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1. Introduction

A number of integrable systems are known to simulate the wave propagation in water. One of them is the famous
Korteweg-de Vries equation which was derived to model wave in shallow water theory. Green and Naghdi in 1976 ob-
tained a system of water wave equations which describes the fluid flows in shallow water [1]. Afterwards, Camassa and
Holm [2], by means of the asymptotic approximation to the Hamiltonian for the Green-Naghdi equations, derived the cel-
ebrated Camassa-Holm (CH) equation

me +umy +2u,m =0, M = U — Uy.

Since 1993 this equation has became a subject of steadily growing literature. The CH equation is a completely integrable
system, which possesses the scalar Lax representation

1
lI/xx:<Z—)»m>lI/,
1 1
W[=— ﬁ—{—u lp+5uxl1/

and is a bi-Hamiltonian system and admits peakon solutions [2,3].
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The CH equation was extended in various directions [4-6]. In 1999, Degasperis and Procesi discovered a similar but
different equation [7-9]

me +umy +3u,m =0, mM=1uU— Uy
which admits peakon solutions as well. A two-component extension of CH equation
My = —2miy — Myl + ppy,  pr = —(UP)x, M =1U— Uy (2)

is studied in [10,11,6].
The systems of the CH type mentioned above are quadratically nonlinear and those with cubic nonlinearity also appear.
For example, first such system was proposed by Olver and Rosenau [6] (see also [4,5]) and reads as

me + [m® —u)ly =0, mM=u— Uy, (3)

it is remarked that a Lax representation for (3) may be found in [12] or [13].
Based on symmetry classification study of nonlocal partial differential equations, Novikov found several different
generalizations of CH type equations with cubic nonlinearity [ 14]. One of them reads as

me + wmy +3uuym =0, M= U — Uy, (4)

Subsequently, Hone and Wang [15] proposed the following Lax representation for (4)

U, =U¥, ¢ =VV¥ 5)
where
1
ETe) Uy I u?ma ui

0 xm 1 u 2 u
u=[{o o im]), V= . —3 —f—uzmk . (6)

1 0 0

) u
. x 3z U

These authors further showed that Eq. (4) is associated to a negative flow in Sawada-Kotera hierarchy and possesses
infinitely many conserved quantities and is a bi-Hamiltonian system [15,16].
A two-component generalization of the Novikov equation (4) was constructed by Geng and Xue [17] and it is

1 + 3vun + uvn, = 0, (7)

me + 3uyvm + uvm, = 0,
m = U — Uy, N=17V — Ux

which reduces to Novikov’s system as m = n. They also calculated the N-peakons and conserved quantities and found a
Hamiltonian structure. The associated bi-Hamiltonian structure was presented in [18].
Song, Qu and Qiao [19] proposed the following two-component generalization of (3)

ne = [N(Uyvy — UV + UVy — UxV) ]y, (8)

my = [M(uyvy — UV + Uvy — UgV) Iy,
m = U — Uy, N =7V — Ux.

Furthermore, Xia, Qiao and Zhou [20] considered the following Lax representation

_1 (=1 im

e=5\-m 1)°
1 AT24+E —27Nu —uy) — AF

T T Wt v 26 A2 —E ’

where m = U — Uy, N = UV — Uy, E = (Uv — uyvy + uvy — uyv)/2. F and G are arbitrary polynomials in u, v and their
derivatives satisfying mG = nF. The integrability condition ¢y ; = ¢; x leads to
my = F + F, — mE, ng = —G+ Gy + nE.

This system of equations is integrable in the sense of Lax pair and as the authors show for the special choice of the F, G it is
possible to find the bi-Hamiltonian structure.
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Also, a new three-component generalization of CH equation was constructed by Geng and Xue [21] and it reads as
3 3
Ur = —VPx + Ue + SUGx — Eu(pxrx — pr),
Ve = ZUQX + vq,
3 3
We =Vl + Wi + S Wy + Ew(pxrx —pr), (9)

U =D — Dxx, w=Txx—T,

1
v = E(Qxx — 4q + PxxTx — TxxDx =+ 3PxI" — 3pTy).

This system possesses the Lax representation and constitutes a bi-Hamiltonian system [22].

Very recently, Qu, Song and Yao [23] provided a geometric setting to certain multi-component generalizations of the CH
type equations and investigated their integrability.

The aim of the present paper is to study new CH type equations. By careful examination of the existing Lax representations
of CH type equations, we would like to discuss the properties of the equations which follow from the following generalized
spectral problem

0 )\.m] 1
Ox = U(p, U= }\,Tl] 0 )\.mz s (10)
1 Any 0

where n; = n;(x, t), m; = m;(x, t),i = 1, 2. As we will show this spectral problem generates new equations. In the spe-
cial reduced cases these equations contain: the three-component system proposed by Geng and Xue [21], one and two-
component Novikov’s equations, and one or two component Song-Qu-Qiao equation [19]. In this sense, almost all known
3 x 3 spectral problems for the CH type equations are contained in this case, so it is interesting to study this spectral problem.

The paper is organized as follows. In Section 2, we will show the Lax representation and derive the bi-Hamiltonian struc-
ture for the first negative flow with the proof offering in the Appendix. In the Section 3, we consider the special reduction
of our spectral problem. Section 4 presents the method of generation of the infinitely many conserved quantities. The last
section contains concluding remarks.

2. Construction of new systems

Let us consider the following Lax pair

&, =UP, &, =V, (11)
where U is defined by (10) and V = (V,-,j)3x3. We parametrize the entries of the matrix V as
Vij—2  Vij—1
Vij= 2 T T Vijo,
where V;  , are arbitrary polynomials in u1, uy, vy, v, and their derivatives. The integrability condition @, ; = &; , yields
&1
—f1&1 n —2182
fi 1 25}
V= — —-= + + — )
Y 32 f1&1 + & 5
fa
—fif2 = —f28
A
where
fi=u; — vy, fr =up + vy,
81 = V2 + Uy, &2 = v — Uy,

with the following equation of motion

my + n28182 + my (28 + 2f181) =0,
my — mg1g2 — ma(fig1 + 20%) =0,

e — mafifo — n (g2 + 2f181) =0, (12)
nye + mififo + n2(f1g1 + 208) =0,
m; = Uj — Ujxx, N =70 — Vix, i=1,2.

In order to find the bi-Hamiltonian structure, let us notice that the compatibility condition of (11) or the zero-curvature
representation

U —Vx+[U,V]=0,
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is equivalent to

Amye = Vigy — Vo + A(m Vi + npVis — my V),
Ay = Vazy + Vg + A(MpVpyy — myVas — Vi),
Ay = Vg + Vaz + Ay Vo — maV3y — ny Vo),
Ay = Vagy — Vg + A V33 + my Vs — npVp),

with

Vit = Vaix + Va3 — AV + Anq Vs,

Viz = Va3 + V31 + AmpV3p — AnpVas,

Vaox = A Viz + mpVsp — myVy — nVa3), (14)
2V31x + Vagee = A((INg + M) Va3 — (Imy + ny) V3 — myVip + npVay),

2V33y + V3 = A((0N3 + mq)Va — (011 + myp)V3p — nyVip + nVas).

Taking account of (14) and through a tedious calculation, system (13) may be reformulated as

my Vo
my | _ 1 V3
Tl1 = AT K+ ArL) Ve |
np [ V§3
with
0 -1 0 0
1 0 0 0 .
K=1ls o o 1| L£=¢+% (15)
0 o0 -1 0
and
2m187]m1 —m1371m2 g13 314
g = —myd~'my  2myd'my a3 F2a
-9 —3 20107y —m 'y |
—J1a —F2a —md~'ny 2m9 'y

F=02P +80)0° —40)7'2T — 28+ P3)(8° — 49)7 4T,

where
1 -1 -1 1
J13 = —2my0~ ny —npd” my, F1a =m0~ ny +npd” my,
1 1 1 1
F23 =m0~ Ny +n10” my, Foa = —2mp0~ Ny — N0 my,
T T
P = (my, my, —nq, —N3)°, 8 = (—ny,ny, —my, my) .

It is obvious that the operator X given by (15) is a Hamiltonian operator. Moreover we have the following theorem.

Theorem 1. The operators KX and £ defined by (15) constitute a pair of compatible Hamiltonian operators. In particular, the
four-component system (12) is a bi-Hamiltonian system, namely it can be written as

S8Hy 8H,
8m1 8m1
my % 8&
| = e | = o |
0 1
ma/ sy sy
8Hp dH,
8“2 8n2

where

Hp = /(flg1 + £82) (mafy + nigy)dx, Hy = /(mzfz + nigy)dx.

Proof. Itis easy to check that £ is a skew-symmetric operator. Thus, what we need to do is to verify the Jacobi identity for £
and the compatibility of two operators X and L. To this end, we follow Olver and use his multivector approach [24]. Since
the proof is tedious, we give it in the Appendix.
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A remarkable property of the CH type equations is that it possess peakon solutions. Interestingly one may find that the
first negative flow (12) possesses stationary peakons only. In order to construct a flow with generic peakon solutions, which
are not stationary, let us construct a positive flow by considering the following spectral problem

Oy =UP, &=V,
where U is defined by (10) and V=V-y
0 my 0
V] =TI nq 0 mp |,
0 ny 0

where I' = I'(x, t) is an arbitrary function.
The integrability condition &, ; = &,  leads us to the following system of equations

mye + (IF'mq)x +n2(g182 — I') + mi(hg + 2f1g1) =0,
my + (I'my)y — n1(g182 — I') — ma(figy + 2f222) =0,

Ny + (F'ny)y — ma(fif; — I') — n(2g2 + 2f181) =0, (16)
o 4 (I'p)x +mi(fifs — I') + n2(fig1 + 2h8) =0,
m; = Uj — Ui, N = v — Uy, 1=1,2.

The novelty here is the appearance of an arbitrary function I". As we show in the next section for different choices of the
I" function we obtain new systems which possess peakon solutions.

To understand the appearance of the I" function, we now calculate the Casimir functions of the Hamiltonian operator .£.
Let

L(A,B,C,D)" =0, (17)
and define

Ky = miA — nC, K, = myB — nyD, (18)

K3 = myC — myD, K4 = n,A — myB. (19)

The system (17) consists of four equations of similar type. For example one of them is
my (071 (2K1 — Ka) + (9% — 49) 7 (K1 4 K2) + (K3 + Ka))
=007 K3 + (3% — 40) ' 2(Ks 4+ Ka) + (K1 + K2)y)).
Solving these equations we found
Ky = (mana A)y + (nny — mymy) A,
Ky = —(mny A)y + (nny — mymy) A,
K3 = (mymy A)yx + (ming — mynp) A,
Ky = —(mna A)x + (mng — manp) A,

where A = m and k is an arbitrary number. Substituting above expressions for K; into (18)-(19) and solving the

resulted linear equations leads to

ny

1
Ks + —K;,
mimy my

A:—H1F+

1 1
B=—nI" + —Kj;, C=-mI+ 71(3, D=-myI,
my m;

where I' is an arbitrary function. This also implies that £ is a degenerate Hamiltonian operator.
The system of equations (16) is integrable in the sense of Lax pair but we could not expect that it is a (bi-) Hamiltonian
system for any I". Indeed, a constraint such as

) (m) = ()*(my), () () = i) *(my), (= 1,2),

allows the system to be represented as a Hamiltonian system, where (n;I")’(m;) denote the Fréchet derivative operator of
(n;I") for m;.

3. Reductions

We now consider the possible reductions of our four component spectral problem (11) and relate them to the spectral
problems known in the literature.
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3.1. A three component reduction
Assuming m; = uy = 0, we have following reduced equation from (16) if I" = vyjv; — vauy,

My = —(g182m2)x + M2 (121 + 2282),

Ny = —(g182n)x + M2 (fifz — 2182) + n1 (L& + 2f181), (20)
Ny = —(g182m2)x — N2(f181 + 2/282),
my = Uy — Uy x, N =v —Vix 1i=1,2,

and the spectral problem reduces to

(g 0 0 1 1
(¢2) = (Am 0 km2> (¢2> .
93/ 1 2, O &3

Eliminating ¢,, ¢3 we may rewrite above equation as

P10 = (14 22mana)dy + 22120~ (ny — ma )1, 1)
which is a spectral problem studied by Geng and Xue [21] after the identification
v v
n =1u, m; = —, Tl1=w+(*)
u’x

where u, v, w satisfy Eq. (9).
As the bi-Hamiltonian structure for the flows of Geng-Xue’s three-component hierarchy is known [22], a direct calcula-
tion may produce the following Hamiltonian operators in terms of variables ny, n,, m,

m m m m
—29-9—= 9aZa+— 0
ny ny ny ny
_ m m m m
Li=]_929 -2 o2 1-9%]-
np np ny np
0 % —1 0
1 mza + 2m2x m28 + 2m2x
Ly = — | myd® 43010 + 20y, | (0> — 49)™" | mpd® + 3m49 + 2y,
3n28 + 21y, 3n28 —+ 2Ny,
3m,9~ 'm, —m% +3my0 'm —3myd 'n,
+ = | mi+3m07 'my  madmy 4+3m9 'y —myny — 300 'y |,
—31’1237]”12 mpn; — 3n2871n1 3”23711'12

then we find Eq. (20) can be rewritten as a bi-Hamiltonian system

8Ho SH;
6m2 8m2
m; 8Ho 8H;
m) =L — | =L — |,
n (STI] 81’11
2 8Ho SH;
(Snz 51’12

with

Hy = /(f1g1 + £82)821m20x, H; = /gznzdx.

3.2. Two-component reductions

CaseA.ny = my, N, = My
Eq. (16) yields

my = —(I'my)x +my(I" + 4(uzx — up) (U x + Uy)),
My = —(I'my)x — My(I" + 4(uy x — Up) (U x + U7)).

Ifmy, =u; = 1ormy; = u; = 1and I = 4uqu, then our equation reduces to the CH equation.
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On the other side when I = 4(uju; — uq U3 x) we obtain
My = (ml(uluz - ul,xuz,x))x — my(Urliz x — Ugxl),
My = (mZ(ulu2 - ul,xuz,x))x + my(uqtiz x — Uy xUa),

a bi-Hamiltonian system studied recently in [20,25].
Let us notice that our spectral problem reduces to

1 0 amp 1 1
<¢2> = (Amz 0 )vmz) <¢2>
3/, 1 amy O ®3

which yields

dr+¢3\ _ (1 2amg\ (1 + @3 (22)
¢ ), \ramy 0 7 ’
By the following change of variables

¢1+ @3 = e%x%, 2 = e%xl/fz, 2my =m, my; =n,
(22) gives

1
(w) _[3 Am <w>
o)y 1)\
2
a spectral problem considered by Song, Qu and Qiao [19].

CaseB.m;y=my, =0
Then the system of equation (16) requires I = v,v; and we obtain the Geng-Xue equation [17]

my = —v(myu + 3muy), m = 1u — Uy,
ng = _u(nxv + BHUX), N=7V— U,

which either reduces to Novikov equation
me = —u(Myl + 3Muy), M= U — Uy,

if u = v or yields the Degasperis-Procesi equation in the caseu = 1orv = 1.

4. Conserved quantities

An integrable system normally possesses infinity number of conserved quantities and such property has been taken as
one of the defining properties for integrability. There exist different methods to construct such conserved quantities. For the
system which possesses the Lax representation nontrivial conserved quantities are the consequence of this representation.

In this section, we show that infinitely many conserved quantities can be constructed for the nonlinear evolution equa-
tions related with the spectral problem (10). Indeed, we may derive three sequences of conserved quantities utilizing the
projective coordinates in the spectral problem. We can introduce these coordinates in three manners as

ma=? = mwme=%2, =22 mme=% =%
¥2 (Z) 1 ?1 ¥3 ¥3
Case 1: In these coordinates we obtain that
p = (In@y)xy = Anja + Amyb,
is conserved quantity with a, b satisfy
ay =X m;+b—ap, by = a+ Any — bp. (23)

Substituting the series expansions in A of a and b into (23)
G=Za,‘)\.i, b=ij)\j,
i>0 j=0
then we find
ap =0, a; = —v; — Uix = —&i1, a =0,
by =0, b1 = —u1 — vy = —f2, b, =0,

Please cite this article in press as: N. Li, etal, A four-component Camassa-Holm type hierarchy, Journal of Geometry and Physics (2014),
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and

agx = by — E (ma;a; + mya;bj),
i+j=k—1

bex=ac— Y (maib;+mabby), (k> 3).
i+j=k—1

With the aid of a;, by, we obtain a simple conserved quantity

p1=— /(nlgl + myf;)dx.
Also, due to

a3 — U3 = Mifog1 + Mof5 + (MgF + Mafog)x,
b3 — b3y = n1g12 + mafag1 + (n1fag1 + mzfzz)x,
we obtain the next conserved quantity

03 = / nyas + mybsdx = / (v1(as — asx) + Uz (b3 — bay)) dx

= /(nlgl + myfy)(fig1 + f82)dx.

In addition, we may consider alternative expansions of a, b in negative powers of A, namely
— A — by~
a= XZar"", b= ZZ,bir".

As above, inserting these expansions into (23) we may find recursive relations for a;, Bj. The first two conserved quantities
are

Po 2/«/m1n1 + myn,dx,

2mymy + 2nqny + MmNy — Myl + Moyl — My,
p-1 =
4(miny + myny)

dx.

Case 2: The quantity p defined as
p = (Ing1)x = Amjo + 7,
with o, 7 satisfying
Oy = A1 + AmpT — 0 p, =14+ Anyo —1p0
is conserved quantity. Expanding o and 7 in Laurent series of A then once again we may find the corresponding conserved

quantities. For instance, in the case k > 0, we get

1
p2=3 /(m1 + o) (fi + g2)dx,

while in the case k < 0, we obtain

_ / 2mym? + 2mynyny — MyyMyNy + 4M1yMany — 3NgM My + MixMing — Nym? i

p-1= .
4my(miny + myny)

Case 3: For this case the conserved quantity is defined as

p = (Ings3)y =+ Amp,
with «, B satisfy
o =rmiB+1—ap,  Py=2rma+im;—pp. (24)
Expanding « and B in Laurent series of A and substituting them into (24), we may obtain the conserved quantities and

apart from those found in last two cases, we have

dx.

5 / 21403 + 2mymany — Maxn3 + 4ngming — 3Mu Ny + NoyMyly — NyyMyiy
_] =
4ny(mqng + many)

Let us remark that these conserved quantities have been obtained from the x-part of the Lax pair representation only
hence they are valid for the whole hierarchy. As we checked they are conserved for the system (12) as well as for (16).
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5. Concluding remarks

In this paper, started from a general 3 x 3 problem, we considered the related four-component CH type systems. We
obtained the bi-Hamiltonian structure and suggested the way to construction of infinitely many conserved quantities for
the integrable equations. Different reductions were also considered.

As noticed above, the positive flows allow for an arbitrary function I" involved and such systems are interesting since
different specifications of I" lead to different CH type equations. Although the flow equations with arbitrary I" do possess
infinitely many conserved quantities, we do not expect they are (bi-) Hamiltonian systems in general case. Also, we explained
the appearance of this arbitrary function by studying the kernel of one of the Hamiltonian operators and it seems that further
study of such systems is needed.

A remarkable property of CH type equations is that it possess peakon solutions. One may find that the first negative flow,
which does not depend on I, only possess stationary peakons. However, the systems such as (16) may admit non-stationary
peakon solutions. This and other related issues may be considered in further publication.
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Appendix
We first prove that .£ is also a Hamiltonian operator. For this purpose, we first define
Oy = %/QAngx, Op = %/0/\3«'de, A= (0> —49)""
By direct calculation, we have
Oq4 = / ((n201 —n162) A 1My — myB3) + (M6 — ny63) A 3~ (x4 — my6,)

+ (n294 — m292) AN 871(n204 — m292) + (m191 — n193) AN 871(m191 — Tl]@g)) dX,

and
Of = %/((ZQ—Ra) A AQ + (Q3 — 2R) A AR) dx
= /(Q/\AQ—R/\AR—}—Q/\&AR)dX,
where
Q = m 01 + my6; — n103 — Nybs, R = 13601 — n16, + my03 — m,0,.
Since

pProge(@r) = progg(Og) + prugy(Og), (A1)
we calculate prv4(®y) and pr v (Oy). Indeed, we have

Proge(@g) = —/ [(071(M261 — n162) A 07" (164 — my3) A D'Q)y

+ (2m10;1 + 21163 — 205 — M263) A (AR + 24Q) A 371 (m16; — nq63)
+ (2m03 — 20201 + M10s — 1162) A (AQy + 2AR) A 37 (m16; — n165)
+ (2m104 — 21105 + M3 — 1307 A (AQy + 24R) A 31 (ny0s — my6,)
+ (M161 + 1163 — 2my0; — 21n204) A (AR 4+ 24Q) A 371 (12604 — mybs)
+ (M104 — MB3) A (AR, + 2AQ) A 31 (n20; — n16)

— (1165 + N204) A (AQy + 24AR) A 0™ (1201 — n162)

+ (M10; + myby) A (AQx + 2AR) A 371 (M6, — mybs3)

— (M0 — n16) A (AR, + 24Q) A 371 (164 — my05)] dx.
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Next we consider pr v4(©«). For simplicity, we denote

T = 2m191 — m292 — 2n193 + n294, 2 = m101 — 2m292 — 1’1]93 + 2n294,

then a direct calculation shows that prv 4 (®4) can be expressed as

Prueg(Og) =

—/ [(M161 +11603) A 0™'T A (24Q + ARy)

4+ 2(ny07 — n16, — my03 + Mm164) A (ARx + 2A4Q) A (AQx + 2AR)
— (Mab 4+ 1264) A 3712 A 2AQ + ARy)

+ (261 — n162) A 371 (1604 — MyB3) A (2AQ + ARy)

— (M1604 — My03) A 3~ (261 — N162) A (2AQ + ARy)

+ (M105 — 116) A 31T A (AR + 4Qy)

— (207 — my03) A 712 A (24R + AQ)

+ (0204 + M163) A 371 (104 — My03) A (2AR + AQy)

— (M30; + m161) A 971 (361 — n165) A (2AR + AQy) ] dx.

Letting f = ny,6; — n16,, g = m164 — m,65 and substituting above expansions into (A.1) lead to

Prueg(Of) =

— / 2(11291 — Tl]@z — m293 + m194) AN (ARX + 2AQ) AN (r)A)Qx + ZAR)

+2((n201 — n162) A 071 (164 — m263)

+ (M6; — m16s) A D~ (201 — 1162)) A (2AQ + ARy)

+ (N2 — 16y — maf3 + m16s) AD~'Q

+ 071 (0361 — 116, — My03 + m164) A Q) A (2AR + AQ)dx

- /(f A 12g + 071 A28) A (2AQ + ARy)

+2(f + &) A (AR + 2AQ) A (AQy + 2AR)
F((F+2)ATQ+ 7 +8) A Q) A QAR + AQy)dx

- / 37122 + R) A (Q A (AQx + 2AR) — R A (AR, 4 24Q))

+ Q28 +R) A (=37 'RA (AR, +2AQ) + 37'Q A (AQy + 2AR)
4+ 2(AR; + 2A4Q) A (AQy + 24R))dx

- / 37122 + R) A (37'R A (ARg + 240,) — 87'Q A (AQy + 24Ry)
— 2(ARy + 24Q,) A (AQy + 2AR) — 2(ARy + 24Q) A (AQyy + 2ARy))dx
- / 37122 +R) A (7R A (2AQx + 44AR) — 371Q A (2AR, + 44Q)

— 207 'R A (AQy + 24R) — 2(AR, + 24Q) A 371Q)dx
Oa

where we use f — g = R for short. Thus, £ given by (15) is a Hamiltonian operator.
Finally we prove the compatibility of X and .£, which is equivalent to

Prueg (@) + proge(Or) = proxe(Or) = proxg(@g) + pruye(Oz) = 0.

To this end, we notice

Pruye(@g) =

/(2(92 AN Og)x+ (03 AO1)x — 01 ANy — O3 A Og) A 37 (204 — my0,)

+ (B2 A Og)x +2(03 A Oy + 01 A Oy + 03 ABg) A (161 — n163)
+ (02 A0y — O3 NO1 — 04 ANO2) A 8_]("1194 — my3)
+ ((93 ANBOg)xy +03AN014+6041N60)A 3_](n291 — ny6y)dx

f((%/\92-1—93/\94)/\8_1(2—(91/\93+492/\94)/\8_]R

— (202 A Og + 03 A O1) A (1204 — mp03) + (01 A 02) A (M0 — my03)

(A2)
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+ (04 A 63 + 201 A B3) A (M161 — n163) — (O3 A 64) A (1261 — n16,)dx
= /(91 AOy+03A0) ADT'Q — (61 A B3+ 6y Aby) AD'Rdx,
and

Proye(Of) = /((93x —0) A0+ (01 + 04x) A Oy — (O1x + 04) AN O3 — (Oox — 03) A Os)

A (2AQ + ARy) — ((B2x — 03) A O — (B1x + 04) A Oy + (01 + O4x) A O3
— (B3 — 02) A Oa) A (AQy + 24AR)dx

= /((a2 —4)(01 A O3+ 03 ABs)) A AR — ((32 — 4)(01 A Oy + 05 A 04)) A AQdX

= /(0l AOs+0, AO)ADITIR— (81 A By + 65 ABs) AD™Qdx.

Therefore we arrive at
Pruge(Or) = prvxy(@g + Og) =0,

so X and £ are two compatible Hamiltonian operators.
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