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a b s t r a c t

In this paper, we detailed study the geometric aspect of Chern–Simons-like gravity
in three dimensions. The vacua are provided by three dimensional conformally flat
manifold, which admit a special configuration, a two dimensional system (M2, h,Φ)
consisting of metric h and scalar field Φ , by dimensional reduction. For this system
we define the quasi-local mass. An interesting observation is that this system contains
certain two dimensional dilaton gravity at the classical level. Via AdS/CFT, we check
the Weyl anomaly and diffeomorphism anomaly for the boundary theory. We study
the linearization of Chern–Simons-like gravity around the background with constant
scalar curvature via linear Cotton tensor. If the background manifold is of positive
constant scalar curvature, we show that there is no solutions for linearized vacuum
equation. To find the solutions of the linear gravity with respect to the background with
negative constant scalar curvature, we need to solve some Schrödinger-type equations.
Related to supersymmetric quantum mechanics, one can find some exact solutions and
some dualities between different components or modes of solutions. And it is also
can be related to Seiberg–Witten theory via Picard–Fuchs equation in terms of WKB
approximation. We discuss the ADM-type charge under the context of Chern–Simons-
like gravity. Finally, we extend the Chern–Simons-like gravity to the supermanifolds
by embedding the structure group of three-manifold into the body of othosymplectic
supergroup.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Since three dimensional Einstein gravity is locally trivial, one considers to add some higher-derivative terms that is
responsible for the presence of a single propagating massive graviton. One possible choice is to supplement Chern–Simons
action via Levi-Civita connection given by [6,11,12,22]

S[g] =
1

32πG3ζ

∫
M3

d3x
√

|det g|ϵλµνΓ
ρ

λσ (∂µΓ
σ
ρν +

2
3
Γ σ
µτΓ

τ
νρ), (1.1)

where ϵλµν is the 3-dimensional epsilon tensor, equal to ελµν/
√

|det g|, ελµν being the alternating symbol with ε012 = 1,
and G3 stands for the 3-dimensional gravitational constant and ζ is a constant with dimension of mass. This action can
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be viewed as a boundary term of topological Hirzebruch–Pontryagin action on the bulk manifold

Sbulk =

∫
M4

d4xϵabef RabcdRef
cd.

Another approach to the Chern–Simons action is produced with the spin connection based on the gauge group SU(2) or
SL(2,R). Let ω =

1
2ω

ijγij denote the 3-dimensional spin connection, and e = eiγi denote the dreibein 1-form, where γ stand
for the 3-dimensional gamma matrices. Then the torsion 2-form and the curvature 2-form are given by T i

= dei +ωi
j ∧ ej

and Ri
j = dωi

k ∧ ωk
j respectively. For the torsion-free connection, we have the following action

I[e] =
1

32πG3ζ

∫
M3
ωi

j(e)dω
j
i(e) +

2
3
ωi

j(e)ω
j
k(e)ω

k
i (e). (1.2)

We note that these two actions are not identical. However, by the relation between spin connection and the Levi-Civita
connection (ωi

j)µ = −∂µeiνe
ν
j + Γ λ

µνe
i
λe
ν
j , one can connect them via the WZW action [5], up to a boundary term,

I[e] − S[g] =
1

96πG3ζ

∫
M3

eµi de
j
µe
µ

i de
j
µe
ν
j de

k
νe
λ
j de

i
λ. (1.3)

Einstein–Hilbert action plus Chern–Simons action describes so-called topologically massive gravity, although intro-
ducing Chern–Simons term leads to instability for general parameter ζ except a special value called chiral point [16]. In
this paper, we focus on pure Chern–Simons-like gravity based on the action (1.1), whose geometric aspect will be studied
detailed. The vacuum of Chern–Simons gravity is provided by three dimensional conformally flat manifold. In Section 2 we
reduce a special vacuum to a two dimensional system (M2, h,Φ) consisting of metric h and scalar field Φ . For this system
we define the quasi-local mass. An interesting observation is that this system contains certain two dimensional dilaton
gravity at the classical level. Chern–Simons-like gravity admits asymptotically AdS solutions so one can apply AdS/CFT
correspondence. We check the Weyl anomaly and diffeomorphism anomaly for the boundary CFT. In Section 3, we study
the linearization of Chern–Simons-like gravity around the background with constant scalar curvature via linear Cotton
tensor. If the background manifold is of positive constant scalar curvature, we show that there is no solutions for linearized
vacuum equation. To find the solutions of the linear gravity with respect to the background with negative constant
scalar curvature, we need to solve some Schrödinger-type equations. Related to supersymmetric quantum mechanics,
one can find some exact solutions and some dualities between different components or modes of solutions. And it is
also can be related to Seiberg–Witten theory via Picard–Fuchs equation in terms of WKB approximation. We discuss the
ADM-type charge under the context of Chern–Simons-like gravity. In the final section, we extend the Chern–Simons-
like gravity to the supermanifolds by embedding the structure group of three-manifold into the body of othosymplectic
supergroup.

2. The first-order variation

The first-order variation of the action (1.1) with respect to the metric g gives rise to the equations of motion plus the
boundary terms

δS[g] = −
1

16πG3ζ

∫
M3

d3x
√

|det g|δgµνCµν +Σ1 +Σ2, (2.1)

where

• Cµν is exactly the Cotton tensor defined by

Cµν =
1
2
(ϵµαβ∇αRνβ + ϵναβ∇αR

µ

β ) = ϵµαβ∇α(Rνβ −
1
4
Rδνβ ), (2.2)

which is symmetric, traceless, and covariantly conserved, and which vanishes if and only if the metric is locally
conformally flat in three dimensions;

• the boundary term Σ1 is given by

Σ1 =
1

16πG3ζ

∫
∂M3

d2x
√

|det h|δgµνΘµν (2.3)

with the induced metric h on the boundary ∂M3 (space-like or time-like surface), namely,

hµν =

{
gµν + nµnν, ∂M3 is space-like,
gµν − nµnν, ∂M3 is time-like,

for a unit normal vector n with respect to the boundary ∂M3, whose direction depends on ∂M3 being space-like or
time-like; and the symmetric tensor

Θµν
=

1
2
(ϵµαβnαRνβ + ϵναβnαR

µ

β ); (2.4)



S. Hu and Z. Hu / Journal of Geometry and Physics 145 (2019) 103482 3

• the boundary term Σ2 is given by

Σ2 =
1

64πG3ζ

∫
∂M3

Γ σ
µρg

ρλ(∇νδgλσ + ∇σ δgλν − ∇λδgνσ )dxµ ∧ dxν . (2.5)

Therefore the equations of motion read as

Cµν = 0 (2.6)

or equivalently,

Cµνγ := ∇γ Rµν − ∇νRµγ −
1
4
(gµν∇γ R − gµγ∇νR) = 0. (2.7)

The solutions of EOMs are called vacuum configurations of Chern–Simons-like gravity.

2.1. Newman–Penrose formalism

There are several approaches to express the Newman–Penrose formalism of EOMs.
Representation A: We introduce an orthonormal frame {e0, e1, e2}, and then define a frame {e0, e+, e−} by e± =

1
√
2
(e0 + ie1) such that the Lorentzian metric takes the matrix form (gij) =

(
−1 0 0
0 0 1
0 1 0

)
, where the indices i, j range

over 0,+,−. The complex Ricci rotation coefficients are defined by

ωijk = ∇ν(ei)µ(ej)µ(ek)ν

with the anti-symmetries ωijk = −ωjik. The following notations are employed to denote the independent components of
Ricci rotation coefficients:

ρ = ω+0−, σ = ω+0+, τ = ω+−−, κ = ω+00, ϵ = ω+−0,

and the following operators are introduced:

D = (e0)µ∂µ, δ = (e+)µ∂µ, δ = (e−)µ∂µ.

By some tedious calculations, we express the components of the Ricci tensor and the scalar curvature with the above
notations as follows:

R00 = Dρ + Dρ − δκ − δκ + τκ + τκ + 2κκ − 2σσ − ρ2
− ρ2

− ρ2,

R++ = δκ − Dσ + 2ϵσ + τκ − κ2
+ σρ + ρσ,

R0+ = −δσ + δρ + 2τσ − κρ + κρ,

R0− = −δϵ + Dτ − κσ + ρκ + ϵτ + ϵκ + τσ − τρ,

R+− = δκ − Dρ + δτ + δτ − ϵρ + ϵρ − κκ − κτ + ρρ + ρ2
− 2ττ ,

1
2
R = 2δκ − 2Dρ + δτ + δτ − 2κκ − 2κτ + 2ρ2

+ σσ − ϵρ + ϵρ + ρρ − 2ττ ,

and we have the following identities that reflect the symmetries of the curvature tensor:

−Dρ + δκ − κτ + ρ2
= −Dρ + δκ − κτ + ρ2,

δσ − δρ − τσ + κρ = δϵ − Dτ + κσ − ϵτ − ϵκ + τρ.

Hence, we get the Newman–Penrose formalism as follows:

Im[δ(−δσ + δρ + 2τσ − κρ + κρ) + ρ(Dρ − δκ + τκ + κκ − σσ − ρ2
+ δτ + δτ − ϵρ + ϵρ + ρρ − 2ττ )

− τ (−δσ + δρ + 2τσ − κρ + κρ) + σ (δκ − Dσ + 2ϵσ + τκ − κ2
+ σρ)] = 0,

δ(δκ − Dσ + 2ϵσ + τκ − κ2
+ σρ + ρσ ) −

1
2
δ(δτ + δτ − ϵρ + ϵρ + ρρ − 2ττ − σσ )

+ 2ρ(−δσ + δρ + 2τσ − κρ + κρ) − 2τ (δκ − Dσ + ϵσ + τκ − κ2
+ 2σρ)

− ρ(−δσ + δρ − κρ + κρ) − σ (−δϵ + Dτ − κσ + ρκ + ϵτ + ϵκ + τσ + τρ) = 0,

1
2
D(δτ + δτ − ϵρ + ϵρ + ρρ − 2ττ − σσ ) − δ(−δϵ + Dτ − κσ + ρκ + ϵτ + ϵκ + τσ − τρ)
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− ρ(Dρ − δκ + τκ + κκ − σσ − ρ2
+ δτ − ϵρ + ϵρ + ρρ − 2ττ ) − ρ(δκ − Dσ − 2ϵσ − κ2

+ τκ + σρ + ρσ )

+ 2Re[κ(−δϵ + Dτ − κσ + ρκ + ϵτ + ϵκ + τσ − τρ)] + τ (−δϵ + Dτ − κσ + ρκ + ϵτ + ϵκ + τσ − τρ) = 0,

D(δκ − Dσ + 2ϵσ − τκ − κ2
+ σρ + ρσ ) − δ(−δσ + δρ + 2τσ − κρ + κρ)

+ (2κ − τ )(−δσ + δρ + 2τσ − κρ + κρ) − (2ϵ + ρ)(δκ − Dσ + 2ϵσ − τκ − κ2
+ σρ + ρσ )

− σ (Dρ − δκ + τκ + κκ − σσ − ρ2
+ δτ + δτ − ϵρ + ϵρ + ρρ − 2ττ ) = 0.

Representation B: One takes the frame {e2, e+, e−} = {e2, 1
√
2
(±e0+e1)}, which produces a real version of the Newman–

Penrose formalism [10]. Compared with Representation A, the number of independent Ricci rotation coefficients is double
by interchanging the null vectors E± but leaving the space-like vector e2 invariant.

Representation C: Let (V , ε) be a two-dimensional symplectic real vector space with a standard symplectic form ε. The
group of automorphisms preserving the symplectic form is isomorphic to SL(2;R). Then the space U = S2V , the symmetric
tensor product of V , carries a natural Lorentzian metric g given by g = ε2. The group of automorphisms preserving this
metric is isomorphic to O(1, 2). Thus V can be viewed as a space of spinors and U as a space of vectors. We take two
normalized spinors o, ι, and define three vectors form a frame:

eo = o2, e1 =
1

√
2
(o ⊗ ι+ ι⊗ o), e2 = ι2.

The metric takes the matrix form (gij) =

( 0 0 1
0 −1 0
1 0 0

)
. The remaining things are similar [1].

2.2. Dimensional reduction

As a warm-up example, one assumes the spacetime (M3, gµνdxµdxν) has the form of warped product.

Type I : (M3, gµνdxµdxν) ≃ (M2, hABdxAdxB) × (R1, dt2).

It is endowed with the static metric

gµνdxµdxν = −Φ2dt2 + hABdxAdxB, (2.8)

for a smooth function Φ on M2. Then the non-trivial components of Ricci tensor and the scalar curvature are given by

Rtt =Φ∆(h)Φ,

RAB =
1
2
hABR(h)

−
∇

(h)
A ∇

(h)
B Φ

Φ
,

R =R(h)
− 2

∆(h)Φ

Φ
,

where symbol (h) indicates that the corresponding calculation works on M2 via the metric h, and the EOMs (2.7) reduce
to

0 =∇[ARB]C +
1
4
gC[A∇B]R

=
1
4
hC[B∂A]R

(h)
+ R(h)

hC[B∂A]Φ

2Φ
+

hC[B∂A]∆
(h)Φ

2Φ
+

∂[AΦ∇
(h)
B] ∂CΦ

Φ2 −

∆(h)ΦhC[B∂A]Φ

2Φ2 ,

thus we have,

∂A(
1
2
R(h)Φ2

+Φ∆(h)Φ − |dΦ|
2
h) = 0. (2.9)

The scalar 1
2R

(h)Φ2
+ Φ∆(h)Φ − |dΦ|

2
h and Gauss curvature 1

2R
(h) on two-dimensional manifold (M2, h) are denoted by L

and Q respectively. Hence the vacuum configuration of Chern–Simons-like gravity reduces to the two dimensional system
(M2, h,Φ) characterized by constant L.

Proposition 2.1. Assume that M2 is a closed manifold so that (M2, h,Φ) forms a vacuum configuration of Chern–Simons-like
gravity.

(1) If M2 is of negative (or positive) Euler number χ , and L is non-negative (or non-positive), Φ cannot be a sign-definite
function.
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(2) If Φ is a positive-definite (or negative-definite) function, we have the inequality

1
5

∫
M2

dµhQΦ∆(h)Φ2
≤ (or ≥)

∫
M2

dµh|dΦ|
2
h∆

(h)Φ.

(3) Assume Q is constant, if Φ is a positive-definite (or negative-definite) function, we have the inequality

Q
∫
M2

dµh[4Φ(∆(h)Φ)2 + 3|dΦ|
2
h∆

(h)Φ]

≥ (or ≤)
∫
M2

dµh[|dΦ|
2
h(∆

(h))2Φ +
1
2
|Hess(h)Φ|

2
h∆

(h)Φ +Φ⟨Hess(h)(∆(h)Φ),Hess(h)Φ⟩h

−
1
2
(∆(h)Φ)3 − |Hess(h)Φ|

3
h],

where |Hess(h)Φ|
3
h = hAEhBDhCF (Hess(h)Φ)AB(Hess(h)Φ)CD(Hess(h)Φ)EF .

Proof. (1) If Φ is sign-definite, we write Φ = ±ef , f ∈ C∞(M2), then

L = e2f (∆(h)f + Q ).

Therefore by compactness of M2 we have

0 =

∫
M2

dµh∆
(h)f =

∫
M2

dµh(Le−2f
− Q ),

thus

2πχ =

∫
M2

dµhLe−2f ,

which means that the signs of χ and L must be the same.
(2) Firstly, we calculate the following integral∫

M2
dµhΦ[|Hess(h)Φ|

2
− (∆(h)Φ)2]

=

∫
M2

dµhΦ(hADhBC
− hABhCD)∇ (h)

A ∇
(h)
B Φ∇

(h)
C ∇

(h)
D Φ

= −
1
2

∫
M2

dµhΦ(hADhBC
− hABhCD)R(h)

ACDE∇
(h)
B Φ∇

(h)EΦ

−

∫
M2

dµh(hADhBC
− hABhCD)∇ (h)

A Φ∇
(h)
B Φ∇

(h)
C ∇

(h)
D Φ

= −
1
2

∫
M2

dµhQΦ(hADhBC
− hABhCD)(hADhCE − hAEhCD)∇

(h)
B Φ∇

(h)EΦ

−
1
2

∫
M2

dµh⟨dΦ, d|dΦ|
2
h⟩h +

∫
M2

dµh|dΦ|
2
h∆

(h)Φ

= −

∫
M2

dµhQΦ|dΦ|
2
h +

3
2

∫
M2

dµh(|dΦ|
2
h∆

(h)Φ),

where Hess(h)Φ = ∇
(h)(dΦ). Thereby, it follows from (2.9) that

0 =

∫
M2

dµh(QΦ2
+Φ∆(h)Φ − |dΦ|

2
h)∆

(h)Φ

=

∫
M2

dµh[QΦ(Φ∆(h)Φ + |dΦ|
2
h) +Φ|Hess(h)Φ|

2
h −

5
2
|dΦ|

2
h∆

(h)Φ]

=

∫
M2

dµh[
1
2
QΦ∆(h)Φ2

+Φ|Hess(h)Φ|
2
h −

5
2
|dΦ|

2
h∆

(h)Φ].

(3) The following identity is valid in two dimensions, which can be easily checked pointwisely under the normal
coordinates

(∇ (h)
A ∇

(h)
B Φ −

1
2
hAB∆

(h)Φ)∆(h)Φ = (∇ (h)
A ∇

(h)
C Φ)(∇ (h)

B ∇
(h)CΦ) −

1
2
hAB|Hess(h)Φ|

2
h.
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Then from (2.9) we obtain

0 =⟨Hess(h)L,Hess(h)Φ⟩h

=(2Q∇
(h)
A Φ∇

(h)
B Φ + 2∇ (h)

A Φ∇
(h)
B ∆

(h)Φ)∇ (h)A
∇

(h)BΦ + ⟨ΦHess(h)(∆(h)Φ) − Hess(h)(|dΦ|
2
h),Hess

(h)Φ⟩h

+ 2QΦ|Hess(h)Φ|
2
h −

1
2
|Hess(h)Φ|

2
h∆

(h)Φ +
1
2
(∆(h)Φ)3 + |Hess(h)Φ|

3
h.

On the other hand, for any one form α ∈ Λ1(M2), Weitzenböck formula implies∫
M2

dµh∇
(h)
A αB∇

(h)A
∇

(h)BΦ =

∫
M2

dµh⟨α,∇
(h)∗

∇
(h)(dΦ)⟩h

=

∫
M2

dµh[∇
(h)
A α

A∆(h)Φ − QαA
∇

(h)
A Φ].

Then for α = 2QΦdΦ + 2Φd∆(h)Φ − d|dΦ|
2
h , we have∫

M2
dµh∇

(h)
A αB∇

(h)A
∇

(h)BΦ

=

∫
M2

dµh[−2Φ|d∆(h)Φ|
2
h − |dΦ|

2
h(∆

(h))2Φ − 2Q 2Φ|dΦ|
2
h + 4QΦ(∆(h)Φ)2 + 3Q |dΦ|

2
h∆

(h)Φ]

=

∫
M2

dµh[
1
2
|Hess(h)Φ|

2
h∆

(h)Φ +Φ⟨Hess(h)(∆(h)Φ),Hess(h)Φ⟩h −
1
2
(∆(h)Φ)3 − |Hess(h)Φ|

3
h].

We complete the proof. □

Type II : (M3, gµνdxµdxν) ≃ (M2, hABdxAdxB) × (S1, dθ2).

The metric is given by

gµνdxµdxν = hABdxAdxB +Φ2dθ2. (2.10)

Now h is a two-dimensional Lorentzian metric, which can be locally expressed in terms of double-null coordinates as

hABdxAdxB = 2F (u, v)dudv, (2.11)

for two null vectors ∂
∂u and ∂

∂v
. The EOMs then reduce to

1
2
∂u(

1
F
∂u∂v log F ) −

1
F
∂v(
∂2uΦ − ∂u log F∂uΦ

Φ
) = 0, (2.12)

1
2
∂v(

1
F
∂u∂v log F ) −

1
F
∂u(
∂2vΦ − ∂v log F∂vΦ

Φ
) = 0. (2.13)

Proposition 2.2. Let (M2, h,Φ) form a vacuum configuration. Assume ∇
(h)Φ is a null vector, then the Gauss curvature of h

is sign-definite.

Proof. Since ∇
(h)Φ is a null vector, thus |dΦ|

2
h = 0, one can choose Φ = Φ(u) without loss of generality, then ∆(h)Φ = 0.

Therefore EOMs are simplified to

Φ
dQ
du

+ 2Q
dΦ
du

= 0.

Hence QΦ2 is a constant, and Q is sign-definite. □

Including the contribution of the matter to the action, the EOMs become

Cµν = 8πζG3Tµν, (2.14)

where Tµν is the energy–momentum tensor for matter fields. For the metric form (2.10) and the energy–momentum
tensor Tµνdxµdxν = 2TAθdxAdθ , we explicitly write down the EOMs

−

√
|det h|
2Φ

∇
(h)1L =8πζG3T0θ , (2.15)

√
|det h|
2Φ

∇
(h)0L =8πζG3T1θ . (2.16)

The Kodama vector V associated with the metric (2.10) is defined as [14]

V = ϵAB∇
(h)
B Φ

∂

∂xA
. (2.17)
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It follows immediately the following properties of Kodama vector from the definition: V and ∇
(h)Φ are orthogonal to each

other, i.e. h(V ,∇ (h)Φ) = 0, and V is a local conserved current, i.e. ∇ (h)
A V A

= 0.
We define a vector J via

J = −V AV BTBθ
∂

∂xA
, (2.18)

which is a conserved current if and only if

⟨V ⊗ ∇
(h)L,HessΦ⟩h = V A

∇
(h)
A ∇

(h)
B Φ∇

(h)BL = 0. (2.19)

Under the constraint (2.19), one has the conserved charge QΣ for a space-like surface Σ in (M3, g) defined as

QΣ =

∫
Σ

∗g J∨, (2.20)

where J∨ is the dual 1-form with respect to the metric h, which is naturally viewed as a 1-form on M3. By virtue of
(2.15)–(2.20), we can define a function M over M2, called quasi-local mass associated to the system (M2, h,Φ), as follows

M = − 2π
∫ √

det g[(V 0V 0T0θ + V 0V 1T1θ )dx1 − (V 1V 0T0θ + V 1V 1T1θ )dx0]

=
1

8ζG3

∫
⟨dΦ, dL⟩hdΦ, (2.21)

hence,

dM =
1

16πζG3
⟨d ln |Φ|, dL⟩hdS, (2.22)

where S = πΦ2 stands for the areal volume. It is immediately seen that (2.19) is exactly the compatibility condition of
(2.22).

Example 2.3. For the Eddington–Finkelstein-like metric

g = −(1 −
c
r
)du2

+ 2dudr + r2dθ2

with a positive constant c , we directly calculate

M =
1

8ζG3

∫
(
d
dr

(
2c
r

− 1))(1 −
c
r
)dr

=
1

8ζG3
(
2c
r

−
c2

r2
).

Proposition 2.4. Under the Ricci flow on (M2, h)
∂hij

∂t
= −2R(h)

ij ,

the quasi-local mass M associated to the system (M2, h,Φ) evolves by

8ζG3
∂M

∂t
= 4

∫
Q ⟨dΦ, dL⟩hdΦ + 2

∫
L⟨dΦ, dQ ⟩hdΦ +

∫
⟨dΦ, d(Φ2∆(h)Q + 4Q |dΦ|

2
h)⟩hdΦ.

Proof. Under the Ricci flow, the scalar L obeys
∂L
∂t

=(∆(h)R(h)
+ R(h) ijR(h)

ij − ∇
(h) i

∇
(h)jR(h)

ij )Φ2

+ Φ(2R(h)
ij ∇

(h) i
∇

(h)jΦ + 2∇ (h)
i R(h) ik

∇
(h)
k Φ − ∇

(h)
i R(h)

∇
(h) iΦ) + 2∇ (h) iΦ∇

(h)jΦR(h)
ij

=R(h)L +
1
2
Φ2∆(h)R(h)

+ 2R(h)
|dΦ|

2
h,

which leads to the conclusion. □

2.3. Dilaton gravity in two dimensions

For the 2(= 1+1)-dimensional system (M2, h,Φ), one constructs a model of dilaton gravity governed by the action [20]

S[h,Φ] =

∫
M2

d2x
√

|det h|(
1
3
R(h)Φ3

− 2Φ|dΦ|
2
h + cΦ) (2.23)
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with a constant c. The variations with respect to the metric h and the dilaton field Φ yield EOMs respectively

Φ(hµν∆(h)
− ∇

(h)
µ ∇

(h)
ν )Φ + 3|dΦ|

2
hhµν − 4∇ (h)

µ Φ∇
(h)
ν Φ −

c
2
hµν = 0, (2.24)

R(h)Φ2
+ 4Φ∆(h)Φ + 2|dΦ|

2
h + c = 0. (2.25)

Taking the trace of the first equation leads to

Φ∆(h)Φ + 2|dΦ|
2
h = c,

substituting which into the second equation gives us

R(h)Φ2
+ 3Φ∆(h)Φ = −2c.

Therefore the vacuum configurations of the 2-dimensional dilaton gravity can be embedded into those of the
3-dimensional Chern–Simons-like gravity. Then we immediately see that for the vacuum configuration (M2, h,Φ), where
M2 is a closed manifold and Φ is sign-definite, the Euler number χ of M2 and the constant c have the opposite signs.

Example 2.5. Assume (M2, h,Φ) is a vacuum configuration with flat metric hµν = ηµν , then the dilaton field Φ is subject
to the following EOMs in terms of local light-cone coordinates ξ+

= σ 0
+ σ 1, ξ−

= −σ 0
+ σ 1,

Φ∂2
+
Φ + 4(∂+Φ)2 = 0,

Φ∂2
−
Φ + 4(∂−Φ)2 = 0,

Φ∂+∂−Φ = −
1
6
c,

∂+Φ∂−Φ =
5
24

c,

where ∂+ =
∂
∂ξ+
, ∂− =

∂
∂ξ−

.

• If M2 is a torus, these equations only admit the solution of constant Φ with zero c.

• If M2
= R2, one finds solutions Φ = aξ

1
5

+ , bξ
1
5

− with zero c , where a, b are constants.

First-order formalism

The zweibein and the spin connection on M2 are denoted by eA, ωA
B = ωϵAB = ωCϵ

A
B e

C respectively, where ϵAB = ηACϵCB
(ϵ01 = −ϵ01 = 1). The torsion form and the curvature form are given by T A

= deA+ϵABω∧eB and RA
B = ϵABdω, respectively.

Introducing the auxiliary fields XA and Y , let us consider the general first-order action constructed by Cartan variables
eA, ωA and their first-order derivatives as follows [3]

Sf.o. =
∫
M2
ηABXAT B

+ Ydω + ϵV (XAXA, Y ), (2.26)

where the volume form ϵ = −
1
2ϵABe

A
∧ eB. The EOMs from the variation of XA read

T A
+ ϵ

∂V
∂XA

= 0,

thus

∗T A
= −

∂V
∂XA

= ∗deA − ωA.

Reinserting it into the action (2.26) gives rise to

Sf.o. =
∫
M2

−XA
∂V
∂XA

ϵ + Ydω̃ − dY − eA
∂V
∂XA

+ ϵV , (2.27)

where ω̃ = eA ∗ deA denotes the torsion-free part of the connection. The variation of XA once again provides EOMs

(dY ∧ eC + XCϵ)
∂2V

∂XC∂XA
= 0.

Assume det( ∂2V
∂XC ∂XA

) ̸= 0, then we arrive at

Sf.o. =
∫
M2

Ydω̃ + ϵV (XAXA, Y ) = −

∫
M2

√
|det h|{

Y
2
R(h)

+ V (−|dY 2
|h, Y )}. (2.28)
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As a consequence, if we choose

Y = −
2
3
Φ3, V (XAXA, Y ) =

ηABXAXB

3Y
− c 3

√
−

3
2
Y ,

the action (2.23) of dilaton gravity is recovered.

Liouville formalism

We introduce the following transformations of fields: Υ = aΨ 2, ĥ = e−2ρh with Ψ =

√
1
3Φ

3 and ρ =
a
4Ψ

2
+

2
3 lnΨ ,

then

S[ĥ,Υ ] =
1
a

∫
M2

d2x
√

|det ĥ|(R(ĥ)Υ +
1
2
|dΥ |

2
ĥ
+ c ′e

Υ
2 Υ ), (2.29)

where c ′
=

3√3c. It gives rise to the EOMs

2(ĥµν∆(ĥ)
− ∇

(ĥ)
µ ∇

(ĥ)
ν )Υ + ∇

(ĥ)
µ Υ∇

(ĥ)
ν Υ − ĥµν(

1
2
|dΥ |

2
ĥ
+ c ′e

Υ
2 Υ ) =0, (2.30)

R(ĥ)
−∆(ĥ)Υ + c ′e

Υ
2 (1 +

Υ

2
) =0. (2.31)

It is easily seen that this formalism eliminates the vacuum configurations with constant scalar curvature unless c = 0.
However, we let ȟ = e

Υ
2 ĥ, Ξ =

1
aΥ , then the action (2.29) is further simplified to

S[ȟ,Ξ ] =

∫
M2

d2x
√

|det ȟ|(R(ȟ)Ξ + c ′Ξ ), (2.32)

whose vacuum configuration (M2, ȟ,Ξ ) consists of a surface with constant scalar curvature −c ′, i.e. uniformization of
surfaces, and a function Ξ governed by equation

∇
(ȟ)
µ ∇

(ȟ)
ν Ξ =

c ′

2
ȟµνΞ . (2.33)

In particular, when M2 is a closed manifold, one finds that

if the vector field ∇
(ȟ)Ξ is

{ timelike,
spacelike,
lightlike,

then the scalar curvature of ȟ is

{ negative,
positive,
zero.

In terms of locally conformally flat coordinates under which ȟµν = e2ρηµν , Eq. (2.33) is rewritten as

∂µ∂νΞ − ∂µρ∂νΞ − ∂µΞ∂νρ − ηµν(
c ′

2
e2ρΞ − ∂αΞ∂

αρ) = 0,

where the local function ρ satisfies Liouville equation

(−∂20 + ∂21 )ρ =
c ′

2
e2ρ .

Canonical formalism

It requires that M2 has a (1 + 1)-decomposition M2
≃ Σ × R topologically, and we write the metric in terms of ADM

form

ds2 = −N2dt2 + σ 2(dx + ndt)2 (2.34)

for the lapse function N and the shift function n. The Lagrangian density L of the action (2.23) is given by

L = − 2
Φ2Φ̇σ̇

N
− 2N(

Φ2Φ ′

σ
)′ − 2

nΦ2(nσ )′Φ ′

N
+ 2

nΦ2σ̇Φ ′

N
+ 2

nΦ2(nσ )′Φ̇
N

+ 2
σΦ(Φ̇)2

N
− 4

nσΦ(Φ)′Φ̇
N

+ 2
Φ(Φ ′)2(σ 2n2

− N2)
Nσ

+ cσNΦ,

which shows N and n play the role of Lagrange multipliers. After introducing the canonical momenta for σ and Φ as

Πσ =
∂L
∂σ̇

= −2
Φ2Φ̇

N
+ 2

nΦ2Φ ′

N
,

ΠΦ =
∂L

∂Φ̇
= −2

Φ2σ̇

N
+ 2

Φ2(nσ )′

N
+ 4

σΦΦ̇

N
− 4

nσΦΦ ′

N
,
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up to a boundary term, the action (2.23) is reexpressed as

S =

∫
dt
∫

dx(Πσ σ̇ +ΠΦΦ̇ − NH0 − nH1), (2.35)

which exhibits the secondary constraints in the Dirac sense given by

H0 = −
1

2Φ2ΠσΠΦ + 2(
Φ2Φ ′

σ
)′ + 2

Φ(Φ ′)2

σ
−

5σ
2Φ3Π

2
σ − cσΦ ≈ 0,

H1 = ΠΦΦ
′
− σΠ ′

σ ≈ 0.

More conveniently, working with the action (2.32), we have

H0 = −
1
2
ΠσΠΞ + 2(

Ξ ′

σ
)′ − c ′σΞ ,

H1 = ΠΞΞ
′
− σΠ ′

σ ,

which form a closed Poisson bracket algebra

{σ (x)H0(x), σ (y)H0(y)} = −δ′(x − y)(H1(x) + H1(y)),

{H1(x), σ (y)H0(y)} = −
3
2
δ′(x − y)(σ (x)H0(x) + σ (y)H0(y)),

{H1(x),H1(y)} = −δ′(x − y)(H1(x) + H1(y)).

2.4. Boundary terms

We consider a radial foliation of the spacetime M3 such that metric near the boundary surface {r = constant} is written
as

gµνdxµdxν = N2(r)dr2 + hij(r, x)dxidxj (2.36)

Then the unit normal vector n is given by n =
1
N
∂
∂r , and the extrinsic curvature of the boundary reads

Kij =
1
2
Lnhij =

1
2N

∂hij

∂r
(2.37)

By Gauss–Codazzi–Ricci equations

Rij =
1
2
hijR(h)

− KijK + 2KimKm
j −

1
N
∂Kij

∂r
,

Rrr = −N
∂K
∂r

− N2K j
i K

i
j ,

Rir = N∇
(h)
j K j

i − N∇
(h)
i K ,

where K j
i = Kilhjl, K = Kijhij, we have

Θ rr
= 0,

Θ ij
= −

1
2
(ϵ ikRjk

+ ϵ jkRik)

=
1
2
(ϵ ik(K jkK − 2K jmK k

m + LnK jk) + ϵ jk(K ikK − 2K imK k
m + LnK ik)),

Θ ri
= −

1
2
ϵ ikRrk

= −
1
2N
ϵ ik(∇

(h)
j K kj

− ∇
(h)kK ),

where ϵ ij =
εij

√
|det h| . Therefore, we have

Proposition 2.6. If the variation of the metric preserves the form in (2.36), the boundary terms are rewritten as

Σ1 =
1

16πG3µ

∫
∂M3

d2x
√

|det h|ϵ ik(K jkK − 2K jmK k
m + LnK jk)δhij,

Σ2 =
1

64πG3µ

∫
∂M3

d2x
√

|det h|ϵ ij(Γ (h))
m
ikh

kl(∇ (h)
j δhml + ∇

(h)
m δhlj − ∇

(h)
l δhjm)

−
1

16πG3µ

∫
∂M3

d2x
√

|det h|ϵ ijK k
i δKjk
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In particular, if M3 is an asymptotically AdS3 manifold, in a finite neighbourhood of ∂M3, the metric takes the form

gµνdxµdxν = dρ2
+ hij(x, ρ)dxidxj, (2.38)

where h admits Fefferman–Graham expansion [7]

hij = e2ρh(0)
ij + eρh(1)

ij + h(2)
ij + e−ρh(3)

ij + e−2ρh(4)
ij + O(e−3ρ) (2.39)

with the regular induced metric h(0) on the boundary ∂M3 (ρ → ∞). We calculate the Christoffel symbols, Ricci tensor
and Ricci scalar in terms of Fefferman–Graham expansion

Γ i
jρ =δij −

1
2
e−ρ(h(1))ij − e−2ρ

[(h(2))ij −
1
2
((h(1))2)ij] + O(e−3ρ),

Γ
ρ

ij = − e2ρh(0)
ij −

1
2
eρh(1)

ij +
1
2
e−ρh(3)

ij + e−2ρh(4)
ij + O(e−3ρ),

Γ k
ij =(Γ (h(0)))kij +

1
2
e−ρ(h(0))kl[∇ (h(0))

i (h(1))lj + ∇
(h(0))
j (h(1))il − ∇

(h(0))
l (h(1))ij]

+
1
2
e−2ρ

[(h(0))kl(∇ (h(0))
i (h(2))lj + ∇

(h(0))
j (h(2))il − ∇

(h(0))
l (h(2))ij)

− (h(1))kl(∇ (h(0))
i (h(1))lj + ∇

(h(0))
j (h(1))il − ∇

(h(0))
l (h(1))ij)] + O(e−3ρ);

Ri
j = − 2δij +

1
2
e−ρ

[(h(1))ij + (Trh(1))δij] + e−2ρ
[
1
2
(R(h(0))

+ 2Trh(2)
− Tr(h(1))2)δij −

1
4
(Trh(1))(h(1))ij] + O(e−3ρ),

Rρi =
1
2
e−ρ

[∂iTrh(1)
− ∇

(h(0))
j (h(1))ji] + e−2ρ

[∂iTrh(2)
− ∇

(h(0))
j (h(2))ji +

1
2
(h(1))ij∇

(h(0))
k (h(1))jk

+
1
2
(h(1))jk∇ (h(0))

j (h(1))ki −
3
4
(h(1))kl∇ (h(1))

i (h(1))kl −
1
4
(h(1))ji∂jTrh

(1)
] + O(e−3ρ),

Ri
ρ =

1
2
e−3ρ

[∇
(h(0)) iTrh(1)

− ∇
(h(0))
j (h(1))ij] + e−4ρ

[∇
(h(0)) iTrh(2)

− ∇
(h(0))
j (h(2))ij + (h(1))ij∇

(h(0))
k (h(1))jk

+
1
2
(h(1))jk∇ (h(0))

j (h(1))ik −
3
4
(h(1))kl∇ (h(1)) i(h(1))kl −

3
4
(h(1))ij∂jTrh(1)

] + O(e−5ρ),

Rρρ = − 2 +
1
2
e−ρTrh(1)

−
1
4
e−2ρTr(h(1))2 + O(e−3ρ),

R = − 6 + 2e−ρTrh(1)
+ e−2ρ

[R(h(0))
+ 2Trh(2)

−
5
4
Tr(h(1))2 −

1
4
(Trh(1))2] + O(e−3ρ),

where on the right hand side of the equalities all indices are raised or lowered by h(0) and Tr denotes the contraction
with h(0). Let us assume M3 be a vacuum configuration of Chern–Simons-like gravity, then substituting these expansions
into EOMs ∂AR = 2∇BRB

A up to the second-order term leads to the constraint that the second-order component of the
expansion of scalar curvature

R(2)
:= R(h(0))

+ 2Trh(2)
−

5
4
Tr(h(1))2 −

1
4
(Trh(1))2 (2.40)

is a constant.1 More generally, we propose the following conjecture.

Conjecture 2.7. If (M3, g) is a vacuum configuration of Chern–Simons-like gravity, then the even-order components R(2k) of
the Fefferman–Graham expansion of scalar curvature R would be constant.

Also due to Fefferman–Graham expansion, one finds that the value of the action vanishes tending to the boundary.
Indeed, we have

S[g] ∼

∫
M3

d3xεij(2Γ k
ρl∂iΓ

l
jk − 2Γ k

iρ∂ρΓ
ρ

kj − Γ k
il ∂ρΓ

l
kj + 2Γ k

ρlΓ
l
imΓ

m
jk + 2Γ k

ρlΓ
l
iρΓ

ρ

jk )

=

∫
M3

d3xεij(−2Γ k
iρ∂ρΓ

ρ

kj − Γ k
il ∂ρΓ

l
kj)

∼

∫
M3

d3xO(e−ρ).

1 Here we assume that Witten–Yau conjecture that asserts that there exists a metric with non-negative curvature on the boundary is valid, which
implies the connectedness of the boundary [23,24].
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Only the boundary terms contribute to the on shell variation of the action, which gives rise to the Brown–York stress,
namely we can define

(T BY)ij =
2√

det |h(0)|

δ(Σ1 +Σ2)
δ(h(0))ij

. (2.41)

Omitting the term δΓ (h), we have the Fefferman–Graham expansion by virtue of Proposition 2.6

(T BY)ij =
1

8πG3ζ
e2ρ(ϵ(h

(0)))ik(K j
kK − 2K j

mK
m
k + LnK

j
k + K j

k) + (i ↔ j)

=
1

8πG3ζ
(ϵ(h

(0)))ik(eρ(h(1))jk +
1
4
Trh(1)(h(1))jk + 3(h(2))jk − 2((h(1))2)jk + (i ↔ j)) + O(e−ρ).

We need to introduce the additional counterterm to kill the divergence. A suitable choice is given by

Sct[h] =
1

16πG3µ

∫
∂M3

√
|det h|ϵ ikK l

iLnK k
l ,

which causes the stress tensor.

(T ct)ij = −
1

8πG3ζ
(ϵ(h

(0)))ik(eρ(h(1))jk + 2(h(2))jk − ((h(1))2)jk) + (i ↔ j) + O(e−ρ).

As a result, the total stress tensor given by

(T tot)ij =
1

8πG3ζ
(ϵ(h

(0)))ik(
1
4
Trh(1)(h(1))jk + (h(2))jk − ((h(1))2)jk) + (i ↔ j) + O(e−ρ)

is finite on the boundary. Obviously, it leads to no Weyl anomaly, but diffeomorphism anomaly for the boundary CFT by
AdS/CFT correspondence:

⟨T i
i ⟩ = 0,

∇
h0
i ⟨T ij

⟩ =
1

8πG3ζ
∇

h0
i [(ϵ(h

(0)))ik(
1
4
Trh(1)(h(1))jk + (h(2))jk − ((h(1))2)jk) + (i ↔ j)].

Define a (1, 1)-tensor T j
k =

1
4Trh

(1)(h(1))jk + (h(2))jk − ((h(1))2)jk. The vanishing of diffeomorphism anomaly requires the
equations

(ϵ(h
(0)))ik∇ (h(0))

i T j
k + (ϵ(h

(0)))jk∇ (h(0))
k TrT = 0.

Obviously, the trace TrT =
1
4 (Trh

(1))2 + Trh(2)
− Tr(h(1))2 is a constant if and only if d

∇(h(0))T = 0. In particular, if T
is trace-free and R(2) vanishes, R(h(0))

=
3
4 ((Trh

(1))2 − Tr(h(1))2) =
3
2 f |det h

(1)
| > 0 for a positive local function f when

h(1) can be viewed as a metric on the boundary with the same signature as h(0), which agrees with the Witten–Yau
conjecture.

3. The higher-order variation

3.1. Linear cotton operator

To consider the linear gravity, we should linearize the Cotton tensor with respect to a fixed background metric ḡ
around which there is a small perturbation h, thus we write gµν = ḡµν + hµν . For simplicity, the background metric is
usually chosen to be a constant curvature space as the special vacuum configuration of Chern–Simons-like gravity.

Lemma 3.1. Let D be the set of symmetric (0, 2)-tensors, and D′ be a subset od D consisting of traceless and transverse
tensors, i.e. D′

:= {T ∈ D : TrT = ḡµνTµν = 0, ∇̄µTµν = 0}. We define three operators on D: L = ∆̄ −
1
3 R̄ and

(Π (T ))µν =
1
2 (ϵ̄ µ

αβ
∇̄αTβν + ϵ̄ ν

αβ
∇̄αTβµ) and the composition Ξ = L ◦Π called the linear Cotton operator with respect to

the background metric of constant curvature, where all the barred quantities are taken with respect to the fixed background
metric,

(1) Ξ is a third-order self-adjoint differential operator on D′ with respect to the global inner product induced by the
background metric,

(2) if T ∈ D′ is generated by a vector field X via Tµν = ∇̄µXν + ∇̄νXµ, then Ξ (T ) =
1
3 R̄Π (T ),

(3) if h ∈ D′, then −
1
2Ξ (h) is exactly the first-order approximation of Cotton tensor.
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Proof. (1) Firstly, we show that Ξ is an operator on D′, namely Ξ (T ) is also traceless and transverse. The tracelessness
is evident. We check the transversality, which is implied by the following identities

ϵ̄ µ
αβ

∇̄α∆̄Tβν = ϵ̄ µ
αβ (∆̄∇̄αTβν + ∇̄[α∇̄ρ]∇̄

ρTβν + ∇̄
ρ
∇[α∇̄ρ]T̄βν)

=ϵ̄ µ
αβ (∆̄∇̄αTβν − R̄ αρλ

ρ
∇̄
λTβν + R̄ αρβ

λ
∇̄
ρTλν + R̄ αρν

λ
∇̄
ρTβλ + ∇̄

ρ(R̄ αρβ
λ
Tλν + R̄ αρν

λ
Tλβ ))

=ϵ̄ µ
αβ∆̄∇̄αTβν,

and

∇̄
µ(ϵ̄ µαβ∇̄αTβν) =

1
2
ϵ̄µαβ (R̄ µαβ

λ
Tλν + R̄ µαν

λ
Tλβ ) = 0,

∇̄
µ(ϵ̄ ναβ∇̄αTβµ) =

1
2
ϵ̄ ν

αβ (R̄ µαβ
λ
Tµλ + R̄αλT λβ ) = 0,

where we have noted that the background metric is of constant curvature, thus

R̄µναβ =
R̄
6
(ḡµα ḡνβ − ḡµβ ḡνα). (3.1)

Next we reformulate the operator Ξ . Let (Π0(T ))µν = ϵ̄ µ
αβ

∇̄αTβν , then

(Ξ (T ))µν = −sgn(det ḡ)
1
2
((Π3

0 (T ))µν + (Π3
0 (T ))νµ) +

1
6
R̄(Π (T ))µν . (3.2)

Indeed, by definitions, we have

−sgn(det ḡ)(Π3
0 (T ))µν = − sgn(det ḡ)ϵ̄ µαβ ϵ̄ βγσ ϵ̄ σ ρλ∇̄α∇̄γ ∇̄ρTλν

= − ḡµη(δηγ δ
α
σ − δησ δ

α
γ )ϵ̄

σρλ
∇̄α∇̄

γ
∇̄ρTλν

=ϵ̄ µ
αβ∆̄∇̄αTβν − ϵ̄αρλ∇̄α∇̄[µ∇̄ρ]Tλν −

1
2
ϵ̄αρλ∇̄[α∇̄ρ]∇̄µTλν

=ϵ̄ µ
αβ∆̄∇̄αTβν − ϵ̄αρλ∇̄α(R̄ µρλ

σ
Tσν + R̄ µρν

σ
Tσλ)

−
1
2
ϵ̄αρλ(R̄ αρµ

σ
∇̄σ Tλν + R̄ αρλ

σ
∇̄µTσν + R̄ αρν

σ
∇̄µTλσ ).

By means of (3.1), we arrive at

−sgn(det ḡ)(Π3
0 (T ))µν = ϵ̄ µ

αβ∆̄∇̄αTβν −
1
3
R̄ϵ̄ µαβ∇̄αTβν −

1
6
R̄ϵ̄ ναβ∇̄αTβµ.

Therefore, we only need to show Π0 is self-adjoint, which easily follows from∫
M3

dµḡ⟨Π0(T ), S⟩ḡ =

∫
M3

dµḡ ϵ̄ µ
αβ

∇̄αTβνSµν =

∫
M3

dµḡTβν ϵ̄ βαµ∇̄αSµν =

∫
M3

dµḡ⟨T ,Π0(S)⟩ḡ ,

for S, T ∈ D.
(2) The vector field X should satisfy the conditions ∆̄X = ∇̄ · X = 0. Then

ϵ̄ µ
αβ

∇̄α∆̄(∇̄βXν + ∇̄νXβ ) = ϵ̄ µ
αβ

∇̄α(∇̄ρ
∇̄ − [ρ∇̄β]Xν + ∇̄ − [ρ∇̄β]∇̄

ρXν + (β ↔ ν))

=
2
3
R̄ϵ̄ µαβ (∇̄α∇̄νXβ + ∇̄α∇̄βXν).

(3) We calculate the Cotton tensor up to the first-order of h

2Cµν =C̄µν −
1
2
TrhC̄µν + hµλϵ̄

λαβ
∇̄α R̄βν +

1
2
ϵ̄ µ

αβ
∇̄α(∇̄σ ∇̄βh

σ
ν + ∇̄σ ∇̄νh

σ
β − ∆̄hβν − ∇̄β∇̄νTrh)

−
1
2
ϵ̄ µ

αβ R̄ρβ (∇̄αhρν + ∇̄νhρα − ∇̄ρhαν) + (µ ↔ ν). (3.3)

Working in the transverse traceless gauge, we get

2Cµν =C̄µν + hµλϵ̄
λαβ

∇̄α R̄βν +
1
2
ϵ̄ µ

αβ
∇̄α(3(R̄βλhλν + R̄νλhλβ ) − R̄hβν − 2ḡβνRρλhρλ − ∆̄hβν)

−
1
2
ϵ̄ µ

αβ R̄ρβ (∇̄αhρν + ∇̄νhρα − ∇̄ρhαν) + (µ ↔ ν). (3.4)

Moreover for the background of constant curvature, we have

Cµν =
1
4
ϵ̄ µ

αβ
∇̄α(

1
3
R̄hβν − ∆̄hβν) + (µ ↔ ν) =

1
4
ϵ̄ µ

αβ (
1
3
R̄ − ∆̄)∇̄αhβν + (µ ↔ ν). (3.5)

We complete the proof. □
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Definition 3.2. For a perturbation h ∈ D′, it is called the stable (unstable, marginal) perturbation if Ξ (h) is negative
(positive, zero) everywhere. In particular, for the Lorentzian background manifold, a marginal perturbation is called the
linear vacuum configuration of Chern–Simons-like gravity under the transverse-traceless gauge.

Proposition 3.3. Assume M3 is a closed manifold and ḡ is a Riemannian metric of non-zero constant curvature. h is a marginal
perturbation on (M3, ḡ) if and only if d∇̄h = 0, where h is viewed as a 1-form valued in TM3.

Proof. Case I: R̄ is positive. Since∫
M3

dµḡ⟨Ξ (h),Π (h)⟩ḡ = −

∫
M3

dµḡ |∇̄Π (h)|2ḡ −
R̄
3

∫
M3

dµḡ |Π (h)|2ḡ ,

when R̄ > 0, h is a marginal perturbation if and only if Π (h) = 0.
Case II: R̄ is negative. We note that

(Π2
0 (h))µν = (Π0 ◦Π ′

0(h))µν = −∆̄hµν +
R̄
2
hµν,

where (Π ′

0(h))µν = ϵ̄ ν
αβ

∇̄αTβµ. Take advantage of the identity (3.2), we find that∫
M3

dµḡ⟨Ξ (h),Π (h)⟩ḡ = −

∫
M3

dµḡ⟨Π
3
0 (h),Π (h)⟩ḡ +

R̄
6

∫
M3

dµḡ |Π (h)|2ḡ

= −2
∫
M3

dµḡ |Π
2
0 (h)|

2
ḡ +

R̄
6

∫
M3

dµḡ |Π (h)|2ḡ ,

from which, we see that Π (h) has to vanish for the marginal perturbation h if R̄ < 0.
In either case, we have Π (h) = 0, thereby

ϵ̄µρλ(Π (h))µν =

⏐⏐⏐⏐⏐ δρα δλβ

δ
ρ

β δλα

⏐⏐⏐⏐⏐ ∇̄αhβν +

⏐⏐⏐⏐⏐⏐⏐
δµν δµα δ

µ

β

δρν δρα δρβ

δλν δλα δλβ

⏐⏐⏐⏐⏐⏐⏐ ∇̄αhβµ

= 2∇̄[ρhλ]ν = 0,

where h being traceless and transverse plays a role, thus d∇̄h = 0. □

Corollary 3.4 (Rigidity Theorem). If M3 is simply connected, there is no non-trivial marginal perturbation.

Proof. Firstly, we note that following identities∫
M3

dµḡ |Π0(h)|2ḡ =

∫
M3

dµḡ⟨Π0(h),Π ′

0(h)⟩ḡ =

∫
M3

dµḡ |∇̄h|
2
ḡ +

R̄
2

∫
M3

dµḡ |h|
2
ḡ ,

which means that there is no non-trivial marginal perturbation if R̄ is positive. When M3 is simply connected, any
symmetric (0, 2)-tensor T whose covariant derivative is totally symmetric is generated by a function f via [17]

T = Hessf +
R̄
6
f ḡ.

If T ∈ D′, the function f is subject to the equation

∆̄f +
R̄
2
f = 0,

which implies R̄ has to be positive if f is non-zero. However, we have shown that there is no non-trivial marginal
perturbation if R̄ > 0. □

We consider the so-called linear Cotton flow, namely the small perturbation h(t) evolves by equations
∂hµν

∂t
= (Ξ (h))µν . (3.6)

From the above corollary it follows that the flow has fixed points only when the background metric is of non-positive
constant curvature (assuming the long time existence of solutions for initial data).

Proposition 3.5. Assume the background manifold (M3, ḡ) is a closed manifold of non-positive constant curvature, and we
define the energy functional of perturbation h as

E(h) =

∫
M3

dµḡ |Ξ (h)|2ḡ . (3.7)
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Then under the linear Cotton flow, there is a positive constant C such that
dE
dt

≤ C(∥Ξ (h)∥2,2)2.

where ∥ • ∥2,2 denotes the Sobolev norm.

Proof. For any T ∈ D′, we consider the integrals∫
M3

dµḡ |∇̄ ◦Π (T ) + ∇̄T |
2
ḡ = −

∫
M3

dµḡ⟨2∆̄ ◦Π (T ) + ∆̄T , T ⟩ḡ +

∫
M3

dµḡ ∇̄α∇̄βTρλ∇̄α
∇̄
[βT ρ]λ,

and ∫
M3

dµḡ |ϵ̄ µα
βTβν + ∇̄αTµν |

2
ḡ = −

∫
M3

dµḡ⟨2Π (T ) + ∆̄T , T ⟩ḡ + 2
∫
M3

dµḡ |T |
2
ḡ

The following identity can be checked∫
M3

dµḡ ∇̄α∇̄βTρλ∇̄α
∇̄
ρTβλ =

5
6
R̄
∫
M3

dµḡ⟨∆̄T , T ⟩ḡ +
1
3
R̄2
∫
M3

dµḡ |T |
2
ḡ .

Therefore, if R̄ ≤ 0, we obtain the inequality∫
M3

dµḡ⟨Ξ (T ), T ⟩ḡ ≤
1
2

∫
M3

dµḡ [(1 −
R̄
3
)|∇̄T |

2
ḡ + |∇̄ ◦ ∇̄T |

2
ḡ −

2R̄
3

|T |
2
ḡ ] (3.8)

On the other hand, we have
dE
dt

= 2
∫
M3

dµḡ⟨Ξ (h),Ξ 2(h)⟩ḡ .

Substituting T = Ξ (h) into (3.8) leads to the inequality

dE
dt

≤ −
2R̄
3

E +

∫
M3

dµḡ [(1 −
R̄
3
)|∇̄Ξ (h)|2ḡ + |∇̄ ◦ ∇̄Ξ (h)|2ḡ ],

which yields the conclusion. □

Next we consider a family background metric ḡ(t) with parameter t ∈ [0,∞), and let χµν =
dḡµν
dt , χµν = ḡµα ḡνβ dḡαβ

dt =

−
dḡµν
dt . Suppose T ∈ D is an eigentensor of the linear Cotton operator for the eigenvalue Λ, i.e. (Ξ (T ))µν = ΛTµν , with

the normalized condition
∫
M3 |T |

2
ḡ = 1. Then by these set-ups, we reach

dΛ
dt

=

∫
M3

dµḡ (⟨
dΞ
dt

(T ), T ⟩ḡ + ⟨Ξ (
dT
dt

), T ⟩ḡ + ⟨Ξ (T ),
dT
dt

⟩ḡ

− ⟨Ξ (T ), χ⌟T ⟩ḡ − 2Λ⟨T ,
dT
dt

⟩ +Λ⟨T , χ⌟T ⟩ḡ )

=

∫
M3

dµḡ (⟨
dΞ
dt

(T ), T ⟩ḡ + ⟨
dT
dt
,Υ (T )⟩ḡ ), (3.9)

where

(χ⌟T )µν =χµαTαν + χναTαµ ,

(Υ (T ))µν =
1
2
{ϵ̄ µ

αβ (−R̄λα∇̄βTλν +
1
2
R̄∇βTαν + R̄αν∇̄λTβλ − R̄λα∇̄νTλβ

− ∇̄β (R̄λαTλν) +
1
2
∇β (R̄Tαν) + ∇̄

λ(R̄ανTβλ) − ∇̄ν(R̄λαTλβ )) + (µ ↔ ν)}.

Therefore we need to determine the variation of linear Cotton operator. Indeed, the lengthy calculations show

(
d(∆̄ ◦Π )

dt
(T ))µν = − ∇̄ρ(χρλ∇̄λ(Π (T ))µν) −

1
2
Trχ (∆̄ ◦Π (T ))µν +

1
2
∇̄
σTrχ∇̄σ (Π (T ))µν +

1
2
{χµλ(∆̄ ◦Π (T ))λν

−
1
2
ϵ̄ µ

αβ∆̄((∇̄νχ
σ
α + ∇̄αχ

σ
ν − ∇̄

σχαν)Tβσ ) −
1
2
ϵ̄ µ

αβ
∇̄
λ(∇̄λχ

σ
α + ∇̄αχ

σ
λ − ∇̄

σχαλ)∇̄σ Tβν

−
1
2
ϵ̄ µ

αβ
∇̄
λ(∇̄λχ

σ
β + ∇̄βχ

σ
λ − ∇̄

σχβλ)∇̄αTσν −
1
2
ϵ̄ µ

αβ
∇̄
λ(∇̄λχ

σ
ν + ∇̄νχ

σ
λ − ∇̄

σχνλ)∇̄αTβσ

− ϵ̄ µ
αβ (∇̄λχ

σ
α + ∇̄αχ

σ
λ − ∇̄

σχαλ)∇̄λ
∇̄σ Tβν − ϵ̄ µ

αβ (∇̄λχ
σ
β + ∇̄βχ

σ
λ − ∇̄

σχβλ)∇̄λ
∇̄αTσν

− ϵ̄ µ
αβ (∇̄λχ

σ
ν + ∇̄νχ

σ
λ − ∇̄

σχνλ)∇̄λ
∇̄αTβσ + (µ ↔ ν)},
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and

(
d(R̄ ◦Π )

dt
(T ))µν = − (

1
2
R̄Trχ + χρλR̄ρλ + ∆̄Trχ − ∇̄

ρ
∇̄
λχρλ)(Π (T ))µν +

1
2
R̄{χµλ(Π (T ))λν

−
1
2
ϵ̄ µ

αβ (∇̄αχ
σ
ν + ∇̄νχ

σ
α − ∇̄

σχαν)Tβσ + (µ ↔ ν)}.

As a consequence, we have

Proposition 3.6. If the initial data are taken as follows: ḡ(0) is a metric of constant curvature and T (0) is a marginal
perturbation with respect to ḡ(0), i.e. (Π (T ))(0) = 0, then we have

dΛ
dt

|t=0=

∫
M3

dµḡ⟨χ (0), (O(T ))(0)⟩ḡ(0), (3.10)

where

(O(T ))ασ = −
1
4
{ϵ̄ αµ

β
∇̄νTβσ ∆̄Tµν − ϵ̄ αµ

βT νβ ∇̄ν∆̄Tµσ − ϵ̄ αµ
β∆̄(∇̄ − [σTβ]νT

µν) + ϵ̄ µ
νβ

∇̄ν∇̄α(∇̄ − [σTβ]λT
µλ)

+ ϵ̄ αµ
β
∇̄
λ
∇̄σ (∇̄λTβνTµν) − ϵ̄ σµ

λ
∇̄β∇̄α(∇̄λTβν T

µν) + 2ϵ̄ αµβ∇̄λ(∇̄λ
∇̄ − [σTβ]νT

µν)

− 2ϵ̄ µνβ∇̄ν(∇̄α∇̄ − [σTβ]λT
µλ) − 2ϵ̄ αµβ∇̄λ(∇̄σ ∇̄λTβνTµν) + 2ϵ̄ σµλ∇̄β (∇̄α∇̄λTβν T

µν)

−
R̄
3
ϵ̄ αµ

β
∇̄νTβσ Tµν +

R̄
3
ϵ̄ αµ

βTβν∇̄νTµσ + (α ↔ σ )}.

3.2. ADM-type charges

In this section, the background manifold (M3, ḡ) is still a closed Riemannian manifold of constant curvature.

Lemma 3.7.

(1) Let C (1) stand for the first-order approximate of Cotton tensor around the background metric, then C (1) is also covariantly
conserved and traceless.

(2) Let ξ be a Killing vector with respect to ḡ , and one introduces a new vector field ξ̌β = ϵ̄ανβ∇̄αξν associated to ξ . Then
ξ̌ is also a Killing vector field with respect to ḡ . Therefore we can define an operator κ on the space K of Killing vector
fields on (M3, ḡ) by κ(ξ ) = ξ̌ for any ξ ∈ K, then

κ(ξ̌ ) = κ2(ξ ) = −L(ξ ),

hence ∆̄ξ is also a Killing vector field.

Proof. (1) Let G denote the Einstein tensor defined by Gµν = Rµν −
1
2δ
µ
ν R and G(1) denote the first-order approximate of

G with respect to ḡ , which is given by

G(1)µ
ν = −

R̄
3

+
1
2
(∇̄σ

∇̄
µhσν + ∇̄

σ
∇̄νh

µ
σ − ∇̄

µ
∇̄νTrh) +

1
2
δµν (

R̄
3
Trh + ∆̄Trh − ∇̄

α
∇̄
βhαβ ).

Then we calculate

∇̄µ∇̄
σ
∇̄
µhσν =

R̄
6
∇̄νTrh −

R̄
6
∇̄
µhµν + ∇̄µ∆̄hµν ,

∇̄µ∇̄
σ
∇̄νh

µ
σ = −

R̄
6
∇̄νTrh +

5
6
R̄∇̄µh

µ
ν + ∇̄ν∇̄

α
∇̄
βhαβ ,

∆̄∇̄νTrh =
R̄
3
∇̄νTrh + ∇̄ν∆̄Trh.

Combining these identities leads to ∇̄µG(1)µ
ν = 0. Then the conclusions can be easily derived from the definition of Cotton

tensor and the above conclusion.
(2) Let Aαβ = ∇̄α ξ̌β + ∇̄β ξ̌α , then we have∫

M3
dµḡ |Aαβ |2ḡ = 4

∫
M3

dµḡ |∇̄ ◦ ∇̄ξ |
2
ḡ − 4

∫
M3

dµḡ |∆̄ξ |
2
ḡ

= −4
∫
M3

dµḡ⟨∇̄ξ, ∆̄∇̄ξ⟩ḡ − 4
∫
M3

dµḡ |∆̄ξ |
2
ḡ
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= −
2
3
R̄
∫
M3

dµḡ ∇̄µξν∇̄
νξµ − 4R̄

∫
M3

dµḡ ∇̄µξν(
1
3
∇̄
µξ ν +

1
6
∇̄
νξµ)

= 0,

where the third equality follows from commuting the operators ∇̄ and ∆̄. Therefore Aαγ = 0, which means that ξ̌ is a
Killing vector field. The last claim follows from the following calculations

(κ(ξ̌ ))ρ = ϵ̄ργ δ ϵ̄ δ
αβ

∇̄γ ∇̄αξβ = ∇̄α∇̄
ρξα − ∆̄ξρ

=
R̄
3
ξρ − ∆̄ξρ = −(L(ξ ))ρ .

We complete the proof. □

By ADM’s approach [2] one can define a conserved charge Qξ (h) associated to the fixed Killing vector field ξ as

(Qξ (h))µ =
1

8πζG3

∮
Σ

d2x
√

|det h̄|nα(ξν ϵ̄µαβG(1)ν
β + ξν ϵ̄

ναβG(1)µ
β + ξν ϵ̄

µνβG(1)α
β

− ξ̌ν∇̄
αhµν + ξ̌ν∇̄

µhαν − ξ̌α∇̄µTrh + ξ̌µ∇̄αTrh + ξ̌α∇̄νh
µν

− ξ̌µ∇̄νh
αν

+ hµν∇̄α ξ̌ν − hαν∇̄µξ̌ν + Trh∇̄µξ̌α), (3.11)

for a closed surface Σ in M3 with the unit normal vector n and the induced metric h̄.

Proposition 3.8. The conserved charge Qξ (h) is gauge invariant with respect to the diffeomorphisms.

Proof. The diffeomorphism generated by a vector X causes the infinitesimal transformation of the perturbation h given
by δXhµν = ∇̄µXν + ∇̄νXµ, then

∇̄
σ
∇̄
µδXhσν + ∇̄

σ
∇̄νδXh

µ
σ =

2
3
R̄(∇̄µXν + ∇̄νXµ) + ∆̄(∇̄µXν + ∇̄νXµ) + 2∇̄µ

∇̄ν∇̄ · X,

R̄
3
TrδXh + ∆̄TrδXh − ∇̄

α
∇̄
βδXhαβ = 0.

Hence δXG(1)
= 0, which implies the gauge invariance. □

We first deal with the case of asymptotically flat Riemannian manifold, namely (M3, g) is diffeomorphic to the
complement of a ball in Euclidean space outside a compact set, and in the coordinates given by this diffeomorphism,
the metric satisfies the asymptotic conditions

gµν = δµν + hµν,

with appropriate decay of h and its higher order derivatives as |x| → ∞. One chooses a Killing vector ξ such that
ξ = (1, 0, 0) in terms of the Cartesian coordinates on the limit ends of the manifold, then we define the ADM-type
mass M via the limit of (Qξ (h))0 as follows

M = lim
r→∞

1
4πζG3

∮
S2r

dµεijniG(1)0
j

= lim
r→∞

1
8πζG3

∮
S2r

dµ[n1(∂0∂2h21 + ∂2∂1h02 − ∂2∂2h01 − ∂0∂1h22)

− n2(∂0∂1h12 + ∂1∂2h01 − ∂1∂1h02 − ∂0∂2h11)], (3.12)

where S2r is a Euclidean sphere with radius r , and dµ denotes the measure on S2r induced by the Euclidean metric, and
the indices i, j runs over 1, 2.

Example 3.9. Let us consider 3-dimensional Schwarzschild-like manifold endowed with the metric with a parameter M

g =
1

1 − 2Mr−1 dr
2
+ r2(dθ2 + sin2 θdϕ2)

= (1 +
M

√
r2 − 2Mr + r − M

)4(dx20 + dx21 + dx22).

Under the asymptotical Cartesian coordinates, gµν = δµν(1 +
2M
r ). Then from (3.12) we find that

M ∼ lim
r→∞

(
1
r

+ O(
1
r
)) = 0.
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More complicatedly, we next consider the asymptotically hyperbolic Riemannian manifold (M3, g), thus there exists
a diffeomorphism ϕ from the complement of a compact set in M3 into the complement of a ball B3 in 3-dimensional
space H3 equipped with the background hyperbolic metric ḡ = dr2 + sinh2 r(dθ2 + sin2 θdϕ2) in terms of geodesic polar
coordinates such that (ϕ−1)∗g and ḡ are uniformly equivalent on H \ B3 and some decay conditions should be imposed.
With respect to background metric, the Killing vector fields on H3 are generated by

ξ (1) = − cos θ
∂

∂r
+ coth r sin θ

∂

∂θ
,

ξ (2) = sin θ cosϕ
∂

∂r
+ coth r cos θ cosϕ

∂

∂θ
− coth r csc θ sinϕ

∂

∂ϕ
,

ξ (3) = − sin θ sinϕ
∂

∂r
− coth r cos θ sinϕ

∂

∂θ
− coth r csc θ cosϕ

∂

∂ϕ
,

ξ (4) = cosϕ
∂

∂θ
− cot θ sinϕ

∂

∂ϕ
,

ξ (5) = sinϕ
∂

∂θ
+ cot θ cosϕ

∂

∂ϕ
,

ξ (6) =
∂

∂ϕ
,

among which, there exist some duality relations via the operator κ , more precisely, we have

κ(ξ (1)) = 2ξ (6), κ(ξ (6)) = −2ξ (1),

κ(ξ (2)) = 2ξ (5), κ(ξ (5)) = −2ξ (2),

κ(ξ (3)) = 2ξ (4), κ(ξ (4)) = −2ξ (3),

which imply the Killing vector fields ξ (1), . . . , ξ (6) are all eigenvectors of the Laplacian ∆̄ belong to the same eigenvalue
2. Then we consider the limits of ADM-type charges (Qξ (i) (h))µ, i = 1, . . . , 6, for an asymptotically hyperbolic manifold
as the same manner as the case of asymptotically flat manifold, where the integral domain is chosen the surface defined
by the equation r = constant. As an example, for Killing fields ξ (1), we express explicitly

M(1)µ
= lim

r→∞
((Qξ (1) (h))

µ)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, µ = 0,
1

4πζG3
lim
r→∞

∫ π

0

∫ 2π

0
dθdϕ[cos θG(1)

02 − coth r sin θG(1)
12

+ sin θ (∇̄1h02 − ∇̄0h12) + coth r sin θh12 − cos θh02], µ = 1,
1

8πζG3
lim
r→∞

∫ π

0

∫ 2π

0
dθdϕ[−2 cos θG(1)

01 + sinh r cosh r sin θ (−G(1)0
0 + G(1)1

1 − G(1)2
2)

+2 sin θ (∇̄0h11 − ∇̄1h01) − 2 coth r sin θh11 + 2 cos θh01], µ = 2.

Example 3.10. We modify the Schwarzschild-like metric by introducing a new parameter ℓ with the dimension of length
as follows

g =
1

1 − 2Mr−1 + r2ℓ−2 dr
2
+ r2(dθ2 + sin2 θdϕ2)

=
1 + r2ℓ−2

1 − 2Mr−1 + r2ℓ−2 [
dr2

1 + r2ℓ−2 +
1 − 2Mr−1

+ r2ℓ−2

1 + r2ℓ−2 r2(dθ2 + sin2 θdϕ2)]

r→∞
HHHHH (1 +

2Mℓ2

r(r2 + ℓ2)
)ℓ2[dχ2

+ sinh2 χ (dθ2 + sin2 θdϕ2)],

where r = ℓ sinhχ . Then by taking hµν =
2Mℓ2

r(r2+ℓ2)
ḡµν =

2M
ℓ sinhχ cosh2 χ

ḡµν in terms of the asymptotical geodesic polar
coordinates {χ, θ, ϕ}, straightforward calculations show M(1) vanishes.

Based on the above examples, we propose the following conjecture.

Conjecture 3.11. If a conformally flat manifold (M3, g) admits nontrivial ADM-type mass defined as above, then the Ricci
curvature cannot be parallel with respect to g.
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3.3. Linear gravity and supersymmetric quantum mechanics

We return to the case with the metric signature (−1, 1, 1) in this section. Around the background manifold (M3, ḡ) of
negative constant curvature, to find a marginal perturbation h ∈ D′, one can consider the first-order equations

((Π0 ±

√
−R̄
6

)h)µν = ϵ̄ µ
αβ

∇̄αhβν ±

√
−R̄
6

hµν = 0, (3.13)

acting on both sides of which with the operators ϵ̄ σ ρµ∇̄ρ ∓

√
−R̄
6 δ

µ
ν leads to

(Lh)µν = (∆̄−
R̄
3
)hµν = 0. (3.14)

Definition 3.12.

(1) If a perturbation h ∈ D′

• satisfies Eq. (3.13), it is called a type-I vacuum;
• satisfies Eq. (3.14), but not Eq. (3.13), it is called a type-II vacuum.

(2) If a marginal perturbation h ∈ D′ can be expressed as the matrix form in terms of separated variables

h =

( H00(r) H01(r) H02(r)
H01(r) H11(r) H12(r)
H02(r) H12(r) H22(r)

)
eiωteikϕ (3.15)

with additional conditions that

• ω, k ∈ R, it is called a real mode, and in particular, when k = 0, it is called an s-mode;
• the diagonal components all vanish, it is called an axial mode;
• the components H02 = H12 = 0, it is called a polar mode.

We will choose the following two common vacuum configurations of Chern–Simons-like gravity as the background
manifolds.

• AdS3 manifold endowed with metric

ḡAdS = −(1 + r2)dt2 +
1

1 + r2
dr2 + r2dϕ2. (3.16)

The isometry group is O(2, 2) whose identity component is exactly isomorphic to (SL(2,R) × SL(2,R))/Z2 with the
left and right moving sectors of generators

L0 =
i
2
(∂t + ∂ϕ), L± =

i
2
e∓i(t+ϕ)(

r
√
1 + r2

∂t ± i
√
1 + r2∂r +

√
1 + r2

r
∂ϕ),

L̄0 =
i
2
(∂t − ∂ϕ), L̄± =

i
2
e∓i(t−ϕ)(

r
√
1 + r2

∂t ± i
√
1 + r2∂r −

√
1 + r2

r
∂ϕ),

each of which forms Lie algebra sl(2,R), thus

[L0, L±] = ±L±, [L+, L−] = 2L0,

[L̄0, L̄±] = ±L̄±, [L̄+, L̄−] = 2L̄0.

For a marginal perturbation h with the form (3.15), we have L0(h) = −
ω+k
2 h, L̄0(h) = −

ω−k
2 h, where ω ± k is called

the left(right)-weight of the mode, and the acting of L± on h changes the left(right)-weight to ω+ k ± 2 and leaves
the right(left)-weight invariant.

• Non-rotating BTZ black hole endowed with the metric

ḡBTZ = −(−M + r2)dt2 +
1

−M + r2
dr2 + r2dϕ2, (3.17)

with a positive parameter M that describes ADM mass of the black hole. The BTZ black hole can be viewed as the
quotient space of AdS3, i.e. locally AdS3 space, and then the survived global Killing vector fields are only generated
by L0, L̄0.
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Proposition 3.13. Under the AdS3 or BTZ background metric, if there exists a non-trivial axial mode such that Eq. (3.14) is
satisfied and r−

1
2 H02, r−

1
2 H12, r

3
2 H12 are square-integrable over definition domains, then it must be a type-II vacuum and an

s-mode.

Proof. For AdS3 background metric, Eq. (3.14) reduces to

−2r2(1 + r2)2H ′′

00 − 2r(1 − r4)H ′

00 − (−2k2 + 2r2ω2
− 5r2)H00 + 4r4(1 + r2)2H11 − 8iωr3(1 + r2)H01 = 0,

−r3(1 + r2)3H ′′

01 − r2(1 + r2)2(1 + 3r2)H ′

01 − r(1 + r2)(−1 − 3r4 − k2(1 + r2) + r2ω2)H01

+2ik(1 + r2)2H02 − 2iωr4H00 − 2iωr4(1 + r2)2H11 = 0,

r2(1 + r2)2H ′′

02 − r(1 + r2)2H ′

02 + (−k2(1 + r2) + r2ω2)H02 + 2ikr(1 + r2)2H01 + 2iωr3(1 + r2)H12 = 0,

−r4(1 + r2)4H ′′

11 − r3(1 + r2)3(1 + 7r2)H ′

11 − r2(1 + r2)2(−2 + 2r2 + 6r4 − k2(1 + r2) + ω2r2)H11

+2r6H00 − 4iωr5(1 + r2)H01 − 2(1 + r2)3H22 + 4ikr(1 + r2)3H12 = 0,

−r3(1 + r2)3H ′′

12 − r2(1 + r2)2(−1 + 3r2)H ′

12 − r(1 + r2)(−3(1 + r2)2 − k2(1 + r2) + ω2r2)H12

− 2ikr2(1 + r2)3H11 − 2iωr4H02 + 2ik(1 + r2)2H22 = 0,

r2(1 + r2)2H ′′

22 − r(1 + r2)(3 + r2)H ′

22 + (−(1 + r2)(k2 − 2) + ω2r2)H22 + 2r2(1 + r2)3H11

+ 4ikr(1 + r2)2H12 = 0,

and the transverse-traceless gauge conditions are given by

r2(1 + r2)2H ′

01 + r(1 + r2)(1 + 3r2)H01 + ik(1 + r2)H02 + iωr2H00 = 0,

−r3(1 + r2)3H ′

11 − r2(1 + r2)2(1 + 4r2)H11 − r4H00 + (1 + r2)2H22

+ iωr3(1 + r2)H01 − ikr(1 + r2)2H02 = 0,

−r2(1 + r2)2H ′

12 − r(1 + r2)(1 + 3r2)H12 − ik(1 + r2)H22 + iωr2H02 = 0,

r2H00 − r2(1 + r2)2H11 − (1 + r2)H22 = 0.

One easily finds that k = 0 for the non-trivial axial modes. Then the non-trivial H01-component is subject to equations

r2(1 + r2)2H ′′

01 + r(1 + r2)(1 + 3r2)H ′

01 − (1 + 3r4)H01 = 0,

r(1 + r2)H ′

01 + (1 + 3r2)H01 = 0,

which are not compatible with each other. Therefore Eq. (3.14) and gauge conditions remain

r(1 + r2)2H ′′

02 − (1 + r2)2H ′

02 + rω2H02 + 2iωr2(1 + r2)H12 = 0,

−r2(1 + r2)3H ′′

12 − r(1 + r2)2(−1 + 3r2)H ′

12 − (1 + r2)(−3(1 + r2)2 + ω2r2)H12 − 2iωr3H02 = 0,

−r(1 + r2)2H ′

12 − (1 + r2)(1 + 3r2)H12 + iωrH02 = 0,

thus the non-zero components respectively satisfy the equations

H ′′

02 −
1 − r2

r(1 + r2)
H ′

02 − [
4

1 + r2
−

ω2

(1 + r2)2
]H02 = 0,

H ′′

12 −
1 − 5r2

r(1 + r2)
H ′

12 − [
3
r2

−
2(1 + 3r2)
(1 + r2)2

−
ω2

(1 + r2)2
]H12 = 0,

and they are connected by a compatibility relation

− iωH12 =
2
r
H02 − H ′

02. (3.18)

By introducing the new variable r̃AdS = arctan r and new fields

H̃AdS
02 =

1
√
r
H02,

H̃AdS
12 =

1 + r2
√
r

H12,

we get the Schrödinger-type equations

d2H̃AdS
02

dr̃2AdS
+ [ω2

− VAdS]H̃AdS
02 = 0, (3.19)

d2H̃AdS
12

dr̃2AdS
+ [ω2

− UAdS]H̃AdS
12 = 0, (3.20)
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where the potential functions VAdS,UAdS are given by

VAdS =
3
4
(1 + tan2 r̃AdS)(5 +

1
tan2 r̃AdS

),

UAdS =
3
4
(1 + tan2 r̃AdS)(1 +

5
tan2 r̃AdS

),

which are both positive.
Similarly, for the case of BTZ metric, we only need to substitute

r̃BTZ =
1

2
√
M

ln |
r −

√
M

r +
√
M

|,

H̃BTZ
02 = H̃AdS

02 , H̃BTZ
12 =

−M + r2
√
r

H12,

VBTZ =

⎧⎪⎪⎨⎪⎪⎩
3
4
M(tanh2(

√
Mr̃BTZ) − 1)(5 −

1

tanh2(
√
Mr̃BTZ)

), 0 < r <
√
M;

3
4
M(coth2(

√
Mr̃BTZ) − 1)(5 −

1

cosh2(
√
Mr̃BTZ)

), r >
√
M,

UBTZ =

⎧⎪⎪⎨⎪⎪⎩
3
4
M(tanh2(

√
Mr̃BTZ) − 1)(1 −

5

tanh2(
√
Mr̃BTZ)

), 0 < r <
√
M;

3
4
M(coth2(

√
Mr̃BTZ) − 1)(1 −

5

cosh2(
√
Mr̃BTZ)

), r >
√
M,

within the final Schrödinger-type equations.
To confirm it is an s-mode, we still need to show ω is a real number. Generally, let C∞

0 (I), where I = {r̃ : r̃1 < r̃ < r̃2},
denote the set of smooth real functions over I with compact support, acting on which we define the Schrödinger operators
∆V = −

d2

dr̃2
+ V and ∆U = −

d2

dr̃2
+ U . Then these operators can be extended to self-adjoint operators on L2(I) by the

Friedrichs extension. Hence since

ω2
=

(H̃02,∆V H̃02)

(H̃02, H̃02)
=

H̃12,∆U H̃12

(H̃12, H̃12)
,

where the pair (·, ·) is defined by (A, B) =
∫ r̃2
r̃1

dr̃AB for A, B ∈ L2(I), we have

ω2
≥ max{ inf

φ∈C∞
0

(φ,∆Vφ)
(φ, φ)

, inf
φ∈C∞

0

(φ,∆Uφ)
(φ, φ)

}.

On the other hand, by Stokes theorem, we have

(φ,∆Vφ) = (DVφ,DVφ) + (φ,Vφ),

where

DV =
d
dr̃

+ S

with S-deformed potential function [15]

V = V +
dS
dr̃

− S2

for any smooth function S(r̃) over I . This argument indicates that ω2 cannot be negative under the assumptions in the
proposition.

Finally, we should show that the axial s-mode cannot be made into a type-I vacuum. Indeed, we explicitly write the
(2, 2)-, (0, 0)- and (1, 2)-components of Eq. (3.13)

H ′

02 −
1
r
H02 − iωH12 = 0,

H ′

02 −
r

1 + r2
H02 = 0,

H12 ∓
r2

1 + r2
H02 = 0,

which only admit zero solution. □
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Similarly, the type-II polar modes must have null k. The component H01 satisfies the equation

(r2 − 2M − ω2)H ′′

01 +
5r4 − 13Mr2 + 2M2

− ω2(7r2 − M)
r(−M + r2)

H ′

01

+
(3r2 − 2M)(r4 − 4Mr2 − M2) + ω2(M2

− 6r4 − ω2r2)
r2(−M + r2)2

H01 = 0,

where M = −1 correspondences to the AdS3 metric, and M > 0 corresponds to the BTZ metric. By defining

H̃01 =

√
r(−M + r2)√

|r2 − 2M − ω2|
H01,

we once again obtain the Schrödinger-type equation

d2H̃01

dr̃2
+ [ω2

− W ]H̃01 = 0, (3.21)

where r̃ is taken r̃AdS or r̃BTZ depending on the value of M , and the ω-dependent potential W is given by

W = (−M + r2)[
7
4

−
3M
4r2

+
(−M + r2)(−r2 + 8M + 4ω2)

(r2 − 2M − ω2)2
].

Asymptotical behaviour

When r̃ tends to zero (i.e. r → 0), we should consider the asymptotical Schrödinger-type equations with potentials
VAdS =

3
4 cot2 r̃ or UAdS =

15
4 cot2 r̃ . Let H̃AdS

02 = sin−
1
2 r̃Ψ0, H̃AdS

12 = sin−
3
2 r̃ψ0, and η0 = cos2 r̃ , then we obtain the following

hypergeometric equations satisfied by Ψ0 and ψ0:

η0(1 − η0)
d2Ψ0

dη20
+

1
8
(2ω2

+ 1)Ψ0 = 0,

η0(1 − η0)
d2ψ0

dη20
+

dψ0

dη0
+

1
8
(2ω2

+ 3)ψ0 = 0.

Similarly, when r̃ →
π
2 (i.e. r → ∞), one introduces H̃AdS

02 = cos−
3
2 r̃Ψ∞, H̃AdS

12 = cos−
1
2 r̃ψ∞, and η∞ = sin2 r̃ , where

Ψ∞ and ψ∞ satisfy the same equations control ψ0 and Ψ0 respectively. By virtue of the Gauss hypergeometric functions
F (α, β, γ ; z) and the function Υ (s) =

Γ ′(s)
Γ (s) , we have

Ψ0 ∼F (−
1
4

−
1
2

√
ω2 +

3
4
,−

1
4

+
1
2

√
ω2 +

3
4
,
1
2
; η0),

√
η0F (

1
4

−
1
2

√
ω2 +

3
4
,
1
4

+
1
2

√
ω2 +

3
4
,
3
2
; η0),

ψ0 ∼F (−
3
4

−
1
2

√
ω2 +

15
4
,−

3
4

+
1
2

√
ω2 +

15
4
,
1
2
; η0),

√
η0F (−

1
4

−
1
2

√
ω2 +

15
4
,−

1
4

+
1
2

√
ω2 +

15
4
,
3
2
; η0),

Ψ∞ ∼F (−
3
4

−
1
2

√
ω2 +

15
4
,−

3
4

+
1
2

√
ω2 +

15
4
,−1, 1 − η∞),

ln(1 − η∞)F (−
3
4

−
1
2

√
ω2 +

15
4
,−

3
4

+
1
2

√
ω2 +

15
4
, 3, 1 − η∞) +

8
(17 − 2ω2)(1 − η∞)

−
64

(17 − 2ω2)(53 − 2ω2)(1 − η∞)2
+

∞∑
s=0

Γ (s −
3
4 −

1
2

√
ω2 +

15
4 )Γ (s −

3
4 +

1
2

√
ω2 +

15
4 )

s!Γ (3 + s)
(1 − η∞)s

× {Υ (s −
3
4

−
1
2

√
ω2 +

15
4

) + Υ (s −
3
4

+
1
2

√
ω2 +

15
4

) − Υ (3 + s) − Υ (1 + s) − Υ (−
11
4

−
1
2

√
ω2 +

15
4

)

− Υ (−
11
4

+
1
2

√
ω2 +

15
4

) + Υ (1) + Υ (2)},

ψ∞ ∼F (−
1
4

−
1
2

√
ω2 +

3
4
,−

1
4

+
1
2

√
ω2 +

3
4
, 0; 1 − η∞),

ln(1 − η∞)F (−
1
4

−
1
2

√
ω2 +

3
4
,−

1
4

+
1
2

√
ω2 +

3
4
, 2, 1 − η∞) +

8
(11 − 2ω2)(1 − η∞)
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+

∞∑
s=0

Γ (s −
1
4 −

1
2

√
ω2 +

3
4 )Γ (s −

1
4 +

1
2

√
ω2 +

3
4 )

s!Γ (2 + s)
(1 − η∞)s{Υ (s −

1
4

−
1
2

√
ω2 +

3
4
)

+ Υ (s −
1
4

+
1
2

√
ω2 +

3
4
) − Υ (2 + s) − Υ (1 + s) − Υ (−

5
4

−
1
2

√
ω2 +

3
4
) − Υ (−

5
4

+
1
2

√
ω2 +

3
4
) + 2Υ (1)}.

Related to supersymmetric quantum mechanics

We reformulate the potential functions V ,U as the deformed potentials of constant ones, namely we write

V = S2V −
dSV
dr̃

+ϖ 2
V ,

U = S2U −
dSU
dr̃

+ϖ 2
U ,

where there are various choices of superpotentials

SV =

⎧⎪⎨⎪⎩
5
2
r +

M ± 2|M|

2r
,

−
3
2
r +

M ± 2|M|

2r
,

ϖ 2
V =

{
−10M ∓ 6|M|,

−2M ± 2|M|,

SU =

⎧⎪⎨⎪⎩
3
2
r +

M ± 4|M|

2r
,

−
1
2
r +

M ± 4|M|

2r
,

ϖ 2
U =

{
−8M ∓ 8|M|,

−4M.

Then the corresponding supersymmetric partner potentials are given by

V♣
= S2V +

dSV
dr̃

+ϖ 2
V =

⎧⎪⎨⎪⎩
(−M + r2)(

35
4

−
7M ± 8|M|

4r2
),

(−M + r2)(
9
4

−
7M ± 8|M|

4r2
),

U♣
= S2U +

dSU
dr̃

+ϖ 2
U =

⎧⎪⎨⎪⎩
(−M + r2)(

15
4

−
19M ± 16|M|

4r2
),

(−M + r2)(
1
4

−
19M ± 16|M|

4r2
).

The original Schrödinger problems are translated into the following forms

(−
d2

dr̃2
+ S2 ∓

dS
dr̃

)Ψ =

{
A†AΨ
AA†Ψ

= (ω2
−ϖ 2)Ψ

by introducing the operators

A =
d
dr̃

+ S, A†
= −

d
dr̃

+ S

with the commutation relation [A, A†
] = 2 dS

dr̃ . In particular, one immediately obtains some type-II s-modes with special
values of ω2(= ϖ 2

V , or ϖ 2
U ) via

H02 =
√
r exp{−

∫
dr

SV
−M + r2

},

or

H02 = (−M + r2)2
d
dr

[

√
r

−M + r2
exp{−

∫
dr

SU
−M + r2

}] +
−M + 3r2

√
r

exp{−

∫
dr

SU
−M + r2

},

for example,

H02 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

|−M + r2|
−

3M±|M|

2M r
M±|M|

M , ω2
= −10M ∓ 6|M|;

|−M + r2|
M∓|M|

2M r
M±|M|

M , ω2
= −2M ± 2|M|;

|−M + r2|
−

M±|M|

M r±2 |M|

M , ω2
= −8M ∓ 8|M|;

|−M + r2|
∓

|M|

M r±2 |M|

M (
±4|M| + 2M

M
r2 − 2M ∓ 2|M|), ω2

= −4M.
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One can observe some duality relations by virtue of supersymmetric quantum mechanics.

• Choosing superpotential SU =
3
2 r −

3M
2r whatever the sign of M is, since V = U♣, if H̃12 is a solution of the

corresponding Schrödinger-type equation for axial mode, then AU H̃12 is a solution of the equation govern H̃02.
Conversely, the same thing occurs by acting on H̃02 with the operator A†

U . This is nothing but a reinterpretation
of the relation (3.18).

• Under the case of BTZ background metric, one is restricted to the region inside of the horizon, then when ω2 is very
large, there is an approximation W ≈

1
5V

♣ by fixing SV =
5
2 r −

3M
2r . Indeed, one should resume a hidden parameter

ℓ =

√
−

1
Λ

with dimension of length in AdS3 or BTZ metric, where Λ stands for the cosmological constant, and is
assumed to be −1 previously. Then after the following rescaling that does not affect the horizon

ℓ → ℓ̄ =
4√5ℓ,M → M̄ =

1
√
5
M,

the H̃02-component of the supersymmetric partner of axial mode is subject to the Schrödinger-type equation with
potential 1

5V
♣

(ℓ,M), so it corresponds to the H̃01-component of the original polar mode, thus AV(ℓ̄,M̄)
H̃ (ℓ̄,M̄)

02 produces a
polar mode with large ω2.

• We expand H̃02 in terms of Laurent series as

H̃02 = · · · + I−3r3 + I−2r2 + I−1r + I0 +
I1
r

+
I2
r2

+
I3
r3

+ · · · .

At the spatial infinity r → ∞, substituting it into the Schrödinger-type equation gives rise to the recurrence relations
among the coefficients

(n(n − 1) −
15
4

)In + (ω2
+

9M
2

)In−2 −
3M2

4
In−4 = 0, n ∈ Z,

meanwhile, at r → 0 the recurrence relations are given by

(n(n + 1) −
3
4
)In + M−2(ω2

+
9M
2

)In+2 −
15
4M2 In+4 = 0, n ∈ Z.

The similar asymptotic expansion can be done for the supersymmetric partner H̃sp
02 with coefficients Jn. Then the

relations

(
d
dr̃

+ SV )H̃02 = (ω −ϖV )H̃
sp
02,

(−
d
dr̃

+ SV )H̃
sp
02 = (ω +ϖV )H̃02,

connect these coefficients. For example, adopting SV =
5
2 r +

M+2|M|

2r , we have

r → ∞ :

⎧⎪⎨⎪⎩
(n −

5
2
)In −

M + 2|M|

2
In−2 = −(ω + 10M + 6|M|)Jn−1,

(n +
5
2
)Jn +

M + 2|M|

2
Jn−2 = (ω − 10M − 6|M|)In−1,

r → 0 :

⎧⎪⎨⎪⎩
(n +

M + 2|M|

2M
)In +

5
2M

In+2 =
ω + 10M + 6|M|

M
Jn−1,

(n −
M + 2|M|

2M
)Jn −

5
2M

Jn+2 = −
ω − 10M − 6|M|

M
In−1.

• The operator A can be reformulated as the Kac–Schwarz-type operator [13]

A = A(W ,Q )
=

1
W ′(r)

d
dr

− c
W ′′(r)
W ′(r)2

+ Q (r)

for W (r) = r̃(r), Q (r) = S(r) − 2cr and the constant c , whose dual operator is given by

Ã = A(Q ,W )
=

1
Q ′(r)

d
dr

− c
Q ′′(r)
Q ′(r)2

+ W (r).

The difference from the standard Kac–Schwarz operators is that our W ,Q are not polynomials. Complexifying the
parameter r as the coordinate on the complex plane removed zero point, we apply the theory of local Fourier
transformations. In this theory, we need the category C of vector spaces with connections over the field K = C((r)),
where a connection ∇ on a d-dimensional vector space V over K is a C-linear operator ∇ : V → V satisfying Leibniz
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rule, and then ∇ can be written as ∇ =
d
dr + A for the connection matrix A ∈ gld(K ) with respect to a fixed basis

of V . Let Kp = C((r
1
p )) be the unique extension of K of degree p ≥ 1 and f be an element in Kp, then one defines

an object E(f ,p) ∈ C by E(f ,p) = (Kp,
d
dr +

f
r ). The isomorphism class of E(f ,p) depends only on the equivalent class of f

under the equivalent relation f ∼ g if f − g ∈ r
1
p C[[r

1
p ]] +

1
pZ. Now for A =

d
dr̃ + S, near the point r̃ = 0, since the

order of f (r̃) = r̃S is zero for ∀p, we get

A ∼
d
dr̃

+
b
r̃

for a constant b, and hence

Ã ∼
d
dr̂

−
2c − b

r̂

for r̂ =
b
r̃ . Then choosing p = 1, the local Fourier transformation of A is given by [8]

F (0,∞)(A) =
d
dr̊

+
f (r̊)
r̊

= A,

where the dual parameter r̊ is determined by f = −
r̃
r̊ .

Related to Seiberg--Witten theory

For the Schrödinger-type equations (3.19), (3.20), (3.21), we can consider the quantum correction to the Bohr–
Sommerfeld integrals. Write H̃ = exp ( i

λ

∫ r̃ P(r̃)dr̃) with a parameter λ and expand P in terms of λ as P =
∑

n=0(iλ)
nPn,

then by considering the power of λ, we have the recurrence equations

P2
0 = w2(r̃),

P ′

0 − 2P1P0 = 0,

P ′

1 − P2
1 − 2P0P2 = 0,

. . . . . . ,

thus, P1 =
w′

2w , P2 =
w′′

4w2 −
3(w′)2

8w3 , . . .. Substituting the first order solution into the original equations gives rise to the
equation satisfied by the function w:

w2
= [ω2

− V ] −
1
2
{

∫
wdr̃; r̃}S,

where {·; ·}S denotes the Schwartz derivative defined by

{

∫
wdr̃; r̃}S =

1
w

d2w
dr̃2

−
3

2w2 (
dw
dr̃

)2.

Hence the fewer lower order approximations are explicitly given by

P (0)
0 =

√
ω2 − V , P (1)

0 =

√
16(ω2 − V )3 − 4V ′′(ω2 − V ) − 5(V ′)2

4(ω2 − V )
,

P (0)
1 = −

V ′

4(ω2 − V )
, P (1)

1 = −
8(ω2

− V )3V ′
+ 2(ω2

− V )2V ′′′
+ 7(ω2

− V )V ′V ′′
+ 5(V ′)3

2(ω2 − V )(16(ω2 − V )3 − 4V ′′(ω2 − V ) − 5(V ′)2)

P (0)
2 = −

4V ′′(ω2
− V ) + 5(V ′)2

32(ω2 − V )
5
2

,

P (1)
2 = −

1

2(ω2 − V )(16(ω2 − V )3 − 4V ′′(ω2 − V ) − 5(V ′)2)
5
2
[2(ω2

− V )(16(ω2
− V )3 − 4V ′′(ω2

− V ) − 5(V ′)2)

(−24(ω2
− V )2(V ′)2 + 8(ω2

− V )3V ′′
+ 7(ω2

− V )(V ′′)2 + 3(ω2
− V )V ′V ′′′

+ 2(ω2
− V )2V ′′′′

+ 8(V ′)2V ′′)

− (8(ω2
− V )3V ′

+ 7(ω2
− V )V ′V ′′

+ 2(ω2
− V )2V ′′′

+ 5(V ′)3)

(−4V ′(16(ω2
− V )3 − 4V ′′(ω2

− V ) − 5(V ′)2) + (ω2
− V )(−48(ω2

− V )2V ′
− 4(ω2

− V )V ′′′
− 6V ′V ′′))

+ 3(8(ω2
− V )3V ′

+ 7(ω2
− V )V ′V ′′

+ 2(ω2
− V )2V ′′′

+ 5(V ′)3)2],

. . . . . . .
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The ‘‘quantized’’ Bohr–Sommerfeld integral is given by

Π =

∫ b

a
P(r̃)dr̃ =

∫ b

a
P0dr̃ + λ

∫ b

a
P1dr̃ + λ2

∫ b

a
P2dr̃ + · · ·

≈

∫ b

a

√
ω2 − Vdr̃ +

λ

4
(log |ω2

− V |)ba −
λ2

48

∫ b

a

V ′′

(ω2 − V )
3
2
dr̃ +

5λ2

48
V ′

(ω2 − V )
3
2
|
b
a+ · · · .

For our cases V = VAdS or UAdS, we express the lowest order Bohr–Sommerfeld period Π (0)
0 as

Π
(0)
0 =

∮ √
E − u tan2 r̃ − v cot2 r̃dr̃

with a parameter triple (E, u, v) ∈ R3, which satisfies the following series of Picard–Fuchs-type equations

[(E − 2v)∂2E − E∂E∂u + 2v∂E∂v]Π
(0)
0 =0,

[(E − 4v)∂3E − (E + 2u)∂2E ∂u + 4v∂2E ∂v − 2u∂E∂2u ]Π
(0)
0 =0,

[(E − 6v)∂4E − (E + 4u)∂3E ∂u + 6v∂3E ∂v − 4u∂2E ∂
2
u ]Π

(0)
0 =0,

· · · · · · ,

due to the identities

d
tan r̃

(E − u tan2 r̃ − v cot2 r̃)
n
2

=(−1)
n+1
2

2
n+3
2∏n−1

k=1(2k − 1)
[(E − (n + 1)v)∂

n+3
2

E − (E + (n − 1)u)∂
n+1
2

E ∂u

+ (n + 1)v∂
n+3
2

E ∂v − (n − 1)u∂
n−1
2

E ∂2v ]
√
E − u tan2 r̃ − v cot2 r̃dr̃

for an odd number n. We denote the parameters E, u, v by t1, t2, t3 and write the Picard–Fuchs-type equations as the form
∂α

∂ti1 · · · ∂tiα
Π

(0)
0 =

∑
(j1,...,jα )̸=(i1,...,iα )

C j1···jα
i1···iα (t1, t2, t3)

∂α

∂tj1 · · · ∂tjα
Π

(0)
0 ,

where the coefficients C are all rational functions of t1, t2, t3, and α =
n+3
2 is called the level. By these coefficients, one

writes a 4 × 4-matrix C(α), called Picard–Fuchs matrix at level α,

C(α)
=

1α
1α−12
1α−13
1α−222

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
t1 + (n − 1)t2
t1 − (n + 1)t3

−
(n + 1)t3

t1 − (n + 1)t3

(n − 1)t2
t1 − (n + 1)t3

t1 − (n + 1)t3
t1 + (n − 1)t2

0
(n + 1)t3

t1 + (n − 1)t2
−

(n − 1)t2
t1 + (n − 1)t2

−
t1 − (n + 1)t3

(n + 1)t3

t1 + (n − 1)t2
(n + 1)t3

0
(n − 1)t2
(n + 1)t3

t1 − (n + 1)t3
(n − 1)t2

−
t1 + (n − 1)t2

(n − 1)t2

(n + 1)t3
(n − 1)t2

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

whose determinant is −3 independent of parameters and level. Then one can consider the characteristic polynomial of
symmetric matrix C(α)

= C(α)(C(α))⊤, it is given by

C(α)(x; t1, t2, t3) := det(C(α)
− x) = x4 + A(t)x3 + B(t)x2 + C(t)x + D(t),

with coefficients

A(t) = −
b2 + c2 + d2

a2
−

a2 + c2 + d2

b2
−

b2 + a2 + d2

c2
−

b2 + c2 + a2

d2
,

B(t) =
1

a2b2c2d2
[c2d2(b2 + c2 + d2)(a2 + c2 + d2) + b2d2(b2 + c2 + d2)(a2 + b2 + d2)

+ b2c2(b2 + c2 + d2)(a2 + b2 + c2) + a2d2(a2 + b2 + d2)(a2 + c2 + d2) + a2c2(a2 + b2 + c2)(a2 + c2 + d2)

+ a2b2(a2 + b2 + d2)(a2 + b2 + c2) − c2d2(c2 + d2)2 − b2d2(b2 + d2)2 − b2c2(b2 + c2)2 − a2c2(a2 + c2)2

− a2d2(a2 + d2)2 − a2b2(a2 + b2)2],

C(t) =
1

a2b2c2d2
{(a2 + c2)2[a2(a2 + b2 + d2) + c2(b2 + c2 + d2)] + (b2 + d2)2[b2(a2 + b2 + c2) + d2(a2 + c2 + d2)]

+ (b2 + c2)2[c2(a2 + c2 + d2) + b2(a2 + b2 + d2)] + (a2 + d2)2[d2(b2 + c2 + d2) + a2(a2 + b2 + c2)]

+ (a2 + b2)2[b2(b2 + c2 + d2) + a2(a2 + c2 + d2)] + (c2 + d2)2[d2(a2 + b2 + d2) + c2(a2 + b2 + c2)]

− d2(c2 + d2)(a2 + d2)(b2 + d2) − a2(a2 + c2)(a2 + d2)(a2 + b2) − c2(b2 + c2)(c2 + d2)(a2 + c2)
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− b2(b2 + d2)(a2 + b2)(b2 + c2) − d2(b2 + d2)(c2 + d2)(a2 + d2) − c2(c2 + d2)(a2 + c2)(b2 + c2)

− b2(b2 + c2)(b2 + d2)(a2 + b2) − a2(a2 + d2)(a2 + c2)(a2 + b2)

− d2(b2 + c2 + d2)(a2 + c2 + d2)(a2 + b2 + d2) − c2(b2 + c2 + d2)(a2 + c2 + d2)(a2 + b2 + c2)

− b2(b2 + c2 + d2)(a2 + b2 + d2)(a2 + b2 + c2) − a2(a2 + c2 + d2)(a2 + b2 + d2)(a2 + b2 + c2)},

D(t) =
1

a2b2c2d2
[(b2 + d2)2(a2 + c2)2 + (b2 + c2)2(a2 + d2)2 + (c2 + d2)2(a2 + b2)2

− 2(c2 + d2)(d2 + a2)(a2 + b2)(b2 + c2) − 2(b2 + d2)(d2 + c2)(c2 + a2)(a2 + b2)

− 2(b2 + d2)(d2 + a2)(a2 + c2)(c2 + b2) − (b2 + c2 + d2)(a2 + b2 + d2)(a2 + c2)2

− (a2 + c2 + d2)(a2 + b2 + c2)(b2 + d2)2 − (a2 + c2 + d2)(a2 + b2 + d2)(b2 + c2)2

− (b2 + c2 + d2)(a2 + b2 + c2)(a2 + d2)2 − (b2 + c2 + d2)(a2 + c2 + d2)(a2 + b2)2

− (a2 + b2 + d2)(a2 + b2 + c2)(c2 + d2)2 + 2(c2 + d2)(a2 + d2)(b2 + d2)(a2 + b2 + c2)

+ 2(a2 + c2)(a2 + d2)(a2 + b2)(b2 + c2 + d2) + 2(b2 + c2)(a2 + c2)(c2 + d2)(a2 + b2 + d2)

+ 2(b2 + d2)(a2 + b2)(b2 + c2)(a2 + c2 + d2) + (b2 + c2 + d2)(a2 + c2 + d2)(a2 + b2 + d2)(a2 + b2 + c2)],

where a = t1 − (n+ 1)t3, b = t1 + (n− 1)t2, c = (n+ 1)t3, d = (n− 1)t2. Obviously, C(α)(x; t1, t2, t3) is invariant under the
action of the product S2 ×S3 of 2-order and 3-order symmetry groups on the parameter space {t1, t2, t3}. When α > 2, for
generic values of parameters, one associates C(α)(x; t1, t2, t3) with a hyperelliptic curve viewed as a Seiberg–Witten curve
defined by

y2 = C(α)(x; t1, t2, t3) = x4 −Λ

3∏
r=1

(x − mr )

in N = 2 supersymmetric SU(2) Yang–Mills theory with three hypermultiplets carrying masses mr .
Finally, let us consider the extreme case v → 0 corresponding to r → ∞. By substituting the formal series [18]

Π
(0)
0 (ε) = Π

(0)
0 + εΠ̃

(0)
0 + O(ε2) = E

1
2 +ε(1 +

∑
n>0

sn(
u
E
)n)

into the Picard–Fuchs equation of level 2, we have the recursion relation

sn+1 =
(2n − 1 − 2ε)(2n + 1 − 2ε)
2(−2n − 3 + 2ε)(n + 1)

sn = [−
4n2

− 1
2(2n + 3)(n + 1)

+
24n + 1

(2n + 3)2(n + 1)
ε + O(ε2)]sn,

which yields the expansion

Π
(0)
0 (ε) =

√
E(1 +

1
6
u
E

−
1
40

(
u
E
)2 + · · ·)

+ ε[
√
E log E(1 +

1
6
u
E

−
1
40

(
u
E
)2 + · · ·) +

√
E(

1
9
u
E

−
1
75

(
u
E
)2 + · · ·)].

Let κ = Π
(0)
0 (0) = Π

(0)
0 =

√
E(1 +

1
6

u
E −

1
40 (

u
E )

2
+ · · ·), from which it follows that

√
E = κ(1 −

1
16

u
κ2 +

27
1280

(
u
κ2 )

2
+ · · ·),

hence we have

Π̃
(0)
0 =

dΠ (0)
0 (ε)
dε

|ε=0= 2κ log κ −
1
8
log k

u
κ

−
5
36

u
κ

+
27
640

log k
u2

κ3 +
731

28800
u2

κ3 + · · · ,

which produces the Seiberg–Witten prepotential F via ∂F
∂κ

= Π̃
(0)
0 , thus

F = −
κ2

2
+ k2 log κ −

1
16

u(log κ)2 −
5
36

u log κ −
27

1280
log κ

u2

κ2 −
2677

115200
u2

κ2 + · · · .

4. Chern–Simons-like gravity on supermanifolds

Let us first briefly recall some basic materials for supermanifold [19]. Roughly speaking, a supermanifold X of dimension
p|q is a manifold with local coordinates {x1, . . . , xp, θ1, . . . , θ q} where θ are Grassmannian variables. Mathematically,
one defines a supermanifold of dimension p|q as a ringed space (X,OX ), where X is a topological space, and OX is
a sheaf of supercommutative ring, locally isomorphic to Rp|q

= (Rp, C∞(Rp)[θ1, . . . , θ q]). An r|s-vector bundle on
a supermanifold p|q-supermanifold (X,OX ) is the quadruple ((E,OE), π, (X,OX ), V ) where (E,OE) → (X,OX ) is a
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submersion of supermanifolds, V is a r|s-dimensional supervector space, and at each point x ∈ X lies in a coordinate
neighbourhood U ⊂ X , for which isomorphism ΨU , the following diagram commutes:

(π−1(U),OE |π−1(U))
ΨU

−−−−→ (U,OX |U ) × V

π

⏐⏐↓ p1

⏐⏐↓
(U,OX |U ) (U,OX |U ).

There is an open covering {Uα}, a locally free sheaf L of OX -supermodule of rank r|s and sheaf isomorphism L|Uα ↦→

(OX (Uα))r ⊕ (OX (Uα))s such that on each Uα ∩ Uβ ̸= ∅, gαβ = gαg−1
β : (OX (Uα ∩ Uβ )0)r ⊕ (OX (Uα ∩ Uβ )1)s → (OX (Uα ∩

Uβ )0)r ⊕ (OX (Uα ∩ Uβ )1)s is an OX (Uα ∩ Uβ )-supermodule isomorphism. Thus gαβ is of the form gαβ =

(
Aαβ Bαβ
Cαβ Dαβ

)
,

where Aαβ ∈ (OX (Uα∩Uβ )0)r×r , Bαβ ∈ (OX (Uα∩Uβ )1)r×s, Cαβ ∈ (OX (Uα∩Uβ )1)s×r , Aαβ ∈ (OX (Uα∩Uβ )0)s×s, and E ≃ Er ⊕Es
where Er and Es are vector bundles over X of rank r and s given by cocycles Aαβ and Dαβ respectively. The supertangent

bundle STX over (X,OX ) is a supervector bundle with Aαβ = (
∂xi
β

∂xjα
), Bαβ = (

∂xi
β

∂θλα
), Cαβ = (

∂θλ
β

∂xiα
), Dαβ = (

∂θλ
β

∂θ
ξ
α

). Locally,

{
∂

∂xi
, ∂
∂θα

} forms a basis of OX (U)-module STX(U). An even OX -bilinear map G : STX ⊗ STX → OX is called a supermetric
if G(R, T ) = (−1)|R||T |G(T , R), G(R, ·) defines an isomorphism between OX -modules STX and (STX)∗, and the restriction of
G to TX ⊗ TX is a Riemannian metric. We can express the supermetric locally as G = Gijdxidxj + Giαdxidθα + Gαβdθαdθβ ,
where Gij = Gji ∈ OX (U)0,Giα = Gαi ∈ OX (U)0,Gαβ = −Gβα ∈ OX (U)1. One writes the supermetric as the form of block
matrix as

GMN =

(
gij Λiα
Λ⊤

αi Θαβ

)
, (4.1)

then the inverse matrix is given by

G−1
=

(
(1 − g−1ΛΘ−1Λ⊤)−1g−1

−(1 − g−1ΛΘ−1Λ⊤)−1g−1ΛΘ−1

−(1 −Θ−1Λ⊤g−1Λ)−1Θ−1Λ⊤g−1 (1 −Θ−1Λ⊤g−1Λ)−1Θ−1

)
, (4.2)

and the superdeterminant is given by

Sdet(G) = det(g −ΛΘ−1Λ⊤) det(Θ)−1

The supermetric G is preserved by the othosymplectic supergroup OSp(p|q) for even q whose underlying manifold is
SO(p) × Sp(q). The notion of connection and covariant derivative have their corresponding supergeometric counterpart.
Two conditions of vanishing of the covariant derivative of the supermetric vanishes and graded-symmetric of the lower
indices of superconnection coefficients uniquely determine the superconnection given by the super Christoffel symbols

Γ M
NP =

1
2
(−1)|Q |GMQ (GQN,P + (−1)|N||P|GQP,N − (−1)|Q |(|N|+|P|)GNP,Q ).

To define the integration over supermanifold X , the top form in usual manifold has to be replaced by the section of
Berezinian line bundle Ber(X) [21].

We can naturally consider the following action on the supermanifold X3|2

S =

∫
X3|2

d3xd2θ (−1)|A|εijk(Γ A
iB∂jΓ

B
kA +

2
3
Γ A
iBΓ

B
jCΓ

C
kA). (4.3)

Explicitly write the expansion of supermetric in terms of superfield formalism [9]

gij =hij + fijµνθµθ ν,
Λiµ =tiµαθα,

Θµν =yµν + pµναβθαθβ ,

then the components of the inverse of supermetric are given by

Gij
=hij

+ himhjl(tmµαtlνβyµν − fmlαβ )θαθβ = hij
+ (t iµαt jµβ − f ijαβ )θ

αθβ ,

Giν
=hijtjµαyµνθα = t iναθα,

Gµν =yµν + yµαyβν(tiαρ tjβγ hij
− pαβργ )θρθγ = yµν − (tiµαt iνβ − pµναβ )θ

αθβ ,

where the indices in t, f denoted by latin letters i, j running over x1, x2, x3 are raised or lowered by h and those in t, p
denoted by Greek letters µ, ν running over θ1, θ2 are raised or lowered by y, and the super Christoffel symbols are
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decomposed as

Γ m
in =(Γ (h))min +

1
2
[hml(∂nfliαβ + ∂iflnαβ − ∂lfinαβ ) + (tmµαt lµβ − f ml

αβ )(∂nhli + ∂ihln − ∂lhin)

− tmµα(∂ntiµβ + ∂itnµβ − 2finµβ )]θαθβ ,

Γ
µ

in =
1
2
[t lµα(∂nhli + ∂ihln − ∂lhin) − yµν(∂ntiνα + ∂itnνα − 2finνα)]θα,

Γ m
iµ =

1
2
[hmn(2fniµα + ∂itnuα − ∂ntiµα) − tmνα(tiνµ + ∂iyνµ + tiµν)]θα,

Γ
µ

iν = −
1
2
yµγ (tiγ ν + ∂iyγ ν + tiνγ ) +

1
2
[t lµα(2fliνβ + ∂itlνβ − ∂ltiνβ ) + (tlµαt lγ β − pµγ αβ )

(tiγ ν + ∂iyγ ν + tiνγ ) − yµγ ∂ipγ ναβ ]θαθβ .

The integral over d2θ picks up θ2-terms, then the action (4.3) reduces to the usual integral over X . Apparently, if one
fixes the gauge yµν = εµν and pµναβ = εµνεαβ , the bosonic degree of freedom coincides with the fermionic one. Then we
explicitly express the action with superfields

S =

∫
X3

d3xεijk{(Γ (h))nim∂j[h
ml(∂nflkαα + ∂kflnαα − ∂lfknαα) + (tmµαt lµ

α
− f ml

α

α
)(∂nhlk + ∂khln − ∂lhkn)

− tmµα(∂ntkµα + ∂ktnµα − 2fknµα)] +
1
2
[hmn(2fniµα + ∂itnuα − ∂ntiµα) − tmνα(tiνµ + tiµν)]

∂j[t lµα(∂mhlk + ∂khlm − ∂lhkm) + (∂mtkµα + ∂ktmµα − 2fkmµα)] −
1
2
(tiµν + tiνµ)

∂j[t lνα(2flkµα + ∂ktlµα − ∂ltkµα) + (tlναt lγ
α

− 2ενγ )(tkγµ + tkµγ )] + (Γ (h))nis(Γ
(h))sjm

[hml(∂nflkαα + ∂kflnαα − ∂lfknαα) + (tmµαt lµβ − f ml
αβ )(∂nhlk + ∂khln − ∂lhkn)

− tmµα(∂ntkµα + ∂ktnµα − 2fknµα)] +
1
2
(Γ (h))nim[hml(2fljµα + ∂jtluα − ∂ltjµα) − tmνα(tjνµ + tjµν)]

[tsµα(∂nhsk + ∂khsn − ∂shkn) + (∂ntkµα + ∂ktnµα − 2fknµα)] +
1
6
(tiµν + tiνµ)[t lνα(∂nhlj + ∂jhln − ∂lhjn)

+ (∂ntjνα + ∂jtnνα − 2fjnνα)][h
mn(2fmkµ

α
+ ∂ktmu

α
− ∂mtkµα) − tnνα(tkνµ + tkµν)]

−
1
4
(tiµν + tiνµ)(tiνλ + tiλν)[t lλα(2flkµα + ∂ktlµα − ∂ltkµα) + (tlλαt lγ

α
− 2ελγ )(tkγµ + tkµγ )]}.

To include the contribution of the original bosonic action, one should consider the action

S̃ =

∫
X3|2

d3xd2θeθ
1θ2 (−1)|A|εijk(Γ A

iB∂jΓ
B
kA +

2
3
Γ A
iBΓ

B
jCΓ

C
kA)

= S + S −
1
4

∫
X3
εijk(ti µν + ti νµ)∂j(tk νµ + tk µν) +

1
6

∫
X3
εijk(ti µν + ti νµ)(tj νγ + tj γ ν)(tk γ µ + tk µγ ).

Another approach is to introduce the supervielbein eA(z) = dzMeMA(z) on supermanifold X3|2N with coordinates
zA = {xi, θαI : i = 1, 2, 3;α = 1, 2; I = 1, · · · ,N} satisfying eAMeMB

= δAB , eM
AeAN = δNM for the inverse supervielbein

eA = eAM ∂

∂zM
, and introduce the covariant superderivatives on N|2-vector bundle on X3|2N with the structure group

OSp(N|2)

∇A = (∇a,∇
I
α) = eA −

1
2
ΩA

bcMbc −
1
2
ΦA

PQNPQ − ΨA
α
I Q

I
α,

where M are the Lorentz operators carrying two vector indices as Mab = −Mba, one vector indices as Ma =
1
2ε

abcMbc , and
two spinor indices as Mαβ = (γ a)αβMa = Mβα for γ a

= (Id, σ1, σ3), N are generators of so(3), and Q are odd generators.
The Lie superalgebra relations are given by

[Mab,Mcd] = 2ηcaMbd + 2ηdbMac − 2ηcbMad − 2ηdaMbc,

[NIJ ,NKL] = 2δKINJL + 2δLJNIK − 2δKJNIL − 2δLINJK ,

{QI
α,Q

J
β} = 2δIJMαβ − 2εαβNIJ ,

[Mβγ ,QI
α] = εαβQI

γ + εαγQI
β ,

[NJK ,QI
α] = 2δIJQαK − 2δIKQαJ ,

(4.4)

and the (anti-)commutation relations of superderivatives are given by

[∇A,∇B] = −TABC∇C −
1
2
R(M)ABcdMcd −

1
2
R(N)ABIJNIJ − R(Q)ABαI Q

I
α,
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where T , R denote torsion and curvature respectively

T a
:=

1
2
eB ∧ eATABa = dea + eb ∧Ωb

a,

TαI :=
1
2
eB ∧ eATABαI = deαI +

1
2
eβI ∧Ωc(γc)βα + eαJ ∧Φ J

I + ea ∧ Ψ
β

I (γa)βα,

(R(M))ab :=
1
2
eB ∧ eA(R(M))ABcd = dΩab

+Ωac
∧Ωc

d
+ eαI ∧ Ψ βI (γc)αβεcab,

(R(N))IJ :=
1
2
eB ∧ eA(R(N))ABIJ = dΦ IJ

+Φ IK
∧ΦK

J
+ eαI ∧ Ψ J

α − eαJ ∧ Ψ I
α,

(R(Q))αI :=
1
2
eB ∧ eA(R(Q))ABαI = dΨ α

I +
1
2
Ψ α

I ∧Ωa(γa)βα + Ψ αJ
∧ΦJI ,

(4.5)

one also chooses a Killing form on osp(N|2)

Tr(Mab,Mcd) = 2ηacηbd − 2ηadηbc,
Tr(NIJ ,NKL) = 2δIK δJL − 2δILδJK ,

Tr(QI
α,Q

J
β ) = δIJεαβ .

(4.6)

Then we can define Chern–Simons-like action via (4.4)–(4.6) as follows [4]

S =

∫
X3|2N

{θ6δ6(dθ )} ∧ {Tr(R(M) ∧Ω + R(N) ∧Φ + R(Q) ∧ Ψ )

−
1
6
Tr([Ω ∧Ω] ∧ (Ω + Ψ ) + [Φ ∧Φ] ∧ (Φ + Ψ ) + ([Ψ ∧ Ψ ] + 2[Ψ ∧Ω] + 2[Ψ ∧Φ]) ∧ (Ψ +Ω +Φ))}

=

∫
X3

{Tr(R(M) ∧Ω + R(N) ∧Φ + R(Q) ∧ Ψ )

−
1
6
Tr([Ω ∧Ω] ∧ (Ω + Ψ ) + [Φ ∧Φ] ∧ (Φ + Ψ ) + ([Ψ ∧ Ψ ] + 2[Ψ ∧Ω] + 2[Ψ ∧Φ]) ∧ (Ψ +Ω +Φ))}|θ=0. (4.7)
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