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a b s t r a c t

We formulate and prove an extension of Connes’s reconstruction theorem for commuta-
tive spectral triples to so-called Connes–Landi or isospectral deformations of commuta-
tive spectral triples along the action of a compact Abelian Lie group G, also known as toric
noncommutative manifolds. In particular, we propose an abstract definition for such spec-
tral triples, where noncommutativity is entirely governed by a deformation parameter sit-
ting in the second group cohomology of the Pontryagin dual of G, and then show that such
spectral triples are well-behaved under further Connes–Landi deformation, thereby allow-
ing for both quantisation from and dequantisation to G-equivariant abstract commutative
spectral triples. We then use a refinement of the Connes–Dubois-Violette splitting homo-
morphism to conclude that suitable Connes–Landi deformations of commutative spectral
triples by a rational deformation parameter are almost-commutative in the general, topo-
logically non-trivial sense.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Just as the 2-torus can be deformed along its translation action on itself to obtain the noncommutative 2-tori, whether
as C∗-algebras, Fréchet pre-C∗-algebras, or spectral triples, so too can more general smooth manifolds be deformed along
an action of an Abelian Lie group to yield noncommutative C∗-algebras, Fréchet pre-C∗-algebras, or spectral triples. In
the case of C∗-algebras or Fréchet pre-C∗-algebras, this process is Rieffel’s strict deformation quantisation [1], whilst in
the case of spectral triples and compact Abelian Lie groups, this process is Connes and Landi’s isospectral deformation [2],
which, following Yamashita [3], we call Connes–Landi deformation. In fact, as was first observed by Sitarz [4] and Várilly [5],
Connes–Landi deformation can be viewed as none other than the adaptation to spectral triples of strict deformation
quantisation along the action of a compact Abelian Lie group.

In this paper, we formulate and prove an extension of Connes’s reconstruction theorem for commutative spectral
triples [6] to spectral triples that, after the fact, will be Connes–Landi deformations along the action of a compact Abelian
Lie group G of spectral triples of the form (C∞(X), L2(X, E),D), where X is a compact oriented Riemannian G-manifold and
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D is a G-invariant essentially self-adjoint Dirac-type operator on a G-equivariant Hermitian vector bundle E → X , i.e., toric
noncommutative manifolds. More precisely, we propose a suitable abstract definition of θ-commutative spectral triples, which
closely resembles Connes’s abstract definition of commutative spectral triple [7,6] except for the specification of deformation
parameter θ in the second group cohomology H2(G,T) of the Pontryagin dualG of G, which completely governs the failure
of commutativity; in particular, 0-commutative spectral triples are just G-equivariant abstract commutative spectral triples.
Then, we show that the Connes–Landi deformation of a θ-commutative spectral triple by θ ′ ∈ H2(G,T) is itself (θ + θ ′)-
commutative, thereby facilitating both quantisation from and dequantisation toG-equivariant commutative spectral triples,
to which we can apply Connes’s result.

In addition to extending Connes’s reconstruction theorem, we also clarify a number of aspects of the general theory of
Connes–Landi deformation. In particular, we use a refinement of the Connes–Dubois-Violette splitting homomorphism [8]
to show that for θ ∈ H2(G,T) rational, viz, of finite order in the group H2(G,T), sufficiently well-behaved θ-commutative
spectral triples are almost-commutative in the general, topologically non-trivial sense proposed by the author [9,10] and
studied by Boeijink and Van Suijlekom [11] and by Boeijink and Van den Dungen [12]. This generalises the now-folkloric
example of rational noncommutative 2-tori [13].

We begin in Section 2 by reviewing Rieffel’s theory of strict deformation quantisation of Fréchet pre-C∗-algebras in the
case of the action of a compact Abelian Lie group [1, pp. 19–22]. In particular, we give a detailed, constructive account
of the deformation of G-equivariant finitely generated projective modules over G-equivariant Fréchet pre-C∗-algebras,
generalising existing results on the deformation of G-equivariant vector bundles over G-manifolds [8,14]. In fact, we
obtain an explicit formula for the projection onto the deformation of a G-equivariant finitely generated projective module
corresponding to a given G-invariant projection onto the original module, generalising the concrete examples studied by
Connes and Landi [2, §§ II–III] and by Landi and Van Suijlekom [15].

Next, in Section 3, we recall the general theory of Connes–Landi deformations or isospectral deformations, first defined
by Connes and Landi for T2-actions on concrete commutative spectral triples [2] and then extended by Yamashita to
arbitrary T2-equivariant spectral triples [3]. As Sitarz [4] and Várilly [5] first showed, this amounts to a simultaneous
strict deformation quantisation of the algebra A of a G-equivariant spectral triple (A,H,D) and of its G-equivariant
representation on the Hilbert spaceH . In particular, we clarify the role of the groupH2(G,T) in parametrising Connes–Landi
deformations of a fixedG-equivariant spectral triple up toG-equivariant unitary equivalence, and then completely generalise
the isomorphisms amongst theMorita–Rieffel equivalences of smooth noncommutative n-tori parametrised by the densely-
defined SO(n, n|Z)-action on the universal cover Skew(n,R) ∼= Rn(n−1)/2 of H2(Zn,T) ∼= Tn(n−1)/2, as introduced by Rieffel
and Schwarz [16] and studied by Elliott and Li [17].

At last, in Section 4, we formulate and prove our extension of Connes’s reconstruction theorem for commutative spectral
triples [6, Theorem 1.1] to Connes–Landi deformations of G-equivariant commutative spectral triples. First, by analogy
with Connes’s abstract definition of commutative spectral triple [7,6], we propose an abstract definition of spectral triples
that, after the fact, will be Connes–Landi deformations of G-equivariant concrete commutative spectral triples, where
noncommutativity is entirely governed by a deformation parameter θ ∈ H2(G,T) through its associated alternating
bicharacter ι (θ) ∈ Hom(∧2G,T).
Definition 1.1. Let (A,H,D) be a G-equivariant regular spectral triple, let θ ∈ H2(G,T), and let p ∈ N. We shall call
(A,H,D) a p-dimensional θ-commutative spectral triple if the following conditions all hold:

(0) Order zero: The algebra A is θ-commutative, viz,

∀x, y ∈G, ∀ax ∈ Ax, ∀by ∈ Ay, byax = e(ι (θ) (x, y)) axby,

so that the G-equivariant ∗-representation L : A → B(H) of A can be deformed to a G-equivariant ∗-homomorphism
R : Aop

→ B(H), such that for all a, b ∈ A, [L(a), R(b)] = 0.
(1) Dimension: The eigenvalues {λn}n∈N of (D2

+ 1)−1/2, counted with multiplicity and arranged in decreasing order, satisfy
λn = O(n−1/p) as n→+∞.

(2) Order one: For all a, b ∈ A, [[D, L(a)], R(b)] = 0.
(3) Orientability: Define εθ : A⊗(p+1) → A⊗(p+1) by

εθ (a0 ⊗ a1 ⊗ · · · ⊗ ap) :=
1
p!


π∈Sp

exp

2π i

i<j

π(i)>π(j)

ι (θ) (xπ(i), xπ(j))

 (−1)πa0 ⊗ aπ(1) ⊗ · · · ⊗ aπ(p)

for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp of A, and say that c ∈ A⊗(p+1) is θ-antisymmetric if εθ (c) = c. Define
πD : A

⊗(p+1)
→ B(H) by

∀a0, a1, . . . , ap ∈ A, πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D, L(a1)] · · · [D, L(ap)].

There exists a G-invariant θ-antisymmetric c ∈ A⊗(p+1), such that χ := πD(c) is a self-adjoint unitary, satisfying

∀a ∈ A, L(a)χ = χL(a), [D, L(a)]χ = (−1)p+1χ [D, L(a)].
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(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom |D|k defines a G-equivariant finitely-generated projec-
tive right A-module admitting a G-equivariant Hermitian metric (·, ·), such that

∀ξ, η ∈ H∞ ⟨ξ, η⟩ = Trω

R ((ξ , η)) (D2

+ 1)−p/2

,

where Trω is a fixed Dixmier trace.
(5) Strong regularity: For all T ∈ EndAop(H∞), T ∈ ∩k Dom([|D|, ·]k).

Observe, in particular, that a 0-commutative spectral triple is precisely a G-equivariant abstract commutative spectral triple.
Our main result is actually the following, which both guarantees that Connes–Landi deformations of G-equivariant

commutative spectral triples do, indeed, satisfy our proposed abstract definition, and yields the promised extension of
Connes’s reconstruction theorem by facilitating dequantisation of such spectral triples to commutative spectral triples.

Theorem 1.2. Let (A,H,D) be a p-dimensional θ-commutative spectral triple and let θ ′ ∈ H2(G,T). Then the Connes–Landi
deformation (Aθ ′ ,H,D) of (A,H,D) by θ ′ defines a p-dimensional (θ + θ ′)-commutative spectral triple.

This result, whose statement and proof require only our abstract definition and the general machinery of strict
deformation quantisation and Connes–Landi deformation recalled in Sections 2 and 3, yields an abstract generalisation of
the seminal results of Connes and Landi [2, Theorem 6] and of Connes and Dubois-Violette [8, Theorem 9] on deformations
of concrete, viz, explicitly differential-geometric, commutative spectral triples along torus actions.

Now, if (A,H,D) is θ-commutative, then (A−θ ,H,D) is 0-commutative and hence commutative by Theorem 1.2. Thus,
Connes’s reconstruction theorem for commutative spectral triples and Theorem 1.2 immediately yield our extension of the
reconstruction theorem.

Theorem 1.3. Let (A,H,D) be a p-dimensional θ-commutative spectral triple. There exist a compact p-dimensional oriented
Riemannian G-manifold X, a G-equivariant Hermitian vector bundle E → X, and a G-invariant essentially self-adjoint Dirac-type
operator DE on E such that

(A,H,D) ∼= (C∞(X)θ , L2(X, E),DE).

Finally, in Section 5, we study the structure of rational Connes–Landi deformations, viz, Connes–Landi deformations by
θ ∈ H2(G,T) of finite order—if G = T2, then θ ∈ H2(Z2,T) ∼= R/Z is rational if and only if θ ∈ Q/Z. We begin by
refining Connes and Dubois-Violette’s splitting homomorphism [8, Theorem 6] in order to effect Connes–Landi deformation
by θ ∈ H2(G,T) using only the subgroup Im θ := {ι (θ) (x, ·) | x ∈G} of G, which is finite if and only if θ has finite order;
in particular, this amounts to an adaptation of results by Albeverio and Høegh-Krohn [18, Theorems 3.6, 3.8] and by Olesen,
Pedersen, and Takesaki [19, Theorems 5.12, 6.3] on inducing faithful ergodicW ∗- and C∗-dynamical systems for G compact
Abelian from simple systems. Then, we use our extended reconstruction theorem and the refined splitting homomorphism
to conclude that for θ ∈ H2(G,T) of finite order, any θ-commutative spectral triple is almost-commutative, in the general,
topologically non-trivial sense first proposed by the author [9,10] and studied by Boeijink and Van Suijlekom [11] and by
Boeijink andVandenDungen [12],whenever the finite groupGθ acts freely andproperly on theunderlyingmanifold. This last
result not only recoversHøegh-Krohn and Skjelbred’s now-folkloric characterisation of rational noncommutative 2-tori [13],
but also has immediate implications for the computation of the spectral action on rational θ-commutative spectral triples.

An extremely preliminary version of some results appeared in the author’s doctoral dissertation [20, Chapter 7], which
is now completely superseded by this paper.

2. Strict deformation quantisation

2.1. Group-theoretic preliminaries

We begin our review of strict deformation quantisation by fixing notation related to compact Abelian Lie groups and
their Pontryagin duals, and then recalling basic facts about the second group cohomology of discrete Abelian groups.

First, let us denote the additive andmultiplicative avatars of the circle group byT := R/Z and U(1) := {ζ ∈ C | |ζ | = 1},
respectively, which are isomorphic via the complex exponential e : T

∼
−→ U(1) defined by e(t) := e2π it . For N ∈ N, we

denote the flat N-torus RN/ZN by TN , so that exp : RN
= Lie(TN) → TN

= RN/ZN is the quotient map; unless stated
otherwise, TN will be endowed with the flat Riemannian metric induced by the standard inner product on RN .

Next, let G be a compact Abelian Lie group with Lie algebra g := Lie(G). Fix an invariant Riemannian metric g on G,
let ⟨·, ·⟩ := g0(·, ·) denote the induced real inner product on g = T0G, and define the Casimir element ΩG ∈ S2g for G by
ΩG := −

N
k=1 vk ⊗ vk, where {v1, . . . , vN} is any orthonormal basis of g.

Now, letG := Homcts(G,T) = HomC∞(G,T) denote the Pontryagin dual of G, which, therefore, is a finitely-generated
discrete Abelian group; by abuse of notation, let ⟨·, ·⟩ : G × G → T denote the pairing ofG with G. Observe that for any
x ∈ G, its differential x∗ : g = Lie(G) → Lie(T) = R defines an element of g∗ ∼= g, satisfying ⟨x, exp(v)⟩ = exp(⟨x∗, v⟩)
for all v ∈ g. The assignment x → x∗ defines a homomorphismG → g∗ ∼= g, allowing us, in turn, to define a length
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| · | :G→ [0,+∞) on the discrete groupG by |x| :=
√
⟨x∗, x∗⟩; one can then check thatG has rapid decay and polynomial

growth of order dim g with respect to | · |.
Finally, let us recall some pertinent facts about the second group cohomology of discrete Abelian groups, which we will

later apply toG. Let Γ be a discrete Abelian group. For future convenience, let B(Γ ) := Hom(Γ ⊗2,T) denote the Abelian
group of all T-valued bicharacters on Γ , let S(Γ ) := {Θ ∈ B(Γ ) | ∀x, y ∈ Γ , Θ(y, x) = Θ(x, y)} denote the subgroup
of all symmetric bicharacters, and let A(Γ ) := {Θ ∈ B(Γ ) | ∀x ∈ Γ , Θ(x, x) = 0} denote the subgroup of alternating
bicharacters.

Recall that amultiplier or 2-cocycle onΓ is amapM : Γ×Γ → T, satisfyingM(x, y+z)+M(y, z) = M(x, y)+M(x+y, z)
for all x, y, and z ∈ Γ , andM(x, 0) = M(0, x) = 0 for all x ∈ Γ , and let Z2(Γ ,T) denote the Abelian group of all multipliers
on Γ together with pointwise addition; observe, in particular, that B(Γ ) ≤ Z2(Γ ,T). Observe, moreover, that Z2(Γ ,T)
admits the involution M → M t defined by M t(x, y) := M(y, x) for all x, y ∈ Γ . If T : Γ → T is a function such that
T (0) = 0, define the 2-coboundary d T ∈ Z2(Γ ,T) by setting d T (x, y) := T (x) + T (y) − T (x + y) for all x, y ∈ Γ ,
and let B2(Γ ,T) ≤ Z2(Γ ,T) denote the subgroup of all coboundaries in Z2(Γ ,T). At last, the second group cohomology
of Γ (with coefficients in T) is defined to be the Abelian group H2(Γ ,T) := Z2(Γ ,T)/B2(Γ ,T); in particular, we call M1,
M2 ∈ Z2(Γ ,T) cohomologous if and only if [M1] = [M2] ∈ H2(Γ ,T), if and only ifM1−M2 ∈ B2(Γ ,T). Actual computations,
however, will depend on the following extremely useful result.

Theorem 2.1 (Kleppner [21, §7]). Let Γ be a discrete Abelian group. Then B2(Γ ,T) = {M ∈ Z2(Γ ,T) | M t
= M}, so that the

antisymmetrization operation Z2(Γ ,T)→ A(Γ ) defined byM → M−M t descends to an isomorphism ι : H2(Γ ,T)
∼
−→ A(Γ ).

Moreover, every 2-cocycle M ∈ Z2(Γ ,T) is cohomologous to a bicharacter Θ ∈ B(Γ ), yielding a natural isomorphism
H2(Γ ,T) ∼= B(Γ )/S(Γ ).

Remark 2.2. The full statement of Kleppner’s result, which applies to a much larger class of locally compact Abelian
topological groups, only yields injectivity of the map ι. However, in the case of discrete Abelian groups, Moore group
cohomology coincides with ordinary group cohomology with coefficients in the trivial Γ -module T, so that ι is indeed
surjective [22, Proof of Theorem 2].

Remark 2.3. IfM ∈ Z2(Γ ,T), then [M t
] = −[M]. Hence, if θ ∈ H2(Γ ,T), then [ι (θ)] = 2θ .

Example 2.4. Consider ZN
= TN . Since A(ZN) ∼= TN(N−1)/2 it follows that ι : H2(ZN ,T)

∼
−→ A(ZN) ∼= TN(N−1)/2 Indeed, if

θ ∈ H2(ZN ,T), and if θij := ι (θ) (ei, ej) for {ei} the standard ordered basis of RN , then

∀x, y ∈ Γ , ι (θ) (x, y) =


1≤i<j≤N

θij(xiyj − xjyi),

so that the image of θ in TN(N−1)/2 is the N(N−1)
2 -tuple (θij)1≤i<j≤N .

Now, in the operator-algebraic and noncommutative-geometric literature, one finds the following constructions of
bicharacter representatives for θ ∈ H2(ZN ,T).

(1) DefineΘ ∈ B(ZN) byΘ(x, y) :=


1≤i<j≤N θijxiyj.
(2) DefineΘ ∈ B(ZN) byΘ(x, y) :=


1≤i<j≤N −θijxjyi.

(3) Choose ( 12θij)1≤i<j≤N ∈ TN(N−1)/2 such that (θij) = 2( 12θij), and define Θ ∈ A(ZN) by Θ(x, y) :=


1≤i<j≤N
1
2θij(xiyj −

xjyi).

The first two constructions define right splittings of the short exact sequence

0→ A(ZN) ↩→ B(ZN)
ι
−→ H2(ZN ,T)→ 0

of Abelian groups, whilst the third does not. Nonetheless, since alternating bicharacter representatives yield considerable
algebraic simplifications in the context of strict deformation quantisation, the third construction is frequently used in the
operator-algebraic literature.

2.2. Peter–Weyl theory for G-equivariant Fréchet ∗-algebras and modules

Fix a compact Abelian Lie group G. We simplify our later discussion of strict deformation quantisation and Connes–Landi
deformation by reviewing the Peter–Weyl theory ofG-equivariant Fréchet ∗-algebras (cf. [23, §4]) andG-equivariant Fréchet
modules over such algebras. We begin by fixing terminology and notation.

Definition 2.5. A Fréchet ∗-algebra is a Fréchet space A endowed with the structure of a ∗-algebra, such that the
multiplication A × A → A and the involution ∗ : A → A are continuous. In particular, a Fréchet pre-C∗-algebra is a
Fréchet ∗-algebra A endowed with a continuous injective ∗-homomorphism A ↩→ A into a C∗-algebra A, such that the
image of A in A is dense and is closed under the holomorphic functional calculus.
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Remark 2.6. We consider only unital Fréchet ∗-algebras.

Definition 2.7. A Fréchet G-∗-algebra is a pair (A, α), where A is a unital Fréchet ∗-algebra and α : G → Aut(A) is an
action of G on A by isometric ∗-automorphisms that is strongly smooth, in the sense that t → αt(a) is smooth for each
a ∈ A. If A admits a G-equivariant continuous injective ∗-homomorphism A ↩→ A into a unital G-C∗-algebra, such that the
image of A in A is dense, G-invariant, and closed under the holomorphic functional calculus, then we call (A, α) a Fréchet
pre-G-C∗-algebra.

Example 2.8. Let X be a compact G-manifold with G-action σ : G → Diff(X), and define α : G → Aut(C∞(X)) by setting
αt f := f ◦ σ−t for all f ∈ C∞(X), t ∈ G. Then (C∞(X), α) is a Fréchet pre-G-C∗-algebra with C∗-completion C(X).

Example 2.9. The rapid decay algebra

S(G) := f :G→ C | ∀k ∈ N, ∥ f ∥k := sup
x∈G (1+ 4π2

|x|2)k| f (x)| < +∞


of the discrete groupG with respect to the length | · |, endowed with the seminorms {∥ · ∥k}k∈N, the convolution product,
∗-operation, and G-action defined by

∀f , g ∈ S(G), ∀x ∈G, (f ⋆ g)(x) :=

y∈G f (x− y)g(y), f ∗(x) := f (−x),

∀t ∈ G, ∀f ∈ S(G), ∀x ∈G, αt(f )(x) := e(⟨x, t⟩) f (x),

is a Fréchet pre-G-C∗-algebra with C∗-completion C∗(G) = C∗r (G).
For the remainder of this subsection, let A be a fixed Fréchet G-∗-algebra A with G-action α : G → Aut(A), and let

{∥ · ∥k}k∈N be its defining family of seminorms. Our main goal is to consistently decompose elements of A into rapidly
decaying Fourier series of eigenvectors for the G-action.

First, let us enrich the Fréchet topology on A in order to facilitate discussion of the convergence of Fourier series. Since
the action α of G on A is strongly smooth, it induces an action α∗ : g → Der(A) of g on A by continuous ∗-derivations,
where

∀X ∈ g, ∀a ∈ A, (α∗)X (a) := lim
s→0

1
s


αexp(sX)(a)− a


. (2.1)

In fact, since g is Abelian,α∗ extends to an representation Sg→ B(A) of the symmetric tensor algebra Sg onA by continuous
C-linear operators, so that the Casimir elementΩG ∈ S2g of G acts as the continuous C-linear operator ∆G := (α∗)ΩG . We
now use∆G to define additional seminorms {∥ · ∥j,k}j,k∈N on A by

∀j, k ∈ N, ∀a ∈ A, ∥a∥j,k := ∥(1+∆G)
ja∥k; (2.2)

since the G-action on A was assumed to be strongly smooth and isometric, A remains complete in these additional
seminorms.

Definition 2.10 (Yamashita [3, pp. 255–6]). Let (A, α) be a Fréchet G-∗-algebra. Then (A∞, α) is the Fréchet-G-∗-algebra
defined by A endowed with the larger set of seminorms {∥ · ∥j,k}j,k∈N and the same G-action α.

Next, let us decompose A into eigenspaces or isotypic subspaces for the G-action. For each x ∈G, the x-isotypic subspace
of A is defined to be the closed subspace

Ax := {a ∈ A | ∀t ∈ G, αt(a) = e(⟨x, t⟩) a} ⊂ A. (2.3)

The isotypic subspaces of A are linearly independent and satisfy AxAy ⊆ Ax+y and A∗x = A−x for all x, y ∈ G, and their
algebraic direct sum⊕alg

x∈G Ax is dense in A by the Peter–Weyl theorem for topological vector spaces [24, Theorem 5.7].

Remark 2.11. This G-grading of A could be interpreted as a ‘‘Fréchet ∗-algebraic bundle’’ or ‘‘smooth Fell bundle’’
{Ax}x∈G →G overG (cf. [25, Chapter VIII], [26]).

Example 2.12. For each x ∈G, C∞(G)x = CUx, where Ux := e ◦ x : G→ U(1); in particular, if f ∈ C∞(G)x, then

f =


G
U∗x (t)f (t) dt


Ux =


G
e(−⟨x, t⟩) f (t) dt


Ux.
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We can define projection maps onto the isotypic subspaces as follows. For each x ∈ G, define a linear contraction
Fx : A � Ax by

∀a ∈ A, Fx(a) :=

G
e(−⟨x, t⟩) αt(a) dt, (2.4)

where dt denotes the normalised Haar measure on G; in particular, F0 is the canonical conditional expectation A � A0 =
AG. The maps Fx satisfy FxFy = δx,yFy for all x, y ∈ G, and so define mutually orthogonal projections onto the isotypic
subspaces, which piece together to define the Fourier transform on A.

Definition 2.13. We define a section of A to be a function s : G → A such that s(x) ∈ Ax for all x ∈ G. In particular, we
define the Fourier transform of a ∈ A to be the section â of A constructed as follows:

∀x ∈G, a(x) := Fx(a) =

G
e(−⟨x, t⟩) αt(a) dt. (2.5)

Remark 2.14. A section of A can be interpreted as a section of the ‘‘smooth Fell bundle’’ {Ax}x∈G →G overG.
Finally, let us identify the range of the Fourier transform on A, which will allow us to perform all computations in A in

terms of rapidly decaying Fourier series. Let us call a section s of A rapidly decaying if it satisfies

∀k, l ∈ N, ∥s∥k,l := sup
x∈G (1+ 4π2

|x|2)k∥s(x)∥l < +∞. (2.6)

The C-vector space S(G;A) of all rapidly decaying sections of A defines a unital ∗-algebra via the convolution product and
∗-operation

∀s1, s2 ∈ S(G;A), ∀x ∈G, s1 ⋆ s2(x) :=

y∈G s1(x− y)s2(y), s∗(x) := s(−x)∗,

where absolute convergence of each s1s2(x) is guaranteed by the rapid decay of s1 and s2. Since the isotypic subspaces of A
are closed, the standard proof that S(G) is a Fréchet pre-C∗-algebra (cf. [27]), appropriately modified, together with the fact
that the Ax are closed, implies that S(G), in fact, defines a Fréchet ∗-algebra.

Proposition 2.15. The unital ∗-algebra S(G;A), endowed with the seminorms ∥ · ∥k,l defined by Eq. (2.6) and the G-action α̂
defined by

∀t ∈ G, ∀s ∈ S(G;A), ∀x ∈G, α̂t(s)(x) := e(⟨x, t⟩) s(x)

is a Fréchet G-∗-algebra.

Remark 2.16. If the Fréchet G-∗-algebra A is viewed as a ‘‘smooth Fell bundle’’, then S(G;A) can be viewed as its ‘‘smooth
cross-sectional algebra’’ (cf. [25, §viii.5]).

Example 2.17. As we have already seen, C∞(G)x = CUx for each x ∈ G, where Ux := e ◦ x : G → U(1) is unitary. Hence,
the map (axUx)x∈G → (ax)x∈G defines a canonical isomorphism S(G; C∞(G)) ∼

−→ S(G). Thus, S(G;A), in general, can be
interpreted as the rapid decay algebra ofGwith coefficients in A.

We now show that S(G;A) is the range of the Fourier transform on A, which, therefore, defines a G-equivariant ∗-
isomorphism A∞ → S(G;A).
Proposition 2.18. Let A be a Fréchet G-∗-algebra. The Fourier transform a → â yields a G-equivariant topological ∗-
isomorphism F : A∞ → S(G;A). Moreover, F−1 : s → š :=


x∈G s(x) with absolute convergence in A.

Example 2.19. By Examples 2.12 and 2.17, the composition of the Fourier transform F : C∞(G)
∼
−→ S(G; C∞(G)) with the

canonical isomorphism S(G; C∞(G)) ∼−→ S(G) is precisely the usual Fourier transform C∞(G)
∼
−→ S(G).

Proof of Proposition 2.18. On the one hand, since [3, Proof of Lemma 1]

∀a ∈ A, x ∈G F(∆Ga)(x) = 4π2
|x|2a(x),

and since each Fx is contractive, it follows that

∀a ∈ A, ∀k, l ∈ N, sup
x∈G (1+ 4π2

|x|2)k∥a(x)∥l ≤ ∥(1+∆G)
ka∥l = ∥a∥k,l

and hence that F : A → S(G;A) is well-defined and continuous; it is easy to check, then, that F is a G-equivariant ∗-
homomorphism.
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On the other hand, if K := ⌈N2 ⌉, then for all s ∈ S(G;A),
∀l ∈ N,


x∈G ∥s(x)∥l ≤


x∈G (1+ 4π2

|x|2)−K sup
y∈G (1+ 4π2

|y|2)K∥s(y)∥l <∞,

so that š is absolutely convergent in A, and hence s → š yields a well-defined map E : S(G;A) → A; it is easy to check,
then, that E is a G-equivariant ∗-homomorphism such that E ◦F = Id and F ◦E = Id, so that by the bounded inverse theorem
for Fréchet spaces, E = F−1 is continuous and F , indeed, defines a G-equivariant topological ∗-isomorphism. �

As a consequence of this machinery, we can freely write

∀a, b ∈ A, ab =

x,y∈G â(x− y)b̂(y), a∗ =


x∈G â(−x)∗, (2.7)

with absolute convergence in A.
Finally, let us sketch the analogous Peter–Weyl theory for G-equivariant Fréchet modules. Once more, let us begin by

fixing terminology and notation.

Definition 2.20. Let A be a Fréchet ∗-algebra. A (right) Fréchet A-module is a Fréchet space E together with the algebraic
structure of right A-module, such that the right A-module structure E × A → E , (ξ , a) → ξ ▹ a is continuous. In
particular, a Hermitian Fréchet A-module is a Fréchet A-module E endowed with a Hermitian metric, viz, a continuous map
(·, ·) : E × E → A satisfying the following properties:

(1) For all ξ, η1, η2 ∈ E , a1, a2 ∈ A, (ξ , a1 ▹ η1 + a2 ▹ η2) = (ξ , η1)a1 + (ξ , η2)a2.
(2) For all ξ , η ∈ E , (η, ξ) = (ξ , η)∗.
(3) For all ξ ∈ E , (ξ , ξ) ≥ 0; moreover, (ξ , ξ) = 0 if and only if ξ = 0.

Definition 2.21. Let (A, α) be a Fréchet G-∗-algebra. A Fréchet G-A-module is a Fréchet A-module E , together with a
smooth, isometric action U : G→ B(E) of G on E by continuous C-linear operators, such that

∀ξ ∈ E, ∀a ∈ A, ∀t ∈ G, Ut(ξ ▹ a) = (Utξ) ▹ αt(a).

In particular, aHermitian Fréchet G-A-module is FréchetG-A-module E togetherwith a Hermitianmetric (·, ·) : E×E → A,
such that

∀ξ, η ∈ E, ∀t ∈ G, (Utξ,Utη) = αt ((ξ , η)) .

Example 2.22. Let X be a compact G-manifold and let E → X be a G-equivariant Hermitian vector bundle. Then the Fréchet
space C∞(X, E) of smooth global sections of E defines a Hermitian Fréchet G-C∞(X)-module.

Again, we are free to enrich the Fréchet topology on a Fréchet G-A-module E with the additional seminorms defined by
analogy with Eq. (2.6), so that E remains a Fréchet G-A∞-module.

Now, just as in the case of FréchetG-∗-algebras, a (Hermitian) FréchetG-A-moduleE admits a Peter–Weyl decomposition
into isotypic components, so that one can define a (Hermitian) Fréchet G-S(G;A)-module S(G, E) by

S(G, E) := s :G→ E



∀x ∈G, s(x) ∈ Ex,

∀j, k ∈ N, sup
x∈G (1+ 4π2

|x|2)j∥s(x)∥k < +∞


,

endowed with the seminorms, right S(G;A)-module structure, and G-action

∀j, k ∈ N, ∀s ∈ S(G, E), ∥s∥j,k := sup
x∈G (1+ 4π2

|x|2)j∥s(x)∥k,

∀s ∈ S(G; E), ∀â ∈ S(G;A), ∀x ∈G, 
s ▹ â


(x) :=


y∈G s(x− y) ▹ â(y),

∀t ∈ G, ∀s ∈ S(G; E), ∀x ∈G, 
Ûts

(x) := e(⟨x, t⟩)Uts(x),

and, if E is Hermitian, the Hermitian metric

∀s1, s2 ∈ S(G; E), (s1, s2) :=

x,y∈G(s1(−x+ y), s2(y));

as a result, one can again construct a Fourier transform F : E → S(G; E), ξ → ξ̂ , which defines a G-equivariant topological
isomorphism satisfying F(ξ ▹ a) = F(ξ) ▹ F(a) for all ξ ∈ A and a ∈ A, and, if E is Hermitian, (ξ̂ , η̂) = (ξ , η) for all ξ ,
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η ∈ E , with inverse Fourier transform s → š =


x∈G s(x). As a result, we can freely write

∀ξ ∈ E, ∀a ∈ A, ξ ▹ a =

x,y∈G ξ̂ (x+ y) ▹ â(y), (2.8)

∀ξ, η ∈ E, (ξ , η) =

x,y∈G(ξ̂ (−x+ y), η̂(y)), (2.9)

with absolute convergence in E and A, respectively. Analogous results hold for left Fréchet G-A-modules.

2.3. Deformation of Fréchet G-∗-algebras

We now turn to strict deformation quantisation of Fréchet G-∗-algebras, expanding on Rieffel’s account [1, pp. 19–22] in
the spirit of Abadie and Exel’s Fell bundle-theoretic approach [23].

Fix a Fréchet G-∗-algebra (A, α). Let Θ ∈ Z2(G,T). Recall that the twisted rapid decay algebra S(G,Θ) is defined to be
S(G) as Fréchet space, endowed with the same G-action but with the twisted convolution product and ∗-operation

∀s1, s2 ∈ S(G), ∀x ∈G, s1 ⋆Θ s2(x) :=

y∈G e(−Θ(x− y, y)) s1(x− y)s2(y),

∀s ∈ S(G), ∀x ∈G, s∗Θ1 (x) := e(−Θ(−x,−x)) s1(−x);

one can then check that S(G,Θ) remains a Fréchet pre-G-C∗-algebra (see Chatterji’s appendix to [28]). By analogy, one can
define a unital ∗-algebra S(G,Θ;A) by endowing the Fréchet space S(G;A)with the same G-action but with the deformed
convolution product and ∗-operation

∀s1, s2 ∈ S(G,Θ;A), ∀x ∈G, s1 ⋆Θ s2(x) :=

y∈G e(−Θ(x− y, y)) s1(x− y)s2(y),

∀s ∈ S(G,Θ;A),∀x ∈G, s∗Θ (x) := e(−Θ(−x,−x)) s(−x)∗,
where absolute convergence of each (s1 ⋆Θ s2)(x) is guaranteed by the rapid decay of s1 and s2. The proof that S(G,Θ) is
a Fréchet ∗-algebra, appropriately modified, together with the fact that the isotypic subspaces Ax are closed, shows that
S(G,Θ;A) is a Fréchet G-∗-algebra. Moreover, since S(G,Θ;A) = S(G;A) as G-equivariant Fréchet spaces, the Fourier
transform on A still defines a ∗-preserving G-equivariant topological isomorphism FΘ : A∞ → S(G,Θ;A) of Fréchet
spaces. Thus, we can deform A simply by pulling back the deformation of S(G;A) to A.

Definition 2.23. Let (A, α) be a Fréchet G-∗-algebra. The strict deformation quantisation of (A, α) by Θ ∈ Z2(G,T) is the
Fréchet G-∗-algebra (AΘ , α), where AΘ = A as Fréchet G-spaces with the deformed multiplication and ∗-operation

∀a, b ∈ A, a ⋆Θ b := F−1(â ⋆Θ b̂) =

x,y∈G e(Θ(x− y, y)) â(x− y)b̂(y) (2.10)

∀a ∈ A, a∗Θ := F−1(â∗Θ ) =

x∈G e(Θ(−x,−x)) â(−x)∗. (2.11)

Remark 2.24. If Θ ∈ A(G) is an alternating bicharacter, then the deformed ∗-operation is identical to the undeformed
∗-operation.

The mathematical–physical justification for this construction and its name is given by the following result of Rieffel’s,
which we only state for the relevant case of compact Abelian Lie groups acting on compact manifolds.

Theorem 2.25 (Rieffel [1]). Let X be a compact G-manifold and let P ∈ ∧2 g. On the one hand, let {·, ·} denote the Poisson
bracket on C∞(X) induced by the Poisson bi-vector field (α∗ ⊗ α∗)(P), and on the other hand, for h̄ ∈ R, let Θh̄ ∈ A(G) be
defined by Θh̄(x, y) := exp( 12 h̄⟨P, x∗ ⊗ y∗⟩) for x, y ∈ G. Finally, for h̄ ∈ R, let C(Xh̄) denote the C∗-completion of C∞(X)Θh̄
with multiplication ⋆h̄ and C∗-norm ∥ · ∥h̄. Then {C(Xh̄)}h̄∈R is a continuous field of C∗-algebras such that

∀f , g ∈ C∞(X), lim
h̄→0

 1
ih̄
( f ⋆h̄ g − g ⋆h̄ f )− { f , g}


h̄
= 0.

More generally, if X is a compact G-manifold andΘ ∈ Z2(G,T), then one is free to form the deformed algebra C∞(X)Θ .
The most familiar example of this construction is surely the operator algebraist’s noncommutative torus.

Example 2.26. Let θ ∈ ∧2 RN and defineΘ ∈ A(ZN) by settingΘ(x, y) := exp( 12θ(x∗, y∗)) for x, y ∈ ZN . Then C∞(TN
θ ) :=

C∞(TN)Θ is the noncommutative N-torus with deformation parameter θ , satisfying the commutation relations

∀x, y ∈ ZN , Uy ⋆Θ Ux = exp(2π iθ(x∗, y∗))Ux ⋆Θ Uy.
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Finally, the basic properties of strict deformation quantisation can be summarised as in the following proposition; in our
context, the rapid decay of Fourier coefficients renders all convergence issues moot, so that the proving these properties
reduces to a mechanical, purely algebraic fact-check.

Proposition 2.27 (Brain–Landi–Van Suijlekom [14, §2]). Let AlgG denote the category of Fréchet G-∗-algebras and G-equivariant
continuous ∗-homomorphisms. For everyΘ ∈ Z2(G,T), the assignment

Obj(AlgG) ∋ (A, α) → (AΘ , α),

Mor(AlgG) ∋ (f : (A, α)→ (B, β)) → (f : (AΘ , α)→ (BΘ , β)) ,

defines an isomorphism of categories RΘ : AlgG
∼
−→ AlgG. Moreover, the functors RΘ satisfy the following properties.

(1) Let IdAlgG denote the identity functor on AlgG. Then R0 = IdAlgG .
(2) For anyΘ ,Θ ′ ∈ Z2(G,T), RΘ ◦ RΘ ′ = RΘ+Θ ′ .

Thus,Θ → RΘ defines a strict action of the group Z2(G,T) on the category AlgG.

For a overview of strict deformation quantisation, in full generality, from a thoroughly functorial perspective, consult
Brain, Landi, and Van Suijlekom [14, §2].

2.4. Deformation of G-equivariant Fréchet modules

For the remainder of this subsection, let (A, α) be a fixed Fréchet G-∗-algebra for G a fixed compact Abelian Lie group.
We now discuss the deformation of Fréchet G-A-modules to Fréchet G-AΘ-modules for Θ ∈ Z2(G,T) with a particular
emphasis on the finitely generated projective case. In what follows, all modules are right modules unless stated otherwise.

Let E be a (Hermitian) Fréchet G-A-module and let Θ ∈ Z2(G,T). Recall that the Fourier transform F : E → S(G; E)
defines a (Hermitian metric-preserving) G-equivariant bicontinuous linear map intertwining the A-module structure on
E with the S(G;A)-module structure on S(G; E). Now, it is easy to deform the Fréchet G-S(G;A)-module S(G; E) into
a Fréchet G-S(G,Θ;A)-module S(G,Θ; E) by defining S(G,Θ; E) := S(G; E) as a G-equivariant Fréchet space, except
endowed with the right S(G,Θ;A)-module structure

∀s ∈ S(G,Θ; E), ∀â ∈ S(G,Θ;A), ∀x ∈G, 
s▹Θ â


(x) :=


x,y∈G e(−Θ(x− y, y)) s(x− y) ▹ â(y),

and, if E is Hermitian, the Hermitian metric

∀s1, s2 ∈ S(G,Θ; E), (s1, s2)Θ :=

x,y∈G e(−Θ(x− y, x)) (s1(−x+ y), s1(y)).

Thus, we can deform E to an AΘ-module simply by pulling back the deformation of S(G,Θ; E) to E .

Definition 2.28. Let (E,U) be a Fréchet G-A-module. The deformation of E by Θ ∈ Z2(G,T) is the Fréchet G-AΘ-module
(EΘ ,U), where EΘ := E as G-equivariant Fréchet spaces, endowed with the right AΘ-module structure

∀ξ ∈ E, ∀a ∈ AΘ , ξ ▹Θ a := F−1(ξ̂ ▹Θ â) =

x,y∈G e(−Θ(x− y, y)) ξ̂ (x− y) ▹ â(y); (2.12)

moreover, if E is Hermitian, then we can endow EΘ with the G-equivariant AΘ-valued Hermitian metric

∀ξ, η ∈ EΘ , (ξ , η)Θ := (ξ̂ , η̂)Θ =

x,y∈G e(−Θ(x− y, x)) (ξ̂ (−x+ y), η̂(y)). (2.13)

Remark 2.29. The analogous construction can just as easily be made in the case of left (Hermitian) Fréchet G-A-modules.

The basic properties of deformations of Fréchet G-A-modules can be summarised as follows; again, in our context, the
rapid decay of Fourier coefficients reduces the proof of these properties to a mechanical, purely algebraic fact-check.

Proposition 2.30 (Brain–Landi–Van Suijlekom [14, §2]). Let (A, α) be a Fréchet G-∗-algebra and let ModG(A) denote the
category of right Fréchet G-A-modules and G-equivariant continuous A-module homomorphisms. For every Θ ∈ Z2(G,T),
the assignment

Obj(ModG(A)) ∋ (E,U) → (EΘ ,U)
Mor(ModG(A)) ∋ (f : (E,U)→ (F , V )) → (f : (EΘ ,U) → (FΘ , V )),

defines an isomorphism of categories RA,Θ : ModG(A)
∼
−→ ModG(AΘ). Moreover, the functors RA,Θ satisfy the following

properties.
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(0) Let A and B be Fréchet G-∗-algebras, let ϕ : A → B be a G-equivariant continuous ∗-homomorphism, and let ϕ∗ :
ModG(B)→ ModG(A) denote the pullback functor. For anyΘ ∈ Z2(G,T), ϕ∗ ◦ RB,Θ = RA,Θ ◦ ϕ

∗.
(1) Let IdModG(A) denote the identity onModG(A). Then RA,0 = IdModG(A).
(2) For anyΘ ,Θ ′ ∈ Z2(G,T), RAΘ ,Θ ′ ◦ RA,Θ = RA,Θ+Θ ′ .

Analogous results hold for left Fréchet G-A-modules andG-equivariant continuousA-module homomorphisms and for left or right
Hermitian Fréchet G-A-modules and G-equivariant unitary isomorphisms, viz, bicontinuous unitaryA-module homomorphisms.

Again, for an overview of the deformation of equivariant Fréchet modules, in full generality, from a thoroughly functorial
perspective, consult Brain, Landi, and Van Suijlekom [14, §2].

Let us now focus our attention on finitely generated projective modules. From now on, we assume that (A, α) is a unital
Fréchet pre-G-C∗-algebra with G-equivariant C∗-completion the unital G-C∗-algebra (A, α); this will always be the case in
the context of Connes–Landi deformation. In addition, we shall only consider deformation along bicharacters; in light of
Theorem 2.1 and our later discussion in Section 3.2, we can do so without any loss of generality.

Now, recall that a finitely generated projective right A-module E admits a canonical Fréchet topology, which is induced
by any inclusion of E as a complementable subspace ofAN for someN ∈ N. One can thereforemake the following definition.

Definition 2.31 (Julg [29, Definition 2.1]).Wedefine a f.g.p. G-A-module to be a finitely generated projective rightA-module
E together with a strongly continuous, isometric G-action U : G→ B(E), such that

∀a ∈ A, ∀ξ ∈ E, ∀t ∈ G, Ut(ξ ▹ a) = Ut(ξ) ▹ αt(a). (2.14)

In particular, we define a Hermitian f.g.p. G-A-module to be a f.g.p. G-A-module together with a Hermitian metric (·, ·) :
E × E → A satisfying

∀ξ, η ∈ E, ∀t ∈ G, (Utξ,Utη) = αt((ξ , η)). (2.15)

Remark 2.32. Observe that an f.g.p. G-A-module is, in particular, a Fréchet A-module, but is not obviously a Fréchet G-A-
module.

Under our additional assumption on A, one can prove the following crucial characterisation of f.g.p. G-A-modules as G-
equivariant direct summands of finitely generated freeG-A-modules,whichwill immediately imply that f.g.p.G-A-modules
are, in particular, Fréchet G-A-modules.

Lemma 2.33 (Julg [29, Lemma 4.2], cf. Segal [30, Proposition 2.4]). Let E be an f.g.p. G-A-module. There exists a G-equivariant
isomorphismψ : E

∼
−→ e(V ⊗A), where V is a finite-dimensional representation of G and e ∈ (B(V )⊗A)G is an idempotent. If,

in addition, E is Hermitian, then one can take the representation V to be unitary, the idempotent e to be an orthogonal projection,
and the isomorphism ψ : E

∼
−→ e(V ⊗A) to be unitary, in the sense that

∀v, v′ ∈ V , ∀a, a′ ∈ A, (ψ−1(v ⊗ a), ψ−1(v′ ⊗ a′)) = ⟨v, v′⟩a∗a′.

Proof. The proof of the C∗-algebraic case [31, §11.2], [32, §2.2] carries over mostly unchanged; we shall sketch the proof
with an emphasis on necessary changes.

To begin, let ι : E ↩→ AN be an inclusion of E as a complementable subspace of AN for some N ∈ N, thereby defining
the Fréchet topology on E , and let {ξ1, . . . , ξN} be a set of generators for E as A-module. Let E := E ⊗A A, topologised as
a complementable subspace of AN via the G-equivariant extension ι ⊗ Id : E := E ⊗A A ↩→ AN

⊗A A = AN of ι from
E to its G-equivariant closure E; in particular, E defines a G-equivariant Hilbert A-module, which, again, is generated by
{ξ1, . . . , ξN} ∈ E ⊂ E.

Now, use the convolution action of L1(G) on the G-invariant dense subspace E on E find η1, . . . , ηN ∈ E with ∥ξk−ηk∥ <
N−1 in E for each k, such that V := SpanC ∪

N
k=1 L

1(G)ηk is finite-dimensional and G-invariant. It suffices to show that
{η1, . . . , ηN} also generates E as an A-module. Indeed, if that is the case, then we can define a G-equivariant surjective
A-module homomorphism ϕ : V ⊗ A → E by setting ϕ(v ⊗ a) := v ▹ a for v ∈ V and a ∈ A. Since E is projective, ϕ
admits a right inverseψ0 : E → V⊗A, whichwe can average overG to obtain aG-equivariant right inverseψ : E → V⊗A;
at last, it follows that ψ : E

∼
−→ e(V ⊗ A) defines a G-equivariant topological isomorphism of A-modules with inverse

ψ−1 = ϕ|e(V⊗A), where e := ϕ ◦ ψ ∈ B(V )⊗A is the desired G-invariant idempotent.
Let us conclude the above argument by showing that {η1, . . . , ηN} also generates E . Define homomorphisms T , T ′ ∈

HomA(A
N , E) ⊂ HomA(AN , E) by setting

∀(a1, . . . , aN) ∈ AN , T (a1, . . . , aN) :=
N

k=1

ξk ▹ ak, T ′(a1, . . . , aN) :=
N

k=1

ηk ▹ ak,
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where, by construction, T defines a continuous left inverse for ι. It clearly suffices to show that T ′ is surjective. Now, by our
assumption on {η1, . . . , ηN}, it follows that ∥T − T ′∥HomA(AN ,E) < 1, so that

∥((Id−ι ◦ T )+ ι ◦ T ′)− Id ∥MN (A) = ∥ι ◦ T − ι ◦ T
′
∥MN (A) ≤ ∥T − T ′∥HomA(AN ,E) < 1,

and hence, (Id−ι ◦ T ) + ι ◦ T ′ is invertible in MN(A); as a result, since MN(A) ⊂ MN(A) is closed under the holomorphic
functional calculus, (Id−ι ◦ T ) + ι ◦ T ′ is actually invertible in MN(A). But now, since AN

= Ran(Id−ι ◦ T ) ⊕ Ran(ι), it
follows that Ran(ι ◦ T ′) = Ran(ι), so that by injectivity of ι, T ′ is indeed surjective.

Finally, suppose that E is Hermitian with Hermitian metric (·, ·). Choose a G-invariant inner product ⟨·, ·⟩ on V , which
induces a Hermitian metric on V ⊗ A by setting (v⊗ a, v′⊗ a′)′ := ⟨v, v′⟩a∗a′, for all v, v′ ∈ V and a, a′ ∈ A, and construct
a G-invariant orthogonal projection p, such that e(V ⊗ A) = p(V ⊗ A) [33, Theorem 3.8]. Endow E with the G-invariant
Hermitian metric ψ∗(·, ·), and let P ∈ EndA(E) ∼= p(B(V ) ⊗ A)p be the G-invariant strictly positive operator, such that
(ξ , η) = ψ∗(ξ , Pη)′. for all ξ , η ∈ E . Since EndA(E) ∼= p(B(V )⊗A)p is closed under the holomorphic functional calculus,
P admits a strictly positive G-invariant square root P1/2

∈ EndA(E)
G of P , which, in turn, yields the desired G-equivariant

unitary isomorphism ψ ◦ P−1/2 : E
∼
−→ p(V ⊗A). �

Remark 2.34. By Lemma 2.33, any f.g.p. G-A-module E ∼= e(V ⊗ A) admits a G-invariant Hermitian metric; choose a G-
invariant inner product on V and endow V ⊗ A with the corresponding G-invariant Hermitian metric, which one can just
pull back to E . More importantly, any f.g.p. G-A-module E ∼= e(V ⊗ A) is a Fréchet G-A-module, since the G-action on
e(V ⊗A) is manifestly strongly smooth.

Since an f.g.p. G-A-module E is necessarily a Fréchet G-A-module, we may deform it by any Θ ∈ B(Γ ) to obtain a
Fréchet G-AΘ-module EΘ ; as it turns out, EΘ still defines a f.g.p. G-AΘ-module, which we show by constructing an explicit
G-invariant projection pΘ onto EΘ from a given a G-invariant projection p onto E .

Theorem 2.35 (cf. Connes–Dubois-Violette [8, Proposition 5], Brain–Landi–Van Suijlekom [14, Proposition 3.2.1]). Let E be a
f.g.p. G-A-module; without loss of generality, take E to be Hermitian. Let π : G → U(V ) be any finite-dimensional unitary
G-representation and let p ∈ B(V )⊗A be any G-invariant orthogonal projection such that E ∼= p(V ⊗A) as Hermitian Fréchet
G-A-modules; let (V , π) = (Cv1, e ◦ x1) ⊕ · · · (CvN , e ◦ xN) be any orthogonal decomposition of π into irreducible unitary
representations, where x1, . . . , xN ∈G. For anyΘ ∈ B(G), we have that EΘ ∼= pΘ(V⊗AΘ) as Hermitian Fréchet G-A-modules,
where pΘ ∈ B(V )⊗AΘ is the G-invariant orthogonal projection defined by

pΘ :=
N

j,k=1


vj ⊗ ⟨vk, ·⟩


⊗ e


−Θ(xj, xj − xk)


(vj ⊗ 1, p(vk ⊗ 1)); (2.16)

in particular EΘ defines a f.g.p. G-AΘ-module.

Remark 2.36. In the case where A = C∞(X) and E = C∞(X, E) for X a compact G-manifold and E → X a G-equivariant
Hermitian vector bundle, Connes and Dubois-Violette [8, Proposition 5] give an indirect proof that EΘ is finitely generated
projective using Julg’s characterisation of equivariant K -theory for C∗-algebras [29], whilst Brain, Landi, and Van Suijlekom
[14, Proposition 3.2.1] give a completely different constructive proof of this fact that essentially depends on G-equivariantly
realising E as a vector bundle associated to a G-equivariant principal bundle over X .

Proof of Theorem 2.35. Let Θ ∈ G. In what follows, for x ∈ G, let Cx denote C endowed with unitary G-representation
e ◦ x : G→ U(1).

First, suppose that E is free of rank 1,which, by Lemma 2.33, we identifywithCx⊗A for some x ∈G. Since Ex+y = C⊗Ay

for all y ∈G, it follows that

(1⊗ a)▹Θ b =

y,z∈G e(−Θ(x+ y− z, z)) 1⊗ â(y− z)b̂(z) = 1⊗ a ⋆Θ α−Θ(x,·)(b),

(1⊗ a, 1⊗ b)Θ =

y,z∈G e(−Θ(−x+ y− z, y)) â(−y+ z)∗b̂(z) = αΘ(x,·)(a∗Θ ⋆Θ b),

for all a, b ∈ A, and hence that Id⊗αΘ(x,·) defines a G-equivariant unitary isomorphism EΘ
∼
−→ Cx ⊗ AΘ of Hermitian

f.g.p. G-AΘ-modules.
Let us now turn to the general case. Let π : G → U(V ) be any finite-dimensional unitary G-representation and let

p ∈ B(V ) ⊗ A be any G-invariant orthogonal projection such that E ∼= p(V ⊗ A) as Hermitian Fréchet G-A-modules; let
(V , π) = (Cv1, e ◦ x1)⊕ · · · (CvN , e ◦ xN) be any orthogonal decomposition of π into irreducible unitary representations,
where x1, . . . , xN ∈ G. On the one hand, since p is G-invariant, it follows that EΘ ∼= p(V ⊗ A)Θ , where p still defines a G-
invariant orthogonal projection in EndAΘ ((V ⊗A)Θ). On the other hand, by our discussion above, S := ⊕N

k=1(Id⊗αΘ(xk,·))
defines a G-equivariant unitary isomorphism (V ⊗A)Θ

∼
−→ V ⊗AΘ of Hermitian f.g.p. G-AΘ-modules. Thus, S restricts to
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a G-equivariant unitary isomorphism EΘ ∼= p(V ⊗A)Θ
∼
−→ pΘ(V ⊗AΘ), of Hermitian Fréchet G-AΘ-modules, where the

G-invariant orthogonal projection pΘ := SpS−1 ∈ B(V )⊗AΘ can be explicitly constructed in terms of p:

pΘ =
N

j,k=1


vj ⊗ ⟨vk, ·⟩


⊗ (vj ⊗ 1, SpS−1(vk ⊗ 1))

=

N
j,k=1


vj ⊗ ⟨vk, ·⟩


⊗ (vj ⊗ 1, p(vk ⊗ 1))Θ

=

N
j,k=1


vj ⊗ ⟨vk, ·⟩


⊗ e


−Θ(xj, xk − xj)


(vj ⊗ 1, p(vk ⊗ 1)). �

Example 2.37 (Landi–Van Suijlekom [15], cf. Connes–Landi [2]). Let θ ∈ R anddefineΘ ∈ A(Z2)byΘ(x, y) := exp( 12θ(x1y2−
x2y1)) for x, y ∈ Z2. Recall that the Hopf fibration SU(2) → S7 → S4 is T2-equivariant for the trivial T2-action on
SU(2) and certain T2-actions on S7 and S4, and hence deforms to a nontrivial quantum principal SU(2)-bundle C∞(S7θ )←↪
C∞(S7θ )

SU(2) ∼= C∞(S4θ ), where C∞(S7θ ) := C∞(S7)Θ and C∞(S4Θ) := C∞(S4)Θ [15, §5].
Now, let n ∈ N, and let V (n) := SnC2 be the corresponding irreducible representation of SU(2). On the one hand, by

equivariance of the Hopf fibration, V (n) gives rise to a T2-equivariant Hermitian vector bundle E(n) := S7×SU(2) V (n) → S4,
such that C∞(S4, E(n)) ∼= p(n)C∞(S4)4

n
for a certain explicit T2-invariant projection p(n) ∈ M4n(C∞(S4)) [15, Appendix

A]. On the other hand, Landi and Van Suijlekom [15] use the deformed Hopf fibration to construct an associated C∞(S4θ )-
module E

(n)
θ := C∞(S7θ )�SU(2) V (n), such that E

(n)
θ
∼= p(n)θ C∞(S4θ ) for a certain explicit projection p(n)θ ∈ M4n(C∞(S4θ )), with

p(1)θ recovering the instanton projection constructed by Connes and Landi [2, §II–III]. By T2-equivariance of all constructions,
it not only follows that E

(n)
θ = C∞(S4, E(n))Θ , but also that p(n)θ = (p

(n))Θ is precisely given by Eq. (2.16) as applied to p(n).

Finally, let us observe that if E is a Hermitian f.g.p. G-A-module, then the algebra EndAΘ (AΘ) can naturally be identified
with EndA(E)Θ .

Corollary 2.38 (cf. Brain–Landi–Van Suijlekom [14, Proposition 4.2]). Let E be a Hermitian f.g.p. G-A-module. Then for allΘ ∈
B(G), the map πΘ : EndA(E)→ EndAΘ (EΘ) defined by

∀T ∈ EndA(E), ∀ξ ∈ E, πΘ(T )ξ :=

x∈G


y∈G e(−Θ(x− y, y)) T̂ (x− y)ξ̂ (y), (2.17)

is a G-equivariant topological ∗-isomorphism of Fréchet G-∗-algebras.

Proof. By Lemma 2.33, EndA(E) is a Fréchet pre-G-C∗-algebra, so that E is simultaneously a left Fréchet G-EndA(E)-module
and a Hermitian right G-A-module. Thus, E can be simultaneously deformed to EΘ as both a left Fréchet G-EndA(E)Θ-
module and a Hermitian right G-AΘ-module, where the EndA(E)Θ-module structure on EΘ is given by

∀T ∈ EndA(E)Θ , ∀ξ ∈ EΘ , T ◃Θ ξ :=

x,y∈G e(−Θ(x, y)) T̂ (x− y)ξ̂ (y),

i.e., by T ◃Θ ξ = πΘ(T )ξ . Then, one can check on isotopic elements that T → (T ◃Θ ·) defines an injective G-equivariant
∗-homomorphism πΘ : EndA(E)Θ ↩→ EndAΘ (AΘ).

Now, by Theorem2.35, EndAΘ (EΘ) is also a FréchetG-∗-algebra, so thatEΘ is simultaneously a left FréchetG-EndAΘ (EΘ)-
module and a Hermitian right G-AΘ-module; in particular, πΘ is continuous. Thus, EΘ can be simultaneously deformed
to E = (EΘ)−Θ as both a left Fréchet G-EndAΘ (EΘ)−Θ-module and as a Hermitian right G-A-module, where the EndAΘ
(EΘ)−Θ-module structure is now given by

∀T ∈ EndAΘ (EΘ)−Θ , ∀ξ ∈ EΘ , S ◃−Θ ξ :=

x,y∈G e(Θ(x, y)) T̂ (x− y)ξ̂ (y).

Again, one can check on isotypic elements that S → (S ◃−Θ) defines an injective G-equivariant continuous ∗-homo-
morphism π−Θ : EndAΘ (EΘ)−Θ ↩→ EndA(E); by checking, once more, on isotypic elements, one can show that π−Θ =
πΘ
−1. �

3. Connes–Landi deformation

3.1. Deformation of G-equivariant spectral triples

We now review the definition and construction of Connes–Landi deformations, following Yamashita [3, §2] and Landi
and Van Suijlekom [34, §3]. We begin by fixing notation and terminology.
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Definition 3.1. A spectral triple is a triple (A,H,D), where A is a unital ∗-algebra, H is a Hilbert space endowed with a
faithful ∗-representation L : A→ B(H) of A on H , and D is a densely-defined self-adjoint operator with compact resolvent
on H , such that [D, L(a)] ∈ B(H) for all a ∈ A. If, in addition, L(A)+ [D, L(A)] ⊂ ∩k Dom([|D|, ·])k, then it is called regular.

From the standpoint of strict deformation quantisation, an essential feature of a regular spectral triple (A,H,D) is that
the algebra A can be canonically completed to a Fréchet pre-C∗-algebra.

Proposition 3.2 (Rennie [35, Lemma 16]). Let (A,H,D) be regular and let

Aδ
:= {a ∈ A′′ | L(a), [D, L(a)] ∈ ∩k Dom δk}, δ := [|D|, ·], (3.1)

endowed with the seminorms {∥ · ∥k}k∈N defined by

∀k ∈ N, a ∈ Aδ, ∥a∥k :=
k

j=0


∥δj(L(a))∥ + ∥δj([D, L(a)])∥


(3.2)

Then Aδ is Fréchet pre-C∗-algebra and (Aδ,H,D) defines a regular spectral triple.

In the sequel, if (A,H,D) is a regular spectral triple, then we always complete A to Aδ , and hence view A = Aδ as a
Fréchet pre-C∗-algebra by Proposition 3.2.

Remark 3.3. The submultiplicative seminorms defined in Eq. (3.2), first introduced by Rennie [35, p. 147], are equivalent to
those defined by Yamashita [3, eq. 3] and by Connes [6, eq. 12D], respectively.

In light of Proposition 3.2, we define G-equivariant spectral triples as follows.

Definition 3.4. A G-equivariant spectral triple is a regular spectral triple (A,H,D) together with a strongly smooth action
α : G→ Aut(A) by isometric ∗-automorphisms and a strongly continuous representation U : G→ U(H), such that

∀t ∈ G, ∀a ∈ A, UtL(a)U∗t = L(αt(a)), UtDU∗t = D.

Remark 3.5. In terms of our earlier conventions, if (A,H,D) is aG-equivariant spectral triple, thenwe viewA as the Fréchet
pre-G-C∗-algebra (Aδ)∞.

Example 3.6. If X is a compact oriented Riemannian G-manifold and D a G-invariant self-adjoint Dirac-type operator on a
G-equivariant Hermitian vector bundle E → X , then (C∞(X), L2(X, E),D) is a G-equivariant spectral triple.

Now, let (A,H,D) be a G-equivariant spectral triple. By the classical Peter–Weyl theorem, we can decompose H as a
direct sum of isotypic subspaces,

H = ⊕x∈G Hx, Hx := {ξ ∈ H | ∀t ∈ G, Utξ = e((x, t)) ξ};

let H fin
:= ⊕

alg
x∈G Hx be their algebraic direct sum, which defines a dense subspace of H , and for each x ∈G, let Px denote the

orthogonal projection ontoHx. IfΘ ∈ Z2(G,T), then the obvious analogywith FréchetG-A-modules suggests a deformation
of L : A→ B(H) to a G-equivariant ∗-representation LΘ : AΘ → B(H), such that (AΘ ,H,D) remains a spectral triple.

Theorem 3.7 (Yamashita [3, Proposition 5]). Let (A,H,D) be a G-equivariant spectral triple, and let Θ ∈ Z2(G,T). Then
(AΘ ,H,D), endowed with the left ∗-representation LΘ : AΘ → B(H) given by

∀a ∈ AΘ , ∀ξ ∈ H fin, LΘ(a)ξ :=

x∈G e(−Θ(x− y, y)) L(â(x− y))Pyξ, (3.3)

defines a G-equivariant spectral triple.

This result, then, motivates and justifies the following definition.

Definition 3.8 (Connes–Landi [2, §5], Yamashita [3, §2]). Let (A,H,D) be a G-equivariant spectral triple. The Connes–Landi
deformation of (A,H,D) byΘ ∈ Z2(G,T) is the G-equivariant spectral triple (AΘ ,H,D) of Theorem 3.7.

Example 3.9 (cf. Connes–Dubois-Violette [8, §13], Dąbrowski [36]). Consider G = TN and A = C∞(TN), where the TN -
action on C∞(TN) is induced by the translation action on TN . Fix a spin structure on TN and let /S → TN and /D denote the
corresponding spinor bundle and Dirac operator, respectively; the translation action of TN on itself lifts to an action of a
double coverTN of TN on /S, making /S aTN -equivariant Hermitian vector bundle and /D aTN -invariant Dirac operator.
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Now, let θ ∈ ∧2 RN , letΘ ∈ A(ZN) be defined byΘ(x, y) := exp( 12θ(x∗, y∗)) for x, y ∈ ZN , and letΘ denote the pullback
ofΘ to a bicharacter on the Pontryagin dualZN ofTN . Then the Connes–Landi deformation

(C∞(TN
θ ), L

2(TN
θ , /S), /D) := (C

∞(TN)Θ , L2(TN , /S), /D)

of (C∞(TN), L2(TN , /S), /D) asTN -equivariant spectral triple by Θ is precisely the spectral triple of the noncommutative N-
torus C∞(TN)with deformation parameter θ , corresponding to the chosen spin structure for TN .

Let us now prove Theorem 3.7. Recall that a strongly continuous unitary representation U : G→ U(H) of G on a Hilbert
spaceH induces an actionβ : G→ Aut(B(H)) ofG on B(H) by ∗-automorphisms, strongly continuous for the strong operator
topology, defined by βt(S) := UtSU∗t for S ∈ B(H) and t ∈ G. Thus, if

B∞(H) := {S ∈ B(H) | G ∋ t → βt(S) is norm-smooth},

then (B∞(H), β), endowed with the seminorms of Eq. (2.2), defines a Fréchet pre-G-C∗-algebra with G-equivariant C∗-
closure (Bc(H), β), where

Bc(H) := {S ∈ B(H) | G ∋ t → βt(S) is norm-continuous}.

Now, if (A,H,D) is a G-equivariant spectral triple and if Θ ∈ Z2(G,T), then the G-equivariant ∗-representation L : A →
B(H) actually defines a G-equivariant isometric ∗-homomorphism L : A ↩→ B∞(H), which, therefore, also defines a G-
equivariant isometric ∗-homomorphism L : AΘ ↩→ B∞(H)Θ . Thus, it suffices to construct a suitable G-equivariant topolog-
ical ∗-isomorphism πΘ : B∞(H)Θ

∼
−→ B∞(H), such that LΘ := πΘ ◦ L has the correct form.

We begin with a technical convenience to facilitate this construction.

Lemma 3.10. Let (A,H,D) be a G-equivariant spectral triple; let Θ ∈ Z2(G,T). For any x ∈G, Υ Θ
x :=


y∈G e(−Θ(x, y)) Py

strongly converges to a G-invariant unitary operator on H that commutes with D.

Proof. Strong convergence of


y∈G e(−Θ(x, y)) Py =: Υ Θ
x follows from strong convergence of


y∈G Py = IdH ; since

Υ Θ
x is diagonal with respect to the Peter–Weyl decomposition H = ⊕y∈G Hy, acting as a unimodular constant on each

isotypic subspace, it defines a G-invariant unitary. Finally, since D is G-invariant, the strongly continuous representation
U : G → U(H) restricts to a strongly continuous representation U : G → U(DomD), with respect to which the isotypic
subspaces of DomD are simply (DomD)y = DomD ∩ Hy for y ∈ G; thus, Υ Θ

x restricts to a G-invariant unitary on DomD,
constant on each isotypic subspace, and, as such, commutes with D. �

Remark 3.11. If Θ is a bicharacter, then x → Υ Θ
x = U−Θ(x,·) defines a unitary representation ofG on H; otherwise, the

map x → Υ Θ
x is not even projective.

Given the unitaries Υ Θ
x , we can now construct the desired isomorphism πΘ : B∞(H)Θ

∼
−→ B∞(H), and hence proceed

with the proof of Theorem 3.7.

Lemma 3.12. Let (A,H,D) be a G-equivariant spectral triple; let Θ ∈ Z2(G,T). The map πΘ : B∞(H)Θ → B∞(H) defined by

∀S ∈ B∞(H)Θ , πΘ(S) := F−1


Ŝ(x)Υ Θ
x


x∈G

=


x∈G Ŝ(x)Υ Θ

x (3.4)

is a G-equivariant topological ∗-isomorphism such that

∀S ∈ B∞(H)Θ , ∀ξ ∈ H fin, πΘ(S)ξ =

x,y∈G e(−Θ(x− y, y)) Ŝ(x− y)Pyξ, (3.5)

∀S ∈ B∞(H) ∩ Dom[|D|, ·], [|D|, πΘ(S)] = πΘ([|D|, S]) ∈ B∞(H). (3.6)

Proof. Since the operators Υ Θ
x are all G-invariant and unitary, if S ∈ B∞(H), then


Ŝ(x)Υ Θ

x


x∈G ∈ S(G; B∞(H)) if and

only if Ŝ ∈ S(G; B∞(H)), so that πΘ : B∞(H) → B∞(H) is well-defined; from there, it is easy to check that πΘ defines a
G-equivariant ∗-preserving bicontinuous linear map with inverse π−Θ .

Now, by the proof of Lemma 3.10, D and |D| define G-equivariant bounded operators DomD → H . Let S ∈ B∞(H) ∩
Dom[|D|, ·]. Then S restricts to an element of B∞(DomD), whilst [|D|, S] ∈ B∞(H), so that one can simply check on the dense
subspace (DomD)fin = ⊕alg

y∈G(DomD ∩ Hy) of DomD that [|D|, πΘ(S)] = πΘ([|D|, S]) as bounded operators DomD → H ,
and hence, since πΘ([|D|, S]) ∈ B∞(H), as bounded operators on H itself. �

Proof of Theorem 3.7. By Lemma 3.12 and G-equivariance of L : A ↩→ B∞(H), we can safely write LΘ = πΘ ◦ L : AΘ ↩→
B∞(H). Hence, by Lemma 3.12, it suffices to prove that [D, LΘ(a)] = πΘ([D, L(a)]) for all a ∈ A; however, this follows from
the proof of Eq. (3.6), appropriately modified. �
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Finally, let us record the basic properties of Connes–Landi deformation by analogywith Propositions 2.27 and 2.30. Before
continuing, recall that two (regular) spectral triples (A1,H1,D1) and (A2,H2,D2) are called unitarily equivalent, denoted
(A1,H1,D1) ∼= (A2,H2,D2), if there exist a (topological) ∗-isomorphism ϕ : A1 → A2 and a G-equivariant unitary
Φ : H1 → H2 such that

∀a ∈ A1, ΦL1(a)Φ∗ = L2(ϕ(a)); ΦD1Φ
∗
= D2;

in which case we call (ϕ,Φ) a unitary equivalence from (A1,H1,D1) to (A2,H2,D2), written (ϕ,Φ) : (A1,H1,D1)
∼
−→

(A2,H2,D2). In particular, if (A1,H1,D1) and (A2,H2,D2) are G-equivariant spectral triples and if ϕ and Ψ are G-
equivariant, then we shall say that (A1,H1,D1) and (A2,H2,D2) are G-equivalent, denoted (A1,H1,D1)∼=G(A2,H2,D2),
and call (ϕ,Φ) a G-equivalence.

Proposition 3.13. Let SpTrG denote the category of G-equivariant spectral triples and G-equivalences, where the composition of
two G-equivalences

(ϕ,Φ) : (A1,H1,D1)
∼
−→ (A2,H2,D2), (ϕ′,Φ ′) : (A2,H2,D2)

∼
−→ (A3,H3,D3),

is given by (ϕ′,Φ ′) ◦ (ϕ,Φ) := (ϕ′ ◦ ϕ,Φ ′ ◦ Φ) : (A1,H1,D1)→ (A3,H3,D3). For everyΘ ∈ Z2(G,T), the assignment

Obj(SpTrG) ∋ (A,H,D) → (AΘ ,H,D),

Mor(SpTrG) ∋

(ϕ,Φ) : (A1,H1,D1)

∼
−→ (A2,H2,D2)


→


(ϕ,Φ) : ((A1)Θ ,H1,D1)

∼
−→ ((A2)Θ ,H2,D2)


,

defines an isomorphism of categories CLΘ : SpTrG
∼
−→ SpTrG. Moreover, the functors CLΘ satisfy the following properties.

(1) Let IdSpTrG denote the identity functor on SpTrG. Then CL0 = IdSpTrG .
(2) For anyΘ ,Θ ′ ∈ Z2(G,T), CLΘ ′ ◦ CLΘ = CLΘ+Θ ′ .
Thus,Θ → CLΘ defines a strict action of the group Z2(G,T) on SpTrG.

Given Proposition 2.27 and the techniques used to prove Theorem 3.7, the proof of these properties reduces, again, to a
mechanical, algebraic fact-check.

3.2. Group cohomology and symmetries of Connes–Landi deformation

We now show that the second group cohomology H2(G,T) of the Pontryagin dualG of G parametrises Connes–Landi
deformations of a given G-equivariant spectral tripleΣ , up to natural G-equivalence.

Theorem 3.14 (cf. Venselaar [37, Lemma 1]). For any Θ , Θ ′ ∈ Z2(G,T), the functors CLΘ and CLΘ ′ are naturally isomorphic if
and only if Θ andΘ ′ are cohomologous.

Proof. Let Θ , Θ ′ ∈ Z2(G,T). Let θ := [Θ], θ ′ := [Θ ′], and recall that ι (θ) = Θ − Θ t , ι

θ ′

= Θ ′ − (Θ ′)t . so that, by

commutativity of C∞(G),

by ⋆Θ ax = e(ι (θ)) ax ⋆Θ by, by ⋆Θ ′ ax = e

ι

θ ′


ax ⋆Θ ′ by

for all isotypic ax ∈ C∞(G)x = CUx and by ∈ C∞(G)y = CUy in C∞(G).
First, suppose that CLΘ and CLΘ ′ are naturally isomorphic. Let Ψ : CLΘ

∼
−→ CLΘ ′ be a natural isomorphism. In particular,

Ψ yields a G-equivalence (ψ,Ψ ) : (C∞(G)Θ , L2(G, /S), /D)
∼
−→ (C∞(G)Θ ′ , L2(G, /S), /D), where /S → G is the spinor bundle

and /D is the Dirac operator associated to the trivial spin structure. Then

e

ι

θ ′

(x, y)


ψ(Ux) ⋆Θ ′ ψ(Uy) = ψ(Uy) ⋆Θ ′ ψ(Uy) = ψ(Uy ⋆Θ Ux)

= ψ(e(ι (θ) (x, y))Ux ⋆Θ Uy) = e(ι (θ) (x, y))Ψ (Ux) ⋆Θ ′ ψ(Uy)

for all x, y ∈G, so that ι (θ) = ι

θ ′

, and hence, by Theorem 2.1, θ = θ ′.

Now, suppose that θ = θ ′, so that Θ ′ − Θ = dT for some T : G → T such that T (0) = 0. For any Σ = (A,H,D) ∈
Obj(SpTrG), define ψΣ : AΘ → AΘ ′ by

∀a ∈ A, ψΣ (a) := F−1

e(T (x)) âx)x∈G =

x∈G e(T (x)) ax,

and ΨΣ : H → H by ΨΣ :=


x∈G e(T (x)) Px; by construction, ψΣ defines a G-equivariant bicontinuous linear map, whilst
by the proof of Lemma 3.10, ΨΣ converges to a G-invariant unitary that commutes with D. On the one hand, since

T (x+ y)−Θ(x, y) = −Θ ′(x, y)+ T (x)+ T (y),
T (−x)−Θ(x, x) = −Θ(−x,−x)−Θ(x)
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for all x, y ∈ G, it follows that ψΣ (ax ⋆Θ by) = ψΣ (ax) ⋆Θ ′ ψΣ (by) and ψΣ (a
∗Θ
x ) = ψΣ (ax)∗Θ′ for all isotypic elements

a ∈ Ax and by ∈ Ay of A, and hence that ψΣ defines a G-equivariant topological ∗-isomorphism. On the other hand, since
T (x + y) − Θ(x, y) − T (y) = −Θ ′(x, y) + T (x) for all x, y ∈ G, one can check that ΨΣLΘ(ax)Ψ ∗Σξy = LΘ ′(ψΣ (ax))ξy for
all isotypic elements ax ∈ Ax and ξy ∈ Hy of A and H , respectively, so that ΨΣ spatially implements ψΣ . Thus, (ψΣ ,ΨΣ )
defines a G-equivalence. Moreover, by the universal form of this construction, the collection {(ψΣ ,ΨΣ ) | Σ ∈ Obj(SpTrG)}
of G-equivalences defines a natural isomorphism Ψ : CLΘ

∼
−→ CLΘ ′ . �

Thus, up to natural G-equivalence, we can define the Connes–Landi deformation of (A,H,D) ∈ Obj(SpTrG) by θ ∈
H2(G,T) to be (Aθ ,H,D) := (AΘ ,H,D) for any representativeΘ of θ ; in fact, by Theorem 2.1, we can even takeΘ ∈ B(G).
Remark 3.15. With appropriate modifications, the same proof shows that the functors RΘ ,RΘ ′ : AlgG

∼
−→ AlgG are natu-

rally isomorphic if and only ifΘ andΘ ′ are cohomologous. Moreover, given T :G→ T such that dT = Θ ′ −Θ , and given
the corresponding explicit natural isomorphism ψT

: RΘ
∼
−→ RΘ ′ , one can use the same construction, yet again, to obtain

a natural isomorphism Ψ T
: RA,Θ

∼
−→ (ψT

A)
∗
◦ RA,Θ ′ of functors ModG(A)

∼
−→ ModG(A). As a result, if A is a Fréchet

pre-G-C∗-algebra and if E is an f.g.p. G-A-module, then for anyΘ ∈ Z2(G,T), EΘ is a f.g.p. G-AΘ-module.

Example 3.16. We continue from Example 2.26. For simplicity, let /S = TN
× C2⌊N/2⌋ be the spinor bundle and let /D be the

spin Dirac operator on TN corresponding to the trivial spin structure. Let θ ∈ ∧2 RN and define Θ ∈ A(ZN) by Θ(x, y) :=
exp( 12θ(x∗, y∗)) for x, y ∈G, so that

(C∞(TN
θ ), L

2(TN
θ , /S), /D) := (C

∞(TN)Θ , L2(TN , /S), /D)

is the smooth noncommutative N-torus with deformation parameter θ and trivial spinor structure. Then ι ([Θ]) (x, y) =
e(θ(x∗, y∗)) for all x, y ∈ ZN , so that [Θ] = p(θ) for the universal covering map

p : ∧2 RN � TN(N−1)/2 ∼= H2(ZN ,T), θ → (exp(θ(ei, ej)))1≤i<j≤N ,

where {ei} denotes the standard ordered basis of RN , and hence, we have natural G-equivalences (C∞(TN
θ ), L

2(TN
θ , /S), /D)

∼=G(C∞(TN)Θ ′ , L2(TN , /S, /D) for every representative Θ ′ ∈ Z2(G,T) of p(θ). In particular, we could have used any of the
three constructions of Example 2.4 to obtain Θ ′ ∈ B(ZN); for instance, the alternating bicharacter Θ fits precisely into the
third construction. Observe, moreover, that we can rewrite the defining commutation relations of C∞(TN

θ ) as

∀x, y ∈ ZN , Uy ⋆Θ Ux = e(ι (p(θ)) (x, y))Ux ⋆Θ Uy,

which, as a result,manifestly dependonly on the cohomology class p(θ) = [Θ] through its canonically associated alternating
bicharacter ι (p(θ)). Thus, as is well known in the literature onW ∗- and C∗-dynamical systems [18,19,38], the deformation
parameter θ of a noncommutative N-torus C∞(TN) is most naturally viewed as an element of H2(ZN ,T) ∼= TN(N−1)/2.

Since the Connes–Landi deformations of a fixed G-equivariant spectral triple Σ can be parametrised, up to natural
G-equivalence, by the compact Abelian Lie group H2(G,T), it is natural to ask which symmetries of H2(G,T) lift to
unitary equivalences or even more general Morita–Rieffel equivalences amongst (G-equivalence classes of) Connes–Landi
deformations ofΣ . For the remainder of this section, we discuss symmetries induced by automorphisms of the Lie group G.

Now, the action of Aut(G) on G induces a right action of Aut(G) onG by ϕ̂(x) := x ◦ ϕ for ϕ ∈ Aut(G) and x ∈ G, and
hence, an action on Z2(G,T) by

∀Θ ∈ Z2(G,T), ∀ϕ ∈ Aut(G), ∀x, y ∈G, ϕ̂∗Θ(x, y) := Θ(ϕ̂(x), ϕ̂(y)),

which, at last, descends to an action on H2(G,T) by ϕ̂∗[Θ] := [ϕ̂∗Θ] for ϕ ∈ Aut(G) andΘ ∈ Z2(G,T). On the other hand,
ifΣ := (A,H,D) ∈ Obj(SpTrG), then certain automorphisms of G can be viewed as acting non-isometrically onΣ .

Definition 3.17. LetΣ = (A,H,D) be a G-equivariant spectral triple. We call ϕ ∈ Aut(G) implementable onΣ if there exist
ψ ∈ Aut(A), Ψ ∈ U(H) such that

∀a ∈ A, Ψ L(a)Ψ ∗ = L(ψ(a)),
∀t ∈ G, ψ ◦ αt ◦ ψ

−1
= αϕ(t), ΨUtΨ

∗
= Uϕ(t),

in which case, we call (ψ,Ψ ) an implementation of ϕ. We denote by AutΣ (G) the subgroup of all implementable automor-
phisms in Aut(G).

The point, then, is that automorphisms of G implementable on a given G-equivariant spectral triple Σ induce what can
be viewed as non-equivariant, non-isometric unitary equivalences amongst the Connes–Landi deformations ofΣ .

Proposition 3.18 (cf. Venselaar [37, Corollary 2]). Let Σ = (A,H,D) be a G-equivariant spectral triple. Let Θ ∈ Z2(G) and
ϕ ∈ AutΣ (G). Any implementation (ψ,Ψ ) of ϕ defines a unitary equivalence (ψ,Ψ ) : (Aϕ̂∗Θ ,H,D)

∼
−→ (AΘ ,H,ΨDΨ ∗).
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Proof. Bydefinition, (ψ,Ψ ) : (A,H,D) ∼−→ (A,H,ΨDΨ ∗) is a unitary equivalence. In particular, since (ψ,Ψ ) implements
ϕ, it follows that ψ(Ax) = Aϕ̂−1(x) and ΨHx = Hϕ̂−1(x) for all x ∈G. Thus, for all isotypic ax ∈ Ax and ξy ∈ Hy,

Ψ Lϕ̂∗Θ(ax)ξy = e

ϕ̂∗Θ(x, y)


Ψ L(ax)ξy = e


Θ(ϕ̂(x), ϕ̂(y))


L(ψ(ax))Ψ ξy = LΘ(ψ(ax))Ψ ξy,

so that, indeed, Ψ Lϕ̂∗Θ(·)Ψ ∗ = LΘ ◦ ψ . �

Thus, by a very mild abuse of notation, we can say that ifΣ = (A,H,D) is a G-equivariant spectral triple, then

∀ϕ ∈ AutΣ (G), ∀θ ∈ H2(G,T), (Aϕ̂∗θ ,H,D) ∼= (Aθ ,H,Dϕ),

where, up toG-equivalence, (A,H,Dϕ) := (A,H,ΨDΨ ∗) for any implementation (ψ,Ψ ) ofϕ; in otherwords,ϕ ∈ AutΣ (G)
acts by non-isometric diffeomorphisms on {Aθ | θ ∈ H2(G,T)} as family of noncommutative manifolds.

Finally, let us observe that between the non-equivariant unitary equivalences of Proposition 3.18 and the G-equivalences
of Theorem 3.14, we have recovered all the standard isomorphisms of smooth noncommutative tori.

Example 3.19 (Rieffel–Schwarz [16], Elliott–Li [17]).We continue from Examples 2.26 and 3.16. For R a commutative ring, let
Skew(N, R) denote the R-module of skewsymmetric N × N matrices with entries in R. Let {e1, . . . , eN} denote the standard
ordered basis of RN , and define an isomorphism ∧2 RN ∼

−→ Skew(N,R) by Θ → (Θ(ei, ej)), so that the universal cover
p : ∧2 RN � TN(N−1)/2 ∼= H2(ZN ,T) is given by the composition

∧
2 RN ∼= Skew(N,R) � Skew(N,R)/ Skew(N,Z) ∼= TN(N−1)/2 ∼= H2(ZN ,T).

Let (C∞(TN), L2(TN , /S), /D) be the TN -equivariant spectral triple of TN endowed with the trivial spin structure, and recall
that for any θ ∈ ∧2 RN ∼= Skew(N,R) and any representativeΘ of p(θ),

(C∞(TN
θ ), L

2(TN
θ , /S), /D)∼=G(C∞(TN)Θ , L2(TN , /S), /D).

On the one hand, by Theorems 2.1 and 3.14, for all θ , θ ′ ∈ Skew(N,R),

(C∞(TN
θ ), L

2(TN
θ , /S), /D)∼=G(C∞(TN

θ ′), L
2(TN

θ ′ , /S), /D) (3.7)

if and only if p(θ) = p(θ ′), if and only if θ ′ − θ ∈ Skew(N,Z). On the other hand, since L2(TN , /S) ∼= L2(TN) ⊗ C2⌊N/2⌋ ,
each automorphism ϕ ∈ Aut(TN) ∼= GL(N,Z) is implementable, viz, by (ϕ∗, ϕ∗ ⊗ Id), so that by Proposition 3.18, for all
ϕ ∈ GL(N,Z) and θ ∈ Skew(N,Z),

(C∞(TN
ϕθϕT

), L2(TN
ϕθϕT

, /S), /D) ∼= (C∞(TN
θ ), L

2(TN
θ , /S), (ϕ

∗
⊗ Id)/D(ϕ∗ ⊗ Id)∗)) (3.8)

since p(ϕθϕT ) = ϕ̂∗p(θ).
Now, one can construct an action of the discrete group SO(N,N|Z) on a certain dense subset T 0

N ⊂ Skew(N,R) ∼= ∧2 RN

of second category, such that the subgroups GL(N,Z) and Skew(N,R) of SO(N,N | Z) act by

∀θ ∈ T 0
N , ∀ν ∈ Skew(N,R), ∀R ∈ GL(N,Z), ν · θ := θ + ν, R · θ := RθRT .

Rieffel and Schwarz [16] constructed, for every θ ∈ T 0
N and g ∈ SO(N,N|Z), a Morita–Rieffel equivalence of the algebras

C∞(TN
θ ) and C∞(TN

g·θ ), which is a ∗-isomorphism whenever g is in the subgroup generated by GL(N,Z) and Skew(N,Z);
Elliott and Li [17] then showed that for θ , θ ′ ∈ T 0

N , C∞(TN
θ ) and C∞(TN

θ ′
) areMorita–Rieffel equivalent if and only if θ ′ = g ·θ

for some g ∈ SO(N,N|Z). On the one hand, since ker p = Skew(N,Z),

∀θ ∈ Skew(N,R), ∀ν ∈ Skew(N,Z), p(ν · θ) = p(θ + ν) = p(θ),

so that for all θ ∈ Skew(N,R) and ν ∈ Skew(N,Z), the ∗-isomorphism C∞(TN
ν·θ )
∼= C∞(TN

θ ) is recovered by the G-
equivalence of Eq. (3.7). On the other hand,

∀θ ∈ Skew(N,R), ∀R ∈ GL(N,Z) ∼= Aut(TN), p(R · θ) = p(RθRT ) = R̂∗p(θ),

so that for all θ ∈ Skew(N,R) and R ∈ GL(N,Z), the ∗-isomorphism C∞(TN
R·θ )
∼= C∞(TN

θ ) is recovered by the non-
equivariant unitary equivalence of Eq. (3.8).

4. Connes–Landi deformations of commutative spectral triples

At last, we turn to our main goal, the statement and proof of an extension of Connes’s reconstruction theorem [6] to
Connes–Landi deformations of G-equivariant commutative spectral triples.

4.1. A reconstruction theorem

We begin by recalling the statement of the reconstruction theorem for commutative spectral triples, which one can
interpret as a partial analogue for spectral triples of Gel’fand–Naı̆mark duality.
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First, recall that a Dirac-type operator on a compact oriented Riemannianmanifold (X, g) is a first order differential oper-
atorD on a Hermitian vector bundle E → X , such that [D, f ]2 = −g( df , df ) IdE for all f ∈ C∞(X), or equivalently, such that
D2
= −


i,j g

ij ∂
∂xi

∂

∂xj
+ lower order terms in local coordinates. In particular, if X is a compact oriented Riemannianmanifold

and D is an essentially self-adjoint Dirac-type operator on a Hermitian vector bundle E → X , then (C∞(X), L2(X, E),D) de-
fines a regular spectral triple with commutative algebra. One can check that every such spectral triple satisfies the following
definition.

Definition 4.1 (Connes [7,6]). Let (A,H,D) be a regular spectral triple, let p ∈ N. One calls (A,H,D) a p-dimensional
commutative spectral triple if A is commutative and if the following conditions all hold:

(1) Dimension: The eigenvalues {λn}n∈N of (D2
+ 1)−1/2, counted with multiplicity and arranged in decreasing order, satisfy

λn = O(n−1/p) as n→+∞.
(2) Order one: For all a, b ∈ A, [[D, L(a)], L(b)] = 0.
(3) Orientability: Define ε : A⊗(p+1) → A⊗(p+1) by setting

∀a0, a1, . . . , ap ∈ A, ε(a0 ⊗ a1 ⊗ · · · ⊗ ap) :=
1
p!


π∈Sp

(−1)πa0 ⊗ aπ(1) ⊗ · · · ⊗ aπ(p),

and call c ∈ A⊗(p+1) antisymmetric if ε(c) = c. DefineπD : A
⊗(p+1)

→ B(H) byπD(a0⊗a1⊗· · ·⊗ap) := L(a0)[D, L(a1)]
· · · [D, L(ap)] for all a0, a1, . . . , ap ∈ A. There exists an antisymmetric c ∈ A⊗(p+1), such thatχ := πD(c) is a self-adjoint
unitary, satisfying

∀a ∈ A, L(a)χ = χL(a), [D, L(a)]χ = (−1)p+1χ [D, L(a)].

(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom |D|k defines a finitely generated projective A-module
admitting a Hermitian metric (·, ·), such that ⟨ξ, η⟩ =

>
L ((ξ , η)) for all ξ , η ∈ H∞, where

>
: B(H) ∋ T → Trω(T

(D2
+ 1)−p/2) for Trω a fixed Dixmier trace.

(5) Strong regularity: For all T ∈ EndA(H∞), T ∈ ∩k Dom[|D|, ·]k.

Remark 4.2. Connes’s own definition of commutative spectral triple and statement of the reconstruction theorem involves
a stronger orientability condition, modelled on the case of twisted spinC Dirac operators on compact spinC manifolds.
However, one can show that the condition given above is sufficient [9, Proof of Corollary 2.19].

The reconstruction theorem, which Connes conjectured in 1996 [7] and then proved in 2008 [6], after a substantial
attempt by Rennie and Várilly [39] in 2006, can now be stated as follows.

Theorem 4.3 (Connes [6, Theorem 1.1]). Let (A,H,D) be a p-dimensional commutative spectral triple. There exist a compact
oriented Riemannian p-manifold X, a Hermitian vector bundle E → X, and an essentially self-adjoint Dirac-type operator DE on
E, such that (A,H,D) ∼= (C∞(X), L2(X, E),DE).

Remark 4.4. The reconstructed differential-geometric data (X, E,DE) is unique up to orientation-preserving isometric
diffeomorphisms covered by unitary bundlemorphisms intertwining theDirac-type operators. Indeed, supposewe are given
a unitary equivalence (ψ,Ψ ) : (C∞(X1), L2(X1, E1),D1)

∼
−→ (C∞(X2), L2(X2, E2),D2) of concrete commutative spectral

triples. By a result of Mrčun [40], there exists a unique diffeomorphism ϕ : X1 → X2 such that ψ(f ) = f ◦ ϕ−1 for all f ∈
C∞(X1); since ΨD1Ψ

∗
= D2, it follows, by the Serre–Swan theorem, that Ψ is induced by a unitary bundle endomorphism

Φ : E1 → E2 covering ϕ and intertwining D1 and D2, and hence, that ϕ is isometric and orientation-preserving.

Now, once more, let G be a fixed compact Abelian Lie group. We define a compact oriented Riemannian G-manifold to
be a compact oriented Riemannian manifold X together with a smooth action σ : G → Diff(X) by orientation-preserving
isometries. If (X, σ ) is a compact oriented Riemannian G-manifold, then we define a G-equivariant Hermitian vector bundle
over X to be a Hermitian vector bundle E

X
−→ together with a smooth actionU : G→ Diff(E) by fibrewise unitaries, such that

p ◦ Ut = Ut ◦ p for all t ∈ G. Finally, if (E,U)→ (X, σ ) is a G-equivariant Hermitian vector bundle over a compact oriented
Riemannian G-manifold, then we define a G-invariant Dirac-type operator on E to be a Dirac-type operator on E such that
UtDU∗t = D for all t ∈ G.

Let X be a compact oriented Riemannian G-manifold, let E → X be a G-equivariant Hermitian vector bundle, and let
D be an essentially self-adjoint G-invariant Dirac-type operator on E. Then, in particular, (C∞(X), L2(X, E),D) defines a G-
equivariant concrete commutative spectral triple, to which one can apply Connes–Landi deformation—in the literature, the
resulting spectral triples are often called toric noncommutative manifolds [41]. We propose the following abstract definition
for the Connes–Landi deformation of a G-equivariant spectral triple by a cohomology class θ ∈ H2(G,T).
Definition 4.5. Let (A,H,D) be a G-equivariant regular spectral triple, let θ ∈ H2(G,T), and let p ∈ N. We shall call
(A,H,D) a p-dimensional θ-commutative spectral triple if the following conditions all hold:
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(0) Order zero: The algebra A is θ-commutative, viz,

∀x, y ∈G, ∀ax ∈ Ax, ∀by ∈ Ay, byax = e(ι (θ) (x, y)) axby,

so that R := π−ι(θ) : Aop
= A−ι(θ) → B(H) defines a G-equivariant ∗-homomorphism, such that for all a, b ∈ A,

[L(a), R(b)] = 0.
(1) Dimension: The eigenvalues {λn}n∈N of (D2

+ 1)−1/2, counted with multiplicity and arranged in decreasing order, satisfy
λn = O(n−1/p) as n→+∞.

(2) Order one: For all a, b ∈ A, [[D, L(a)], R(b)] = 0.
(3) Orientability: Define εθ : A⊗(p+1) → A⊗(p+1) by

εθ (a0 ⊗ a1 ⊗ · · · ⊗ ap)

:=
1
p!


π∈Sp

exp

2π i

i<j

π(i)>π(j)

ι (θ) (xπ(i), xπ(j))

 (−1)πa0 ⊗ aπ(1) ⊗ · · · ⊗ aπ(p)

for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp of A, and say that c ∈ A⊗(p+1) is θ-antisymmetric if εθ (c) = c. Define
πD : A

⊗(p+1)
→ B(H) by

∀a0, a1, . . . , ap ∈ A, πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D, L(a1)] · · · [D, L(ap)].

There exists a G-invariant θ-antisymmetric c ∈ A⊗(p+1), such that χ := πD(c) is a self-adjoint unitary, satisfying

∀a ∈ A, L(a)χ = χL(a), [D, L(a)]χ = (−1)p+1χ [D, L(a)].

(4) Finiteness and absolute continuity: The subspace H∞ := ∩k Dom |D|k defines a G-equivariant finitely-generated projec-
tive right A-module admitting a G-equivariant Hermitian metric (·, ·), such that ⟨ξ, η⟩ =

>
R ((ξ , η)) for all ξ , η ∈ H∞,

where
>
: B(H) ∋ T → Trω(T (D2

+ 1)−p/2) for Trω a fixed Dixmier trace.
(5) Strong regularity: For all T ∈ EndAop(H∞), T ∈ ∩k Dom([|D|, ·]k).

Remark 4.6. By regularity, H∞ is necessarily a left A-module, and hence, by the proof of Theorem 3.7, defines a right A-
module via R := π−ι(θ)(A) : Aop

→ B(H), so that the finiteness, absolute continuity, and strong regularity conditions are
well-posed. The importance of such a bimodule structure for noncommutative Riemannian geometry via spectral triples,
independent of any real structure, has already been observed by Lord, Rennie, and Várilly [42].

Remark 4.7. The cohomology class θ completely governs the noncommutativity of a θ-commutative spectral triple; in
particular, a 0-commutative spectral triple is precisely a G-equivariant commutative spectral triple.

Remark 4.8. This definition is robust with respect to G-equivalence, for if a G-equivariant spectral triple (A,H,D) is G-
equivalent to a p-dimensional θ-commutative spectral triple, then (A,H,D) itself defines a p-dimensional θ-commutative
spectral triple.

Remark 4.9. By θ-commutativity of A, the standard proof that an antisymmetric Hochschild p-chain for a commutative
algebra yields a Hochschild p-cycle [33, Proposition 8.10], appropriatelymodified, shows that a θ-antisymmetric Hochschild
p-chain c ∈ A⊗(p+1) necessarily defines a Hochschild p-cycle for A.

Our main technical result is the following theorem, which simultaneously guarantees that our abstract definition
describes Connes–Landi deformations of G-equivariant commutative spectral triples, and facilitates the extension of
Connes’s reconstruction theorem to θ-commutative spectral triples; we defer its proof to Section 4.2.

Theorem 4.10. Let (A,H,D) be a p-dimensional θ0-commutative spectral triple and let θ ∈ H2(G,T). Then (Aθ ,H,D) defines
a p-dimensional (θ0 + θ)-commutative spectral triple.

Since a G-equivariant concrete commutative spectral triple is 0-commutative, we immediately recover the basic results
of Connes and Landi and of Connes and Dubois-Violette on noncommutative toric manifolds, except phrased in terms of our
definition, instead of the notion of noncommutative spin geometry.

Corollary 4.11 (Connes–Landi [2, Theorem 6], Connes–Dubois-Violette [8, Theorem 9]). Let X be a compact p-dimensional
oriented Riemannian G-manifold, let E → X be a G-equivariant Hermitian vector bundle, and let D be an essentially self-adjoint
G-invariant Dirac-type operator on E. For any θ ∈ H2(G,T), (C∞(X)θ , L2(X, E),D) defines a p-dimensional θ-commutative
spectral triple.

Example 4.12 (Gabriel–Grensing [43, Theorem 5.5], cf. Rieffel [44, §4]). Let G be a compact Lie group, let (A, α) be a unital
G-C∗-algebra such that α is faithful and ergodic (i.e., AG

= C), and let τ : A → C be the unique G-invariant trace.
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Gabriel and Grensing [43], following Rieffel [44], construct a spectral triple for A as follows. Let A := {a ∈ A | G ∋
t → αt(S) is norm-smooth} and let (H,U) be a covariant ∗-representation of (A, α), such that H := {ξ ∈ H | G ∋
t → Utξ is norm-smooth} defines a left Hermitian f.g.p. G-A-module, satisfying ⟨ξ, η⟩ = τ((ξ, η)) for all ξ , η ∈ H . Let
{X1, . . . , XN} be an orthonormal basis for g := Lie(G), and let c : Cl(g)→ B(/S(g)) be the spinor representation of the Clifford
algebra Cl(g) of g, with the convention that c(X)c(Y ) + c(Y )c(X) = −2⟨X, Y ⟩ and c(X)∗ = −c(X) for all X , Y ∈ g. Finally,
let DA,H :=

N
k=1(α∗)Xk ⊗ c(Xk). Then (A,H ⊗ /S(g),DA,H) defines an N+-summable G-equivariant spectral triple.

Now, suppose that G is Abelian. By results of Albeverio and Høegh-Krohn [18] and of Olesen, Pedersen, and Takesaki [19],
there exists a unique class θ ∈ H2(G,T) such thatA ∼= C∞(G)θ . The explicit construction above, together with the standard
construction of the orientation cycle on noncommutative tori [33, Lemmata 12.5–6], implies that (A,H ⊗ /S(g),DA,H)
is indeed an N-dimensional θ-commutative spectral triple. In fact, using the results of Section 2.4, one can check that
(A,H ⊗ /S(g),DA,H)∼=G(C∞(G)θ , L2(G, /S ⊗ VH), /D ⊗ Id), where /S := G × /S(g) is the spinor bundle and /D is the spin Dirac
operator corresponding to the trivial spin structure on G, whilst VH is the finite-dimensional unitary representation of G
such that H ∼= (C∞(G)⊗ VH)Θ as left Hermitian f.g.p. G-A-modules.

Finally, suppose that (A,H,D) is a p-dimensional θ-commutative spectral triple. Then, by Theorem 4.10, (A−θ ,H,D) is
now a p-dimensional 0-commutative spectral triple, i.e., a G-equivariant p-dimensional commutative spectral triple. Hence,
we may apply Connes’s reconstruction theorem for commutative spectral triples to yield its extension to Connes–Landi
deformations of commutative spectral triples.

Theorem 4.13 (cf. Connes [6, Theorem 1.1]). Let (A,H,D) be a p-dimensional θ-commutative spectral triple. There exist a
compact p-dimensional oriented Riemannian G-manifold X, a G-equivariant Hermitian vector bundle E → X, and an essentially
self-adjoint G-invariant Dirac-type operator DE on E such that

(A,H,D) ∼= (C∞(X)θ , L2(X, E),DE).

Remark 4.14. As it stands, the class θ ∈ H2(G,T) is necessarily part of the data of a θ-commutative spectral triple (A,H,D)
as abstract Connes–Landi deformation of a G-equivariant commutative spectral triple. In general, it need not be unique, and
it is only in the case where G acts ergodically on A, in the sense that AG

= C, that one can apply the classification results of
Albeverio and Høegh-Krohn [18] and of Olesen, Pedersen, and Takesaki [19] for ergodic W ∗- and C∗-dynamical systems to
extract a candidate deformation parameter θ ∈ H2(G,T).
4.2. The proof of Theorem 4.10

We now give a proof of Theorem 4.10. Let (A,H,D) be a p-dimensional θ0-commutative spectral triple and let θ ∈
H2(G,T). By Theorems 2.1 and 3.14, let Θ ∈ B(G) be a bicharacter representing θ . The claim is that (AΘ ,H,D) defines a
p-dimensional (θ0 + θ)-commutative spectral triple.

By Theorem 3.7, we know that (AΘ ,H,D) defines a G-equivariant spectral triple; in particular, since the operator D is
untouched, the deformed spectral triple (AΘ ,H,D) trivially satisfies the same dimension condition as (A,H,D). Thus, it
remains to show that (AΘ ,H,D) satisfies the order zero, order one, orientability, finiteness and absolute continuity, and
strong regularity conditions for a (θ0 + θ)-commutative spectral triple. For convenience, let LΘ := πΘ ◦ L : AΘ → B(H)
denote the left ∗-representation of AΘ on H defining (AΘ ,H,D). �

4.2.1. Order zero; order one
First, since A is θ0-commutative and

∀x, y ∈G, −Θ(y, x)+ ι (θ0) (x, y) = ι (θ0 + θ) (x, y)−Θ(x, y), (4.1)
it follows that by ⋆Θ ax = e(ι (θ0 + θ) (x, y)) ax ⋆Θ by for all isotypic elements ax ∈ Ax, by ∈ Ay ofA, i.e., thatAΘ is (θ0+θ)-
commutative. Together with Eq. (4.1), this implies that the opposite algebra (AΘ)

op of AΘ is precisely (AΘ)−ι(θ) = AΘt ,
which admits the G-equivariant ∗-representation RΘ : (AΘ)

op
→ B(H) defined by

RΘ := π−ι(θ0+θ) ◦ LΘ = π−ι(θ0+θ)+Θ ◦ L = πΘt−ι(θ0) ◦ L = πΘt ◦ R.
Now, let ax ∈ Ax and by ∈ Ay be isotypic elements of A. On the one hand, recall that [L(ax), R(by)] = 0 by the order

zero condition on (A,H,D), and on the other hand, observe that
LΘ(ax) = πΘ(L(ax)) = L(ax)U−Θ(x,·), RΘ(by) = πΘt (R(by)) = R(by)U−Θt (x,·)

sinceΘ was chosen to be a bicharacter. Thus,
LΘ(ax)RΘ(by)− RΘ(by)LΘ(ax) = e(Θ(x, y)) L(ax)R(by)U−Θ(x,·)−ΘT (y,·) − e


ΘT (y, x)


R(by)L(ax)U−ΘT (y,·)−Θ(x,·)

= 0,
so that the order zero condition is satisfied. Similarly, since [[D, L(ax)], R(by)] = 0 by the order one condition on (A,H,D),
and, by the proof of Theorem 3.7,

[D, LΘ(ax)] = πΘ([D, L(ax)]) = [D, L(ax)]U−Θ(x,·),
it follows that [[D, LΘ(ax)], RΘ(by)] = 0, so that the order one condition is satisfied.
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4.2.2. Orientability
For convenience, let the maps πD : A

⊗(p+1)
→ B(H) and πΘ,D : A

⊗(p+1)
Θ → B(H) be given by

πD(a0 ⊗ a1 ⊗ · · · ⊗ ap) := L(a0)[D, L(a1)] · · · [D, L(ap)],
πΘ,D(a0 ⊗ a1 ⊗ · · · ⊗ ap) := LΘ(a0)[D, LΘ(a1)] · · · [D, LΘ(ap)],

for all a0, . . . , ap ∈ A. Sinceχ = πD(c) isG-invariant,wehaveπΘ(S)χ = πΘ(Sχ) andχπΘ(S) = πΘ(χS) for all S ∈ B∞(H),
and hence, by the proof of Theorem 3.7,

∀a ∈ A, LΘ(a)χ = χLΘ(a), [D, LΘ(a)]χ = (−1)p+1χ [D, LΘ(a)].

Thus, it suffices to construct a G-invariant ι(θ0 + θ)-antisymmetric cΘ ∈ A
⊗(p+1)
Θ such that πΘ,D(cΘ) = πD(c) =: χ . The

key to doing so will be the following lemma.

Lemma 4.15. DefineΘ∗ : A⊗(p+1) → A
⊗(p+1)
Θ by setting

Θ∗(a0 ⊗ a1 ⊗ · · · ⊗ ap) := e


i<j

Θ(xi, xj)


a0 ⊗ a1 ⊗ · · · ⊗ ap

for isotypic a0 ∈ Ax0 , . . . , ap ∈ Axp . ThenΘ∗ is G-equivariant and satisfies

εθ0+θ ◦Θ∗ = Θ∗ ◦ εθ0 , πD|(A⊗(p+1))G = πΘ,D ◦Θ∗|(A⊗(p+1)Θ )G
.

Proof. The mapΘ∗ is G-equivariant by construction, so let us turn to the rest of the claim. We first check that εθ0+θ ◦Θ∗ =
Θ∗ ◦ εθ0 . Without loss of generality, let s := a0 ⊗ a1 ⊗ · · · ⊗ ap for isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp of A, since
finite linear combinations of such tensors are dense in A⊗(p+1). Then, by Eq. (4.1),

−


1≤i<j

π(i)>π(j)

ι (θ0 + θ) (xi, yj)+

i<j

Θ(xi, xj) =

j≥1

Θ(x0, xπ(j))+

i,j≥1

π(i)<π(j)

Θ(xπ(i), xπ(j))−

i<j

π(i)>π(j)

ι (θ0) (xi, xj)

for all permutations π ∈ Sp, so that, indeed, εθ0+θ (Θ∗s) = Θ∗(εθ0(s)).
Now, let us check that πD|(A⊗(p+1))G = πΘ,D ◦ Θ∗|(A⊗(p+1)Θ )G

. Without loss of generality, let s := a0 ⊗ a1 ⊗ · · · ⊗ ap for
isotypic elements a0 ∈ Ax0 , . . . , ap ∈ Axp of A with x0+ x1+· · ·+ xp = 0, since finite linear combinations of such tensors
are dense in (A⊗(p+1))G. Since s is G-invariant, so too is πD(s), so that

πΘ,D(s) = πΘ


e


−


i

Θ


xi,

i<j

xj


πD(s)


= e


−


i<j

Θ(xi, xj)


πD(s),

and hence, πΘ,D(Θ∗s) = e


i<jΘ(xi, xj)

πΘ,D(s) = πD(s). �

Now, set cΘ := Θ∗c. By Lemma 4.15, since c is G-invariant, so too is cΘ , and since c is θ0-antisymmetric, εθ0+θ (cΘ) =
εθ0+θ (Θ∗(c)) = Θ∗(εθ0(c)) = Θ∗(c) = cΘ , so that cΘ is (θ0+ θ)-antisymmetric, and πΘ,D(cθ ) = πσ ,D(Θ∗c) = πD(c) = χ.

Remark 4.16. This construction can be viewed as the distillation of an argument of Connes and Dubois-Violette [8, Propo-
sition 3, Proof of Theorem 9] concerning deformed differential calculi and Hochschild homology. In addition, it recovers the
standard construction of orientation cycles on noncommutative n-tori from the usual translation-invariant volume form on
the flat n-torus [33, pp. 546–7].

4.2.3. Finiteness and absolute continuity
Let us first consider finiteness. By finiteness and absolute continuity for (A,H,D), we know that H∞ := ∩k Dom |D|k

defines a right Hermitian f.g.pG-A-module, and so, by Lemma 2.33, defines a Hermitian Fréchet G-A-module for the Fréchet
topology induced by any inclusion of H∞ as a complementable subspace of AN for some N ∈ N. On the other hand, the
dense subspace H∞ as smooth domain of D admits the Fréchet topology defined by the Sobolev seminorms ∥ · ∥k, where
∥ξ∥k := ∥|D|kξ∥ =


⟨ξ,D2kξ⟩ for all k ∈ N and ξ ∈ H∞. To show that (AΘ ,H,D) satisfies finiteness, it suffices to show

that these topologies on H∞ coincide, since in that case, one can easily check on isotypic elements that H∞ endowed with
the right ∗-representation

RΘ := π−ι(θ0+θ) ◦ LΘ = πΘt ◦ R : (AΘ)
op
→ B(H)

of AΘ is precisely the deformation (H∞)Θ of H∞ as Hermitian Fréchet G-A-module, and hence, by Theorem 2.35, defines
a Hermitian f.g.p. G-AΘ-module.
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Lemma 4.17 (Connes [6, Proposition 2.3.(5)–(6)]). There exists a bicontinuous G-equivariant isomorphism ψ : H∞
∼
−→

e(V ⊗A) of Hermitian Fréchet G-A-modules, where V is a finite-dimensional unitary representation of G and e ∈ (B(V )⊗A)G

is an orthogonal projection. In particular, the maps

H∞ ×A→ H∞, (ξ , a) → R(a)ξ ; H∞ ×H∞ → A, (ξ , η) → (ξ , η);

are jointly continuous, and the G-action on H∞ is strongly smooth.

Proof. By Lemma 2.33, let ψ : H∞
∼
−→ e(V ⊗ A) be an algebraic G-equivariant isomorphism of the desired form; we

merely apply the proof of [6, Proposition 2.3.(5)–(6)], appropriately modified. Since themultiplication onA defines a jointly
continuousmapA×A→ A, e(V⊗A) is a closed subspace of V⊗A, and thus is complete. Now, define ϕ : V⊗A � H∞ by

∀v ∈ V , ∀a ∈ A, ϕ(v ⊗ a) := ψ−1(e(v ⊗ a)) = R(a)ψ−1(e(v ⊗ 1)),

and observe that R(A) = πι(θ)(L(A)) ⊂ ∩k Dom([|D|, ·]k by the proof of Theorem 3.7. Since [6, Eq. 7]

∀T ∈ ∩k Dom[|D|, ·]k, ∀ξ ∈ H∞, |D|mTξ =
m

k=0


m
k


[|D|, ·]k(T )|D|m−kξ, (4.2)

themap ϕ : V⊗A � H∞ is surjective and continuous, and hence, by the openmapping theorem, is open. Thus, ϕ|e(V⊗A) =

ψ−1 is a bijective and continuous, and thus is bicontinuous, as was claimed; in particular, the action of G on H∞ is smooth
since the action of G on e(V ⊗A) is. The rest of the claim then follows from bicontinuity ofψ together with joint continuity
of the multiplication A×A→ A. �

Let us now turn to absolute continuity. On the one hand, recall that by absolute continuity of (A,H,D), for some fixed
Dixmier trace Trω on B(H), we can write

∀ξ, η ∈ H∞, ⟨ξ, η⟩ =
?

R((ξ , η)) := Trω

R((ξ , η))(D2

+ 1)−p/2

.

On the other hand, sinceH∞ as right f.g.p. G-AΘ-module is simply the deformation (H∞)Θ ofH as right f.g.p. G-A-module,
it admits the deformed G-equivariant Hermitian metric ⟨·, ·⟩Θ defined by

∀ξ, η ∈ H∞, (ξ , η)Θ =

x,y∈G e(Θ(x− y, x)) (ξ̂ (−x+ y), η̂(y)),

which satisfies, by G-equivariance of R and RΘ ,

∀ξ, η ∈ H∞, F0(RΘ((ξ , η)Θ) = R


x∈G (ξ̂ (x), η̂(x))


= F0(R((ξ , η))).

Thus, to prove absolute continuity with respect to (·, ·)Θ , viz,

∀ξ, η ∈ H∞, ⟨ξ, η⟩ =
?

RΘ((ξ , η)Θ) = Trω

RΘ((ξ , η)Θ)(D2

+ 1)−p/2

,

it suffices to prove the following lemma.

Lemma 4.18. Let Trω be any Dixmier trace on B(H). Then

∀T ∈ Bc(H), Trω(T (D2
+ 1)−p/2) = Trω(F0(T )(D2

+ 1)−p/2). (4.3)

Proof. For convenience, let
>
: B(H) → C be defined by

>
T := Trω(S(D2

+ 1)−p/2) for S ∈ B(H). Since the Dixmier trace
Trω : M1,∞(H)→ C is continuous on the Lorentz idealM1,∞(H), which is symmetric, it follows that

>
is continuous for the

uniform topology on B(H). Moreover, since D is G-invariant and since Dixmier traces are unitarily invariant, it follows that>
is G-invariant for the action β : G → Aut(B(H)) defined by βt(T ) = UtTU∗t for all t ∈ G and T ∈ B(H); in particular, for

any T ∈ Bc(H), the map G ∋ t → βt(T ) is continuous for the uniform topology on B(H). Thus, for any T ∈ Bc(H),?
ω


G
UtTU∗t dt


=


G

?
ω
UtTU∗t


dt =


G

?
ω
T


dt =
?
ω
T

by continuity of
>
: B(H)→ C and of G ∋ t → βt(T ). �

4.2.4. Strong regularity
By our proof above of finiteness and absolute continuity, we can exactly identify H∞ as right Hermitian f.g.p. G-AΘ-

module with the deformation (H∞)Θ of H∞ as right Hermitian f.g.p. G-A-module, where the topology of H∞ as smooth
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domain of D can be identified with the topology of H∞ as f.g.p. G-A- or AΘ-module. Hence, by Theorem 2.35, we have a
G-equivariant topological ∗-isomorphism πΘ : EndA(H∞)Θ

∼
−→ EndAΘ (H∞) that coincides precisely with the restriction

of the map πΘ : B∞(H)Θ
∼
−→ B∞(H) of Lemma 3.12, so that

EndAΘ (H∞) = πΘ(EndA(E)) ⊂ πΘ

B∞(H) ∩


∩k Dom[|D|, ·]k


⊂ B∞(H) ∩


∩k Dom[|D|, ·]k


.

Thus, (AΘ ,H,D) satisfies the last remaining condition for a (θ0 + θ)-commutative spectral triple. �

5. Rational Connes–Landi deformations

5.1. A refined splitting homomorphism

Finally, we consider the case of rational Connes–Landi deformations of G-equivariant commutative spectral triples, viz,
Connes–Landi deformations by a deformation parameter θ ∈ H2(G,T) of finite order. Our main tool will be a refinement of
the so-called splitting homomorphismof Connes andDubois-Violette [8],whichwill allowus to effect rational Connes–Landi
deformations using only a finite subgroup of G; in particular, this will amount to an adaptation of results by Albeverio and
Høegh-Krohn [18, Theorems 3.6, 3.8] and by Olesen, Pedersen, and Takesaki [19, Theorems 5.12, 6.3] on inducing faithful
ergodicW ∗- or C∗-dynamical systems for G compact Abelian from simple systems.

We begin by recalling the Connes–Dubois-Violette splitting homomorphism. For notational convenience, we make the
following definition.

Definition 5.1 (Olesen–Pedersen–Takesaki [19, §2.2]). If (A, α) is a nuclear Fréchet G-∗-algebra and (B, β) is a Fréchet G-∗-
algebra, then we define their G-product to be the Fréchet G-∗-algebra (A �G B, α �G β), where

A �G B := {w ∈ A⊗̂B | ∀t ∈ G, (αt ⊗ Id)(w) = (Id⊗βt)(w)},

∀t ∈ G, ∀w ∈ A �G B, (α �G β)t(w) := (α ⊗ Id)(w) = (Id⊗βt)(w).

Similarly, if U : G → U(H) and V : G → U(K) are unitary representations of G, then we define their G-product to be the
unitary representation U �G V : G→ U(H �G K) of G, where

H �G K := {ξ ∈ H ⊗ K | ∀t ∈ G, (Ut ⊗ 1)ξ = (1⊗ Vt)ξ},

∀t ∈ G, ∀ξ ∈ H �G K , (U �G V )t ξ := (Ut ⊗ 1)ξ = (1⊗ Vt)ξ .

Now, let (A, α) be a Fréchet G-∗-algebra and let L : A→ B(H) be a G-equivariant continuous ∗-representation of A on
a Hilbert space H . As was already observed by Rieffel [1], the G-equivariant topological ∗-isomorphism

A∞
∼
−→ C∞(G,A)G ∼= C∞(G)�G A, a → (t → αt(a))

simultaneously defines, for eachΘ ∈ Z2(G,T), a G-equivariant topological ∗-isomorphism AΘ

∼
−→ C∞(G)�G A. Thus, the

analogous G-equivariant unitary

H
∼
−→ L2(G,H)G ∼= L2(G)�G H, ξ → (t → Utξ)

that intertwines L : A→ B(H)with the G-equivariant continuous ∗-representation

M �G L : C∞(G)�G A→ B(L2(G)�G H), w → (M ⊗ L)(w)|L2(G)�G H

simultaneously intertwines, for each Θ ∈ Z2(G,T), the deformed representation LΘ : AΘ → B(H) with the analogously
deformed representation

MΘ �G L : C∞(G)�G AΘ → B(L2(G)�G H), w → (MΘ ⊗ L)(w)|L2(G)�G H

whereMΘ : C∞(G)→ B(L2(G)) is defined byMΘ(f1)f2 := f1 ⋆Θ f2 for all f1, f2 ∈ C∞(G). As a result, one obtains the splitting
homomorphism as an alternative construction of Connes–Landi deformation.

Theorem 5.2 (Connes–Dubois-Violette [8, §11,13]). Let (A,H,D) be a G-equivariant spectral triple and let Θ ∈ Z2(G,T). For
each x ∈G, let Ux := e ◦ x ∈ C∞(G,U(1)). The maps ϕ : AΘ → C∞(G)Θ �G A,Φ : H → L2(G)�G H given by

∀a ∈ AΘ , ϕ(a) :=

x∈G Ux ⊗ â(x), ∀ξ ∈ H,Φ(ξ) :=


x∈G Ux ⊗ Pxξ,

together define a G-equivalence

(ϕ,Φ) : (AΘ ,H,D)
∼
−→


C∞(G)Θ �G A, L2(G)�G H, 1⊗ D|L2(G)�G H


.
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For our purposes, however, we shall need a refinement of the splitting homomorphism, which will effect Connes–Landi
deformation along a G-action by a deformation parameter θ ∈ H2(G,T) in terms of a canonically associated subgroup Im θ
of G and a canonically associated pushforward θnd ∈ H2(Im θ,T), such that the algebra C∞(Im θ)θnd is necessarily simple.

Definition 5.3. Let θ ∈ H2(G,T). We define the image of θ to be the Lie subgroup

Im θ := {ι (θ) (x, ·) | x ∈G} = {ι (θ) (·, x) | x ∈G} ≤ G,

whilst we define the kernel of θ to be the subgroup

Kerθ := {x ∈G | ι (θ) (x, ·) = 0} = {x ∈G | ι (θ) (·, x) = 0} ≤G.
Now, since Kerθ = {x ∈ G | ∀t ∈ Im θ, ⟨x, t⟩ = 0} is the annihilator of Im θ inG, it follows by Pontryagin duality that

Im θ =G/Kerθ . Hence, one can make the following definition, which is the key to the question of the simplicity of C∞(G)Θ .

Definition 5.4. A class θ ∈ H2(G,T) is called nondegenerate if and only if Kerθ = 0, if and only if Im θ = G.

Theorem 5.5 (Slawny [45, Theorem 3.7]). Let Θ ∈ Z2(G,T). The algebra C∞(G)Θ is simple if and only if [Θ] ∈ H2(G,T) is
nondegenerate.

Now, since Im θ =G/Kerθ , the alternating bicharacter ι (θ) ∈ A(G) descends to the alternating bicharacter ω ∈ A(Im θ)
defined by ω([x], [y]) := ι (θ) (x, y) for x, y ∈ G, which satisfies {[x] ∈ Im θ | ω([x], ·) = 0} = {[x] ∈ Im θ | ω(·, [x]) =
0} = 0. Hence, we can make the following definition.

Definition 5.6 (cf. Baggett–Kleppner [46, Theorem 3.1]). Let θ ∈ H2(G,T). We define the nondegenerate part of θ to be the
unique nondegenerate class θnd ∈ H2(Im θ,T) such that ι (θnd) ([x], [y]) = ι (θ) (x, y) for all x, by ∈G.

Note that by Slawny’s theorem, for any representative Θnd ∈ Z2(Im θ,T) of θnd, the algebra C∞(Im θ)θnd is guaranteed
to be simple. Thus, we can now give our refinement of the Connes–Dubois-Violette splitting homomorphism.

Theorem 5.7 (cf. Albeverio–Høegh-Krohn [18, Theorems 3.6, 3.8], Olesen–Pedersen–Takesaki [19, Theorems 5.12, 6.3]). Let
(A,H,D) be a G-equivariant spectral triple. Let θ ∈ H2(G,T), let Θnd ∈ Z2(Im θ,T) be a representative of θnd, and let Θ ∈
Z2(G,T) be the pullback of Θnd to a representative of θ , viz,Θ(x, y) := Θnd([x], [y]) for x, y ∈G. For [x] ∈Im θ , let U[x] := e◦
[x] ∈ C∞(Im θ,U(1)). The maps ϕθ : AΘ → C∞(Im θ)Θnd �Im θ A andΦθ : H → L2(Im θ)�Im θ H given by

∀a ∈ AΘ , ϕθ (a) :=

[x]∈Im θ

U[x] ⊗


y∈[x]

â(x)


, (5.1)

∀ξ ∈ H, Φθ (ξ) :=

[x]∈Im θ

U[x] ⊗


y∈[x]

Pyξ


, (5.2)

together define an Im θ-equivalence

(ϕθ ,Φθ ) : (AΘ ,H,D)
∼
−→


C∞(Im θ)Θnd �Im θ A, L2(Im θ)�Im θ H, 1⊗ D|L2(Im θ)�Im θ H


.

Proof. The isotypic subspaces of A and H with respect to the action of Im θ ≤ G are given, for all [x] ∈Im θ =G/Kerθ , by
A[x] := {a ∈ A | ∀t ∈ Im θ, αt(a) = e(⟨[x], t⟩) a} = ⊕fin

y∈[x]Ax,

H[x] := {ξ ∈ H | ∀t ∈ Im θ, Ut(ξ) = e(⟨[x], t⟩) ξ} = ⊕y∈[x] Hx,

respectively, so that (ϕθ ,Φθ ) is exactly the Connes–Dubois-Violette splitting homomorphism for the Connes–Landi
deformation (AΘnd ,H,D) of (A,H,D) as Im θ-equivariant spectral triple by Θnd. Therefore, it suffices to show that
(AΘ ,H,D) = (AΘnd ,H,D) as Im θ-equivariant spectral triples. However, for all a, b ∈ A,

a ⋆Θ b =

x,y∈G e(−Θ(x, y)) â(x)b̂(y)

=


[x],[y]∈Im θ

e(−Θnd([x], [y]))


z∈[x]

â(z)


w∈[y]

â(w)


= a ⋆Θnd b,

which also shows (with appropriate changes) that LΘ(a)ξ = LΘnd(a)ξ for all a ∈ A and ξ in the dense subspace⊕alg
x∈G Hx ⊂

⊕
alg
[x]∈ImΘ

H[x] of H . �
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5.2. Rational θ-commutative spectral triples

At last, we turn to θ-commutative spectral triples in the case where θ is rational in the following precise sense.

Definition 5.8. We call θ ∈ H2(G,T) rational if it has finite order.

Example 5.9. In the case thatG = TN , we have that θ ∈ H2(ZN ,T) ∼= TN(N−1)/2 is rational if and only if θ ∈ (Q/Z)N(N−1)/2 ≤
TN(N−1)/2.

Now, if θ is rational of order q, then Im θ is contained in the q-torsion of the compact Abelian Lie group H2(G,T), and
as such is a finite group. Thus, by Theorem 5.5, for any representativeΘnd ∈ Z2(Im θ,T) of θnd, the Fréchet pre-C∗-algebra
C∞(Im θ)Θnd is actually a finite-dimensional simple C∗-algebra, and hence is ∗-isomorphic to Mn(C) for some q; in fact, by
the following theorem, n = q.

Theorem 5.10 (Olesen–Pedersen–Takesaki [19, Theorem 5.9]). Let K be a compact Abelian Lie group, and let θ ∈ H2(K ,T) be
nondegenerate and rational of order q ∈ N. There exist a finite group Γ of order q and an isomorphism κ : Γ × Γ ∼

−→ K , such
that θ = [κ̂∗Ω], whereΩ ∈ B(Γ × Γ ) is defined by

∀(k1, x1), (k2, x2) ∈ Γ × Γ , Ω((k1, x1), (k2, x2)) := ⟨k1, x2⟩,

and where the pullback κ̂∗Ω ∈ B(K) of Ω is defined by

∀x, y ∈ K , κ̂∗Ω(x, y) := Ω(κ̂(x), κ̂(y)) = Ω(x ◦ κ, y ◦ κ).

In particular, for any representativeΘ ∈ Z2(K ,T) of θ , there exists an equivariant isomorphism C∞(K)Θ
∼
−→ C∞(Γ ×Γ )Ω ∼=

Mq(C).

Now, let θ ∈ H2(G,T) be rational of order q and let (A,H,D) be a θ-commutative spectral triple; by Theorems 3.14 and
4.13, without loss of generality, we can take (A,H,D) ∼= (C∞(X)Θ , L2(X, E),D), where X is a compact oriented Riemannian
G-manifold, where E → X is a G-equivariant Hermitian vector bundle, where D is an essentially self-adjoint G-invariant
Dirac-type operator on E, and whereΘ ∈ B(G) is the pullback of a bicharacterΘnd ∈Im θ representing the nondegenerate
core of θ . Then, by Theorems 5.7 and 5.10, we can write

(C∞(X)Θ , L2(X, E),D) ∼=Im θ


Mq(C)�Im θ C∞(X),Mq(C)�Im θ L2(X, E), Id⊗D|Mq(C)�Im θ L2(X,E)


∼=Im θ


C∞(X,Mq(C))Im θ , L2(X,Mq(C)⊗ E)Im θ , Id⊗D|L2(X,Mq(C)⊗E)Im θ


,

where we have identified the ∗-representation ΛΘnd : C
∞(Im θ)Θnd → B(L2(Im θ)) defined by ΛΘnd(f )g := f ⋆Θnd g for

all f ∈ C∞(Im θ) and g ∈ L2(Im θ) = C∞(Im θ), with left matrix multiplication of Mq(C) on Mq(C) endowed with the
Frobenius inner product.

Suppose, moreover, that Im θ ≤ G acts freely and properly on X , so that X � B := X/ Im θ defines a compact oriented
Riemannian principal Im θ-bundle. Then,

(C∞(X)Θ , L2(X, E),D)∼=Im θ (C∞(B, A), L2(B, A⊗ EB), (DB)A),

where A := X ×Im θ Mq(C), where EB
:= E/ Im θ , and where (DB)A is the twisting by the trivial flat connection on A of

the restriction DB of D to EB, to an essentially self-adjoint Im θ-invariant Dirac-type operator on A ⊗ EB. In other words,
(C∞(X)Θ , L2(X, E),D) is almost-commutative in the more general, topologically non-trivial sense first proposed by the
author [9,10] and studied by Boeijink and Van Suijlekom [11] and by Boeijink and Van den Dungen [12]. Let us recall the
relevant definitions.

Definition 5.11. Let X be a compact oriented Riemannian manifold. A self-adjoint Clifford module on X is a Hermitian vector
bundle E → X together with a bundle morphism c : T ∗X → End(E), the Clifford action, satisfying

∀ω1, ω2 ∈ C∞(X, T ∗X), c(ω1)c(ω2)+ c(ω2)c(ω1) = −2g(ω1, ω2) IdE,

∀ω ∈ C∞(X, T ∗X), ∀ξ1, ξ2 ∈ C∞(X, E), (c(ω)ξ1, ξ2)+ (ξ1, c(ω)ξ2) = 0.

If E → X is a self-adjoint Clifford module, then we call an essentially self-adjoint Dirac-type operator D on E compatible if
[D, f ] = c( df ) for all f ∈ C∞(X).

Definition 5.12 (cf. [10, Definition 1.16]). Let X be a compact oriented Riemannian manifold. We define an algebra bundle
on X to be a locally trivial bundle of finite-dimensional C∗-algebras on X . If A → X is an algebra bundle, we define an A-
module to be a Hermitian vector bundle E → X together with a monomorphism L : A→ End(E) of locally trivial bundles of
finite-dimensional C∗-algebras on X; in particular, we define a Clifford A-module to be a self-adjoint Clifford module E → X
together with a monomorphism L : A→ End(E) of locally trivial bundles of finite-dimensional C∗-algebras on X , such that

∀a ∈ C∞(X, A), ∀ω ∈ C∞(X, T ∗X), [L(a), c(ω)] = 0.
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Definition 5.13 (Ć. [9, Definition 2.3], cf. Boeijink–Van Suijlekom [11], Boeijink–Van den Dungen [12]). A (concrete) almost-
commutative spectral triple is a spectral triple of the form (C∞(X, A), L2(X, E),D), where X is a compact oriented Riemannian
manifold, called the base, A → X is an algebra bundle, E → X is a Clifford A-module, and D is a compatible Dirac-type
operator on E.

We can now summarise our discussion of rational θ-commutative spectral triples.

Theorem 5.14. Let X be a compact oriented Riemannian G-manifold, let E → X be a G-equivariant Hermitian vector bundle,
and let D be an essentially self-adjoint G-invariant Dirac-type operator on E. Let Θ ∈ Z2(G,T) be such that [Θ] is rational of
order q ∈ N, and suppose that Im[Θ] ≤ G acts freely and properly on X; hence, let B := X/ Im[Θ], let EB

:= E/ Im[Θ], and
let DB denote the restriction of D to an essentially self-adjoint G-invariant Dirac-type operator on EB. Let Θnd ∈ Z2(Im[Θ],T)
be a representative for the nondegenerate core of [Θ]; hence, let A := X ×Im[Θ]Mq(C) for Mq(C) ∼= C∞(Im[Θ])Θnd as finite-
dimensional C∗-algebra, so that A defines an A-module when endowed with the Hermitian metric

∀a1, a2 ∈ C∞(B, A) ∼= C∞(X,Mq(C))Im[Θ], (a1, a2) := Tr(a∗1a2),

and the monomorphism L : A→ End(A) of algebra bundles defined by

∀a1, a2 ∈ C∞(B, A), L(a1)a2 := a1a2.

Finally, let (DB)A be the twisting of DB by the trivial connection on A to a compatible G-invariant Dirac-type operator on A⊗ EB.
There exists an Im[Θ]-equivalence

(C∞(X)Θ , L2(X, E),D)∼=Im[Θ](C∞(B, A), L2(B, A⊗ EB), (DB)A);

in particular, (C∞(X)Θ , L2(X, E),D) is almost-commutative with base B.

In fact, by results of Boeijink and Van den Dungen [12, §3.3], we can interpret the theorem above in terms of unbounded
KK -theory.

Corollary 5.15 (cf. Boeijink–Van denDungen [12, Corollary 3.9]). Under the hypotheses of Theorem 5.14, (C∞(X)Θ , L2(X, E),D)
as unbounded K-cycle for the C∗-completion C(X)Θ of C∞(X)Θ , factors as an internal Kasparov product

(L2(X, E),D) ∼= (C(B, A), 0, d)⊗C(B) h(L2(B, EB),DB).

In particular, the data (C(B, A), 0, d) define a morphism (C(X)Θ , L2(X, E),D) → (C(B), L2(B, EB),DB) in Mesland’s KK-
theoretic category of spectral triples [47].

Remark 5.16. Still more is true if H3(B,Z) has no q-torsion, for then, the Dixmier–Douady class of the finite rank Azumaya
bundleMq(C)→ A→ B necessarily vanishes, and hence A = End(F) = F⊗F∗ for someHermitian vector bundle F → B, so
that (C∞(X)Θ , L2(X, E),D), with respect to its C∞(X)Θ-bimodule structure, is Morita equivalent to (C∞(B), L2(B, EB),DB).

Moreover, by existing results concerning the spectral action on finite normal Riemannian coverings [48, §3], Theorem5.14
even has implications for the spectral action on rational θ-commutative spectral triples.

Corollary 5.17 (cf. Ć.–Marcolli–Teh [48, Theorem 3.6]). Let the θ-commutative spectral triple (C∞(X)Θ , L2(X, E),D) satisfy the
hypotheses of Theorem 5.14. Let f := L[ϕ] ◦ (x → x2) : R→ C for L[ϕ] the Laplace transform of a rapidly decreasing function
ϕ : [0,∞)→ C. For all A = A∗ ∈ EndC∞(X)opΘ

(C∞(X, E)),

Tr f


1
Λ
(D+ A)


=

1
q2

Tr f


1
Λ
(Id⊗D+ ΦθAΦ∗θ )


+ O(Λ−∞), 0 < Λ→+∞.

Remark 5.18. In particular, this implies that (C∞(X)Θ , L2(X, E),D), endowed with a suitably deformed G-invariant real
structure and the (asymptotic) spectral action, can be interpreted as defining a topologically non-trivial Yang–Mills theory
with gauge group PSU(q) in the sense of Boeijink and Van Suijlekom [11].

Let us conclude by applying Theorem 5.14 to the canonical example of the rational noncommutative 2-torus.

Example 5.19 (Høegh-Krohn–Skjelbred [13], cf. Rieffel [49]). Let θ ∈ H2(Z2,T) ∼= T be rational of order q ∈ N, so that
θ = exp(p/q) for p ∈ Z coprime with q. Since ι (θ) (x, y) = θ(x1y2 − x2y1) for all x, y ∈ Z2, it follows that

Im θ = (q−1Z2)/Z2 ∼= Zq × Zq, Kerθ = qZ2, Im θ = Z2/qZ2 ∼= Zq × Zq.

One can then check that the representative Θ ∈ B(Z2) of θ defined by Θ(x, y) := θx1y2 for all x, y ∈ Z2 descends to
a representative Θnd ∈ B(Im θ) of the nondegenerate core of θ , and that the isomorphism C∞(Im θ)Θnd

∼
−→ Mq(C) of
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Theorem 5.10 is given by U[(1,0)] → Uq, U[(0,1)] → Vq, where the unitaries Uq, Vq ∈ Mq(C) act on the standard ordered basis
{ek}

q−1
k=0 of Cq by

∀0 ≤ k ≤ q− 1, Uqek := e2π ikθek, Vqek := ek−1 mod q;

in particular, the translation action of Im θ on C∞(Im θ)Θnd translates to the following action of Zq × Zq onMq(C):

∀x, y ∈ Z2, ([x1], [x2]) · Uy1V y2 := e2π iθ(x1y2−x2y1)Uy1V y2 .

Since Im θ ≤ T2 acts freely and properly on T2 by translation, and since T2/ Im θ ∼= T2, it follows that C∞(T2)Θ ∼=
C∞(T2, Aθ ), where Aθ := T2

×Zq×Zq Mq(C); in fact, since H3(T2,Z) = 0, it follows that Aθ ∼= End(Fθ ) for some Hermitian
vector bundle Fθ → T2, which can also be constructed explicitly.
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