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1. Introduction

Leibniz algebras are generalizations of Lie algebras and they have been firstly introduced by Loday in [1] as a non-
antisymmetric version of Lie algebras.

However this kind of algebras was previously introduced and studied under the notion of D-algebras by A. Bloh [2]. Since
1993 when Loday’s work was published, many researchers have been attracted to Leibniz algebras, with remarkable activity
during the last decade. Namely, the investigations have been mainly focused on low dimensional, nilpotent, solvable and
other special classes of algebras (see [3-10]).

Recall that the variety of Leibniz algebras is defined by the fundamental identity

[x, [y, z]] = [[x, ¥], z] — [[x, z], y1.

In fact, each non-Lie Leibniz algebra contains a non-trivial ideal (further denoted by I), which is the subspace spanned
by squares of elements of the algebra [11]. Moreover, it is readily seen that this ideal belongs to right annihilator of L, that
is [L, IT = 0. Note also that the ideal I is the minimal ideal with the property that the quotient algebra L/I is a Lie algebra.

One of the approaches to investigation of Leibniz algebras is a description of such algebras whose quotient algebra with
respect to the ideal I is a given Lie algebra. In particular in [12] the description has been obtained for finite-dimensional
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complex Leibniz algebras whose quotient algebra is isomorphic to the simple Lie algebra sk,. In [13] D. Barnes showed that
any finite-dimensional complex Leibniz algebra can be decomposed into a semidirect sum of the solvable radical and a
semisimple Lie subalgebra (the analogue of Levi’s theorem). Hence, we conclude that if the quotient algebra of a Leibniz
algebra is isomorphic to a semisimple Lie algebra, then given a module over this semisimple Lie algebra we can rebuilt the
initial Leibniz algebra.

Therefore, it is important to study the case when the quotient Lie algebra is solvable, or moreover is nilpotent. Since the
Heisenberg and filiform Lie algebras are well-known, it is natural to consider a Leibniz algebra whose quotient Lie algebra
is the Heisenberg algebra H, or the filiform Lie algebra n, ;. On the other hand, we recall that Heisenberg and filiform
Lie algebras play an important role in mathematical physics and geometry, in particular in Quantum Mechanics (see for
instance [14-17]). Indeed, the Heisenberg Uncertainty Principle implies the non-compatibility of position and momentum
observables acting on fermions. In [18] some Leibniz algebras with the quotient algebra being Heisenberg algebra are
described. In particular, a classification theorem was obtained for Leibniz algebras whose corresponding Lie algebra is H,
and that the H,-module I is isomorphic to its Fock module.

In order to achieve the goal of our study we organize the paper as follows. The first two sections are devoted to
introduction and preliminaries. In Section 3 we introduce the Fock module for the filiform Lie algebra n, ; and give the
classification of Leibniz algebras with corresponding Lie algebra n, ; under the condition that the n, ;-module I is Fock
module. In this section we also consider a generalization of this class of algebras by considering the direct sum of filiform
Lie algebras as the corresponding Lie algebras, and provide the classification theorems. Finally, in Section 4 we deal with
the category of Leibniz algebras with n,, ; as corresponding Lie algebra and such that the action ] x n,; — I givesrise to a
minimal faithful representation of n,, ;. A complete description of this class of algebras is given when dimension is equal to 4.

2. Preliminaries
In this section we give necessary definitions and preliminary results.

Definition 1. An algebra (L, [—, —]) over a field F is called a Leibniz algebra if for any x,y,z € L, the so-called Leibniz
identity

[[x.y]. 2] = [[x. 2] y] + [x. [y, 2]]
holds.
For a Leibniz algebra L consider the following lower central series:
=1, M= k>1.

Since the notions of right nilpotency and nilpotency coincide, we can define nilpotency as follows:
Definition 2. A Leibniz algebra L is called nilpotent if there exists s € N such that I* = 0.

Definition 3. A Leibniz algebra L is said to be filiform if dim L = n — i, where n = dimLand 2 <i < n.
Now let us define a natural gradation for a filiform Leibniz algebra.
Definition 4. Given a filiform Leibniz algebra L, put [; = L'/I#!, 1 < i <n—1,andGr(l) = Li ® L, ® -+ ® Lo_1.

Then [L;, L;] € L;y; and we obtain the graded algebra Gr(L). If Gr(L) and L are isomorphic, then we say that the algebra L is
naturally graded.

From [19] it is well known that there are two types of naturally graded filiform Lie algebras. In fact, the second type will
appear only in the case when the dimension of the algebra is even.

Theorem 1 ([19]). Any complex naturally graded filiform Lie algebra is isomorphic to one of the following non isomorphic
algebras:

1 {lxi,x]=—[x,x]l=x31, 2<i<n-—1
O - [Xi, x1] = —[x1, %] = Xxi31, 2<i<2n-2,
g [Xi, Xon+1—-i] = —[Xont1-i, Xl = (= 1D)'x2p, 2 <i<n.

Let L be a Leibniz algebra. The ideal I generated by the squares of elements of the algebra L, that is by the set ([x, x] : x € L),
plays an important role in the theory since it determines the (possible) non-Lie property of L. From the Leibniz identity, this
ideal satisfies

[L,I] =0.

Clearly, quotient algebra L/I is a Lie algebra, called the corresponding Lie algebra of L. The map I x L/I — I, (i, X) — [i, X]
endows [ with a structure of L/I-module (see [20,12]).
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Denote by Q (L) = L/I & I, then the operation (—, —) defines the Leibniz algebra structure on Q (L), where

xy =[xyl x,1) = [x,1], @i,x) =0, @i,j))=0, x,yel, ijel.
Therefore, given a Lie algebra G and a G—module M, we can construct a Leibniz algebra (G, M) by the above construction.
The main problem which occurs in this connection is a description of Leibniz algebras L, such that the corresponding
Leibniz algebra Q (L) is isomorphic to an a priory given algebra (G, M).
In the present paper we restrict our attention on the case where the Lie algebra G is the naturally graded filiform Lie
algebra n, 1 and the G—module M is the Fock module or a minimal faithful module.

2.1. Fock module over the algebra n, ;

First we recall the notion of Fock module over the Heisenberg algebra Hy, which was introduced in [18]. It is known that

if we denote by X the operator associated to position and by a‘—’x the one associated to momentum (acting for instance on the
Pl
> Bx

1,Xand % with the three-dimensional Heisenberg algebra H; whose multiplication table in the basis {1, X

] = 1y. Thus we can identify the subalgebra generated by
Fl
» Bx

space V of differentiable functions on a single variable), then [x
} has a unique

non-zero product [%, %] =1
For a given Heisenberg algebra H; this representation gives rise to the so-called Fock module over Hy, the linear space
F[x] of polynomials on x (F denotes the algebraically closed field with zero characteristic) with the action induced by

(Px), 1) — p(x)
(), %) = xp(x)

() E a )
PR ™ Bx(p(x
for any p(x) € F[x].

Now for any filiform Lie algebra n, ; we define Fock module over n, 1. The algebra n, ; is characterized by the existence
of a basis {x1, X2, ..., X} (see Theorem 1) and we denote

S e
— = X1, Xt=(m—-10lx, 2=<i<n (2)
80X

Then the action on np, ; is the linear space F[x], defined by

P(), 1) = pX)
(P(), %) > Xp(Y

() E . 5(p(x))
T 8x 8x

In Section 3 we study the class of Leibniz algebras L satisfying that its corresponding Lie algebra is a filiform Lie algebra
1y,1 and the n, -module | is isomorphic to its Fock module.

This algebra will be called filiform Fock type Leibniz algebra and denoted by FR(n, 1), hence we will consider the filiform
Lie algebra together with its Fock representation.

(3)

2.2. Minimal faithful representation on the algebra n, ;
It is known that the minimal faithful representations of n, ; have dimension n. More precisely, if {x1, X2, ..., X,} is a basis

of n, 1, then as a minimal faithful representation we take the embedding ¢ into the Lie algebra n, ; to the algebra End(V)~
defined as follows:

n—2
p(x1) = ZELHL @X;)) =Epy1-in 2=<i=<n,
p

where E; ; is a matrix with (i, j)th entry equal to 1 and others are zero (see [21]).
In other words, any element x = a1x; + Z?:z (n+1-iX; has the image in the matrix form

0 a 0 e 0 ay
0 0 a ... O as
0o 0o 0 ... O a4
px) = : :
0 O 0 a;  ap—q
0 0 O 0 an
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Now, we construct a module V x n, ; — V, such that

(e, x) = px)e.
Then we obtain

(ei, x1) = ej_1, 2<i<n-—1,
(en, X)) = eny1—j, 2=j=n,

the remaining products in the action being zero.
In Section 4 we deal with the category of Leibniz algebras with n, ; as corresponding algebra and such that the action
I x ng 1 — I gives rise to a minimal faithful representation of n, ;.

3. Classification of filiform Fock type Leibniz algebras

3.1. Classification of FR(ny 1)

Consider the naturally graded filiform Lie algebra n,, ; with its Fock module F[x] under the action (3). Since F[x] is infinite-
dimensional we obtain a family of infinite-dimensional Leibniz algebras.

Theorem 2. The Leibniz algebra FR(n, 1) admits a basis

R 8
{1,x,x2,...,x"—2,, X! teNU{O}}
4

such that the multiplication table in this basis has the form:

- 38 — .
x',a— = ixi—1, 1<i<n-2,
X

s — — ,
—, X | =—ix"1, 1<i<n-2,

X
[x0, xi] = x'H 1<i<n-2,
_ 5
[x, 1] = X', [xt, } =o',
X

where the omitted products are equal to zero.

Proof. Taking into account the action (3) we conclude that

_ 8
[1,x,», —, xg’xgz«ux,t{" ;eNU{0}, 1<i< k]
SXI'
is a basis of FR(n,, 1) and

_ S — )
[, 1] = &, |:xt, :| =tx' 1, [, x]=xT 1<i<n-—2.

Let us denote

[;X,l}=q(><), L1l=rx, K 1=pk), 1<i<n-2,

taking the following change of basis:

/

g S =/ o — -
Z=2 qw, T=1-r®0, x=x-p®, 1<i<n-2,
5x 8x

we derive

[x,1] =0, |:,1i|:0, [1,1]=0, 1<i<n-2.
5x
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We denote
P — — .
— — | =a®), [x, ¥] = b;j(x), 1<i,j<n-2,
§x Ox ’
_ 3 - 8 —_— .
1, — | =cw), X, — | =ix"1+di(x), 1<i<n-2,
5x 8x
- (5 — — ,
[1,x] = gi(x), S*,X' =—ix14+hkx), 1<i<n-2.
X

£ el
| el

T 1.1 [5 [5 = 5 _] s
A== |1+ 1 | =0
Sx | 6x X 5x

on the other hand,

ot
Il

[a(), 1] = a(v),

2| o
2| el

which implies a(x) = 0.
Similarly, from the Leibniz identities

bij(x) = [bij(x), 1) =¥ 1 =KN1  +I[X15 =0,
- _ 5] - _[35 - 3

cx) = [c(x),1] = L(S—Xi 1= 1[5&’1 } + [ [T, 1],8&} =0,
— - - 51 -] [-[5 ] [ _ 3

X =[x +d®, 1 =||[x = [.1] = |4, {,1 } + [xl,u,} =0,

&x §x §x

& = [gi0. 1] =[Lx] 1]  =[LK1  +I[L1x] =0,
- _ 5 ] - R 5 -] =

hi(x) = [=ixX—14+h),1] = || = x|,1| =| =, ¥ 1| + {1} ,x'} =0,

5x 8x 5x
we obtain

c(x) =0, bij =0, 1<i,j<n-2,
di(x) =0, gi(x) =0, hix) =0, 1<i<n-2. O

3.2. (lassification of generalized filiform Fock type Leibniz algebras
In this subsection we are focused in the description of the structure of infinite-dimensional Leibniz algebras, such that

their corresponding Lie algebras are a finite direct sums of filiform Lie algebras n,, 1 @ n,,1 @ - - - @ np,,1 and their actions
on [ are induced by Fock representation.

Since each algebra ny, ; has a standard basis {x; 1, Xi 2, . . ., Xi n} we put
5 g ) .
— =%, X =mm-jk; 2Zj<m (4)
SX,'
For the algebra n,, 1 @ 1n,,1 @ - - - @ Ny, the Fock module on ny, 1 @ np, 1 B - - - @ Ny, 1 is the linear space F[xq, X2, . . ., Xs]

with the action induced by
(P(1, X2, -2 %), 1) = P(X1, X2, ..., X)), 1<i<s,

(P(X1, Xa, ., %), X) > Xp(x1, X2, ..., Xs),
5 S(p(x1, X2, ..., Xs))
P(X1,X2, ..., Xs), > ,

X 8x;

for any p(x1, X2, ..., Xs) € F[x1, X2, ..., Xs].
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We denote
[x’]] a{k(x],xz,...,xs), 1<ik<s, 1<j<n—2,
s
—, 1| =b;i(x1,%3, ..., %), 1<ij<s,
|:(3Xi J:| 1,](1 2 s) =1L]=
[Tia Tj] = Ci,j(X]aXZs e 7XS)3 1 S l?.] E S.

Taking the change of basis

;: ;ﬁ—aﬁfi(xl,xz,...,xs), 1<i<s 1<j<n-—2,
i i—b,-,l(xl,xz,...,xs),
SX; 8Xi ’
T =1 — cilx1, Xa, .., X),
we derive

Let us introduce notations:

[xl ] d{::’t((X],XZ,...,XS), 1511’{551 ]ijnl_zv 1§t§nk_25
5 8 .
3%’ 5% =e;j(X1, X2, ..., Xs), 1<i,j<s,
J

R j , .
xﬂ-,SX lx’ +fix X, %), 1<is<s, 1<j<n-—2,

1
[~ S_ j . . .
xi‘vsi = ik(x17X27'-'5X$)7 151,’{55, ]SJEnl_zvl#ky

Xk ’

[ 5 - el
S,X{} =—iX ' +g (xix,...0x), 1<i<s 1<j<n-2,

Xi
(5 S ; . . .
S—,XQ =g (X1, X2, ..., Xo), 1<i<s 1<j<n—2 i#k,
Xk ’
(T X = I (31, Ko LX), 1<ik<s 1<j<n-—2,
S
li, — | = Qij(x1, X2, ..., Xs), 1<ik<s.
(SXJ'

Consider the Leibniz identity
(¥, Tel. 1] = [, [T 11 + (1K, i1, Tl = 0.
On the other hand
(%, Te), 1] = [@ (1, X2, -, %), i) = @ (X1, o, o, X)
which implies
a{:’k(xl,xz,...,xs):O, 1<i,k<s, 1<j<n—2.

Similarly from the Leibniz identities

bi;( ) = E 1; 8 [1;, 1] i =0
ij(X1, X2, ..., Xs) = 8 SXI 8X, l ) i)
1i, 1] T

Ci,j(XhXZs .. XS) - [ 1 T - [1“ [1js 1; ]] T T
we obtain

bij(x1,x%2,...,%) =0, Gj(X1,X2,...,%) =0, 1=<ij<s.
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In a similar way, from the Leibniz identities

1

eij(X1, X2, ...

f,{i(Xth,-

f;{,c(X1, X2, ...

jt
i (s %,

%) = [, 2] ] = ¥, B, T + (16, 110, %] = 0,

+
) 5 8 T 5§ |6 |+
, Xs) = s oo |l = oo b
8X,' (SXJ' 3X,' 8)(]'

. sXS) = [iF +fiji(x‘lax27 e 7XS)3 Tl] = [{xia 8} 7L] = [Xi7 {87 11}} + [[Xza Tl]a 8} = Oa
’ 8Xi 5Xi SX,'

o[} d-Blas
8xk 8Xk

g}'l[(xhxz""vxs):[_ixi‘71+g}!i(x1’x27 '7X$)s ]l]: |: 7X{':|711:| = |:7[xjs ]l]:| + |:

’ ’ (SX,' 5?(,'

; ; — 5 = — s ——1 [[s —] =
g‘]lﬁi(x]vva"'!xS) = [g‘]lﬁi(x]vva '!xs)vli]: {[(Sxk’xz}! k] = [Sxkv[xzvlk] + [(SXk, k ,Xi} :07
Bl %, %) = T (61 o, ), Tl = [T 21, T = [, B Tl + [, T 6] = 0,

i ) = [qi;( ), 1] = Tg 1| =1 ST_+_[TT 8 =0
Qi j(X1, X2, ..., Xs) = |qij(X1, X2, ..., X5), 1i] = 1537)(]' s i | — is 37)(]" i is 1’87)(]‘ =Y

we derive

1

e,-_,j(xl,xz, .
.fi{/((xla X2, ...

j.t
dl',k(xla X2, ..

LX) =0, 1<ik<s 1<j<nm—-2,1<t<n—2,
,X) =0, 1<i,j<s,
X)) =0, 1<ik<s 1<j<n-—2,

8 i(X1,%2,...,%) =0, 1<i<s 1<j<mn-—2,
M. X2, ....%) =0, 1<ik<s 1<j<n—2,
qij(X1,%2,...,%) =0, 1=<ik<s.

Therefore, we have proved

Theorem 3. The above Leibniz algebra denoted by FR(1p, 1 @ 1,1 @ - - - @ Ny,,1) admits a basis

T
kv 1,02 L
117"1’7 oo XXy Xy

eNU[0}, 1<i<s,1<j=<mn
(SX,'

in such that the multiplication table in this basis has the form:

[ 5 - 5 _ - .
Xi, :17 , Xi :_]7 ]Slika
(SX,‘ 8)(,‘

1,02 e 37 — 1,02 Lk
XX X =X X

ty,,t2 e o1 b ti-1, b+ fiv1 tk
(X7 -0 X = X7 XXX X

5 1t
t1,,02 e _ sl ti1 ti—1 L1 te
XpXy X, s | S UXy X g X X X
(SX,'
Where the omitted products are equal to zero.

4. Leibniz algebras associated with minimal faithful representation of n,, ;

In this section we are going to study the Leibniz algebras L such that L/I = n,; and the n, ;-module I is the minimal
faithful representation. In this case we have that dim L = 2n and {x1, X2, ..., Xn, €1, €2, ..., e,} is a basis of L. We also have

[ei, x1] = ei_1, 2<i<n-—1,
[en, Xl = enp1j, 2=<j=<n

(5)
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Further we should define the multiplications [x;, x;] for 1 < i, j < n. We put

n
X+ Y afen  j=12<i=n—1,
k=1
n
k . .
X =1 X1+ Y ofje, i=12<j<n—1, (6)
k=1
n
k .
Z o i€k otherwise.

In the following Lemma we define the multiplications in the case ofi = 1orj = 1andj = n.

Lemma 1. There exists a basis {x1, X2, ..., Xn, €1, €2, ..., ey} of Lsuch that

[x1, x1] = arep—1 + e, [X1, %] = —Xj41, 2<j=<n-—-1,

[X2, x1] = X3 + azep, [X, x1] = X1 —zepqpi, 3<i<n-—1, 7)
[X1, Xa] = aseq + azes, [Xn, X1] = —aseq — 2aze;,

[x2, x,] = ase1 + azey, [xi, x,] = 0, 3<i<n.

Proof. In the multiplication (6) taking the transformation of basis

n— n—2
/ k n—1 n—1 / k k
X1 =X — E o7 1€k+1 — (a2,1 +a1,z )en, Xy =Xy — E (052,1 + a1’2)el<+1y
k= k=1

n
k -1 -1 ;

X=x—> af e+ @y +aiy ey 3<j<n,

k=1
we obtain [x;, x1] = o 'en_1 + o] 1en, [X2,X1] = X3 + & en, [X1, %] = X1, 2<j<n—1.
Using the Leibniz identity we derive

[x3, 1] = —[[x1, %21, 1] = —[x1, [x2, X111 — [[x1, %11, X2]
-1 -1

= [—X1,X3 + 053,1 en—1 + Olg,len] - [0‘111.1 en—1 + OtTJEn, X2] = x4 — arf,]en—l-

From the Leibniz identity, [[X1, X;], X1] = [x1, [X;, X11] + [[X1, X1], X;] recurrently we obtain

n .
[xi, x1] = Xit1 — Qq 1€n42—i» 3<i<n-—1,
n

k
[Xn, X1] = —of €2 — Zamek.

k=1
On the other hand, from

n—1
k
0= [x1, [xn. 2111 = [[X1, %], x1] — [x0. X1 ] xal = Y off eicr — o] e,
k=2
we get
a%’n:a;',l, aln_o 3§k§n—1.

Now, we consider the Leibniz identity
0 = [x1, [%n, X1]1 = [[x1, xn], X1 — [[x1, X;1, Xn]
= [“},nel +af e+ O‘?,nen’ X1 + [Kj+1, xa] = a?,nen+lfj + X1, Xl
Hence, we have
[Xj+17 Xn] = _a?’nen+l—j, 2<j=<n-—1
On the other hand, from the equalities

0 = [x2, [X1, xp1] = [[X2, x1], xn] — [[x2, Xa], X1]
n—2
K k+1
= [x3+ a5 jen. Xl — | Db e xi | = —af jen1 +of o1 — Y abiler,
k=1 k=1
we obtain

n o _ 2 no_ ko _
ay =0, of 0, a,, =0, 3<k=<n-1 0O
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Put
1
Q.1 =1, Qo,kzi, k> 2, Qx =
_ k(k+1)---(k+m—-2)(k+2m—1)

k+1
2

’

k m > 2.
' 2(m!)
It is not difficult to check that
Qmk = Quk—1 + Qu—1.k- (8)

Now we will define the products [x;, x;] fori+j < n+ 1.

Lemma 2. We have

n—2

[X2, x2] = Z Brex,
k=1
n—1 n
Xit1, Xi] = i k€ 2<i<LfJ,
[Xir1, xi] ;%,k k =t=15
2 <
2 n—2—j+2s n+ 1 —j
[ Xigl = ) (=D'Qjrazs D Vibs-1j1-2epkll, 0<j<n—53<i< L?J ; 9)
=0 k=1
S nij
[x2, %] = —( — 2)azenta—j + Z Bi—2-+kek
k=1
2 -
2 n—2—j+2s
+ (=" Q1 422 Z Vs.j+1-25+k€k> 3<j<n-1,
s=2 k=1
where | a] is the integer part of a.
Proof. Taking into account the notation (6), from the Leibniz identity
n n
0 = [xi, %, %] =[x 51 %] — [x xid %] = | > afjexic [+ | Y ol pen xi
t=1 t=1
= O5;?]'911+2—k - a,'r,lken+2—j7 2<ij,k(#k <n,
we get
of; =0, 2<ij<n.
From the Leibniz identities for the triples of elements [x1, [x;, X1, [X;, [X1, X;]], we derive the following relations
[Xir1, %] = X1, x:], 2 < 1] <n-1,
[x2, Xj 1] + [X3, %] = —azenp1—j + [[%2, X1, x1], 2<j=<n-—1, (10)
%, X111 + [xi1, X1 = [[x, %1, X411, 3<is<n-1,2<j<n-1,
[Xn, Xit1] = [[xn, X1, X1] 2<j=s<n—1

From the first equality in (10) it is easy to see that it is sufficient to define the multiplications [x;, x;] for j > i — 1. Put,

n—1 n—1 n
X2, %] =) Bre,  [xignxil =Y virer, 2<i< bJ :
k=1 k=1

Applying, if necessary, the change of basis X, = x, — B,_1e, we can suppose that 8,_; = 0 and we will express other
product by means of the structure constants B; and y; ;.

First we will prove the third equation from (9) by induction on j. From the relations (10) we get [x;, x;] = [X;+1, Xi—1] and
[xi, %] + [Xi+1, Xi-1] = [[%i, xi—1], X1] which imply the assertion of Lemma for j = 0, i.e.,

1 122 o n+1
[xi, xi] = 5[[&‘, Xi—1l, x1] = 3 ; Vicik+1€k 3 <1< { > J .
Then from the relations (1) we obtain [x;, X;+1] + [Xi+1, Xi] = [[Xi, Xi], X1]. Using the assertion of Lemma for j = 0, we get

n

1 1 n—3 n—1 )
[ Xia1] = S Xl x1) 2] = [, ] = 5 ; Vie1 ket 28k — ;Vt,kek» 3<i< bJ .

Hence the assertion of the Lemma is true forj = 1.
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Let us suppose that the assertion of the Lemma is true for indices less or equal to j and we will prove it for j + 1.
From the relations (10) we obtain [X;, Xitj+1]+ [Xi+1, Xi+j] = [[Xi, Xi4j], X1]. Using the assumption of the induction we get
[xi, Xipjr1] = [[xi, Xigj], X1] — [Xig1, Xigj]
L

n—3—j+2s ]

n—1—j+2s
Z( 1)st,H—z—zs Z Vits—1,j+2—25+k€k — Z( 1)° Qs j+1-2s Z Vits,j—2s+kEk
s=0

k=1
n—3—j LH—Tl n—3—j+2s
= Qojr2 E Viotj+2+kek + E (—1)°Qs j42—2 E Vits—1,j+2—2s+k€k

k=1
L3141 n—3—j+2s

Z( 1)° Qs 1,j+3-2s Z Vits—1,j+2—2s+kC€k-

k=1

If j is odd then L”T]J =[3]l+1= LHTZJ and using the equality (8) we get

n—3—j LH—TlJ n—3—j+2s
[Xi, Xiyjr1] = Qojsz E Yi1,j+2+k€k + E (—1)°Qs j43—2 E Visks—1j+2-25+k€k
k=1 s=1 k=1
j+2
152 n—3—j+2s
N
= E (—=1)°Qsj43-25 E Vits—1,j+2—2s+k€k-
s=0 k=1

If j is even then |_f =13 | and we get

n—3—j J n—3—j+2s
[Xi, Xipjr1] = Qojt2 Z Yi- 1j+z+k€k+2( 1’ (Qsj+3-25) Z Vids—1,j+2-25+k€k
k=1
j+2
2 n—1 5 n—3—j42s
+ =Dtz ZVHL%M Z( 1)°Qs j43-25 Z Vits—1,j+2-25+kCk-
k=1

The products [x,, x;] are also obtained by induction on j, using the equality (10) and the multiplication [x3, Xj_1]
In the following lemma we define the products [x;, x;] fori4+j > n +2

O
Lemma 3. We have
[%i, Xny2-i] = (= Diases + (=1)'(n — 5)asez + (=D By ey
i—2 s 25s—2
+ Z(_l)s+l Z Qs—[,n+1—25 Z ys,n+l—25+kek
k=1
25—2
+ Z( 1)S+IZQ5 tonl— 252Vsn+1 25+k€ks
s=i—1
[xi, Xn+3 il=(— 1)'“(1 —3)(n— 5)05361
25—3
+ Z( Dl Z(l 2 —0)Q—tnt1- 2sZVsn+2 25+k€k (1)
k=1
L”J i—3 25—3
+ Z( 1)s+1+1 Z(l 2_t)@ t,n+1— ZSZVS n+2—2s+k€ks
s=i—2 k=1
[Xiaxn+p—i] = Z ( 1)s+!+pz< -2 )Qs‘ t,n+1— ZSZVS n+p—1-2s+k€k
s= \_ ]+1 k=1
L ] 2s—p
DS

(= 1)s+l+p Z( ) )Qs t,n4+1-2s Z Vs.n+p—1—25+k€k,
s=max{i—p+1:| 5 |+1}

k=1
whered <p<n-—1, p+1=<i=<|HE2H]
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Proof. First we will find the products [x;, Xp42—i]-
According to Lemma 1 we have [x;, X,] = ase; + a3e, and using Lemma 2 from relations (10) we obtain

[X3, Xn—1] = —oazey — [X2, X3] + [[X2, Xp—1], X1] = —aseq — (n — 5)aze;
L%J 25—2

+1
+ Z(—l)s Qs—1,n+1-2s Z Vs,n+1-25+k€k-
s=2 k=1

Similarly, from the equality [X;_1, Xpy3-i] + [Xi, Xna2-i] = [[Xi—1, Xn+2-i], X1], for 3 <i < k + 1, by induction we obtain

[Xi, Xn2—i] = (—D'ase; + (—1)'(n — 5)as + (_1)i+lﬂn 201

25—2 25—2
s+i s+i

+ Z( 1) ZQS tnt1— ZSZVS n+1-2s+k€k + Z( 1) ZQs tn1— ZSZVsn+1 2s5+kEk

s=i—2
|nHd=2 ) 2542i-6
S
+ Z (=1)°Qsnys5-2i-25 Z Vits—2,n+5-2i—25+kek-
s=0 k=1

Taking s’ = s + i — 2 in the last sum, we obtain

RSl 2542i—6 L3 25—2
s _ s+i
E (—=1)°Qs.n45-2i-2s E Vits—2,n+5-2i—2s+k€k = E (=17 Qs—it2.n+1-2s E Vs,n+1—2s+k€k-
s=0 k=1 s=i—2 k=1

Placing this equality to above one we obtain the first equality of the lemma.
Now we will deduce the products [x;, Xp3—i].
Using [x3, x,] = 0 from the relation [x3, X,] + [X4, Xp—1] = [[X3, x,_1], X1] we get

25—3

[X4, Xp—1] = —(n — 5)aze; + Z( D™ Q51 125 Z Vs,n+2—2s+k€k-

Using the products [x;, x,12—;] from the equality [X;_1, Xp+a—i] + [Xi, Xpr3—i] = [[Xi—1, Xn+3-i], 1], for4 <i < k+ 2, by
induction on i similarly to the previous case we obtain

2s—3

[Xu Xn43— 1] - ( 1)l+](l 3)(” - 5)05331 + Z( 1)s+1+1 Z(l -2 - t)Qs t,n+1-2s Z Vs.n+2—2s+kC€k

L5] 25—3

+ Z ( ])H—H—l Z(l -2 - t)Qs t,n+1-2s Z Vs n+2— —25+k€k-

s=i—2

The last equality from (11) follows by the induction on p and i (first by p, then by i). O

Now we define some restrictions to the structure constants 8; and y; ;.
From the equality (10) we obtain

1 n
(xpg 0 Xig gl = SlxE 0 Xg el al. 121 < bJ :
Let n be even. Then in the case of | = 1 we get

1 n—2

5 Z Y13 k+1Ck-

1
[X[gJH’XLgH]] = 5[[XL%J+1,XL%J],X1] =
k=1

On the other hand, from Lemma 3 we obtain

(X241, X8 1] = (=D ase; + (=D (0= 5)aze; + (=) B, e

[51-1 25—2 L31-1

+ Z( 1)*+ls JJrlX:Qs - ZSZVsn+l 25+k€k — Z Quj- mzﬂ n) 1€k
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Comparing the coefficients at the basis elements we obtain the following restrictions:

L3] s
n 1
as — Bz + Z(—l)sys,n+2—2s(Z Qs—t,n+1—2s) — (-Dt! S5 = 0,
L5] 1
(n— S)ets + Z( 1 Yonss- 25(2@ enir-a) = (D 2y 5 =0, (12)

n 1
Z (=D *¥s.n1- 2$+k(2% tn+1— 25) - (_1)L7J57L%J,k+1 =0, 3<k=<n-2

Lk+3J

If [ > 2, then we have

1
(Xugp0 X1 gl = SUX g 0 X g 0ma] 2]

i L J 2 2521
Z (—1)stlalH- 12( )er,n+125 Z Vs.n+20-1-2s+k€k

s=Il+1 k=1
L5] L3l-+1 /1 n 2521
1 2 By 2 H Fl-2—t¢
+ 2 Z (‘USHZH! ! Z ( 2 Qs—¢t,n+1-2s Z Vs.n+21-1-25+kCk-
s=max(| § | —1+2;1+1) t=1 21-3 k=1

On the other hand, in the equality (11) forp = 2land i = L%J + [ we deduce

Lzd-1 25—21
Yl-2-
X240 X 2yl = Z (—1yFlai Z(L J )Qst,n+125 D Vensai-1-2crki

s=I+1 k=1
3] L31-1 L J 25—21
+1-2-—t
+ > GRS Z ( )Qs—r,n+1—2s D Ventar1-asiri
s=max{| § ] —I+1:1+1} 21-2 k=1
Comparing the coefficients at the basis elements we get

WA 2 | 1212t
Z (_1)5Vs,n+217172s+k Z |:< 2 )+2( 2 >i| Qs—rn+1-2s

s= kL4 t=1 21—-2 21-3
L2 1
+ Z 5(_1)Sys,n+217172$+kQ57L%J+171,n+1—2$ =0,
s=max{| 3 ]—1+1; [ K51 4y
where2 <1< L%J—], 1<k<n-=2I
Let n be odd. Then in the case of | = 2 we get [XL%H_Z, XL%J+2] = %[[XL%H_Z, X[%J_H], x1] and using the first equality of
(11) we obtain

25—3

(X2 420 X 2)42] = *( D3 (n - 5)aze; + = Z( 1)t JX:Qs tnH1-2s Z)’s n+2—2s54+kEk-
On the other hand, from the second equality of (11) fori = L%J + 2 we get

n n
[Xig 120 X3 102] = (DTS ) = D = Sasey

[51-1 25—3

+ (- 1)5“ I+ Z ([*J - f) Qs—t,n+1-2s Z Vs.n+2—2s+k€k
s=2 k=1
L51-1

n n—4
_ Z <L7J — l’) Qtﬂj—t,ZZyLﬂj.k—o—?,ek-
t=1 2 : k=1 :
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Comparing the coefficients at the basis elements we derive

({gJ - *) (n—5)as + Z( 1D Vs n43—2s Z ({gJ —t+ %) Qs_tn1-2s =0,

t=1

(14)
Z ( 1)Vsn+2 25+kZ({*J_t+ )Qstn+l 25—0 kafn_4-
s= Lk+4J
If | > 3, then we have
1
(X2 ) X2 ] = 5[[XLEJ+I7XL%J+I—1]7XI]
l 1=1+2 25—2l+1
[—2—t
- ( ‘I)H—L I+ \; J + Qs—t,n+]—23 Vs.n+21—2—25+kek
Z
k=1
[5] L3512 /1 n 252141
1 2 npa 5] +1-2-¢
+ 5 Z (_1)S+L2J+l Z ( 2 + QS—[,n-H—Zs Z Vs,n+21—2—25+kek-
s=max{| §]-14+3;1) t=1 214 k=1
On the other hand, in the equality (11) forp =2l — 1andi = L%J + [ we have
L3)-l+1 L J-H—Z— 25—2l+1
(X2 X2 ] = Z (—1ysHlalH Z( )Qst,n+1zs Z Vs,n421—2—25-+k€k
k=1
L3 L5]—1+1 LQJ fl—2—t 25—21+1
+ Z (_1)S+L?J+l_] Z ( 2 )Qs—t,n-!—]—Zs Z ]/s,n+21—2—23+kekc
s=max(| 3] —H2:1) =1 21-3 =1
Comparing the coefficients at the basis elements we get
13) min{s, | § |—1+1) LnJ n
| +l=-2—t 1 L—J [—2—t
(_l)sys.n+2l—2—25+k 2 + + - 2 + Qs—t,n+1—25
2
—L 54l =1 21-3 21— 4
2 (15)

L7)

DD

s=max{| 0 |—1+2; | X |+1)

3 (— 1)sVs,n+21—2—25+st—LgJ+l—z,n+1—2s =0,

where3 <1< [3], 1<k<n-2L
Therefore, we obtain following main Theorem of this section.

Theorem 4. Let L be a Leibniz algebra such that L/l = np, ; and I is the L/I-module with the minimal faithful representation. Then

L admits a basis {x1, X2, . . .,
the restrictions (12), (13), (1

Xn, €1, €2, ...,

4), (15).

en} such that the multiplication table for this basis has the form (5), (7), (9), (11) with

Now we are in position to give a classification of such algebras up to isomorphism for the case n = 4.
In this case we get the following family of algebras denoted by (1, o2, @3, @4, B1, B2, V1, ¥2):

[e2, x1] = ey,
[es, x1] = ey,
[es, x2] = e3,
[es, x3] = €3,

[es, X4] = €4,
[X1, X2] = —X3,
[X1, 3] = —X4,

[x1,X1] = aje3 + azey,

[X2, 1] = X3 + a3ey,

[X1, X4] = aseq + azes.

[x3, X1] = X4 — azes,

[X4, x1] = —ase; — 2036,

[X2, x2] = Bieg + Baey,

[X3, 2] = y1€1 + yae2 — 2ai3e3,
[X4, x3] = —a3ey,

[X3,x3] = 5)/291 — (363,

[X4, %] = 5)/26’1 — Q3€3
[%2, x3] = (B2 — y1)e1 — v2€2 + azes,

[X2,%4] = —5)/231 — (363,
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representation. Then L is isomorphic to one of the following pairwise non isomorphic algebras:

H(a1,0{2,1,1,ﬂ],ﬁ2,0, ]) /"L(alylv]vo,ﬂlvﬂZaO’ ]) M(15Oa]707513ﬂ2,05 1) ,LL(O[],],],] ﬁ )

n(1,0,1,1, B4, B2,0,0) n(0,0,1,1,1, B3,0,0) u(0,0,1,1,0,1,0,0) w(0,0,
n(1,1,1,0, B4, B2,0,0) n(0,1,1,0,1, 5,,0,0) u(0,1,1,0,0,1,0,0) w(0, 1,
n(1,0,1,0,1, B3,0,0) n(1,0,1,0,0,1,0,0) u(0,0,1,0,1, 52,0,0) w(0,0,
n(0,0,1,0,0,0,0,0) u(a1, 1,0,1,0, By, ¥1, 1) u(e1,0,0,1,0, 1,94, 1) u(aq, 0,
u(a1,0,0,1,0,0,0,1) u(a1,1,0,0,0,1, 1, 1) u(x1,1,0,0,0,0,1,1) ulag, 1
(1,0, 0,1,y1,1) 1(1,0,0,0,0,0,1,1) u(1,0,0,0,0,0,0,1) w(0,0,
(0,0, 0,0,1,1) 14(0,0,0,0,0,0,0, 1) w(1,1,0,1, B, B2, v1,0) w(0, 1
(0,1, 0,1, y1,0) 1(0,1,0,1,0,0,1,0) u(0,1,0,1,0,0,0,0) uw(1,0
(1,0, 0,1,y1,0) 1(1,0,0,1,0,0,1,0) u(1,0,0,1,0,0,0,0) u(0,0
(0,0, 1,0,1,0) ©(0,0,0,1,1,0,0,0) 1(0,0,0,1,0,1,1,0) u(0,0
(0,0, 0,0,1,0) 14(0,0,0,1,0,0,0,0) u(1,1,0,0,1, B2, y1,0) w(1,1
n(1,1, 0,0,1,0) n(1,1,0,0,0,0,0,0) u(1,0,0,0,1,1, y,0) wu(1,0
(1,0, 1,0,0,0) 1(1,0,0,0,0,1,1,0) u(1,0,0,0,0,1,0,0) (1,0
(1,0, 0,0,0,0) ©n(0,1,0,0,1,1, 1,0 u(0,1,0,0,1,0,1,0) w(0, 1
w(0,1, ,0,1,94,0) 1(0,1,0,0,0,0,1,0) u(0,1,0,0,0,0,0,0) (0,0
(0,0, 0,1,y1,0) 14(0,0,0,0,1,0,1,0) 1(0,0,0,0,1,0,0,0) (0,0
1(0,0,0,0,0,0,0,0)

with aq, a2, B1, B2, y1 € C.

Proof. Let L be an 8-dimensional Leibniz algebra given by u (a1, oz, a3, a4, B1, B2, Y1, ¥2). We make the following change

of basis:

while the other elements of the new basis (i.e. €], €}, e}, x; and x,) are obtained as products of the above elements.

The table of multiplication in this new basis implies the following restrictions on the coefficients:

P,=M; =R =0, 1<k<4,

T3

Q=

Q3_

Q

N3

N,

o o

[=NeleloNoNo oo oo ol

T4P1M, # 0.

I
oy

/_
o3

—@7 Tz=—@, Ny = asMs,
Py P
o P1 M3
M,
—a3PZMy — 1P¥M5 + aP1P3M;
B PiM; '
—20,T1PZM; + v, TaPZM, — 203T4P3PaMs + 202 T4P1PaM3 — 201 T4PZ My
2T4P1M, ’
a3PaMZ — a3PsMoMs + aaPiMZ — aaPiMa My
B PiM; ’
—a3T1PiMZ2 + By TaPsM3 — y>TaPsM3 + y>TaPsMyMs — a3 T4P3sMaMy + o TaP1M3 My
B T4P1M, ’
Calculating new parameters we obtain:
o1 P} ;L oy P}
TaMy’ = Ty’
0[3P1M2 , Ot4P]
T, %= BN
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_ 2B1M3 + yoM3 — 2y, Mo M,

’

P 2T4,P>M, ’
r )/1M22 — (¥3M32 + 20[3M2M4
" T,P;M, ’
B2M; y2M>

B, = Vr=

T4P; Ty
Considering all the possible cases we obtain the families of algebras listed in the theorem. O
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