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DEITMAR SCHEMES, GRAPHS AND ZETA FUNCTIONS

MANUEL MERIDA-ANGULO AND KOEN THAS

ABSTRACT. In [22] it was explained how one can naturally associate a Deit-
mar scheme (which is a scheme defined over the field with one element, F)
to a so-called “loose graph” (which is a generalization of a graph). Several
properties of the Deitmar scheme can be proven easily from the combinatorics
of the (loose) graph, and known realizations of objects over Fq such as com-
binatorial Fi-projective and Fi-affine spaces exactly depict the loose graph
which corresponds to the associated Deitmar scheme. In this paper, we first
modify the construction of loc. cit., and show that Deitmar schemes which
are defined by finite trees (with possible end points) are “defined over Fq”
in Kurokawa’s sense; we then derive a precise formula for the Kurokawa zeta
function for such schemes (and so also for the counting polynomial of all as-
sociated F4-schemes). As a corollary, we find a zeta function for all such trees
which contains information such as the number of inner points and the spec-
trum of degrees, and which is thus very different than Thara’s zeta function
(which is trivial in this case). Using a process called “surgery,” we show that
one can determine the zeta function of a general loose graph and its associated
{ Deitmar, Grothendieck }-schemes in a number of steps, eventually reducing
the calculation essentially to trees. We study a number of classes of exam-
ples of loose graphs, and introduce the Grothendieck ring of F1-schemes along
the way in order to perform the calculations. Finally, we include a computer
program for performing more tedious calculations, and compare the new zeta
function to Ihara’s zeta function for graphs in a number of examples.
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1. INTRODUCTION

1.1. Deninger’s program. Let € be a nonsingular absolutely irreducible algebraic
curve over the finite field IFy; its arithmetic zeta function is

1
(1) Ce(s) = I;IW,

where p runs through the closed points of € and N(:) is the norm map. Fix an
algebraic closure F, of F, and let m # 0 be a positive integer; we have the following
Lefschetz formula for the number |€(F4m )| of rational points over Fym:

(2) C(Fym)| = Y (~1)“Te(B™|H¥(€)) = 1—ZA§”+qf,
w=0 j=0

where Fr is the Frobenius endomorphism acting on the étale ¢-adic cohomology of
C, the A;s are the eigenvalues of this action, and g is the genus of the curve. It is
not hard to show that we then have a “weight decomposition”

H?i1(1 —Xiq°)
(1—g*)(1—qg'%)

2
Ce(s) = H Chw(e)(s)(*l)uH =
w=0

DET((S -1 —q % Fr)

H'(©))

W= Dur((s -1~ g~ Fr)|[HO(€) ) Der((s-1 - g~ - Fr)

H(e))
Here the w-weight component is the zeta function of the pure weight w motive
h“(C) of C.

Recalling the analogy between integers and polynomials in one variable over finite
fields, Deninger — in a series of works [6, 7, 8] — gave a description of conditions
on a conjectural category of motives that would admit a translation of Weil’s proof
of the Riemann Hypothesis for function fields of projective curves over finite fields
F, to the hypothetical curve Spec(Z). In particular, he showed that the following
formula would hold:

(4) Copaey(9) = 27220 (5)C(s) = 55 2

2m 27

DET (3 (s 1~ ©)| H! (Spec(Z), )

Dt (gh(s - 1~ O) [ HO(Spec(Z). #are) | DE (3 (s 1 — ©) | H2(Spec(Z). ) )
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where [] is the infinite regularized product, similarly DET denotes the regularized
determinant (a determinant-like function of operators on infinite dimensional vector
spaces), © is an “absolute” Frobenius endomorphism, and the H'(Spec(Z), *ans)
are certain proposed cohomology groups. The ps run through the set of critical
zeroes of the classical Riemann zeta. (In the formula displayed above, Spec(Z) is
compactified to Spec(Z) in order to see it as a projective curve.)

Combined with Kurokawa’s work on multiple zeta functions ([12]) from 1992,
the conjectural idea arose that there are motives h® (“the absolute point”), h! and
h? (“the absolute Lefschetz motive”) with zeta functions

1 -

(5) Cho(s) = DET(Z—(S -1—0)|H"(Spec(Z), *abs))
™

for w = 0,1,2. Deninger computed that

(6) Crho(s) = s/2m and (p2(s) = (s — 1)/2m.

In his now famous lecture notes [18], Manin suggested to interpret h° as Spec(Fy),
where F; denotes the “field with one element,” and h? as the affine line over IFy.
Essentially from that moment, the search for a proof of the Riemann Hypothesis
became a main motivation to look for a geometric theory over Fj.

And on the other hand, in this larger Grothendieck site of Deninger, the Carte-
sian product

(7) Spec(Z) xv Spec(Z) X~ - -+ X~y Spec(Z)

over the deeper base T = F; eventually should make sense (as it is crucial in Weil’s
proof).

1.2. F;-Schemes and their zeta functions. By 2006, there was a scheme theory
developed by Deitmar in [3] over F; — related to Kato’s “log scheme theory” [11] —
which is based on the observation that commutative rings over F; could be imagined
as commutative multiplicative monoids (with an absorbing element). For these
“rings,” one can naturally define (prime) ideals, localization, a Spec-construction,
etc., and Deitmar has proven that a natural base extension to Z of varieties in this
context leads to toric varieties [5]. (We refer to §4 for more details and examples.)
Other, often more general, scheme theories over F; have been defined — see for
instance [15, 17] for an account — but in one way or the other, Deitmar schemes
appear to be the core of such scheme theories. In any case Deitmar schemes are
amongst the most basic objects in Fi-theory, and one needs to understand them
as well as possible. (We refer to the monograph [25] for background on the object
]Fl.)

There also is a promising theory for zeta functions of Deitmar schemes [5] which
agrees with Kurokawa’s theory for zeta functions of schemes “defined over F;” [13],
and the latter objects are one of the main subjects of the present paper — see §3 for
formal definitions. (After the Tate conjectures, they appear to be precisely those
schemes which come with a mixed Tate motive, see §3.)

In fact, impressively enough, Kurokawa’s F-zeta functions for A™ and P — both
spaces being defined over F; — agree with Deninger’s computation (6) (ignoring

the 5--factor).
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1.3. The combinatorial side. Besides the Algebraic Geometry side of F;-theory,
there is also the combinatorial-synthetic side: in an old paper [26] which pre-dates
any of the papers we mentioned so far, Tits described symmetric groups as “Cheval-
ley groups over Fy,” i.e., as limit objects of projective general linear groups over
finite fields, and the corresponding buildings, which are just projective spaces over
the same fields in this case, become complete graphs with the full subgraph struc-
ture.

In the note [22], the second author united these two theories in the following
way: starting with a “loose graph” T', which is a more general object than a graph,
he associated a Deitmar scheme 8(I") of which the closed points correspond to the
vertices of the loose graph. Several fundamental properties of the Deitmar scheme
can be obtained easily from the combinatorics of the loose graph, such as connect-
edness, etc. And very interestingly, it appears that a number of combinatorial
F1-objects (such as the combinatorial Fi-projective space of above) are just loose
graphs, and moreover, the associated Deitmar schemes are precisely the scheme
versions in Deitmar’s theory of these objects. Also, the automorphism groups of T"
and 8(I") are isomorphic.

1.4. The present paper. In this paper, we merge the ideas of Kurokawa [12],
Deninger’s calculation (6) and Manin’s interpretation of (6) with the ideas of [22],
and introduce a new zeta function for all (loose) graphs, and the { Deitmar/-
Grothendieck }-schemes associated to them. The idea is, as in [22], to associate
a Deitmar scheme to a loose graph in a natural way (but not in the same way as
in [22]), and to show that, after having applied Deitmar’s (- ®p, Z)-functor, the
obtained Grothendieck schemes are defined over Iy in Kurokawa’s sense. So they
come with a Kurokawa zeta function.

We first slightly modify (generalize) the functor § (and call it “F”), so that it
becomes more natural for our purposes. The functor F has to obey a tight set of
rules in order to meet our purposes at the end. We mention a few of the important
ones:

Rule #1 The loose graphs of the affine and projective space Deitmar schemes (as
described later on) should correspond to affine and projective space Deitmar
schemes.

Rule #2 A vertex of degree m should correspond locally to an affine space A™.

Rule #3 An edge without vertices should correspond to a multiplicative group.

Rule #4 The gluing of the different affine spaces is determined by the loose graph.

Because of Rule #1, the pictures of Tits and Kapranov-Smirnov of affine and
projective spaces over F; — which are loose graphs (see [23, 24] for details) — are
in agreement with our functor J.

We show that Deitmar schemes which are defined through F by finite trees (with
possible end points) give Z-schemes which are “defined over F;” in Kurokawa’s
sense, and we derive a precise formula for the Kurokawa zeta function for such
schemes (and so also for the counting polynomial of all associated Fg-schemes)
which can be read from the (loose) trees. As a corollary, we find a zeta function for
all such loose trees which contains information such as the number of inner points
and the spectrum of degrees, and which is thus very different than Thara’s zeta
function (which is trivial in this case).
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To calculate the Kurokawa zeta functions of schemes associated to general loose
graphs, we develop a inductive procedure called “surgery,” which determines what
happens to the zeta function of such a scheme, after one has replaced one particular
edge (with two vertices u and v), by two edges, each with one vertex (u, respectively
v). Repeating this procedure a number of times, and keeping track of the differences
in each step, one eventually ends up with a loose tree, and this is the case which
was already settled.

All calculations are done through the Grothendieck ring of F1-schemes (which
is introduced for this purpose), and in order to develop surgery, we show that to
know such a difference between zeta functions, one only has to understand what
happens in a neighborhood of the edge (uv) which is “resolved.”

We study surgery for a number of classes of particular loose graphs before passing
to the general case, and explain several subtleties and booby traps on examples.

As calculating the zeta function for a loose graph is even very complicated for
seemingly simple examples, we also include a computer program for this purpose.

2. THE IHARA ZETA FUNCTION

Let I' = (V, E) be a finite connected undirected graph with no vertices of degree
1 (“end points”). The rank rr of T is |E| — |V| + 1; it is the number of edges one
has to delete from I" to obtain a spanning tree. Alternatively, one can also define
rr as the rank of the fundamental group of I'. Suppose that rr > 1 — that is, ' is
not a tree.

Let £ ={e1,...,en}, and define a new oriented edge set of size 2|F| as follows
(where below the edges of E are arbitrarily oriented):

. _ -1 _ -1
(8) €1, 3€n} Engl =€ ..., =€, .

Let D = ajas---a, be a directed path in I' (all the a; are edges and they are
directed in the same direction). The equivalence class [D] of D is the set
9) [D] = {a1as - ar,azas - aai,...,a:a1 - Qp_1}.

The length v(D) of D is the number r. We say D is “backtrackless” if a; 1 # a;
for all 4, and it is “tailless” if a, # al_l. The path D is primitive if D # F™ for any
postive integer m > 2 and any directed path F.

A prime [P] for T is an equivalence class of closed backtrackless tailless primitive

(directed) paths in I'.
The Thara zeta function of T' is now defined as follows:

(10) (D)= J[ @-w®)
[P] prime

Here u € C with |u| sufficiently small.
One way to calculate ((u,T") is through the Bass-Hashimoto formula

(11) Clu, T)™' = (1 —u?)mtdet(1 — Apu + Qru?),

where 1 is an identity matrix, Ar the adjacency matrix of I, and Qr the diag-
onal matrix whose j-th diagonal entry is (—14+ degree of j-th vertex). (One has
numbered the vertices in order to obtain 1, Ar and Qr; all are (|V| x|V|)-matrices.)

Remark 2.1. In general, ((u,T)~! is a polynomial of degree 2|E]|.
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Put |E| = m, and define a (2m x 2m)-matrix £ (the “edge adjacency matrix”)
by letting the ij-th entry be 1 if the terminal vertex of e; is the initial vertex of e;,
provided that e; # e;l. Otherwise, the entry is 0. Then it can be shown that the
Thara zeta function of I' can also be calculated as

(12) C(u,T)™! = det(1 — ué).

In other words, the roots of ((u,I)~! (with multiplicities) are the eigenvalues
(with multiplicities) of €. So two graphs have the same Thara zeta function if and
only if they are isospectral with respect to the edge adjacency matriz.

The following properties/values can be read from the Thara zeta function of a
(finite connected undirected) graph (with no vertices of degree 1, and rank > 1):

e whether it is bipartite or not;
e its number of vertices and edges;
e whether it is regular, and if so, its regularity degree and spectrum.

3. SCHEMES DEFINED OVER i, AND THEIR ZETA FUNCTIONS

In [13], Kurokawa says a Z-scheme X is of Fq-type if its arithmetic zeta function
(x(s) can be expressed in the form

(13) Cx(s) = [T ¢t — k)™
k=0

with the ags in Z. A very interesting result in [13] reads as follows:

Theorem 3.1. Let X be a Z-scheme. The following are equivalent.
(i)
(14) Cx(s) = [T ¢ls = k)
k=0

with the ays in 7.
(i1) For all primes p we have

(15) Cxpr, (s) = [J (1 = pF7o)

with the ags in 7.
(iii) There exists a polynomial Px(Y) =31 yapY* such that
(16) #X (Fpm) = Nx(p™)
for all finite fields Fpm .

Kurokawa defines the Fy-zeta function of a Z-scheme X which is defined over Fy
as

(17) Cxpey () = [ [ (s = k)7

k=0




DEITMAR SCHEMES AND ZETA FUNCTIONS 7

with the axs as above. Define, again as above, the Fuler characteristic
n
(18) #X(F1) =Y ax.
k=0
The connection between [Fi-zeta functions and arithmetic zeta functions is ex-
plained in the following theorem, taken from [13].
Theorem 3.2. Let X be a Z-scheme which is defined over F1. Then

) Gy (5) = Jim, G (3)(p — D#XE),

Here, p is seen as a complex variable (so that the left hand term is the leading
coefficient of the Laurent expansion of (x|, (s) around p =1).

For affine and projective spaces, we obtain the following zeta functions (over Z,
F, and Fy, with n € N*):

Caniz(s) = ((s—mn);

CA"\IFP(S> = 1%1)"78;

(20) Camprr(8) = < i =
and

Criz(s) = ((s)¢(s —1)---((s —n);

1
CP”UFP(S) (1 _pfs)(l _plfs)...(l _pnfs);
1

(21) Cpr|F, (5) ST (s—n)
(22)

4. DEITMAR SCHEMES

Define an F;-ring to be a commutative monoid with an absorbing element 0.

For the definition of Deitmar scheme, we refer to [3] or [24]. Let us just men-
tion that one defines an affine Deitmar scheme Spec(A) similarly as an affine
Grothendieck scheme (by building a Zariski-type topology and structure sheaf of F;-
rings on the set of monoidal prime ideals of the commutative monoid with zero A).
A general Deitmar scheme then is a monoidal space (a topological space endowed
with a sheaf of Fy-rings), locally isomorphic to affine Deitmar schemes. (Deitmar
schemes are sometimes also called Dg-schemes or My-schemes in some papers.)

We list some of the most important examples below.

4.1. Polynomial rings. Define
(23) Fi[Xq,..., X, = {0} U{Xi" ... X" |u; € N},
that is, the union of {0} and the (abelian) monoid generated by the X;.
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4.2. Affine space. Let A =F[X,..., X,]. Denote Spec(IF1[X1, ..., Xy]) by AR
and call it the n-dimensional affine space over Fi. The # (0) prime ideals of A are
of the form p; = (J;c;(Xi), where I is a subset of {1,...,n} and (X;) = X;4 =
{Xia|ae A}

4.3. Proj-schemes. In [2, section 7] and [16, section 2] the authors introduced the
Proj construction for both graded monoids and blueprints respectively. For graded
monoids, the Proj construction was independently found by the second author in
[21]; see also [24, section 3]. We recall the procedure for Deitmar schemes in a
nutshell.

4.3.1. Monoid quotients. Let M be a commutative unital monoid (with 0), and I
an ideal of M. We define the monoidal quotient M /I to be the set {[m] € M|m €
M} /([m] = [0] if m € I). (When R is a commutative ring and J an ideal, then the
ring quotient R/J induces the monoidal quotient on R, X.)

4.3.2. TheProj-construction. Consider the Fy-ring F1[Xo, X1,. .., Xm], where m €
N. Since any polynomial is homogeneous in this ring, we have a natural grading

(24) F1[Xo,..., Xm] = PR =[] R,

i>0 i>0

where R; consists of the elements of Fy[Xo, X1, ..., X,,] of total degree i, for i € N.
The irrelevant ideal is defined as

(25) o= {0} U [ B..
i>1
(It is just the monoid minus the element 1.) Now Proj(F;[Xo,...,Xn]) =:
Proj(F;[X]) consists, as a set, of the prime ideals of F1[Xo, X1, ..., X;»] which do
not contain Irr (so only Irr is left out of the complete set of prime ideals). The

closed sets of the (Zariski) topology on this set are defined as usual: for any ideal
I of F1[X0, X1, ..., X,], we define

(26) V(I) := {plp € Proj(F1[X]), ICp},
where V(I) = 0 if I = Irr and V({0}) = Proj(F;(X)), the open sets then being of
the form
(27) D(I) := {plp € Proj(F1[X)], I < p}.
It is obvious that Proj(IF1[X]) is a Deitmar scheme. Each ideal (X;) defines an

open set D((X;)) such that the restriction of the scheme to this set is isomorphic
to Spec(IF1[X(;)]), where X ;) is Xo, X1,..., X, with Xj left out.

More generally, suppose M is any commutative unital monoid (with 0) with a
grading
i>0
where the M; are the sets with elements of total degree i (for ¢ € N), and let, as
above, the irrelevant ideal be Irr = {0} U] [;5; M;. Define the topology Proj(M) as
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before (noting that homogeneous (prime) ideals are the same as ordinary monoidal
(prime) ideals here). For an open U, define Oy, (U) as consisting of all functions

(29) f:U— [ M),
peU

where My is the subset of M, of fractions of elements with the same degree, for
which f(p) € My, for each p € U, and such that there exists a neighborhood V' of
p in U, and elements u,v € M, for which v ¢ q for every q € V, and f(q) = ¥ in
Mg).

In this way we obtain a sheaf of Fi-rings on Proj(M) making it a Deitmar
scheme.

Remark 4.1 (Closed points). Note that the closed points and projective sub-
lines of Proj(F1[Xo, ..., X,,]) form a complete graph on m + 1 vertices, so we can
easily switch between combinatorial F1-projective spaces and Proj(F;[X])-schemes.

5. LOOSE GRAPHS AND THE FUNCTOR §

5.1. Loose graphs. Define a loose graph to be a triple (V, E,I), where as in graph
theory V is a set of vertices, E is a set of edges (VN E =), and I is a symmetric
relation on V' U E which indicates when a vertex and an edge are incident, with the
additional property that each edge is incident with at most two distinct vertices. It
relaxes the definition of graphs, in that an edge can now also have one, or even no,
point(s). Also, we do not allow loops, and the geometry is undirected. Usually we
will consider connected loose graphs.

5.2. Embedding theorem. Let I" be a loose graph. The embedding theorem of
[22] observes that I' can be seen as a subgeometry of the combinatorial projective
F1-space P.(T), called the ambient space, by simply adding a second vertex on each
edge which contains only one vertex, and then constructing the complete graph on
the new set of vertices. We will use the notation P(T") for the associated projective
space scheme.

5.3. The functor 8. Now let I' = (V, E,I) be a not necessarily finite graph. We
will give a “patching” argument as follows.

Consider P = P.(I"), and note that since I' is a graph, P\ T' — when P is
considered as a graph — is just a set S of edges. Let u be arbitrary in S, and let 2
be one of the two (closed) points on p in P(I") = Proj(F;[X;];cv) (recall Remark
4.1). Suppose that in the projective space P(T'), z is defined by the ideal generated
by the polynomials

(30) Xi, i€ Vi#j=j2).

Let P(z) be the complement in P of z; it is a hyperplane defined by X; = 0
(and it forms a complete graph on all the points but z). Denote the corresponding
closed subset of Proj(IF1[X;];cv) by C(z). Let 2z’ # z be the other point of the edge
 corresponding to the index j' = j(z’) € V. Define the subset P(z') = P\ {'} of
V, and denote the corresponding closed subset by C(z’). Finally, define

(31) C(n) = C(2) UC().
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It is also closed in Proj(Fi[X;];cv), and the corresponding closed subscheme is
the projective space P(I") “without the edge 41”; the coordinate ring is Fy [X], oy, /1,
(where (X;X;) =: I,,) and its scheme is the Proj-scheme defined by this ring. Now
introduce the closed subset

(32) o) = () Clw.
nes

Then C(T') defines a closed subscheme S(T") which corresponds to the graph T'.
We have

(33) S(T) = Proj (F1[Xil,er / | 1)-

nes
Remark 5.1 (Edges and relations). In this presentation, an edge corresponds to
a relation, and we construct a coordinate ring for S(I') by deleting all relations of
the ambient space P(I") which are defined by edges in the complement of I".

A similar construction can be done for loose graphs, [21].

5.4. Some properties. In [22], it is shown that certain properties of Deitmar
schemes arising from loose graphs can be easily verified on the loose graphs. We
mention some results.

The next theorem shows that the automorphism group of projective spaces from
the incidence geometrical point of view, which we denote by Auteynn(.), coin-

cides with the automorphism group from the point of view of F1-schemes, denoted
Autsch(.).

Theorem 5.2 ([22]). Let P be a combinatorial projective space over Fyi, and let
Proj(F1[X;licp) be the corresponding projective scheme. Then we have
(34) Autgynen (P) =2 Autgen (Proj(IF1[X;icp))-

A similar proof (considering the action on the ideals that correspond to the
“directions” instead of the closed points) leads to the same theorem for affine spaces.

Corollary 5.3 ([22]). Each group H is the full automorphism group of some Deit-
mar scheme.

Denote the category of loose (undirected, loopless) graphs and natural mor-
phisms by LGraph.

Theorem 5.4 ([22]). For any element I' € LGraph, we have that
(35) Aut(T)synth = Aut(S(T))sch-

Theorem 5.5 ([22]). A loose scheme S(T') is connected if and only if the loose
graph T" is connected.
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6. MODIFYING THE FUNCTOR &

In this section, we introduce a new map F which, similarly as 8, associates Deit-
mar schemes to loose graphs. It will have some features in common with 8 (e.g., it
will associate a complete graph to a projective space), but in the end it will be very
different. The eventual definition will be given in §§6.3. As a starting (and most
important) point, we want that the degree of a vertex reflects the local dimension
of the scheme “at that closed point.” We first consider a couple of examples to
make this idea clear enough.

Let B be the complete graph on three vertices minus one edge: by the embed-
ding theorem, it embeds in projective 2-space over Fy. Call the vertex of degree
two x, and call the others y and z. It contains the graph A corresponding to
Spec(FF1[X1, X3]) as an open set. On the level of D-schemes, what we obviously
want is F(B) to be the projective plane over F; minus the multiplicative group
(since we delete a projective line minus two points). And very importantly, we
also want that if I C T is a strict inclusion of loose graphs, F(I") also is a proper
subscheme of F (f) In fact, we will introduce this property as one of our axioms to
define the modified map.

COV IfT C T is a strict inclusion of loose graphs, F(I') also is a proper subscheme
of F(I).
LOC-DIM 1If z is a vertex of degree m € N* in I', then there is a neighborhood 2 of
x in F(I') such that F(I')| is an affine space of dimension m.

Now consider an open cover Aj, Ay, Az of F(B), where A; contains y and is
defined by taking out the closed subscheme defined by the projective line zz, A
contains = and is defined by taking out the closed points y and z, and A3 contains
z and is similarly defined as A;. With the same indices, we obtain affine schemes
Spec(E;) which in case of ¢ = 1,3 is the absolute line and in case ¢ = 2 the affine
plane over Fy. Applying Deitmar’s base-extension to Z, F(B) ®p, Z is defined by
lifting the Spec(F;) to Z, the gluing being governed by what happens on the D-level
(see also §8).

For any finite field k = F,, we obtain a scheme F(B)(k) — P?(F,) which is cov-
ered by three opens, in which two affine lines and one affine plane are induced, and
the gluings are defined by the drawing (cf. §8), that is, P?(F,) without a projec-
tive line minus two points. Choosing homogeneous coordinates X,Y, Z in P?(F,)
such that the aforementioned projective line is defined by Z = 0, we obtain the
quasi-projective variety V (k) of which the complement is defined by the property

(36) Z=0 = XY #0.
Whence V' (k) is given by the constructible set
(37) (Z#0) v (XY =0),

that is, the union of the X— and Y—coordinate axes and the affine plane with as
line at infinity Z = 0.

Remark 6.1. Although, going from A to B, we add the points on the edges through
x, this does not imply, as we have seen, that once we have lifted the D-schemes
F(A) and F(B) to Z-schemes or F,-schemes, all the points of the lines in the affine
plane corresponding to A get an extra point. In fact, an affine plane over F; is just
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FIGURE 1. The inclusion A «— B.

an absolute point with two directions, so these (two) lines correspond to canonical
coordinate axes. Once lifted to Z or F,, only the (two) lines corresponding to these
axes get an extra point.

As in [22], we also want the following two properties to hold:

C any vertex of a loose graph I' defines a closed point of F(T"), and vice versa;
PL any edge of I" which contains two distinct vertices corresponds to a closed
sub projective line of F(T").

Both are in fact instances of the following more general property:

CO If K,, is a sub complete graph on m vertices in T', then F(K,,) is a closed
sub projective space of dimension m — 1 in F(I).

6.1. Open and closed sets — Caution! Let I' be any finite loose graph, and
let L and L’ be two different sub complete graphs on two vertices. After passing to
F(T'), we obtain different closed projective lines F(L) and F(L'). Unfortunately, the
subgraph of I' defined by the union LUL’ does not necessarily define a closed subset
of F(I') (although it looks rather closed in the loose graph); in the example in the
beginning of this section, for example, that union defined a proper constructible
set.

The reason of this possible confusion, as already mentioned in Remark 6.1, is
that although, for instance in the aforementioned example, L U L’ looks like the
union of two projective lines meeting in a point, it is in fact a projective plane minus
a multiplicative group. Unfortunately (again), we only see this after the scheme
has acquired enough flesh — that is, after base change to “real” fields, cf. Remark
6.1. It is essentially a corollary of Axiom (COV): the union LU L’ (with L, L' still
meeting in a point) contains the loose graph of the F;-affine plane, so must define
something 2-dimensional.

On the other hand, if L and L’ would not meet in some loose graph I', then the
union does define a closed set (by simply multiplying equations). In general, the
same holds for a finite number of sub projective lines in general position.

Similarly, one has to be careful with finite unions of sub complete grahs. But
finite unions of vertices always define closed sets — call this property “FUCP” for
further reference.

Remark 6.2. If (COV) is not asked, a given loose graph scheme could (more or
less) naturally ascend to several schemes over a fixed finite field F,,. We will come
back on this matter in a later paper.
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6.2. Lifting of general “loose stars”. After the analysis on the example in this
section, and taken the main axioms into account, it is now easy to write down the
constructible set for the Z-scheme corresponding to a general “loose star graph.”
Let T have a vertex v which is incident with m > 2 edges, of which £ < m, £ > 0,
have a second vertex (and let T' contain no other vertices and edges). Then after
choosing homogeneous coordinates in P™(Z), the corresponding constructible set
in Z[X, Xy,..., X is

(38) (X#0) Vv <U1§igz{Xj=0|j7éi;1§j§m}>

that is, the union of the (projective) X;i—,..., Xy—coordinate axes and the affine
space with as hyperplane at infinity X = 0.

6.3. The new functor, . In conclusion, the map F must obey the following set
of rules:

COV IfT C T is a strict inclusion of loose graphs, F(I") also is a proper subscheme
of F(I).
LOC-DIM If z is a vertex of degree m € N* in I', then there is a neighborhood 2 of
x in F(I') such that F(I')|, is an affine space of dimension m.
CO If K,, is a sub complete graph on m vertices in I', then F(K,,) is a closed
sub projective space of dimension m — 1 in F(T').
MG An edge without vertices should correspond to a multiplicative group.

There is now a transparent way to define &, as follows:

(F1) First, for any loose star S (one vertex plus a number n of loose edges
through it), F(S) is the affine F;-space of dimension n. Here, a loose edge
is an edge with 0 or 1 vertex.

(F2) Now let T' be any connected loose graph, and let T' be the graph-theoretical
completion of T, that is, T is the graph one obtains by adding a new vertex
on any loose edge of I'. Say that I has m + 1 vertices. Let P(') be the
projective [F1-space of dimension m defined by these vertices; then F(I') is
the union in P(T) of the affine Fi-spaces defined by the stars which are
defined by each vertex, without the closed points which correspond to the
vertices which were added to obtain T.

(F3) If we choose homogeneous coordinates (in P(T')) such that each such vertex
has as coordinates a vector in {0,1}™*! with precisely one nonzero entry,
F(T) can be described explicitly analytically. The disconnected case is
easily derived from the connected case.

From this moment on, we will call F (and its liftings Fj, to fields k) a functor,
although this will not be proved here. This is done in detail in the paper [19].

7. GROTHENDIECK RING OF SCHEMES OF FINTE TYPE OVER [y

As we mentioned in the introduction, Deitmar schemes are based on considering
commutative multiplicative monoids (with an absorbing element) as commutative
rings over 1. Besides, the Spec-construction allows us to have a whole scheme
theory over Iy defined in an analogous way to the classical scheme theory over Z.
This will let us define the Grothendieck ring of schemes over Fy (Deitmar varieties).
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Let us remark that the classical definition of the Grothendieck ring takes into
account only varieties over a field k, i.e., separated integral k-schemes of finite type,
but it is indeed possible to define the Grothendieck ring in the category of schemes
of finite type over k in a similar way (see [1, section 2]). Hence, for our study, we
will directly define the Grothendieck ring for Deitmar schemes of finite type.

Definition 7.1. The Grothendieck ring of schemes of finite type over Fy, denoted
as Ko(Schy, ), is generated by the isomorphism classes of schemes X of finite type
over F1, [X], , with the relation

(39) [X]Fl = [X \ Y]lFl + [Y]Fl
for any closed subscheme Y of X and with the product structure given by
(40) [X]e, - Y], = [X xp, Y]

Fi Fqp*
We denote by L = [Aﬂlﬁ}wl the class of the affine line over 1. Let us remark that
the multiplicative group G,,, will satify, as a consequence, [Gm]]pl =L —1, since it

can be identified with the affine line minus one point.

Remark 7.2. In the classical scheme theory over a field k, the multiplicative
group G, is isomorphic to the affine scheme Spec(k[z,y]/(zy — 1)) which has
klx,y]/(zy — 1) as its coordinate ring. Nevertheless, since in the geometric theory
over [y there is only one operation on the rings, we define the kernel of a map
in terms of congruences instead of ideals (see [14, section 1.3] for more details).
Hence, we define the multiplicative group G,, over F; to be isomorphic to the
scheme Spec(Fi[z,y]/(zy = 1)).

8. GLUING

Let T be a loose graph and F(T') be the Deitmar scheme associated to it. By
definition of the functor ¥ and the embedding theorem (see §§5.2), we have for
every vertex of I' an affine scheme of finite type over F; defined from the loose
star corresponding to the said vertex. Let us call vy, ..., v, the vertices of I' and
Spec(FE;) the affine schemes associated to v;, 1 < i < k. We will study now the
intersection of these affine schemes.

Lemma 8.1. For all1 <r,s,<k, Spec(E,) N Spec(Es) # 0 if and only if v, and
vs are adjacent vertices.

Proof. Suppose that v, and vs are adjacent and let e be the edge having these
vertices as end points. Then, e belongs to the loose stars associated to v, and vg
and is used to define their corresponding schemes Spec(E,) and Spec(Fs). Thus,
due to the property COV of the functor F, the subscheme defined by e is contained
in the intersection.

The converse is similar. Suppose v, and vs are not adjacent. Then their respec-
tive loose stars do not have any edge in common. But the edges of the loose stars
are the generators of the affine schemes Spec(E,) and Spec(F;), which implies
that there are no relations between the generators of both schemes. Thus their
intersection must be empty. [ ]

This lemma implies that the gluings on the scheme F(I') are completely de-
termined by the graph I', happening locally on the affine schemes corresponding
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to adjacent vertices. Besides, after Deitmar’s base-extension to Z, the gluings in
F(T') ®r, Z are equally determined by I'. Let us now describe how these affine
schemes are glued together.

Consider two adjacent vertices v, and v, in I', with degrees r and s respectively,
let Spec(F,) and Spec(E;) be their corresponding affine schemes and e the edge
joining both vertices. Each of these two schemes is isomorphic to an affine space
(see definition of F, §6); then we can write Spec(E,) ~ Spec(F[X1,...,X,]) and
Spec(FEs) ~ Spec(F[Y1,...,Ys]). Since the gluing happens only at the level of the
two vertices and the common edge, we can restrict ourselves to the open schemes
F({vr},{e}) embedded in Spec(E,) and F({vs},{e}) embedded in Spec(E), both

schemes isomorphic to the affine line over ;.

Let us represent by X the scheme F({v, }, {e}) and by Y the scheme F({vs}, {e}).
Then, w.l.o.g we can assume that X = Spec(F;[X;]) and Y = Spec(F;[Y1]). We
denote also by U the open set D(X;) of X and by V the open set D(Y7) of Y. One
can easily check that the intersection X NY is equal to U as an open set of X and
equal to V' as an open set of Y. Hence, to determine the gluing of X and Y along
their intersection, we only need to define an isomorphism between the open sets U
and V.

We know that U ~ Spec(IF;[Xy, X;']) and V =~ Spec(F;[Y;,Y; ']) and then,
the isomorphism of F;-rings
Fi[X, X7 — Fi[Ya, Y]
X, . \
Xt B Y
induces an isomorphism of Deitmar schemes between X and Y.
Denoting by ¢ the embedding of X in Spec(FE,), by ¢; the embedding of U in
X and by j and j; the ones of Y into Spec(E;) and V in Y, respectively, we can

define a morphism v of F1-schemes between Spec(FE,.) and Spec(FE;) according to
the following diagram

Spec(E;) L Spec(E;)

Spec(IF1[X1]) Spec(F1[Y1])
U—— 5V

such that the morphism v restricted to the intersection Spec(FE,) N Spec(E;) ~
X NY equals the isomorphism between U and V. Doing this process for every pair
of adjacent vertices in I', we construct morphisms of schemes compatibles with the
intersections in such a way that all the affine schemes glue together to one scheme
of finite type over F;.

Finally, as a direct consequence of Lemma 8.1, we deduce a similar result as [22,
Theorem 4.7] for the funtor F.
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Corollary 8.2. Let T' be a loose graph and F(T') its loose scheme. Then, F(T') is
connected if and only if T is connected. [ |

9. GROTHENDIECK POLYNOMIALS

Let I be a loose graph, and let k£ be any finite field different from F;. Consider
Fi(T) := F(T) @p, k. We will show that there exists a polynomial Pr(X) € Z[X]

(which we sometimes also denote as P(I")) such that ‘fqu (I‘)‘q = Pr(q) for all Fy,

so that the polynomial is independent of ¢. In terms of [9], this means that for
each prime p, I, (') is polynomial-count (with the additional property that the
obtained polynomials for all p are one and the same). We call this polynomial the
Grothendieck polynomial of T, or of Fi(T'), or of F(T'), or of F(I') @y, Z.

Suggestively, we will write Pr(LL) instead of Pr(X), since by one of the Tate
conjectures, it would follow that the class of each Fy(I") indeed would be an element
of Z[L] C Ky(Schg). That result is the subject of the work [20]. In terms of [9],
the schemes Fy(T) are zeta-equivalent to elements « of Schy, for which [y] € Z[L] C
Ko(Schyg) (since for each such k, they have the same zeta function).

10. GROTHENDIECK POLYNOMIAL FUNCTIONS ON GRAPHS

Let I" be a loose graph. From section §6, we know that every loose graph has a
Deitmar scheme F(T") associated to it. We will define in this section a new function
on I' that gives us information about the class of F(I') in the Grothendieck ring of
Deitmar schemes of finite type. To simplify, we will use the notation [I', for the
class of F(I') in the Grothendieck ring of schemes of finite type over F.

We will consider first the case where I' is a loose tree, that is, a connected loose
graph in which any two vertices are connected by an unique simple path. So, a
loose tree is a connected loose graph without cycles. Note that a tree is also a loose
tree.

To find this new function, we start thinking about the most basic examples, the
affine spaces Ag . According to e.g. [22, 23], the corresponding loose graphs are
the loose graphs with one vertex (the only closed point of Spec(F[X1,...,Xx]))
and n edges having the vertex as their only point.

- n-times

FIGURE 2. Affine space Ag .

We already know that the class of the affine space Ay in the Grothendieck ring
of Fi-schemes of finite type is the n-th power of the Lefschetz motive L. So, our
function must verify the following condition:
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o If we denote by FAFI the loose graph corresponding to Ag , then [FAI?H] =L".

Fy
Besides, if Ipy s the graph associated to the projective line IF’]%I, our function
1
should satisfy [I'ps ]F =L+1.
I 1 1

— o
FIGURE 3. Projective line PEI-I.

Comparing other examples, we came up with the following definition of our
function for loose trees.

Definition 10.1. Let I" be aloose tree. Then, let us consider the following notation:

e Let D be the set of degrees {d1,...,d;} of V(') such that 1 < d; < da <
v < dg.

e Let us call n; the number of vertices of T" with degree d;, 1 <i < k.
k

° Wecall[:Zni—l.

i=1

o We call F the number of vertices of I' with degree 1, that is the end points.

Then, we define the function “class of a loose tree,” and we denote it as [ . ]F ,
1

as follows:
[.] : {Loose trees} — Ko (Schy,)

Fy
k

_ Tdi 7.
r = [M), =) nL*-I.L+I+E.
i=1
We will prove by induction on the number of vertices of the tree that the function
is well defined. We start with basic cases which will be used for proving the formula
for a general loose tree.

10.1. The projective line IP’]}l. As we mentioned before, for the projective line,
the corresponding tree is one edge with two end points. That gives us E = 2,
I = —1 and D is the empty set, so the formula will be:

[FP%le =L+1,

which corresponds with the desired class of the projective line in the Grothendieck
ring.

10.2. The affine space A . In this case we have one vertex of degree n, £ =0
and I = 0. Then,
_Tn
[Fag ], =L"
10.3. A (loose) star S*. Suppose we have a star S, that means, a complete
bipartite graph K ,,.

We know that a vertex in the tree corresponds to a closed point of the scheme.
By property “FUCP” (see §§4.4), the disjoint union of all the vertices of degree 1
in the tree is also a closed subset of the scheme. Then, according to the relations
in the Grothendieck ring, we can express the class of S, as follows.
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+ n-times

FIGURE 4. A star S,.

Let us call vy, ..., v, the vertices with degree one. Then
n n
@y (5, = (1w, + [Pl =3 ], +L" =nfu], +L7 =nsL"

Besides, we can define a loose star with parameters (n, k), k < n, and denote it
as S¥. as a star S, with k vertices of degree 1. The same reasoning of above will

n?
give us a similar formula for a loose star:

k n
(42) [Sh], =k+L"
10.4. A general loose tree. For the case of a general loose tree we want to be
able to “break” the tree into pieces in a certain way. To prove that the function
is well defined, we will w.l.o.g. assume that a loose tree I has an edge e such that
I'\ {e} is a disjoint union of two loose trees, both with at least one edge. We will
call this condition (D) (in case I' does not satisfy this condition, we will be in one
of the previous cases).

Lemma 10.2. Let T be a loose tree, F(T') the corresponding Deitmar scheme and
e an edge satisfying the condition (D). Let I'y and I's be the two disjoint loose trees
obtained as above; then F(I'1) and F(T'2) are disjoint.

Proof. Since I'y and I's are both connected loose trees, from Corollary 2.2, we
have that F(I'1) and F(T'2) are connected Deitmar schemes. Also, by definition
of the F functor, F(I'y [[T'2) = F(I'1) UF(T2) and has two connected components
(Corollary 2.2). So, it is clear that F(I'y) and F(I'y) are disjoint. ]

After this lemma, we are ready to prove the consistency of the formula for all
trees. We will prove it using induction on trees.

Let us start with I' and let e be one of the vertices satisfying (D). We will denote
by e the subgraph having e as the only edge and having two end points vy, vo. Then,
e defines a projective line Py which is a closed subscheme of the Deitmar scheme
associated to I'. By the relations in the Grothendieck ring of schemes of finite type
over [F1, we have:

(43 ], = [, +[r\d

Remark 10.3. Let us remark here that by [I'\ €], we mean the class of the
Deitmar scheme defined by the loose graph I' \ € embedded in the scheme defined
by T'. Otherwise, if we just take the graph T'\ € without the said embedding, we
will obtain a different scheme in a projective space of higher dimension that the
one in which F(T') is embedded!

Fp
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Let’s clarify this remark with the following example. Let I' be the graph

We can easily see that in this case, I' \ € is the disjoint union of two stars S,
without their respective vertices of degree 2

\/
/\

Not considering the scheme F(T \ €) embedded in F(T') gives us 4 - L as the
Grothendieck polynomial of [I\ é]Fl, since it corresponds to four disjoint copies
of the affine line inside the projective space ]P’HZI. Nevertheless, this Grothendieck
polynomial does not give the correct information about the number of F,-rational
points of F(I'\ &) @r, F, in F(T') @, F,. The correct polynomial is, in fact, 2- (L% +
1), which is the one obtained considering the right projective space in which the
schemes are embedded.

Now, we know that I"\ {e} has two disjoint connected components (I'; and T's),
and each of the end points of the edge e belongs to one of these two components.
Suppose that v; € I'1 and vo € I's. For computing the class of [I‘ \ é}w we need to

1
calculate the class of [I'y \ {111}]F and [I'y\ {’Ug}]w . To compute these two classes
1 1
we also have to take into account that they define schemes embedded in F(I'y) and
F(T'3), respectively.

Using the same relations on the Grothendieck ring we deduce that:
(44) [Ty U{etu {UQ}]F1 = [T\ {ul}]F1 + [e]
since € defines a closed subscheme of the Deitmar scheme correponding to I'; U
{e} U{va}.

Reasoning in a similar way for [I' \ {Ug}]F , we find that
1

(45) [F]Fl = [é}IFl + ([F1u{e}U {vg}}wl - [é]wl) + ([F2U{e} U {Ul}]wl - [é]h).
Using induction, we know that the formula is valid for both [I'y U {e} U {v2}]
and [I'; U{e} U{v1}] . Let us write them:

Fy

Py

51

k1

[Frufetufea}], =) m, L% —L-L+ 5+ By,
r=1

(46) s

[Cau{e}ufu}], = na L™ —L-L+L+Es.
j=1

Finally we observe that
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L] Izll-f—lg-f—l
o E=FE+FEy,—2.
ol¢] =L+1.

The degree of the inner vertices and the number of vertices for each degree
remain the same as in I'.

So, introducing these two formulas in (45), we obtain

Fy

k1 ko
(47) [[] =LA+ _n, LA+ ng L=~ (I, + L)L+ (I, +E1 + o+ Ey).
r=1 j=1

Reordering the degrees of the vertices, we have

k
48) [, = > nl%—(h+L+ DL+ (h+h+1+E +E—2)
=1

1

k
— Yonlh -1 L+ 1+E.
=1

11. LirTING K((Schy,), I

In [3], Deitmar explained how one can extend a scheme over Fy into a scheme
over Z by lifting affine schemes Spec(A) to Spec(A) ®p, Z, the gluing being defined
by the scheme on the Fi-level. The same base extension is also defined for any
field k. Thanks to the naturality of the base change functor, we will prove that
this lifting is compatible as well on the level of the Grothendieck ring of schemes of
finite type “up to zeta-equivalence.”

We define 2 as a map from the Grothendieck ring Ko(Schy, ) of Deitmar schemes
of finite type to the Grothendieck ring Ky(Schy) of schemes of finite type over any
field k generated by the map sending the class L to the class L, i.e.

(49) Q: Ko(Schp,) — Ko(Schg)
Yol = > el
j=1 j=1

Let us remark that the function €2 is then defined on the subring Z[L] of K¢ (Schy, ).

As we did for the class of F(I') in the Grothendieck ring of schemes of finite type
over F1, we will denote, from now on, by [['], the class of its lifting F(T') ®p, k in
the Grothendieck ring of schemes of finite type over k.

Theorem 11.1. Let T' be a loose graph, and let F(I') be zeta-equivalent to an
element v of Schr, whose class is contained in Z[L]. Then Q([v];,) = [7],, where
¥ is an element in Schy which is zeta-equivalent to F(T) ®p, k.

We will succintly write Q([T']r,) = [[']x mod ZFE for the property expressed in
the statement of Theorem 11.1.
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Proof. We will prove this by induction, in the same way as in section 3. We will
start with the basic cases.

Projective line. Let I'ps be the graph associated to the projective line IP’]}Tl . Then,
1

Bt

(50) ey L.,) = QL+ 1) =L+1= [P}] = [Ty |
Affine spaces. Let FA% be the graph corresponding to the affine scheme Ag .
Then,

(51) QTag Jn,) = QL") =L" = [AF] = [Cag ],

Loose stars S¥. The Deitmar schemes associated to SF can be written as:

k
(52 7(5k) = a3, U [T (w).

Since this D-scheme is a disjoint union of an n-dimensional affine space over Fy
and a disjoint union of closed points (which is closed by the property “FUCP”),
it follows that its base extension to k is also a disjoint union of an n-dimensional
k-affine space and a union of closed points. Hence,

(53) Q[Spls,) = QL" + k) =L" +k = [AY], +k = [S],.-

Loose trees. Let T" be a loose tree. The way we proved the formula above for
loose trees, gives us a decomposition of [I'], , according to the relations in the
Grothendieck ring over [y, as the sum [e], +[I"\é], , where ¢ satisfies the condition

(D) (see §8§3.4).

We know that € defines a projective line over Fy, so its extension to k corre-
sponds with the projective line P}, which is also a closed subscheme of the k-scheme
F(I') ®F, k. This gives us the following relation in the Grothendieck ring of schemes
over k:

(54) ), = [C\él, + [el,

Hence, using induction on the dimesion of the loose tree and the decomposition
of (45), we obtain that:

Q[T U e} Ufea}] )= [T U{e}u{n}],,
[Tz Ufe} Ufun}], ) = [F2U{e}u{n}],.

so, we can conclude that Q([I']; ) = [I']x.

(55)

For general loose graphs, lifting will be further commented upon in §13. Note
that for each of the cases we handled up till now, we have

(56) U[e,) = [F(T) @r, klx = [Tk

Next, we want to introduce a process to calculate Grothendieck polynomials over
fields k # F1, and look at some consequences.
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12. SURGERY

In this section we derive a procedure in order to inductively calculate the Grothen-
dieck polynomial of a Z-scheme coming from a general loose graph. In each step
of the procedure, we will “resolve” an edge, so as to eventually end up with a tree
in much higher dimension. So one will have to keep track of how the Grothendieck
polynomials change in each step. In the entire section, k will be a field different
from F;. Since we will determine Grothendieck polynomials, k usually will be finite
(although one notes that in the context of the Grothendieck ring, the polynomials
also are meaningful for infinite k).

12.1. Resolution of edges. Let I' = (V, F) be a loose graph, and let e € F have
two distinct vertices v1,vs. The resolution of T' along e, denoted T, is the loose
graph which is obtained from I' by deleting e, and adding two new loose edges (each
with one vertex) e; and e, where v; € ¢;, 1 =1, 2.

One observes that

(57) dim(P(T,)) = dim(P(T")) + 2.

12.2. The loose graphs I'(u,v;m). We define I'(u, v;m), with m € N and u,v
symbols, to be the loose graph with adjacent vertices w,v, m precisely common
neighbors of u and v and no further incidences.

F1GURE 5. The loose graph I'(u, v;m).

The corresponding k-schemes consist of two affine (m + 1)-spaces A, and A,
and m additional closed points in their spaces at infinity, of which the union covers
all the points of the projective (m + 1)-space P(I'(u,v;m)) up to all points of the
intersection v of their spaces at infinity (which is a projective (m—1)-space), except
m points in 7 in general position. So the Grothendieck polynomial is

m—+1 m—1

(58) YL - ()L —m) =L + L™ +m.
1=0 =0
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12.3.  Now consider a graph I which consists of a I'(u,v;m), a further edges inci-
dent with u, and b further edges on v (a,b € N). We suppose that these edges are
loose, but as we have seen before, if they would contain some more vertices (say
¢ < a+ b vertices), then we just add ¢ to the Grothendieck polynomial below. For
further reference, denote such a loose graph by I'((u, a), (v,b); m).

Obviously, on the level of schemes, the only intersections occur in the projective
space P((I'(u,v;m)) C P(T), so the Grothendieck polynomial is

(La+m+1 _ Lm+1) + (Lb+m+1 _ ]Lm+1) 4 Lerl LL™ +m =

(59) La+m+1 + ]Lb+m+1 _ ]Lm+1 + L™ 4+ m.

Remark 12.1. Put a = 0 = b and m = 1; then we obtain the projective F1-plane
(with Grothendieck polynomial .2 + L + 1). In general, put a = b = 0; then we
obtain (58).

12.4. Adding further graph structure on the common neighbors. Define
I'(u,v; G(m)), with u, v symbols, to be the loose graph with adjacent vertices u, v,
m common neighbors of u and v, and with the graph G defined on the common
neighbors. (If the graph G has no edges, we are back in §§12.2.) For generality’s
sake, let a further edges be incident with w, and b further edges with v (a,b € N).
As before, we suppose that these edges are loose.

Then in the same way as in §§12.2 one calculates the Grothendieck polynomial
to be

(60) La+m+1 + ]Lb—&-m+1 — Lm+1 L L™+ P(G),

where P(G) is the Grothendieck polynomial of G. Notice that P(G) can be sim-
ply added to the polynomial because the subscheme associated to G is inside the
projective (m — 1)-subspace defined by the common neigbors of u and wv.

12.5. The loose graphs I'(u, v;m),,. Resolving I'(u,v; m) along uv, the k-schemes
corresponding to I'(u, v;m),, consist of two disjoint affine (m + 1)-spaces A, and
A, (of which the hyperplanes at infinity intersect in the projective (m — 1)-space
generated by v1,...,v,) and m additional mutually disjoint affine planes o, i =
1,...,m, in the projective (m+3)-space P(I'(u, v;m)) such that for each j, a;NA, =
aj NA, is a projective line minus two points.

The Grothendieck polynomial is

(61) 2L 4 mlL? — 2m(L — 1),

12.6. As before, consider a more general graph I', but which has a loose edges
on u, and b loose edges on v, the case a = 1 = b giving I'(u,v;m)y,. For further
reference, denote such a loose graph by I'((u, a), (v,b);m). Then the Grothendieck
polynomial is

(62) Lot 4 LA™ 4ml? — 2m(L — 1).

Remark 12.2. Put a = 0 = b and m = 1; then we obtain the example studied in
66 with Grothendieck polynomial L2 + 2.
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FIGURE 6. Resolution of I'(u, v;m) along the edge uv.

12.7. Adding further graph structure on the common neighbors. Now con-
sider a graph I' defined as in the previous subsection, but where some graph G
is defined on the m common neighbors of 4 and v. Denote this loose graph by
I'((u,a), (v,b); G), and remark that when G has no edges, we are back in the pre-
vious subsection.

We claim that the Grothendieck polynomial is

(63) L™+ LA™ L P(G)L2 —2P(G)(L—1) = LA™+ L™ L P(G)(L—1)2+P(G).

For a proof, see the next subsection.

12.8. General cones. Let P be the complete graph on k vertices, and let G; and
G2 be subgraphs such that P(G1) NP(G2) = 0 (noting that P(G1) UP(G2) C P).
Define the cone with base G2 and vertez Gy, denoted C(Ga,G1), as the subgraph
which contains G; and G, and all the edges of P which connect a vertex of Gs
with a vertex of G1. Note that C'(G2,G1) = C(G1, Ga).

Theorem 12.3. Let the number of vertices of G1 be m1 and the number of vertices
of G be ma. We have that the Grothendieck polynomial (in Z[L]), where k is any
finite field, including F1) is given by

(64) P(C(G2,G1)) = P(G1)L™ + P(G2)L™ — P(G1)P(G2)(L — 1).

Proof. Let k = Fg be afinite field with ¢ elements, and consider F(C(G2, G1))®r,
k. Then for each point v of F(P(G1)) ®F, k, respectively F(P(Gz)) ®F, k, the cone
contains an affine mo-space defined by v and the vertices of F(P(G2)) ®p, k, re-
spectively an affine mq-space defined by v and the vertices of F(P(G1)) ®p, k.
Two by two, these affine ms-spaces, respectively affine m1-spaces, are disjoint, and
the union of the affine mi- and mo-spaces thus obtained is the set of k-points of
F(C(G2,G1)) ®p, k. The order of the latter set is

(65) P(G1)(q)g™* + P(G2)(9)g™ — P(G1)(q)P(G2)(q)(q — 1),

where the last term stands for the points which are doubly counted. [ ]

Putting G equal to a graph consisting of two vertices, one obtains the formula
of the previous subsection after have added a and b loose edges to these vertices.
In fact, one easily calculates the Grothendieck polynomial of a general cone with
base and vertex loose graphs instead of graphs.




DEITMAR SCHEMES AND ZETA FUNCTIONS 25

Theorem 12.4. Let G1 and Go be loose graphs (disjoint, as above). Let the
number of vertices of G1 be my and the number of vertices of Go be mo. Let G
and G, be their respective reduced graphs (the ones without loose edges). Denote the
degree of a vertex v in G; by degg, (v), i = 1,2. Then we have that the Grothendieck
polynomial of the cone C(Ga2,G1) (in Z[L]), where k is any finite field, including
Fy) is given by

P(C(G2, Gr)) = P(GY)L™ + P(G5)L™ — P(GY)P(G5)(L — 1)

(66) + (L™ — 1) Z Ldegs, (v) (L™ — 1) Z Ldega, (W)

veEG1 weGs

Proof. By Theorem 12.3, we know the Grothendieck polynomial of C(G%, GY))
for any finite field k. Now for each vertex u € G;, add a term LI°8c;(W+mi _

LA°2e: () where {i,j} = {1,2}. ]

12.9. Loose graph cones versus “classical cones” — caution. Let G and G»
be loose graphs, and let k be a field. As above, we see G and G5 as being embedded
in some Fi-projective space, and they generate subspaces which are disjoint. For
A and B two disjoint point sets in a projective space P over k, by A x B we denote
the set of points which are on lines containing a point of A and a point of B.

One might be tempted to think that the following identity holds:

(67) F(C(G1,G2)) ®r, k= (F(G1) @k, k) x (F(G2) ®F, k),
that is, that the following diagram commutes:
c
G1,Gs ~ 7 C(G1,G2)

l(@Flk)o(?) l(@ylk:)o(fr)

F(G1) @, k, F(G2) @p, k ——— (F(G1) ®r, k) x (F(Gs) @, k)

In general, this is not the case. We will give two simple examples in which (taken
that k is finite), respectively, |F(C(G1, G2)) ®r, k| > [(F(G1) @, k) x (F(G2) @, k)|
and |F(C(G1,G)) ®F, k| < [(F(G1) ®r, k) x (F(G2) ®p, k)|. So there isn’t even a

fixed direction in which inclusion would work for general examples.

12.9.1. Ezample #1. Let G4 the graph of a projective line over F1, and let G; be the
loose graph of a projective F1-plane without a multiplicative group (i.e., an affine
Fi-plane with two extra points at infinity). Then the Grothendieck polynomial of
C(Gs,Gy) is L* + L3 + L2 + 2, while the Grothendieck polynomial of (F(G1) ®r,
K) % (3(Ca) @, ) is

68) (L+1DM2+2)(L—-1)+([L+1)+(L*+2)=L*+2L* + L +1.

Note that when the two points at infinity of G5 wouldn’t be there, both con-
structions would yield the same number of points. (When those two points are then
added in Ga, the two closed points in G2 suddenly see 4-spaces instead of planes.)
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12.9.2. Example #2. Let both G1 and G4 be the loose graph of an affine plane over
F1. Then the Grothendieck polynomial of C'(Ga, G1) (which is a tree) is 23 —L+1,
while the Grothendieck polynomial of (F(G1) ®r, k) x (F(G2) ®F, k) is

(69) L?. L2 (L—1)+2L% =L° - L* + 212

12.10. Affection principle. Having studied a number of local situations, we now
determine what happens when one resolves an edge in a general finite loose graph.
For that purpose, we consider a finite loose graph I', and let P(T") be its Grothendieck
polynomial. We choose an edge uv which is not loose, and we compare P(I") and
P(Ty,).

We have seen that for each finite field IF,, the number of Fy-rational points of
F(T') ®r, Fy is given by substituting the value ¢ for the indeterminate in P(T"). As
locally each closed point of F(I') ®p, F, =: X, yields an affine space (of which the
dimension is the degree of the point in the graph), its number of points can be ex-
pressed through the Inclusion-Exclusion principle. Call the vertices of I vy, ..., v,
and let for each v;, A; be the local affine space at v; of dimension deg(v;). Then
one can calculate the number of points (over any F,) through the expression

(70) i(—l)”l( Y AL N-NAy, )

1<j1<--<gi<r
So to start with, we have to control the intersections of type A, N A, — in other
words, the intersections A, N A, (since the former intersections are controlled by
the behavior at infinity). Here, A denotes the projective completion of A.

Calling d(-,-) the distance function in I" defined on V x V, V being the vertex
set (so that, for example, d(s,t), with s and ¢ distinct vertices, is the number of
edges in a shortest path from s to t), by §8, we will show we only need to consider
what happens in the vertex set

(71) B(u,1) UB(v,1)

when resolving uv, where B(c, k) := {v € V|d(c,v) < k}. Below, we will also use
the notation v+ = {v}+ for {w € V|d(v,w) = 1}, and then {v,0'}* = vt Nt
In particular, we have that B(c,1) = {c} Uct.

The two next lemmas are immediate.

Lemma 12.5. Let I' be a finite connected loose graph, and let u and v be distinct
vertices. Let k be any field, and consider the k-scheme F(I')®p, k. Then if d(u,v) >
2, we have that

(72) AuNA, = 0.
(If d(u,v) > 3, By N By =0.) "

Lemma 12.6. Let T' be a finite connected loose graph, and let A be a set of distinct
vertices. Let k be any field, and consider the k-scheme F(T') ®p, k. If NacaBy = 0,
then this intersection remains empty after resolving an arbitrary edge. [ ]
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Theorem 12.7 (Affection Principle). Let ' be a finite connected loose graph, let
xy be an edge on the vertices x and y, and let S be a subset of the vertex set. Let
k be any finite field, and consider the k-scheme F(T') @p, k. Then NsesAs changes

when one resolves the edge xy only if |S N (E(m, 1) UB(y, 1))| > 2.

Proof. We first handle the case when |S| = 2, so we put S = {u, v}. As the loose
edges on u and v clearly play no role in any change which could occur on A, N A,
when resolving zy, we will work w.l.o.g. in the graph T which is T’ without loose
edges (the “reduced graph”); we will keep using the same notation for z,y, u, v.

Clearly if zy ¢ P(B(u,1) UB(v,1)) =: Py, then A, N A, will not change
through resolving zy, as A, UA, C P, .

Now suppose that (e.g.) u & B(z,1)UB(y, 1); then obviously v € {z,y}U{z,y}*
(as in each of those cases zy € A,, and otherwise not). For, if zy € P, ,, then
{z,y} C (wt U{uh)U (vt U{v})sif u & Bz, 1)UB(y, 1) (y # u o @ and y # u # @),
then z,y € v+ U {v}, so v € {z,y} U {z,y}*.

Suppose first that v = z. If d(z,u) > 3, then A, NA, = () by Lemma 12.5, and
after resolution of zy this stays the empty set. If d(z,u) = 2, then A, NA, remains
unchanged when resolving zy. For, first note that u # y as u ¢ B(z,1) UB(y, 1).
Consider P, = Py, = P(B(y,1) UB(z,1)) in I'; as (A,,A;) = P,, and as
dim(P,, ;) does not change after resolving zy (while in I';,, we also have (A, A,) =
P, . and the dimensions of A, A, remain the same), so that A, NA, does not
change (dim(A, N A,) is in both cases determined by |u™ N z=*|).

The case v = y is of course similar.

Now let v € 2+ Uyt. By considering the cases d(u,v) = 1, d(u,v) = 2 and
d(u,v) > 3, one again easily concludes that A, N A, remains unchanged when re-
solving zy.

We conclude that if A, N A, changes after resolving xy, then {u,v} C B(z,1)U
B(y,1). The general statement now immediately follows. [ ]

In the next corollary, I''p,  (e.g.) is the graph induced by I' on the vertex set
B(u,1) N B(v,1).

Corollary 12.8 (Geometrical Affection Principle). Let T' be a finite connected loose
graph, let xy be an edge on the vertices x and y, and let k be any finite field. The
difference in the number of k-points of F(I') ®r, k and F(T'yy) @r, k is

(73) F(Tie..,) O5, k| = |FCayyp, ) O5, k| -
In this expression, I' may be chosen to be reduced (but after resolving xy, one is of
course not allowed to reduce I'y ).

Proof.  Suppose that v and v are distinct vertices of I', and suppose that A, UA,
changes through resolution of xy. By Theorem 12.7, we have that
(74) {u,v} € B(x,1) UB(y, 1).
By inspection of the possibilities, one reasons that {u,v} N {x,y} # 0 (see the note
[20] for more details). This implies that (Au U AU) \ (?(F'szy) ®F, k) does not
change through resolution of zy. Letting u, v vary over V' x V| where V is the vertex
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set of ', and considering ‘ Uvev A, L= .?(F) ®F, k‘k before and after resolution,

the statement follows. [ ]

In terms of Grothendieck polynomials, we have the following theorem.

Corollary 12.9 (Polynomial Affection principle). Let I be a finite connected loose
graph, let xy be an edge on the vertices © and y, and let k be any finite field. Then
we have

(75) P(T") = P(T'yy) =P(Tp,,) — ]P’(me‘P ).

z,y

12.11. Polynomial Affection principle: calculation. Let I' be a finite con-
nected loose graph, and let e be an edge with vertices x and y. Applying the
Polynomial Affection principle, we want to calculate

(76) PI) =P(Tey) =P(Tp, ,) = PTayp, ),

in terms of certain data inside B(z,1) U B(y, 1).

As before, we are allowed to assume that I' is reduced (but not after resolution
of ). Also, by the Affection principle, we only need to calculate the difference
P(Cp,,) — P(Fry\Pa,‘y)v so that we may replace I' by I'p, . We keep using the
notation “I'” for the latter for the sake of convenience.

Before resolution. Define A to be the graph (not the loose graph!) which is
induced by I on the vertices of (B(x, 1)UB(y, 1))\{z,y}, and let G be the graph (not
the loose graph!) which is induced by I" on the vertices of (B(z, 1)NB(y, 1))\ {z, y}.
It is important to note that z and y are not contained in G. Let G* be the loose
graph which contains as vertex set the vertices of GG, and with edge set the edges
of A which contain a vertex of G and a vertex of A. (Note that G is a subgraph
of GI.) Let GL be the loose graph which has as vertex set the vertices of G, and
with edge set the edges of A which contain a vertex of G' and a vertex of B(z, 1)
(\{y}). Define G% similarly, and note that G is a subgraph of both G% and G.

FIGURE 7. The ball B(z,1) UB(y, 1).
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By the Inclusion-Exclusion principle, we know that P(T") is given by the expres-
sion

P(T) = P(A,) + P(A,) + P(C(G*,zy)) — P(A, N C(GE, 2y)) — P(A, NC(G*, xy))

(77) —P(A, NA,) +P(A, NA, NC(GE, zy)).

Here xy is seen as the graph on the vertices x and y (i.e., a projective line).
As A, NA, C C(G*,zy), we have that

(78) A, NA, NC(GE 2y) = Ay N A,
so that the last two terms in Equation (77) cancel each other.
As we will see, it will be easier to calculate the following equivalent expression:
P(I) = P(A;) +P(A,) + P(A) + (P(C(G*, 2y)) — P(GT))
(79) —P((A; N C(G,y)) \ GF) = P((A, N C(GF,ay)) \ GT).

Also, we have that

P(A; NC(GF ay)) \GF) = P(C(GL,zy)) — P(C(GL,y))

(80)
P(Ay N C(GF, zy)) \ G)

P(C(Gy,ay)) — P(C(Gy, @)

Remark 12.10. Notice that for all computations we replaced I' by I'ip,  but we
did not consider edges of the form uz or vy, where u ¢ y* and v ¢ 2. The reason
why these edges are not necessary to consider relies on the fact that the spaces
Ay, A,, A, and A, do not change through the resolution of the edge zy. However,
we can not omit vertices that are also adjacent to some vertex of G because the
spaces A,, and A, for w € G, are indeed affected by the surgery process. For a
more detailed proof of this property, we refer to [20, Lemma 7.6 |.

All other edge types inside B(x,1) UB(y,1) are considered either in A or in
C(GY, xy).

After resolution. After having resolved the edge e, we make a similar calculation
(which is in fact a bit easier because the intersection of A, and A, is). We keep
using the same notation.

Instead of considering the loose graph cone C(G*, 2%) in the Inclusion-Exclusion
principle, we only have to consider the loose graph G(LQ), which is G¥ with two loose
edges added per vertex (one for 2 and one for y), in order to reach all the points of
F(T) ® (-). So our starting point is

P(T) = P(Az) + P(Ay) + P(A) + (P(Gy)) — P(G"))

(81) —P((A: N Gy)) \ GF) = P((A, NGy) \ GY),

remarking that we immediately started with the more simple equation, and that as
in the previous subsection the terms involving A, N A, cancel out.
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FIGURE 8. After resolution of the edge xy.

We immediately obtain a simple expression in the following theorem.

Theorem 12.11 (Reduction to components). Let {C|j € J} be the set of con-
nected components of GE. Furthermore, for each j € J, let @ N GE be denoted by
€4 (and use a similar notation for y). Then

P(I) = P(A,) + P(A,) + P(A) + Y (L2 — DP(CY)

JjeJ

(82) - (L —-DPE€]) - (L—-1PE)).

Jje€J JjEJ
It is important to note that for each expression P(C), P(CL) and P(Gg), one has to
take the embedding in respectively G*, GE and Gé into account.

Before starting the proof, it is useful to notice that the connected components
of G correspond to the connected components of G. Also, note that any €/ and
any €7 is connected.

Proof. First note that if G is connected, then it follows that
P(L) = P(A;) + P(Ay) + P(A) + (L* — 1)P(G*)

(83) — (L-1)P(GE) — (L - D)P(G)).

Now let there be more than one connected component, and consider an arbitrary
component C¥ (k € J). Then C({z,y},C¥) C T, and the Grothendieck polynomial
of C({z,y},CF)\ (A, UA, UA) is (IL? — 1)P(€*) — (L — 1)P(CK) — (L — 1)P(CF). It

is easy to see that I' is covered by

(84) Ay, Aya A, C({$7y}aej)|J cJ

so if we prove that for any field k and i # j € J the following holds:

(85) ‘ A

(F(C{z,y}, €)@, k)N (F(C{z,y}, €) @r, k) S Ax(k)UA(K)U(F(A)@F, k),
then we are done (since each of A,, A,, A, C({z,y}, Gj)ljeJ is contained in
F(T')®r, k). Here, and below, as usual we work in the projective space (F(I') ®p, k).
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So suppose € and @ are different connected components of G¥, such that there is a
point z in (F(C({z,y}, C))®r, k)N(F(C({z, y}, é))®]1<‘1 k) and which is not contained
in Ay (k) UA,(k)U(F(A) ®r, k). By the structure of £ := F(C({x,y},C)) ®F, k and
€= F(C({z. y}, €)®p, k, it follows that there are affine spaces A C €N (F(A) @, k)
and A C €N (F(A) ®p, k), corresponding to, respectively, a vertex of € and €,
such that z € (z,y,.A) N (z,y,A). For, F(C) ®g, k, respectively F(C) ®p, k, is
covered by affine spaces {A},, respectively {A,},, corresponding to vertices of
€, respectively C, so F(C({z,y},C)) ®r, k, respectively F(C({z,y},€)) @, k, is
covered by affine spaces {A, ;. }u, Tespectively {A, ; 4}, together with A, and
A,. Here Ay, ,, corresponding to the vertex I, denotes the affine space which
contains A, and the two extra directions defined by the edges lx and ly.

It follows that z € A, N flzy (where we use the same notation as above), and
this is the desired contradiction, as these spaces are obviously disjoint. [ |

Remark 12.12 (On components). The subdivision in connected components as
in Theorem 12.11 is necessary. Consider for example the graph I' = (V, E') with
V = {z,y,u,v,w} and E = {zu,zv,yu, yv, yw,wu, wv}. Then G* consists of the
vertices u, v with loose edges uw,vw (embedded in a projective plane), and hence
has two connected components. If G* would be considered as being an affine plane
with two additional points u, v but without the vertex w (that is, if P(GL) = L?+1),
the formula

P(T) = P(A,) + P(A,) +P(A) + (L? — 1)P(GF)

(86) — (L - DP(Gy) = (L - DP(Gy)

would yield too many points. In other words: G¥ can not be considered (on the
polynomial level) as being “A without w.”

The difference. The difference between the polynomials before and after resolu-
tion is now given by

P(T) — P(T4y) = (P(C(GF, 2y)) — P(GF)) — P((A, N C(GF,ay)) \ GF)
—P((A, NC(G", ay)) \ GF) = > (L — 1)P(E7)

jeJ

(87) +Y (L -DP(E) + Y (L —1)P(C)).

jed jed

12.12. Surgery. Recall that a spanning tree of a graph T' is a tree which is a
subgraph of I'; and has the same set of vertices as I'. It is well known that each
connected graph has at least one connected spanning tree.

Theorem 12.13. Fach connected loose graph I has a connected spanning tree
which contains all the loose edges.
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Proof. Let S be the set of loose edges of I'. As I' is connected, the reduced graph
T which is obtained from T by deleting all elements of S is a connected graph. So it
has a connected spanning tree T”. Now add S to T” to obtain a connected spanning
tree T of I which contains all the loose edges. [ ]

Now let I' be any finite connected loose graph, and let S be its set of loose edges.
Then f, its reduced graph, is a finite connected graph. Let 7’ be a spanning tree
of f, and note that if C is a cycle in I', it remains a cycle in . Define S to be
the set of edges in r \ T’; it is by definition the set of fundamental edges of T with
respect to the spanning tree 7”. (If one takes any edge e € S , then adding e to T”
defines a unique cycle called “fundamental cycle.”)

Now resolve each edge in S in the loose graph I (in precisely |§ | steps) as ex-
plained above, to obtain a tree T, which contains 7”7 up to a number of additional
loose edges. Using the expression for the Grothedieck polynomial we calculated for
trees, one now deduces the Grothendieck polynomial of F(T').

Theorem 12.14. Let T' be a loose graph and let f, T and T be defined as above.
Then the Grothendieck polynomial of F(T') is independent of the choice of the span-
ning tree T' of T.

Proof. To prove this theorem it is enough to remark that resolving a fundamental
edge e of [ is equivalent to replacing the edge e in I" by two different loose edges,
one in each end point of e. Hence, the degrees of the vertices of I' are invariant
after resolving all fundamental edges of T. This implies that for any spanning tree
T’ of T, the set of vertices of T (and their respective degrees) is the same as in T
The result follows from the fact that the Grothendieck polynomial of a loose tree
only depends on the vertices and its spectrum of degrees. [ ]

We will prove now that the surgery process to compute the Grothedieck polyno-
mial is “well defined” for any loose graph. Essentially, the reason why this holds is
that we have not used any particular field property throughout.

Theorem 12.15. Let I' be a loose graph and Fy,(I') be its associated k-scheme,
with k a finite field. The Grothendieck polynomial Pr(LL) obtained by surgery is
independent of the choice of loose spanning tree, and the chosen order of edge
resolution.

Proof. Suppose that we carry out two different surgery processes in order to
obtain a Grothendieck polynomial of I". A difference between two processes could
occur either by choosing different loose spanning trees of I' or by computing the
edge resolution in a different order, starting from the same loose spanning tree.

Let Pr(L) and PL(L) be the two polynomials in Z[L] obtained for I". Since both
polynomials, for each finite field £ = IFy, count the number of k-rational points of
F(T), it turns out that

(88) P(q) = P'(q),

for any prime power ¢. This proves the equality of the two polynomials. [ ]
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13. LirTING K((Schy,), II

In surgery, for all finite fields & # F; we have counted k-rational points, and
showed that for each loose graph I there is a unique polynomial in Z[L] which yields
this number for each finite field k, independent of the choices made in surgery. For
k = F1, counting points works differently at first sight, as the number of vertices
of the loose graph simply equals the number of closed points of the associated F;-
scheme (so that several polynomials could be worthy candidates). Still, on the other
hand, the Grothendieck polynomial obtained from a given loose graph is indepen-
dent of the field k, so this fact strongly suggests that the same polynomial should
correspond to the situation evaluated over F;. And indeed, since any statement we
made, and property we use, relies only on the intersection properties of affine spaces
— which carry over without change to k = F; — the polynomial P(T") = Py (I") with
k any finite field also yields a natural definition for “the” Grothendieck polynomial
of T over [F1, and it also counts the number of closed points over [F.

A second natural definition would be:
(89) Pp, (T) = [Fr, (D)]g, -

In the note [20], it is shown that for each loose graph T, Py (T") := [Fg, (T)],, € Z[L]
for any field k; as in the discussion about the first definition of P, ('), its proof
carries over to k = [Fy, so that both definitions coincide in the end.

14. A NEW ZETA FUNCTION FOR (LOOSE) GRAPHS

In this final section, we are ready to introduce a new zeta function for each loose
graph.
14.1. The zeta function. We start with a theorem.

Theorem 14.1. For any loose graph T', the Z-scheme x := F(T') ®p, Z is defined
over F1 in Kurokawa’s sense.

Proof. Let I' be an arbitrary finite connected loose graph. As we have seen,
there exists a polynomial Pr(X) = " a,, X™ € Z[X] such that for each finite
field k = IF, the number of F,-rational points is given by

(90) Ny(Fg) := |T(0) ©r, Fy| = Pr(a).

This is precisely what we needed to prove. [ |

Definition 14.2 (Zeta function for (loose) graphs). Let T be a loose graph, and
let x :=F(T) ®r, Z. Let Pr(X) =>" an X™ € Z[X] be as above. We define the
Fy-zeta function of T as:

(91) rt) =[]t — k)
k=0

In an appendix to this paper, we will compare ¢¥1(-) with the Thara zeta function
for some fundamental examples of graphs. Note that for trees, the Ihara zeta
function is trivial while ("' (-) contains much information.

For, let I' be a tree. We use the notation as before:
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D is the set of degrees {d1,...,d,} of V(I') such that 1 < d; <da < ... <
dm;
n; is the number of vertices of I' with degree d;, 1 <1i < m;

oI:ini—l;

=1
e [ is the number of vertices of I" with degree 1.

Then, we proved that

(92) ] =) nl%—I-L+I+E.
i=1

The zeta function is thus given by

_ 1
(93) @w = Tl p

k=1

14.2. Mixed Tate motives in the Grothendieck ring. One very fundamental
aspect of the philosophy of Fi-geometry is that the number of F-rational points of
an [Fi-scheme Y of finite type should equal the Euler characteristic

(94) x(Yo) = Z (—1)'b;

where b; := dim(H!(Yg,C)) are the Betti numbers of the complex scheme Y¢ :=
Y ®p, C. This idea is deduced from the following thought.

Let X be a smooth projective scheme such that there is a polynomial N(q) € Z[q]
that counts F,-rational points, i.e. #X(F,) = N(q) for every prime power ¢q. As
a consequence of the comparison theorem for singular and ¢-adic cohomology and
Deligne’s proof of the Weil conjectures, we know that the counting polynomial is
of the form

(95) N(g) = > bud
=0

and that b; = 0 if j is odd (cf. [13]). Thus x = > " by; is the Euler characteristic
of X¢ in this case; it equals N (1), which has the interpretation as the number of
F;-rational points of an Fi-model Xp, of X.

Conjecturally, after the Tate conjectures, smooth projective schemes that are
equipped with a counting polynomial as above, are precisely those that come with
a mixed Tate motive. As our construction defines a functor

(96) Fz: LG — §§

from the category of loose graphs to the category of Grothendieck schemes which
all come with a counting polynomial, a natural question is whether one can derive
the Betti numbers from loose graphs I' for which F7 is smooth and projective. As
we will see below (in Theorem 14.3), the answer is “yes,” but it is also trivial, since
such I's always give rise to projective spaces.

In the next theorem, we will use the following property:
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INJ If T and I are nonisomorphic loose graphs, then F(I') 2 F(I'), and for any
field k, F(T) @, k % F(T) @z, k.

Theorem 14.3. Let T’ be a connected loose graph, such that x = F(T) Qp, Z
defines a (connected) projective Z-variety. Then T' is a complete graph, and x is a
projective space.

Proof. Let k be any field, and define xj, := F(T') ®p, k; then i is a projective
variety which is embedded in a projective space P over k. For any subvariety V'
of P, define V to be its projective closure. Then from an inclusion of varieties
UCV CP,wehave U CV CP. By our construction, we know that y; can be
covered by a set of affine spaces {A,|v € V(I')} over k, all embedded in P, where
v runs through the vertices of I'. As xj is a projective variety (and so equal to its
projective closure), all points at infinity of these spaces are also contained in x,
that is, the projective spaces they generate are also subvarieties of xr. So I' is a
graph.

We proceed with an induction argument on the number ¢ of vertices of I'. (Ob-
viously, the case v =1 is trivial.) Let the number of vertices of I" be £ > 1. Then
there exists a vertex, say x, such that the graph I'\ {z} (which is the graph —
not the loose graph — induced on the vertex set V(') \ {z}) is connected. Then
for any field k, P, := (F(T'\ {z}) ®p, k) is a proper sub-projective space of P (by
COV), and as

(97) FI\A{z}) @, k=P, N (F(I) @k, k),
F(T\ {z}) ®p, k is a projective variety. By induction, it is a projective space. So

F(T') ®r, k is a union of two projective spaces, P; = F(I'\ {x}) ®F, k and Py = A,.
This means that T is a (non-disjoint) union of two complete graphs, say K; and K»
(here, we implicitly use INJ). Now let y be a vertex in Ky N K. Then y is adjacent
to all other vertices of T, so by LOC-DIM, F(I') contains an affine IFy-space of di-
mension £ — 1. As F(I') ®p, Z defines a projective Z-variety, it must be a projective

space of dimension £ — 1 (as the projective closure of A, is a projective space A, ).

Note that in the previous theorem, we did not need to ask smoothness.
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APPENDIX A. COMPUTATION OF THE GROTHENDIECK POLYNOMIAL OF Kj.

In this appendix we will give a detailed computation of the Grothendieck polyno-
mial for the complete graph on 5 vertices, K5. As we already know, the associated
Fy-scheme for K5 is the projective space IP’]%N and so its Grothendieck polynomial
must be

(98) [Ks) =L*+L*+ L2+ L+ 1.

First of all, we will choose one loose spanning tree for the graph Ks, i.e, a loose
tree obtained after resolving all fundamental edges of a spanning tree of K5. Let us
remark that we can choose any loose spanning tree since its Grothendieck polyno-
mial is an invariant for a given graph. In our case, let us call T the following loose
spanning tree of Ks:

After Definition 10.1, the Grothendieck polynomial of I' can be easily computed:
(99) [[] = 5L* — 4L + 4.

The process to compute the Grothendieck polynomial of the original graph K5 con-
sists of “unresolving” in each step one of the fundamental edges of the graph and,
using the Affection Principle, keeping track of the list of resulting alternations to
the Grothendieck polynomial. By the term “unresolving an edge of a graph I',” one
means choosing one graph I'y in a way that I" is obtained from I'y after resolving a
fundamental edge. In our case, we take I'; to be

Let us compare both graphs to see more clearly which are the vertices that must
be taken into account according to the Affection Principle.

The edge that has been resolved to go from I'; to I' is the red one. Using the
Affection Principle to compute the polynomial of 'y, we only need to know the




DEITMAR SCHEMES AND ZETA FUNCTIONS 37

difference between the polynomials of the following two graphs:

The polynomials of these graphs are easy to compute since the graph on the left
hand side is the one correponding with IP’]%1 and the graph on the right is a tree. So
the Grothendieck polynomials are L2 + L + 1 and 3L2 — 2L + 2, respectively. Call-
ing A; the difference between these two polynomials, we obtain the Grothendieck
polynomial for the graph I'y as follows

(100)
Ay =212 - 3L +1,
4] =[] —A; =5L* —4L + 4 — (212 — 3L + 1) = 5L* — 2.2 — L + 3.

It is important to remark that, even though in this first case it was easy to
compute A; due to the well-known Grothendieck polynomials of the two graphs
from above, the general formulas for Grothendieck polynomials given in §§12.11
would (of course) give the same expressions. In the following table, the reader can
find all the necessary differences and steps which must be computed in order to get
the Grothendieck polynomial for the scheme associated to Ks.
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As already mentioned before, when we apply the formulas for the graphs before
and after resolving, we have to take into account that the loose graphs we use are
embedded in the original graph for which we are trying to obtain the Grothendieck
polynomial. We will make a detailed study of step 5 (difference between I'y and
I'5) to clarify this remark.

COMPUTATION OF [I'5] STARTING FROM THE GROTHENDIECK POLYNOMIAL OF
ry.

The polynomial associated to I'y is 414 — L3 — L2 + L +2. Then according to the
Affection Principle, in order to obtain [I's], we only have to compute the difference
between the polynomials for the following two graphs:

Before resolution. To compute the Grothendieck polynomial of the graph before
resolution we could use the formula given in §§12.11 for this, but, we will use the
cone construction instead — it allows us to obtain the polynomial without much
computation. Thanks to the decomposition in the Grothendieck ring of varieties and
the cone construction, whenever a vertex v on the graph has mazimal degree, i.e.,
equal to the number of vertices minus one, we obtain the following decomposition:

(101) [[] = P(Ay) + [I'\ o],

where I' \ v means the “subgraph of I' resulting after deleting v and its incident
edges.”

In our case, applying two times the cone construction, we can decompose the
graph in three parts

7N/

and translated in terms of Grothendieck polynomials, one obtains

(102) []=L*+L*+1L*+2.
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After resolution. According to section 7.10, the formula for the Grothendieck
polynomial in this case is

(103) P(T') = P(Ay)+P(Ay)+P(A)+ (L - 1)P(GF) - (L-1)P(GL) —(L-1)P(G)).

Therefore, we only have to find what the different terms of the formula are “on
the graph” Let us start with A, and A,, which are isomorphic to A§ and Ag ,
respectively. Also, observe that A is the subgraph generated by all the vertices
except x and y, i.e., a complete subgraph on 3 vertices. That is, A defines a
projective plane over F.

Now the COV condition in the definition of the functor F comes into play and,
as G* is embedded in A, we deduce that it defines a projective plane minus one
point; the same holds for Gé . Besides, GL has a projective line as associated
Deitmar scheme since the only neighbors of x are the common ones. Once we know
all different and necessary parts of the formula (103), we obtain the Grothendieck
polynomial of I' as follows:

]P(Aw) = Lgv ]P(Ay) = ]L4a

P(A)=L*+L+1, P(GY) =12 +L,
P(GL)=L+1, P(GL) =12 + 1L;

(104) PT) = L*+L*+@L*+L+1)+(L*-1)(L*+L)

~(L-1)L2+L) - (L—-1)(L+1)
= L4413 -L2+L+2

Hence, using the difference between the formulas obtained before and after res-
olution, we get that

As
P(T's)

QLA+ L3 -L2+L+2)— (L*+L3+1L24+2) =L*-2L2 + L,
P(Ty) — As = (4L —L3 — L2+ L +2) — (L* —2L2 + L) =
LY — L3+ L2 +2.
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APPENDIX B. COMPARISON WITH THE IHARA ZETA FUNCTION: SOME EXAMPLES

In this section we will consider some examples of different graphs and compare
the expressions of the corresponding Thara zeta function and the zeta function we
have previously defined.

For the Thara zeta function we will use the Bass-Hashimoto formula to compute
its inverse (cf. §2) and for the new zeta function, the definition can be found in §14.
In both cases we will compute the inverse so that it is easy to compare expressions.
All our computations were made in Magma.

Complete graph K,. A computation using the Bass-Hashimoto formula gives the
following inverse of the Ihara zeta function:

(105)  C(u, K4)7' = 16u'? — 24u'® — 160° — 3u® + 24u” + 16uS — 6u* — 8u> 4 1,

with u € C. For our zeta function we first need to compute the Grothendieck
polynomial, which in this case is

P(Ky) =13 + L2+ L+1,
and hence the Fi-zeta function is given by

}F&_l(t) = t(t—1)(t —2)(t — 3) = t* — 61> + 11t> — 6t.

The two functions appear to be very different and this is also the case for other
examples.

Complete graph K, without an edge. Let us call K the graph K, \ e, where
e is any edge of Kj.

We obtain that

Clu, K3)7' = —4u® + 08 +4u™ 4 408 — 20" — 403 + 1,
P(K;) = L*+4+1L2+2,
) = (- 2)(t—3) = 1* 55 + 612,
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Complete graph K;. A detailed computation of the Grothendieck polynomial
for K5 was done in the previous appendix.
In this case, the two different zeta functions are the following:

Clu, K5)™t = —243u®° + 1080u'® + 180u'™ — 1710u*® — 776u'® + 870u** + 1200u"?
+505u'? — 660u't — 708u® — 140u” + 165u® + 240u” + 70u’ — 24u°
—30u* — 2003 + 1,
P(Ks) = LA+L3+L2+L+1,
() tt — 1)(t — 2)(t — 3)(t — 4).

Johnson graph J(4,2). The Johnson graph with parameters (4, 2) is:

The zeta functions are given by

729u?* — 3888u?? — 432u?' + 7938u° + 2160u'® — 6912u'® — 4032u'”
463941 + 3008wt + 2976w + 96ut® — 1412u!? — 1248u!t — 384u!°
+320u° + 327u® + 192u” + 161’ — 48u® — 30u* — 16u® + 1,

C(u, J(4,2)) 7

P(J(4,2)) = 6L*—12L% 4 20L* — 16LL + 8,
o 1 3t —=2)*0(t —4)°
411(4,2) (t) - (t _ 1)16 (t _ 3) 12 -

Remark B.1. Note that the Johnson graph J(4, 2) is the F;-analogon of the Grass-
mannian Gr(4,2).
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Hexahedron. Our last example is the hexahedron, which we call D. Then,

C(u, D)"Y = 256u* — 768u** 4 480u? 4 400u'® — 183u'6 — 38444
+68u? + 1446 + 30u® — 3208 — 12u* + 1,
P(D) = 8L®—12L+ 12,
Bl o 2t — 3)8.
b (t—1)12

In future research we will try to see how much information about a loose graph I"
(or its corresponding scheme F(I')®p, k) can be obtained through C?_l} (t). We believe
that the information obtained from both the new and the Thara zeta functions could
be very different.
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APPENDIX C. COMPUTATIONS

In this last appendix we will briefly explain the code in Magma that we use to
obtain the Grothendieck polynomial for any loose graph. We first have to remark
that the main difficulty we found in writing this code is that computations are only
allowed in the category of graphs. Therefore, all computations of the Grothendieck
polynomial of a loose graph I' will be done in what we call the minimal graph of
I' (and denoted by T'), i.e. the minimal graph in which T is embedded. However,
computations do not get much more complicated since I' and T differ just by a
finite number of vertices and, thanks to the FUCP property, this only implies a
difference by a constant in the level of Grothendieck polynomials. That is why, for
some programs, we also need to keep track of the differences between the number
of vertices.

Let us recall that to calculate the Grothendieck polynomial of a loose graph, we
use the procedure called “surgery” consisting of unresolving one fundamental edge
in each step and, keeping track of the differences in the graphs, ending up in a loose
tree where the Grothendieck polynomial is well defined and known. Taking all this
into account, we first create a program called PolTree that given a tree computes its
Grothendieck polynomial using Definition 10.1. However, since we need to calculate
the zeta function for any loose graph and PolTree is only defined for trees, we use
a program called LooseSPTree to construct a list with all different loose graphs of
the surgery procedure having as its last term a loose spanning tree of the original
graph.

The program LoosSP Tree receives a graph I" as data and chooses a spanning tree
of I with the command SpanningTree (already implemented in Magma). Then, we
compare both I' and its tree and we add a new graph to the output list constructed
from T" by replacing one of the fundamental edges by two different new edges. The
process continues comparing this new graph with the chosen spanning tree of T'.
Notice that in each constructed new graph we replace a fundamental edge by two
loose edges. Hence, the program will finish when all the fundamental edges are
resolved, i.e., when the graph constructed is a tree.

To wrap up we use the program called PolSPTree that takes a graph as input
and computes the Grothendieck polynomial of a loose spanning tree of the given
graph. You can see here the code:

function PolLSPTree(G)
B:=LooseSPTree(G) ;

n:=#(B);
A:=PolTree(B[nl);
return A;

end function;

Thanks to Theorem 12.14, the polynomial obtained in PolSPTree is independent
of the list given by LooseSPTree.

Now that we have programmed everything we need for the computation of a
polynomial of a tree, we start describing how to calculate the difference in each
step of the surgery. For this, let us recall the general formula for a difference after
resolving the edge xy:
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(106) Agy = (L2)[GH] = (L= D[GF] = (L - D[Gy] - [C(GF, zy)]
+[C(Gy,2y)] - [C(GL,y)]) + [C(Gy, ay)] = [C(Gy, ).

Thanks to the list obtained in LoosSPTree we will be able to get the new loose
graphs needed to calculate the differences. For, we have created several programs
called GL, GLz, GLy, GL2, GL2x, GL3x, GL2y and GL3y that compute, respec-
tively, the loose graphs GT, GL, Gqf, C(GE,zy), C(GE, 2y), C(GE,y), C(Gé,xy)
and C (Gﬁ7 x). The algorithm of all 8 programs is the same. Each of them receives
two different graphs as data (the first one is the graph which arises after having
resolved one edge of the second one) and, checking the neighbors of each vertex
in both graphs, it identifies the resolved edge and constructs a list with the one
of the forementioned loose subgraphs. There is an important fact to be remarked
here regarding connectedness of the graphs. In the previous formula, the loose
grahps GF, GL and Gﬁ might not be connected and, in fact, the formula from
above considers them as being decomposed in connected components. That is why
their corresponding programs give a list where different connected components are
considered as different graphs. For the other six programs this is not necessary
since adding any vertex x or y makes the loose graphs become connected. Besides,
the impossibility of working with loose graphs in Magma forces us to create new
programs, mL, mLz and mLy, which will keep track, respectively, of the number
of vertices of the minimal graphs GL, GL and GL that are not vertices of their
corresponding loose graphs.

Before being able to write the final program that will compute the polynomial
for any graph, we need to keep track of all different polynomials of type G¥, GL,
etc. in all the different steps of the surgery process. For this, we will combine both
the program LooseSPTree and one program of the previous ones (GL, GLz, GLy,
GL2, GL2z, GL3z, GL2y or GL3y). We only describe the program keeping track
of all the GE’s but there is one (exactly with the same algorithm) for each of the 8
programs listed before. We denote by ListGL a program that takes a list of graphs,
applies the program GL to any two consecutive graphs from the list and creates a
new list where the elements are all the graphs obtained by the program GL.

Now we can describe the last two programs calculating the Grothendieck polyno-
mial for an arbitrary loose graph. The first one, PolynGraphl, receives a graph (or
the minimal graph of a loose graph) and follows the following recursive algorithm.
Initially we set the polynomial to be zero and we settle the two different situations
in which the current program should stop: the case in which the graph is empty,
giving 0 as answer; and the case where the graph is a tree, giving PolTree(G) as
the answer. This is set in the following way

Q:=0;
if IsNull(G) then
return Q;
else
if IsTree(G) then
return Q + PolTree(G);
else
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The next step is finding out whether the graph has a vertex of maximal degree,
in which case we will use the cone construction with one vertex of maximal degree
as the vertex of the cone. This is necessary to avoid the program to go in an infinite
computation. For instance, if in a graph I', after having resolved an edge, all the
other vertices are common neighbors of the two vertices from the resolved edge,
then the programs GL2, GL2zx and GL2y will give as result the same graph I'" and
recursion will be impossible to use. So, with the code

V:=Vertices(G);
{D:=SetToIndexedSet(Alldeg(G, #(V) -1));
if IsEmpty(D) then
else
Gl:= G - D[1];
G2:= Components(G1);
Q:=Q + x~ (Degree(D[1]));
for i in [1..#(G2)] do
Q:= Q + PolynGraphl(sub< G1 | G2[i]>);
end for;
end if;

we add, in case there is a vertex v of maximal degree, the corresponding term
L.4€8() to the polynomial @ and use recursion on the connected components of the
remaining graph. Once all these cases are checked we only have to take the graph,
construct the list of all intermediate steps of the surgery, compute the polynomial
for the loose spanning tree (last graph of the list) and use recursion on all different
graphs obtained by the programs of the type ListGL with their corresponding coef-
ficients from the formula (106). Let us remark that resolving edges in Magma not
only means adding two edges, but also adding two more vertices, as we compute
everything in the category of graphs. So when we calculate the polynomial of a
spanning tree of a graph, we keep track of the number of extra vertices added in
the resolving procedure. This number of extra vertices must be substracted from
the polynomial of the chosen spanning tree and, in that way, it is expressed in the
algortihm with the following code:

L:=LooseSPTree(G);
tL:=#(L);
Q:=Q + PolLSPTree(L[tL]) - 2%(tL - 1);

Finally, there is only one step left to end the computation. For that purpose,
we make the last program called PolynGraph that receives two arguments, a graph
I" and a number m (the number of loose edges). The program gives as output the
polynomial PolynGraph1(T') — m.

function PolynGraph(G,m)
Q:= PolynGraph1(G) - m;




return Q;
end function;
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