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1. Introduction

The notion of tangent groupoid
TV =TV x {0}uV x V x (0, 1]

is invented by Alain Connes [1] initially to simplify the proof of the Atiyah-Singer index theorem(see also [2]). It can be
viewed as a smoothly varying family of manifolds over the interval [0, 1] whose fiber over nonzero number is V x V and
whose fiber over zero is the tangent bundle TV. Roughly speaking, the smooth structure of the tangent groupoid encodes
a localization phenomena, that is, as V x V approaches the tangent bundle TV, geometric information is concentrating
more and more on the infinitesimal neighborhood of the diagonal V inside V x V. This is reminiscent to the concentration
phenomena that the support of heat kernel e~‘4 is concentrating on the diagonal as t — 0. In fact, this analogy can be
made precise by taking the family of heat kernel {e‘m } re0.1) 352 family of smoothly varying pseudodifferential operators

acting on source fibers of TV. The crucial point is that there is a natural completion at ¢ = 0. Namely, we can add a
pseudodifferential operator to the position t = 0, so that the new family is smoothly varying with respect to t € [0, 1].

On the other hand, the local index theorem and the heat kernel is connected by the famous McKean-Singer formula.
Along this line, in [3], by also deforming the spinor bundle, the authors construct a “rescaled vector bundle” over the
tangent groupoid of an even dimensional spin manifold. The rescaled vector bundle has the feature that its space of
smooth sections has an algebra structure and supports a smooth family of supertraces {Str;},.|o 1;- The existence of such
a smooth family of supertraces can be thought as a version of the McKean-Singer formula and the process of sending the
parameter t to O is equivalent to the Getzler rescaling.

As oppose to the Getzler rescaling in the vector bundle direction, the Lefschetz fixed point formula with zero
dimensional fixed point set requires no rescaling in the vector bundle direction and more rescaling in the manifold
direction. In this paper, instead of building a rescaled bundle, we shall modify the tangent groupoid construction to encode
the appropriate “Lefschetz type rescaling”.
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To fix the notations, let us quickly go through the basic setting of the Lefschetz fixed point formula [4]. Let V be a

compact manifold, Ey, Eq, ..., Ey be a sequence of vector bundles over V. Let
d d dy—
0 — C®(V, Eg) = C¥(V,Ey) = -+ —5 C®(V,Ey) > 0 (1.1)

be a sequence of differential operators such that d;,;d; = 0. By standard terminology, such a sequence is called a complex.
An Elliptic complex over V is a complex such that its sequence of principal symbols

a(dq) a(dy-1)

o(d
0= C¥(T*V, 77Eg) 29 coo(T*V, 7*E,) CO(T*V, 7*Ey) — 0

is exact outside the zero section of T*V. Let
E=E (12)
i

be the direct sum vector bundle and
d=Hdi: C®(V.E) > C®(V.E) (1.3)

1
be the corresponding direct sum of differentials. It is convenient, for our purpose, to consider the Z/2Z-grading on
E = E® @ E* where E® = ), Ey and E*Y = ), Exiy1. If T : C®°(V,E) — C*(V, E) is an even smoothing operator,
meaning that T preserves the decomposition C®(V, E) = C®(V, E®') @ C*®(V, E°Y) and its Schwartz kernel belongs to
C>®(V x V,E K E*), then its supertrace Str(T) is defined as the difference

Str(T) = Tr(T OV, EY) — C°°(V,Ee")) - Tr(T - CO(V, %) s (v, EOdd)) (1.4)

where Tr is the usual trace on smoothing operators(trace class).

Let ¢ : V — V be a smooth map with only simple fixed points (meaning that |det(<p,ﬂm - 1)| is invertible for all
its fixed point m € V). Assume in addition that there is a bundle map ¢ : ¢*E — E which induces the smooth map
£ C®(V, ¢p*E) — C*(V, E). If the composition

T:C®(V,E) % CO(V, *E) 5 C(V, E).

commutes with the differential d defined in (1.3), it lifts to an endomorphism on the cohomology ring (which is a finite
dimensional vector space by the ellipticity condition) T : H*(E, d) — H*(E, d). The Lefschetz fixed point formula is a way
to calculate the alternating sum

m

> (=1)Tr (T : H{(E, d) > H'(E, d)) . (1.5)
i=0
The Hodge decomposition theorem(see [5, Chapter 1]) identifies the cohomology ring H*(E, d) with the kernel
of Laplacian A = (d + d*)* as vector space. Under this light, the alternating sum (1.5) can be expressed as a
supertrace
Str(T.g(tA) : C¥(V,E) — C=(V,E)). (1.6)

where g is a rapidly decreasing function on R* with g(0) = 1 and g(t A) is given by functional calculus (see [6, Chapter 5]).
In fact, it can be shown that only zero eigenvalue of A contributes to (1.6). A standard choice in most literature is g = e™*.

The role of groupoids is to help us justify and compute the limit of (1.6) as t — 0. To make it more precise, we shall
modify the construction of the tangent groupoid TV by the fixed point set M

TyV = UnemTnV @ TV LUV x V x (0, 1]

such that the smooth structure of the new groupoid Ty V resembles the localization phenomena that the kernel of T.g(tA)
concentrates more and more on M as t — 0. By a finite propagation argument given in [7], when d is of first order, T.g(t A)
can be treated as an element of the groupoid algebra C2°(Ty V). The value of (1.6) can then be computed by setting
t=0.

Theorem 1.1 (The Lefschetz Fixed Point Formula). If (E, d) is an elliptic complex and d is a first order differential operator then
Str (T.g(tA) : C¥(V, E) — CX(V,E)) = Y |det(g.m — 1)| " str(Zn).

meM

Basic staffs on groupoids shall be reviewed in Section 2. The modified groupoid that serves our purpose will be built
in Sections 3 and 4. The final calculation of (1.6) will be performed in Section 5.

This paper grows out of an effort to apply [3] to Bismut’s hypoelliptic Laplacian [8] where both Getzler rescaling and
“Lefschetz type rescaling” are needed, the detail of which we plan to pursue elsewhere. This paper can also be taken as
a complement to [9] where the author uses a similar rescaling to describe the Witten deformation.
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2. Lie groupoids

A Lie groupoid, usually denoted as G = G, consists of the following data:

1. Two smooth manifolds G = GV and G!©) with two submersions s, r : G — G called source and range maps of the
groupoid.
Roughly speaking, G(*) can be thought of as a set of points and GV as a set of arrows between those points. The
source and target maps send an arrow to its initial and terminal points respectively;

2. An associative multiplication map m : G*) — G where G® = {(y, ) € G x G | s(y) = r(n)}.
Given two arrows, if the initial point of the first arrow coincides with the terminal point of the second one, they
can be “connected” to produce a new arrow. This type of “connection” determines the multiplication map m; We
shall write y - n for m(y, n).

3. A smooth map ¢ : G — G,
Given a point x € G, it can be viewed as an arrow(loop) which goes from x to itself;

4. A smooth map ¢ : G — G such that

Uy)oy =&(s(y)), youy)=e(r(y)) VyeG.
Given an arrow, the map ¢ reverse its direction. We shall write y~! for «(y).
Let G = GO be a Lie groupoid, Gy = s~'(x) and G = r~'(y) be the corresponding source and range fibers where
x,y € GO,

3. Deformation space

In this section, we briefly review the deformation to the normal cone construction. For a more detailed account
see [9-11].

To the embedding M C V, the associated deformation to the normal cone Ny M is a smooth manifold whose underlying
set is

NyM = NyMuV x (0, 1].

letV DU LA R" = RP x RY be a sliced local coordinate chart of V such that M N U is contained in ! (R” x {0}). Then

NyM 2 Ny(MNU) 2, R™1 s seen as a local coordinate chart of the deformation space with the diffeomorphism ¢ given
by

1
(U, t) = (‘W}J(v)? ?wq(v)v t):

(X7 m) = (Wp(m)7 wq,*(x)! O)a

where v, and 1, are the first p and last ¢ components of i respectively and /4, is the differential of .
Equivalently, the smooth structure is determined by declaring the following functions to be smooth:

(3.1)

1. The assignment NyM — R
(v, t) = f(v)
X > f(m)
where f is a smooth function on V and X, is a normal vector at m € M.
2. The assignment NyM — R
1
(v, t) > tTf (v)

1 r
where f is a smooth function on V that vanishes to order r on M.
The deformation to the normal cone construction is functorial in the following sense. Given a commutative diagram

V ——V

]

M ——M

where the vertical maps are inclusion of submanifolds and the horizontal maps are any smooth maps, there is an induced
map between deformation spaces N;,M’ — Ny M. Moreover, if the horizontal maps in the above diagram are submersions,
then the induces map between deformation spaces is also a submersion(see [9, Proposition 1.1]).

3
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In the following discussion, fix on V a Riemannian metric g and we choose a metric on the normal bundle TV |y /TM
such that for each m € M, the decomposition T;,,V = T,,M & T,V /T,M is orthogonal.

Definition 3.1. Let uy be the Riemannian density on V. There is an induced metric and induced Riemannian density iy
on M. There is also an induced Riemannian density pu,;, on each T,V /T, M such that duy m = dum.m - ditm.

Proposition 3.2. Let f € C2°(NyM) then t3mM=dimV. [ ¢y t)duy(v) converges, as t — 0, to [, mev/Tme(Xm)de(Xm)
dup(m) < oo.

Proof. Let U be an open subset of V. According to the smooth structure (3.1) of the deformation space, Ny(M N U) is a

local coordinate chart of Ny M. Without loss of generality, we may assume that f is supported inside the coordinate chart
Ny(M N U). Then the result follows from a local calculation:

tdimM*dimV/f(u,t)dw(u):cﬂ/ fr, oo vp, T 000, o T g, (V)
v R"
= | f(vi,..., vpgq £)du(v)
Rn

g / f(v17 ---yvp+q, O)dli(v) O
RN

Consider the diagonal embedding M <— V x V, which sends m € M to (m, m) € V x V, and its associated deformation
to the normal cone N2 M.

Proposition 3.3. The deformation space N,2M is a Lie groupoid with the unit space being Ny M:
NVZM = NyM.

The range and source maps are induced from the commutative diagrams

VxV_t vy VxV-2 v
M ——-M M— M

where in both diagrams the left vertical maps are the diagonal embeddings, the right vertical maps are the embeddings of
M into V, the lower horizontal maps are the identity map and w1, m, are the projections onto the first and second factors
respectively.

Proof. It is clear from the functoriality of the deformation to the normal cone construction, the source map and the target
map are submersions. The set of composable pairs of N;,2M is the deformation space N,3M and the multiplication map
is induced from the diagram

71,3
VXVXxV——VxV

]

M————M

where 73 : V3 — V2 is the projection onto the first and the third components. The unit map ¢ and the inverse map ¢
are induced from the following diagrams respectively

V—2 vxvVv VxV—5VxV
M— M M— M

where A is the diagonal map which sends v € V to (v, v) € V x V and s switch the order of two components, namely
S(v1, v2) = (v2, v1). O

To emphasis the groupoid structure and hint the similarity to the tangent groupoid, we shall write Ty V for N,2M and
call it the relative tangent groupoid. Remember we have chosen a Riemannian metric g on V. Let y € Ny M, we shall assign
the source fiber over y = (v, t) which is V x {t} metric t~! - g and the source fiber over y = X, which is T,,V metric g,.
In the following discussion, we shall use G and Ty V interchangeably.

4
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4. The coefficient bundle

In this section, we shall build a vector bundle E over the relative tangent groupoid Ty V to account for vector bundles
appeared in the elliptic complex (1.1). We shall also build a functional calculus for the groupoid by using an argument
from [7].

For the deformation space NyM, there is a canonical map NyM — V which sends (v, 1) € V x (0, 1] to v and
Xm € TpV/TuM to m € M C V. Let F be the pullback of the vector bundle E defined in (1.2) along this canonical
map and let E be the tensor product r*F ® s*F* — Ty V. It is easy to check that

E(y 5.0 = Evy ® ., and  Ex, v, = End(Ep)

where (v, v2,t) € V x V x (0, 1] and (Xp,, Yiy) € TV x Ty, V.
Let {Dy} o) be a family of first order differential operators acting on source fibers Dy : C2°(Gy, 1*E) — CX°(Gy, T*E)
defined by

D. = t(d+d*) x=(v,t)eV x(0,1]
T ldm Fdf, X=Xy € TV|y/TM;

where dp, +d;, is the principal part of d+d* at m € M. It can be checked that D is a smooth family of differential operators
in the sense that it maps C°(G, E) to itself. For any x € G, the first order differential operator D, : CX(Gy, T*E) —
C°(Gy, r*E) is elliptic, self-adjoint and its propagation speed is uniformly bounded by a constant ¢ > 0. In the following,
we shall write oy for the restriction of o € C°(G, E) to Gy.

Proposition 4.1. If o € C°(G, E) then the solution of wave equation e*Pe is still a smooth compactly support section of E.

Proof. By definition ( ePo )X = e"Pxg,. Since the propagation speed of D, is uniformly bounded, e is still a compactly
supported section of E. We need to show the smoothness.

For any open subset U C V we denote by Ug the R-neighborhood of U in V. Choose a finite open cover {U,} of V and
a positive number R > 0 such that {U, r} is an open cover of V by local coordinate charts. The relative tangent groupoid
TwmV is covered by {U, x Ug x (0, 11} U{Tyny, Us}. By choosing a partition of unit according to this cover, we may assume
that the section o is supported within single open subset, say Ty~yU C Ty V. Then the solution P is supported within
the local coordinate chart Tyny,Ur for s < R/c. According to [12], the symmetric hyperbolic system

a
—f—l—in:O
as

fls=o=0

can be solved on the local coordinate chart, and has smooth solution for s < R/c. So, e*" maps C°(G, E) to itself when
s < R/c. The proposition then follows from the property e1P . 1P = eils1+52)0

Proposition 4.2. Let f be a smooth function whose Fourier transformationfis smooth and supported within [—r/c, r/c], then
f(D) determines an element k in C*°(G, E). Moreover, when t # 0, the restriction of k to t-fiber k(-, -, t) is supported within
r-neighborhood of the diagonal in V x V and the restriction of k to t = 0 fiber k(-, -, 0) is supported within r-neighborhood of
the diagonal in T,V x Tp,V.

Proof. Let x € G, f(D) acts on each source fiber as f(IDy) : C(Gy, r*E) — C2°(Gy, r*E) whose integral kernel is smooth
and supported within r-neighborhood of the diagonal in Gy x G, according to [6, Proposition 7.23]. Then f(DD) determines
a section k of E by

{k(vu vz, t) = f(t(d + d*))(v1, v2) t#0
k(Xm» Yin) =f(dm + d;)(Xm, Ym)

where Xy, Yin € T;,V. Notice that k(X,, Yi,) is well defined for [X,, Yin] € Tn(V x V)/TuM since f(dn 4 df,) is translation
invariant.

Let U C G be an open subset which is diffeomorphic, through source fiber preserving map, to W x W x [0, ¢) where
W C R" is an open subset and ¢ > 0. Let ¢ € C°(W). We could write

o (D)po(wn. 1) = / S (wik(wr, wz, O(ws)o (wz, O)dws

and k(wi, ws, t) is smooth in (wq, wy) € W x W. We still need to show the smoothness in t-position. Write

/ f(s)e™Pds,
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under this light
f(D)o = ff(s)e’ismods

for any o € C°(TyV, E). Since e *Ps is a smooth compactly supported section of E, we see that f(D) maps smooth
compactly supported sections to smooth compactly supported sections therefore has smooth integral kernel. O

Definition 4.3. If k is a smooth section of E — Ty V. We shall use Str;(k) to denote the following quantity

Stre(k) = ¢4imM)—dim(V) / str (k(v, v, t)) duy ().
14

for all t # 0. And define

smw=/ fsmmewwmn
meM JTpV

where str : End(E,) — C is the supertrace which reflects the Z/27Z-grading of E,.

From now on we assume that ¢ : V — V is a smooth map with only simple fixed points and M is the fixed point set.
It is straightforward to see that

TuV = Unem TV @& TV UV x V x (0, 1].

The source map sends (vq, vo, t) to (va, t) when t # 0 and sends (X, Yin) € TV @ T,V to Yy,. The range map sends
(v1, v2, t) to (vq, t) when t # 0 and sends (X, Yin) € TV @ Ti,V to X, Let k € C*°(TyV, E) then ky(x, y) = ¢ .k(p(x), y)
is still a smooth section on the bundle E — Ty V. Its valued at (X,Y) € T,V & T,V can be computed k,(X,Y) =
Cm-k(@«(X), Y) where ¢, n : TV — TpV is the differential of ¢ at m € M. Assume, in addition, that k satisfies

k(Xm, Ym) = k(Xm — Ym, 0) (4.1)

which is saying that the pseudodifferential operator, of which k is the Schwartz kernel, is translation invariant. Then

stall) = 3 [ str (6. = 160 0) din)
TmV

meM ¥ 'm
= Z /T y |det(§9*,m - 1)|71 Str (&m-k(Xm, 0)) ditm(Xm) (4.2)
meM ¥ 'm
= Z |det(@sm — 1)|‘l str (gm. / k(Xom, O)dum(Xm)>.
TmV

meM

Proposition 4.4. Let f be a smooth function whose Fourier transformation is compactly supported. Let k be the smooth section
of E determined by f(DD), then Str,(k,) — Stro(k,) as t — 0.

Proof. Let f(v,t) = str(¢.k(p(v), v, t)) and f(Xm, 0) = str(&m-k(@«Xm, Xm, 0)), this defines a smooth function on Ny V.
Indeed, let V D U £> R" be a coordinate chart of V centered at m € M and contains only one fixed point m € U, it

induces coordinate charts NyM D Ny{m} 2, gt apd TuV D TimU %, gant by (3.1). Under these local coordinates f
can be represented as

{f(x, t) = str(¢ . k(@(tx)/t, x, 1)) t #0

~ ~

f(x,0) = str(¢.k(g'(0)x, x, 0))

where f 75, ¢ denote the local coordinate representations f o ¢ 1 ko (o T yo @ o1 respectively. So f defines a smooth
function on Ny M.

In fact, f is compactly supported. The result then follows from Proposition 3.2. It suffices to show the restriction of f
to the coordinate chart Ny{m} is compactly supported. On one hand, according to Proposition 4.2, k(-, -, t) is supported
within finite neighborhood of the diagonal, on the other hand, ¢ is non-degenerated, ¢’(0) has no eigenvalue 1. Given
large x enough, (¢(tx)/t, x) falls out the finite neighborhood of the diagonal on which k is supported. O

Now, A = (d+d*)* : C®°(V,E) — C*®(V, E) is an elliptic differential operator of order 2. Write A, for the principal part
of A at m € M. Choose a rapidly decreasing function g, such that f(x) = g(x*) has smooth compactly supported Fourier
transformation and f(0) = g(0) = 1. According to Proposition 4.2, f(D) = g(D?) defines an element in CX(TyV, E) with
tng (tzA) (U17U2) Y :(U],Uz,t)ev X(07 1]

g (Am) X, Y) Y = X, Ym) € TV & TyV.
6

fD)y) = {
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where g(t2A)(-, -) and g(An)(+, -) stand for the integral kernels of corresponding smooth operators. Since A,, has constant
coefficients, g(A;) is translation invariant.

Remark 4.5. Notice here we do not require g to be smooth. Given any positive integer p we can choose g to be p-times
differentiable. However, if we want f to be Schwartz, it is impossible to choose g smooth. This little defect would not
affect our calculation.

5. Lefschetz fixed point formula

In this section we apply the gadget developed above to calculate the supertrace (1.6) as t — 0. Let I be a smooth
section of the bundle E — T),V which is defined by

{1(U1, o, t) = ¢ - g(2A)@(v1), v, )"
1(Xim, Yim) = Cm - 8(Am )N @4Xins Ym)-

The Lefschetz fixed point formula is about to calculate
Str(T.g(t>A) : C*(V, E) — C*(V, E)) = Str(I). (5.1)
By Proposition 4.4 and (4.2), as t — 0 (5.1) converges to

StrO(I) = Z |det(‘p*,m - 1)|71 str (gm . / g(Am)(va O)dﬂm>
TmV

meM
Proposition 5.1. Recall that g(x*) = f(x) where f is a smooth function with compactly supported Fourier transformation, then

/ £(An)X. 0)dX = g(0).
TmV

Proof. Let o(-) be symbol of corresponding differential operators. g(A,) is a pseudo-differential operator on T,;V whose
symbol is calculated by

alx, &) = eMg(Ap)e ™™ = /f(t)e""gei[(d'"J“d%)e_i"édt

= flo(dm + d},)(§)) = g(o(Am)(E)).

Notice that since A, has constant coefficients, a(x, £) is independent of x. Then the integral kernel of g(A,) can be
expressed in terms of a(x, &)

g(An)x,y) = /a(x’ %-)ei(xfy)-fds'
Finally,
/ %, 0 = / a(x. §)e™ dxdg = a(x. 0) = g(0). O
TV

Overall we have

—1
Stro(1) = ) |det(pum — )| str(zm).
m
which completes the proof of Theorem 1.1.
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