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1. Introduction

Given an immersed hypersurface in a spacetime, the Einstein equations satisfied on the ambient space impose rela-
tionships on the extrinsic and intrinsic curvatures, the so-called constraint equations. In this sense, Y. Choquet-Bruhat and
R. Geroch obtained one of the main results in General Relativity, namely, if a Riemannian 3-manifold equipped with a given
(2, 0)-tensor K satisfies the constraint equations, then it can be embedded as a Cauchy hypersurface in a unique maximal
4-dimensional globally hyperbolic Lorentzian manifold whose Riemann tensor is trace-free, in such a way that the given
tensor K is its second fundamental form (see [1]). This is the so-called Cauchy problem.

In addition, this can be seen as constructing solutions to Einstein’s equation, for which there are four well established
techniques, namely

1. a spacelike Cauchy problem,

2. a boundary-initial value problem,

3. acharacteristic Cauchy problem on two transverse hypersurfaces, or
4. a characteristic Cauchy problem on the light-cone.

* Corresponding author. Tel.: +34 958 243282; fax: +34 958 243281.
E-mail addresses: mlawn@math.utexas.edu (M.-A. Lawn), miortega@ugr.es (M. Ortega).

http://dx.doi.org/10.1016/j.geomphys.2015.01.002
0393-0440/© 2015 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.geomphys.2015.01.002
http://www.elsevier.com/locate/jgp
http://www.elsevier.com/locate/jgp
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2015.01.002&domain=pdf
mailto:mlawn@math.utexas.edu
mailto:miortega@ugr.es
http://dx.doi.org/10.1016/j.geomphys.2015.01.002

56 M.-A. Lawn, M. Ortega / Journal of Geometry and Physics 90 (2015) 55-70

(See [2] and references therein.) These techniques can be regarded as particular cases of a more general, very interesting
problem of Submanifold Theory, namely, to determine when a (semi-)Riemannian manifold (M", g) can be immersed into
a (semi-)Riemannian manifold (M™*?, g). This problem is two-fold, depending on what you fix. On one hand, the target
is to find in which ambient space can be immersed a specific manifold. This is the case of the above mentioned ones, like
the Cauchy Problem. On the other hand, it is also possible to set the ambient space and try to find necessary and sufficient
conditions for the existence of submanifolds with certain properties, known as Fundamental Theorems. In either case, the
GaulR, Ricci and Codazzi equations must be satisfied by any submanifold, and their rule consists of relating the intrinsic
and extrinsic curvatures. In fact, the classical Fundamental Theorem of Submanifolds states that they are necessary and
sufficient conditions for a semi-Riemannian n-dimensional manifold to admit a (local) immersion into spaces of constant
sectional curvature of dimension n + d. If the ambient space is not of constant sectional curvature, proving fundamental
theorems is technically difficult and there are only few other results known by the authors. For instance, B. Daniel obtained
in [3] a fundamental theorem for hypersurfaces in the Riemannian products S" x R and H" x R, looking for tools to work
with minimal surfaces in such manifolds when n = 2. ]. Roth generalized B. Daniel’s theorem to spacelike hypersurfaces in
some Lorentzian products (see [4] and also [5,6] or [7] for related works). It is also worth pointing out that this geometric
framework has been studied by discussing the causal character of the submanifold, namely timelike, lightlike, or spacelike.
However, in a recent work, M. Mars showed a common formulation for all causal characters (see [8]). In addition, the
classical moving frame technique by E. Cartan allows to construct immersions from a smooth manifold into a Lie group with
associated Lie algebra g, if and only if, there exists a g-valuated 1-form satisfying the so-called Maurer-Cartan equation.
Sometimes, the Maurer-Cartan equation holds due to the structure equations (see for instance [9,6]).

Now, we recall that the spaces of constant sectional curvature are examples of Einstein manifolds, i.e., manifolds for
which the metric is a solution to the vacuum Einstein field equations (with cosmological constant). In order to get a deeper
understanding of the global characteristics of the universe including its topology, a generalization of Einstein manifolds is
needed, especially to the non-vacuum case. First generalizations are quasi-Einstein manifold. Examples of such manifolds
include Robertson-Walker-spaces, which play an important role in standard models of cosmology and arise as solutions of
the non-vacuum Einstein equations. Geometrically speaking, they are special cases of semi-Riemannian warped products.

Our main result in this paper is a fundamental theorem for non-degenerate hypersurfaces in a family of semi-Riemannian
warped products ¢ x,Mj(c), where ¢ = £1,a : | C R — R™ is the scale factor and Mj(c) is the semi-Riemannian
space form of index k and constant curvature ¢ € {1, 0, —1}. In this way, this allows to study existence problems of
spacelike and timelike hypersurfaces in this family of warped products. As a particular case, we are describing a way to study
3-dimensional spacelike or timelike surfaces in 4-dimensional Robertson-Walker spacetimes. Thus, we are not following
M. Mars’ approach, and thus we are discarding the timelike case. Since our computations are made for any dimension, they
might also allow to study surfaces in toy-models or supergravities, but this has to be explored.

For a hypersurface M in 1 x4 Mj/(c), the vector field d; (t € I) decomposes in its tangent and normal parts, i.e.,
o = T 4 epy1Th16n+1 Where e, is a (local) normal unit vector field, e,.1 = =1 shows its causal character and T,
is the corresponding coordinate. It turns out that the Gauss and Codazzi equations depend not only on the shape opera-
tor A, but also on the vector field T and on the warping function a, as well as on the function T,,; ;. Recall that the Ricci
equation provides no information for hypersurfaces (i.e., codimension 1). Moreover, in order to construct the immersion, a
third equation is needed, namely the covariant derivative of T, which cannot be obtained from Gaufs and Codazzi equations.
Based on these three necessary conditions, we state in Definition 1 all needed tools. Theorem 1 states the necessary and
sufficient conditions for the existence of a (local) metric immersion y : U C M — &1 x4 Mj(c). Technically, we are us-
ing the previously mentioned technique of moving frames. As an application, in Corollaries 2 and 3, we obtain conditions
for such a 3-dimensional hypersurface to be foliated by surfaces whose mean curvature vector is either lightlike or zero,
in Robertson-Walker spacetimes. In this way, we are including surfaces with vanishing mean curvature vector, MOTS and
mixed cases. This can be helpful for the study of horizons on Robertson-Walker spacetimes with spacelike or timelike causal
character, including Marginally Outer Trapped Tubes.

2. Preliminaries

Let (P, gp) be a semi-Riemannian manifold of dimension dim P = m. All our manifolds will be connected and of class
C®, unless otherwise stated. We consider a smooth functiona : I C R — R¥, a(sign) constant ¢ = £1 and the warped
product

P = ¢l x,P, (,) = edt? + a®(t)gp.

Clearly, the unit vector field 3/8t = 9, will play a crucial role on the manifold P"*'. We set our convention for the curvature
operator R of a connection D as

RX,Y)Z = DyDyZ — DyDxZ — Dix.yiZ.

Let Rp and Rp be the curvature operator of P"*! and P, respectively. Since there is no confusion, we will use the same notation
for the associated curvature tensors along the paper. Let D be the Levi-Civita connection of P"*!, We recall the following
formulae, which can be checked in [10], bearing in mind the change of sign.
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Lemma 1 (Cf. [10]). On the semi-Riemannian manifold P"*", the following statements hold, for any V, W lifts of vector fields
tangent to P:

1. Dy 8 = 0,Dyd; = LV,
2. grad(a) = £d'9,.
3. DyW = ViW — £V, W)d,.
4. Re(V, 3)3 = =SV, Re (3, VIW = —e£(V, W), Rp(V, W), = 0.
Now, let M be a non-degenerate hypersurface of P™*1, with V* its Levi-Civita connection, o the second fundamental

form and R, the curvature operator of .M, respectively. Given a (local) unit normal vector field v of M in P™!, with
8 = (v, v) = %1, let A be the shape operator associated with v. The Gaull and Weingarten’s formulae are

DyY = VY +0(X,Y), Dyv=—AX,
for any X, Y € T.M. The second fundamental form can be written as
o(X,Y) =8(AX,Y)y, foranyX,Y € TM.

Recall that the mean curvature vector of M is defined by

H=

dim0 O

Next, the Codazzi equation of M takes the general form (Rp (X, Y)Z)* = (Dxo)(Y, Z) — (Dyo)(X, Z), forany X, Y, Z tangent
to M, equivalently,
Re(X,Y,Z,v) = (VA — (VHAX, Z), (1)
forany X, Y, Z € TM. Further, the general GauRl equation is given by
I_?p(X, Y, Z,W) =RyX,Y,Z,W) —(a(Y,Z),c X, W)) + (o (Y, W), 0(X, Z))
=RyX,Y,Z,W) — §{AY, Z)(AX, W) 4 §{AY, W)(AX, Z), (2)

with X, Y, Z, W tangent to M.
We also need to set the standard Euclidean semi-Riemannian space of dimension [ + 1 > 3 and index k, Bt = E*!
with its metric

I+1

I—k
g = deiz — Z dxiz.
i=0

i=l—k+1

Following the previous notation, we construct P2 = g1 x JET Let R be the curvature tensor of P"+2. The following result
can be found in [10].

Proposition 1. Let X, Y, Z, W € I'(TP"2),

/\2
Rx.v.zow) = o9 (.2 w) - (v 2% )
a
a// (a/)z
+ (— - —2) (6,207, 80 W, 8) = (V. 2) (X, 0) (W, )
a a

— (X, WY, 80)(Z, 3¢) + (Y, WX, 3:)(Z, 3:))-

Let M (c) be the semi-Riemannian space form of constant sectional curvature ¢ € {0, 1, —1} and index k, with metric g.
We put

B — {RZH, if M (c) =S}, ¢ = +1,

R ifMY(c) = H], ¢ = —1,

k+1>° k>

with its standard pseudo-Riemannian flat metric g, and Levi-Civita connection V°. We are considering S} and Hy,
respectively, as one of the connected components of

S CipeE™ ig,(p,p)=+1), HIC{peE": g p)=—1}.

Next, we construct P"t1 = g1 x, M (c), with metric (, ). We denote by R the curvature operator of & I x, M (c).
For a moment, we assume ¢ 7# 0. From the usual totally umbilical embedding & : M} (c) — E™!, we construct the
following isometric embedding

E : (81 XHMZ(C)! <» )) - (‘91 XaEn+]7 (! )2)7 (t7 p) = (t’ E(p))
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In the sequel, for the sake of simplicity, we will also use the notation (, ), = {(, ). Let V and V be the Levi-Civita con-
nectionon el x,E™ ' and el x, M (c), respectively. It is well-known that £ = & /c is a unit normal vector field satisfying

Vg€ = X/c forany X tangent to TpMﬂ (c). Thus, we can consider the normal vector field of £ : eI x, Mj(c) = €l X, E"!as
eo(t,p) = (0,&(p)/a(t)) = (O,p/(c a(t))), forany(t, p) € eI x,Mj(c). We also set &g = (eg, e9) = 1. Since M (c) lies

naturally in E™*', the normal vector field & satisfies g,(£, £) = c. In addition, &y = (eg, €9} = ((0, p/(ac)), (0, p/(ac))) =
a’g,(p, p)/(a*c?) = c.In this way, by Lemma 1,

—¥,,(0,8) = —

VB[ €y =

=0.

Moreover, if (0,Z) L eg, thenZ L &, so that
< 15 ((0,2), (0,%)) 1
Vomeo = V02 0.8) = - (v — ‘220D graaa) = —0,2)
a ac
This means that the Weingarten operator S associated with ey is
-1 _
SY = —(Y — (Y, 8,)d,), foranyY e TP™!.
ac
Now, we let ¢ = 0. We consider a totally geodesic embedding & : E; — IE”+l and we make the corresponding totally

geodesic embedding £ as in the cases ¢ = %1, with a unit spacelike normal vector field is eo. Thus, S = 0. Therefore, it
makes sense to let c take the values {0, 1, —1}, and then

Sy = %C(Y —&(Y, )9, foranyY e TP"". (3)

Proposition 2. The curvature tensor of P™' = ¢ x, M (c) is

@?*

RX.Y.Z.W) = <s > a2> (.20 w) = (V.2 06, W)

a’ (a )2
+t\———+ ((X Z)(Y, 0:)(W, 8r) — (Y, Z)(X, 9 )(W, 0;)
( a a? az)

— (WY, 0(Z, 80) + (Y, W) (X, 0)(Z, 30 ), (4)
forany X,Y,Z, W in TP"*1,
Proof. For ¢ # 0, we recall &y = ¢, and we just need to resort to (2), Proposition 1 and (3). Forc = 0, e I x4, M (c) is totally

geodesic in el x4 E"!, so that the formula trivially holds sincec = 0. O

3. Hypersurfaces

Let M", n > 2, be an immersed, non-degenerate hypersurface in P"t!. Let V be the Levi-Civita connections on M. Let
en+1 be a (locally defined) normal unit vector field to M, with &,,1 = (ey+1, ent1) = £1. Along M, the vector field 9; can be
decomposed in its tangent and normal parts, i.e.,

0 =T+ fen1,

where T is tangent to M and f = €,,11(0;, en+1). We also define the 1-form on M given by n(X) = (X, T),forany X € I"(TM).
Given a tangent vector X to M, we again decompose it in the part tangent to {t} x Mj/(c) and its component in the direction
of 3 as X = X + xd,. Similarly, eni1 = eny1 + No;.

Lemma 2. Under the previous conditions,

1 oen = {en1, 30 = enyif, ex = (X, 8) = (X, T).
2. (X, enq1) = —eenif (X, T),

Proof. From e, ; = €,y1 + nd;, it is immediate that en = (o, en+1) = gp1f. Further, (X, 0¢) = (X, T + fepr1) = (X, T) =
(X + X0, ) = ex. Next, 0 = (X, ey41) = (X €ny1) +XNE = (X 1) +eenif(X,T). O
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Let A be the shape operator of M associated with e, 1. By using (2), Proposition 2 and Lemma 2, we can prove:

Proposition 3. The curvature tensor R of M in el xq Mj(c) is

@? ¢
RX.Y.Z,W) = (e—z ~ —2> (.20 w) = V.20, W)
a a

+ (% = (‘Zl—z)z + %) (%200, 1YW, T) = v, 20X, TYW, T)

— (X, WYY, TYZ, T) + (Y, W)X, T)(Z, T)) + 8n+1((AY, Z)(AX, W) — (AY, W) (AX, z>),
forany X, Y,Z, W € TM.
Proposition 4. The Codazzi equation of M in eI x, M} (c) is given by

a’ (a/)z ec
(VRAY = (VX = eniaf (= = < + ) (. TIX = (X, ), (5)
a a a
forany X, Y tangent to M.

Proof. By (1), we have to compute R(X, Y, Z, e,41) for any tangent vectors X, Y, Z to M. To do so, we recall Proposition 2.
Thus,

_ (a/)Z c
RX.Y.Z. enyr) = (5 - —2> (.20 enr) = (¥, 20X, ene)
a a

a// a/z ec
+( @,

7 - =z a7> ((X,ZHY, Oc){ent1, ) — (Y, Z)(X, O¢){ent1, Or)
— (X, enp1)(Y, 3){Z, 0¢) + (Y, ent1)(X, 9 )(Z, 3r))

ec

" 7\2
- (% - (‘:12) + ;) (v.1)x.2) — X, T)(v. 2) ).

This yields the result. O

Lemma 3. The following equations hold for any X tangent to M:

1. Vxd = (X — (X, T)3y).

2. WT = £(X — (X, T)T) + fAX.

3. X(f) = —en1 (AT, X) — Se(X, T)f.

Proof. First, we recall that X = X + en(X)d,. Therefore, Vxd, = V39, = %’f( = %(X — &(X, T)d;). Next, we compute
ViT = Vx (@ —fent1) = Vxd: =X (Fent1 = Vxenyr = L X —&(X, T)3) =X (Fens1+AX = L X — (X, T)(T +fen1)) —

X(f)epr1 +fAX = %/(X —eX,T)T) — %“/(X, T)ent1)) — X(f)enr1 + fAX. Now, each equation is just the tangential and the
normal part of VxT = VxT + e,41(AX, Theppy. O

4. Moving frames

Elie Cartan developed the moving frame technique. Definitions, basic results and some other details can be found in
[9, p. 18]. We will use the following convention on the ranges of indices, unless mentioned otherwise:

1<i,j,kl<n; 1<u,v,w,...<n+1; 0<a,B,y,...<n+1.
We recall that M is a hypersurface of P"*!, hence n = dim M. Consider a local orthonormal frame (€0, €1, ..., €n, ny1)
defined on an open subset U of M, such that ey, ..., e, are tangent to M and e, is normal to M in P"™*!, with g, =
(e, ) = E1. We define the matrix G = (g48up). Let (wo, ..., ws41) be the dual basis of ey, i.e. wy(eg) = up, where
orltm = 0,1 € {0, n 4 1}. The dual 1-forms w, can be obtained as w, (X) = &4 (€4, X).
Given (Eg, ..., E;) a parallel orthonormal frame of E"*', we construct (Eq, ..., Eny1) = (Eo/a, ..., Ex/a, 3;), which is
an orthonormal frame of I x,E"", If necessary, we reorder the basis (E, . . ., En1) to obtain (Ey, Eq) = &4, Enp1 = ;.

fot, we geﬁne the functions Byp = (Eq, €g) and the matrix B = (Byp). With them we compute ), &,B.4Bup = >, 4
(Euseq) (Ey,ep) = (eq, €8) = €48qp. This equation reduces to B'GB = G, which implies B~' = GB'G, where B’ is the trans-
pose of Band B~! = (B*#). Next, from the fact that B'=GB = G, we recall the Lie group {Z € M,»(R)|Z'GZ = G, detZ = 1},
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where M, 15 (R) is the usual set of all matrices of order (n + 2) x (n+ 2). For simplicity, we call S the connected component
containing the identity matrix,

Iy €S C{Z € Mppa(R)Z'GZ =G, detZ = 1}.

In addition, s = {H € Mu,»(R)|H'G + GH = 0} is the Lie algebra associated with S. As usual, we identify the tangent space
of S at the identity matrix with s. Next, we point out that we have constructed a map B : U — S, and therefore, we imme-
diately obtain the s-valued 1-form B~'dB. We explain this notion a little. Given a smooth manifold M of dimension n, A (M)
is the set of all 1-forms defined on M. Then, we introduce the set s(A'(M)) of all matrices 7" or order (n + 2) x (n + 2)
whose entries are 1-forms defined on M, and satisfying the equation 7¢G + GY" = 0. In other words, s(A'(M)) is the set
of the so-called s-valued 1-forms on M. In particular, B~'dB € s(A'(U)). As a remark, given matrices Z € M,,,(R) and
T € s(A'(M)), it makes sense to compute Z7Y".
Let us now define the connection 1-forms £2 = (wup),

Wap(X) = &q(eq, %}(eﬂ), forany X € TU,

or equivalently wg, = —&,€gwgg. This means 2 € s(A1(W)). In particular,
Ve = Zwkiek; 6eu = Zwvuevs Ve, = Zwyaey, (6)
k v y

We now define the 1-form n(X) = (T, X) and functions Ty = (ex, T), Toy1 = €n1f and Ty = 0. Clearly, >, Tk = 1.
Obviously, we can recover the vectors eg = Zy &yB, ﬂfy. Consequently, by (6),

Vea eg = Z wup (ea)e/l. = Z &y (Z @up (eot)Byu)Ey
%

m ¥
=V, (Z swagEy> = Z &,dB,5(eq)E, + Z syeuBWByﬁ%gMEy.
v v 1wy

By now, we just care for the last summand. In these particular computations, we take y, u # n + 1, obtaining

VEn+1En+1 = Vy 0 =0, VEMEHJH = EVEM 0 = EE”’
" _ ad " / ad
Ep By = aﬁEV + —VuE, = _azEV + aﬁEy =0

- ~ 1 (E,,E,) €,8,, €0
Vi E, = a—VEuEy = a—VgﬂEy - “Tygrad(a) =G,

Consequently, by the fact that the terms for 4 = n + 1 vanish, now y, © < n + 1, we have

Ve, €5 — ZSVdBVﬂ (€a)Ey = ZSV‘EMBMQBVﬁVEMEV

v wy
= Z &y €uBuaByp Vi, Ey + Z en1€uBuaBni1p Vg, Ent
w,y<n+1 n<n+1
Eny1d _ ed —
=== > euBuaBuiipEy — — > &yByaBysEni1.

n<n+1 y<n+1

By comparing coordinates, we get fory =n+ 1

a/
D Buriu@upea) = dBriiplen) — — Y &,ByuByp (7)
w a y<n+l

andfory =0,...,n,

ed

> Brueoup(ea) = dByp(e) + —ByuBni1p. (8)
I

Since Buy = ), Buywy (er), we get for Eq. (7), 3, But1u@up — dBnt1p = —C 22, D, cnir EuBupBuywy = =5 22, L eu

BBy, +6% Zy Bnt1gBnt1,,, and for Eq. (8), Zu By wup =dB,g + == > BuyigBycw,, foranyy =0,...,n4 1.

Summing up, forall y = «

/

B = dB, 78 /B B — —&g6
E w + E w wag.
apnPup of n+1p8 - ay Py BOan+1WB
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Moreover, we have ) B*§,0epwp = Bsgwp = epeqeBogwp, thatis, wep = >, B*dB,g + STG/(BrH,lﬁwa — e88¢Bni1a
wp). Finally, we obtain

B ed
2 —X=B"dB, Xop = 7()E;,Hwa)a - eﬁsa3n+1awﬁ). (9)

We point out that B 114 = (Ent1, €} = (3, €q) = T,.
5. Main theorem

Let (M, (, )) be a semi-Riemannian manifold with its Levi-Civita connection V, its Riemann tensor R. We choose numbers
£,80,&n+1 € {—1,1}and c € {—1,0, 1} such that either c = &g # 0,0or c = 0 and &, = 1. Consider smooth functions
a:ICR— R", T,y1: M — Rand 7 : M — 1. We construct the vector field T € X(M) by T = ¢ grad(rr), with its 1-form
n(X) = (X, T). Also, let A be a tensor of type (1, 1) on M.

Definition 1. Under the previous conditions, we will say that M satisfies the structure conditions if the following conditions
hold:

(A) Ais {, )-self adjoint;

(B) e = (T, T) + ens1Toy;

(C) VxT = 222X — en(X)T) + ent1Tar1AX, for any X € T™;

(D) X(Tps1) = — (AT, X) — £%2Z T, 1n(X), for any X € TM;

aoi

(E) Codazzi equation: for any X, Y € TM, it holds
(VxA)Y — (VyA)X = Tor1 b (n(V)X — n(X)Y),

a’om (dom)? ec

T don "~ (aom)? | (aom)?’
(F) Gaufs equation: for any X, Y,Z, W € TM, it holds
(@ om)? c
(@om)? (aom)?

RX.Y.Z,W) = (s > ((x,zw, W) — (Y, Z)(X, W))

+b<(X,Z)n(Y)77(W) — (Y, Z)nX)n(W) — (X, W)n(Y)n(2)

+ (Y, WIn(On(@)) + s ((AY. Z)(AX, W) — (AY, W) (AX, Z).

We recall the warped product (P"™*! = x MZ(c), (, )1 = edt? + a?g,).

Theorem 1. Let (M, (, )) a semi-Riemannian manifold satisfying the structure conditions. Then, for each point p € M, there
exists a neighborhood U of p on M, a metric immersion x : (U, (,)) — (P, (,)1) and a normal unit vector field e, along
X such that:

1. enr1 = (€nt1, €nt1)1;

2. mo x =m,wherem; : el x,Mj(c) — Iis the projection;

3. The shape operator associated with e, 1 is A;

4. (E) is the Codazzi equation, and (F) is the Gauf$ equation,

5. and along y, it holds 0; = T + ept1Thr1€n+1-

Proof. Given a point x € M, around it we consider a local orthonormal frame {eq, ..., e;} on M, with their signs ¢; =
g(e;, e;)) = *£1, and its corresponding dual basis of 1-forms {w1, ..., w,}. We point out that an alternative definition for

these 1-forms is w;(X) = ¢;i(e;, X), for any X € TM. We also need to define w,.1; = @y = 0. With the help of the tensor
SY = —c(Y — en(Y)T)/a, forany Y € TM, we construct the following 1-forms

wii(X) = &ile;, Vxey), win1(X) = —¢;{e;, AX),

E€ny1C
wio(X) = —eilei, SX), Oni10 = = Tay1n,  ®op = —EaEpWEa, (10)
forany X € TM, known as the connection 1-forms. In this way, we consider the s-valued matrix £2 = (wqp). As a consequence,
we get Ve; = Y, wyiex. Now, we define the functions T; = n(e;), i € {1, ..., n}, T = 0. We point out that by condition (B),

we have ¢ = Zy sny. Next, we also construct the matrices X = (Xop) and 1" as

ed
Xop = T(Tﬂwa —eeepTowp), T =82 -X (11)
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A simple computation shows

dY + T AY =d2 —dX+ Q2 N2 -2 AX-XA2+XAX

Thus, our target consists of proving that the second half of this equality vanishes. Since the computation is rather lengthy,
we will split it in some lemmata.

Lemma4. dn = 0.
Proof. Since T = ¢ grad(ir), we obtain that = edm. Therefore,dn = 0. O

We define the matrices @ = (w,) and I' = (I,p) = d2 + 2 A £2.

Lemmas. do = —Q2 AN@, Iup = —€u€81 Bas
(a/)z a’ (a/)Z
L= 5£ja—za)j ANwj—|— — 2 (Tjwi - aiajTia)j) AT,

a// (a/)z
Ting1 = n+1(* - 72)7} ANwi, Typ=0.
a a
Proof. Given X, Y € TM, since w,+1 = wy = 0, we have
doi(X,Y) = X(wi(Y)) — Y(i(X)) — ax([X, Y])
&i(Vxe:, Y) + &ife;, VxY) — &i(Vye;, X) — &ifei, VvX) — &ife;, [X, Y])
ey oi(X)e, Y) — & Yy oi(V){en X) = =Y oy Aoy (X, V).
k k Y

On the other hand, by (10),

Y ony A, Y) =Y onpie AoeX, V) =Y (ensr (e AX)ei(er, Y)
v k k

— eny1(ew AY)er(er, X)) = enpa (Y, AX) — (X, AY)) = 0 = —dwp 1 (X, Y).

We recall that whenever ¢ # 0, then ¢ = &y. Then,

Z(,()OV /\(,!)V(X, Y) = Zwok /\C()k(x, Y)
v

k
= g >~ (=eol(ers X) = eTan@0)r(¥) + eo(ex. Y) — eTin()) (X))
k

ce
- TO(_(Y’X) +en)nX) + (X, Y) — En(X)n(Y)) — 0= —dao(X,Y).
Now, given X, Y € TM, we make the computation dw;(X, Y) = X(w;i(Y)) — Y(wij(X)) — w;i([X, Y]) = &iX({ei, Vye;)) — &Y
((ei, Vxej)) — eilei, Vix.viej) = ei(Vxei, Vvej) — ei(Vyei, Vxej) + &iR(X, Y, e, e;). Next, by Eq. (6), (Vxei, Vye)) = 3, ex
X (Y) = =3, sior(X)wii(Y). Therefore, we obtain dwi(X, Y) = — >, wi A w(X, Y) — &iR(X, Y, e;, ¢)), which
implies
do(X, Y) + Y i A wy(X, Y)
Y

= wig AN woj(X, Y) + @ing1 A opy1 (X, Y) + &RX, Y, €, €)
= —¢gi&o(ej, SX) <€j, SY) + eigp e, SY) <€j, SX) — eignt1(ei, AX) <€j, AY)

@a? ¢
+eienn (e AY) (6 AX) + &1 (= — ) ((X. ) (Y. @) = (Y. ) (X. &)

1 2
(5 O 5 (i emrmen — (Y, epnixomten
— (X, en()n(e) + (Y, en(Xm(en) + ensr ((AY, ) (AX, &) = (AY, ) (AX. &)} ) )

(a/)z a’ (a/)z
= 68]‘760]' A CU,‘(X, Y) — (z — 7)(’1}&), — SiSjTiC()j) A U(X, Y)
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Next, given X, Y € TM, we compute
dwin1(X, Y) = X(wint1(Y)) — Y(@int1(X)) — o1 ([X, Y])

—&i(Vxej, AY) + i(Vye;, AX) + gi(ei, (VyA)X — (VxA)Y)

—&i Y (X (e, AY) + & Y oY) (er, AX) + ifes, (VyAX — (VxA)Y)
k k

a// (a/)z
= — Zwiy AN wyn+1(x, Y) + Tn+1<? — 7)7) A CU,(Y,X)
14

Moreover, dwio (X, Y) = X(wio(Y)) — Y(wio(X)) — wio([X, Y1) = &((Vyei, SX) — (Vxei, SY) — (e, (VyS)X — (VxS)Y)). On
one hand, for any U € X(M), it holds Vy (—U/a) = ea'n(Y)U/(a®) — (VyU)/a, so that we can see

(VyS)X — (VxS)Y = VySX — SVyX — VySY + SVxY

(X = n00Y) + i(n(xwyr - n(v)vxT)
a ac

L () 00AY — n(AX).

By using this, we obtain

€€n+1CTh 1
gidwio(X,Y) = (Vye;, SX) — (Vxe;, SY) + f(eiv n(X)AY — n(Y)AX)

n Tfl
Y (@(Y) ek, SX) — @ (X) (e, SY)) + ZmHErel *‘ac L fer, nOAY — n(Y)AX)
k

= —¢g Z iy N wyo(X,Y) + &iwing1 A wng1,0X, Y)

Y
eieena1CT,
- T A o (X, Y) = =i ) 0 A wyo(X, V).
a Y
Next, we easily see dwp1.0 = —€€ny1(c/a) dTp1 A n. This implies
£€n11C &E€n+1C
doni10(X. ¥) = =Ty AN Y) = =2 (X(Tu)n(¥) = Y (T (X))

= en1 ) en((AX, @) (SY, &) — (AY, e) (S, e))
k

- an+lk /\ka(X7 Y)=— an+ly N a)yO(X7 Y) g
k 14

Lemma 6. dX,s = c4£dXpa, dXuo =0,

a’a — 2(a')? ed
dXU- = 702 nA (Tja)i — 8,—8]-T,-wj) + ? (Tjdw,- — 8,‘8jT,‘dwj)
ad 2 ed
+ 288j <g) wj N\ w; + 7 Z T, (a)uj N W — Ei€jwyi N a)j>,
u
d'a — 2(0/)2

ed
dXini1 = 5 Tirin A wj + — (Z Tkwrnr1 A @i + Tn+1dwi)-
a a \<
Proof. Since X,p = —&,&8Xgq, We trivially have dX, g = —&,£5dXg,. Next,
ga/ !

ea
d =d<— Tswy — €q€pTqw )= e(—)a)/\Ta)a—sas T,w
Xap . (Ts sTawp) Zk:ka kA (Tg pTawp)

ed
+ 7<dTﬁ N Wy + Tﬂdwa — SaEﬁdTa Nwg — saeﬁTadwﬁ>
a

a//a _ (a/)z 6(1/
= Tn A (Tﬁwa - 80,65Taa)ﬂ) + T(dTﬂ N wy + Tﬁdwa - SQSﬂdTa N wg — Saé‘ﬂTD,dwﬂ).
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For 8 = 0and any u > 0, since To = 0 and wy = 0, then dX,0 = 0.For 8 =n+ landi < n+ 1, since w,; = 0, we have

a’a — (a/)z ed
dXiny1 = TTnH'] A wi + Pl (dTn+1 A wi + Tn+1d60i)~
By condition (C), and the fact T = ), eiTiex, we see dT,11(X) = —(AX,T) — e%/Tan(X) = —> eTiler, AX) —
eTpi1 gn(X), and then dTyi 1 (X) = ) Tkwkn+1(X) — €Tny1 G0 (X). With this,
a//a _ (a/)Z sa’ a/
dXiny1 = ——5—Tpn A oi + *(Z Tkwgni1 A @ — e—Tppn A w; + Tn+1dwi)
a a \4 a
a//a _ Z(Cl/)z

ed
= TTHW N wi + 7( E Tywini1 A wi + Tn+1dwi)~
k

_ a//a_(a/)Z

Next, for o = iand B = j, we have dX;; = a2 A (Tiw; — gig;Tiw;) + %"/ (de A w; + Tidw; — &ig;dT; A wj — siszida)j).

We need the following computation dTy = Y e;((T, ex)w = >, ((Ve, T, e) + (T, Veer))wy = Z,((%(el — eTT) +

ent1Tnr1Aer, €) + D wjk(ez)Tj)wz. which implies

a a
dTy = ggkwk - SETkn + Z Tywyk.
u

In this way, a straight forward computation yields

a’a — 2(a')? ed
dX,-j = TU AN (T]a)l — 818]T1wj) + 7(7}(160, — 8,’8]T,’dwj>

egid ed
+ Zij N wi + 7 Z Tu(a)uj N W — Ei&jwyi N\ (x)j) . O
u

Lemma 7.

/

2
a

XAX)ep = (—) ((T,ga)a — sasﬂTaa),g) AT —EEgWy N a)ﬂ).
a

Proof. We recall condition (B). Also, given X € TM, we have Zy Tyw, (X) = >, Tkwr(X) = n(X). Then,

/

a a
XAX)op = Z(% (Tywo — €atyTowy) A % (Tpewy — 8,,8,«;Tywﬁ))
v

a\’
= (E) Z(T},Tﬂwa ANwy, — eﬂsnywa ANwg — &48, Ty Tgw, A w,,
v

/

2
a
+ey8y€0€ToTyw, N wﬁ> (a) ((Tﬂwa — eas,gTawﬂ) AN — EEgwy N w,g). O

Now,weput® = 2 AX+ XA £2.

Lemma8. ®,p = —£464Ppa, Puo =0,

ed
Diny1 = 7(—Tn+ldwi + Z Tvwi A wkn-H),
k

/

ea
CDU = 7 (s,—sz,-dwj — Tjda),- + E T, (a),- A Wyj — EjEuwiy N a)j))
u

Proof. By construction, Xop = —&4€4Xge. This shows @,5 = —e,65Pg,. In general, we get
ed ed
Pap = — ) @ay A (Tpwy — epey Tywp) + Y - (Tywa — &y eaTawy) A wyp
v v
ed

— (Tpway A wy — €38, TyWay A @p + T,y @ A ©yp — 648, Towy A wyp) .
v

(12)

(13)

(14)
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By Lemma 5,
ed
Dop = 7(.90,8,3T0[da),3 — Tgdw, + Z(Tya)a ANwyg —epeyTywgy A wﬁ)).
¥
For the case « = i, 8 = n + 1, the result is immediate due to the fact w,,; = 0. For the case « = i, 8 = 0, since
wy = 0and Ty = 0, we begin by writing down ®;, = - ZV T, w; A w,o. However, by Condition (C), Zy Tyw,0(X) =
) T2

3 TiwinX) + Tnr1ons1,0X) = Y 2 (ei{er, X) — eeTin(X)) — eene1 ZLn(X) = (X, siler, T) (er, X) — (X &T)n(X) —
eeny1T2,11(X))/(ac), and hence

Y Tw,0(X) =0. (15)
Y

The case « = n + 1and 8 = 0 trivially vanishes due to w,11 = wo =0. O

Lemma9. dY + T AT =0.

Proof. This is equivalent to prove dX —d2 — Q2 A2 —XAX+X A2 + 2 AX = 0.The case « = u, 8 = 0is trivial. For
o =1, f =n+ 1, we compute
dX—dR2 -2 A2 —XAX+XARL+2ANX)int

a’a —2(a)? ed
= TTn+1'7 A w; + = (Z Tkwgn1 A @i + Tn+1dwi)
X

a// (a/)z 8(1,
— Thy1 (; e A wi + T(‘Tnﬁdwi + Z Tyw;i A wkn+1>
k

a\?
- (E) ((Tn+1wi - 8f8n+1Tiwn+1) AT — EEqp1W; A wn+1>
d'a — z(a/)z a’ (a/)z d 2
= TTn—Hn A i — Tpp T nAw — P (Tn+1wi) AN

=0.

A similar computation holds for the case « = i and f = j, but we have to use the previous Lemmata. Thus, we also obtain
@X—d2 - 2N —XAX+XAL+2AX);=0 O

We recall E"2 as in Section 2, with its standard flat pseudo-Riemannian metric. Now, it is clear that the maps : § —
S(E™2) = {X € E"2|(X,X)} = ens1}, Z = (Zut1.0s -+ > Znr1ns1)', is a submersion. Given a point x € M, we define the
set

Z(X) ={Z € S|Zni1p =Ty, B=0,....,n+1}.

Now, we prove the following

Lemma 10. Let (M, (, )) be a semi-Riemannian manifold satisfying the structure conditions. For each xo € M and By € Z(xo),
there exists a neighborhood U of Xo in M and a unique map B : U — S, such that B~'dB = 2 — X, By = B(xp), and B(x) € Z(x)
forall x € U. Also, in case c = 0, we can assume By, = §gq.

Proof. Given U be an open neighborhood of xo € M, we define the set
F={(x,2) € U xS|Z € Z(x)}.

Since the map s is a submersion, F is a submanifold of M x Swithdim & = n+ (n+1)(n+2)/2—(n+1)
Moreover, given (x,Z) € F,

TanF =1{(U,V) € LU T;S|Vyy1p = (dTp)x(U), B=0,...,n+1}.

nn+1)/2+n.

We recall the definition of s and s(A!(F)) in Section 4. Then, we introduce the s-valued 1-form ® = ¥ — Z7'dZ =
2 — X —Z7'dz, defined on ¥. In other words, given (U, V) € Ty 7 F, we have Oy 7, (U, V) = 2,(U) — X, (U) — Z7'V.
Needless to say, @ € s(A!(F)).

Next, we consider on ¥ the distribution ©(x, Z) = ker ® z), and we would like to see that dim® = n. To do so, we
choose any point (x, Z) € . Since S is a Lie group, the way to move from s to the tangent space at a given point Z € Sis by
using the left translation Lz, which satisfies (L), = L;. However, we will not use this notation to make the computations a
bit simpler. Now, we consider the associated space # = {H € s|(ZH)p4+18 =0, $ =0,...,n+1}.
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Next, it is clear that H € # if and only if H € ker(ds);,,,. But the map s is a submersion, hence dim(ker(ds);,,,) =

dim # = (n+ 1)n/2 We notice that (Z@),H,]fg = (Z.Q)nJr]ﬁ - (ZX),H,M; - (dZ)n+],3 = (Z.Q)n+1ﬁ — (ZX),-H,]ﬁ — dTﬁ
Consequently, by Eq. (12) and To = 0, we get

a a
ZO)pr1i = Zzn+1ywyk - Zzn+1y yk — 5ka)k + €ETk7) - ZTuwuk

= Z T, wy, — Z T,— Tkwy eyexTy a)k) - %skwk + S*TkT} Z Tuwyk

/

ea a a
a (Tkﬁ - ZsyekT T, a)k) Eeka)k + €ETI<’)

= — Z‘SV‘QkT T wi — €ka)k = 0
sincee = (T, T) + ep1T n+1 Similarly,

ZO)ni1ny1 = ZT Wy n+1 — ZT n+10)y 5y3n+1Tywn+l) —dTpyq

a/
= Z T,wy 1 — Tn+177 - ZTkwkn—H +eThy1—n =0,
a - a

and with Eq. (15), it is clear (Z®)p41,0 = Zy T, w,0 — Zy sTya/(Towy — sygoTywo)/a — dTy = 0. Hence, Im(®) C # =
ker(ds);,,. Now, given the space {(0, ZH)|H € #} C Txz)F,we have O 7 (0, ZH) = —Z~1(ZH) = —H, which means that
O(x,z) is a submersion unto #, and Im(®@) = #. Now, we get dimD(x, Z) = dimker Oy 7y = dim Ty 7)F — dimIm®Oy z
=n.

Next, we prove that ® is integrable. On one hand, since ® = ker® anddT + 7 A T = 0, we compute d® = dY +
Z7WZAZWdZ =dY + (T —O)A (X —O) = —-T AO —O AT + O A O. Therefore, given U,V € ©,dOU,V) =
u@eVv)-vEeW)—-e(Uu,V)=-6(U,V) =T A0 -0 AT +6 AO)U,V) =0,which implies [U, V] € D.

Next, let £ C ¥ be an integral manifold through (xo, Bo). For each (0, V) € D, 5y = Tp,oL, We have O, (V) =
BglV = 0, and hence V = 0, since By € S. This implies ®, g,y N [{0} x Tz,S] = {0}. In particular, by shrinking U if
necessary, J£ is the graph of a unique map B : U — S. Also, since £ C F, then for each x € U, B(x) € Z(x). Finally since
©® = 0 on £, B satisfies by definition B~1dB = £2 — X.

As a final remark for ¢ = 0, since wg, = Xoo = 0, we have (B~1dB)g, = 0. This means that we can assume By, = 8. O

Lemma 11. For ¢ = 0, given a point x € U and the matrix

. €0&1 €0én
C:Dzag(l, ,...,—,enﬂ),
aom aorm

there exists amap x : U — &l x,E"", such that dy = CBw, xo = 0, xnp1 = 7.

Proof. A simple computation shows dC = ”"“ Diag (0, €1, ..., &, 0)n. Now, given a point (x, (t, p)) € U x (I x E"), we
define the map

Aoy P iU @ Tepl x E' — R"™2
Aoy (Y, W) = —dEp.0(W) + GByaoy(Y).

In other words, we have the 1-form A = —d& + CBw € A'(U x (I x E"), R™?). By using dB = BS2 — BX and Lemma 5,
dA =dC ABw + CdBA @ + (Bdw = dC ABw — CBX A @.

Giveni € {1, ..., n}, since Cjp = Cjp+1 = 0, we compute

dA; = (dC ABw — CBX Aw)i = ) dCiy A Bapwp — Y CiyByaXap A wp

ap afy
88081(1 E0&i
= Z 7{1 51]7’] AN Bjﬁa)ﬁ — Z 4 5,]B]axa/3 N wg
iB apj

ggogid £08i ed
= — azl Z nn Blﬁa)ﬁ — p ! ZBw(?(Tﬁa)a — Eaﬁ‘ﬁTawﬁ) A wg
B apf
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ggpsid 808 ed
——T'Zn/\Bﬁwﬁ— ZB,aTﬂa)a/\a)ﬁ
B af

egpsid
—= (X0 A Bgws + Y Buws An) =0.
B o

Similar but simpler computations show dAg = dA,;1 = 0. To do so, we just need to copy the previous computations, but
recalling that Boy, = Sous Bnt1« = Te and wg = wpq = 0. Next, we see that the distribution ker A is integrable. Indeed,
givenY,W € ker A,0 = dA(Y, W) = Y(AW)) — W(A(Y)) — A([Y, W]) = —A([Y, W]). From here, we can repeat the
final part of the proof of Lemma 10. For the sake of simplicity, we also denote by U the final neighborhood of x € M. O

Lemma 12. For ¢ = %1, given a point x € U and the matrix

C= Diagonal(ceo/(a om),...,Ccepf(aom), enﬂ),
there existsamap x : U — el xoMj(c), such that dy = CBw, xnt1 = 7.

Proof. Define now themap x : U — R“” by xo = 80300, Xi = &iBin, xXn+1 = 7. Notice that, since B(x) € Z(x) C S,
then Bnt1.0 = To = 0, which implies 50)(0 + Z, ] rXx Z -0 8(,350 = go = c, thus obtaining that (xo, ..., x») lies in
M (c), which means Im(x) C &l x,Mj(c). Now, we have by definition dB = B2 — BX. Hence

n+1
dxi(er) = eidBio(er) = ) _ £iBuao(er) — BuXao(er)
a=0
n+1 n+1

=eIZB,awao(ek)—e,ZBm( Ty o) - aoaarawo(ek)))

=& ZB'] (3] €, ex) — E&j J’](ek)) — & Bm+1 a Tn+177(ek)
j=1

& seicn(er) < £&iC
= — E Bjjej(ej, ex) — ———— E BijejT; — ——Biny1&ns1m(ex)
ac = a = a

&iC ceicn () Lt & sein(ex)c
= —Bix— ———— Y BufaBri1a = —Bi — ———— (B'GB)iny1
a a — a a

&iC
= Bik.
a

A similar computation yields dxo(ex) = &ocBox/a and dxn1(ex) = en(ey) = eTy = eBni1k. Hence, we have that
dy =CBw. 0O

Now, we can finish the proof of Theorem 1. From Lemmatta 11 and 12, we see that dy (ex)¢ = (CB)qk, meaning that in
the frame 5~ the vector dy (e) is given by the k-th column of the matrix CB and in the frame E, by the k-th column of the

matrix B. In other words, dx (ex) = ), euBakE,. Since Band C are invertible, dy has maximal rank n and x is an immersion.
Moreover, for any i, j, since B € S, we have

<dX (ei)7 dX (e])> = <Z EaBaiEou Z gyBijy> = Z E(XBleBolj = 8i5ij~
o V4 14

Hence, x is isometric. Next, we would like to compute the shape operator of the immersion. Recall E,; = 9;. We show that
the shape operator of the immersion is exactly what we need, namely dy o A o dx ~!. Indeed,

de(ei)d)((ej), eny1) = <Z Veoboia £8BsES: €n+1>
B

= Z%dBm(el)BﬁnH + Z8a8ﬁ8y3a13ﬂ] yn+l<vEuEﬁs )
afy

eubwed | -
= E 8,3dBﬂj(ei)Bﬂn+1 + E I:EugugyBuiBujBynﬁ-l(_%ataE >
B uvy

a- -
~+ eueny18y BuiBny1jBy n+1<EEu, Ey>]
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ed

En1d

n

_73n+1n+1 } &uByiByj +
u

TBn+lj Z €uBuiBuns1 + €ns1(B7 dB)n1j(e)
u

_ ea
= fnr [(B @)y () = — lentaeTasiy(en) - T,-wn+1(e,-)]]

= ens1[(B'dB)ni1j + Xnt1j] = Env10ni1j(e1) = (g5, Ae).

Moreover, along x, we obtain

n
0 = Z &i(0r, dx (e))dy (e;) + ent1(0, enp1)ent1 = T + enr1Tn1€nta.

i=1
Finally, the uniqueness of the local immersion follows from the uniqueness of the map Bin Lemma 10. O

This concludes the proof of Theorem 1.

Corollary 1. 1. If the hypersurface M satisfies n = 0 everywhere, then M is a slice of &1 x4 M} (c).
2. If n # 0 everywhere, then M admits a foliation of codimension 1.

Proof. Item 1 is an immediate consequence of item 5 of Theorem 1. For item 2, by Lemma 4, we know dn = 0. This implies
that ker n is integrable. Indeed, given X, Y € kern,0 = dn(X,Y) = X(n(Y)) — Y(n(X)) — n(X, Y]) = —n([X, Y]), which
shows [X, Y] € ker 7. In other words, it has to admit a foliation whose leaves are of codimension 1in M. In fact, T is a normal
vector field to the leaves. O

Remark. Under the same assumption on (M, {, ), V, R), we can find another equivalent formulation for Theorem 1. In fact,
consider again a {, )-self adjoint (1, 1)-tensor A on M, a nowhere vanishing vector field T € X(M) and its associated 1-form
n(X) = (X, T) forany X € TM. We also assume the existence of smooth functions p, p, p, Tp11 : M — R. Let the following
conditions be satisfied:

a) p>0,dp=¢pn,dp=cpn;
b) e = (T, T) + ens1T7, 1

(a)
(b)
(c) VxT = %(X — en(X)T) + enp1Ths1AX, forany X € T™;;
(d) X(Tar1) = —(AT, X) — 2T, 4n(X), for any X € T™;
(e) (Codazzi equation). Forany X, Y,Z, W € TM,

(VXAYY — (VyAX = Ty

- =2
w(n(y)x _ W(X)Y)'

(f) (GauR equation). Forany X,Y,Z, W € TM

£p?

— &0
RX,Y,Z, W) = T((X,Z}(Y, W) —(Y,Z){X, W))

- =2
- W(Wz)nmn(w) — (Y, Z)n(OnW) — (X, W)i(¥)n()

+ (Y. WneON@) ) + ene ((AY. 2) (AX, W) — (AY, W) (AX. 2) ).

Then Theorem 1 can be reformulated in the following way:

Theorem 2. Let (M, (, )) a simply connected semi-Riemannian manifold satisfying the previous conditions. Then, there exists
smooth functions v : M — I, I aninterval,a : [ C R — R™, a metric immersion x : (M, (,)) — (eI xqMj(c), {,)1) and a
normal unit vector field e, along x such that:

. &nt1 = (€nt1, €ny1)1)

7o x = m, wherem; : el x,M(c) — Iis the projection;
p=aom,p=domandp =d" om;

. The shape operator associated with e, is A;

. (e) is the Codazzi equation and (f) is the Gauf$ equation;

. and along x, 0t = T + e€py1Tp+1€n41 holds.

OU AW =
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Proof. First of all, from the expression VxT = %(X —en(X)T) + enp1Th1AX, for any X € TM, we are going to check that
the 1-form 7 satisfies dn = 0.

F
dn(ei, &) = (ej, Ve,T) — (i, V,T) = <€j, ;(ei —en(e)T) + 8n+1Tn+1Aei>

- <€i, %(ej —en(e)T) + 8n+1Tn+1A€j> = =((ej, &) — en(enn(e)))

D |

)
+ ent 1Ty (), Aey) — ;((eh &) — en(e)n(e))) — eny1Tnr1(e;, Aej) = 0.

Since M is simply connected, we can obtain a new functionw : M — R suchthatn = edw, whichimplies that T = egrad ().
As M is connected, I = 7 (M) is an interval. Moreover, since T # 0, each t € I is a regular value of v, which means that each
level set #~1(t) C M, t € I, is a hypersurface of M. Choose t € I and X € T ~1(t). 7 is constant along its level subsets, so
that dp(X) = ¢pn(X) = pdn(X) = 0. In other words, function p is constant along the level sets of rr. This allows us to
definea : I — R™ as follows. Given t € I, there exists p € M such that t = 7 (p), so that a(t) := p(p). Clearly, p = ao 7.
In addition, dp = (a’' o w)dn = (d’' o w)en = &pn, and therefore p = a’ o 7. Similarly, @’ o 7 = p. Now, we just need to
resort to Theorem 1. 0O

6. An application to horizons in RW 4-spacetimes

In General Relativity, an oriented, spacelike, 2-dimensional surface M2 in a 4-dimensional time-oriented spacetime
admits two lightlike normal vector fields, one inward and one outward. The traces of the associated shape operators are called
the inner and outer expansions of M2. Then, the surface M is known as a Marginally Trapped Outer Surface (MOTS) when the
outward expansion identically vanish. In fact, the original definition asked the surface to be compact and without boundary,
but it seems that these Eopological conditions are too restrictive, so many authors do not SorLsider them. In addition, the
mean curvature vector H of M in the ambient space satisfies the more general condition (H, H) = 0. Then, we will focus
onit.

We put ¢4 = £1and eithere = —1,69 = ¢ = *1,0r g = 1, ¢ = 0. Also, consider smooth functionsa : | C R —
R, T4 : M — Rand w : M — I. We construct the vector field T € X(M) by T = —grad(rr), with its 1-form n(X) = (X, T).
Also, consider a tensor A of type (1, 1) on M. We assume the above data satisfy the structure conditions of Definition 1. Given
the simply connected Riemannian 3-dimensional space M3 (c) of constant sectional curvature ¢ € {—1, 0, 1}, we construct
the well-known Robertson-Walker space-time as (P* = I x M>(c), (, }; = —dt?+a®g,), hence a special case of the warped
products considered in this paper. From Theorem 1, we get immediately the following

Corollary 2. Let (M, (,)) a semi-Riemannian manifold of dimM = 3, satisfying the previous conditions. Then, for each point
p € M, there exists a neighborhood U of p on M, a metric immersion x : (U, (,)) — (P%, (, )1) and a normal unit vector field
e4 along x such that ¢4 = (e4, €4)1, A is the shape operator associated with the immersion, T is the projection of d; on TM and
7 0 x = 1, where 7ty 1 I x M3(c) — I is the projection.

In addition, if T # 0 everywhere, the family {x (U) N ~'{t} : t € R} provides a foliation of x (U) by space-like surfaces.

Next, let L be one of the leafs of U. Let o be its second fundamental form in P*. Clearly, T-L = Span(T, e}, where
T=T/JI(T, T)|. We take er = sign({T, T)). Since the leaves are spacelike and (e4, e4) = &4 = £1is constant, e = %1 s
constant, with 461 = —1.Then, forany X, Y € TL,

~ ~ —1
o(X,Y) =er(VxY, T)T + e4(VxY, e4)es = W(Y, VxT)T + e4(Y, AX)e4.

Given a local orthonormal frame {u1, u,} of L, its mean curvature vector H is

N -1
2H = ZU(Uz’, u) = Z(i(ui, Vi, T)T + 54(”1‘,/*“1‘)64)
i i

(T, T)
S a TyAu; ) T 4~ AL T)
= ﬁ : <ui, Eu,-+54 4 u,-> +84<trace( ) — T.7) )(34
-1 a (AT, T) (AT, T)
= ﬁ<2E + 84T4(trace(A) — T.T) ))T + 84<trace(A) - T.7) )e4.

We put h = trace(A) — (AT, T)/(T, T). As a result, we obtain 4(H, H) = (2d'/a + £4T4h)2/(T, T) + e4h?. Then H is
null if, and only if, —e4h* = (2d'/a + 84T4h)2 J(T,T) = (4(d)?/a® + TZh* + 4e4a'T4h/a)/(T, T), which is equivalent

to h> —4a'T;h/a —4e4(a’)?/a* = 0.Since s7e4 = —1, we see that —e4(T, T) > 0, and so, by solving this equation, we obtain
the following
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Corollary 3. The leaves of ker n satisfy (I?I, I_-}) = 0in —I xqaM3(c) if, and only if, the immersion x : M — —I x,M3(c)
satisfies the following equality:

/

AT, T 2a'T.
trace(A) — ﬁ L Ry L N Tr
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