

a ◦ π
, . . . ,

ε0εn

a ◦ π
, εn+1


,

there exists a map χ : U → εI ×a En+1, such that dχ = CBϖ, χ0 = 0, χn+1 = π .

Proof. A simple computation shows dC =
εε0a′

a2
Diag


0, ε1, . . . , εn, 0)η. Now, given a point (x, (t, p)) ∈ U ×


I × En


, we

define the map

Λ(x,(p,t)) : TxU ⊕ T(t,p)I × En
→ Rn+2,

Λ(x,(p,t))(Y ,W ) = −dΞ̃(p,t)(W ) + CxBxϖx(Y ).

In other words, we have the 1-form Λ = −dΞ̃ + CBϖ ∈ Λ1(U × (I × En), Rn+2). By using dB = BΩ − BX and Lemma 5,

dΛ = dC ∧ Bϖ + CdB ∧ ϖ + CBdϖ = dC ∧ Bϖ − CBX ∧ ϖ.

Given i ∈ {1, . . . , n}, since Ci0 = Cin+1 = 0, we compute

dΛi = (dC ∧ Bϖ − CBX ∧ ϖ)i =


αβ

dCiα ∧ Bαβωβ −


αβγ

Ciγ BγαXαβ ∧ ωβ

=


jβ

−εε0εia′

a2
δijη ∧ Bjβωβ −


αβj

ε0εi

a
δijBjαXαβ ∧ ωβ

= −
εε0εia′

a2


β

η ∧ Biβωβ −
ε0εi

a


αβ

Biα
εa′

a


Tβωα − εαεβTαωβ


∧ ωβ
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= −
εε0εia′

a2


β

η ∧ Biβωβ −
ε0εiεa′

a2

αβ

BiαTβωα ∧ ωβ

= −
εε0εia′

a2


β

η ∧ Biβωβ +


α

Biαωα ∧ η


= 0.

Similar but simpler computations show dΛ0 = dΛn+1 = 0. To do so, we just need to copy the previous computations, but
recalling that B0α = δ0α, Bn+1α = Tα and ω0 = ωn+1 = 0. Next, we see that the distribution kerΛ is integrable. Indeed,
given Y ,W ∈ kerΛ, 0 = dΛ(Y ,W ) = Y (Λ(W )) − W (Λ(Y )) − Λ([Y ,W ]) = −Λ([Y ,W ]). From here, we can repeat the
final part of the proof of Lemma 10. For the sake of simplicity, we also denote by U the final neighborhood of x ∈ M . �

Lemma 12. For c = ±1, given a point x ∈ U and the matrix

C = Diagonal

cε0/(a ◦ π), . . . , cεn/(a ◦ π), εn+1


,

there exists a map χ : U → ε I ×a Mn
k(c), such that dχ = CBϖ, χn+1 = π .

Proof. Define now the map χ : U → Rn+2 by χ0 = ε0B00, χi = εiBi0, χn+1 = π. Notice that, since B(x) ∈ Z(x) ⊂ S,
then Bn+1,0 = T0 = 0, which implies ε0χ

2
0 +

n
i=1 εiχ

2
i =

n
α=0 εαB2

α0 = ε0 = c , thus obtaining that (χ0, . . . , χn) lies in
Mn

k(c), which means Im(χ) ⊂ εI ×a Mn
k(c). Now, we have by definition dB = BΩ − BX. Hence

dχi(ek) = εidBi0(ek) =

n+1
α=0

εi(Biαωα0(ek) − BiαXα0(ek))

= εi

n+1
α=1

Biαωα0(ek) − εi

n+1
α=1

Biα

εa′

a
(T0ωα(ek) − ε0εαTαω0(ek))


= εi

n
j=1

Bij
c
a
(εj⟨ej, ek⟩ − εεjTjη(ek)) − εiBin+1

εεn+1c
a

Tn+1η(ek)

=
εi

ac

n
j=1

Bijεj⟨ej, ek⟩ −
εεicη(ek)

a

n
j=1

BijεjTj −
εεic
a

Bin+1εn+1η(ek)

=
εic
a

Bik −
εεicη(ek)

a

n+1
α=0

BiαεαBn+1α =
εi

a
Bik −

εεiη(ek)c
a

(BtGB)in+1

=
εic
a

Bik.

A similar computation yields dχ0(ek) = ε0cB0k/a and dχn+1(ek) = εη(ek) = εTk = εBn+1k. Hence, we have that
dχ = CBϖ . �

Now, we can finish the proof of Theorem 1. From Lemmatta 11 and 12, we see that dχ(ek)α = (CB)αk, meaning that in
the frame ∂

∂xα
the vector dχ(ek) is given by the k-th column of the matrix CB and in the frame Ēα by the k-th column of the

matrix B. In other words, dχ(ek) =


α εαBαkĒα . Since B and C are invertible, dχ has maximal rank n and χ is an immersion.
Moreover, for any i, j, since B ∈ S, we have

⟨dχ(ei), dχ(ej)⟩ =


α

εαBαiĒα,


γ

εγ Bγ jĒγ


=


γ

εαBαiBαj = εiδij.

Hence, χ is isometric. Next, we would like to compute the shape operator of the immersion. Recall Ēn+1 = ∂t . We show that
the shape operator of the immersion is exactly what we need, namely dχ ◦ A ◦ dχ−1. Indeed,

⟨∇̄dχ(ei)
dχ(ej), en+1⟩ =


αβ

∇̄εαBαi Ēα
εβBβjĒβ , en+1


=


β

εβdBβj(ei)Bβn+1 +


αβγ

εαεβεγ BαiBβjBγ n+1⟨∇Ēα
Ēβ , Ēγ ⟩

=


β

εβdBβj(ei)Bβn+1 +


uvγ


εuεvεγ BuiBvjBγ n+1


−

εuδuvεa′

a
∂t , Ēγ


+ εuεn+1εγ BuiBn+1jBγ n+1

a′

a
Ēu, Ēγ


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= −
εa′

a
Bn+1n+1


u

εuBuiBuj +
εn+1a′

a
Bn+1j


u

εuBuiBun+1 + εn+1(B−1dB)n+1j(ei)

= εn+1


(B−1dB)n+1j(dχ(ei)) −

εa
a′

[εn+1εjTn+1ωj(ei) − Tjωn+1(ei)]


= εn+1[(B−1dB)n+1j + Xn+1j] = εn+1ωn+1j(ei) = ⟨ej, Aei⟩.

Moreover, along χ , we obtain

∂t =

n
i=1

εi⟨∂t , dχ(ei)⟩dχ(ei) + εn+1⟨∂t , en+1⟩en+1 = T + εn+1Tn+1en+1.

Finally, the uniqueness of the local immersion follows from the uniqueness of the map B in Lemma 10. �

This concludes the proof of Theorem 1.

Corollary 1. 1. If the hypersurface M satisfies η = 0 everywhere, then M is a slice of ε I ×a Mn
k(c).

2. If η ≠ 0 everywhere, then M admits a foliation of codimension 1.

Proof. Item 1 is an immediate consequence of item 5 of Theorem 1. For item 2, by Lemma 4, we know dη = 0. This implies
that ker η is integrable. Indeed, given X, Y ∈ ker η, 0 = dη(X, Y ) = X(η(Y )) − Y (η(X)) − η([X, Y ]) = −η([X, Y ]), which
shows [X, Y ] ∈ ker η. In other words, it has to admit a foliationwhose leaves are of codimension 1 inM . In fact, T is a normal
vector field to the leaves. �

Remark. Under the same assumption on (M, ⟨, ⟩, ∇, R), we can find another equivalent formulation for Theorem 1. In fact,
consider again a ⟨, ⟩-self adjoint (1, 1)-tensor A onM , a nowhere vanishing vector field T ∈ X(M) and its associated 1-form
η(X) = ⟨X, T ⟩ for any X ∈ TM . We also assume the existence of smooth functions ρ, ρ̃, ρ̄, Tn+1 : M → R. Let the following
conditions be satisfied:

(a) ρ > 0, dρ = ερ̃ η, dρ̃ = ερ̄ η;
(b) ε = ⟨T , T ⟩ + εn+1T 2

n+1;

(c) ∇XT =
ρ̃

ρ
(X − εη(X)T ) + εn+1Tn+1AX , for any X ∈ TM;

(d) X(Tn+1) = −⟨AT , X⟩ − ε
ρ̃

ρ
Tn+1η(X), for any X ∈ TM;

(e) (Codazzi equation). For any X, Y , Z,W ∈ TM ,

(∇XA)Y − (∇YA)X = Tn+1
ρρ̄ − ρ̃2

+ εε0

ρ2


η(Y )X − η(X)Y


.

(f) (Gauß equation). For any X, Y , Z,W ∈ TM

R(X, Y , Z,W ) =
ερ̃2

− ε0

ρ2


⟨X, Z⟩⟨Y ,W ⟩ − ⟨Y , Z⟩⟨X,W ⟩


+

ρρ̄ − ρ̃2
+ εε0

ρ2


⟨X, Z⟩η(Y )η(W ) − ⟨Y , Z⟩η(X)η(W ) − ⟨X,W ⟩η(Y )η(Z)

+ ⟨Y ,W ⟩η(X)η(Z)


+ εn+1


⟨AY , Z⟩⟨AX,W ⟩ − ⟨AY ,W ⟩⟨AX, Z⟩


.

Then Theorem 1 can be reformulated in the following way:

Theorem 2. Let (M, ⟨, ⟩) a simply connected semi-Riemannian manifold satisfying the previous conditions. Then, there exists
smooth functions π : M → I, I an interval, a : I ⊂ R → R+, a metric immersion χ : (M, ⟨, ⟩) → (ε I ×a Mn

k(c), ⟨, ⟩1) and a
normal unit vector field en+1 along χ such that:

1. εn+1 = ⟨en+1, en+1⟩1;
2. πI ◦ χ = π , where πI : ε I ×a Mn

k(c) → I is the projection;
3. ρ = a ◦ π, ρ̃ = a′

◦ π and ρ̄ = a′′
◦ π ;

4. The shape operator associated with en+1 is A;
5. (e) is the Codazzi equation and (f) is the Gauß equation;
6. and along χ, ∂t = T + εn+1Tn+1en+1 holds.
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Proof. First of all, from the expression ∇XT =
ρ̃

ρ
(X − εη(X)T ) + εn+1Tn+1AX , for any X ∈ TM , we are going to check that

the 1-form η satisfies dη = 0.

dη(ei, ej) = ⟨ej, ∇eiT ⟩ − ⟨ei, ∇ejT ⟩ =


ej,

ρ̃

ρ
(ei − εη(ei)T ) + εn+1Tn+1Aei


−


ei,

ρ̃

ρ
(ej − εη(ej)T ) + εn+1Tn+1Aej


=

ρ̃

ρ


⟨ej, ei⟩ − εη(ei)η(ej)


+ εn+1Tn+1⟨ej, Aei⟩ −

ρ̃

ρ


⟨ei, ej⟩ − εη(ei)η(ej)


− εn+1Tn+1⟨ei, Aej⟩ = 0.

SinceM is simply connected,we can obtain a new functionπ : M → R such thatη = εdπ , which implies that T = εgrad(π).
AsM is connected, I = π(M) is an interval. Moreover, since T ≠ 0, each t ∈ I is a regular value of π , which means that each
level set π−1(t) ⊂ M, t ∈ I , is a hypersurface of M . Choose t ∈ I and X ∈ Tπ−1(t). π is constant along its level subsets, so
that dρ(X) = ερ̃ η(X) = ρ̃ dπ(X) = 0. In other words, function ρ is constant along the level sets of π . This allows us to
define a : I → R+ as follows. Given t ∈ I , there exists p ∈ M such that t = π(p), so that a(t) := ρ(p). Clearly, ρ = a ◦ π .
In addition, dρ = (a′

◦ π)dπ = (a′
◦ π)εη = ερ̃η, and therefore ρ̃ = a′

◦ π . Similarly, a′′
◦ π = ρ̄. Now, we just need to

resort to Theorem 1. �

6. An application to horizons in RW 4-spacetimes

In General Relativity, an oriented, spacelike, 2-dimensional surface M̃2 in a 4-dimensional time-oriented spacetime
admits two lightlike normal vector fields, one inward and one outward. The traces of the associated shape operators are called
the inner and outer expansions of M̃2. Then, the surface M̃ is known as aMarginally Trapped Outer Surface (MOTS) when the
outward expansion identically vanish. In fact, the original definition asked the surface to be compact andwithout boundary,
but it seems that these topological conditions are too restrictive, so many authors do not consider them. In addition, the
mean curvature vector H⃗ of M̃ in the ambient space satisfies the more general condition ⟨H⃗, H⃗⟩ = 0. Then, we will focus
on it.

We put ε4 = ±1 and either ε = −1, ε0 = c = ±1, or ε0 = 1, c = 0. Also, consider smooth functions a : I ⊂ R →

R+, T4 : M → R and π : M → I . We construct the vector field T ∈ X(M) by T = −grad(π), with its 1-form η(X) = ⟨X, T ⟩.
Also, consider a tensor A of type (1, 1) onM . We assume the above data satisfy the structure conditions of Definition 1. Given
the simply connected Riemannian 3-dimensional space M3(c) of constant sectional curvature c ∈ {−1, 0, 1}, we construct
thewell-known Robertson–Walker space–time as (P̄4

= I×M3(c), ⟨, ⟩1 = −dt2+a2go), hence a special case of thewarped
products considered in this paper. From Theorem 1, we get immediately the following

Corollary 2. Let (M, ⟨, ⟩) a semi-Riemannian manifold of dimM = 3, satisfying the previous conditions. Then, for each point
p ∈ M, there exists a neighborhood U of p on M, a metric immersion χ : (U, ⟨, ⟩) → (P̄4, ⟨, ⟩1) and a normal unit vector field
e4 along χ such that ε4 = ⟨e4, e4⟩1, A is the shape operator associated with the immersion, T is the projection of ∂t on TM and
πI ◦ χ = π , where πI : I × M3(c) → I is the projection.

In addition, if T ≠ 0 everywhere, the family {χ(U) ∩ π−1
{t} : t ∈ R} provides a foliation of χ(U) by space-like surfaces.

Next, let L be one of the leafs of U. Let σ be its second fundamental form in P̄4. Clearly, T⊥L = Span{T, e4}, where
T = T/

√
|⟨T , T ⟩|. We take εT = sign(⟨T , T ⟩). Since the leaves are spacelike and ⟨e4, e4⟩ = ε4 = ±1 is constant, εT = ±1 is

constant, with ε4εT = −1. Then, for any X, Y ∈ TL,

σ(X, Y ) = εT ⟨∇XY , T⟩T + ε4⟨∇XY , e4⟩e4 =
−1

⟨T , T ⟩
⟨Y , ∇XT ⟩T + ε4⟨Y , AX⟩e4.

Given a local orthonormal frame {u1, u2} of L, its mean curvature vector H⃗ is

2H⃗ =


i

σ(ui, ui) =


i


−1

⟨T , T ⟩
⟨ui, ∇uiT ⟩T + ε4⟨ui, Aui⟩e4


=

−1
⟨T , T ⟩


i


ui,

a′

a
ui + ε4T4Aui


T + ε4


trace(A) −

⟨AT , T ⟩

⟨T , T ⟩


e4

=
−1

⟨T , T ⟩


2
a′

a
+ ε4T4


trace(A) −

⟨AT , T ⟩

⟨T , T ⟩


T + ε4


trace(A) −

⟨AT , T ⟩

⟨T , T ⟩


e4.

We put h = trace(A) − ⟨AT , T ⟩/⟨T , T ⟩. As a result, we obtain 4⟨H⃗, H⃗⟩ =

2a′/a + ε4T4h

2
/⟨T , T ⟩ + ε4h2. Then H⃗ is

null if, and only if, −ε4h2
=

2a′/a + ε4T4h

2
/⟨T , T ⟩ =


4(a′)2/a2 + T 2

4 h
2

+ 4ε4a′T4h/a

/⟨T , T ⟩, which is equivalent

to h2
−4a′T4h/a−4ε4(a′)2/a2 = 0. Since εTε4 = −1, we see that−ε4⟨T , T ⟩ > 0, and so, by solving this equation, we obtain

the following
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Corollary 3. The leaves of ker η satisfy ⟨H⃗, H⃗⟩ = 0 in −I ×a M3(c) if, and only if, the immersion χ : M → −I ×a M3(c)
satisfies the following equality:

trace(A) −
⟨AT , T ⟩

⟨T , T ⟩
=

2a′T4
a

± 2εT

a′

a

|⟨T , T ⟩|.
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