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1. Introduction

A Riemannian metric on a flat affine manifold is called a Hessian metric if it is locally expressed by the Hessian of a
smooth function. A triple of (M, D, g) with an affine manifold M, flat connection D, and Hessian metric g is called a Hessian
manifold. Hessian structure was first studied by Koszul [1], then Vinberg [2] considered this metric on convex cone and
S.Y. Cheng and S.T. Yau [3] used Hessian metrics to solve Monge-Ampére equations. Hessian geometry finds connection
with various fields of sciences in both Pure mathematical fields such as affine differential geometry, homogeneous spaces,
cohomology and applied sciences such as physics, statistics and information geometry. It is well-known that many important
smooth families of probability distributions (e.g. exponential families) admit Hessian structures [4]. The geometry of Hessian
manifolds is also deeply related to Kdhlerian manifolds. A Hessian structure is formally analogous to a Kdhlerian structure
because a Kahlerian metricis locally expressed as a complex Hessian of a function with respect to the holomorphic coordinate
systems. The relation of these two kinds of manifolds was motivation of defining a flow on Hessian manifolds similar to
Kdhler-Ricci flow.

One of the most important questions in Riemannian geometry is that whether a manifold admits a canonical metric?
Geometric flows, as a class of important geometric partial differential equations, are used to answer this question in some
cases. In 1982 Richard Hamilton [5] introduced the so called Ricci flow, for solving Thurston’s conjecture and classified
compact 3-manifolds of positive Ricci curvature as spherical space forms. Later in 1985 Cao [6] studied the Ricci flow on
complex Kdhlerian manifolds and showed that on closed Kahler manifolds this flow exists for all time and converges to
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an Einstein-Kahler metric under normalized Kdhler-Ricci flow. Shi [7] generalized this result to complete noncompact
Kéhlerian manifolds.

In Hessian manifolds we intend to deform Hessian structure and alter Hessian metric on M to a canonical metric with
good behavior, for this reason we define a PDE, as a geometric flow that evolves the metric tensor on manifold, and we will
show the global existence of the flow.

2. Preliminaries
This section includes some definitions and facts that we need in following sections.
2.1. Geometry of Hessian manifolds

Definition 2.1.1. Let (M™, D) be a flat affine manifold, if a Riemannian metric g on M has a local expression g = Ddu for
u € C®(M), g is called a Hessian metric, (D, g) a Hessian structure and (M, D, g) a Hessian manifold and u is said to be a
potential function of (D, g), that is,

9%u
0x1ax’

where (x', X2, ..., x™)is an affine coordinate system with respect to D (i.e. Ddx' = 0).

8ij =

At the following, in our notation we use this coordinate system.

Proposition 2.1.1 ([8]). Let (M, D) be a flat manifold, then (M, D, g) is a Hessian manifold if and only if
08 _ 98
axk  axi

Let (M, D) be a flat manifold, g a Riemannian metric, and V the Levi-Civita connection of g. We denote the difference
tensor of D and V by

y =V —D.

. Vijk=1,....,m

It should be remarked that the components of y with respect to affine coordinate systems of D coincide with the Christoffel
symbols of V.

Definition 2.1.2 ([8]). Let (D, g) be a Hessian structure. A tensor field Q of type(1,3) defined by covariant differential of y
with respect to D

Q =Dy,
is called the Hessian curvature tensor for (D, g). The components of Q with respect to an affine coordinate system are given
by

V]l
QIcl axk .

Proposition 2.1.2 ([8]). Let (M, D, g) be a Hessian manifold and g; = , for some smooth function ¢ on M. Then we have

’a)d

44 s 036 3
(1) Qju = axlaxmxkaxl g ax1axT 9xk 3x0 9x19x5 °

(2) kal - Qk]ll - ley - Q.]11k~
Proposition 2.1.3(/8]). Let (M, D, g) be a Hessian manifold and R the Riemannian curvature tensor for g Then
R = = kaz Qjit)-

Definition 2.1.3 ([8]). Let (D, g) be a Hessian structure and v the volume element of g. We define a closed 1-form « and a
symmetric 2-form S by

B = Da,

then « and 8 are called the first Koszul form and the second Koszul form for (D, g) respectively.
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Proposition 2.1.4 ([8]). We have

1 9 logdet[gmn] k
(1) oy = 3 =BG = i = try,

_ da _ 10%logdetlgmn] _ qr _
(2) py = o = 1Pbudetlaml _ g1 _ prq,
Definition 2.1.4 ([8]). If a Hessian structure (D, g) satisfies the condition

i
B =2g, k=ﬁ,
n

for some constant A, then the Hessian structure is said to be Einstein-Hessian.

Proposition 2.1.5 ([8]). The first affine Chern class C;(M) of a Hessian manifold (M, D, g) is represented by —2, where 8 is the
second Koszul form of (D, g).

2.2. Kdhlerian structure on the tangent bundle of a Hessian manifold

Let (x!, x%, ..., x™) be an affine coordinate system on an affine manifold (M, D), we set
q = xon, gt = dx,
then(q',...,...q*™) forms local coordinates on TM, (r is the projection map of vector bundle TM).

Let] : TTM — TTM be a linear endomorphism on the tangent bundle of TM characterized by

a a ol 9
] — |\ = > and _] — | = >
8ql 8qm+! aqm+1 8ql

therefore the endomorphism J satisfies J> = —Idpy, and it is an almost complex structure on TM.
Let (M, D) be a flat manifold. For an affine coordinate system (x!, ..., x™) on M, we set

7 =g + =1g",
in which ¢ = x'orr and ™t = dx'. Then m-tuples of functions given by (z', ..., z™) yield a holomorphic coordinate system

on tangent bundle TM. Since the manifold is flat with respect to D, the almost complex structure defined above is a complex
structure on TM. For Riemannian metric g on M we put

gl = Z(gijon)dzidij.
ij=1

Then the Sasaki metric g7 is a Hermitian metric on the complex manifold (TM, J).

Proposition 2.2.1 ([8]). Let (M, D) be a flat manifold and g a Riemannian metric on M . Then the following conditions are
equivalent.

(1) g is a Hessian metric on (M, D).

(2) g7 is a Kéhlerian metric on (TM, ]).

Proposition 2.2.2 ([8]). Let R!.Tj-.kj and R; be the Riemannian curvature tensor and the Ricci tensor on the Kdhlerian manifold
(TM, ], g"). Then we have

Rl = 1QJ-- 0
il — o k10T »

RT,__llg..Oﬂ
ij T MU

Proposition 2.2.3 ([8]). Let (M, D, g) be a Hessian manifold and (J, g7 ) the Kéhlerian structure on the tangent bundle TM. Then
the following two conditions are equivalent.

1. (D, g) is Einstein-Hessian.
2. (J, g") is Einstein-Kéhlerian (that is RZ = )Lgi]f for some constant A).

3. Introduction of a flow on Hessian manifolds

In this section we intend to introduce a geometric evolution equation on Hessian manifolds to deform the geometry of
the manifolds by changing the Hessian metric via a second-order PDE on symmetric (0, 2) tensors.
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3.1. Hessian flow

Let (M, D, go) be a Hessian manifold, then we consider an evolution equation on M by

3
5.8 = 2Py (1)

with boundary condition g;(0) = go, called Hessian flow, where f§ is the second Koszul form of g. It can be shown that the
Hessian flow (1) is a second-order partial differential equation on symmetric (0, 2) tensors and defines a geometric flow on
M. A solution to this equation is a one-parameter family of metrics on Hessian manifold M, defined on a time interval, and
satisfying Eq. (1).

At the following, we will show that the metrics along the flow remain Hessian.
Lemma 3.1.1. On a Hessian manifold (M, D, g) the evolved metric by (1) remains Hessian along the flow.

Proof. Let (x!, x%, ..., x™)be an affine coordinate system with respect to D, using Proposition 2.1.4(2) we have

981 _ i 8g" 2B;) = 9 (9 logdetgim]
axk ] T oxk axk YT gxk xioxi

i 32 log det[gmn] 0 d (08
axi

_ 0 ag,q

T ac\ox )

o) T 2P0 = 50 e
Since at t = 0, gy is Hessian, Proposition 2.1.1 and the above formula complete the proof. O

Proposition 3.1.1. The Hessian flow (1) on Hessian manifold (M, D, g), induces a Kéhler-Ricci flow on the tangent bundle
(T™. ], 8").

Proof. By composition of (1) with projection map = : TM —> M, we have

0 T
ot —om = 2Bjom = 4Ri]"
The above equality is obtained by Proposition 2.2.2. So we conclude
ogl
U — _4R?, (2)
at y

and since by Proposition 2.1.4, gUT is a Kdhler metric on TM, (2) is Kdhler-Ricci flow on TM. O

3.2. Short-time existence

An important step in study of any partial differential equation is to show that it enjoys short time existence and
uniqueness. In this section we will prove the short-time existence and uniqueness of the Hessian flow (1) on Hessian
manifolds.

The first task is to show that Hessian flow (1) is a second-order partial differential equation. As for any n x n matrix M,

we have detM = Z M;; Ad]M)U, where AdjM is the adjugate of M, so

0 log det[gmn] _ 1 o det[gn]
axi  det[gmn] axi

0 det[gmn] 08;s
det [gmn] 08rs oxi
a k 8rk Ad_’g )rk %
det [gmn] 0grs oxi

Z 0(grk Ad]g k (agrs>
det[gmn] X 0grs axi
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a(adio T .
By product rule and since d(f;‘;’i)fk = 0and gii = §ks we have
d log det 1 a
og e_[gmn] _ (Adig). 8rs
axt det[gmn] axi
agr
— d t s =
det[gmn]( et(gmnlg )(ax'>

08rs

TS

o (8 )

9% log det[gn] g 3% L (98 (28"
oxiox ox'oxi oxi ox

82gr5 8gmn 8grs
oIS _ gmgns
Bk <8x"8xf 88\ ox axi )’

Thus by Proposition 2.1.4, the second Koszul form g locally given by

azgrs 8gmn 8grs
L ofS _ gimgns
bi=8 <8x"8xf 88w axt )’

is a second order operator from C°°(SZ+T*M) of positive definite symmetric (0, 2)-tensors into itself and the Hessian flow (1)
is a second-order partial differential equation on the vector bundle C °°(52+ T*M).
Now we need the following lemma to define the elliptic partial differential operators.

and

Lemma 3.2.1 ([9]). Let P be a differential operator of order at most m between vector bundles E and F on M. Then there exists
a unique smooth map, o, (P) : T*M — Hom(E, F), such that the following is valid. Given (x, &) € T*M and ¢ € C*°(M) with
dop(x) = &, foreverys € C°(M, E),

om(P. X, £)s(x) = lim t e~ WP [et?s](x),
—00
where Hom(E, F) denotes the vector bundle whose fiber Hom(E, F), equals the space of homeomorphisms of linear maps E, — F,,.

Definition 3.2.1 ([9/). For an m-order partial differential operator P from C*(E) into C*°(F), o (P, &) is called the principal
symbol of P in the direction of the one-form &, and an m-order partial differential operator P is said to be elliptic if its principal
symbol o,,,(P, &) is an isomorphism whenever £ # 0.

Remark 3.2.1. For an m-order differential operator P : C*(E) — C%(F), of the form P(u) = ZlaKmPaaau
where P, € Hom(E, F), the principal symbol of P in direction & € T*M is the bundle homomorphism o, [P](§) =

Z\cﬂ:mpasa'

Remark 3.2.2. Let P be a differential operator of order at most m between vector bundles E and F, and Q a differential
operator of order at most n between vector bundles F and G on M. Then Po Q is a differential operator of order at most m+n
between vector bundles E and G, and the principal symbol is given by

Um+ﬂ(POQ7 X, E) = Gm(Pv X, E)OUT!(Qv X, 5)7 (X € M, E (S T;M)
Proposition 3.2.1. On a Hessian manifold (M, D, g) the second Koszul form B is an elliptic second-order operator.

Proof. We have already seen that g is a second order operator and we know ([8], Corollary 7.5) it is the Laplace operator
of Hessian metric g defined by Ay = 96 + 60 . Now we will show that Laplace operator is an elliptic operator. The second
order principal symbol at point x € M in the direction of a one-form & € T;M is given by

02(Ay,&) = 02(08 + 80, &) = 01(9, §)o1(8, &) + 01(8, )o1(0, ).

Let e(w) be an exterior product operator for a (p,q)-form w, i(X) an interior product operator for X € TM, » the Hodge star
operator and {Eq, ..., En} be an orthonormal frame field with respect to the Riemannian metric g and set &/ = i(E;)g, it is
easy to show that forx € M and & € T;M, og(*, &) = x and 51(d, §) = e(&). Without loss of generality we can consider
& = 6/, s0 by [8], Proposition 7.2 and Lemma 7.1 we have

01(8,6") = ao((—1)P*"", 01)01(3, & )oo(, &)
= (—1P*"e(®)x
= —i(E;).
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So
02(Ay, &) = —i(E)e(0’) — e(6))i(E;) = —g(E;, ),

so for every & # 0, 03(Ay, £) is an isomorphism and the proof is complete. O

Definition 3.2.2. An evolution equation on the vector bundle of positive (0, 2)-tensors h, of the form

d
ooy = P(hy)

where P is a m-th order differential operator, is said to be parabolic if P is an elliptic operator.

Theorem 3.2.1. If (M, D, go) is a closed Hessian manifold, then there exists a unique smooth solution g(t) for the Hessian flow
(1) defined on some positive time interval [0, T], T > 0, with g(0) = go.

Proof. Since the second Koszul form 8 is an elliptic operator, so the Hessian flow (1) is a parabolic equation. It is known
from PDE theory, given a smooth initial metric g for a parabolic equation, there exist T > 0 and a smooth family of metrics
g(t)fort € [0, T] that satisfies (1) and it is unique. O

4. Long time existence of the flow on a closed Hessian manifold

In this section we intend to show global existence of the Hessian flow (1). We will use the flow to prove a problem which
is similar to the Calabi conjecture for Kdhlerian manifolds. The proof follows closely the methods given in [6].

Let (M, D, g) be a closed Hessian manifold of dimension m, as is well-known the cohomology class of —28;;, where g;;
is the second Koszul form of g, is equal to the first Chern class C;(M) of M. Given any 2-form T;; which represents the first
Chern class C;(M), we can show that there is another Hessian metric g; on M such that Tj is the second Koszul form of
gi. Cheng-Yau and Delanoé proved independently this result analogous to the Calabi conjecture [3,10]. This problem can
be reduced to solve a real Monge-Ampére equation and we will prove long time existence of this by using the continuity
method.

We consider the following equation:

0g;i ~
SE=2Bi-Ty). O =g 3)
where B,-j denotes the second Koszul form of the metric g; and g;; is a Hessian metric. If we can prove that solution of (3) exists

. ~ e g . . ~ .
for all time and g;(t) converges as t goes to the infinity and that % converges uniformly in t to a constant, then g;(oco) is a
metric as we want. By assumption, T;; and 8;; belong to the same cohomology class C;(M), so there exists a smooth function
hon M that

PR 9%h
YT axigx”
therefore, if we choose the smooth functionuon M x [0,T),and 0 < T < oo, with u(0) = 0, such that
. 9%u
8 = & + Ixiox’
then Eq. (3) becomes
92 ou ~ 9%h
X 9x (ar) (ﬁ” P+ Bx’axf) “)
and according to Proposition 2.1.4 (2)
3% [ou 82 /1 1 8h
— | — :2f<710 det(g;) — = logdet ) 2——
axi0x (ar) g \ 2 108 det(ey) — 5 logdetlgy)) + 25,
92 3%u 3%h
8x’8x1< gdet {8+ Syipw ) ~ 08 detEn)) + 250

The maximum principle for compact manifolds, implies that the function u satisfies the equation

2

a d
oau = logdet (g,-j + aiu

ot xiaxj) — log det(g) + f + ¢(t), 5)
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where f := 2h and ¢(t) is a smooth function in t. Then it results the compatibility condition

u
/M exp (E - f)dv — exp((t))Vol(M), (6)

where dV is the volume element of the metric gj.

Eq. (5) is a nonlinear parabolic equation, so standard theory of PDE provides short time solution existence. In other words
(5)is a real Monge-Ampére equation. At the following, we will try to get a prior estimates up to third order which will imply
the global existence.

We consider that u satisfies the initial value problem

U _ 1ogd U\ oed
P og et(g,-j—i—m)— ogdet(g;) + f,
u(x,0) =0, (7)

on the maximal time interval [0, T), such that g;;(t) = g;(t) + = WM is a Hessian metric on M for any time t € [0, T).

4.1. Zero order estimate

Lemma 4.1.1. There exists a positive constant Cy such that

ou
—1| < G. 8
ac| = ° (8)

Proof. Differentiating Eq. (7) with respect to t, we have

d souy _; 9% (du ~ /0u
gt 5e) =¥ () = 2(5) ©)
at \ at 9x'9x/ \ ot at

where A is the Laplace operator with respect to 8jj. So * 3“ satisfies the heat equation and applying the maximum principle

for the parabolic heat equation (9) we have the result. In a more precise way, if we assume that $* a“ achieves its maximum at
point (Xo, to) then A(24)(xo, to) < 0. On the other hand, if to # O then - (a“)(xo, to) > 0, so by( ) to = 0 and

u
max |—
M | ot

< max|f], (10)
M
and the proof is complete. O

Lemma 4.1.2. There exist positive constants C and C; such that
0<m+Au§C1exp<C(u—il\r/1’fu)) vt € [0,T). (11)
Proof. We have g;; = g +

definite.
For the second inequality, we set % — f = F, then by (7) we have

w axJ ,s0 trg = m + Au with respect to gj;, and positivity follows from the fact that gj; is positive

-1
det(g;)| det(g;)| = exp(F), (12)
differentiating (12), with respect to x* we have
i (08 d’u i 08 oF
expP 022 4 Py 038 _ ey O
p(F)] & oxk  9xigxidxk oxk p( )8x’<
Again differentiating the above equation with respect to x' we obtain
3 ~mi~nj8§mn(8gij 3%u ) ~ij( 02g; %u ) g nj 08mn 085 02g; _ 9%F (13)
oxl \oxk  9x19x 9xk oaxkax! ~ OxIaxaxkax! oxl axk axkox! — axkox!”
Let A be the Laplacian with respect to gij, then
A(Au) = g1 g %u | oyog’  Pu 08 d%u + Mgl o'u (14)

axkax’ ox1ox ax! 9xigx 9xk oxk ax'9xiax! Axix dxkax!”
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Since the left hand side of (14) is 1ndependent of choice of coordinate system, we can compute the right hand side in
a coordinate system so that g; = §; and i}ﬁ = % = 0. Then we have

g 0%g" %u &Y%

A(Au) = — —— : 15
(Au)=¢ Oxkdx! 0x10x Ox10x 9xkdx! (13)
The same strategy in (13) concludes
93u 33u - 0%g;i N 9%u 32g;i
AF = gmigh +8 L+ g —— - —=. 16
Z[ T8 8 oxoxox axmaxioxl | oxlox ' & xigxioxiox | axiox (16)

I
Then by comparing (15) and (16) we have

- L 0%g1 9%u . 3%u ?%u 9%gi .. 0%g;
A(Au) = AF + 5428 .,+Z[gmlg"f ou 4+ 28 i g“]. (17)

0xkax! 9xiox Oxioxax! dxmaxnox!  oxlox! & ax!ox!

Also in this coordinate system Hessian curvature has the expression Qi = so inserting this tensor in (17) and the

92gyol 92glis “"ka a
fact that ~ 70 = ax%f;xllj we have
Alau) = AF _22 K +Z grign 40U _ o, +) 20 (18)
& Yk axiox ax'axfax’ XM X1 9xl &~ ijin 4 ill-

If we choose another coordinate system so that g; = 8; and u; = &;u;; (uj -5 ) then we have

g =81+ u)".

In this coordinate system we have

—2 Zg Qijittij — 2 Zg”Quu +2 Z Qiin = Z[ 201+ )~ Quutty]

ij,l

+ Z[—Z(l + i) Qun + 2Qiin]

il

ugi(uy — uj)
= ZZQ””( Tt uXit )

—(uy — i)
Za,,l,(m). (19)
Using (19) we rewrite (18)
A(Au) > AF + Zg &t + 121 ~sup inl)l:.l - ZA" mz]- (20)
On the other hand,
- . ) m m 1
Au = gluy = 8Y(1 4 uy)” uu ;1+u!1_m—;1+uﬁ. (21)

Now let C be a positive constant, then
Alog(m + Au) — Cu) = g*9; [(m + Au) o Au) — Cuk]
—(m 4+ Au)"2g* 3, Au)ap(Au) + (m + Au) "' A(Au) — CAu,
S0

(m + Au)A(log(m + Au) — Cu) = —(m + Au)~'§%8;(Au)d(Au) + A(Au) — C(m + Au)Au. (22)
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then
m+ Au >0,
and

O Au) = 3(8%Uap) = ) _ Uag,
a

if we compute the first phrase on the right hand side of Eq. (22) we have

— (m+ Au)7 g8 Au)di(Au) = —(m + Au)” Zg” (Z uaaj>

- ]m 1 gﬂ a=1 (\/ uaaj\/ gaa)
a1 &a

by applying the Cauchy-Schwarz inequality we have
N _ 2 _\2
2 & <ZZ1:1 (V gaa”aaj) > X <Z¢rzn:1 (\/ gﬂa) )
Y am1 Baa
> = &g (uay)? (23)

b,a.j

— (m + Au)" g3 Au)di( Au) >

s0(20),(21) and (23) imply

~ 1 -
(m+ Au)A(log(m + Au) — Cu) > (AF = m*Ty) + T, ) ( + ”">
o\ 1+

— Cm(m + Au) + C(m + Au) (Z 1 —:u)
> (AF — m*’Ty) — Cm(m + Au)

T
C+T A :
+(C+T)m+ u)(EHu”)

2ill+ui) =1
T4uy = (l_[;(lﬂln))m ! then

in which T, := — sup; Qi and since )"

- m —F
(m + Au)A(log(m + Au) — Cu) > AF — m*T, — Cm(m + Au) + (C + To)(m 4+ Au)m-1 exp 1

The function T, is continuous, so we can choose C such that C + T, > 1 and D be a positive constant such that T, < D,
moreover AF > Fo imply AF —m?T, > Fy —m?D, if we choose F; such that F < F; so exp — > exp ;—511 LetA := Fy —m?D
and C' := exp r;—f‘] then

(m + Au)A(log(m + Au) — Cu) > A — B(m + Au) + C'(m + Au)m-1,

in which, B depends on m and C. Now if we assume that the function log(m + Au) — Cu achieves its maximum at point xo
then in xq

_m_
-1

A(log(m + Au) — Cu) < 0 = A — B(m + Au) + C'(m + Au)a-1 < 0.

In addition the functionR : (0, +00) — R, x +—> A—Bx+C’ xm-1 is continuous and when x tends to +o0 the function tends
to 400, so there is a constant C; (depends on A, B, C') such that R(x) > 0 forall x > C;.But m+ Au > 0 while R(m+ Au) < 0,
thus m + Au(xg) < Cq, and

log(m + Au) — Cu < log(m + Au(xg)) — Cu(xq) < log C; — Cu(xg),

so by applying exponential function on both sides of last inequality, we get

m+ Au < G4 exp(C(u — u(xo))> < Ci exp (C( u— ilrvllfu)>. O
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Let v be normalization of u such that its mean value is zero with respect to g, i.e.

1
V= U= o /Mudvg. (24)

Then, we have the following.

Lemma 4.1.3.
sup v < (G, (25)
Mx[0,T)
sup /|v|dv <G, (26)
Mx[0,T) Jm

in which C, and Cs are constants.

Proof. We have (25) and (4.1.3) based on the calculationsin [11]. O

Cao proved the following Lemma in Kdhler geometry in [12], here we will prove it for our case by a different technique.
Lemma 4.1.4 (C° Estimates). There exists a constant Cy so that

sup |v| < Cq. (27)
Mx[0,T)

Proof. Set for a constant A, w = u — At. Then by (7) we have
dw  du 9%u
—=—-A=1lo det(~ f)—lo det(g; —A,
ot at & &t X' ox gdet(gy) +f
if we assume that u achieves its minimum at point (xg, tp) then %(xo, tp) < 0 and then
Jw
— < f - A,
ot =f

let A := sup,uf(x) + 1, since M is compact A is constant and

Jw

— < -1

at —
Hence we can deduce that the maximum of w in [0, T], must occur at t = 0. Recalling u|,_, = 0, we obtain that w < 0 on
M x [0, T], so

u<At <AT on M x|[0,T],
and this gives the upper bound C = AT for u. Similarly, the lower bound is obtained and proof is complete. O
Proposition 4.1.1. There exists a constant Cs such that

0 <m+ Av < Cs. (28)

Proof. A simple calculation shows that Av = Au, combining Lemmas 4.1.2 and 4.1.4 and this fact that inf(—u) = —supu
we have

m+ Av =m+ Au < Cy(exp(Co(u — ill\}lfu)) < Crexp(Co(v — i[l\‘/l[fv)) <Gs,

and the proof is complete. O

4.2. First order estimate
For the first order estimate, we have the following result originally from Schauder theory.

Lemma 4.2.1. There exists a constant Cg such that

sup |Vu| < G. (29)
Mx[0,T)
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Proof. According to Schauder estimate we know

sup | Vvl §K< sup |Av|+ sup |v|) (30)
Mx[0,T) Mx[0,T) Mx[0,T)

where K depends on the bounds of the coefficients of A, so by applying (27), (28) and (30), we have

sup | Vv| < K(Cs — m+ Cy) =: Gg,
Mx[0,T)

so the proof is complete. O
4.3. Higher order estimates
First we estimate all the second ordered derivatives.
Lemma 4.3.1 (C? Estimates). Let the Hessian flow (7) exist for t € [0, T), T < oc. Then there exists a constant Cy such that
sup | ule2 < G (31
Proof. Proposition 4.1.1 implies that m + Au, and thus »_,(1 4 uj) is bounded from above for all i. Also note that

det g; ou
1+u)= =exp| — — s
[ +u derg; ~®\ar f

i

which is bounded by (10). So there exist positive constants A < B such that
0%u

< —— <

— ox'ox T

so all the second order derivatives are bounded and the proof is complete. O

)

The above Lemma also shows that gj; stay as a metric along the flow.

Lemma 4.3.2. Let Hessian flow (7) exist for t € [0, T), T < oo. Then there exists a constant Cg such that

sup |v|es < Gs. (32)
te[0.T)

Proof. We can consider the below quantity similar to Calabi and Yau,
S = g"g7g" vijvrst.

Similar calculation as in [ 11] shows that there exist positive constants A, A, and Az such that

~ 0

If p(t) be the maximum point of S + A; Av at time t, we have A,S — A3 < 0, hence at t
Az(s +A1Av) < A3+ AA Av,
on the other hand by Proposition 4.1.1, Av < Cs — m, so SUPMx[0,7)S is bounded, i.e.

sup |v|cs < Gg.
tel[0,T)

And we estimate all the third order derivatives of v. 0O
Theorem 4.3.1. The Hessian flow (7) has a global existence on closed manifolds.

Proof. Assume the Hessian flow (7) exists for t € [0, T), where T is the maximal time. With the above estimates, one can
see T cannot be finite. The higher order estimates for u follow from below argument.
Applying the differential operator  to Eq. (7) we have

~ a ou i 0 af
A— — =gl " (g , 33
( 3t> <8Xk> g 3x" (glj) Bxk (gl] 3x" ( )

which is a linear parabolic equation in 3 2L The coefficients of operator (A — —) and also the rlght hand 51de of (33) are

bounded in C%* norm, for all0 < « < 1. The standard parabolic estimates give a C>* bound for 2 pw <. Since 7 was a first
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order operator with constant coefficients we obtain a bound for u in C>%. This gives higher regularity for the coefficients
of the above parabolic equation. Using the Schauder theory again we conclude higher regularity for u. So the C*°-norm of
u is uniformly bounded for all t € [0, T). Since the bounds on u are independent of t € [0, T), we can apply Arzela-Ascoli
theorem to select a time sequence t, such that v(x, t;) — vs(x) as t, — oo. In fact, since 3—;’ is uniformly bounded for all

t € [0, T), v is unique and the function u cannot blow up in finite time. So the solution u exists for all time and the proof
is complete. O

References

[1] J.L. Koszul, Domaines bornes homogenes et orbites de groupes de transformations affines, Bull. Soc. Math. France 89 (1961) 515-533.
[2] E.B.Vinberg, The theory of homogeneous convex cones, Tr. Mosk. Mat. Obs. 12 (1963) 303-358 (in Russian).
[3] S.Y. Cheng, S.T. Yau, The real Monge-Ampére equation and affine flat structures, in: Proceedings of the 1980 Beijing Symposium on Differential
Geometry and Differential Equations, Vol.1-3, Beijing, 1980 pp. 339-370.
[4] H. Shima, Hessian manifolds of constant Hessian sectional curvature, J. Math. Soc. Japan 47 (4) (1995) 735-753.
[5] R.Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 (2) (1982) 255-306.
[6] H.D. Cao, Deformation of Kdhler metrics to Kdhler-Einstein metrics on compact Kdhler manifolds, Invent. Math. 81 (2) (1985) 359-372.
[7] W.X. Shi, Ricci flow and the uniformization on complete noncompact Kihler manifolds, J. Differential Geom. 45 (1) (1997) 94-220.
[8] H.Shima, The Geometry of Hessian Structures, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007.
[9] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientific Publishing Co., Inc., River Edge, NJ, 1996.
[10] P.Delanoé, Remarques sur les variétés localement hessiennes, Osaka J. Math. 26 (1989) 65-69.
[11] S.T.Yau, On the Ricci curvature of a compact Kahler Manifold and the complex Monge-Ampére equation, Comment Pure Appl. Math. 31 (1978) 39-411.


http://refhub.elsevier.com/S0393-0440(17)30107-9/sb1
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb2
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb4
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb5
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb6
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb7
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb8
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb9
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb10
http://refhub.elsevier.com/S0393-0440(17)30107-9/sb11

	Long-time existence of a geometric flow on closed Hessian manifolds
	Introduction
	Preliminaries
	Geometry of Hessian manifolds
	Kählerian structure on the tangent bundle of a Hessian manifold

	Introduction of a flow on Hessian manifolds
	Hessian flow
	Short-time existence

	Long time existence of the flow on a closed Hessian manifold
	Zero order estimate
	First order estimate
	Higher order estimates

	References


