Journal of Geometry and Physics 144 (2019) 358-369

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

L))

Check for
updates

Bi-warped products and applications in locally product
Riemannian manifolds
Awatif AL-Jedani?, Siraj Uddin **, Azeb Alghanemi?, lon Mihai®

2 Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia
b Faculty of Mathematics, University of Bucharest, Str. Academiei 14010014 Bucharest, Romania

ARTICLE INFO ABSTRACT
Article history: In this paper, we consider My, a pointwise slant submanifold and prove that every bi-
Received 25 March 2019 warped product M, Xy, My Xf, My in a locally product Riemannian manifold satisfies a
Accepted 2 June 2019 general inequality:

Available online 8 June 2019

loli? = na VT (Infi)I? + n3 cos? 0V (Infy)|2,

MSC:

53C15 where n, = dim(My), n3 = dim(Mj) and o is the second fundamental form and V7 (Inf;)
53C40 and V(Inf,) are the gradient components along My and Mj, respectively. We also
53C42 discuss the equality case of this inequality. Furthermore, we give some applications and
53B25 non-trivial examples.

Keywords: © 2019 Elsevier B.V. All rights reserved.

Warped products

Bi-warped products

Multiply warped products

Slant submanifolds

Pointwise slant submanifolds
Dirichlet energy

Locally product Riemannian manifold

1. Introduction

In [12], B.-Y. Chen and F. Dillen introduced a generalized class of CR-warped products, called multiply CR-warped
product submanifold M = My x; N in an arbitrary Kaehler manifold M, where N =, M! x;, M? x ... x; Mf is a
product of k-totally real submanifolds and My is a holomorphic submanifold of M. They have obtained the following
sharp inequality for the squared norm of the second fundamental form ||o|? > 2 ZL ni||V(Inf)||?> in terms of the
warping functions, where n; = dim M"l, for eachi = 1, ..., k. They also discussed the equality case and provided some
examples to illustrate the obtained inequality. Recently, H.M. Tastan [22] studied bi-warped product submanifolds of the
form M = My x;, My xg, My in a Kaehler manifold M, where My, M, and M, are holomorphic, totally real and proper
pointwise slant submanifolds of M, respectively. Notice that bi-warped product submanifolds are spacial case of multiply
warped product submanifolds which were introduced by S. Nolker [19] and B.-Y. Chen and F. Dillen [12].

In our previous paper, we studied bi-warped product submanifolds in locally product Riemannian manifolds. We
showed that only Mg xy, My x, M| bi-warped products exist in a locally product Riemannian manifold M, where My, M
and M, are invariant, anti-invariant and proper slant submanifolds of M, respectively. On the other hand, we proved that
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the bi-warped products of the form M = Mr x5 M, xj, My are Riemannian product manifolds, i.e., both f; and f, are
constant on M in a locally product Riemannian manifold M, while the bi-warped products in the form M, x;, My xz, My
are single warped products [18]. In the third case, if we consider My, a pointwise slant fibre instead of slant, then these
kinds of bi-warped products exist, which is the case we have to discuss in the present paper.

The purpose of this paper is to investigate the geometric properties of bi-warped product submanifolds of the form
M = M, x5, Mr x5, My of a locally product Riemannian manifold M, where My, M, and M, are invariant, anti-invariant
and proper pointwise slant submanifolds of M, respectively. We prove that for any bi-warped product submanifold in a
locally product Riemannian manifold M, the second fundamental form o of M| x £ Mr x5, My in M satisfies the following:

Theorem 1. Let M = M, xg My xg, Mg be a D1 — ©% mixed totally geodesic bi-warped product submanifold in a locally
product Riemannian manifold M, where My, M1 and My are invariant, anti-invariant and proper pointwise slant submanifolds
of M, respectively. Then, we have

(i) The second fundamental form o and the warping functions f1, f> satisfy
loI* = my IV (Infi)|> + n3 cos 011 V7 (In )1 (1.1)

where n, = dim My, n3 = dim My and %T(lnfl) and ﬁg(lnfz) are the gradient components of In f; and Inf, along Mr
and My, respectively.

(ii) If the equality sign holds identically in (i), then M, is a totally geodesic submanifold of M and My and M, are totally
umbilical in M. Moreover, M is ©*-geodesic submanifold of M.

The paper is organized as follows. In Section 2 we provide some basic notations, formulas, definitions and results.
Section 3 is devoted to the study of bi-warped product submanifolds of locally product Riemannian manifolds. In Section 4,
we prove Theorem 1 and in Section 5, we give some applications. Section 6, we provide some non-trivial examples of
bi-warped product submanifolds in Euclidean spaces.

2. Preliminaries

An m-dimensional Riemannian manifold M is said to be an almost product Riemannian manifold (see, for instance, [1,25])
if there is a (1, 1) tensor field F satisfying F2 = I and F # +I and a Riemannian metric g such that

g(FX, FY) = g(X, Y), (2.1)

for any vector fields X, Y on~1\7l. It is easy to see that for an almost product Riemannian manifold, we have g(FX,Y) =
g(X,Fy), for any X, Y € I'(TM), where I'(TM) is the Lie algebra of vector fields on M. In addition, if (VxF)Y = 0, where
V is the Riemannian connection with respect to g, then M is called a locally product Riemannian manifold [5,17].

Let M be a submanifold of a Riemannian manifold M with induced metric g. Let I"(TM) be the Lie algebra of vector
fields of M in M and I'(TM), set of all vector fields normal to M. Then, the Gauss and Weingarten formulas are given
respectively by (see, for instance, [10,11,25])

VxY = VxY 4+ o(X, Y), (2.2)

VxkN = —AyX + VN, (2.3)

for any vector fields X, Y € I'(TM) and N € I'(T*M), where V and V* are the induced connections on the tangent and
normal bundles of M, respectively, and o denotes the second fundamental form, A the shape operator of the submanifold.
The second fundamental form o and the shape operator A are related by (see, [7,25])

g(o(X,Y),N) = g(AnX, Y). (2.4)
Let M be an n-dimensional submanifold of a Riemannian m-manifold M. We choose a local frame field €1, ---56n, Cni1,
., en in M such that restricted to M, the vectors e, ..., e, are tangent to M and hence e, 1, ..., e, are normal to M.
Let {oi;}, i,j=1,...,n; r=n+1,..., mdenote the coefficients of the second fundamental form o with respect to the

local frame field. Then, we have

n
r 2
of = glo(ei ). ) = g(Aqei ). llo|> =) glolei e). olei e)). (25)
ij=1

The mean curvature vector H is defined by H= ;tracea =1 Zl" 1 o(ei, e;), where {eq, ..., e;} is a local orthonormal

frame of the tangent bundle TM of M. A submanifold M is called totally geodesic, if o (X, Y) = 0; totally umbilical if
o(X,Y)=g(X, Y)H and minimal ifH = 0.
For any X € I'(TM), we write

FX = TX + X, (2.6)
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where TX is the tangential component of FX and wX is the normal component of FX. Similarly, for any vector field N
normal to M, we put

FN = BN + CN, (2.7)

where BN and CN are the tangential and normal components of FN, respectively. _

The invariant and anti-invariant submanifolds of an almost product Riemannian manifold M depend on the behaviour
the tangent spaces under the action of the almost product structure F. A submanifold M is said to be invariant (resp.
anti-invariant) if F(T,M) € T,M, V p € M (resp. F(T,M) C T, M, Vp e M)

A submanifold M of an almost product Riemannian manifold M is called slant (see [8,9,20]) if for each non-zero vector
X e T,M, the angle 6(X) between FX and T,M is constant, i.e., it does not depend on the choice of p € M and X € T,M.

First, we give the following non-trivial example of a slant submanifold of an almost product Riemannian manifold.

Example 1. Consider a 4-Euclidean space R* = R? x R? with the cartesian coordinates (x1, X2, ¥1, y2) and the almost
product structure

0 a a el ..
Fl—)=——, F|—)=—, 1<ij<2.
0X; 0X; 8yj Byj

Let M be a submanifold of R* defined by immersion

Y(u, v) = (u, %(u +v), v, %(u —v)).

If we put

Z]=i+ii+ii, 2=18 ad 1 9
X1 J/30x2 /39y,

then we find

et
V30 Wy /33y

g 1 9 1 0 1 9 o0 1 0

L _ 24 % g2, % -9
M J30xa 3Oy C . J30x, Oy 30y

Thus, we observe that M is a slant submanifold of R* with slant angle § = cos™' (2).

FZy = —

As an extension of slant submanifolds, F. Etayo [15] introduced the notion of pointwise slant submanifolds under the
name of quasi-slant submanifolds. Later, these submanifolds of almost Hermitian manifolds were studied by B.-Y. Chen
and 0.]. Garay in [13]. On the similar line of B.-Y. Chen, we introduced pointwise slant and semi-slant submanifolds (for
instance, see [2,23]). _

A submanifold M of an almost product Riemannian manifold M is said to be pointwise slant submanifold, if for each
point p € M, the Wirtinger angle 6(X) between FX and T,M is independent of the choice of the non-vanishing vector
field X e T,M. In this case, the Wirtinger angle gives rise to a real-valued function 6 : TM — {0} — R, which is called
the slant function of M. Notice that a pointwise slant submanifold M is slant, if its slant function 6 is globally constant
on M. Moreover, invariant and anti-invariant submanifolds are pointwise slant submanifolds with slant functions 6 = 0
and 6 = 7, respectively. A pointwise slant submanifold is proper if it is neither invariant nor anti-invariant.

Now, we give the following non-trivial examples of pointwise slant submanifolds of almost product Riemannian
manifolds.

Example 2. Let R* = R? x R? be a Euclidean space with the cartesian coordinates (x1, X2, ¥1, y2) and the almost product
structure defined in Example 1. Consider a submanifold M of R* defined by immersion

1 1
Y(u, v) = (cos(u — v), —=(u+v), sin(u —v), ——=(u+v))
V2 V2
such that u, v(u # v) are non-vanishing real valued functions on M. Then the tangent space of M is spanned by the
following vector fields

Z sin(u ) 9 + LI + cos(u ) 9 LI
=— —V)— + —=— —V)— - —=—,
1 0X1 ﬁaxz ay1 \/iaYZ
Zy = sin(u ) 0 + LI cos(u ) 0 LI
= —V)—+ —— - —V)— - —=—.
2 X1 /2 0x; W1 20
Thus, clearly we obtain
. ad 1 9 d 1 0
FZ; =sinlu —v)— — —— +cos(u —v)— — ——

I /2 0% W1 20y
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FZ. sin(u ) 0 LI cos(u ) 9 LI
= — —V)— - —=— = —V)— - —=—.
0X1 \/5 X3 8y1 \/5 BJ/2
Then, we find that the slant function 6 = cos™! (%) Since u, v(u # v) are non-vanishing real valued functions on
M, hence the slant function @ is not a constant. Thus M is a pointwise slant submanifold of R*.

Example 3. Consider a 6-Euclidean space R® = R*® x R® with the cartesian coordinates (x1, X2, X3, ¥1, Y2, ¥3) and the
almost product structure

0] ol a 0] .
Fl—)=—-——, F[—)=—, 1<ij<3.
0X; 0X; 8yj Byj

If M is a submanifold R® defined by the immersion v as follows
¥(u,v) = (cosu, cosv, u, sinu, sinv, v)

for any non-vanishing functions u and v such that u # v, then, the tangent space of M is spanned by

Z1 :—smui+i+cosu 9 Z :—smvijtcosvi—i—i
0x;  0x3 ay1’ 0x; dy,  dys3
Hence, we find
FZ; = smui - i + cosu— 9 , FZ, = smvi —i—cosvi + i
0X1 0X3 ay1 0X> Ay, 9y

Then, we find two slant functions 6; = cos™ and 6, = cos™ . Since u, v(u # v) are non-vanishing
functions on M. Thus, M is a pointwise bi-slant submanifold with slant distributions ©; = Span{Z;} and ©, = Span{Z,}
with slant functions 6, and 6,, respectively. The idea of pointwise bi-slant submanifolds is introduced by B.-Y. Chen and
the second author in [14].

1 (1+c352u) 1 (l+c5)52u)

In a similar way of B.-Y. Chen’s result (Lemma 2.1) of [13], it was shown in [16,23] that a Riemannian submanifold M
of an almost product Riemannian manifold M is pointwise slant if and only if

T? = (cos? 0, (2.8)

for some real-valued function 6 on M, where I is the identity transformation of the tangent bundle TM of M.
The following relations are straightforward consequences of the above relation

g(TX, TY) = cos® 0g(X, Y), (2.9)

g(wX, oY) = sin® 6g(X, Y), (2.10)

for any vector fields X, Y tangent to M.
Also, for a pointwise slant submanifold of an almost product Riemannian manifold, we have the following useful
relations.

(i) BwX = (sin® )X, (ii) CwX = —oTX (2.11)
for any X € I'(TM).

3. Bi-warped product submanifolds of locally product Riemannian manifolds

Let My, M, M3 be Riemannian manifolds and let M = M; x M, x M3 be the Cartesian product of My, My, Ms. For
each i, denote by 7; : M — M; the canonical projection of M onto M;, i = 1, 2, 3. Then, if f,, f3 : M; — R* are positive
real valued functions, then

gX,Y) = g1 X, m1.Y) + (f 0 1) (2. X, m2.Y) + (f5 0 1)% 873X, 73.Y)

defines a Riemannian metric g on M, called a bi-warped product metric, for any X, Y tangent to M and * denotes the
symbol for tangent maps. The product manifold M endowed with this metric denoted by (M; xz, M, X, M3, g) is called a
bi-warped product manifold. In this case, f, , f; are non-constant functions, called warping functions on M. It is clear that if
both f,, f3 are constant on M, then M is simply a Riemannian product manifold and if anyone of the functions is constant,
then M is a single warped product manifold. Also, if neither f, nor f; is constant, then M is a proper bi-warped product
manifold.

Remark 1. If M = B x; F be a warped product manifold, then, B is totally geodesic in M and F is totally umbilical in M
(for instance, see, [6,10]).



362 A. AL-Jedani, S. Uddin, A. Alghanemi et al. / Journal of Geometry and Physics 144 (2019) 358-369

Let M = M; x5, My x xpMs be a bi-warped product submanifold of a Riemannian manifold M. Then, we have

3
WZ =) (X(nfi)Z', (3.1)

i=2

for any X € @4, the tangent space of My and Z € I"(TN), where N =5, M, x xpM3 and Z! is M;-component of Z, for each
i=2,3,and V is the Levi-Civita connection on M (for instance, see [24]).

In a previous paper, we proved that the bi-warped product submanifold M = M, Xy Mr x5, My of a locally product
Riemannian manifold M is a single warped product submanifold, where Mr, M, and M, are invariant, anti-invariant and
proper slant submanifolds of M, respectively [18]. If My is a pointwise slant submanifold, then such warped product exists
and we provide some nontrivial examples in the last section.

In this section, we study bi-warped products of the form M = M, xj, Mr x5, My with pointwise slant factor M. For
the simplicity, we denote the tangent bundles of My, M, and My by ®, ©* and ©, respectively.

First, we have the following useful results.

Lemma 1. Let M = M, Xy, My x5, Mg be a bi-warped product submanifold of a locally product Riemannian manifold M such
that My, M, and M, are invariant, anti-invariant and proper pointwise slant submanifolds of M, respectively. Then, we have

(i) glo(X, Z), FW) =

(i) g(o (X, Y), FZ) = —Z(lnf1)g(X FY),

(iii) g(o(Z, W), wV) = —g(o(Z, V), FW),

(iv) glo(U, V), FZ) + g(o(Z,U), oV) = —=Z(Inf,) g(U, TV),

forany X,Y e I'(®), Z,W e I'®Y and U,V € I'(®°).

Proof. For any X € I'(®) and Z, W e I'(®1), we have
g(o(X,2), FW) = g(VzX, FW) = g(VzFX, W).
Using (3.1), we get
glo(X,Z),FW) = Z(Inf)g(FX, W) = 0,
which is the first part of the lemma. Similarly, we have
g(o(X,Y), FZ) = g(VxY, FZ) = g(VxFY, Z) = —g(FY, Vx2).
Again, using (3.1), we derive
glo(X,Y), FZ) = —Z(Inf1)g(X, FY),
which is second part of the lemma. Now, for any V € I'(®?), we have
g(o(Z, W), wV) = g(VzW — V;W,FV — TV)
= g(VzFW, V) — g(V: W, TV) = g(FV;W, V) + g(V W, TV).

Since V;W e I'(®1), for any Z, W e I'(D1) (see, Remark 1), then the last two terms in the right hand side of the above
equation are identically zero. Thus, by using (2.3), we derive

2(0(Z, W), oV) = —g(AmZ, V) + g(V,TV, W).
Then from (2.4) and (3.1), we obtain
glo(Z, W), wV) = —g(o(Z,V), FW) + Z(Inf,)g(TV, W).

By orthogonality of vector fields, the second term in the right hand side of above relation is identically zero and hence
we find the third relation. Now, we have

g(0(Z,U), wV) = g(VyZ — VyZ,FV —TV)
=g(WFZ,V) = g(VuZ, V) — g(VuZ, FV) + g(VuZ, TV),
forany Z € I'(®+) and U, V e I'(®?). Using (2.2), (2.3), (2.4) and (3.1), we derive
g(o(Z,U), V)= —g(o(U, V), FZ) — Z(Inf)g(U, TV),
which is the fourth part of the lemma. Hence, the proof is complete. B

Theorem 2. Let M = M, xj, Mr x5, My be a bi-warped product submanifold of a locally product Riemannian manifold M.

Then, either M is a D+ — ©° mixed totally geodesic bi-warped product in M or »®° has no component of o(D+, ) or both
statements are true.
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Proof. Forany Z € I'(®1)and U,V € I'(®?Y), we have

g(0(Z,U), V) = g(V,U — V;U,FV — TV) = g(V,FU, V) — g(V,U, TV).

Using (2.6), (2.2) and (3.1), we obtain
g(0(Z,U), wV) = g(V;TU, V) + g(Vz0U, V) — Z(Info)g(U, TV).

Again, using (2.2), (2.1) and (3.1), we derive

g(a(Z,U), wV) = Z(Infr)g(U, TV) + g(FV;0U, FV) — Z(Inf,)g(U, TV)

= g(VzBwU, FV) + g(V;CwU, FV).
Then, from (2.11), we find

2(o(Z,U), wV) = sin® 0 g(VzU, FV) + sin 260 Z(0)g(U, FV) — g(V;wTU, FV).

Using (2.6), (2.1) and (3.1), we get
g(o(Z,U), wV) =Z(Inf,)sin? 0 g(U, TV) + sin’ 0 g(o(Z, U), V)
+ sin260Z(0)g(U, TV) — g(VzFwTU, V).
From (2.7), we deduce that
cos’ 0 g(o(Z,U), wV) =Z(Infy)sin? 6 g(U, TV) + sin 260 Z(0)g(U, TV)
— g(VzBwTU, V) — g(V;CwTU, V).

Again, using (2.11) and (3.1), we derive

cos? 0 g(o(Z,U), wV) =Z(Infp)sin® 6 g(U, TV) + sin20 Z(8)g(U, TV) —

— sin20Z(0)g(TU, V) + g(VzwT?U, V).

Then, using (2.8), we find that

cos® 0 g(o(Z, U), wV) = cos? 0 g(VzwU, V) — sin 260 Z(0)g(wU, V).
By orthogonality of vector fields and using (2.3), we obtain

go(Z,U), wV) = —g(a(Z,V), wl).
On the other hand, from Lemma 1(iv), we have

g(o(U,V),FZ) +g(o(Z,U), V) = =Z(Inf) g(U, TV).
By polarization identity, we derive

glo(U,V),FZ)+g(o(Z,V), wU) = —Z(Inf,) g(TU, V).
From (3.3) and (3.4), we get

glo(Z,V),wU) =g(o(Z,U), V).

Z(Infy)sin? 0 g(TU, V)

(3.2)

(3.3)

(3.4)

(3.5)

Then, from (3.2) and (3.5), we find that g(o(Z, V), wU) = 0, which means that either M is ®+ —©? mixed totally geodesic

or o(®+,©%) L w®. Hence, the theorem is proved completely. H®

From Lemma 1, we have the following useful results.

Corollary 1. A bi-warped product M = M, xj, Mr xg, My of a locally product Riemannian manifold Misa single warped
product submanifold of the form M = M, x My xg, My, i.e, fi is constant on M if and only if o(D, D) L Fot.

Proof. The proof follows from Lemma 1(ii). ™

Corollary 2. Let M = M, xg My x; My be a D+ — ©% mixed totally geodesic bi-warped product submanifold of a locally
product Riemannian manifold M. Then, M is a single warped product submanifold of the form M = M, xj, Mr x My, ie., f,

is constant on M if and only if o(®?, ©%) L FOL.

Proof. The proof follows from Lemma 1(iv) by using mixed totally geodesic condition. ®
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4. Proof of Theorem 1

In this section, we prove Theorem 1. In order to prove our main theorem, first we state the following result.

Lemma 2. Let M = M, Xy Mr x5, Mg be a bi-warped product submanifold of a locally product Riemannian manifold M.

Then, we have

(i) g(o(X,Z), wV) = 0,
(i) g(o(X,V),FEZ) =0

forany X e I'(®), Ze F(®Y)and V € I'(DY).
Proof. Forany X € I'(®), Z € I'(®+) and V e I'(®?), we have

g(0(X,2Z), wV) = g(VzX — VX, FV — TV)
= g(VzFX, V) — g(FVzX, V).

Using (3.1) and orthogonality of vector fields, the right hand side of above relation is identically zero and hence the first

part of the lemma is proved. For the second relation, we find that
g(o(X. V), FZ) = g(VyX. FZ) = —g(VuyZ, FX),

forany X € I'(®), Z € I'(®1)and V € I'(®?). Using (3.1), we get
g(o(X, V), FZ) = —Z(Inf,)g(FX, V) = 0,

which is the second relation. This ends the proof. ®

Now, we construct the following frame fields for a bi-warped product submanifold. Let M = M, x5, Mr Xy, My be
an n-dimensional bi-warped product submanifold of an m-dimensional locally product Riemannian manifold M. Then the

tangent and normal bundles of M respectively are decomposed by

M=202 00’ T*M=Fd'@wd’du

(4.1)

where p is the F-invariant normal subbundle of T-M. Let us consider the dimensions of dimM, = n;, dim M = n, and
dim My = n3 and their corresponding tangent spaces are denoted by ©*, ® and ©, respectively. We set the orthonormal

frame fields of ©+ as follows

{er,ea,...,en}

and the orthonormal frame fields of ® and ©°, respectively are

{en, 41 =€1 =Feq, ..., en 4k = € = Fex, enyks1 = €1 = —Fépqq
Tty Bnygny = €ny = _Fenz}»
{en+ny+1 = €] = secOTey, ..., e, =€), = secOTey }.

Then the orthonormal frames of the normal subbundles F®, »®? and p, respectively are

{eny1 =81 =Feq, ..., enqn, =€y = Fey ),

{e =e = cscHwe} e =e = cschwe’ };
n+ny+1 — Cny+1 — (0] 15+ Cngng4ny = €ny4ng = w ns b

{en+n1+n3+1 = €ny4n3+1s -+ > €m = Cm_n_ny—n3}-

Clearly dimyu =m —n—n; — ns.
Proof of Theorem 1. Now, we are able to prove the main theorem of this paper.

Proof. From (2.5), we have

lol? = glolei ). olee)= > Y glolee) e)’.

ij=1 r=n+1ij=1
Then, with the help of (4.1), we derive

m—n—ny—n3 n

lol> =) "> gloleie). Fe’ + )Y glolee),cscooe + Y Y gloleie) &)

r=11ij=1 r=1ij=1 r=n1+n3+1 ij=1

(4.2)
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Leaving the positive third p-components term on the right hand side of (4.2) and using the constructed frame fields, we
find

ny m ny np np n3
ol = > "> sloleie) Fer P + > > glo(@, &), Fe, ¥+ > glo(ef, e), Fe,
r=11i,j=1 r=11i,j=1 r=1ij=1
ng np np ny np n3 ny np n3
2330 3) LTINS EE) 39 3) BECCHTN DD 39 Bp B G N %G
r=1 i=1 j=1 r=1 i=1 j=1 r=1 i=1 j=1
n3 n n3 ny ns n3
+ csczeng(o(ei,ej),wef)z+csc26’ZZg(o(é,», &), we)* + csc OZZg (e, €), we} )
r=11ij=1 r=1 ij—l r=1ij=1
ng np np n3
+ 2csc? GZZZg o(ei, &), wer Y + 2 csc? GZZZg o(ej, e j a)e)
r=1 i=1 j=1 r=1 i=1 j=1
n3 ny n3
+ ZCSCZQZZZg(a(é,-,ej‘), wer ). (4.3)
r=1 i=1 j=1

We have no relation for the first, eighth, ninth and last twelfth terms on the right hand side of the above equation.
Therefore, we can leave these positive terms. On the other hand, by using Lemmas 1 and 2 with ®+ — ©Y mixed totally
geodesic condition, all the terms of above relations vanish identically except the second and third terms. Then, using
Lemma 1(ii)-(iv) in the second and third terms, we obtain

o2 nyoon3
ol = > > (—e Infi)*g@, F&) + > > (—erInfo)* g(ef, Te} ).
r=1i,j=1 r=1ij=1
Since F&; = &, Vj = 1,....kor Fg = —&, Vj=k+1,...,n; and f = secOTe}, ¥j = 1,..., n3, which means that

Tej‘ = cos Gej‘. Thus, we get

m m
lol? = n2 ) (erInfi)® +n3cos’6 ) (erInfy)?

r=1 r=1
= ny|IVT(Infy)[1% + n3 cos? 0V (Inf)||2,

which is the inequality (i) of Theorem 1. For the equality case, we have from the leaving third term in (4.2)

o(TM, TM) L 1 (4.4)
From the leaving first term and vanishing seventh term in (4.3), we find

o(@*%, 1) L Fot and o(@4, D) L w@’. (4.5)
Then from (4.4) and (4.5), we obtain

o(@H, 2 =0. (4.6)
Since M is ®+ — ©’ mixed totally geodesic, then we have

o(@+, 9% =0. (4.7)
Also, from the vanishing fourth and tenth terms on the right hand side of (4.3), we get

o(®,91) L FDt and 0(D, 1) L 0D?. (4.8)
Then from (4.4) and (4.8), we conclude that

o(®,05) =0. (4.9)
On the other hand, from the leaving eighth term in (4.3) and (4.4), we find that

o(D,D) C FO'. (4.10)
Similarly, from the leaving ninth term in (4.3) and (4.4), we obtain

o(@’,9%) c Fo". (4.11)

And, from the vanishing sixth term and leaving twelfth term in (4.3) , we get

o(®,9%) L FO* and o(D, %) L 0®’. (4.12)
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Then from (4.4) and (4.12), we find
o(®@,9%) =0. (4.13)

Thus, M, is totally geodesic in M by using Remark 1 and (4.6), (4.7) and (4.9). Again, from (4.10), (4.9) and Remark 1, we
conclude that My and My are totally umbilical in M. Using all conditions (4.6)-(4.13), M is a D1 -geodesic submanifold
of M. ®m

5. Applications of Theorem 1

We have the following applications of Theorem 1.
In Theorem 1, if n3 = 0, then M is a single warped product of the form M = M, xj Mr, which has been studied
in [3,4,21]. In this case, Theorem 1 implies:

Corollary 3 (Theorem 4.1 of [4] and Theorem 4.2 of [21]). Let M = M xg, Mt be a warped product semi-invariant submanifold
in a locally product Riemannian manifold M, where My and M, are invariant and anti- invariant submanifolds of M, respectively.
Then, we have

(i) The second fundamental form o of M satisfies
oI > na | VT (Inf)|I? (5.1)

where n, = dim My and %T(lnﬁ) is the gradient component of In f; along Mr.
(ii) If the equality sign holds identically in (i), then M, is a totally geodesic submanifold ofM and My is totally umbilical in
M. Moreover, M is mixed totally geodesic submanifold of M.

On the other hand, if n, = 0, then warped product takes form M = M, xy, My, studied in [2]. In this case, Theorem 1
gives:

Corollary 4 (Theorem 5.1 of [2]). Let M = M Xy, My be a D+ = ©Y mixed totally geodesic warped product pointwise pseudo-
slant submanifold in a_locally product Riemannian manifold M, where M, and My are anti-invariant and proper pointwise
slant submanifolds of M, respectively. Then, we have

(i) The second fundamental form o of M satisfies
lo'I* > n3 cos® 01|V (In )] (5.2)

where n;3 = dim My and %e(lnfz) is the gradient component of Inf, along M,.
(ii) If the equality sign holds identically in (i), then M, is a totally geodesic submanifold of M and My is totally umbilical in
M. Moreover, M is a mixed totally geodesic submanifold of M.

Another application of Theorem 1 is to describe the Dirichlet energy of the warping functions f; and f5, which is a
useful tool in physics. The Dirichlet energy of a function f on a compact manifold M is defined as

1 N
—5 [ remiav (53)

where %(f ) is the gradient of the function f and dV is the volume element.
Theorem 1 and (5.3) imply the following.

Theorem 3. Let M = M, Xf, Mr xg, Mg be a compact ©+ — ©Y mixed totally geodesic bi-warped product submanifold in a
locally product Riemannian M. Then

1
mE(nfy) + s cos” OE(Inf) < / lo|?av
M

where dV is the volume element and n, = dim My, n3 = dim My; while E(Inf;) is gradient of Inf;, i =1, 2.

Theorem 5 and Corollaries 3-4 imply:

’l:heorem 4. Let M = M, x; My be a compact semi-invariant warped product submanifold in a locally product Riemannian
M. Then

1
E(Inf) < — / lo|%dv
2”2 M

where dV is the volume element and n, = dim My; while E(Inf) is gradient of Inf.
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Theorem 5. Let M = M, Xf My be a compact 91 — ©% mixed totally geodesic warped product pseudo-slant (hemi-slant)
submanifold of a locally product Riemannian M. Then

1
E(Inf) < — sec?6 / lo|2dv
2n3 M
where dV is the volume element and n3 = dim My; while E(Inf) is gradient of Inf.
6. Examples of bi-warped products

In this section, we construct the following non-trivial examples of bi-warped product submanifolds of the form
M, x5 Mr x5, My in Euclidean spaces.

Example 4. Consider a submanifold of R® = R* x R3 x R with the cartesian coordinates (x;, X2, X3, Y4¥1, ¥2, ¥3, ) and
the almost product structure

a9 ol a9 a9 a9 Gl ) .
Fl—)=—", Fl—)=—", FlX)=-2, 1<i<4,1<j<3.
0X; 0X; Byj Byj 90z 0z

Let M be defined by the immersion  as follows
¥(u, v, t) = (cosu, sinu, usint, ucost, usinv, ucosv, u, v),

for any non-vanishing function u on M. Then, the tangent space TM of M is spanned by the following vectors

Z sinu 9 + cosu 9 + sint 9 + cost 9 + sin 9 + cos 9 + 9
= - — — — — v— v— + —,
! 8x1 8X2 8X3 8X4 8y1 8y2 8y3
0 . 0 d 0 . 0
Zp, =UCOSv — — usinv — + —, Zz3=1ucost — —usint —.
1 dy, 0z 0x3 X4
Then, we find
. d 0 . d ad . d d d
FZ{ = sinu — — cosu — — sint — — cost — +sinv — + cosv — + —,
8X1 3X2 3X3 3X4 3y1 Byz 8y3
0 . d d a . d
FZ, =ucosv— —usinv — — —, FZ3 = —ucost — 4 usint —.
1 ay, 0z 0x3 x4

It is easy to see that FZ; | TM = Span{Z;, Z,, Z3} and thus we consider ©+ = Span{Z;} is an anti-invariant distribution,
© = Span{Z;} is an invariant distribution and ®’ = Span{Z,} is a pointwise slant distribution with slant function

6 = arccos (“2‘1 . It is easy to observe that ®,©? and ©*' are integrable (each distribution is spanned by a single

u?+1
vector field). If we denote the integral manifolds of ®, ©° and ®* by My, M,y and M, respectively, then the metric tensor
of M is given by

ds? = 4du® + (1 + u?)dv? + u?dt?.
Thus M is a bi-warped product submanifold of the form M = M, xy My x5, My in R® with the warping functions f; = u

and f, = /1 + u2.

Example 5. Let R be the 17-Euclidean space endowed with the cartesian coordinates (xi, ..., Xg, y1,..., Vs, z) and
the usual Euclidean metric (., .). We define the almost product structure F : R — R® x R® x R by:

0 d 0 d 0 a .
Fl—)=—, F[—)=--", F[=)=——, 1<i k<8
0X; 0X; Yk Yk 0z 0z

which verifies F2 = I(F # +I) and (X, FY) = (FX, Y), for any X, Y € R, Let  : M — R!7 be an immersion defined by

Y(u, v, w, r, t) =(ucosd, usinf, vcosd, vsinéd, ucosw, usinw, vcosw, vsinw,
ucosr, usinr, vcosr, vsinr, ucost, usint, vcost, vsint, kw)

for k # 0 and the non-vanishing functions u and v, where M = {(u, v, w, r, t) | v,u # 0; w, r, t € R}. We can find the
local orthonormal frame on TM as follows:

Z cos 6 9 + sin6 9 + cos 9 + sin 9 + cosr 9 + sinr 9 + cost 9 + sint 9
= — — w— w— — — — —,
! 8X1 8X2 3X5 8x6 8y1 Byz 8y5 8y6

Z cos 6 9 + sinf 9 + cos 9 + sin 9 + cosr 9 +sinr 9 + cost 9 +sint 9
= — — w— w— — — — —
2 0x3 0X4 0x7 0xg ay3 0Y4 ay7 dys
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Z usin 9 + ucos 9 sin 9 + v cos 9 +k 9
= — w— w— — v w— +v w— —,
3 0Xs 0Xg 0X7 0Xg 0z

. 0 a . a ad
74 = —uSintr— 4+ ucosr— — vsinr— + v cosr—,

oy1 0y2 0ys3 0y

. a a . a d

75 = —usint— +ucost— —vsint— + vcost—

ays e ay7 ays’
Clearly, we obtain

0 . a 0 . el Gl .0 d .
FZ; :cos@a— +sinf — +cosw8— +sinw— — cosr— —sinr— — cost— —sint—

X1 9x, X5 dXe 1 dy2 dys ays’
d . B a . a a . a .
FZ; = cos§ — +sinf — + cosw— 4+ sinw— — cosr— — sinr— — cost— — sint—,
0x3 0x4 0x7 0xg ay3 Y4 ay7 dys
. a a . a a 9
FZ3 = —usinw— 4+ ucosw— —vsinw— +vcosw— — k—,
0Xs dXg 0X7 0Xg 0z
0 9
FZ4 = usinr— —ucosr— +vsinr— — vcosr—,
y1 0y, ay3 Y4
.0 0 .0 a
FZs =usint— —ucost— 4+ vsint— —vcost—.
ays Y6 ay7 ays
We note that FZ; and FZ, are perpendicular to TM. Then ©1 = Span{Z;, Z,} is an anti-invariant distribution, ® =
Span{Zs, Zs} is an invariant distribution and ©’ = Span{Z;} is a pointwise slant distribution with slant function
6 = arccos <%) All the distributions ©, ©% and ©®* are completely integrable. Let My, My and M, be the integral

manifolds of ©, ®° and ©+, respectively. Then the induced Riemannian metric tensor of M is given by
ds? = 4(du® + dv?) + (kK* 4 u? 4+ v¥)dw? + (u? + v?)(dr? + dt?).
Hence, M = M, xy, Mr xy, My is a bi-warped product submanifold of R!7 with the warping functions f; = +/u2 + v2 and

fo = k% +u + 02
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