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1. Introduction

Deformation quantization as introduced in [ 1] comes in several different flavours: in formal deformation quantization
one deforms the commutative pointwise product of the Poisson algebra of smooth functions on a Poisson manifold into
a noncommutative star product as a formal associative deformation in the sense of Gerstenhaber [2] with deformation
parameter h. Here the general existence and classification for arbitrary Poisson manifolds is known and follows from
Kontsevich’s formality theorem [3], see [4] for an introductory textbook.

However, for many reasons formal deformations are not sufficient: for the original application to quantum mechanics one
has to treat fi as a positive number and not just as a formal parameter. But also applications beyond quantum theory require
a more analytic framework. In particular, deformation quantization provides fundamental examples in noncommutative
geometry where a C*-algebraic formulation is needed.

In [5], Rieffel introduced a very general way to construct C*-algebraic deformations based on a strongly continuous action
of RY on a C*-algebra A. For the smooth vectors A® with respect to the action a product formula based on an oscillatory
integral was established, generalizing the well-known Weyl quantization of R?". In a second step, a matching C*-norm is
constructed, leading to a continuous field of C*-algebras over the parameter space of i € R. This construction and variants
of it have by now found many applications in noncommutative geometry [6,5,7] and quantum physics, in particular in the
context of quantum field theory on noncommutative spacetimes [8-12].

While for the construction of deformed C*-algebras Rieffel’s work is sufficient, it turns out that the first step of deforming
the smooth vectors A% is of interest already for its own sake: Rieffel worked with a Fréchet algebra with an isometric action.
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It is this situation which we want to generalize in various directions in the present work. First the restriction to a Fréchet
algebra has to be overcome as there are several examples of interest which do not fall into this class. When interested
in noncommutative spacetimes, a smooth structure in form of a deformation of the smooth functions is needed for many
reasons. Thus we are interested in e.g. deformations of ¢3°(M). Moreover, together with a deformation of algebras one is
interested in a possible deformation of modules as well. In the above example one might also be interested in a corresponding
deformation of the distribution spaces 4;°(M)’. Hence we clearly have to pass beyond a Fréchet situation. Here we face
several new phenomena: first of all products or module structures may be separately continuous without being continuous.
In fact, there are many natural examples like this. Second, sequentially complete locally convex spaces need not be complete,
with the distribution spaces as the most prominent examples. Third, the restriction to isometric actions, which is natural
in the original C*-setting, seems to be too restrictive in a more general locally convex framework. Again, many examples of
interest show that one has to overcome this restriction.

As is well known, scalar-valued oscillatory integrals can be defined for more general functions than smooth functions
with bounded derivatives—here the Hormander symbols are a natural candidate. Thus we will adapt the notion of a symbol
to the vector-valued case and study oscillatory integrals. These will be needed to handle actions of R" which are not isometric
but satisfy certain polynomial growth conditions. Compared to the scalar case the new feature is that for every continuous
seminorm (of a defining system of seminorms) of the target space we have to allow for a specific growth. The examples
show that we cannot expect to have a uniform growth for all seminorms.

The main result of this work is the construction of a Rieffel deformation for a sequentially complete locally convex algebra
with a separately continuous product with respect to a smooth polynomially bounded action of R" by automorphisms.
Analogously, we give the corresponding deformation for a sequentially complete locally convex module with separately
continuous module structure, provided the module structure is covariant for the R"-action. To this end we introduce the
relevant symbol spaces and their oscillatory integrals based on a Riemann integral as we want to include sequentially
complete spaces as well. This part is clearly of independent interest. We discuss several known examples within this
framework and provide one new example of an action of R" with compact support. A priori one can only guarantee
exponential bounds for the derivatives of such an action, but by a particular construction we achieve polynomial growth
behaviour. Actions of this type are needed in models of locally noncommutative spacetimes as introduced in [9,10]. In fact,
the wish to have a smooth version of [ 10] was one of the main motivations to develop the above generalization of Rieffel’s
original work as a compactly supported action cannot be expected to be isometric for the seminorms of smooth functions.
In the diploma thesis [ 13, Sect. 6.2] some aspects of the vector-valued oscillatory integrals were already anticipated.

It should be mentioned that there are still generalizations possible. One important step beyond Rieffel’s original setting
is to include actions of other Lie groups than R". Here one first needs to find an analogue of Weyl quantization which then
serves as universal deformation formula. This point of view was taken in the works of Bieliavsky et al., see e.g. [ 14-17]. While
these works mainly deal with the C*-algebraic deformation, in a more recent work [ 18], Bieliavsky and Gayral discuss also
deformation aspects of Fréchet- and C*-algebras based on symbol spaces and oscillatory integrals similar to ours. We leave
it to a future investigation of whether their construction can be extended beyond the Fréchet case: in principle this looks
very promising.

The paper is organized as follows. In Section 2 we introduce vector-valued symbols in the spirit of Hormander symbols.
However, the order as well as the type of the symbol may depend on the seminorm of the target space, a generalization
needed to deal with the examples discussed later. We introduce in detail various symbol spaces, investigate the continuity
properties of the usual algebraic manipulations, and show that the affine symmetries of the domain give continuous group
actions on the symbol spaces. In particular, the translations act smoothly. In Section 3 we discuss the oscillatory integrals.
Our approach follows the usual scalar case with the technical complication that we have to deal with many seminorms on
the target instead of one. Thus a careful investigation of the polynomial growth is presented. The integrals are based on a
Riemann integral for the smooth compactly supported functions as we want to include targets which are only sequentially
complete. After this preparation, Section 4 is devoted to the deformation program. Based on the developed oscillatory
integrals we extend Rieffel’s construction to actions of R" by automorphisms on sequentially complete locally convex
algebras with separately continuous products and their modules. In case where the products are continuous also the
resulting deformed products are continuous. For *-algebras, we also study positivity aspects of this deformation procedure.
Extending results of [ 19], we show how to deform positive functionals on the original algebra to positive functionals on the
deformed algebra.

Finally, Section 5 contains several examples of our general construction. First we discuss the usual action of R?" on itself
by translations and the induced action on various function spaces. Here in particular the scalar symbol spaces, the Schwartz
space, and certain distribution spaces are discussed. This way we show that the well-known Weyl product formula, being
defined pointwise for these spaces, can be understood as resulting from the oscillatory integral formulas. This is a nontrivial
statement as in all cases the action is not isometric. As a second example, we consider in a Hilbert space setting unbounded
operators which satisfy polynomial bounds with respect to the generators of a suitable action of R". We then discuss
deformations of their action on a suitable smooth subspace, thereby giving examples of the general module deformation
which is typical for applications in quantum physics. The third example will be used in a future project for the construction
of locally noncommutative spacetimes and corresponding quantum field theory models. It provides an action of R" on R"
with compact support inside a given compact subset such that the induced action on the smooth functions is polynomially
bounded. The difficulty is to pass from a trivially given exponential growth of the derivatives to a polynomial growth.
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2. Vector-valued symbols

In this section we introduce vector-valued symbols as smooth functions F : R" — V which take values in a sequentially
complete locally convex vector space V over C and satisfy polynomial growth conditions for all their derivatives. At the
present stage, all definitions also make sense for a V being a real vector space only, but as soon as we discuss the oscillatory
integral, complex phases will enter the game. In the case of scalar functions, with target space V = C, these spaces are
closely related to Hérmander’s symbol classes [20, Section 7.8], see also [21,22].

Definition 2.1. Let V be a sequentially complete locally convex space and let F € ¥*(R", V) where k € Ny U {4+00}. Then
for every continuous seminorm q on V, every multiindex p € Ny with || < k,and m, p € R, we define

m,p 2\~ 3 (m—plul) M
IFllg, = sup (1+ [Ix]1%) Sl v () ] € [0, +o0]. (2.1)
xeR"

The quantity ||F ||gf;f controls how the uth derivative of F grows at infinity with respect to the seminorm q, compared

to a polynomial of order m: A polynomial P € V[xq, ..., x,] of order m clearly satisfies ||P||g1_jl} < oo for all multiindices pu,
and ||F ||Zf;f < oo with p > 1 (respectively p < 1) indicates that the derivatives of F grow slower (respectively faster) than
those of a polynomial.

In order to define the symbol classes we now fix a defining system Q of continuous seminorms on V. The canonical choice
is of course to take all continuous seminorms, but sometimes it will be advantageous to take only a small and manageable
system. The following definitions will formally depend on this choice, but the effect is only minor. Later we will see that the
oscillatory integrals are independent of the particular choice of Q.

We assign to every q € Q real numbers m(q) and p(q). The corresponding map
m:2>5q — m(q €R (2.2)
will be called an order for Q and the map
p:935q — p(@Q R (2.3)

is referred to as a type for Q.
The natural ordering of R induces one for the set of all orders as well as for the set of all types. For two orders m, m’ we
write

m=<m' ifm(q) <m'(q) (2.4)

for all g € Q. Then “<” makes the set of all orders a directed set, and we also write m < m’ if m(q) < m/(q) forallq € Q.
If we set m(q) :== m € R forall @ € Q we get an order, called the constant order, and analogously the constant type
p(q) = p € R. It will turn out that this is usually too restrictive and we need more freedom in choosing an order and a type.
More generally, an order m is called bounded from above or from below by some number « or g if for all @ € Q one has
m(q) < o orm(q) > B, respectively.
In the following it will be reasonable to ask for the condition

m(c q) = m(q) (2.5)

whenever q, c q € Q for a constant ¢ > 0. In particular, for a Banach space V we usually take only the constant orders by
specifying their value on the norm. If V is a Fréchet space, we will usually take a countable system Q, and often consider
unbounded orders.

Definition 2.2 (Symbols). Let V be a sequentially complete locally convex space with defining system of seminorms Q, and
let m and p be an order and a type for Q. A function F € ¥*°(R", V) is called a symbol of order m and type p if forallq € Q
and p1 € Nij one has

- (@),p(q)
IF™8 = [[F|| @@ < oo, (2.6)
The set of all symbols of order m and type p is denoted by S™*(R", V).

Sometimes we will abbreviate the space of symbols simply by S™# (V) or even by S™? if V is clear from the context.
However, note that S™#(R", V) still depends on the choice of Q.

It is clear that the || - ||gf'lf are seminorms on S™*(RR", V). We will endow the space of symbols with the corresponding
locally convex topology, called the S™*-topology. This makes S™*(RR", V) a Hausdorff locally convex space since V is

1 . . .
Hausdorff and the prefactor (1 + ||x]|?) ™2 ™@=2@ID js nowhere vanishing.
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In the following, the smooth functions ¥*°(R", V) will always be equipped with the topology determined by all
seminorms
Pk,¢,q(F) == sup q(d;'F(x)), (2.7)

xeK

lul=t
where K runs over compact subsets of R", | € Ny, and q € Q, and the smooth functions of compact support %;°(R", V)
carry their usual inductive limit topology.

Proposition 2.3. Let V be a sequentially complete locally convex space with a defining system of seminorms Q, and let m and p
be an order and a type for Q.

(i) We have continuous inclusions
¢ (R, V) — S™P(R", V) — @7 (R", V). (2.8)

(ii) The symbols S™*(R", V) are dense in €°°(R", V).
(iii) The symbols S™*(R", V) are sequentially complete and complete if V is complete.
(iv) For m < m' and p > p’ we have the continuous inclusion

S™A(R™, V) —> S™F(R", V). (2.9)

More precisely, we have for all F € S™#, allq € Q, and all © € Nj

IFlg,” < IFIg. (2.10)
Proof. Clearly, we have a set-theoretic inclusion in (2.8) as compactly supported functions decay fast enough to have finite
symbol norms (2.1) for any choices of the orders or types. With a compact set K € R",and F € €°(R", V), we get
— 3 m@—p@Inl)

IFNG < max (14 i) 2 Pk ut.aF)-
with the seminorm (2.7). Since the maximum over the first factor is finite, we see that for every compact subset K, the
inclusion 6¢° (R", V) — S™#(R", V) is continuous. By the universal property of the inductive limit topology of 5°(R", V),
this is equivalent to the continuity of the first inclusion in (2.8). For the second inclusion, we fix a compact subset K C R"
as well as £ € Ng and q € Q. Then for a symbol F € S™°(R", V) it is easy to find a constant ¢ > 0 with

F) < cmax ||F||™*
PK,e,q( ) < phax I ||q,,¢ s

using the fact that the continuous function x > (1 + ||x[|2)~ 2 ™@-s@IkD s nowhere vanishing and hence has a locally
bounded inverse. This shows the continuity of the second inclusion in (2.8). But then the second part is clear since
already ¢;°(R", V) is dense in #°°(R", V). In order to show sequential completeness, let (F;);ex be a Cauchy sequence in
S™A(R", V). Since the ¥*°-topology is coarser than the S™#-topology by the first part, and since #*°(R", V) is sequentially
complete, we get convergence F; —> F to some smooth function F € ¥*°(R", V) in the ¥*°-topology. We have to show
that F € S™P(R", V) and F; —> F in the S™”-topology. This requires a standard argument familiar from the scalar theory
which we shall omit here. Clearly, if V is even complete we can repeat the argument with nets instead of sequences. For the
last part, it is sufficient to show the estimate (2.10) which follows immediately from m(q) < m'(q) and p(q) > p'(q). O

In case V is a Banach space, we choose just its norm || - || in order to define the space of symbols. In this case, the order
m := m(]|-||) and the type p := p(||-||) are just single numbers, and we write ||-||}-* instead of |- | mj‘fﬂ. However, S™* (R", V)
is no longer a Banach space but a Fréchet space since we have to take care of countably many ditj}'erentiations. For a Fréchet
space V, we take a countable defining system of seminorms and hence an order is determined by fixing countably many
numbers m(q,). Thus, in this situation the symbols are again a Fréchet space.

Note that the inclusion ¢3°(R", V) C S™*(R", V) is in general not (sequentially) dense in the S™*-topology. However,

in Proposition 2.9(iv), we show that it is dense in a weaker topology.

2.1. Operations with symbols

In this subsection we discuss several operations one can perform with symbols, like differentiation, multiplication,
composition with linear maps, and restriction. We begin by showing that the topologies of the symbol spaces are compatible
with differentiation.

Proposition 2.4. Let V be a sequentially complete locally convex space with a defining system of seminorms Q, and m, p an order
and a type for Q. Then the partial derivatives are continuous linear maps

[v]

a
37: S™A(R, V) —> Sm—p|V|’ﬂ(R”’ V). (2.11)
XU
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More precisely, we have for all ;1 € Nj and F € S™*(R", V)

Proof. We only have to show (2.12) which is clear from the definition. O

m—p|v|,p

= |IFllg sy - (2.12)

al'F
ax"

q. 1

For a general discussion of multiplication of symbols, we now consider three sequentially complete locally convex spaces
V, W, and U together with a bilinear map

w:Vxw—U. (2.13)

For simplicity, we require that u is continuous and not just separately continuous or sequentially continuous. In many
applications, this will be the case. Now we fix a defining system R of seminorms on U and filtrating defining systems of
seminorms Q and Q' on V and W, respectively. Then by continuity of . we get for every r € ® seminorms q € Qandq’ € 9
and a constant ¢ such that

r(u(v,w)) <cq)qd(w), veV, weW. (2.14)

For two orders m and m’ on V and W we consider an order m” on U such that for allr € ® we haveq € Qand q' € Q' such
that (2.14) holds and

m’(r) = m(q) +m'(q). (2.15)

In this case, we symbolically write m” > m + m’ by some slight abuse of notation. Note that we relate here orders on
different sets of seminorms (even on different spaces). Clearly, for given orders m and m’ we can construct an order m” with
this property by fixing a choice of seminorms q(r) and q'(r) satisfying (2.14) and setting

m’(r) = m(q(r)) + m"(q'(r)) (2.16)

for all r € R. In the same spirit we write p” < min(p, p’) for types p on V, p’ on W, and p” on U, again with respect to the
continuous bilinear map w. With these conventions in mind, we can prove the following statement.

Proposition 2.5. Let V, W, and U be sequentially complete locally convex spaces, R a defining system of seminorms on U, and
Q, O filtrating defining systems of seminorms on V, W respectively. Furthermore, let j.: V x W — U be a continuous bilinear
map.

(i) Pointwise evaluation of 1 gives a continuous bilinear map
w: S™P(R", V) x S™ P (R, W) — S™ ¥ (R", U), (2.17)

whenever m”’ > m+m’ and p” < min(p, p) with respect to u. More precisely, for F € S™#(R", V) and G € S™-# (R", W)
we get

YN/ m/, /
I F, Q)T P < 2Wle max IF|I§h2 max[|GIIg 0 (2.18)
’ V<K > v <k >

whenever r, q, and q' satisfy the continuity property (2.14) with respect to [i.
(i) For F € S™P(R", V), G € S"#(R", W), let w(F,G): R" @ R" — U be defined by
L(F, G)(x,y) = n(F(x), GB)). (2.19)
Then we have a continuous bilinear map
w: S™PR", V) x S" P (R", W) — " (R" @R, U) (2:20)
whenever m” > max{m,m',m + m'} and p” < min{0, p, p'} with respect to . Explicitly, for F € S™*(R",V),

m,p (1 no./ n’
G e S™P(R", W), weget,v € Nj, V' € Ng,

I CF, O I ey < CIFIGS2 GG Y (2.21)

r,vdv’
whenever r, q, q’ satisfy the continuity property (2.14) with respect to ji.

Proof. For (i), even though the formulation looks rather technical, this is essentially just the Leibniz rule. Let r € R, choose
corresponding seminorms q € Qand q' € Q' satisfying (2.14), and k¥ € Nj. Then using the Leibniz rule for the derivatives of
the product w(F, G) we get

m’,p" Jrc] m,p m'.pof
| (E, G < 2lc max [IFI™f max |G 4 .
V<K v <k
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This shows (2.18), which implies the continuity of the map (2.17). For (ii), it is clear that for any F € S™f(R", V),
G e sm.r (IR”/, W), we have u(F,G) € ¢*(R" & R", U), and that p is bilinear. To prove the continuity of this map,
we have to verify the bound (2.21). The estimate necessary for this is based on the fact that given k, k' € R, there holds for
alla,b e R

A++¥) <+ A +»)¥ ifK > max{k, K, k+K}. (2.22)

This will allow for estimate the pre-factor (1 + ||x||*> + ||ly||*)? by factorizing it into appropriate powers of (1 + ||x]?) and
A+ 1lyl®». o

For continuous linear maps, a similar result holds.
Proposition 2.6. Let A: V —> W be a continuous linear map between sequentially complete locally convex spaces V, W with

defining systems of seminorms Q, @', and let Q be filtrating. Furthermore, let orders m and m’ and types p and p’ for Q and Q' be
given. Suppose for every seminorm q' € Q' we find a seminorm q € Q such that

q(Av) <cq(v), m(q@ <m'(q), and p(q) > p'(q) (223)
forsome c > 0and all v € V. Then pointwise evaluation of A gives a continuous linear map

A: S™P(R", V) —> S™-P (R, W). (2.24)
More precisely, for every F € S™*(R", V) and every i € Ng, we have

JAFI < cIF M. (2.25)

Proof. Note that the first condition q'(Av) < c q(v) can always be satisfied since Q was assumed to be filtrating and A is
continuous. Thus assume that the other two requirements in (2.23) are fulfilled as well. Then (2.25) is a straightforward
estimate proving the claim. O

The main application of Proposition 2.5(i), is to multiply vector-valued symbols with scalar symbols: Choosing one target
space just to be C, with seminorms just the absolute value, we get for every order m € R and every type p € R the space
of scalar symbols

S™P(RY) = S™(R", C). (2.26)

Note that here the order and the type are indeed just single numbers. We now formulate two corollaries about
multiplications of symbols. Their proofs follow immediately from Proposition 2.5 and are therefore omitted.

Corollary 2.7. Let V be a sequentially complete locally convex space with a defining system of seminorms Q.

(i) For all orders m and types p for Q, and all m, p € R, the pointwise multiplication gives a continuous bilinear map

S™(R", €©) x S™P(R", V) —> S™HMNOA(R! V), (2.27)
(ii) In particular, if the type p is bounded by p € R, then
S™P(R", C) x S™P(R", V) — S™™P(R", V) (2.28)

is a continuous bilinear map.
(iii) If m < 0 then S™P(R", C) is a Fréchet algebra and S™*(R", V) is a continuous module over it for all bounded p < p.

Corollary 2.8. Let A be a sequentially complete locally convex algebra with a defining system of seminorms Q. Then the
multiplication induces a continuous product

S™A(R™, A) x S™P(R", A) —> S™HA(R" 4). (2.29)

In particular, for m < 0 the symbols S™*(R", A) form a sequentially complete locally convex algebra themselves and any
S™A(R", A)isa sequentially complete locally convex continuous module over them.

We come now to the approximation of symbols by compactly supported functions, which will be important for our
subsequent construction of an oscillatory integral. As usual, balls in R" will be denoted B, (0) := {x € R" : ||x|| < r}.

Proposition 2.9. Let x € ¢;°(R") be a compactly supported smooth function with
Xls,0 =1 and supp x C Br(0), (2.30)
where 0 < r < Rand let x. € ¢€5°(R") be defined by x.(x) = x(ex) for € > 0.
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(i) One has x. — 1 € S**(R", C) forall p € R.
(ii) One has

lim . =1 (2.31)
e—>0
in the S™”-topology forallm > Oand p < 1.
(iii) Forall F € S™*(R", V) we have
lim x.F =F (232)
e—0

in the S™-# -topology for allm’ > m and p’ < min(1, p).
(iv) For allm’ > mand p' < min(1, p), the compactly supported smooth functions ¢5°(R", V) are sequentially dense in
S™A(R", V) with respect to the S™-* -topology.

Proof. The first and second part are well-known from the scalar theory. For the third part we rely on the estimates proved
in Proposition 2.5(i): for F € S™#(R", V) and a fixed seminorm q from the defining system Q we get the estimate

;o
I(xe — DFI™ < 25 max || . — 1™ max |[F||™
v<p vV <p

for every m and m’ provided m’(q) > m(q) + m, and every p and p’ provided p’(q) < min(p, p(q)). Now from the second
part we know that || x. — 1]|7"* converges to zero whenever p < 1and m > 0. This means that for the fixed seminorm q

we get || (xe — UF”ZT/EP/ —> 0 whenever m'(q) > m(q) and p’(q) < min(1, p(q)). Since this is the condition for every
q € Q we get the third part. Note that we are allowed to make the parameter m depend on q as long as we have m > 0. Thus
m’(q) > m(q) does not have to be uniformly satisfied. The last part is now clear as it suffices to take ¢ = % asusual. O

As the last operation to be discussed, we consider the restriction of a symbol to a subspace of its domain of definition.
To this end, we take symbols F : R™ @ R"™ — V depending on two variables (x1,x;) € R™ @ R", and introduce
the embeddings ¢j;: R — R™ @ R™,j = 1,2, defined as t1(x1) = (x1,0) and 2(xy) = (0, x3). For a symbol
F € S™P(R™ @ R™, V), we write L;*F = F o(j: R% — V for the pull-back with ¢; as usual where j = 1, 2.

Lemma 2.10. Let m, p be an order and a type for Q. Then the restriction maps

g S™P(RM @R™, V) —> S™P(RY, V) (2.33)
are linear and continuous for j = 1, 2.
Proof. Let F € S™P(R™ @ R", V). It is clear that L;‘F is a smooth map from R" to V, and that Ljf“ is linear. Forj = 1, we
estimate withq € 9, u € Ny,

@0
o aOF®) oy
JGFI™e < sup : = IFI™2.
’ xeRMoR" (14 ||x||2)7(m(q)—p(Q)|M|) ’

Hence (;F € S™*(R"™, V), and (] is continuous. The case j = 2 is analogous. O

2.2. Symbol spaces

In this subsection, we introduce various spaces of symbols of arbitrary order and a vector-valued Schwartz space as
suitable unions respectively intersections of the S™# (R", V). To show that these are intrinsic definitions, we will first discuss
how our definition of the spaces S™*(R", V) depends on the choice of the defining system of seminorms Q. To this end, we
shall proceed in two steps: First we show how one can pass from an arbitrary system to a filtrating one, then we compare
two filtrating systems.

Now suppose Q is an arbitrary defining system of continuous seminorms for V. Then we consider the larger system

9:={q=max{q,....,q,} |[neN and qy,...,q, €9}, (2.34)

which is filtrating. Suppose now that m is an order with respect to Q. Then we want to extend m to an order on Q as follows.
We define

mmax(max{chf e qn}) = max{m(ql), e m(Qn)} (235)

Clearly, this gives an order on 0 which extends m. Analogously, for a type p with respect to O we define a type p,,;, with
respect to Q extending p by taking the minimum of the types p(q;) instead of the maximum.
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Proposition 2.11. Let O be a defining system of continuous seminorms on V and O the corresponding filtrating system of finite
maxima. Then for every order m and every type p with respect to Q and their corresponding extensions mpm,x and p.,;, to Q we
have

Sm”n(]Rn, V) — SmmaXvﬂmin (Rn, V) (236)

as locally convex spaces.

Proof. Firstlet F € S™?(R", V) and let q;, ..., q, € Q be given. We set q := max{qy, ..., q,}. For u € Nj we have the
estimate
n 1 N QM F n
maxs Pmin (@)—p(a)l ,
P < 3 sup (1-+ [x[2) 2 "D g (W“)) = D_IFIGE-
i=1 xeR" i—1

This shows F € S™max-#min (R", V) as well as the continuity of the inclusion “C” in (2.36). Conversely, let F € S™max-fmin (R", V)
be given. Then F € S™#(R", V) since all the seminorms || - | gf;f of the S™*-topology appear also as seminorms of the
Smmax-Pmin -topology, since O C O and the order and type are extended to the larger system of seminorms. With respect to

these seminorms || - ||q'"’,f, the reverse inclusion “2” is even isometric and hence continuous, too. Thus we have mutually

inverse continuous inclusions proving the claim. 0O

Next we consider two defining systems of seminorms Q and Q' on V where we can assume that they are already filtrating.
Thus for every q € Q we find a ¢’ € Q' with q < ¢ ¢’ for some positive ¢ > 0, and vice versa. In this situation we have the
following statement:

Proposition 2.12. Let Q and Q' be defining systems of seminorms for V with Q' being filtrating. Moreover, let m, m’ be orders
and p, p’ be types for Q, @, respectively. If for every q € Q there exists a q' € Q' such that

q<cq, m(Q=m(q), and p(q) < p'(q), (2.37)

then one has a continuous inclusion

S"A R V) S SMPR!, V), (2.38)

Proof. Let q € Q be given and choose q’ according to (2.37). Then for every 4 € Nj a simple estimate gives ||F||g"'l;0 <

/ /
c ||F||:f ‘: , which shows the claim. O

Corollary 2.13. Let Q and Q' be defining systems of continuous seminorms on V. Moreover, let m’ and p’ be an order and a type
for Q'. Then there exists an order m and a type p for Q such that

S (R, V) € S™P(R", V) (2.39)
is continuously included. If in addition m’ or p’ are bounded then m and p can be chosen to satisfy the same bounds, respectively.

Proof. By Proposition 2.11 we can pass to a filtrating system without changing the symbol space on the left hand side. Thus
we can assume that Q' is already filtrating without restriction. Let q € Q, then we fix a particular choice q'(q) € Q" with
q < cq for some appropriate ¢ > 0. This defines a map @ — @/, existing thanks to the fact that Q' is filtrating. Now we
define m(q) := m’(q'(q)) and p(q) := p(q'(q)). Then clearly the condition (2.37) from Proposition 2.12 is satisfied and we
get (2.39). The statement about the bounds is then clear. O

Corollary 2.14. Let Q and Q' be two defining systems of seminorms for V and let F € €°°(R", V) be a smooth function. Then F
is a symbol of some (bounded) order m and some (bounded) type p for Q iff F is a symbol of some (bounded) order m’ and some
(bounded) type p’ for Q' (and the same bounds).

Proof. By Proposition 2.11 we can assume to have filtrating systems from the beginning. Since the extension of the order
and the type according to that Proposition clearly preserves the bounds, Corollary 2.13 can be applied in both directions. O

We can now use the last corollaries to speak about the space of all symbols: there are two alternatives whether or not
we allow for bounded orders only:

Definition 2.15. Let V be a sequentially complete locally convex space. Then we define for a given type p for a defining
system of seminorms Q

P, V)= | S™®",V) (2.40)

m bounded
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and
SHAR", V) = S™ (R V). (2.41)
m
Moreover, we set
S®(R™, V) := S®IR", V), S®T(R",V):=S*TY (R, V) (2.42)
and
SRy = | sHP®L V). (2.43)
—1<p<1

It follows that for another defining system of seminorms Q' we get the same spaces S®(R", V), S®+(R", V), S(R", V), which
are therefore intrinsically defined. The space S(R", V) will be relevant in the context of oscillatory integrals, presented in
Section 3.

Note that for a Banach space V with Q consisting just of the norm itself we have S®*(R", V) = S®+*(R", V) for all
types p € R. However, in general we have a proper inclusion

S®P(R", V) C S®HP(R", V). (2.44)
Also the intersection of all the symbol spaces is of interest: here we get an analog of the usual Schwartz space. First we
note the following simple facts:
Lemma 2.16. Let V be a sequentially complete locally convex space and F € ¥*°(R", V). Then the following statements are
equivalent:

(i) For all continuous seminorms q of a defining system Q, for all © € Nj and all m € Nq one has

m QM
U, (F) = sup (1+ [Ix[?) 2 q( 5 (x)> < 0. (2.45)
XxeRMN XH

(ii) For all orders m and all types p for a given defining system Q of continuous seminorms one has F € S™*(R", V).
(iii) For all orders m and one type p for a given defining system Q of continuous seminorms one has F € S™?(R", V).

Proof. First we note that if (i) holds for a defining system of seminorms Q then it also holds for all continuous seminorms of
V. This is clear. Thus assume (i) and let Q be a defining system of seminorms. Moreover, fix an order m and a type p for this
system Q. Then for u € Nj we have ||F||gf;f < Q,,, (F), with m being any integer larger than —m(q) + p(q)|u|. This shows
that F € S™?(R", V). The implication (ii) = (iii) is trivial. Thus assume (iii) and hence let F € S™*(R", V) for all orders
m and a fixed type p. Then let m € Ny and i € Ng be given. We have q,,, , (F) < ||F||gf;f, where we have to choose an order
m such that m(q) — p(q)|| < —m. This is clearly possible as we can e.g. take the constant order withm = —m + p(q)|u|.

Thus (i) follows. O
Thus for the intersection of all symbol spaces the type p does not play any role any more. Also the dependence on the
chosen system of seminorms Q disappears. This motivates the following definition:

Definition 2.17 (Vector-valued Schwartz Space). Let V be a sequentially complete locally convex space. Then we define the
symbols of order —oo by

ST V) = (|S™(R" V). (2.46)
m,p
We also use the notation .7 (R", V) := ST*°(R", V) and call &#(R", V) the space of V-valued Schwartz functions.

Clearly, the V-valued Schwartz functions are a straightforward generalization of the scalar case. The Schwartz space
Z(R", V) will always be endowed with the locally convex topology determined by the seminorms qy,, ,, as in (2.45). We call
this the S™°°- or the Schwartz topology of . (R", V). We collect now some easy properties of the Schwartz space:
Proposition 2.18. Let V be a sequentially complete locally convex space with a defining system of seminorms Q.

(i) The Schwartz space .7 (R", V) is sequentially complete and complete if V is complete.
(ii) We have continuous inclusions

%S’O(IR", V) — Z(R", V) — S™P(R", V) (2.47)
for all orders m and all types p for Q.
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(iii) 5°(R", V) is sequentially dense in .#(R", V) and ¥ (R", V) is sequentially dense in the symbol space S™*(R", V) in the
S™-f _topology whenever m’ > mand p’ < min(1, p).
(iv) The partial derivatives are continuous linear maps

vl

Pk L(R", V) — Z(R", V) (2.48)

satisfying the estimate (equality)

ox¥

(v) If W and U are two other sequentially complete locally convex spaces and i: V x W — U is a continuous bilinear map
then it induces continuous bilinear maps

alIF
Am, < ) = Qm,pu+v (F). (2.49)

w: (R, V) x Z(RY, W) — Z(R", U), (2.50)

w: SMP(RM, V) x Z(R", W) — Z(R", U), (2.51)
and

i Z(RY V) x S"F (R, W) — #(R", U) (2.52)

for all orders m and types p for Q and all orders m’ and types p’ for some defining system of seminorms Q' for W.
(vi) For all orders m € R and types p € R the pointwise multiplication
S™P(RY, ©) x S(R", V) — Z(R", V) (2.53)
is a continuous bilinear map.
Proof. The first statement can most easily be checked using the explicit seminorms ¢, , in the same spirit as the proof of

Proposition 2.3(iii). Then also the second part is clear since we get a continuous inclusion of € °(R", V) into . (R", V) with
estimates like

A, (F) = ||F||$’,S < ¢k Pk, jpt,q(F)

for every compact subset K € R". The second inclusion is continuous thanks to the estimate ||F IIZf;f (F) < qp,, (F) forman
integer being at least —m(q) + p(q)|x|, which we have established in the proof of Lemma 2.16. The density of ¢5°(R", V) in
Z(R", V) is checked directly as in the scalar case. The second statement of part (iii) is clear as 4;°(R", V) has this property
by Proposition 2.9(iv). The fourth part is clear since the estimate (2.49) is obvious by definition. For part (v) we first consider
the case (2.51). Thus let F € S™P(R", V) and G € .#(R", W) be given. The continuity of x means that for a continuous
seminorm r on U we find q € Q and a continuous seminorm q’ on W such that

r(u(v, w)) < q(v) q'(w)

forallv € Vand w € W since we can assume that the defining system Q on V is already filtrating by Proposition 2.11. Then
for m € Ng and ¥ € Njj we estimate using the Leibniz rule

m VI alvlg
s (W(F, G) = 2¥ sup 3 (1+||x||2)2q< — (x)) q (w“”)

n
X€RT )y

<2 IFIR a4y (G)s
v+ =k
with m’ = m + m(q) — p(q)|v]|. This shows the continuity of (2.51) and (2.52) is analogous. But then (2.50) follows as well
since .7 (R", V) —> S™P(R", V) is continuous. The last part is then clear. O

Note that in case V is even complete, by nuclearity of the scalar Schwartz space . (R", ©), our vector-valued Schwartz
space coincides with the completed tensor product . (R")QV.

Corollary 2.19. Let A be a (sequentially) complete locally convex algebra and let M be a (sequentially) complete locally convex
topological module over A. Then 7 (R", A) is a (sequentially) complete locally convex algebra and .7 (R", M) is a (sequentially)
complete locally convex topological module over .7 (R", A).

2.3. Affine symmetries and symbol-valued symbols

In this subsection we investigate the action of the affine group of R" on the symbol spaces. For A € GL,(R) and a
translation y € R", we denote their pullback by (A*F)(x) = F(Ax) and (r;‘F )(x) = F(x + y) as usual. We start with the
following basic observations:
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Lemma 2.20. Let q be a continuous seminorm on V and m, p € R. Then for F € ¢*°(R", V) we have for all © € N§ and all
A € GL,(R)

JAF|70 < o) > IFI (2.54)
ue]NS
v=|ul

with some CIT’P (A) > 0 depending continuously on A and satisfying cﬂ”’(]l) =1

Proof. As usual, this is to be understood as an inequality in [0, +o0¢]. The proof consists in a standard estimate of the
derivatives of A*F by means of e.g. the operator norm ||A|| of A. Explicitly, the constant

& (A) = AN max {1, Ao, a7
will do the job. O

Lemma 2.21. Let q be a continuous seminorm on V and m, p € R. Then for F € ¢*°(R", V) we have for all @ € N§ and all
yeR"

I5Fley < e oIy, 2%

with some positive scalar symbol ¢* € Sm=PlIb1(R™),

Proof. The proof proceeds as in the well-known scalar case: we have to estimate the behaviour of the scalar prefactor
a1+ ||x||2)_%(m_"““) under the translation by y. A lengthy but straightforward estimate leads directly to (2.55) with
P (y) = c(1+ llylI%)2!m=I#ll and some numerical constant ¢ > 0 depending on the parameters m, p, and . O

Remark 2.22. Note that for the translations 7, the pre-factor c,’f*" (y) in(2.55) is always a symbol of non-negative order, even
if m— p || was negative. Thus the bounds in (2.55) typically grow with y and are also growing with increasing differentiations
w unless p = 0.

As an easy consequence of the two lemmas we get the affine invariance of the symbol spaces:

Proposition 2.23. Let V be a sequentially complete locally convex space and Q a defining system of seminorms. Moreover, let m
and p be an order and a type for Q. Then the affine group GL,(R) x R" of R" acts on the symbols S™*(R", V) via pull-backs by
continuous endomorphisms.

Proof. The pull-backs with A € GL,(R) or with a translation by y € R" map S™#(R", V) continuously into itself according
to Lemma 2.20 and Lemma 2.21, respectively. The fact that this gives a (right) group action is clear. O

In a next step we want to refine this statement for the translations: we want to show that the map y — tF is actually
smooth. We begin with the following observation:

Lemma 2.24. Let F € S™#(R", V). Then the map
R">y + t/F € S"P(R", V) (2.56)
is continuous at zero provided p > 0.

Proof. We have to show that r;‘F —> F in the S™”-topology fory — 0. Let x € R" be given. Then we have fory € R"
and q € Q by virtue of the mean value theorem

3! (7)F) dlHIF 9 9MF
A\~ W~ G @) = v sup af (oo @+ o) )yl )
i=1,..., n
Since F is a symbol the (4 + e;)th derivative of F satisfies
3 oMF 3 om—plul—p)
q((ax P )(X—Hy)) < (T Ix+ o) 2" IFI e (%)

where for abbreviation we have set m = m(q) and p = p(q). Then we get

1
5 (m—plul—p) }
1+ [Ix[1%)? IFllgsr

-3 (m—plp)) (
q,u+ej *

| F = Flor < valyl sup (1+lix = tyll?)



122 G. Lechner, S. Waldmann / Journal of Geometry and Physics 99 (2016) 111-144

We can again estimate the first factor by the same techniques as in Lemma 2.21: we get a constant ¢ (depending on m, p,
and u but not on ty or x) such that we can continue our estimate and get

L
2

Lim—
I F = FI0 < eyl (1 1) ™" sup (14 IXI7) 2 max IFIgieye,
> XeR! i=1,...,n

Now if p > 0 then the supremum over all x € R" exists and hence we get an estimate of the form
1
m,p ’ 2\ 3 Im=plull
loiF = F[™ < ¢ lyl (1 + i)™
from which the continuity at y = 0 follows. O

Lemma 2.25. Let F € S™P(R", V) be given with p > 0. Then we have

t* F—F oF

lim -4

9 257
e—>0 € 0x! ( )

in the S™P-topology foralli=1,...,n.

Proof. We proceed analogously to the continuity statement. Let again q € Q and set m = m(q) and p = p(q) for
abbreviation. First we note that for all x € R" and u € Njj we have by repeated use of the mean value theorem

1 (9% (z,F) I 3 9MF
q € oxH ) = oxH *) T axi gxr *)

ot g 9 aMF
=q (f (x + tseej)te dsdt)
0o Jo

axi 9xi oxm

1
5 (m—plul|—=2p) m,
: IFllg s

<e sup (14 [Ix+seel?) ey

se[0,1]
since by assumption F € S™?(RR", V). Thus we get

1, oF
“ - (zi,F —F) — e

m,p

<e sup (1+[x]°)
n
bl sxég?u

—2m—plu) ( 1m—plul-2p) IF|™

2
1+ ”X + Sée,‘” ) q,u+2e;

Using again p > 0 shows that the remaining supremum is finite. Thanks to the pre-factor ¢ we get the desired limit
(257). O

These two lemmas are now enough to conclude the following smoothness statement of the action of the translations:

Proposition 2.26. Let V be a sequentially complete locally convex space and let Q be a defining system of seminorms for V. Let
m and p be an order and a type for Q and assume p > 0. Then the action t of R" on S™*(R", V) by translations is smooth, i.e. for
every F € S™P(R", V) themap t(F): y > 1, F is a smooth map. The derivatives are explicitly given by

gl . . QM F
8}7Ty =Y o

(2.58)

Proof. This is a general argument about actions of Lie groups: We know already that 7(F) is continuous at y = 0 by
Lemma 2.24. Moreover, every map ry* is continuous by Lemma 2.21. Thus we have by the group action property

yhll}y,tyl:_yh_nfory’ﬂF_yh_r,nofyfy’F_Ty’F

in the S™*-topology since we have continuity at zero. This shows continuity everywhere. Moreover, by the same argument
TieeF — T, F 5 F—F T F —F , OF

. . ce; .
llmiy:hmr;’i:ry*llm =1 —,
e—0 € e—0 € e—0 € ox!

using Lemma 2.25 and the continuity of 1:;. This shows that 7 (F) has first partial derivatives everywhere given as in (2.58).
Now % e S"PP(R", V) € S™P(R", V) thanks to p > 0 and Proposition 2.3(iv) as well as Proposition 2.4. Thus the partial
derivatives Biyir(F ) = T(%) are again of the form as we started with. Hence they are continuous and thus 7 (F) is #. This

allows to iterate the above argument finishing the proof. O

As a first application of the affine invariance of the spaces S™?(R", V) we get the following generalization of the
approximation from Proposition 2.9(iii).
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Corollary 2.27. Let x € ¢5°(R") satisfy x |Br(0) = 1for somer > 0. Consider 7, x for e > Oandy € R" where as usual
Xe(X) = x (€x). Then for every F € S™*(R", V) we have

lim (¢ x)F = F (2.59)

in the S™-# (R", V)-topology provided p’ < min(1, p) andm’ > m.

Proof. We have (t;‘ Xxe)F = 1:;( XeT—yF) and then the continuity of ‘L'; according to Proposition 2.23 allows to exchange ‘L';
with the limit. Then the result follows from Proposition 2.9(iii). O

The smoothness of the translations also allows to consider symbols taking values in other symbol spaces, as we shall do
now. Recall that given an order m and a type p for a defining system of seminorms Q on V, the symbol space S™?(R", V)

is a sequentially complete locally convex space (Proposition 2.3(iii)), which can therefore be used as a target space instead

of V. To define symbols taking values in it, we first have to specify an order i and a type p on the seminorms || - ||Zf§?)”’<q)

generating the topology of S™#(RR", V). For q € Q and u € Nj, we put
(] - [™*9) .= max{0, m(q)} and (] - [I"P*@) == p(q). (2.60)

Proposition 2.28. Let V be a sequentially complete locally convex space with defining system of seminorms Q, and let m be an
order and p > 0 a positive type for Q. Moreover, let F € S™*(R™ & R"2, V) be given. Then

Fi: RM — S™P(R",V), with Fi(x1): X3 — F(x1,%2) (2.61)
is a symbol in S™P(R™ | S™-P(R"2 V)) of order i and type p (2.60), and the map

S™P(R™ @R™,V) 5 F > F € SMP(R™, S™P(R™, V)) (2.62)
is linear and continuous. Explicitly, one has the bound

IIFy ”Tii";f,u < IFllgvou (2.63)

forqe Qv e 1N31, ne lNgz. Completely analogous statements hold for the map

F:R™ — S™P(R™M,V), with F(x3): X1 = F(xq,x2). (2.64)

Proof. In terms of the embedding ¢,: R™ — R™ @ R", 1,(x;) := (0, x,), and the previously discussed translations
7, the map F; reads Fi(x{) = L§(t;‘1®oF). But according to Proposition 2.26, x; +—> rx*l@OF is a smooth map from R™ to
S™P(R™M @ R"™, V), and according to Lemma 2.10, 5 : S™?(R™ @ R™, V) — S™#(R", V) is linear and continuous. Hence
Fi: R™ — S™P(R", V) is smooth. Since F > Fy is clearly linear, it only remains to verify the estimate (2.63). To this end,

letq € Q,v € Np', 0 € Ng2,and put § := || - ||q+ for short. The seminorm in question can be factorized

np _ 1 ALY Fy(xq1) (x
IFil7f = sup q(9x, 9, F1(x1)(x2))
q,v

— . sup .
eR™ (14 [|xq]|2) 2 B@=2@ID 4 crm (1 4 ||xy||2) 2 M@ —p@I1])

Note that by definition of i, p, the powers k := —%(ﬁl((i) — p(@v]) and k' := —%(m(q) — p(q)|u|) satisfy max{k, k', k +

k'} < K withK := —%(m(q) — p(q@)|v @ u|) for all i, v. Hence we can use the inequality (2.22) to estimate
(0" F (x1, x)) ,
IFill7) < sup = IIFllqvesy:-

ser™ (14 ||x1]12 + ||x2”2)%("'((1)—/)(!1)\!)@#“
xR

This establishes (2.63) and thus the continuity of F + F;. The arguments for F, are analogous. O
3. Oscillatory integrals for vector-valued symbols

3.1. Construction of the integral map

We now come to the definition of oscillatory integrals of symbols. Again, we proceed in close analogy to the scalar case,
see [20, Sect. 7.8] as well as [21]. The essential idea is to use the Riemann integral for compactly supported smooth functions
and show that it enjoys a remarkable continuity property with respect to the symbol topologies. We are here not interested
in the most general case, where oscillatory integrals are used to define maps from test function spaces to distributions, as
discussed in [20, Sect. 7.8]. Instead we are just interested in the values of the oscillatory integrals per se. To this end, we
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endow R" with a non-degenerate bilinear form (-, - ). Then we consider for F € %(R", V) the integral with an oscillatory
phase

Iy(F) == ;/ dp dx e"PXF (x, p) (3.1)
T @) Sy e ’

which is a well-defined Riemann integral thanks to the continuity of the integrand and the compact support of F. The integral
defines a linear map

Ip: G(R*™, V) — V, (3.2)
which is continuous in the %,-topology. Since the %,-topology is coarser than every (5§—topology fork € Ng U {400}, we
see that for all k we have a continuous map

Ip: €¢®R™, V) —> V. (3.3)

Up to now, we have not used any particular properties of the phase function besides its continuity. However, it turns out
that the continuity with respect to the %‘—topologies is not the right one to extend Iy to the symbol spaces.

Instead we have to show the continuity of Iy with respect to some appropriate S™#-topology, and this step will make use
of more specific properties of the phase function. We begin with the following preparations. Consider the polynomial

P(X) == (i+x1)---(i+x,) (3.4)

on R" which is clearly of degree n and hence a scalar symbol P € S !(R", C).
Since each factor (i 4 x) is non-vanishing, we can define arbitrary powers (i + x)° for s € 7, which are scalar symbols
of order s. Note that given a symbol F € S™#(RR?", V) of some order m and type p < 1, the function

R¥ 5 (x,p) — P(X)P*(p)F(x,p) € V (3.5)

is a symbol of order m + 2sn and type p. This follows directly by application of Corollary 2.7(i), since (x, p) — P*(x)P*(p) is
of order 2sn and type 1, and p < 1 by assumption.
We also note the well-known fact that given s € Ny, there exists a differential operator

glnl givl
— mwy
=D, a'inas (36)

[l v <s

of order at most s in both the x and p variables with constant coefficients at” e C such that
QP = P*(x)P(p)e' . (3.7)

After these preparatory remarks, we now derive the crucial estimate of the integral Iy with respect to the symbol
topologies. The proof is based on the usual technique of converting differentiability properties of the integrand to damping
factors by integration by parts against eP*’, As shown below, for this technique to work we only have to make a restriction
on the type, but not on the order.

Lemma 3.1. Let Q be a defining system of seminorms for V, with order m and type p such that —1 < p < 1. Then for every
q € Q there exists a constant ¢ > 0 and N € Ny such that for all F € ¢;° (R2", V) we have

ao(F) <c Y F&r. (3.8)

|ul=N

Proof. Let F € 4;° (R?", V) have compact support in a compact interval K € R?". Then we compute using (3.7) and an
integration by parts

Io(F) = / el TP gy, ()
@m)" Jk Ps(x)P*(p)
where @ = >o_ <o (— Dl % ggv‘ denotes the transposed differential operator and s € Ny is arbitrary. Indeed,

the integration by parts is possible since F has compact support inside the interval K. Since () is valid for all s € Ny, the
idea is to use a large enough s which produces under the integral an integrable symbol on the right hand side, independent

of K. Since F has compact support it is a symbol for any order and any type. Thus also the function (x, p) — % isa
symbol, say of order m — 2sn and type p. Thus for all 1, v € N{ we have the estimate
. oM Fap) ) _ (1+ lx p)”z)%(m(q)—zsn—mq)meaub F(-, ) |™*me
axi p” PS)Ps(p) ) ~ ’ P COPC) g uaw
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foralls € No. We know that |[u@®v| = ||+ |v| < 2sn as the operator Qs is of order 2sn only. Hence the condition p(q) > —1
shows that there is a s € Ny such that for all ||, |[v| < sn we have

m(q) — 2sn — p(Q)u ®v| < —2(n+ 1). (3.9)

In fact, we get the left hand side as negative as we want by taking large enough s. Finally, by Proposition 2.5(i), we get the
estimate
F

’PS(JPS(-)

: 1
s1nFe we have p < 1 apd FOR0
satisfied we get the estimate

Il glvl
Q(o(F)) < — /q( 3 qv (e 222 W>dnxdnp
K

m—2sn,p —2sn,1

< 2+l max
wev <udv

_
PS(-)P*(-)

is a scalar symbol of order —2sn and type 1. Taking now s large enough so that (3.9) is

m,p
I

max
q.u@v wWev WOV =udv

@m)" Oss dx dp¥ P*(x)P(p)
1 —(n+1) F m—2sn,p
< |a““|/ 1+ . p)I? d"xd"p | ——
@m)" OS/LZ,I;SS ’ K( ) PEC)P(C) q,ud®v
<c > Flgits, .
0<|ul,lv|=<s
with the constant
225n dn Y dn 1 —2sn,1
= oy | IR I T [
2m)" Jgan (14 1, pI?) 0<lul.Iv|<s o</l v I<s || PPCOPS(-) || gy

Note that the integral is finite indeed as we were able to make the exponent (3.9) negative enough such that the dependence
on the compact interval K disappears. O

We now define oscillatory integrals for symbols F € S™?(IR?", V) of non-compact support by extending the integral I
defined on %;° (R?", V). Doing so, we will rely in an essential manner on the preceding lemma and Proposition 2.9(iv), and
therefore restrict to types p with —1 < p < 1. The order m will be arbitrary.

To describe the extension procedure, we consider in addition tom and —1 < p < 1 an auxiliary order m’ > m and type
—1 < p’ < pfor Q, and the corresponding inclusions

Io: €°(R™, V) € S™P(R™, V) C S™ /' (R*", V) —> V.

In general, %O"O(RZ”, V) C S™P(R?", V) is not (sequentially) dense in the S™#-topology. But according to Proposition 2.9(iv),
the sequential closure of ¢;° (R?", V) in the weaker S'"/”"-topology contains S™*(R*", V). Moreover, according to the bound
(3.8), Ip: %OW(RZ”, V) — V is a continuous linear map in the S"'/J’/—topology. We can thus extend I, to a continuous
linear map from the sequential completion of %OW(RZ”, V) in the S”'/"’/—topology to V. The restriction of this extension to
S™P(R?", V) is our definition of oscillatory integral on S™#(R?", V); it is denoted by

m* . smP(RYM V) — V. (3.10)

m',p/

Theorem 3.2. Let V be a sequentially complete locally convex space with defining system of seminorms Q, andm, —1 < p < 1
an order and a type for Q.
(i) The integrals I"™* = I::,":), (3.10) are independent of the order and type m’, p’ as longasm’ > mand —1 < p’ < p.
(ii) The integral I'™*: S™°(R*", V) — V is linear and continuous.
(iii) For F € €§°(R*", V), we have I"™*(F) = Io(F).
)

(iv) For ordersm, m/, types —1 < p, p' < 1,and F € S™P(R?", V) N S™-# (R?", V), we have
[™P(F) = [P (F). (3.11)

Proof. For the first part, let m’, m” be orders and p’, p” types for Q, with m',m” > mand —1 < p/,p” < p, and
F € S™P(R*", V). We have to show In":;’;) ,(F) = In":;f o (F). By the above construction of these maps, there exist sequences

{F}}, {F/} C 4°(R*", V) converging to F in the topology of S™# (R?", V) and S™"#" (R?", V), respectively, and

m,p T / m,p T "
I (F) = lim loFy), I’ (F) = lim Io(F). (3.12)
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g /11 /1 ua

To show that these limits coincide, let m”’, p”” be an order and type withm"” > m’,m”, and —1 < p
seminorm q € Q, we can use the bound (3.8) and (2.10) to estimate with some constants ¢ > 0, N € Ny,

< p, p”. Fixing a

"1

a(o(Fp) — Io(F))) < ¢ Y |Fy — F}||m"

[ul=N
v /1 /1 /1
=c 3 (IR —Flme" +1F =R
lul=N
/ / i /!
<c Y (IR = FIZe + 1F =R’
[1I=N

In view of the approximation properties of the sequences {F,}, {F,'}, the last expression converges to zero forn — oo,
ie., we have q(Ip(F,) — Ip(F;)) — 0. Since q was arbitrary, (3.12) now gives Iz;_’;, (F) = I::;,f’p,, (F). From now on, we
write [™° = I::;,,;; , for this integral. For part (ii), by construction, I™#: S™#(R?*, V) — V is a linear map which is
continuous in the S™-#’ -topology form’ > mand —1 < p’ < p. But as the topology of S™*(R?", V) is stronger than that of
s’ (R?", V), this map is continuous in the S™*-topology as well. By the very definition of I"™#, we have I™*(F) = Iy(F)
for F € (gg’o(IRZ”, V), i.e. (iii) holds. It remains to check (iv), and to this end, we consider an order m” > m, m’ and type

—1 < p” < p, p. Then for any F € S™P(R?", V) N S™-# (R?", V), there exists a sequence {F,} C #$°(R*", V) converging
to F in the topology of ™" (R?", V), and in view of (i), we have

1™ (F) = Iy (F) = lim Io(Fy) = Im2,(F) = "7 (F). (3.13)

m”,p” m//’
This proves (3.11). 0O

The compatibility (3.11) of the integral maps I™” with the structure of the symbol spaces allows us to consistently define
an oscillatory integral on the space S(R?", V), see (2.43), consisting of all S™#(R?", V), with arbitrary orders m and types
—1l<p<1l

Definition 3.3. The oscillatory integral is the linear map I': S(R*", V) — V uniquely determined by I lsmpganyy = I™7,
—1 < p < 1.If the target space or the domain of integration needs to be emphasized, we write more precisely Iy or Ig2n
instead of I. We also use the symbolic notation

@m)™ / dp dx e"PXF(p, x) == I(F). (3.14)
R2n

Note that according to the discussion in Section 2.3, the space S(R?", V) and the oscillatory integral I do not depend on
a choice of defining system Q of seminorms, but are intrinsically defined.

3.2. Calculational rules for the oscillatory integral

We now derive the main properties of the integral I. To begin with, we note how oscillatory integrals can be computed
in practice.

Proposition 3.4. (i) Let F € S(R*",V), po,X € R", and x € €5°(R*, R) with x(p,x) = 1 for (p,x) in some open
neighbourhood of (0, 0). Then the oscillatory integral of F is the limit of Riemann integrals

I(F) = 2n)™" lirr(l) dp dx "X y (e(p — po), (X — X0))F (p, X). (3.15)
e—> RZn

(ii) Let Q be a defining system of seminorms on V, with order m and type p such that there exist constants Cy, C; € R satisfying
m(Q) <G, 1=2p(qQ=CG>-1 (3.16)

forallq € Q. Then thereexistss € N,and b, € C, , v € N, ||, |v| < s, such that forall F € S™P(R2", V), the oscillatory
integral is given by a convergent Riemann integral

L glul givi F(p,
I(F) = Z b,”f dpdxe“”’")Wa - = ?.% ) (3.17)
lul.Ivi=s R prox 1_[ (i + pr)sG + x)°
k=1

Proof. Fixing a defining system of seminorms Q on V, we consider a symbol F € S™*(R?", V) for some order m and type
—1 < p < 1 for Q. Furthermore, let m’, p’ be an auxiliary order and type for Q such thatm’ > mand —1 < p’ < p.
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It has been shown in Corollary 2.27 that (x.F)(p, x) = x(e(p — po), e(x — Xg))F(p, x) converges to F in the topology of
sm'o (R**, V) as & — 0.Since x,F € Co° (R2", V), the formula I(F) = lim,_, o Io(x:F) (3.15) holds by definition of I as the
S™P_continuous extension of Iy. This proves the first part. The second part is basically a corollary of the proof of Lemma 3.1:
One first checks that if (3.16) holds, then there exists s € Nq such that the inequality (3.9) is valid for all q € Q for the same
value of s. Using a cutoff function x as in the first part of this proposition, we can then apply the arguments in the proof of
Lemma 3.1to x.F € %OOO(IRZ”, V) to conclude that there exist coefficients b,,, such that

| v
o(x:F) = Y~ bu / dpaxeion 207 x(ep F@.Y)
n i oxy M
Il vl<s R? dp™ ox [TG+ p)si + x0)®

k=1

(3.18)

To control the limit ¢ — 0, we again use the same arguments as in Lemma 3.1: For any seminorm q, we find an integrable
upper bound to (p,x) — q (aﬁa;P*S(p)P*S(x)F(p, x)). This allows us to carry out the limit ¢ — 0 in (3.18). Namely,
applying Leibniz’ rule, we see that all terms in (3.18) which contain derivatives of x, and hence factors of ¢, converge to zero
as ¢ — 0 because the derivatives of F and the damping factors are bounded in each seminorm q. Only the term with no
derivatives on x remains, and as this has an integrable upper bound, and x (0, 0) = 1, we obtain the claimed formula (3.17)
for I(F) = limy—q lp(x:F). O

If V is a Banach space and Q consists of just its norm, then (3.16) is clearly satisfied for any order m, and any admissible type
—1 < p < 1.Soin this case, the oscillatory integrals can always be reformulated as improper Riemann integrals. But if Q is
infinite, and m unbounded, this is no longer the case. Nonetheless, also in this general situation, oscillatory integrals exhibit
many of the familiar properties of Riemann integrals. In particular, they are compatible with continuous linear maps, and the
usual rules of substitution and integration by parts still apply, as we now show in the following lemmas and propositions.

Lemma 3.5. Let V, U be sequentially complete locally convex spaces, A: V. — U a continuous linear map, and F € S(R*", V).
Then AF: (p, X) — AF(p, x) is a symbol in S(R*", U), and

Aly(F) = Iy (AF). (3.19)

Proof. First we note that the equation holds for compactly supported F. But then the usual continuity and approximation
argument shows that the equation also holds for arbitrary F. O

Remark 3.6. If we consider an antilinear continuous map C : V — U instead, the only difference to the above described
situation is that the oscillating factor €/ has to be conjugated. This conjugation can be compensated by a variable
substitution p — —p in the integrals. So in this case, we have, F € S(R*", V),

Cly(F) = Iy(CF_) with F_(p,x) := F(—p, x). (3.20)

Lemma 3.7. Let q,y € R", A € GL(n, R), and denote by AT the transpose of A with respect to the chosen inner product on R".
Then, forany F € S(R*", V), the functions

Foya(®, %) == e PYFAp+q,x) and F¥4(p,x) = e WIF(p, ATx +), (321)
are elements of S(R*", V) as well, and

I(Fgyn) = [(F&%). (3.22)

Proof. For F € S(R?", V), an application of Lemmas 2.20 and 2.21 shows that the functions Fg0.4 and FO¥A without the

oscillating factors lie in S(R*", V). But (p, x) > e~®¥ and (p, x) > e~%9* are scalar symbols of type 0 and order 0, as is
easily verified by differentiation. Hence Corollary 2.8 yields Fy 4, F#* € S(R?", V). To compare the oscillatory integrals of
these functions, we pick x € %;O(]RZ”, R) as in Proposition 3.4, and compute according to (3.15)

@7)"1(Fyy0) = lim | dpdx e'PX =10V} y (ep, ex)F(Ap + q, X)

R2n

.
= lim | detA|™! /2 dp dx 100 x (eA7'p, e(x+y)) F(p, x +y)
— R21

= lim dpdxe'® y (sA7'p, e(A"x +y)) eV (p, ATx + y).
e—> R2n
Since also (p, x) — x (A~ 'p, ATx) is a smooth, compactly supported function which is equal to 1 on an open neighbourhood
of the origin, we can use Proposition 3.4 again to conclude that the last line coincides with 27)"(F#*). O

For the next statement, we represent the bilinear form used in the oscillating factor as (p, x) = (p, Mx) with some
M € GL(n, R), | det M| = 1, and the standard Euclidean inner product (-, -) on R". The transpose of M with respect to this
inner product will be denote M” .
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Proposition 3.8. Let F € S(R*", V) and u € N Then d,'F, 3;'F, (Mx)*F, (MTp)*F lie in S(R*", V), and

1B)F) = (=)™ I((Mx)"F) aswellas 1(0}'F) = (—=i)"1(M"p)"F). (3.23)

Proof. For F € ¢;° (R?", V), the claimed equations amount to an integration by parts against the oscillating factor
elPX) = eiP-MX) since

a#ei(P.MX) S (Mx)* el®M)  3pq aﬁei(P,MX) — jlul (IVITp)“ elP:Mx)

Thus we only have to show that the functions on the left and right hand side in (3.23) are symbols in S(R**, V), and can
be approximated by compactly supported symbols. So let F € S™?(R?", V) for some order m and type —1 < p < 1 for
a defining system of seminorms Q for V, and pick a sequence F, € %OW(JRZ”, V) converging to F in the S'"/”’/-topology for
somem’ >m,—1 < o’ < p.Then, according to Proposition 2.4, 3)'F, — 8}'F in the S™ ~#'ll-#"_topology. But as p’ > —1,
we can apply Proposition 2.3(iv) to see that this sequence also converges in the S'"/Jr'“'*”/—topology. Hence, by definition of
I, we have I(al‘,‘F) = lim, Io(af,‘Fn). Concerning the right hand side in (3.23), note that (Mx)* is a scalar symbol of order |u|
and type 1. Hence, using Corollary 2.8 and p < 1, we see that (Mx)"F is a symbol of order m + || and type p, and thus
an element of S(R", V). Moreover, (Mx)“F, — (Mx)"F in the S™ ¢ _topology. Thus I (Mx)*F) = lim, Io((Mx)"F,), and
the first identity in (3.23) follows. The proof of the second identity is completely analogous. O

We next compute the oscillatory integrals of symbols (p, x) — F(p, x) which are constant in either x or p. The following
result also explains our choice of normalization factor (277) ™" in the definition (3.1) of the oscillatory integral.

Proposition 3.9. Let F € S(R*", V) satisfy F(p, x) = F(0, x) or F(p, x) = F(p, 0) for all p, x € R". Then
I(F) = F(0). (3.24)
In particular, constant symbols v : (p, X) — v, v € V, have oscillatory integral I(v) = v.

Proof. We present only the proof for the claims about a symbol F € S(R?", V) satisfying F(p, x) = F(0, x); the arguments
for the other case are analogous. To evaluate the oscillatory integral of F, let x € 4;°(R", R), with x(x) = 1for x| < 1,and
let 3 (x) = (2m)~"/? fn#" dp e/®¥ y (p) denote the Fourier transform of y with respect to the chosen inner product. Then
Proposition 3.4 can be applied with the product cutoff function (p, x) — x (p) x (x), and we obtain

I(F) = limO (27) ™2 f dx % (x) x (e2x)F (0, €x).
E—> Rn
To show that this limit coincides with F (0), let Q be a defining system of seminorms on V, with ordermand type —1 < p < 1,

such that F € S™?(R?", V). For any q € 9, we have the estimate

q( / dx 7 (0 X (E2F (0, £%) — / dX)“((X)F(O))s / dx 7001 q (x (E20F (0, ex) — F(0)) .
R R" R"

As the Fourier transform of a smooth, compactly supported function, ¥ is an element of .#(R", C), and since F €
S™P(R?", V), and x is bounded, we easily find a scalar integrable function g such that | ¥ (x)| q (X (e2x)F (ex) — F(O)) <gk)
foralle < 1.Hence thelimite — 0 of the right hand side of the above estimate can be evaluated by dominated convergence,
and since x (0) = 1, this limit is zero. As q was arbitrary, we have in the topology of V

I(F) = lin})(Zn)_"/z f

dx % (%) x (e>X)F (0, ex) = 2m) ™2 / dx % (x)F(0).
R R

But in view of our normalization of the inner product (-, -), the inverse Fourier transform gives (27)~"/? f dx x(x) =
x (0) = 1. So we arrive at the claimed identity I(F) = x (0)F(0) = F(0). The statement about constant symbols follows by
choosing F constant. O

As the last property of oscillatory integrals needed in our applications, we discuss a Fubini type theorem for multiple
oscillatory integrals. To this end, we consider symbols F € S(R*" @ R?", V) depending on two pairs of variables (p1, X1),
(p2, x2), with p;, x; € R, j = 1, 2. Our discussion of multiple oscillatory integrals is greatly facilitated by Proposition 2.28,
stating that for F € S(R*"™ @ R?"2, V), the maps

Fi: R*™ — S(R®™,V) and Fp: R™ — S(R®™, V), (3.25)
given by
Fi(p1,%1): (P2, X2) = F(p1,X1; P2, %) and  F(p2, x2): (p1, X1) = F(p1, X15 P2, X2),

respectively, are symbols in their own right.
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Subsequently we have to distinguish different kinds of oscillatory integrals. On R?™ @ R?™ we use the induced pairing
(P1 ® P2, X1 D X2) = (p1,X1) + (P2, X2) . (3.26)

Hence the oscillatory integrals over symbols F € S(R*™ @ R*™, V) will be carried out with respect to the oscillating factor

e!(Prx1)iP2.%2) and denoted by I as before. On the other hand, oscillatory integrals over the symbols (3.25) which are defined
on R?™ (respectlvely R?™), and take values in some other symbol space S™*(R?"2, V) (respectively S™ /’(IRZ'“ V)), will be
carried out with respect to the oscillating factors e'P1-*1) (respectively e!P2*2)), and denoted 11 (respectively 12) This way,
we get the following version of Fubini’s Theorem for oscillatory integrals.

Proposition 3.10 (Fubini). Let V be a sequentially complete locally convex space. For any F € S(R*™ @ R?™, V), we have
Ii(Fy) € S(R*™, V), L(F,) € S(R*™, V), with

L11(F)) = Li((F)) = I(F). (3.27)

Proof. Let Q be a defining system of seminorms for V, and m, —1 < p < 1 an order and a type for Q such that F € S™#*
(R*™ @ R2™, V). According to Proposition 2.28, F; € ST (R2" S™P(R2™2 V), F, € S i’(RZ"z S™P(R2M, V)) with the
order m and type p defined in (2.60). Note that since —1 < p < 1, the oscillatory integrals 11 (F)) € S™P(R*"2,V) C
S(R2™, V) and L(F,) € S™P(R¥,V) C S(R®M,V) exist. Hence all integrals in (3.27) are well-defined. To show that
they coincide, we can argue with the usual continuity and approximation techniques: for compactly supported symbols
the integrals coincide by the Fubini theorem for Riemann integrals. Then the continuity statements of Proposition 2.28 and
Theorem 3.2 give the equality for all symbols. O

4. Rieffel deformations for polynomially bounded IR"-actions

4.1. Deformations of algebras and modules

We now apply the symbol calculus developed so far to extend Rieffel’s deformation of Fréchet algebras with isometric
R"-actions [5] to a more general setting. As before, we will consider functions taking values in locally convex sequentially
complete vector spaces V. We will in this chapter always assume a filtrating defining system Q of seminorms for V. The
symbols we are interested in will be generated with the help of suitable R"-actions, and we introduce some standard
notation first.

For an R"-action «: R" x V — V, we consider the functions

a(): R" — V, X = oy(v) (4.1)
for v € V. The action will be called strongly smoothif @ (v) € #*°(R", V) forallv € V.Its derivatives at x = 0 are denoted by
Xt v —V, X" v = 0l oty (V) k=0, (4.2)

where u € N as usual. All actions will be assumed to act by linear maps ay: V — V. If « is strongly smooth and the o
are continuous for all x € R", then one has 84 o, (v) = X v = X" v.

Definition 4.1. Let V be a sequentially complete locally convex space with defining system of seminorms Q, and let m be
an order for Q. A smooth polynomially bounded R"-action (of order m) is an action «: R" x V — V such that

(i) a(v) € S™O(R", V) foreachv € V,

(ii) V 3 v = a(v) € S™O°(R", V) is continuous, i.e. for any q € Q, © € N, there exists q' € Q, such that

le()lIgs? < d'(v) (4.3)
forallv e V.

Smooth polynomially bounded actions can equivalently be characterized as follows.

Lemma 4.2. Let « be a strongly smooth action on V. Then « is polynomially bounded of order m in the sense of Definition 4.1 if

and only if the following two conditions are satisfied:

(i) Foreach q € Q, there exists q' € Q such that

A(ax(v)) < (1 + X2 2@ ' (v) (4.4)

forallx e R",veV.
(ii) The derivatives X*: V — V are continuous.

If V is a Fréchet space and Q is chosen countable then « is polynomially bounded of order m if and only if just the first condition
is satisfied.
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Proof. Let o be a smooth polynomially bounded action of order m. Then its defining properties imply that for any q € 9
there exists q' € Q such that forallx € R",v € V,

1 1
Qlax () < 1+ XD 2" VYa@) Ty < A+ X2 Pq (),
i.e. (4.4) holds. Furthermore, given q € Q, © € N, there exists q' € Q such that

(3 0 (v) mo _

q(X"v) = q(8y ax(v)|x=0) = sup = le)llg,, <d'@)

VR (14 [x][2) 2™
forallv € V.Hence X" : V — V is continuous. Now assume that « is a strongly smooth action satisfying the two conditions
listed in this lemma. Then to any q € Q, u € N7, there exist q’, q” € Q such that

Q0% (1) = qex (X)) < (1 + X[ 2™ Vg (X" v) < (1+ [xI2)2™Pq" (v)

forall x € R", v € V. This shows both, a(v) € S™(V), and the continuity of v — «(v). Hence Definition 4.1 and the
two conditions in this lemma are equivalent. We now consider the special but important case that V is a Fréchet space. Thus
assume that 9 is countable. When equipped with the family of seminorms 9% := {q,, := qoX" | q € Q, n € Ng}, this space
will be called V. Also V*° is a Fréchet space. As linear spaces, V. = V°, and clearly, the identity id: V*° — V is linear,
continuous and bijective. Hence we can apply the open mapping theorem for Fréchet spaces to conclude thatid: V —> V*°
is continuous as well, i.e. V = V as Fréchet spaces. But this is equivalent to the derivatives X*: V — V being continuous,
i.e. condition (ii) is automatically satisfied. O

Remark 4.3. (i) A polynomially bounded action « acts by continuous maps «y, as can be read off from (4.4).
(ii) The arguments in the above lemma also explain why we consider only actions of type p = 0 here. For if «(v) € S™*(V)
and the derivatives X are continuous, we can argue as above to show that «(v) is actually of type 0.

In Rieffel’s original approach, V is taken to be a Fréchet algebra with a strongly continuous R"-action « by automorphisms
ay which are isometric for all ¢ € Q. On the subspace V*° of all smooth vectors for «, the «(v) are then symbols of order 0
and type 0, see [5]. Using the symbol calculus of the preceding sections, we will now extend many of the results of Rieffel to
the case where a(v) € S™%(R", V) for an arbitrary order m. In Section 5, we will then provide various examples of smooth
polynomially bounded R"-actions.

In comparison to [5], we will take here also a somewhat more general point of view concerning the algebraic structure,
which involves three sequentially complete locally convex spaces V, W, U with filtrating defining systems of seminorms
0V, oW, QY. Each of these spaces is equipped with a smooth polynomially bounded R"*-action &V, ", Y of order m, m",
mV, respectively, and the derivatives with respect to these actions will be denoted X/}, X;/, X/, .

In this setting, we consider a bilinear map

nw:Vxw—uUu (4.5)
which is required to be covariant in the sense that
o (v, w) :u(a,‘{/v,a,‘{vw), veV, weW, xeR". (4.6)

In many applications x will be jointly continuous, but in some cases we also need to work with a bilinear map u which
is only separately continuous. In the following we will therefore always only assume that u is separately continuous, and
explicitly point out when we consider the special case that u is jointly continuous.

This setting includes the case where A := V = W = U is an algebra with (separately) continuous product x, and « :=
oV = a" = oY acts by automorphisms. But the more general formulation allows, for example, to also consider covariant
modules, where A := V is taken to be an algebra and & := W = U is a left A-module with a smooth R"-action 8 := " =
oY, and (separately) continuous module structure : A x & —> & satisfying (4.6). This setup will therefore be suitable for
the discussion of deformations of algebras and their covariant modules. In the following, we will always assume without
further mentioning that spaces V, W, U, actions «”, «", «!, and a bilinear map p with the specified properties are given.

Following Rieffel, we now consider a real (n x n)-matrix 6 as our deformation parameter, and introduce the functions,
veV,weW,

Wl iR xR — U, nl (0,x) = u (otgpv, a,‘f/w). (4.7)

As &V, " are smooth and polynomially bounded, it follows from Proposition 2.5(ii), that these functions are symbols in
S(R*", U) if u is jointly continuous. If u is however only separately continuous, more work is needed to arrive at this
conclusion. We begin with the following lemma.

Lemma 4.4. Let o be a smooth polynomially bounded action on V. Moreover, let F € €*°(R", V). Then
F*:R"xR'—V, F¥(p, x) == ap(F(x))

is smooth.
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Proof. First we show that F¥ is continuous. To this end, we make use of the differentiability of «, which implies that for any
q € Q, there exists ' € Q and a continuous function f : R" x R" —> R, such thatforallp,p’ € R",v e V

a(ep(v) —ay () < llp = p'llf (0. p) d' (V).
The proof of this estimate can be carried out along the same lines as in Lemma 2.24. With this bound we find, p, p’, x, ¥’ € R",

q(F*(p,x) = F*(p', X)) < a(ap(F(x)) — ay (F(x))) + (e (F (X)) — a (F(X)))

/ / l / /

Ip =P 1f @, ) 4 FC0) + (1+ P11 2™Vq" (F(x) — F(X)),

with some q’, q” € Q. The continuity of F¥ is then clear. Furthermore, (p, x) = F*(p, X) is separately smooth in p and x (in
x because the «), are linear and continuous), with partial derivatives

3, F*(p, ) = apX"F(x), 9 F*(p, x) = otpd, F(x).

IA

According to Lemma 4.2, the derivatives X" : V — V are continuous. Thus x — X"F(x) is smooth, and clearly, x — 9F(x)
is smooth as well. Hence the partial derivatives of F* are of the same form as F%, and thus in particular continuous. This
implies that F* is smooth. O

Lemma 4.5. Let v € V, w € W and consider F,,,, G, : R" x R" —> U defined by

Fouw(@.%) = oy (n (v, o (w))) and Gyu(®. %) = (1 (o) (v), w)). (4.8)
Then there exists an order 1 on QU such that Fyy,, Gy, € S™°(R2", U), and for fixed vy € V, wo € W, the mappings

W 3 w > Fypp € ™R, U) and V 3 v > G,y € S™O(R™, U)

are linear and continuous.

Proof. We will only prove the statements about F,,, as the discussion of G,,, is completely analogous. In view of the separate
continuity of i, the map w — (v, w) is continuous for fixed v, and as &" is a smooth action, we see that F,,, is of the form
considered in the previous lemma and hence smooth. Its partial derivatives are 9) 95 Fuu, (p, X) = af (Xju (v, & (X§, w))),

where v, k¥ € Ni. To estimate these derivatives, let q € oU. Then there exists q' € QU such that

ImV v K
a0y 9 Fou (. %) < (1 + [IpI*)2™ Vg’ (X, e Xy w)).

Asw > (v, w) is continuous and U = U™, W = W™ as locally convex spaces, we now find q”, q”, " € 9%, 0 € N,
and constants ¢, C, > 0 such that

l u !/ o K
Q)05 Fuu (p. X)) < (14 pIIH 2™ @ €, " Xy Xl o w)
1 1 7"
<G, (14 IpIP) 2™ @1 + [Ix)1?) 2™ @ g (x5, X5 w)
1 u W (1
< Cyc (14 [Ip? + [|x|?) 2 0m” @HImT @D g ()

for all p,x € R", w € W. Here ¢ depends on «, v, q, but not on v, w, p, x. This estimate shows that F,,, is a symbol in

S™O(R2" ), withfia(q) == |mY (q)|+ |m™ (q”)| (cf. Proposition 2.5). Moreover, ||Fvw||gf;,0@,( < C,cq"”(w),thatis,w > F,
is continuous for fixed v. O

After these preparations we can derive the following basic statement about the deformation of .
Proposition 4.6. Let v € V, w € W, and 6 € R™".

(i) The functions u’, (4.7) are symbols in S(R*", U).
(ii) The maps defined by their oscillatory integrals

VXW3 W w - w, w)=lyu’,)eU (4.9)

are bilinear and (separately) continuous if u is (separately) continuous.
(iii) e satisfies the covariance property (4.6).

Proof. Let v € V, w € W and 6 be fixed. Thanks to the covariance of i (4.6), we have
119, (D, X) = Fyu(0p, x — 0p) = Gy (x, 0p — X).

As Fyy, Gy € S(R?", U), an application of Lemma 3.7 shows Mﬁw € S(R?", U) and hence the first part. By the preceding
lemma, we see that

VW3 @ w e u, eS™®" U)

is separately continuous for some order m on QY. Hence the oscillatory integral Iy (Mﬂw) exists and depends separately
continuous on v, w. The bilinearity of u’ is clear. In case y is jointly continuous, note that by assumption, oc(‘,’ (v) €
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sm".0(R", V) and oW (w) € S™"O(R", W) with orders m”, m" for 0", 0. The maps v +> ay(v) and w > o%(w)
are continuous from V (respectively W) to S"’V*O(IR", V) (respectively S"’W=°(]R", W)) by Definition 4.1(ii). Furthermore,
according to Proposition 2.5(ii), o (v), @ (w) +— (e (v), «" (w)) maps sm’.O(R" V) x Sm".O(R" W) continuously
into S™-°(R?", U), with some order m’ for oU. Finally, the oscillatory integral maps %, +> jy(v, w) continuously from

S"’,’O(IRZ", U) to U by Theorem 3.2. As a composition of these continuous maps, uy: V x W — U is therefore continuous,
too. This completes the second part. To check the covariance property (4.6), note that since &Y is continuous for each x € R"
by Remark 4.3(i), it can be pulled inside the oscillatory integral defining 11y according to Lemma 3.5. Since (4.6) holds for p,
and oV, " are R™-actions, it follows that pg satisfies (4.6) as well:

af po(v, w) = (271)‘"/

i dpdy e'™Y o) p (ay, (v), o) (w))
R n

= Q@)™ f _dp dy &P (g (V). o (w))
R n
= po (o (v), o (w)). O

Depending on the context, iy from (4.9) will be referred to as the deformed product, deformed module structure, or just

deformed bilinear map.
In the next proposition we justify these names by demonstrating the most basic feature of a deformation, namely that it

reduces to the identity for vanishing deformation parameter.

Proposition 4.7. Let 6,0’ € R™",

(i) For 8 = 0, we have g = [.

(i) (ne)or = Moo

Proof. Letv € V, w € W.For 6 = 0, the symbol (p, x) — u(agpv, a,‘{"w) (4.7) is independent of p. Hence Proposition 3.9

applies, and we have uo(v, w) = gy (oz(‘]’(v), (xgv(w)) = u(v, w), showing the first part. For the second part, by Proposi-
tion 4.6, iy has the same properties as u, so (g ) is well-defined. Using successively the definition of 14, the substitution
X — x — X' according to Lemma 3.7 and Fubini’s theorem in form of Proposition 3.10, we compute

a0, w) = @0 [ ' @0 g (a0, )

R2n

= Qm)™" /Rzn dp' dx el(r'¥) ((Zn)" /f;zn dp dx P (agpw/p/(v),a)ﬁx,(w)))
= @m)" f ,,dp'ax e <<2n>‘" f dpaxe e 0D i (rf,y (0). 0 (w)))
R2n R2"

_ —n i(p,x) —n 1 g i XY —i{p.X v w
= (27) /;w dp dxe''’ ((271) /]Rzn dp’ dx elr' ) g=ilp >u<a9,p,+6p(v),ax (w))).

Making use of Lemma 3.7 and Proposition 3.9, we see that the inner oscillatory integral has the value ,u(ozz/@w/)p(v), a)‘{"(w)).

Plugging this result into the above computation gives the desired answer (ug)g(v, w) = pugre'(v, w) by definition
of ug. 0O

The following lemma shows two further invariance properties of the deformation which are helpful in many situations.

Lemma4.8. (i) Let v € Vand w € W. Ifeither v is &V -invariant or w is " -invariant, then 119 (v, w) = w(v, w).

(ii) Let Y be another sequentially complete locally convex vector space, and T: U — Y linear and continuous. If 0 € R™" is

skew-symmetric and T is o«V-invariant, i.e. T o af =T forallx € R", then

Tue(v, w) = Tu(v, w). (4.10)

Proof. For part (i), note that under the specified circumstances, (p, X) — ;L(agp(v), oz)‘(’v(w)) depends only on one of its two

variables p, x. Hence Proposition 3.9 applies, and we have g (v, w) = u(ag (v), oy’ (w)) = p(v, w). For part (i), let v € V,
w € W. Using the continuity and linearity of T as in Lemma 3.5, as well as the covariance (4.6) and the invariance of T gives

Q)" Tue (v, w) = f dp dx e’ Ty (y, (v), oy (w)) = f dp dx e’ Ty (ay,_, (v), w) .
R2n R2n
Now we use Lemma 3.7 to carry out the substitution x — x + 6p. As 6 is skew-symmetric, (p, fp) = 0, and we get

Tug(v, w) = 2r)™" f dp dx e’ Ty (ay, (v), w) .
]RZn
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This is again an oscillatory integral over a symbol which is constant in one variable, and by Proposition 3.9, we arrive at
Tug(v, w) = Tuleg (v), w) = Tu(v, w). O

We now consider the deformation of algebras and modules. Let A := V be an algebra with separately continuous product
un: A x A —> A, and assume that the (smooth, polynomially bounded) R"-action « acts by automorphisms. Furthermore,
let & := W = U be a left A-module with separately continuous module map j1: A x & —> & and a (smooth, polynomially
bounded) R"-action 8 satisfying (4.6) withV = A, W = U = §,a" = o,and & = «Y = B. In this situation, we can
deform the product x according to

po(a, b) :=axgb = 2m)™" f _ dpdxe'® fi(agp(a), au(b)), @b € A, (4.11)
R n
and the module structure /& according to
fio(a, ) = agy = 2m) ™" / i dpdxeP fi(agy(a), B(¥)), a€A, ¥ €E, (4.12)
R n

with the same deformation parameter § € R™". We will write Ay for the algebra given by the linear space A and the
product xg.

Theorem 4.9. Let A be a sequentially complete locally convex algebra with separately continuous product u, and let & be a se-
quentially complete locally convex left A-module with separately continuous module structure fi. Let  be a smooth polynomially
bounded R"-action by automorphisms on A, and 8 a smooth polynomially bounded R"-action on & such that

B(ii(a, ¥)) = [i(ax(@), B(¥)), a €A, Y €€ XER" (4.13)

(i) In this case (&, [ip) is a left Ag-module, i.e.
(axgb)gy = agbgy, a,be A, ¥ €6. (4.14)
(ii) If the product w in A is associative, then so is the deformed product pq (4.11).
Proof. Leta,b € A, € & and 8 € R™". By applying repeatedly the arguments from Lemma 4.5, one sees that
R™ > (p,x,p', %) > i (gp+0p(@), [2(cgpsn (D), Be(¥)))

is a symbol in S(R**, &). Its oscillatory integral can be written with the help of Fubini’s theorem, the module property
(u(a, by, ) = fi(a, (b, ¥)), the separate continuity of f, and (4.6) as

@)™ fR dpdxdp’ dX &P [ (o p(@). it (B). B()))
= Qm)~ " /R _ dpdxe'® ( /R _dp'd¥ e i (@opa0p(0), fL(cgpi (b), /wf))))
= Qu) ™ /R dpdel ( /R ! @ &) i a0y @, e ), ﬁx(w))
— @n) /}R dpdxe® (aep /R dp dX €0 ey (@), o (b)), ﬁx(x/x))

. f dp dx €0 [i (g (110 (a, b)), B(¥))
R2n
= o (o @, b), V).

On the other hand, we can use Lemma 3.7 to carry out the substitutions p’ — p’ — p and x — x + X’ in the first oscillatory
integral. This gives

fo(pe(a, b), ) = (271)72"/ dp dxdp’ dx' &P X) i (g 105 (@), fi@pi (b), Be(1)))

RAn

= @)™ f dp dxdp’ dx' &P PX) (g (@), @gpin (D), B (W))) -
R ﬂ

Notice that the exponential appearing here equals ele0+(P'X) pecause the term (p, x/> drops out. So we can again use the
covariance and separate continuity of /&, and split the double oscillatory integral into two single oscillatory integrals, to
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arrive at the desired result,

o (pe(a, b), ¥) = 2m)~>" f

dp dxdp’ dx eP¥+i(F'X) (o (@), By (iL(atgp(b), Be(¥))))
]R4”

= (277)*2"/ dp dx' e?¥) i (aep/(a),ﬁx/ (/ dp dxe“””‘)/l(otep(b),ﬁx(llf))>>
R2n R2n

= Qm™ f dp’ dx' "%} [i (e (@), B (Lo (b, ¥)))
]RZH

= [ig(a, fLo(b, ¥)).

Rewriting g and fig according to (4.11) and (4.12) yields (4.14). The second part follows by considering the special case
E=Apn=wuB=a O

For isometric actions on Fréchet algebras, the associativity of the deformed product is known from Rieffel’s work [5].
The deformation of the module structure can also be viewed as an alternative deformation of an algebra A represented
on &. In this approach, every element a € A is viewed as an endomorphism of &, and deformed to ag € End(€). The ay
form a deformed algebra when equipped with the algebra structure of the endomorphisms of &. This deformation has been
introduced under the name of warped convolution in the context of C*-algebras [23,12], it is equivalent to the deformation
of the product according to (4.14).

Sticking to the setting of an algebra A with product w and a left A-module with module structure /i, and actions «, 8
satisfying the assumptions of Theorem 4.9, we next show how identities and star involutions behave under the deformation.

Proposition 4.10. Let A be a locally convex sequentially complete algebra with separately continuous associative product, and
a: R" x A —> A a smooth, polynomially bounded R"-action by automorphisms.

(i) If A has an identity 1, this is also an identity for the deformed product (4.11).
(ii) If A is a *-algebra with continuous *-involution and 6 is skew-symmetric with respect to the inner product used in the
oscillatory integrals defining the deformed product, then a — a* is also a star involution for the deformed product, i.e.,

(axgb)* =b* xpa*, a,beA. (4.15)

Proof. The first part is clear: since « acts by automorphisms, we have oy (1) = 1 for all x € R". Hence, by Lemma 4.8(i), we
havea xy1 =al = aand 1 xya = la = afor any a € A. For the second part, we note that as the involution a — a* is
antilinear and continuous, we can use (3.20) and Lemma 3.7 to compute fora, b € A

(axob)* = 27)" /

, dp dx &P (a_ppa cb)*
R n

=Qm)™" / dp dx P o b* o_gpa®
R21

= Q7)™ f dpdxeP® a_,r b* apa*
R2n
= b* X _gT a*.
In case 0 is skew-symmetric, i.e., 7 = —6, (4.15) follows. O

Again, these statements are well-known in Rieffel’s setting [5]. Analogous to the preceding proposition, there exist two
closely related properties in the module deformation setting of Theorem 4.9: First, if a vector ¢ € & is S-invariant, then we
have ayyy = ay. This is again a straightforward consequence of Lemma 4.8(i).

Second, in the case of a covariant Hilbert space representation of a *-algebra A, we have a compatibility between the
*-operation and the deformation similar to Proposition 4.10(ii). To describe this, consider a locally convex sequentially
complete *-algebra A with a smooth polynomially bounded R"-action o* by *-automorphisms. Let furthermore # be a
Hilbert space carrying a strongly continuous unitary representation u of R", and let & C # denote the subspace of smooth
vectors for u. We consider a covariant representation of A, i.e. a *-representation v of A by (closable) operators defined on
& such that 7 (e (a)) Y = u(x)w (@)u(x)"y foralla € A,x € R", ¢ € &.

Then we can apply our deformation formula to the module map w(a, ) := w(a)¥. In case of a skew-symmetric defor-
mation parameter 6, the map 7y defined by the deformed module map, 7y (a)¥ := g (a, ¥), then gives a *-representation
of Ay on &, i.e.

(@)Y =@y, acA, yeé. (4.16)

In a C*-framework with order 0 actions, this fact has been established in [ 12, Lemma 2.2]. Since the proof is essentially the
same in the present situation, we refrain from giving the details here.
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4.2. Deformations of positive functionals

In this subsection we consider a *-algebra and investigate the positivity aspects of the deformation presented in
the preceding section. This analysis follows closely [19], where complete positivity of Rieffel’s original deformation was
established.

Solet A be alocally convex sequentially complete *-algebra with separately continuous, associative product i (a, b) = ab,
and let o be a smooth polynomially bounded R?"-action on A by *-automorphisms. Furthermore, let 6 be an invertible
(2n x 2n)-matrix 6 which is skew-symmetric w.r.t. the standard inner product (-, -) on R?". By Proposition 4.10(ii), we
then know that Ay, that is the linear space A equipped with the deformed product u4(a, b) = a x¢ b, is also an associative
*-algebra.

However, the cones AT C A and Ag' C Ay of positive elements do in general not coincide, as they are spanned by
different squares of the form a*a respectively a* x4 a. As a consequence, a positive linear functional w : A — C, will in
general only be a linear functional on Ay since w(a* x4 a) might be negative.

Following [19], we will now construct an explicit map P : A — A such that P§ “h c A;r, which can then be
used to deform positive linear functionals on A to positive linear functionals on Ay. As a preparation, we need to introduce
certain vector-valued Gauf$ integrals. To this end, let V be a locally convex sequentially complete vector space with defining
filtrating system Q of seminorms, and denote by (-, -) the standard positive definite inner product on R?". Given a positive
definite (2n x 2n)-matrix G > 0, we consider the corresponding Gauf$ integral Pg: %(;’O(RZ", V) — V defined by

PO(F) = VdetG f dye 20 F(y). (4.17)
(27'[)” R2n

By a straightforward estimate, we find for any q € Q and any order m on Q a constant ¢ > 0 such that q(Pg (F)) <

c ||F||$§f‘)”’(q) holds for any F € €5°(R?", V) and any type p on Q. Thus we can extend P¢ to all symbol spaces S™#(R*", V),
p < 1, similar to the construction of the oscillatory integral. This extension gives a continuous linear map, which will be
written as

+/detG
Pc:S™P(R*™ V) -V, P(F) = o / dy e 20 F(y). (4.18)
g
After these remarks, we switch again to the context of a *-algebra A, and consider
PE:A— A, PZ(a) == Pg(a(a)). (4.19)

It is clear that P is a linear and continuous map, since both o : A — S™O0(R?" A) (see Definition 4.1(ii)) and P; :
SmO0(R2" A) — A have these properties.
For PZ to respect positivity, we need to choose G in a manner compatible with 6, i.e. such that G = 0~1] with a complex

structure / on R?". Recall that given an antisymmetric and non-degenerate 6, we can always find a complex structure J such
that G := 6~!J is positive definite. Furthermore, it is easily checked that this compatibility is equivalent to compatibility of
G := —(0GO)~! > 0 with 6. Hence, in this situation,

@, q) = (p, (G+i07")q) (4.20)

is a scalar product on the complex vector space (R?", J). Picking a complex orthonormal basis {e, . . ., e,}, we introduce the
complex coordinates z(p), = (p, Gey) + i(p, 9“ek). The positivity aspects of P¢ can then be summarized as follows.

Proposition 4.11. Let G = 0~ '] be compatible with6~1, and let z(p);, k = 1, . .., n, denote the complex coordinates of (R*", ])
introduced above. For any a € A and v € N, let

ay

_ 1 2
— d -3zl .
(Zn)”dew']/z/ Pz @) e (@)

Then
1
Pe(a* xg0) = Y —dia,, (421)
o V1!
with the series converging in the topology of A.

Proof. To compute P¢ (a* xg a), a € A, we first use that « acts by continuous *-automorphisms to write this expression as

JdetG ilo—1
¢ /dye’%(y'GY)/dpder@ pa] o1y (@) iy (a).

PO{ * —
¢(@ X0 = o™
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Making use of Lemma 3.7, we can carry out the linear substitutions x — x —y and p — p — y. Then we can pull the integral
over y inside by the continuity of PZ. Taking into account the skew-symmetry of , the inner integral can be evaluated with
the well-known formula for the Fourier transform of a Gaussian. Thus we arrive at the oscillatory integral

1 i(6~! G 1{p.G * ,— 2 (x,Gx
Pe@ o) = Wldewl/dp el 7] 08 e b p o) ()" e+ gy a),

with G .= —(0G9)~! > 0. Making use of the coordinates z(p)y introduced earlier, it is straightforward to see that

n

(. Cpy =Y _lznl> = 1z’ (x G+i07")p) = Y 2z = 2X)z(p).
k=1

k=1

We now pick some x € 4;° (R*" x R*", R) which is identically 1 on a neighbourhood of the origin and use Proposition 3.4 to
rewrite the above oscillatory integral, with the representations of the bilinear forms in the complex coordinates z inserted.
This yields

@)1 detd| 20" x4 0) = limy [ dpdx(ep. ex)e™ e 10 a0y e 0P o

2(0) z(p)” .

1 2 1 2
o “312001 g (a)* e~ 2101 g (a),

— lim [ dpd
Egg)f pdx x(p, ex) Y

[v|=0

where in the last line, multiindex notation has been used. As the Taylor series converges uniformly on compact sets, we
can exchange the sum with the integral for finite £. Making use of this uniform convergence again, and the fact that the

GauB functions decay much more rapidly than the exponential ™2 and the polynomial factors coming from estimating
ap(a)*ax(a) in any seminorm, one sees that the convergence of the sum of the integrals is also uniform in ¢ and can hence
be exchanged with the limit & — 0, see [19]. Thus we arrive at

1 —
(2m)™"| det§| PE(a* xpa) = Y W/dp dxz(0) z(p)’ e~ 2120 o (@) =2 1201 (q),
[v|>0 :
which implies the representation (4.21) of PZ (a* x¢ a) as well as the convergence of this series. O

A direct consequence of this construction is the following positivity statement.

Theorem 4.12. Let G be compatible with 6.
(i) For every positive continuous linear functional w on A,
wy P Ag — C, wp = wo P (4.22)

is positive and continuous. If A has a unit and w is normalized, (1) = 1, also wy is normalized.
(ii) For every a € A we have

PE(a* xga) € AT. (423)

Proof. By the above construction and the continuity and positivity of w, we have

wp(a* xga) = Z w(@;a,) >

L

for any a € Ay. Hence wy is positive. For the normalization, note that P; was normalized in such a way that PZ (a) = a for
a-invariant a. Thus wy (1) = w(1) = 1. The second statement is just a reformulation of the first. O

5. Examples and applications
In this section we present a number of explicit examples of polynomially bounded R"-actions complying with the

conditions in Definition 4.1. In particular, we show how target spaces with unbounded orders appear naturally when
studying compactly supported R"-actions.

5.1. The canonical R"-action on symbol spaces

The first example is the action studied in Section 2.3 on the symbol spaces.
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Proposition 5.1. Let V be a sequentially complete locally convex space with a defining system of seminorms Q, and let m, p be
an order and a type for Q, with p > 0. Then (axF)(y) := F(x + y) is a smooth polynomially bounded R"-action on S™*(R", V)
of order m(|| - ||Z,'f’,f) = |m(q) — p(q)|u|| and type p(]| - ||:{f;f’) := 0 whereq € Q, u € N, as defined in Definition 4.1. More
precisely, forany q € 9, u € N, there exists Cq ,, > 0 such that

i, 0 >
I fims , = CanlFllgles (5.1)

forall F € S™#(R", V), v € Ng.

Proof. It has been shown in Proposition 2.23 that « is an R"-action on S™#(R", V), and in Proposition 2.26 that R" 3 x
ax(F) € S™P(R", V) is smooth for each F € S™*(R", V) if p > 0. To derive the statements about the polynomial bounds,
letq € 9, u,v € Nj,and F € S™P(RR", V) with p > 0. The derivatives 0, ax(F) = (9 F), see (2.58), satisfy according to
Lemma 2.21

18 e (F)I™2 = (B F) ™2 < c(x) (|8 F (1™

with a positive scalar symbol ¢ € SIm@—,@IxILT(R™ R), Furthermore, we have by application of Propositions 2.3 and 2.4(iv)

. m+p|v|,p m,p
”a;F”::lf = ||F||q.;4+v = ||F||q,[L+V

since p > 0. With these two bounds, we arrive at

m,p
.0 10, ot (F)lq, c(x) )
le(F) I, = sup === < sup 1 IFllg ey
@i’ xeRM (14 |[x]|2)2™ T xeR" (14 ||x[|2)z™@—p@Iull
which establishes (5.1) with the constant Cy,, := [|c[|i"@# @1 < o0, Hence we have a(F) € S™O(R", S™#(R", V)) and

F — «(F) is continuous, as required in Definition 4.1. O

By the same arguments, one checks that («y(F))(y) = F(x + y) gives a smooth polynomially bounded R"-action on the
vector valued Schwartz space . (R", V) (Definition 2.17), topologized by the seminorms g, ,(-) == || - ||

m € Ny, 4 € Njj (2.45). Here the order is 1i1(qm,,,) = m, and again p(qm,,) = 0.

m,0 :
an ,withq € Q,

Remark 5.2. Remarkably, in both examples the orders 1 of the induced action is necessarily unbounded, even if we started
with symbols of bounded order. Only in the particular case where m(q) = 0 = p(q) we get again a bounded order m = 0.
This was the particular case of an isometric action as discussed by Rieffel in [5].

IfV = Aisanalgebra with continuous product, we can use the action « to deform the pointwise product in S™#(R", A) as
in (4.11), with some deformation parameter & € R™*". As the evaluation maps S™(R", A) > F — F(x) € A are continuous,
we have the explicit formula

Fx{G® =Qm)™" / dpdy ePY F(y + 0p)G(y + x) (5.2)
]RZn
as a A-valued oscillatory integral.

In addition to «, we have on the Schwartz space also smooth polynomially bounded R"-actions of the form

(BF)() = eXVE(y), (5.3)

where (-, -) denotes a bilinear form on R". Considered on a symbol space S™#(R", V) of fixed order, these actions are not
smooth, but on . (R", V), they comply with Definition 4.1, with order fit(qy, ,) = |¢| and type p(qp,,) = 0.TakingV = A
to be an algebra, the deformation of the pointwise product in .7 (R", A) with the action (5.3) is however almost trivial; one
has (F x% G)(x) = e®*F (x)G(x) with a matrix A depending on the choice of inner product on R”.

We now explain how some deformations of algebras of scalar-valued functions discussed in the literature fit into our
framework. The first and best-known example is clearly the scalar Schwartz space .7 (R", C) with pointwise product. Here
the deformed product (5.2) even exists pointwise as a Riemann integral because of the decay of the integrand. It is usually
referred to as Moyal product or twisted product, see e.g. [24].

Another version of this is to consider .#(R", C) as an algebra with convolution (f * g)(x) = f]R” dyf(y)g(x —y) as
product, and the multiplicative action (5.3). Taking all inner products of R" as the usual Euclidean inner product, and 6 to
be antisymmetric, we find

(¢ )0 = f dy €% F (g (x — ). (5.4)
Rn

This deformed product is usually referred to as a twisted convolution according to [24]. Since the Fourier transform # : .¥/ —
. intertwines the pointwise product and convolution as well as the actions « and B, the twisted convolution product is
equivalent to the product xj.
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The deformed products xg and *g can be extended from .7 (R", C) to spaces of distributions [24,25]. In particular, in
[25] it is explained how x§ can be defined on the distribution space ©;,(R"), the dual of the space Oy (R") of tempered
smooth functions. Recall that @y (R") is defined as the set of all smooth f : R" — € such that for each multiindex y, there
exists some k € Z such that x — (1 + ||x]>)*|(3%f)(x)| is bounded. In our notation, that is @y, = Um,p S™?(R", ©),
where the union runs over all orders and types m, p € R. Similarly, the classical function space Oc(R") is in our
notation Oc(R") = Up, S™O(R", €C) = S®O(R", €). Clearly .#(R") C Oc(R") C Ou(R") C & (R") and .#(R") C
Oy (R" C OL(R") C ' (R"), and the Fourier transform # on .’ (R") restricts to isomorphisms O¢(R") — O}, (R") and
Ou(R") — O¢(R"). Since O¢(R") contains only symbols of type p = 0, we can form the deformed products f x§ g (5.2)
forf,g € Oc(R"). (For f, g € Oy (R"), this is not possible because we need restrictions on the type for @ to be smooth and
the oscillatory integrals to exist.) Making use of the Fourier transform # : Oc(R") — O}, (R"), this also gives us a product
on @, (R"),

TxS:=FF 'TxIFS). (5.5)

As ¥ intertwines the actions « and g, it is easy to see that (5.5) coincides with the “other twisted convolution” constructed
in [25].

5.2. Deformations of unbounded operators

As an application of our techniques we consider in this subsection a setting that often arises in quantum physics. We work
here on a separable Hilbert space # with a strongly continuous unitary representation U of R", the selfadjoint commuting
generators of which will be denoted Py, . .., P,. The space of smooth vectors for this action, #* = (,_, (MNsen, dom P, isa
Fréchet space when equipped with either of the equivalent families of seminorms #*° > ¥ +— |[R™*¥||, 1 a multiindex, or
H® > W > [|Q ™|, m € No, where ||-|| is the norm of #, R = (i+P;) #1 - - - (i+P,) "*n,and Q := (1+P3+- - -4P2)~1/2,

As U(x) is unitary for all x € R" and commutes with the R™*, it is clear that ¥ +— U(x)¥ is a strongly smooth R"-action
of order 0 on #. In the following, we will also consider the action A — U (x)AU(x) ! on suitable families A of operators A
on #, such that also this action complies with Definition 4.1 and A x #H*> > (A, ¥) > A¥ € # is continuous. Setting
ax(A) = UXAU )" and B (¥) = UX)W, ¥ € #,aswell as u(A, ¥) = A¥, the covariance requirement (4.13) is then
automatically met, so that our deformation can be applied.

Deformations of operators with polynomial energy momentum bounds. We consider densely defined linear operators
A on # such that #*° C domA, #*° C domA*. Using this domain assumption and the fact that for Fréchet spaces, the
separate continuity of #*° > ¥, ® — (&, A¥) implies joint continuity, one then shows that for such A there exists m € Ny
with

[Allm = 1Q™AQ™ | < o0,

where | - || denotes the norm of B(#). The space of all such operators with the norm || - ||, closes to a Banach space, denoted
B, As U(x) is unitary and commutes with Q, we see that A — U (x)AU(x) ! is a strongly continuous isometric action of R"
on Bp. In restriction to the smooth subspace 85> C Bn, (with its usual Fréchet topology), we thus find an action complying
with Definition 4.1. This space occurs in the context of quantum fields satisfying polynomial energy bounds [26], see also
[27,28] for recent related work in a quantum mechanics context. We show that this fits into our general framework.

Proposition 5.3. (i) Let m € Ngoand A € B,°. Then A#> C #*°, and the map B> x H>® — H™, (A, ¥) > AV is jointly
continuous.

(ii) For A € 8;°, ¥ € #, the function R?" 3 (p, x) = U(@p)AU(—Op)U(X) W is a #°°-valued symbol of order 0 and type 0.
Thus its warped convolution Ay is well-defined, and enjoys the properties derived in Section 4.

Proof. With @, ¥ € #°,A € B, the function R" 3 X - (@, ay(A)W) = (P, e L1¥P Ae~ X147 @) is smooth, with first
partial derivatives satisfying

(D, (i+ Pax(A)W) = (D, ay(A)(i + P)¥) — 0y (D, ax(A)¥).
Replacing @ by (i + P;)~'®, we find

(D, ax(A)W) = (@, (i+ P) (A (i + POW) — i0y (i + Pi) '@, ax (A)W) (5.6)
for any @, ¥ € #°°. We claim that more generally, for any multiindex p,
(@, 0 (AW) =Y Ce 05 (B, R (AR W) (5.7)
=

with numerical constants ¢, ,,. Proceeding by induction in ||, we note that for © = 0 there is nothing to show. The induction
step || — || + 1 follows by inserting (5.6) into (5.7).
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By straightforward estimates, this equation implies that for any s € N, a bound of the form

Q™D ax (W) < D e ul 1R RY* @ 105 Q e (AQ™ IR Q"W |

=

holds. Choosing u large enough so that Q ~~™(R*)* is bounded, the right hand side can be estimated by a constant
(depending on A and ¥ ) times ||@||. Thus A¥ € (| domQ ~° = #™, i.e. A¥#> C #*°. Furthermore, the estimate implies
that the map 8,0 x H> — H™, (A, ¥) — AV is jointly continuous because the middle factor ||o5 Q"cx(A)Q™|| can be
estimated by a continuous seminorm of 8B,

The second part is now clear from the general results in Section4. O

We mention as an aside that one can also introduce a deformed product for operators of the above form: The product AB
of A € 8;° with B € 87 lies in 873, and gives rise to a jointly continuous bilinear map 8;° x 85 — 873, Hence our
preceding analysis applies, and in particular, this deformed product is compatible in the sense of Theorem 4.9(i), with the

deformed module map discussed above.

5.3. Compactly supported R"-actions

In this subsection we construct and study a different class of smooth polynomially bounded R"-actions on function
spaces. The actions we are interested in here are given by pullbacks of R"-actions T on R" which act non-trivially only in
a compact set K, i.e. satisfy 7,(y) = yforally ¢ K, x € R". We want to construct 7 in such a way that a,’f (f) =foryis
smooth and polynomially bounded in the sense of Definition 4.1, say on ¥*°(R", C). For simplicity, we restrict to scalar-
valued functions here. It is clear that we cannot hope for an isometric action as required by Rieffel’s original construction
as soon as we leave the C°-framework: controlling also derivatives as needed in the C*-topology will necessarily lead to a
non-isometric action.

To check what kind of condition on 7 is necessary for this, consider a function f; which coincides with a coordinate x > x;,

j=1,...,n,0onK.IfaX(f) € SMO(R", ¥>(R", C)) for some appropriate fi, then the supremum
K oy MPKD0 Pr.1(Bx g f;) . |3)€L8;Tx(y)j| sg
o™ ()l e = su PR v L e — (5.8)
XERM (14 [[x[|2) 2Pl xemt (1 [|x]|2) 2™ P

must be finite. Hence we need bounds of the form |8y"aftx(y)j| < cu(1+ ||x||2)%b' for all v € Nj with |v| < I. Taking into
account that 7 satisfies 7,(K) = K for all x € R" by its support property, that K is compact, and that t is an R"-action, it
follows that we can choose by = 0. These observations motivate the following definition.

Definition 5.4. Let K C R" be compact, and b := {b;};en, C R+ a sequence starting with by = 0. A smooth R"-action with
support in K and order b is a smooth function 7: R" x R" — R" such that

(i) (v (V) = Teqw (¥) forallx, x', y € R".
(ii) 7o(y) = yforallx € R" and ally € R™"\K.
(iii) For each u € N§, | € Ny, there exists a constant ¢, > 0 such that

1
sup_ 13,3 W)l < (1 + %[ 2" (5.9)
K,|v|<
j,:(l,,..‘.n)
holds for all x € R".

We will later construct explicit examples of actions satisfying these assumptions. Postponing this construction for a
moment, we first show that such 7 do indeed define smooth polynomially bounded R"-actions by pullback. To begin with,
we note the following elementary lemma.

Lemma 5.5. Let T be a smooth R"-action with support in a compact set K C R", and order b. Then for each 1 € Nj, | € Ny,
there exists a constant Cj,, > 0 such that

1
sup 8y ¢ f (m()] < G (1 1IxIH 20 py () (5.10)
yekK,|v|<l
forallf € €*°(R", ©), x € R". Here py |1, denotes the usual €°>°-seminorms (2.7) withq = | - |.
Proof. We first consider the case | = 0 without derivatives with respect to y. By the chain rule, we have
Uf () = Y ("N () - & (x.¥),
A<p

where the g, (x, y) are polynomials in partial derivatives of the 7 (y); with respect to the components of x. According to (5.9)
with [ = 0 (and by = 0), these functions are uniformly bounded in x € R" and y € K. Furthermore, we have 7,(y) € K for
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allx € R", since y € K. Hence (5.10) follows by straightforward estimate. We now proceed by induction and assume that
(5.10) holds for some | € Ng, and all 4 € Ng, f € €*°(R", C).Then,j € {1,...,n}, [v| <,

8y ol () = By Y 8Ty - (07 ) (1))

y=

=3 (0)(5) (o) (55 @)
=1 V<o

w=p

In this sum, the derivatives of ,(y); can be estimated directly with (5.9), taking into account |v — v" + e;| < I+ 1. For the
derivatives of f, we can use (5.10) by our induction hypothesis, since [v'| < |v| < L. This yields constants Cy,,s > 0 such
that

v+te; 1 1 M
|3y Ja,f‘f(rx(y))l < Z Cj’v’u’(1 + ||x||2)2”1+1(1 + ||X||2)2(b1+ +by) pK,IM’\—HV’\(ae’ f)
j/,v/,lt/
1
< G (14 [Ix]P) 2Ot Hortbe) p ().

Since j was arbitrary, (5.10) follows by inductioninl. O

Proposition 5.6. Let T be a smooth R"-action on R", with order b and support in some compact set K C R". Then its pullback
(@Xf)(¥) = f (zx(y)) is a smooth polynomially bounded R"-action on > (R", ©), on each symbol space S™* (R", C), m, p € R,
and on the Schwartz space .7 (R", C).

Proof. Let us first consider of acting on ¥*°(R", C). It is clear that it is an R"-action on this space because 7 is an action
and smooth. To estimate its seminorms, let ] C R" be compact, i, v € Ng, and f € €*°(R", €). Taking into account that t
acts trivially outside K, and using the bounds of Lemma 5.5, we find

|9y ' f (zx W) - w 19y %' f W) v sup |9y ' f (zx W)
R 2y 2O1+Hb) T epn 2y 3 (by++bp) R 23 (b++bp)
yeJ-lly‘f\fl (1 + ”X” )2 1 [ yGJ\K]%{\V\SI 1+ ”X” )2 ' I yE]ﬂIE{\vISl (1 + ”X” )2 ! '
[0y f Wl
=< 5/4,0 sup y2 1(b1+ b)) + CI/A pK,lHu\(f)
s
YE\K [v|<l 1+ [1x[1%)2

= 8.0 Ppic,i(F) + Ci Pty )

where the last step relies on b; > 0. This estimate shows in particular that for any x € R", the map a,’f P EP (R, C) —
%> (R", C) is continuous, a fact which is known to be true for any diffeomorphism. Moreover, once we have checked that
x > af is smooth in the topology of ¥*°(RR", C), the estimate also shows that & (f) is a symbol in S™°(R", ¥*°(R", C)),
of order ﬁl(p“) := by +---+b,and thatf — of(f) is continuous. So in order to verify all conditions of Definition 4.1, it only
remains to establish the smoothness of & : but this is true for arbitrary smooth Lie group actions on smooth manifolds. We
now consider «® on the symbol and Schwartz subspaces of ¥ (R", C). Since 7 acts non-trivially only in a compact set, it is
clear that these subspaces are invariant under «X, and o¥ restricts to R"-actions on all these spaces. Concerning smoothness,
note that the functions oX (f) — f and 8*1(afej(f) —f) - E)tafej(f)hzo have compact support in K for allf € S™?, & > 0,
je{1,...,n},x € R". So their symbol seminorms || - [|7"# can be estimated against some py (-). But the latter seminorms
converge to zero forx — Orespectivelye — 0, by the preceding results about «X on ¢ (R", €). Thus we conclude that «X is
also smooth on the symbol spaces S™* (R", C), m, p € R, and the Schwartz space . (R", ©). The symbol property of ¥ (f),
and the continuity of f — o (f) for these spaces can now be estimated as before, by splitting f = fy + f; € S™*(R", C)
into a compactly supported symbol fy, and a symbol f; with support disjoint from K which is fixed by aX.

To illustrate this argument in the case of the Schwartz space, letf € .7 (R", ©),and q, ;(f) := SUPycgrn 3|<r.jv|<k ly* ayf I
a continuous seminorm. Then, using Lemma 5.5 and the compactness of K, we find for any x € R",

Qulax M = sup RO+ sup Y f ()l

YEK M| <€, v|<k YyeK, A<, |v|<k
A 2\ L (by++b,
<qu)+ sup VG + X2 sup [9)f ()]
YeK,|A|<¢ yek,|v|<k

1
< Qi) + e G (1 + [|x|*) 2 ErH+00 g ()
< 1+ [xH)2O+0 (1 4 ¢, G qup()-

This shows the bound (4.4), and, since the Schwartz space is Fréchet, the claim follows by Lemma 4.2. O
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We now turn to the construction of examples of smooth compactly supported R"-actions, and consider the one-
dimensional case n = 1 first. As a starting point, we use the same idea as in [ 10] and take a diffeomorphismy : (-1, 1) —
R to define

-1
_Jy v +x; <1
T, = X € R. 5.11
x) { i =1, (5.11)
It is clear that t is an R-action, ie., Ty(Ty (¥)) = Tux () for all x,x’,y € R, and t acts non-trivially only inside the

interval K := [—1, 1]. But we have to choose y in such a way that also the smoothness and boundedness assumptions of
Definition 5.4 are satisfied. For the discussion of these two properties, it is instructive to view t as the flow of an autonomous
ordinary differential equation d¢p/dx = L(¢(x)) with initial condition ¢ (0) = y. Differentiation of ¢ (x) = 7, (y) (5.11) with
respect to x then shows that

x| <1

1
Lx) =1y’ (5.12)

0; |x|>1.

It is a well-known fact that the solutions x — ¢(x) = 14(y) will depend smoothly on x and the initial condition y if L is
smooth. Thus smoothness of 7 is guaranteed if y’(x) diverges fast enough as x — =1, such that (5.12) is smooth. On the
other hand, the bounds on 3,’;33’/1,(01) that can be obtained by exploiting that t is the flow of a differential equation with
compactly supported L are only of exponential type. Therefore, we show in the following lemma that by a careful adjustment
of the diffeomorphism y, one can achieve polynomial bounds on 8;‘831, ().

Lemma 5.7. There exist smooth R-actions on R with supportin [—1, 1] and order b; = 21+ 1, which act transitively on (—1, 1).

Proof. The action will be constructed in the form (5.11) with appropriately chosen y. It is already clear from (5.11) that t
is an action with support in [—1, 1], acting transitively on (—1, 1). To verify the crucial bounds (5.9),

sup [0t < (1 + )72 xe R, (5.13)
lyl=1

we first derive a formula for the derivatives of 7,(y) = ¥ (¥ (y) + x), y| < 1, for generic diffeomorphisms y . This is done
with the help of two differentiation identities, the first of which states that multiple derivatives of y ~! have the form

(=T yNM ... O (1~ 1(y))"
8y,y_1(y)zzcny(y ) vy (y))‘, (5.14)

- Y (y 1)t
where the sum runs over finitely many terms with numerical coefficients c,. In the above formula, the powers n; satisfy

ni +---+n =1— 1ineach term, a fact that can easily be proven by induction in L
The second identity is an iterated chain rule for smooth functionsf,g: R — R,

1
RFEyN =Y gy gy fOEy), (5.15)

r=1

where the ¢} are numerical coefficients and the powers s; satisfy s; 4 - - - +s; = r in each term. Again, the proof by induction
is straightforward.
Application of these two differentiation rules to 7,(y) = y ~'(y (¥) + %), |y| < 1, yields

|
ooyn ) =0y ' » -y T YO+

r=1

1
=3Ot Y )+
r=1

= lec’ TR R A Ve 1) M A ) (5.16)
e Y/ ((y)) 2001
To obtain useful bounds on this expression, we have to estimate the higher derivatives ly™ )| form = 1,...,1, and
ly 9D ()| forj =1, ..., r+k, in terms of the first derivatives |’ (z,(y))]. Simple estimates of this form do apparently not
exist for generic y. We therefore choose y of a special form, which will allow for convenient computations.
So let y be antisymmetric, i.e., ¥ (—y) = —y (¥), and choose it to be equal to e(y) := exp ]%y fory > % Note that this

choice already implies that 7 : R? — R is smooth, since all derivatives of L(y) := 1/y’(y) = (1 —y)?e~ /(=Y converge to

zero for y — 1. Moreover, a short calculation shows that the tangent of y iny = % has its zero aty = % and consequently,
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we can choose y on [—%, %] in such a way that y’(y) increases monotonically as |y| increases. In particular, we then have
the lower bound y'(y) > y’(0) > 0, |y| < 1. ‘
We now turn to estimating the derivatives |y (y)| for a diffeomorphism y with the specified properties. Since ' is
1

bounded from below and y ¥ is continuous, there exist constants C; < oo such that [y 9 (y)/y’'(¥)| < G forally € [—1, 3].

Fory > 1 we can use the explicit form y (y) = exp ﬁ which implies that y ¥ (y) is the product of ¥ (y) and a polynomial
of order 2j in ﬁ Hence y9(y)/y’(y) coincides for y > % with a rational function of y which diverges polynomially as

y — 1. Because of the symmetry properties of y’ and y ), the same is true for the region y < —% and the limity — —1.
But as y’(y) has no zeros and diverges exponentially for |[y| — 41, we find for any & > 0 a constant Gj , such that

Yl
—— <G.y'®, ye(=11. (5.17)
Y’
Since t, leaves the interval (—1, 1) invariant for any x € R, we also have
Y @O < Ge v (@)™, xeR, ye (=1, 1. (5.18)
Next we derive a bound on the ratios % For this it is sufficient to consider y € [0, 1) because of the symmetry of
y’, and for fixed x € R, we split this interval at
E(X) =T (3) = e '(e(3) + 2x) = 3. (5.19)

and estimate in the two regionsy € [0, £(x)] and y € (£(x), 1) separately. Note thate"'(y) = 1 — 1/logy and €'(y) =
(1—y)"%e).
In the inner region [0, & (x)), the monotonicity of y” and the explicit form of our diffeomorphism around & (x) > % yield
y' () _ Y (EX) _ e(§(x)
Y () — y'(0) y'(0) (1 —E(x)?’
=y'(0)"" (e(3) + 2[x]) - log(e(3) + 2[x])
<c(1+x)°, (5.20)

lyl = €(),

where the power § > % can be chosen arbitrarily close to % (it will be fixed at the end of the proof), and the numerical
constant c depends on 4.
For the estimate in the outer region (£ (x), 1), we use the inequalities

ey) +x=e(E(x) — x| =e(3) + x| = e(3), yelE®), D), (5.21)
and e(y) > e(£(x)) > 2|x|, implying e(y) — |x| > %e(y) > 1fory > £(x). It follows from (5.21) that 7,(y) = e~ !(e(y) + x)
in this region. The explicit form of y and these inequalities lead to a uniform bound on y?{;&y(;)) ,
Y' ) 1 e(y)
/ = 2 2 ’ y € (S(X)s 1)’
Y'(x@) (1 —y)*loge(y) +x)% e(y) +x
- 1 e(y)
T (1=y)?logley) — [x)? e(y) — Ix|
2 2
< - < : . (5.22)
1=y —log2)*> ~ (1 — ;log2)?
After a possible readjustment of the constant c in (5.20) we therefore obtain
') =c+x)° Y (m), XeR, ye (=11, (5.23)
where § > % can still be chosen. Combining this bound with (5.17), we also have
(m) |V(m)(y)| ’ ’ 2\8(1+¢€) / 1+e
™| = Sy YOS G (LT mn (5.:24)

We can now apply (5.18) and (5.24) to estimate (5.16). Taking into account that in each term in that sum, we have
s1+---+s =randny +--- 4+ n =1+ k — 1, we get after collecting all factors

1
BT < DY CA 42 Ty (g () D (5.25)
r=1

n
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where C represents all the numerical constants appearing in the various bounds, depending on [, k, m, n and some arbitrary
e>06> % For k > 1, the exponent of y'(t,(y)) is negative for sufficiently small ¢, and then

1
|a)l:a}l,tx(y)| < ZZC(] +X2)6(1+s)r y/(o)S(ZT-H(—])—k < C/(—l +X2)8(1+£)l, |y| <1.

n r=1

For the case k = 0, note that since 7o(y) = y and [ > 1, we have Bjro(y) = 0 and can estimate via

X
18,7 ¥)| = ‘ / dX Dyt ()] < x| C'(1+ )T < €7(1 4 x2)2 0903, (5.26)
0

Choosing § = 2 and ¢ = ] now gives the claimed bounds (5.13). O
Next we show how the above constructed R-action on R can be promoted to suitable R"-action on R" based on the ideas
from [4, Ex. 4.5].

Lemma 5.8. Let t! be a smooth polynomially bounded R-action on R with support in [—1, 1], as constructed in Lemma 5.7.
Furthermore, let ¢ > 0 and x : R — R be a smooth function which is equal to 1 on [—1, 1], and has supportin[—1—¢, 1+ ¢€].
Then

T, (¥) = (T)(]].X(),])...X(yn)(yl)’ cees f)}n.x(h)...x(yn)(yn)) (5.27)
is a smooth polynomially bounded R"-action on R", with supportin[—1 — &, 1 + g]*".

Proof. Let] := [—1,1]and I, := [-1 — ¢, 1+ ¢l Ify & I)", there exists j € {1,...,n} such that y; & I, and hence
XW1) - XxWn) = 0.Thus 77 (¥) = (tg¥V1), ..., TqYn)) = ¥ in this case, which shows that t" has support in B. As a
composition of smooth functions t" is smooth. To show that it is an action, letx, ', y € R",j € {1, ..., n}, and compute

ne_n 1 n
T (T )i = Ty @ gyn-x e o (T Oi)

_ .1 1 .
- rxj'x(r;',(y)l)~-~x(rj(y)n)(tfo~x(y1)-~~x(Vn)(yJ))

=1 1 ( 1 / o).
XX (Tx/lx(h)---x(yn)(yl))"‘x Ix;x(y])---x(yn)(y]))HJ'X@”MX@”)
. . . . n — 1 . .
This coincides with Ty W) = T(Xj+xj/')X(Yl)"'X(Yn)(yj) if
XOD - xm) = x (7 ) x(z ). (5.28)
n XX @1) % On) XX 01) X On)
Assume some component y; does not lie in I. Then 7} (yk) = y by the support properties of z!. If, on the other

XX 1) x n)

(vr) € Iaswell, and since x = 1on 1, we find also in this case x (y,) = x (t}

1
hand, y; € I, then 7! xkxm),,,x(yn)(yk)).

XX Y1) x Wn)
Hence (5.28) holds for all x, y, y’, and it follows that " is an R"-action.

It remains to verify the bounds (5.9), i.e. we have to estimate dy 0, tX]jX(Vl)‘”X(Vn) (¥))- In comparison to dy 8 r,;, (v)), the y-
derivatives produce finitely many extra factors of x; and derivatives of x (y1) - - - x (¥»), and the x-derivatives produce extra
factors of x (y1) - - - x (yn). All y-dependence can be uniformly estimated because of the compact support of (the derivatives
of) x. So we arrive at a finite sum of the form

BRI = Y P10 8 T e D)
V'<v,p'<p
with s(v', w') < |v|. Fory; € I, the derivatives of 7! can now be estimated with (5.13), and (1 + sz) < (1 + ||x||?). For
yj € I,\I, we can use the invariance 7;(y;) = y;, t € R, and |y;| < 1+ &, to estimate the derivatives of 7!, This shows that if
7! was of order b, then 7" is of order at most by + [ < co. O

After these constructions, it is now easy to show the existence of smooth polynomially bounded R"-actions supported
in arbitrarily small regions.

Theorem 5.9. Let K C R" be open. Then there exist non-trivial smooth polynomially bounded R"-actions on R", with support
ink.

Proof. In Lemma 5.8, we have constructed a non-trivial smooth polynomially bounded R"-action t" with support in a cube
[—r, r]1*™ centred at the origin. Clearly, the polynomial estimates are at most rescaled by affine transformations of R" which
allows to squeeze and move the support into any given compact subset. [
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