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Abstract

The initial purpose of the present paper is to provide a combinatorial proof of the minor summation
formula of Pfaffians in [Ishikawa, Wakayama, Minor summation formula of Pfaffians, Linear and
Multilinear Algebra 39 (1995) 285-305] based on the lattice path method. The second aim is to study
applications of the minor summation formula for obtaining several identities. Especially, a simple
proof of Kawanaka’s formula concerning a g-series identity involving the Schur functions [Kawanaka,
A g-series identity involving Schur functions and related topics, Osaka J. Math. 36 (1999) 157-176]
and of the identity in [Kawanaka, A g-Cauchy identity involving Schur functions and imprimitive
complex reflection groups, Osaka J. Math. 38 (2001) 775-810] which is regarded as a determinant
version of the previous one are given.
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1. Introduction

Recently, applications of the minor summation formula presented in [8] have been made
in several directions, e.g., to study a certain limit law for shifted Schur measures in [33],
to find an explicit description of the skew-Capelli identity in [17], and to generalize fur-
ther the so-called Littlewood formulas, for instance in [11] (see also [2,9,10,13,14,21,27]),
etc. Moreover, the formula has been generalized to the case of hyperpfaffians in [22]
(see also [23]).

In this paper, therefore, we treat again the minor summation formulas of Pfaffians and
derive several basic formulas concerning Pfaffians from certain combinatorial theoretical
points of view. In order to develop the study of these formulas nicely, we present also
a Pfaffian version of the Lewis Carroll formula (Dodgson’s identity) and of the Pliicker
relations. The proof and the discussion concerning these formulas have not been developed
sufficiently in our previous papers because they are not directly related to the actual proofs
in our applications of the minor summation formulas to obtain various generating functions
of the Schur functions, etc., whereas they have been studied from the early stage of the
research.

One of the main purpose of the present paper is to prove the minor summation formulas
using the lattice path method (see [31]) combined with the Lewis Carroll formula for
Pfaffians. The proof thus obtained enables us to provide a combinatorial interpretation of
the minor summation formulas through lattice paths. The point is that the Lewis Carroll
formula for Pfaffians plays a crucial role to reduce the proof of the minor summation
formulas comparing with a similar combinatorial discussion given in [31], and the present
proof, consequently, may explain the meaning of the formulas more clearly.

The paper is organized as follows. In Section 2 we present two Pfaffian identities which
may be called a Pfaffian version of the Lewis Carroll formula and the Pliicker relations,
and in Section 3 we formulate the various type of minor summation formulas, where
the Pfaffian analogue of the Lewis Carroll formula plays a key role in the derivation. In
fact, we define the notion of the matrix formed by copfaffians which may sound abuse
of languages, but we need to define a Pfaffian counterpart of the matrix of cofactors in
the determinant theory. Then we can get a new expression of the minor summation for-
mulas by employing these matrices of copfaffians. Without the notion of the matrices
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of copfaffians, it seems very hard to discover Gessel—Viennot-type combinatorial proofs
developed in Section 4, which simplify the lattice path proofs of the minor summation
formulas.

In Sections 5 and 6 we give certain applications of the minor summation formulas to
g-series. Actually, in Section 5 we show that Kawanaka’s g-Littlewood identity is easily
derived from the minor summation formulas, and in Section 6 we show that Kawanaka’s
g-Cauchy identity is proved by the Binet—Cauchy formula with some combinatorics.
Furthermore, we shall give some variant of the Sundquist formula obtained in [32] which
is considered as a two variable Pfafffian identity. We put this in Appendix A because the
formula is not a direct application of the minor summation formula.

2. The Lewis Carroll formula and the Pliicker relations

We provide a Pfaffian version of Lewis Carroll’s formula (Dodgson’s identity). We first
recall the so-called Lewis Carroll formula, or known as Jacobi’s formula which is an identity
among the minor determinants. The reader can find a restricted version of this identity and
related topics in [1,28]. Furthermore, we present the Pliicker’s relations. The latter relations
are also treated in [3], and in [18] they are called the (generalized) basic identity. We give
a brief proof of ordinary Lewis Carroll’s formula, which will be needed to establish the
Pfaffian version, to make also this paper self-contained. We only use Cramer’s formula to
prove it.

Let us denote by N the set of non-negative integers, and by Z the set of integers. Let [n]
denote the set {1, 2, ..., n} for a positive integer n. For any finite set S and any non-negative

integer r, let (f ) denote the set of all r-element subsets of S. For example, ([:’]) stands

for the set of all multi-indices {iy, ..., i} such that 1<i; < --- < i, <n. Let n, M and
N be positive integers such that n <M, N and let T be any M by N matrix. For any multi-

indices I = {if,...,,in} € (“,‘1“) and J = {ji,.... jn} € ([]Z]>,let T} = T0" be
the sub-matrix of T obtained by picking up the rows indexed by I and the columns indexed

by J, i.e.,

iy =+ iy

TJI _ . .
ligji  wo igjy

In the case of n = M and I = [M], we omit / from the above expression and write 7'y for

TJI when there is no possibility of confusion. Similarly we may write 7/ for TJI ifn=N

and J = [N].

Though the notion of Pfaffians is less familiar than that of determinants, it is also well-
known that the Pfaffian (of a skew-symmetric matrix) is expressed as a square root of the
determinant of the corresponding matrix. First we recall the definition of Pfaffians from [31].
Let S, be the symmetric group on the set of the letters 1, 2, . . ., n, and for each permutation
g € S, let sgn ¢ stand for (— )49, where £(c) denotes the number of inversions in o.

In this paper we use the symbol {i1, i2, ..., i, } < fortheset {iy, i2, . . ., i, } with the relation
i1 <ip <--- <ir.Letn =2r beaneven integer and let A = (a;;)1<i,j<n beannbyn
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1 2 3 4 5 6

Fig. 1. A perfect matching.

skew symmetric matrix (i.e. aj; = —a;;), whose entries g;; are in a commutative ring. The
Pfaffian Pf(A) of A is defined by
Pf(A) = (01,02, ... 0u1,04) Agy0y - oy, (1
where the summation is over all partitions {{o1, 02}, -, {0o,—1,0,}<} of [r] into
2-element blocks, and (o1, 02, ..., 0,—1, 0,) denotes the sign of the permutation
1 2 -« n—1 n
o1 02 -+ Op-1 On)’
For instance, when n = 4, the equation above reads:
0 apy a3z a4
—app 0 a3 ax
Pf = apazy — ajzaz4 + aj4an;s.

—ai3 —a 0 ap
—ayy —axy —az O

Note that a skew symmetric matrix A = (a;;)1<, j <n is determined by its upper triangular
entries a;; for 1<i < j<n.

A permutation (o1, 02, ..., 0,—1, 0,) Which arises from a partition of [n] into 2-element
blocks is called a perfect matching or a I-factor. We say that the points a»; 1 and g; are
connected to each other in this perfect matching ¢. We can express a perfect matching
graphically by arranging the lattice points 1, .. ., n along the x-axis in the plane and repre-
senting the edges (02;—1, 02;) by curves in the upper half-plane. Two edges (g2;_1, 02;) and
(02j—1, 02;) in o will be said to be crossed if the corresponding edges intersect in such an
embedding. It is known that sgn ¢ agrees with (— 1) where k denotes the number of crossed
pairs of edges in a. We write JF;, for the set of perfect matchings of [n]. For example, the
graphical representation of the perfect matching ¢ = {(1, 4), (2, 5), (3, 6)} € F¢ is shown
in Fig. 1, and its sign is —1.

Foreach m € €, put A™ = (az(j)n(j))- From the definition above it is easy to see that

Pf(A™) = sgnnPf(A). 2)
It is a well-known fact that the following identities hold. For any skew symmetric 2n x 2n
matrix A and any 2n x 2n matrix B we have
Pf(A)? = det(A),
Pf (BA tB) = det(B)Pf(A). 3)
The first identity is fundamental and we may use it without mentioning hereafter. The reader

can prove it by the exterior algebra, or can find a combinatorial proof in [31]. The second
identity is a special case of Theorem 3.2.
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Let a;; be a fixed element of a given square matrix A, and denote by (A; 7, j) the square
sub-matrix obtained by removing the ith row and jth column of A. That is to say, we can

write (A;i, j) = A% in the above notation, where I stands for the complementary set

J
of 1. The determinant of (A; i, j) is called a minor corresponding to a;;, and the number

(=Dt det(A; j, i) iscalled a (i, j)-cgfactor of A. Here the terminology “minor” is used
in a wider sense. The cofactor matrix A of A is the matrix whose (i, j)-entry is the (i, j)-
cofactor of A. Then the following theorem is due to Jacobi.

Theorem 2.1. Let A be an n x n matrix and A be its cofactor matrix. Let r <n and
1,J C [n], 8l =4J =r.Then

det A = (—1)THV (det A) ™" det A7, )

where1,J C [n] stand for the complements of I, J, respectively, in C [n]. Here we denote

UEDIHEE

Proof. Let A(i, j) = (—1)'*/ det(A; j, i) denote the (i, j)-cofactor of A. Then, by defini-
tion, the matrix of cofactors is

A= (AG, ) = ((=1)* det(A: j. i)).

Let I = {p1,...., pn—r}» J = {q1,....qn_r}, and let ¢ : I — J denote the order-
preserving bijection which maps py to gx fork = 1...n —r. Set M = (M;;) to be the
matrix defined by

A, ) ifiel,
Mij = {50-([)’]' if i el.

Then it is a direct simple algebra to see that the (i, j)-entry of the matrix MA = B = (b;;)
is

b — 5,']' det A ifi el,
A Ao (i), if i 7

Accordingly we have det B = (det A)" det ATY. Meanwhile, it is easy to see that
det M = (—=1)Ziet+7@) get A1 = (— 1)1+ et A = (1)l der A”
This proves the theorem. [

Example 2.2. Weput/ = J = {1, n} C [r]inthe formula above and obtain the Desnanot—
Jacobi adjoint matrix theorem:

2,..,n—1 __ 1,...,n—1 2,...n 1,....,n—1 2,....n
det M det My = det M~ det My —det M, " " det M

which is also called Dodgson’s formula (or the Lewis Carroll formula). For the details and
the interesting story of the relations with the alternating sign matrices, see [1].
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Let n be an even integer, and let A be a skew symmetric matrix of size n. For 1 <i <
j<n,let (A; {i, j}, {i, j}) denote the (n — 2) x (n — 2) skew symmetric sub-matrix ob-
tained by removing both the ith and jth rows and both the ith and jth columns of A, i.e.

(A i ). (i) = A

i. Let us define y(i, j) by

(i, j) = (=D TIPE(A; (G, ) (L D) )

for 1 <i < j<n.We define the values of y(7, j) for 1 <j<i<nsothaty(j,i) = —y(, j)
always holds. Then the following expansion formula of Pfaffians along any row (resp.
column) holds:

Proposition 2.3. Let n be an even integer and A = (a;j) be an n x n skew symmetric
matrix. For any i, j we have

5ijPE(A) =) arjy(k, i), 6)
k=1

5ijPE(A) = aixy(j. k). (7)
k=1

Since a;; and y(i, j) are skew symmetric, the reader sees immediately that identities (6)
and (7) are equivalent. Moreover, to prove the general case it is sufficient to show the case
where i = j = 1 in view of formula (2). This case can be proved combinatorially from
definition (1) of Pfaffian. If we multiply the both sides of (6) by Pf(A) and use (3), then we
obtain

n
Z akiy(k, ]) Pf(A) = 5,‘./' [Pf(A)]2 = 5,‘/ det A.
k=1

Comparing this identity with the ordinary expansion of det A, we obtain the following
relation between A(i, j) and y(i, j):

A(, j) = v(j. i) PE(A). ®)

Definition 2.4. Let n be an even integer. Given a skew symmetric matrix A of size n, let
us call y(i, j) a copfaffian corresponding to a;; (or (i, j)-copfaffian), and let A denote the
skew symmetric matrix whose (i, j)-entry is y(i, j), which we call the copfaffian matrix of
A. Note that (6) and (7) implies

'AA = A'A = Pf(A)E,, ©9)
where E, denote the identity matrix of size n.

Example 2.5. Let P, (s, t) denotes the skew symmetric matrix, whose (i, j)-entry is given
by s—Dmod2+mod2,j~i—1 for 1< < Jj <n, where x mod2 stands for the remainder
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of x divided by 2. In Lemma 7 of [8], we have proven the formula

[n/2] [n/2]
Pf(xiyj)igi<j<n = 1_[ X2i—1 l_[ 2 (10)

i=1 j=1

for an even integer n. From this formula, it is easy to see that the (i, j)-copfaffian of P, (s, #)
is (= 1)/ —i-lgi=i=lpi=Dmod2+jmod2 ‘[f 1 — (;) 'j5 .. in._1, i2}, then formula (10)
also implies

PE [ Py (s, )] | = i G hmod2, i (i, (11)

The following formula can be regarded as a Pfaffian version of Jacobi’s formula.

Theorem 2.6. Let n be an even integer, and let A be an n x n skew symmetric matrix.
Then, for any I < [n] such that 4 I = 2r, we have

PE[(A)]] = (=117 [PF(A) ! PR(AD). (12)
In particular, we have Z\ = (PfA)"2A withn = 2m.

Proof. Let A = (A(, j)) denote the matrix of the cofactors of A. From (8) we have
A= Pf(A) A thus (A)I = Pf(A) (A)I It follows that

det(A)} = [PF(A)]¥" det(A)} = (det A)" det(A)!.

On the other hand, Theorem 2.1 implies that det(gf) = (det A)¥ ! det A; Comparing
these two identities, we obtain

det(A)] = (det A" det AL
By taking the square root of both sides of this identity, we obtain
Pf(;q) = :I:[Pf(A)]r_le(Ag). (13)

Next we need to show that the signature in (13) does not depend of A. Since the both
sides of (13) are polynomials of the entries of A, their ratio [Pf(A)]"~! Pf (A;) /Pf (A\f) is
a rational function of them. But this rational function can take only two values %1, it must
be a constant, i.e. independent of the entries of A. To finish the proof we have to determine
the sign. We substitute

0 1
o .- 1
Sy =P,(1,1) = : : . . (14)
-1 =1 --- 0
in the both sides of (13). Since S,, = (S,J) with S,/ = (=1)*/~lfori < j, Applying (11),
we obtain PfS1 = (=)= and PfS7 = 1, which gives the desired sign. Let f(A) and
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g(A) denote the left- and right-hand side of (12). Then we have (f + g)(f — g) = O in the
polynomial ring in the entries of A. Since f(S,) + g(S,) # 0, we conclude that f = g.
This proves the theorem. [

Given a skew symmetric matrix A, we write A(i1, i2, . .., iox) for Aﬁ Z Zi

Example 2.7. Given a skew symmetric matrix A of size n, take I = {1, 2, 3,4} in the
theorem, then we obtain a formula which reads
Pf(A)Pf (A(5,...,n))=Pf (A3,4,5,...,n))Pf(A(1,2,5,...,n))
—Pf(AQ2,4,5,...,n))Pf (A(1,3,5,...,n))
+Pf(AQ2,3,5,...,n)Pf(A(1,4,5,...,n)).

This may be regarded as a Pfaffian version of Dodgson’s identity given in Example 2.2.

We now give some examples of the copfaffian matrices which will be useful in the
subsequent discussions.
Let n=2r1I1fS, = () with §;; = 1fori < j, then we have Sn = (S,,) with
,-j = (—1)""/=! fori < j as obtained in the above proof. Put 7, = (T;;) = P,(0, 1) and
T, = ( ,j),then
1 if 1<i < j,andiand j — i are both odd,
T;; = .
0  otherwise,

fy={l =it
Y 0  otherwise.
For instance, we have
0O 1 0 1 0 1 0 O
-1 0 0 O ~ -1 0 1 0
=109 0o o 1" =0 =1 o 1
-1 0 -1 O 0 0O -1 0

Let E,, denote the identity matrix of size m, and let O, , denote the m x n zero matrix.
When m = n, we simply write O, for O, . Let J,, denotes the symmetric matrix of size
m defined by

0 0 1
0 1 0
Jn =1 . .
1 0 0

Weletn = 2mandput K, = ( OJ’” é’” >andLn = ( Oé” g’" ).Thenitiseasyto see
—Jm m —Lm m

that 'K, = —K,, 'L, = —L,, K = L2 —1I,,Pf(K,) = 1 and Pf(L,) = (—1)
From Cramer’s formula and (8) we have A = Pf(A)’A~! for a non- singular matrix A
which immediately implies K,, = K, and L = (=1)ymm=b/zy .

We next state a Pfaffian analogue of the Pliicker relations (or known as the Grassmann—
Pliicker relations for determinants) and make a remark on a relation with the Lewis Carroll

m(m 1)
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formula. It is an algebraic identity of degree two describing the relations among several
subpfaffians. We point out here that this identity has been proved in [6,3] in the framework
of an exterior algebra.

Theorem 2.8. Suppose m,n are oddintegers. Let A be an (m+n) x (m+n) skew symmetric
matrix. Fix a sequence of integers I = {i1,i2,...,im}< € [m + n] such that 41 = m.
Denote the complement of I by 1= {ki, ko, ..., kn}< C [m+ n] which has the cardinality
n. Then the following relation holds:

m —
vl 1\{ij}) {ijyur
2 1( 1) Pf(AI\{ij} pr( A
j=
. 10k} T\tk;)
_ -1 j j
_2 1:( 1 Pf(AIU{k/_})Pf (AI\{kj}>. (15)
]=

Proof. We only use the expansion formula of a Pfaffian given in Proposition 2.3. In fact,

if we expand Pf (A:i’ iié) along the i jth row/column on the left-hand side and also expand
J

Pf (A;BE:’/ i) along the k ;th row/column on the right-hand side, and compare with each other,

then it is immediate to see the desired equality. [

Remark. This identity is also proved directly from the definition (1) of a Pfaffian by using
the notion of matching and related combinatorics.

The formula in the following assertion, which is called by the basic identity in [18], is
regarded as a special case of the Pliicker relations above.

Corollary 2.9. Let A be a skew symmetric matrix of size N. Let [ = {iy, i», ..., iy} bea
subset of [N]. Take an integer | which satisfies 2k + 21 < N. Then we have

PF(A(L, 2, ..., 20)PE(A(iL, ia, - ., iok, 1, ..., 2D))

2k . ~
=> , (CD/PEAQL 2, 20 iy i ))PE(AG, ok 1o 2D).
J:
(16)

Proof. Given a skew symmetric matrix A = (a;j)1<;,j<n of size N and a subset /| =
{i1,i2, ..., i2k}, we consider the skew symmetric matrix B = (b;;)1<;,j <2k+41 Of size
2k +41, whose (i, j)-entry b;j is equal to ap, ,,;, where the sequence {p; }?ff‘” is determined

by

pyv =V if 1<v<2l,
D2ty =1y if 1<v<2k,
Doks2iy =V i 1<v<2L

Now, apply Theorem 2.8 to Bwithm =21+ 1,n =2k +21 - 1,1 ={1,2,..., 2l + 1}
and I = {21 + 2,21 + 3, ..., 2k + 4l}. Then, since each summand on the left-hand side
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disappears except for the case j = 21 —1 (i; = i1), the desired identity immediately follows
from the identity in Theorem 2.8. [J

Remark 2.10. If we put k = 2 in this corollary, then the identity is nothing but the identity
in Example 2.7. This implies the basic identity partially covers the Lewis Carroll formula
for Pfaffians.

3. Summation formulas of Pfaffians

In this section we review the summation formulas of Pfaffians. We restate the theorems in
[8] and, in the next section, we will give certain combinatorial proofs of Theorems 3.2, 3.4
and 3.5. In [8] we gave algebraic proofs of these theorems, whereas, in this paper we use the
lattice paths combined with the Pfaffian version of Jacobi’s formula (i.e. Theorem 2.6) to
prove these theorems. Especially we will find that the Pfaffian version of Jacobi’s formula
is useful to simplify our lattice path proofs, comparing with the combinatorial discussion
given in [31], and give more insights to explain these formulas. Our proofs of the theorems
described here will be postponed until the next section.

Lemma 3.1. Letn, m and M be non-negative integers, and let N = 2N’ be an even integer.
Let A (resp. B) be a skew symmetric matrix of size M (resp. N) such that B is non-singular.
Let Ty, T2, To1 and Trp be anm x n,m X N, M x n and M x N rectangular matrix,
respectively. Then
T12B'T» T12B'T» T Ju
Pf(B)~'Pf (TzzB’le A+ T»B'Ty T21Jn>

—J,'T11 —Jn'Tr1 Oy
Op, Om,.m TioJy TnJy
_pf OM,m A Ty o1 Jn
| -T2 —INT2 g IN'BIN Ong
_JntTll _JntT21 On,N On
Iu'AIvy Omm  IuT1 JuTrn

~TJu —Tidm Oy Oln,NA
_tT22JM _tTIZJm ON,n pf(B)B

Proof. The first identity follows from the following matrix identity:

Om Om.m T2 JN T11Jy
Om.n A TnJn_ o1 Jn
—IN'Tiz —=IN'Tn g /N BIv Onn
_Jn tTll _Jn lTZl On,N On
Em Om,M Om,N Om,n
OM,m EM OM,N OM,n

JNB'Ti» JyB'T, En  Onp
On.m On,M On,N En
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Ti2B'Ti;  TiaB'Txn TiaJn T11Jn

| T2B'T; A+ TnB'Txn [Ty T

| Owmm ON pt(B) INBIy Onn |’
—Ju T —Jn T2 On.N On

which follows from (9). By taking the determinants of both sides of this equation and using
Pf(Jy 'BJy) = Pf(B) = Pf(B)~! from (12), one obtains

T2 B'T» Ti12B'T» T Jn
Pf | TB'Tiy A+ TnB'Tn Tl

_JntTll _JntTZI On
Om Om,M TIZJN Tll-’n
Om,m A T22JN 121y
= +Pf(B)Pf ;
B _jyiTi, Ty Pf(B) IN'BIy  Onn
—I'Tii —Ju'To Ou,N O,

Let f(A, B, T11, Tha, Ta1, Ta2) (resp. g(A, B, T11, Tha, 121, T22)) denote the left-hand side

(resp. the right-hand side) of this equation. Then we have (f — g)(f + g) = O in the
polynomial ring of the entries of A, B, T11, T12, T>1, T»>. Comparing the coefficients of
the entries of A, we conclude that f 4+ g # 0, which implies f = g. This shows that the
signature does not depend on A, B and T;;. The other identity is proved similarly. [

We restate Theorem 1 of [8] in the following form:

Theorem 3.2. Let m and N = 2N’ be even integers such that m<N. Let
T = (tik)1<i<m1<k<n be an m x N rectangular matrlx Let A = (ajj)1<i,j<N be
a non-singular skew-symmetric matrix of size N and let A denote its copfaffian matrix.
Then

Z Pf(A}) det(T;) = Pf(Q)
1e('N)

o TJN 0 InT
= Pf(A)Pf " -~ = Pf(A)Pf " "~). a8

Here Q = (Q;j) = TA'T, and its entries are given by

Qij= Y. awdet(T) (<i,j<m). (19)
1<k<I<N

The first identity, i.e. Y Pf (Af) det(T;) = Pf(Q), holds even if N is not even. When m
is odd, we can immediately derive a similar formula from the case where m is even. So
we only treat even cases in this paper. If we take m = N = 2r and A = K,, in (18),
then det(T) = Pf(K,,) det(T) = Pf(T K,,'T). This means that every determinant of even
degree can be represented by a Pfaffian of the same degree.

When m and N are even integers such that 0 <m < N, and X and Y are m by N rectangular
matrices, taking A = ‘XK, X and T = Y in Theorem 3.2, we obtain the following corollary,
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which is the so-called Cauchy—Binet formula. For another proof that use Theorem 3.2 also,
see [7].

Corollary 3.3. Assume m<N, and let X = (xij)i<i<mi<j<n and Y =
Yij)1<i<m,1<j<nN beanym x N matrices. Let A = (a;j)1<i<N,1<j<N beany N x N
matrix. Then

> det(Xg)det(Yk) = det (X'Y). (20)

ke()
Especially, using (20) twice, we obtain the following general version:

> det(A))det(X;) det(Y)) = det (XA'Y). 1)

I,Je(“f)

The following theorem gives a minor summation formula, in which the index set /
of a minor in the sum always includes some fixed column index set, say {1,2,...,n}.
(see [8,31].)

Theorem 3.4. Let m, n and N be positive integers such that m — n and N are even and
0<m —n<N.Let A= (ajj)1<i,j<nN be anon-singular skew-symmetric matrix of size N.
Let T = (tij)1<i<m,1<j<n+N be an m by (n + N) rectangular matrix. Write the sets of
column indices as R° = {1,....,n}and R={n+1,...,n+ N}. Then

Z Pf(A}) det(Tgoy,) = Pf Qt TgoJn
—Jn'Tgo On
Ie(lﬂfn)
Om TrJn TgoJn
= Pf(A)Pf _JNITR szA) JNtZJN ON’n ’ (22)
_JI‘LZTRO OH,N On

where Q is the m x m skew-symmetric matrix defined by Q = Tr ATy, i.e.,

Qij= Y. awdet(T) (1<i,j<m). (23)
1<k<I<N

We shall later restate this theorem (and a proof) as Theorem 4.4 in a combinatorial description
using lattice paths quite naturally.
The following theorem shows a minor summation formula for both the rows and columns.

Theorem 3.5. Let M and N be even integers such that M<N. Let T =
TG 1<i<MI<j<N be any M x N rectangular matrix, and let A = (@ii<ij<m
(resp. B = (bij)i<i,j<n) be a non-singular skew-symmetric matrix of size M
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(resp. size N). Then
[M/2]

Z Z Z Pf(ADPF(BY) det(T}) = Pf(A)PF [mA +z Q]
() o) “

i B — TJ
— Pf [JM ;” M %} - Pf(A)Pf(B)Pf[ PI(4) SN }
—JIM

1 ~
—ZJNIT WJNtB JN

J,'AL, zJ,T
:Pf(A)Pf(B)Pf[Pf(A) n §}, (24)

' 1
TJy PI(B)

where Q = T B'T and | x | denotes the greatest integer that does not exceed x.

‘We also have the

Corollary 3.6. Let M and N be non-negative integers such that M <N. Let T = (t;;) be
an M x N rectangular matrix. Let B =

(N +1).

L. If M is odd and A = (a;j)o<i,j<m is a non-singular skew-symmetric matrix of size
(M + 1), then

LM/2)
Do YT > PRADPE(BY) det(T))
r=0 16(1%1) ‘IE<[2A£J)
L(M=1)/2]
2r+1 {oyur {O)urs I
+ )z D D PhAguPR(Bg;) det(T))

[M] [N]
I€<2r+l) Je(er)

(bij)o<i,j<nN be a skew-symmetric matrix of size

1
= Pf(A)Pf 5
(4) (Pf(A) —i—Q) )
where Q = (Qij)o<i,j<m Is given by
0 ifi=j=0,
ZZlgng bokt jk ifi=0and 1<j<M,
Qij = Z D 1 <k<n brotjk if j=0and 1<i<M, (26)

22 Zl<k<l<N bkldet(Tkll]) if1<i, j<M.

2. If M is evenand A =
(M + 2), then
[M/2]

. D ) PRADPE(BY) det(T))
r=0 IG( )Je( )

L((M-1)/2]
+ > 23T 3T PRARUPI(Bly) det(T))

I€<2r+l) Je(2r+l)

(@ij)o<i,j<M+1 is a non-singular skew-symmetric matrix of size
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1 ~
=Pf(A)Pf [ ——A , 27
w (Pf(A) +Q> @
where Q = (Qij)o<i,j<M+1 is given by
0 ifi=j=0,
ZZlgngbOktjk ifi=0and 1<j<M,
22 i<k<i<nN bui det(T,]) if 1<i, j<M,
0 ifi=M+1lorj=M+1.

Theorem 3.7. Let m, n, M and N be non-negative integers such that M, N and m — n
are even. We put RO = {1,...,m}, SO = {1,....n}, R={m+1,...,m + M} and
S={n+1,....,n+N}. Let T = (t;j)1<i <m+M,1<j<ntN be any (m + M) by (n + N)
rectangular matrix,and let A = (a;j)1<i, j<m (resp. B = (bjj)1<i,j < n) be anon-singular
skew-symmetric matrix of size M (resp. size N). Then

Oy
> &> > PRHADPE(BY)) det(TH)
ko en 0 1e(,R,) ue(,2,)

Onm Ot a8y Tk,

Om A TR TR

= Pf(A)Pf(B)Pf A R ST 9)

—zJN TS —zJN TS WJN BJn ON.

~2' T8 20,78 On.n On

Corollary 3.8. Let m, n, M and N be non-negative integers such that m — n is even and

M<N.Weput RO = {1,....m}, S° = {1,....,n}, R = {m+1,...,m + M} and

S={n+1,....n+N}. Let T = (t;j)1<i <m+M,1<j <n+N be any (m + M) by (n + N)

rectangular matrix and let B = (b;ij)1<i,j<n+1 be any skew-symmetric matrix of size

(N +1).

1. If M is odd and A = (a;j)1<i,j < M+1 1s a non-singular skew-symmetric matrix of size
(M + 1), then

r I J ROWI
> &> > PRADPE(BY) det(Th )
(m,n) <r < min(m+M,n+N) y
e mrn—ma;(m,rlr;l)ni;neven " Ie(rfm) JE(,E,,)
+ > DD
max(m,n) <r < min(m+M,n+N) R s
mr’:marx(m,n) irsnodd ! Ié(r_m) Je(,_n)

TW{M+1} JY{N+1} ROWI
<Pr (Apii ) Pr(BoV L) det (T8
0
Qll Q12 ZT;S Jn
-~ —R
=PfAPf| —1017  imA+0% Tl |, (30)

R
T8 20, T O,
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where Q11=(Q;,1)1<i,j<m, Q12=(Q,~1j2)1<i<m,1<j<M+1, Q22=(Q,~2j2)1<i,j<M+1
is given by

0/l =22 Y budeu(T},,.) forl<i j<m,

1<k<I<N
i, j+ . . .
02— 2 Y cka<n bu de;(T,jjka) if1<i<mand 1< j<M,
H 22 1<ken v Ty ifl<i<mand j =M+ 1,

2 m—+i,m+j . ..
2 i<k <n badet(T, 00" fl<i,j<M,

02 = |2 Xi<ken b T if1<i<Mand j =M + 1,

ij . - .
121<k<1v bN+1,kT,,”_:__]tJ fi=M+1land 1<j<M,
0 ifi=j=M+1

—R . .. Lo
and T go is the (M + 1) by n matrix in which its first M rows are the same as TS}S and
the entries of its bottom row are all zero.

2. If M is even and A = (a;j)1<i,j < M+2 IS a non-singular skew-symmetric matrix of size
(M + 2), then

r I J ROWI
3 Y. ) PRADPE(BY) det(Tg5,5)
(m,n) <r < min(m+M,n+N)
e mrn—ma:((m,mnl)ni.’;levenn I€<rfm> ‘]E(rfn)
+ 2 DI
max(m,n) <r < min(m+M,m+N) R N
" f—me:x(m,n) zr:L vddm Ie(r—m) Je(r—n)

1W{M~+2} JW{N+1} ROWI
<Pf (Lo ]) P (BYSiv L] ) det(mie))

SOwg
Qll Q12 ZT_S{S)OJH
=Pf(APf | —'02 A+ 0% T, |, 31)
0
—2 TR =T On

where Q11=(Q,'1j1)1<i,j<m, Q12=(Q,-1j2)1<i<m,1<j<1w+2, Q22=(Q,-2j2)]<i,j<M+2
is given by

Qiljl = 22 Z b det(Tr;{i-k,n+l) Sfor 1<i, j<m,

1<k<I<N
s i ckaron b detT L ) if 1<i<mand 1< j< M,

Qijz 0 . ifl1<i<mand j =M+ 1,

ZZlgng be.N+1T, if1<i<mand j =M+ 2,
+i,m+j . ..

22 Zl§k<l§N by det(Tnﬁkl)nnilj) if 1<i, j<M,

0 =1+ Yi<ken ben T fl1sisMand j =M +2,
Z Y cken vk Ty ifi=M+2and 1<j<M,
0

otherwise
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and T* ?0 is the (M + 2) by n matrix in which its first M rows are the same as TS’S and
the entries of the last two rows are all zero.

4. Proofs by lattice paths

In this section we give combinatorial proofs of the summation formulas of Pfaffians,
i.e., Theorems 3.2, 3.4, 3.5, which are stated in Section 3. Okada [26] gave this type of the
formula related to a certain plane partition enumeration problem, but his formula was a very
special case, thatis, A = Sy, of ours. In Stembridge [31] gave a lattice path interpretation of
this special summation formula, and gave proofs from this point of view. We follow his line
in part and actually give a lattice path interpretation of our formulas and proofs from this
viewpoint. However, it is important to notice here that the Pfaffian analogue of the Lewis
Carroll formula (Theorem 2.6) makes it possible to explain the story clearly. Thus, in this
section, we provide an improved and a much simplified version of Stembridge’s proof. We
may say our proofs are closer to Gessel—Viennot’s original proofs in [4] than those given
in [31]. We note that Stembrige’s proof [31] can be also generalized almost parallelly to
proving Theorems 3.2, 3.4, 3.5, but we do not develop the proofs in this direction.

Now we review the basic terminology of lattice paths and fix notation. We follow the
basic terminology in [4,31]. Let D = (V, E) be an acyclic digraph without multiple edges.
Further we assume that there are only finitely many directed paths between any two vertices.
If u and v are any pair of vertices in D, let P(u, v) denote the set of all directed paths from u

to vin D. Fix a positive integer n. An n-vertex is an n-tuplev = (v1, ..., v,) of n vertices of
D. Given any pair of n-verticesu = (uy, ..., u,) andv = (vy, ..., vy), an n-path from u to
visann-tuple P = (Py, ..., P,) of npaths such that P; € P(u;, v;). Let P(u, v) denote the

set of all n-paths from u to v. Two directed paths P and Q will be said to be non-intersecting
if they share no common vertex. An n-path P is said to be non-intersecting if P; and P; are
non-intersecting for any i # j. Let P°(u, v) denote the subset of P (u, v) which consists of
all non-intersecting n-paths.

We assign a commutative indeterminate x, to each edge e of D and call it the weight of
the edge. Set the weight of a path P to be the product of the weights of its edges and denote
it by wt(P). If u and v are any pair of vertices in D, define

h(u, v) = Z wt(P).
PeP(u,v)

The weight of an n-path is defined to be the product of the weights of its components.
The sum of the weights of n-paths in P(u, v) (resp. POu, v)) is denoted by F(u,v) (resp.
Fo(u,v)).

Definition 4.1. If u = (uy,...,u,) andv = (vy, ..., v,) are n-vertices of D, then u is
said to be D-compatible with v if every path P € P(u;, v;) intersects with every path
O € P(uj, vr) whenever i < jand k < [.

The following famous lemma is from [4]. We recall its proof here again to make not only
this paper self-contained but also the subsequent discussion smooth.
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Lemma 4.2 (Lindstrom—Gessel-Viennot). Letu = (uy, ..., u,) andv = (vy, ..., v,) be
two n-vertices in an acyclic digraph D. Then
Z sgn FO(u“,v) =det[h(ui,vj)]1<i,j<,,. (32)
neS,
Here, for any permutation n € S, let u™ denote (un(1), . .., Unmn)). In particular, if u is

D-compatible with v, then

FO(u,v) = detlh(ui, v)li<i.j<n- (33)

Proof. From the definition of determinants we have

detlh(ui, v)li<ij<n = Y sgUmAu1, ve)h(a, va@) - by, Vo). (34)

neS,
For € S, let P(u, v™) denote the set of all the n-paths P = { Py, ..., P,} such that each
path P; connects u; with vy fori =1, ..., n. Let PO(u, v™) denote the subset of P (u, v™)

which consists of all non-intersecting paths P € P (u, v"). Let us define sets IT and IT° of
configurations by

I1= {(n,P) neS,and P € P(u,v”))},
n° = {(n,P) neS,and P € Po(u,vn)}.

Then the right-hand side of (34) is the generating function of configurations (n, P) € II
with the weight wt(n, P) = sgn(m)wt(P). Now we describe an involution on the set IT\ I
which reverse the sign of the associated weight. First fix an arbitrary total order on V. Let
C = (n,P) € IT\ IT°. Among all vertices that occurs as intersecting points, let v denote
the least vertex with respect to the fixed order. Among paths that pass through v, assume
that P; and P; are the two whose indices i and j are smallest. Let P; (— v) (resp. P; (v —))
denote the sub-path of P; from u; to v (resp. from v to vg(;)). Set C’ = (', P’) to be the
configuration in which P = Py fork # i, j,

P/ = Pi(— v)Pj(v —), P}=Pj(_> v)Pi(v —)

and 7’ = 7o (i, j). It is easy to see that C’ € IT and wt(C") = —wt(C). Thus C — C’
defines a sign reversing involution and, by this involution, one may cancel all of the terms
{wt(C) : C € I1\ 1°} and only the terms {wt(C) : C € I1°} remains. Since FOu™, v) =
Fou, ! ), we obtain the resulting identity. In particular, if u is D-compatible with v, the
configurations C € TI° occur only when 7 = id, and are counted with the weight wt(P).
This proves the lemma. [J

Let n be an even integer and let v = (vy, .. ., v,) be an n-vertex. We write
f(v) = {(Uo'lv Uo'zy ey UG,,_U UO',,) 0= (0-17 02’ ) O-I’l*lv an) € ]:)’L}

and call it the set of perfect matchings of v.
LetS = {v; < --- < vy} beafinite totally ordered subset of V. We assume a commutative
indeterminate a,,,; is assigned to each pair (v;, v;) (i < j) of vertices in S. We write the
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assembly of the indeterminates as A = (dy,v;)i<;. This upper triangular array uniquely
defines a skew-symmetric matrix of size N, and we use the same symbol A to express this

skew-symmetric matrix. Suppose m is even and u = (uy, ..., u,,) is an m-vertex. If I =
{viy, ... v, )< € (,fl) is an m-element subset of S, then we write Af for (avl.k Uik)l k<l <m-
Ifu= (uy,...,uy) is an m-vertex and v = (vy, ..., v,) (resp. S = {vy,...,v,}<) is an

n-vertex (resp. an n-element totally ordered subset of V), then let H (u, v) (resp. H (u, S))
denote the m x n matrix (h(u,-, vj))l <i<v1<j<n We consider the generating function of
the set of non-intersecting m-paths from u to S weighted by subpfaffians of A:

Q. S; A)= Y PIADF'@, D).
re(3)

The following theorem express this generating function by a Pfaffian, and is interpreted as
a lattice path version of Theorem 3.2.

Theorem 4.3. Let m and N be even integers such that O<m < N. Letu = (uy, ..., uy) be
an m-vertex and S = {V; < --- < Vy} be a totally ordered set of vertices in an acyclic
digraph D. Let A = (ay;, v; )1<i<j <N bean skew-symmetric matrix with rows and columns

indexed by S, and let A denote its copfaffian matrix. Then we have

> Pr(AD Y senn FOw™, 1)

[E(s) neS,

m

0 H(u, S)Jy
= Pf(A)Pf “ =N ). 35
@ <—JNfH(u,S) Png)JNfAJN> G2

In particular, if u is D-compatible with S, then

> PEADF @™, 1) = Pf(A)Pf ( (36)

<)

Proof. Let ay,y; denote the (i, j)-copfaffian of A (i.e. A= (@v,v,)) and put ay,y;, =

Om H(u, S)Jy )
—IN'H@,S) i IN'AIN)

%5‘4 v; for 1<i, j < N. Since multiplying Jy from right reverse the order of columns
of H(u, S), we have

—IN'H@,S) g In'ATN

:ngn‘c 1_[ h(ui, V;) 1_[ A
T

(u;i,Viy)et Vi, Vet

summed over all perfect matchings t on (uq, ..., Uy, Vy, ..., V1) in which there are no
edges connecting any two vertices of u. For an example of such a perfect matching, see
Fig. 2. We may interpret this Pfaffian as the generating function for all (m + 1)-tuples C =
(t, P, ..., Py) such that P; € P(u;, V;) if there is an edge (u;, V;) € t. This implies that
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uy ) Ve Vs Vy V3 Vs Vi

Fig. 2. Proof of Theorem 4.3.

each vertex, say u;, in u is always connected to a vertex, say V;, in S, and remaining (N —n)
vertices of S are connected each other by edges which we write (Vi, Vi) € 1. The weight
assigned to C = (t, Py, ..., Py) shall be sgnt (H(Vk,v,)er Otvkvl) w(Py) - w(Py). Let
2 denote the set of configurations C = (z, Py, ..., Py) satisfying the above condition, and
let X0 denote the subset consisting of all configurations C = (t, Py, ..., Py) such that
(P1, ..., Py) is non-intersecting. We will show that there is a sign-reversing involution on
2\ EO, i.e. the set of the configurations C = (t, Py, ..., Py,) with at least one pair of
intersecting paths. Our proof here is essentially the same as that in Lemma 4.2. To describe
the involution, first choose a fixed total order of the vertices, and consider an arbitrary
configuration C = (7, Py, ..., P,) € \ >0, Among all vertices that occurs as intersecting
points, let v denote the vertex which precedes all other points of intersections with respect
to the fixed order. Among paths that pass through v, assume that P; and P; are the two
whose indices i and j are smallest. We define C" = (7', P{, ..., P,)) to be the configuration
where P| = Py fork # i, j,

P/ = Pi(— V) Pj(v —), PJ/- = Pj(—= v)Pi(v—)

and, if (u;, Vi) and (u;, V)) are the edges of 7, then (u;, V}) and (u;, Vi) are in 7" and
all the other edges of 7’ are the same as 7. Note that the multi-sets of edges appearing in
(P1,..., Py)and (P{,..., P)) are identical, which means wt(C’) = —wt(C). Since this
involution changes the sign of the associated weight, one may cancel all of the terms appear-
ingin X\ ZO, aside from those with non-intersecting paths. For C = (t, Py, ..., Py) € ZO,
let 7 denote the set of vertices of S connected to a vertex in u, and let 7 denote the com-
plementary set of /in S. Put I = {V;,, ..., V; }-, then we can find a unique permutation
7 € Sy, such that each u ) is connected to V;, in t fork = 1, ..., m. The remaining edges
in 7 which does not contribute to this permutation perform a perfect matching on I which
we denote by ¢. The sgn 7 is equal to (—1)*/~Dsgn msgn o, where s(I, T) denote the shuffle
number to merge / with I into S. Thus, if we put m = 2m’ and N = 2N’ for non-negative
integers m’ and N’, the sum of weights is equal to

Z (_1)5(1,7)
I

where I runs over all subsets of S of cardinality m. Theorem 2.6 implies

Z sgnn FOu™, I)Wpf (A?) ’

nesS,

Pt (Z;) = ()TN =m'pp( g)N'=m'=1pg( A1y
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Since IUT = S, we have |I| + || = (N;rl) = N’ (mod 2). Meanwhile, it is easy to see
(=D = (—1)ITI=m" This immediately implies (35). This completes the proof. [

In fact Theorem 4.3 is equivalent to Theorem 3.2. In [8] we gave an algebraic proof
of Theorem 3.2 using the exterior algebra. One clearly sees that Theorem 4.3 is an easy
consequence of Theorem 3.2 and Lemma 4.2. Here we give a proof that derives Theorem 3.2
from Theorem 4.3. Similarly one can derive Theorem 3.4 from Theorem 4.4, and also
Theorem 3.5 from Theorem 4.5, but we will not give the details here and leave it to the
reader.

Proof of Theorem 3.2. First we define a digraph D with vertex set Z2 and edges directed
from u to v whenever v — u = (1,0) or (0, 1). For u = (i, j), we assign the weight x;
(resp. 1) to the edge with v — u = (1, 0) (resp. (0, 1)). If u = (i, 1) and v = (j, r), then
lim,_, oo h(u, v) = hj_;(x)is well-known as the complete symmetric function, whichis de-
fined by Zk>0 he(0)tk = Il >1 # (see [24,30]). Thus, if we fix constants (11, ..., 4y)
and (yq, ..., i,) which satisty 4; < --- < 4, and y; < --- < u,,, and take the vertices
ui = (4, 1) and v; = (;,r) fori =1, ..., m, then, u and v are D-compatible, and from
Lemma 4.2, we deduce

. 0 _ )
lim F'(u,v) = det (h,l_/._ﬁ,- (x))lgi,jgm'

r—0o0

Let N be a positive integer such that N >m >0and A = (a;;) be an N x N skew-symmetric
matrix. We letu = (uq, ..., uy) withu; = (Ni,1)fori =1---mand S = {v, ..., vy}
withv; = (j + Nm,r) for j = 1--- N. Then, from Theorem 4.3 and by taking the limit
r — 00, we obtain

Y. PRADdet (hijpnen-n @), <o, = PE(Q),
I={iy<-<im}<[N]

where Q = (Q;j)1<i,j<m 1 given by

Qij = Z ak

1<k<I<N

Ry N—iy (X)) hieN@—i) (X)
hiyN—j) (X)) hipNp—j)(X)

We use the fact that the A, - - -, hy,;, are algebraically independent over @ (See [24]). Thus
we can replace each Ay yn—;) with any commutative indeterminate #;;, and we obtain
Theorem 3.2. [

We next consider the lattice path version of Theorem 3.4. Let m, n and N be positive
integers such that m — n is even and 0<m — n < N. Suppose that S = {v; < --- < v,}
is a fixed ordered list of vertices, and let S = {V} < --- < Vy} be a totally ordered set
disjoint with SO, For a subset I of S let SO W I denote the union of S° and I, ordered so that
each v; precedes each w € I. Let A = (ay, V_,-) 1<i,j <~ be a skew-symmetric matrix with
rows and columns indexed by the totally ordered set S as before. We will obtain a formula
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of the generating function weighted by subpfaffians of A as follows:

Q:; $°,8:4)= > PIADF'@, S"w).

N
Ie(mfn)

Theorem 4.4. Let m, n and N be positive integers such that m — n and N are even integers
and 0<m —n<N.Letu = (ujy, ..., uy) be an m-vertex and S° = fvi <---<v,}bean
n-vertex in an acyclic digraph D. Let S = {V| < --- < Vn} be a finite totally ordered set
of vertices which is disjoint with So. Let A = (ay, V_,-) be an N x N skew-symmetric matrix
with rows and columns indexed by S. Then

> PRAD Y sennFOw™, SPw )

s TEeS;,
16(171771)
O H(: S)Jy  Hw; S%)J,
—PFAPF | —IN'H@;S) g IN'AIy Ona |, (37)
—Ju" H (u; 5°) On,N On

where
Hw; 8% = (h(ui, v)))
Hu; S) = (h(ui, Vj))

1<i<m1<j<n’

1<i<m,I<j<N"
In particular, if u is D-compatible with 1° W S, then we have

> PHADF . "W 1)

1e(m§n)

Om H@w; $)Jy  H(u; S°)J,
= Pf(APf | —IN'H@; S) prpIn'Aly Ony | (38)
—J, "H (u; $°) On N O

Proof. Let ay,y, denote the (k, /)-copfaffain of A, and put ay,y, = %Zl\vkw as before.
We have

Om H(@; S)Jy  H(u; S J,
Pf| —IN'H@:S) gy In'AJy Ona
—Ju'H (u; $%) On.N Oy
=> sent [| h@.vp) [ ovv, ] h@.vp (39)
T (Ll,',Vj)E‘L’ (V,',Vj)ET (u,‘,Vj)E‘E
summed over all perfect matchings t of (u1, ..., um, VN, ..., Vi, Uy, ..., v1) in which

there are no edges connecting any two vertices of #, and each vertex in S° must be connected
to a vertex in u. An example of such a perfect matching is given below. This may be
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wy uy uy uy Vo Vs Vy V3V, Viov, vy

Fig. 3. Proof of Theorem 4.4.

interpreted as the generating function for all (m 4 1)-tuples C = (1, Py, ..., Py) such that
P; € P(u;, vj) if there is an edge (u;,v;) € 7, and P; € P(u;, V;) if there is an edge
(u;, Vj) € 1. The weight assigned to C = (z, Py, ..., P,) shall be sgnt H(Vk,\/])e: AT
w(Py) - - w(Py). We claim that the sign-reversing involution used in the previous proofs
can be applied to this situation as well. In fact, quite the same arguments show that one may
cancel all of the terms appearing in (39), aside from those with non-intersecting paths. In t
associated with these configuration C = (t, Py, ..., Py),eachvi (k =1, ..., n)is always
connected to a vertex in u. This means that exactly n vertices of u are connected to vertices
in S°, and the remaining (m — n) vertices are connected to certain vertices in S. Let / denote
the set of vertices in S connected to vertices in u, and let I denote its complementary set in S.
Note that 8/ = (m—n) and I = (N —m+n).Let S°WT denote the juxtaposition of vertices
from 7° and I arranged in this order, and, if we put I® W I = (uy, ..., uy) then there is a
unique permutation © € S, such that each u ) is connected to uZ fork =1, ,m. The
remaining edges of © whose both endpoints are included 1 define a unique perfect matchlng
on 1. In this situation sgn 7 is equal to s(I T)sgn msgn o. Thus, if we put m —n = 2m’ and
N = 2N’ for non-negative integers m’ and N’, then the sum of weights is equal to

S (=1 FDsgna FOw™, 10w 1)
1

1 -
—_Pf(AL ,
iy PIAD

where I runs over all subsets of S of cardinality (m — n). From Theorem 2.6 we have

Pf (A?) = (—1)/THN=m' (pg g)N'=m'=1pg gL,

Since IUT = S, we have |I| + |I| = <N+l) = N’ (mod 2). Meanwhile, it is easy to see

(—1)*@D = (—1)l/I=m"_ This immediately implies (37). Lastly, if u is D-compatible with
1% & S, then there is no non-intersecting path unless = = id, which immediately implies
(38). This completes the proof (Fig. 3). U

Now we show the following theorem for proving Theorem 3.5. For the purpose we
consider a more general problem concerning with non-intersecting paths in which both
starting points and end points vary.

Theorem 4.5. Let M and N be even integers. Let R = {u; < --- <uy}and S = {v; <
- < vN} be totally ordered subsets of vertices in an acyclic digraph D. Let A = (ay,u;)
(resp. B = (byyv;)) be a non-singular skew-symmetric matrix with rows and columns
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Fig. 4. Proof of Theorem 4.5.

indexed) by the vertices of R (resp. S). Then

Yo ) > PRADPEBY) Y senn FOUI™, )

Ogrgrr;?:lfM,N) 16(5) JE(E) nesS,
o~
s A H(R,S)J
_ Pf(A)Pf(B)Pf< PTCA) o ( tl N ) (40)
—ZJN H(R,S) WJNBJN
In particular, if R is D-compatible with S, then
Yoo )] DD PRADPIB)FOUL )
VS () (s
o~
s A H(R,S)J
:Pf(A)Pf(B)Pf( P “ ( tl N ) 41)
—ZJN H(R,S) WJNBJN

Proof. Let a,,, ; (resp. Ev,-u ;) denote the (i, j)-copfaffain of A (resp. B). Put o, =
1~ [ '
rca) duu; And B = 5z bygv; - Then, we have

PN
—zJN'H(R, S) %JMBJN
= Z sgnt H L 1_[ zh(u;, vj) 1_[ ﬁv,-vj
T (ui,uj)et (ui,vj)et (vi,vj)et
summed over all perfect matchings = on (uy, ..., upy, vy, ..., v1). An example of such
a perfect matching is Fig. 4. As before we may interpret this Pfaffian as the generating
function for all (r + 1)-tuples C = (1, Py, ..., P-) which satisfies (i) r is an even integer
such that 0<{r < min(M, N), (ii) there are exactly r edges whose one endpoint is in R and
the other endpoint is S, and (iii) 7 is a perfect matching on (uy, ..., up, vy, ..., v1) such

that P; € P(u;, v;) if and only if there is an edge (u;, vj) € t. The weight assigned to
C=(,P,..., P)shall be

sgntz’ 1_[ Ly W(PL) - w(Pr) ]_[ By, -

(uj,uj)et (vi,vj)et

The same argument as in the proof of Theorem 4.3 shows us that we can define a sign-
reversing involution on the set of the configurations C = (t, Py, ..., P,) with at least one
pair of intersecting paths, and this involution cancels all the terms involving intersecting
configurations of paths. Thus we need to sum over only non-intersecting configurations.
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Given a perfect matching ton (u1, ..., upy, vy, ..., v1) such that there are exactly r edges
connecting a vertex in R and a vertex in S. Let I (resp. J) denote the subset of R (resp. S)
which is composed of such endpoints of 7. Thus #/ = fJ = r, and r must be even. Let T
(resp. J) denote the complementary set of / (resp. J) in R (resp. S). Put I = {u;, ..., u; }<
and J = {vj,, ..., v}, }<, then there is a unique permutation n such that Uiney is connected
tovj intforv=1,....,r.If weput M =2M’, N = 2N’ and r = 2r’, then the sum of
weights becomes

Z Z Z( s D+s(1.7) Z sennz FOUI™, J) ———— Pf(A)M’

r=0 ICR JCS nesS,
r=2r" fl=r tJ=r

Pf(AL) —Pf(BY).
XPIAD oy PIBY)
By(lz)wehavepf(@) — (—1)|7|_M/+F/Pf(A)M/_’/_1Pf(Af)ande(Z?g) = (=M I=N'+
Pf(B)N"’/‘le(Bj ). Further it is easy to see that s(I, 1) = |I| — v’ (mod 2) and s(J, J)

|J| — ' (mod?2). Since /UT = Rand JUJ = S, we have |I| + |I| = (Mg'l)

= M’ (mod2) and |J| + |[J| = (N ;‘ l) = N’ (mod?2). These identities immediately
implies (40). O

In the following theorem we assume D-compatibility of two regions to make our notation
simple, but a more general theorem is also possible to establish.

Theorem 4.6. Let m, n, M and N be non-negative integers such that M = N =
m —n = 0 (mod?2). Let RO = Uy, ..., uy) (resp. SO = (vy,...,v,)) be an m-vertex
(resp. an n-vertex) in an acyclic digraph D. Let R = {U; < --- < Upy} (resp. S =
(Vi < -+ < V) be totally ordered subsets of vertices in D which is disjoint with R (resp.
SO, Assume thatr ROW R is D-compatible with SOWS. Ler A = (ay, Uj) (resp. B = (by, Vj))
be a skew-symmetric matrix with rows and columns indexed by the vertices of R (resp. S).
Then

Z 7 Z Z Pf(ADPE(BIFO(R w1, S w )
O o e 1e(R) ve(,5,)
= Pf(A)Pf(B)Pf
Om Omm_ zHR,$)Jy zH(R, S°)J,
OM.m A cH(R:S)Iy  zH(R: SO,
—zJN'H(RY,S) —JnZH(R; S) ﬁ]N’BJN ON .
—zJ)'H(R?, 8°)  —J,"zH(R; S On.N O
(42)

Proof. Without loss of generality we may assume that m >n. Let a av,u; (resp. bv, V/)
denote the (i, j)-copfaffain of A (resp. B). Put oy, U = Pf(A)aU of and ﬁvv = Pf(B)bVV
Further we put ROW R = (uy, oo iy, Uy, ..., Uy) = (ul, erM) and
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SOy S = Wi, oo v, Vi, V) = (), v:+N) for convenience. Then we have
Om O zH(R®, $)Jy zH (R, $%)J,
OM.m Pf(A)A zH(R' S$)Jy  zH(R; $%J,
—zJN'H(R®, S)  —zJN'H(R;S) Pf( 55 IN'BJy ON.»
—zJ,'H(R?, 8% —zJ,'H(R; S%) On.N O,

=ngnr 1—[ ay, U, H By, v, 1_[ zh(ui, vf) (43)

T Ui, Upert Ve, Vet (uy,vf)et

Pf

summed over all perfect matching on (u7, ..., uj, M vy AN v}). We can interpret this
Pfaffian as the generating function for all ( + 1)-tuples C = (z, P1, ..., P;) which satisfies
(1) ris an integer such that m <r < min(m+ M, n+ N) and r = m (mod 2), (ii) 7 is a perfect
matching on (4, ..., up 4 Unyys - V7)) = Wi, oo i, Ury oo, U, Vi, oo VI
Un, ..., v1) suchthat P; € P(u, v)') if and only if there is an edge (u}, v/") € T whichis con-
necting a vertex in ROW R and a vertex in S°w . (iii) each vertex in R must be connected to
avertex in SO S, (iv) each vertex in S° must be connected to a vertex in R°W R, (v) and there
are exactly r edges connecting a vertex in R% R with a vertex in S°w S. The weight assigned
to C = (1, Py,..., Pp) shall be sgntz" [Ty, vper “vivr v vyer By WEP -+
wt(P,). It is easy to see that the sign-reversing involution used in the previous proofs is
applicable exactly as before, and we may cancel all the terms appearing in (43), aside
from those with non-intersecting paths. Thus we only need to consider configurations
C = (z, Py, ..., P-) with non-intersecting paths. From the assumption that RO W R is
D-compatible with SOw s, (a) each v;, i = 1,...,n, must be connected to u; in 7 and
P; € P(u;, v;), (b) there are r —m vertices I = {U;,, ..., Ui, }1<ij<-<i,_, <M INRand
r—nvertices J = {V;,..., V;_ h<ji<-<j_,<nsuchthateachuy, k =n+1,...,m,is
connectedto V;,_, intand Py € P(uk, Vi._,)andeach U,k =1, ...,r —m,is connected
to Vi, intand Piyy € P(Uy, Vj,,._,), (d) and the remaining (m + M —r) vertices in
R are connected each other in 7 and the remaining (n + N — r) vertices in S are connected
each other in 7. We set I (resp. J) to be the complementary set of I (resp. J) in R (resp. ).
If weput M =2M', N = 2N',m —n = 2l and r — m = 2r’ for non-negative integers
M’, N', I’ and r/, then the sum of the weights becomes

min(M’,N’'—1")

s T 1
_ 1y, D+s(J,T)

2;) Z Z ( l)s ’ Pf(A)M’—r Pf(B)N’—r —

r'= Ie( ) Je(2<r +l’))

fo(Z;)Pf(Bj)FO(RO Wi, S0wJ).

By (12) we have PF(AD) = (=D)/TI=M+'pra)M'=r'~1pf(al) and PF(BY) =
(=) I=N"H'+r'pp(g)N'='~r'~Ipf(BY). Further it is easy to see that s(/, 1) = |I| —
(mod2)and s(J,J) = |J| =1 —r' (mod?2) Since I Ul = Rand J U J = S, we have
1417 = (Mz“) = M’ (mod2) and |J| +[J] = (N“) = N’ (mod 2). These identities
immediately imply (40). O
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5. Kawanaka’s g-Littlewood formula

Kawanaka [15] (also see [5]) gave a certain g-series identity which is a generalization of
the classical Schur-Littlewood identity (see [29]):

1 1
;S)'(X)zll_,[ 1—x; ll:! l—xixj’

where the sum runs over all partitions 4. The Schur functions are well-known symmetric
functions. The reader should consult [24,30] to see the detailed explanations of the sym-
metric functions. Here we only use a well-known determinant expression for the Schur
functions. We use the notation in Macdonald’s book [24]. For example, a partition is a
non-increasing sequence of non-negative integers A = (11, 4, ...) with finite non-zero
parts. The number of non-zero parts are called the length and denoted by £(1). We assume
the number of the variables is finite, say n, and x = (x1, ..., x,). Then the Schur function
corresponding to a partition 4 is defined to be

Ajn—j

s)(x) = mdet(

Here A(x) =[], j (x; — x;). In the following discussions we identify a partition with

its Ferrers graph. Given a partition 4, the hook-length of 1 at oo = (i, j) is, by definition,
h(@) = h(, j) = Ji+2j—i—j+1.Let (@ Qoo = [172) (1—ag") and (a; @), = ol
for complex numbers a, g such that |g| < 1. We write (a), (resp. (a)oo) for (a; g), (resp.
(a; g)oo) in short when there is no fear of confusion.

First of all, we recall Kawanaka’s generalization of the Schur—Littlewood identity.

)-

Theorem 5.1 (Kawanaka).

1+qh(%) (—xiq; )0 1
| | —| | - = | | _— 44
Z 1—gh® 0 : (Xi3 @)oo - T —xix; @
A 066/1 i=1 1<i<j<n

where the sum runs over all partitions A.

In this section we give a short proof of this identity as an application of the minor
summation formula and then use this method to obtain a similar formula as follows.

Theorem 5.2.

n . n—1 n n—1. .
o 1im @ @) g _ , (aq" ™' xi5 @)oo
q" s, =@ || —F——- (45)
%: l_[oce},(l _qh(oz)) E l ll:! (Xi5 @)oo

Heren(l) =Y, > 1 = 1% for a partition /.

(The referee pointed out the second theorem is a consequence of Cauchy’s identity and the
specialization of the Schur functions given in [24, Chapter I 1.3, Example 3]). In order to



M. Ishikawa, M. Wakayama / Journal of Combinatorial Theory, Series A 113 (2006) 113155 139

prove the theorems, we first recall the g-binomial formula:

Lemma 5.3.
(@ (ax) o
no_ ) 46
,; @n (o o

The following lemma is a generalization of the g-binomial formula and becomes the key
to the proof of Kawanaka’s identity.

Lemma 5.4.

3 (=1 ' —q* | (g0 (—q¥)so X —

X'y = .
=0 @k gf+4! oo Moo 1—xy

Proof. Put

k(=) q' —g*
Fx.y)= ) Oy T byt =3 gy,
2o @@ gf+g =

e¢]

x—y 1 +xqr+l 1 +yqr+1
Gx,y) = 1_[ = Z bk[xkyl.
1—xy il 1—xq" 1—yq" 0

Then

(—=q)k—1 k (—=gX) oo
F(x,0) = = =G(x,0).
oo ,; T

Exactly the same argument leads to F(0, y) = —y(_(;?% = G(0, y), and This implies
that ax,0 = br,0 and ap; = by, for k, [ >0. Next we claim that the coefficient of xkyl of
(1 —xy)F(x, y) is equal to the coefficient of x¥y! of (1 — xy)G(x, y) for k, [ >1. An easy
calculation shows that

(=@r-1(=q)1-1
a — ax—1,-1 = 2(¢' — ") ————F—
(@r(g)
On the other hand, the coefficient of x*y in (1 — xy)G(x, y) = (x — y) E40xCax jg

(X)oo (Yoo
k-1 (=) (=@ (=q@)i—1 | (=@r—1(=q)i-1
- =2(¢ —¢")——————
(@r-1 (g @k (@i @Dk (@)

This shows our claim holds, and in consequence we obtain ay; — ax—1,/—1 = b — br—1,1—1.
This proves the lemma by induction. [J

A key observation to prove Kawanaka’s formula is the following identity which can be
obtained from (1.7) of [24]:

1 h(o) —aq)s. 1= gti—
l_[ li_qh(x) Zl_[ ((;)E[ l_[ 1+qe,~fe,~' @7)
el q i=1 o q
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Here ¢; = /; +n —i with £(2) <n. In fact, in [24, Example 1, Chapter I, 1.1], the following
identity is shown:

l_[ﬂ —q") = . l_.lgl_(qq);,-i—ef')' (“48)
i<j

By the same argument one obtains

1 h(@)y _ [T (=),
[Ja+4q"™) M, (1+45-0)

from (1.7) of [24]. Taking the ratio of the equations one proves (47). We also use the
following famous identities. (For the proof, see [31].)

oL

ol

Lemma 5.5. Let n be an even integer. Let x1, . . ., X, be indeterminates. Then
Xj — X Xj — X
pr [_,] e (49)
i+ Xjlicicj<n  1<icj<n TN
Xi —Xj Xi —X;j
Pt [;} — 1_[ -t A (50)
T=xixjlicicj<n 1<i<j<n1_xixj

Let A = (0;);,j >0 denote a skew symmetric matrix. As an application of Theorem 4.3
we obtain the following formula from the definition of the Schur functions.

Lemma 5.6. Let n be an even integer. We denote by s, (x) the Schur functions of n variables
corresponding to a partition 1. Then

1
> PEte, )1 < pug<nsi(x) = A T Bi<ij<n: 1)
A

where A runs all the partition such that £(A) <n,

k1 xk
Bij= Y omxixj= ) ou

1

i i

Xk xl.

k>0 0<k<l J J

and A(x) = H1<i<j<n (xi — xj).
Now we are in position to prove Kawanaka’s formula.

Proof of Theorem 5.1. It is enough to prove the case where n is even. For a partition
A=y dy) (M1 =222, 20), weputd; = J; +n—i (i =1,2,...,n)as above. If

we put ayy = SO Z’k;‘;ﬁ' in (51), then (47) and (49) imply

n

(=), 4 — 4" 144"
Pf[age; li<ij<n = : —:l | L S
wih<ijen=]] [T = — A0

o1 @ I1<icj<n 47 T4 aeil "
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Thus, by Lemma 5.4 and (50) we obtain

A( )Z 1_[ +61h(x) ( )_Pf[(*qxi)oc (=q%))oo Xi—X; ]
X h()C)Sj, X)= (Xi)oo (oo T—xixj l1<i<j<n

A a€l

n

_ 1—[ (—9xi) o Pf [ Xi—Xj

L (Xi)oo 1*xixj]1<i<j<n
i=

—A®x) l_[ qxz)oo l—[ 1

1 —xix;
1<i<j<n J

This proves the theorem. [

As a formula similar to (49) and (50), we have the following formula which is regarded
as a Pfaffian version of the Vandermonde determinant.

Lemma 5.7. Let n = 2r be an even integer. Then

(x] —x")?
pf| —— = (x;j = x;). (52)
|: Y :|1<i<j<n H Y

1<i<j<n

Proof. To prove this identity we can adopt a similar method to prove the Vandermonde
determinant (see [20]). The left-hand side is a polynomial in the variables x;’s of degree at
most @ since each entry of the Pfaffian is of degree (n — 1). It is easy to see that the
Pfaffian vanishes if we put x; = x; with i # j. This implies that the Pfaffian can be divide
by (x; — x;) so that it is divided by the complete product I <i<j gn(xi — x;j). Thus we
conclude that

(] —x%)?
Pf| ——— =c H (xj — xj).
Xi — Xj . s
: 1<i<j<n 1<i<j<n

Check the coefficient of x” ! ; 2. --Xxy—1 in the both sides, and we conclude that

c=1. 0

Proof of Theorem 5.2. Now we consider a skew symmetric matrix A = (o) of size
n = 2r whose (k, [)-entry is defined by

_ @@y " —q™)
@@ q'—q*

For a partition 1 = (41, ..., 4,) we put £; = A+ n — i. Then, from Lemma 5.7 we obtain

n
(a); . .
Pflo, ¢;li<i<j<n = — l—[ (¢ —q")

iz (@i 1<i<j<n
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quLl (i—1)(Ji+n—i) l—[” @ (1 —ghi=t)

i=1 (g); L li<i<j<n

1o 1y (n—
qn().)-‘r()”(" D=2 l_[?:l (a)/l,-+n—i

[Tees (1 =¢")
Now, to apply Lemma 5.6, we need to study the sum:

(@@ (q" —q™)?
=3, @i q' —q* =

’

k>0
(@@ | v—Dk _(n—v)l . n—wk (=D | kI
=y 3 gDkl § gokg =Dkl
KIS0 D@ | = —
B Z (@g" '%)oo (@g" "Moo Z (@q" " X)o0 (aq" ' Y)oo
—l (qvilx)oo @" Yoo —1 @" " )0 (qvily)oo
Thus we have
(aq"'x)oo(ag""y)
falx.y) = = = gn(x. y),
() oo (Moo
where g, (x, y) is a polynomial of x and y defined by
rov—1 n—1 n—y
g, =) [[a-¢""0[[a—ag" "0 [T -g""»
v=1 k=1 k=v k=1
n—1
< [ a—ag™'y
k=n—v+1
r n—v n—1 v—1
> JJa-4""o [] d-ad'n[Ja-q""y
v=1 k=1 k=n—v+1 k=1

n—1
X H(l —ag*y).
k=v

By applying Lemma 5.6, it is not hard to see that in order to prove (45), it suffices to prove
the following lemma, Lemma 5.8. [

Lemma 5.8. Let n be even integer and let g, (x, y) be as above. Then we have

n—1
Ly(n—1)(n—
Pflg(xi x)i<icjcn = 0" VO TT@n [ —xp.
k=1 1<i<j<n

Proof. The method we use here is quite similar to that we used in the proof of Lemma 5.7.
First of all the reader should notice that g(x, y) is of degree (n — 1) as a polynomial in
the variable x. This shows that Pf[g(x;, x;)] is a polynomial of degree at most (n — 1)
if we see it as a polynomial of a fixed variable x;. Since g(x, y) is skew symmetric,i.e.
g(y,x) = —g(x,y), and this show that (x; — x;) divides the Pfaffian, and, as before, the
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complete produce [ ; — x;) must divide the Pfaffian. Thus we conclude that

z<]

Pflg(xi, x)h<i<j<n =¢ ]_[ (x; — x;j).
1<i<j<n

If we see the right-hand side as a polynomial of a fixed variable x;, then it is of degree
(n — 1), and this shows the constant ¢ must not include x;. Now, to determine the constant
¢, which is independent of x;, we compare the coefficient of the monomial [];_; x/'~ " of
the both sides. First we consider the left-hand side. The Pfaffian is the sum of polynomials
sgnog, (X, Xj;) - - - gn(xi,, xj,) for all perfect matching ¢ = ((i1, j1), ..., (ir, jr)) of [n],
The monomial which contributes to the monomial [ [7_, xl."_" in the polynomial g, (x;;, X j;,)

is ch_ik x;.’k_jk. This shows hence that the coefficient of [];_, xf_i on the left-hand side
Pfaffian is equal to Pf [[x"_iy”_j]gn (x, y)]. Here [x%y”] f (x, y) stands for the coefficient

of the x¢y? in the polynomial f (x, y). Thus, to prove the desired identity it suffices to prove
the identity

n—1
. . 1
Pf[ n—i n—j i ] — 5n(n—1)(n—2) )
"y 1gn (X, y) t<icien 4 k|_|1 (a)k

Since the determination of the sign of the Pfaffain is easy, to prove the identity it suffices
to show the following lemma. [J

Lemma 5.9. Let n = 2r be an even integer and let h, (x,y) = hy,(a, b, q,t; x,y) be the
polynomial of x and y defined by

r v -1
> H(l— SE)) H(l—aqk 1x)}i"[(l H (1= biy)
v=1 k=1 k=v k=n—v+1
roon—v n—1 V—
—Z 1_[ (1—¢*"x) l_[ (1 —ag*'x) l_[ (1 -1y
v=1 k=1 k=n—v+1 k=1

n—1
x ]_[(1 — bt ly)
k=v

Then we have

n—1 n—1
. . 1
det [y e )] = @00 [T g [T ;.

i=1 j=1

Proof. Note that [x"~/y"~/]h,(x, ) has degree (n — 1) regarded as a polynomial in either
aor b, This means the determinant has degree at most n(n — 1) in either variable a or b. We
claim that [/, Y(a; ¢)i ]_[” Yt j divides the determinant. For this purpose we want to
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show that (1 — ag’~") divides the determinant (n — i) times for eachi = 1, ..., (n — 1).
This can be done by substituting a = q’k (k =0,...,n — 2) into the determinant and
computing the rank. The details are left to the reader. By this argument, one see that

n—1 —1
dt[ n=iyn=ip (x. ] - o) TTw:n)s,
et | Y T | C,-H(a Q)i U( )j

where c is a constant independent of @ and b. To find ¢, Compare the constant term of the
both sides regarding them as polynomials of a and b. [

6. Kawanaka’s g-Cauchy identity

Kawanaka [16] gave a g-Cauchy formula, which is regarded as a determinant version
of Kawanaka’s g-Littlewood formula in the previous section. Before we state the theorem
we need some definitions. Let 4 and u be partitions, and let ¢ = (i, j) be any cell in the
plane. As a natural generalization of the ordinary hook length /1, (c) = 4; + }/j —i—j+1,
Kawanaka introduced a new statistic

hip(e) =2 + 1y —i— j+1

in [16]. For example, let A = (4, 3,1, 1) and u = (3, 3). If we fill each cell ¢ of 4 with the
numbers £,,(c), then it looks as follows:

5141310
3211
0

-1

n [16], he also defined
n(op= Y W=id= Y G—u=1D
(i,))ei—p (i,j)ei—p
which is regarded as a generalization of n(/) = Zi> 1 (i — 1)Z; in [24]. Let ¢ be an

indeterminate. For any partitions 4 and y, define a rational function J;,(¢) in t by

N 1 + th/'.u( ) 1 —+ thW (c)
i _ (s 1—[ T )
J/hu(t) =1 ’ 1— [h)»(c) 1_[ th/l(c)
ceL

Theorem 6.1 (Kawanaka). Let x = (x1, x2,...)andy = (y1, y2, ...) be two independent
sequences of variables. For a partition /. let s)(x) and s,(y) be the corresponding Schur



M. Ishikawa, M. Wakayama / Journal of Combinatorial Theory, Series A 113 (2006) 113155 145

functions in x and y, respectively. Then we have the following identity:

Z g HFI=AL (g%)s (05 ()
A p

] (—gxi3 P oo I (—=9yj5 4H o H 53
P> (qxi: q%)oo i1 (@yj: 9P 1—X,yj

Here |A — u| is the number of the cells in the set-theoretical difference {c : ¢ € 1, ¢ & u}
and |u — A| is the number of the cells in {c : ¢ € A, c € u}.

Lemma 6.2.
v (g% (g% ¢*n 225 (—gx gD (—ay1 gD ]
2o @ade (@hatn ¢ gt (gxigPe (q¥igP)ee 1y
(54)
Proof. Put
(—q% ¢k (g% q*n 22"y kol
F(x,y) = — — = agx"y,
kgo @* a0 (g% g™ " +q'F kgo
2 2
—qx; —qy; 1
G(Ly):( 4% 4 )00 (=4Y: 9 oo

x40 (@y;gP)oo 1 —xy’

First, we compare the coefficients of xkyl in (1 —xy)F(x,y) and (I —xy)G(x,y). By
Lemma 5.3 we have

1L gD(=1®1 s
(1 =xy)G(x,y) = Xty
klé:o @2 qDeq% a2 !

Meanwhile, the coefficient of xkyl in(1—xy)F(x,y)fork,[>1isequal to
ag — Ag—1,1—1
(4% q-1(—4% gD
(@2 4Mi(q%: g

{450 4+¢*) -1 =g —-¢*)

y 244’

q2k +q21
(=% qi-1(=q% a1 1 CLa (=1 gD oy
Yy R Y Oty D) '

When [ = 0, it is easy to see that the coefficient of xKin (1 — xy)F(x, y) is equal to

(=% 20" _ (“LiaMk

@%qPc 1+q9* (g% qPk
On the other hand, when = 0, it is also easy to see that the coefficient of ylin (1—xy)F(x, y)
is equal to ((qzl qz))’ . Thus, the coefficients agree in all cases, and we conclude that

(1 —=xy)F(x,y) = (1 —xy)G(x, y). This completes the proof. []
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The following identities are known as the Cauchy determinants (see [24]).
Proposition 6.3.

det( 1 > . [l<icicni—=x) [li<icj<n Gi = ¥)) (55)
Xi+Yjili1<ij<n [li<ij<nGity) '
1 Hl<i<.j§n (x;i —x;) H1<i<j<n(yt' —yj)
det{ — = . (56)
L=xiyj /i <ij<n [hi<ij<nt=xiy))
Lemma 6.4. Let . = (A1,...,72) and u = (uq,...,Mu,) be partitions such that
L), Ly <n. Weputki = 2; +n — i and £; = y; +n — i for 1 <i<n.If we put
(g% gD (—q% P 24"
@ @ a0 % +q*
then
det(ake)1<ij<n = ql)'_mH“_)“lJ/lﬂ(qz)- (57)

Proof. From (55) we obtain

det(ak;¢;)1<i,j<n

_ g2ki—kj)
= g Qi Dk+ Y 2=t [l =™

[T:@% ¢®x
[T =g*“=) TLi(=a% ¢P T1;(=a% @)y,
TIL@E ey [1;.;(a% +4¢*) '
By (48) we have
l—[ 1 _ ngi<j<n(1_qz(ki7kj))
1 —g2h© [T7=1 (% >k,

cel
2(¢; 7@1'))

l—[ 1 . H1<i<j<n(1_q
1 — g2 [Ti=i@? g%,

Thus it is enough to show that

n 2. .2 n 2. 2

o g Xie Ci=Dhi+ Y 2=t [Tz a7 a0w [Tj=1 (=47 a7
H?,j:l(qZki + q2€j)
— q|}v—,ul+|H—l|+2n(l,,u)+2n(u,/1) l_[ (1 +q2hi-ﬂ(c)) 1_[ (1 _’_qth(c))

cel cep
Note that h,,(i, j) = 4 —j—i—;/j —i+1=4—j+t{r:u.>j}—i+1. Heretf A stands
for the cardinality of the set A. For a fixed i, let n; = {r : u. > 4;} denote the number of
parts of u which is greater than ;. Thus we have #{r : p, <4;} = n —n;. Then, if we draw

the Young diagram of 4 and fill each cell ¢ with 4 ,,(c), then we find that the numbers in
the ith row of 1 are

cel

[ —i+1,ki]—1{ki — £, :n; <r<n}.
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Here we write [a, b] = {a,a + 1,a + 2, ..., b} for integers a, b € Z. In fact fix an i, and
put u) = (,u(l) ...,u,(f)nl) = (Mp, 41+ Hy, 42+ - - - » )~ Note that the conjugate 1" fits in
the box 4; x (n —n;). Use [24], 1. (1.7) to the partition ,u<‘) then we obtain {,u(’) +Ai—r:
1<r<AW{ —14+r— ,uﬁl) 1<r<n—n;} =10, 4 +n—n; —1]. Slnce,u(l) =u. —n;,
we conclude that {h;, (i, r) : 1<r <AidWiki — oy,  1<r<n—ni}=[n —i+1, k]

Putm; =8{r : 2, >pn j} for each 1< j <n. The same argument shows that, if we write
the Young diagram of w and fill each cell ¢ with h;(c), then the numbers in the jth row of
u are

[mj —j—i—l,Ej] —{Ej — ky tmj < r<n}.
Thus it is enough to show that

n 2. .2 n 2. .2
o g Xie Ci= Dk 2j=e; [liz1 (=47 a9k [Tj=1 (=a73 97
l_[?,j:1(42ki + g%

— qIi—ul+|u—/1\+2n(2,u)+2n(u7/1)

. .
x [T Hfl:"i*”r‘ (1 +q2r) l_[’jl'zl Herj—jJrl (1 +6]2r)
= (1+¢>©=) [T <, (14 g>4=4))

First it is easy to see that

n
[T a+a5) T a+g* 578 =g [T (0% + 4.
B < i Zi<Wj i,j=1

where
P(i,u):ZE+Zk—an+ZmlI
ki 2 U Zi <Wj

Next we claim that

M0 (e T (e)

i=1 r=n;—i+1 Jj=lr=m;j—j+l
X n n
=q U2 [T(=a% P [ ] (=% aP;
i=1 j=1

where

0= Y (i—lz—n,->+ 3 <i—12—mi).

i i
4 2 M A<t
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Fig. 5. Lattice points.

In fact, let A and B be the sets of lattice points defined by

n
A=U{(i— Ly)ini<y<A +n—1},

i=1

n

B:U{(x,j—l):mjgxgﬂﬁn_l}'
j=1

Then we have [7_, Hl;i=;1i—i+1 (1+4¢*)= H(x,y)eA(l“‘qz(y_x)) and[]}_, Hf;mjfjﬂ
(14¢%) = yep(1+4¢>* ™). Forexample,ifn = 4,1 = (4,3, 1, ) and u = (3, 3),
then the big circles in Fig. 5 are in A and the small circles are in B. The numbers assigned
to big circles are y — x and the numbers assigned to small circles are x — y. Put A} =
U =1y : ni<y<n =1}, B = U;":l {(x,j—1) :mj<x<n — 1}, Ay =
U {Gi—-1y) :n<y<ti+n—1}and B, = U?:l {(,j =1 :n<x<p;+n—1}
Then we have A = A1 U Ay and B = B U Bj. It is also easy to see that A; U B] =
[0,n — 1] x [0, n — 1], which implies that, as a multi-set,

n n
Uty—i+tm<y<n—no{Jlle—j+11:mi<a<n -1
i=l1 j=1

isequal to {|x — y|; (x,y) € [0,n — 1] x [0, n — 1]}, and is composed of n 0’s, 2(n — 1)
1’s,2(n —2) 2’s, ..., 2 (n — 1)’s. This shows that

[T A+ [T a+qg>

(x,y)eA (x,y)eB

n n
=q 2002 T (g% ¢ [[(—a% P,
i=1 j=1
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In another word we can restate

QU= Y =0+ Y (x—y.

(x,y)EA (x,y)eB
x<y x>y

Thus the proof will be done if we prove the following identity:

|4 —ul 4+ | — A+ 202, w) +2n(u, 2) + 2P0, 1) — 204, 1)
= Qi — Dki+ Y 2j = ;.
i=1 j=1

In the above example, we have |4 —u| =3, |[u— Al =n(u, ) =0, n(4, w) =1, P(A, ) =
64, Q(A, ) =4,and3+24+64 -4 =65 = Zj‘:] (2i — Dki + Zj‘:l (2j —1)¢;. In the
following lemma we prove this identity. [J

Lemma 6.5. Let n be a non-negative integer, and let 1 and u be partitions which satisfies
L(A), L(n) <n. Let P(A, u) and Q (A, w) be as above. Then the identity

|2 —pl 4+ =2+ 2n (A, @) + 2n(u, 2) + 2P (2, ) — 204, p)
n n

= Qi — Dki+ Y (2j = ;. (58)

holds.

Proof. We proceed by induction on n. When n = 1, assume A; > ;. Then it is easy to
see that n(4, u) = n(p, 1) = Q(, n) = 0 and P (4, u) = p. This shows that the left-
hand side equals 11 4+ p; and it coincides with the right-hand sides. In the case 41 < u,
we can prove it similarly. Assume n>2 and (58) holds up to (n — 1). Given partitions

= (A1, s An) and = (U, ... ), we put A = (A1, .., p—1) = (415 -0 An—1)
andﬁ = (Uyy.-os fly_y) = (fqs..., y_1). Further we set k; = 4; +n — 1 — i and
E =1; +n—1—ifor 1 <i<n — 1. Then, by the induction hypothesis, we may assume
that (58) holds for (n — 1), /1 I, k and ¢. First we assume that /n =, Thus we have
[A—ul+lu—A=]1— |+|,u—}|+/1 — W,. From the condition 4, > u,,, we can find
an integer s such that 0<s < n and p; > 4, > pg | holds. Here we use the convention that
Jo = g = oo. Using this s, we can express the statistics on A and u with the statistics on 7
and 7i. For example, if we write the Young diagram of A and u and fill the cell (i, j) € A—u
with the number //j — i — 1, then we easily see that

n—1

nGo ) =nCo )+ —s = Dl — )+ D (0 —i— D — 41
i=s+1

n—1
=n(LW+m—s5s—Din— Y 1

i=s+1
n(u, 2) =n(i, 1),
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For a fixed i such that 1 <i < n, from the fact that i, > 4, >, 4, it is easy+ to see that
glrow > Ay =48{r 0, > A},
: ; if1<i<s
:i 2 ) — ﬁ{r %}'2&1} 1 XV
Ar Az ) { Sl d >R+ 1 ifs+1<i <n
From these facts we have

n—1

PO =PRI+ 0 =17+ D T4k +nu,
Jj=s+1

~ _ 1=
Q(/l,u)=Q(/l,u)+<n . s).

n—1

Here we used the fact Z?;l frow > 4b+ Y gl Azl =0 — 1)2, which is easy
j=1

to confirm. From these identities, we obtain

=l + 1= 2+ 200 ) + 20 2) + 2P ) = 200 1)
=A—=T+ i — A +2n( ) + 20, 2) + 2P (A, 1) — 2004, )
+@2n = D)Jp + @2n = Dy, +2(n — 1,

By the induction hypothesis we have |)» al+ - /1| + 2n() ) +2n (1, )) + 2P(A ) —

200,70 =Y @i — Dk + Y02 @i — e = Y0 @i — Dk 4+ Y021 @i — e —

2(n — 1)?, and this proves the desired identity. In the case of 4, < ,, we may find an

integer s which satisfies 0<s < n and Ag >, > Agy1. A similar argument will lead to the

desired identity again. [

Proof of Theorem 6.1. We may assume that the number of variables are finite, i.e., x =
(x1,...,xp)and y = (¥1, ..., yn). Assume N >n is a positive integer. Let 7 and S be two
n x N rectangular matrices defined by

~Ni=l,...,n ~Ni=l,...,n
N— 1 geeny yeeey
T = (xl. j) s S = (yt 'I) .
j=1 N j=L,...N

..........

Let A be an N x N square matrix defined by

B ((—6]2; an—i (—q% qPn—j 2 )
@ a)N-i @%gPDN-j a7 +ai )y

=1,...,

Now we compute limy_, o, det’T AS in two different ways. By the Cauchy—Binet formula
(21), we have

det'TAS = > " detT;det A} detS,.

ISIN] JSIN]

#l=n tJ=n
Put I = {iy,...,ip} and J = {ji, ..., ju}.- Then there exist partitions A = (A1, ..., 4,)
and ot = (yq, ..., u,) such that A1, yy <N — n and we can write N — i, = 4, +n —r and

N —j, =p.+n—rforr =1,...,n. Thenitis easy to see that det 7; _det< A= /) =
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A(x)s)(x) and det S; = det (yft'i+n_j> = A(y)su(y). As before we put k, = 4, +n —r
and ¢, = . +n —rforr =1,...,n. Then, by Lemma 6.4, we obtain
(=42 gD (—a% q); 2

@* Pk (@*qPe; gh it 44tk

det Ag — det |: :| = q|}»*m+|ﬂ*l|]iﬂ(q2).

On the other hand, by Lemma 6.2, we have

2 )

—qxi; —qyj; 1
lim deﬁAS:det[( qxi; G )0 (—qYj; 4 )0 } .
N—o00 o

(X3P @yj; 9o 1 —xiyj

.....

Thus (53) is an immediate consequence of (56). This proves the theorem. [

Appendix A. A variant of the Sundquist formula

Here we give a variant, both in statement and in proof, of the formula found by Sundquist
formula [32]. Indeed, we establish the following Theorem A.1, which we first presented in
[12] without proof. Although the initial proof of the theorem was made by employing the
basic identity in §2, it did not use directly the minor summation formula and was also, in
fact, complicated. Thus we decided to treat this in Appendix A. The proof presented here is
the one followed by the suggestion of the referee.

Theorem A.1. It holds that
Pf( Yi —Yj ) x l_[ {a +b(x; +xj) +cxix;}

a+bxi+xj) +exixj /i< j<on 1<i<j<2n

n _(n+l
= ac— 1 T )8 0A 0 @) )

1<[2n]
gl=n

n _(n+1
— (e 3 ) Gy 4 A AT 0 1),
1<[2n]
_ﬁl:{z

(59)
where the sum runs over all n-elements subset I = {iy < --- <iy}of[2n] ={1,2,...,2n}
such that iy < jy and |I| = iy + -+ + iy. Moreover I = {j1 < --- < ju} is the

complementary subset of I in [2n] and

Ar(x) = | | (xi — xj),
ijel
i<j

Ji(x) = Ji(x;a,b,c) = [ | {a +bxi +x)) + cxixj),

i,jel
yr = Hyi-

i<j
iel
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In particular, if the relation ac = b* holds then

Pf( Vi = Yj ) =0.
a+bxi +xj)+cxixj ) < i<on

Example A.2. Inthecase of n = 2,if we puta = ¢ = 1 and b = 0 then the theorem above
reads

Pf [ﬁ%} < [ a+xx)p
PAIKI<j<4 1<i<j<4
= (y1y2 + y3ya) (x1 — x2)(x3 — x4) (1 + x1x2) (1 + x3x4)
—(1y3 + y2ya) (x1 — x3)(x2 — x4) (1 + x1x3) (1 + x2x4)
+(y1ya + y2y3)(x1 — x4) (x2 — x3) (1 + x1x4) (1 + x2x3).

Proof of Theorem A.1. Since

b b b?
a+b(x; +x;j)+cxix; = (ﬁxi + %) (ﬁxj + %> +a— -
it is enough to show the theorem for the casea = c = 1and b = 0.
Moreover, since the second equality follows immediately from the first one if one notes
the fact that |/| + |/| = n mod 2, we give a proof of the first equality. First, we notice the
following

Lemma A.3. The coefficient of y; in the Pfaffian Pf (ly-jk;,i 'j) is equal to the Pfaffian of

the following skew symmetric matrix Ty: The (i, j) entry (Ty);;j of Ty is given by

1/(1 + xix;) ifieland jel,
(TDij =y =1/0 +xixj)) ifi¢landjel,
0 otherwise.

Proof. Recall the definition of a Pfaffian:

Yji —Yi Yo — Yo Yor—1 — Yoo,
Pf| — | = e(o ,
(1 +xixj> Zo_: @)

1+ x6,Xq, L+ X6, 1 %0y,
where the summation is over all partitions ¢ = {{01, 02} <, ..., {02,—1, 02, } <} Of [21] into
2-elements blocks, and &(o) = é&(oq, ..., 02,) denotes the sign of ¢ € S),. From this

expression we immediately see that the coefficient of y; is given by

Yoo [1 7 11

. S 1+ Xgy 1 Xy L+ Xoy 1 Xoy

oop—1€l

ool opr €l
Note here that when ¢ is subject to either the conditions o2k—1 € I, 02k € I or go4—1 €
I, 001 € 1, the corresponding term disappears in the sum. Hence the assertion follows
easily. [
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By this lemma, in order to prove the theorem (for a = ¢ = 1, b = 0), it suffices to
show that

_(n+1 1
prct = 0" () a,conpw T T4,
_ iXj

iel, jel

(60)

This Pfaffian Pf(77) is computed by using a relation between Pfaffians of special type and
determinants, and the Cauchy determinant formula as follows: Recalling I = {i; < iz <
-<ipyC[2nland I = {j1 < jo < - - < ju} C [2n], we first notice that

prcry) = ()" ) pe (_())(1 }61) ,

0 X7
X; O

1= D+ =24+ G —n) =] = tn(n+ 1) = 1] - (”;‘). Moreover, since

Pf( 0 X) = (=) det(X)

where the n x n matrix X is determined by (X;)x¢ = Hﬁ (irel, jo € 7) because
ke

the number of the column—row changes for obtaining Pf ( B ) from Pf(77) equals

-X 0

for any n x n matrix X, the Cauchy determinant formula claims that

O X1\ YDA (oA~ o
Pf<_X1 O>_( DGIA (=) A (x) ]_[7 g
iel,jel
1
= A7 (x)A7(x) Him,

iel, jel

whence Eq. (60) follows. Multiplying the factor [ [; ;. j<on (1+xix;) to the both sides of
(60), we obtain the desired identity. This proves the theorem. [J

As a corollary of this theorem we obtain the Sundquist identity [32]. The Sundquist

identity is a two-variable generalization of Pf (lxjt;ﬁ,) and it is considered as a Pfaf-
iXj

fian version of Cauchy determinant formula, whose evaluation is given by [31] (see also
[8, Lemma 8]):

Xj— X n(n—1) H1<i<j<2n(xj — Xi)

Pf( .
[Ti<icj<on(@ —txix))

l—l‘x,'x]' =S

Corollary A.4. (Sundquist).

Vi = Yj
Pf(4 < [T G4xix) =" ars, urs, @0,

I+ xix; ) -
+ Xix; I<ij<2n 1<i<j<2n A
where the sums runs over pairs of partitions

A=, apla+ 1 ap+ D= B Bylfr 1 B+ D)
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in Frobenius notation with o1, §; < n — 1. Also, for o and J partitions (compositions, in
general) of length n, we put

B
appCe )= 3 e(@)o( yi - xPyuxhl - xh),
66@2,7
where ¢ € Sy, acts on each of two sets of variables {x1, ..., x,} and {y1, ..., yu} by
permuting indices, and 6, = (n — 1,n —2,...,0).

We have already given in [12] a way of reduction of this corollary from Theorem A.1 by
using the expansion

[T (+xixp= > $H (15 - Xn),

1<i<j<n A=(0, s tplog 41,05 +1)

where s; = 5;(x1, ..., x,) are the Schur functions, so we omit the proof.
Suppose n is even. If we put y; = 1 for all 1 <i<2n in Theorem A.1, it is immediate to
see the

Corollary A.5.

D DAL)AL () T (x) Jp(x) = 0

1C€[2n]
#tl=n
i1<J1

holds for even n.
Example A.6. When n = 2 we have

(x1 — x2)(x3 — xg) (1 + x1x2) (1 + x3x4)
—(x1 —x3)(x2 — x4) (1 + x1x3) (1 + x2x4)
+(x1 = x4)(x2 — x3)(1 + x1x4) (1 + x2x3) = 0.

Remark A.7. It is naturally thought the formula as the identity of two variables relevant
to a A,-type root system. It would be interesting to establish the B, C,, D,-analogues of
Theorem A.1 like in [7] for the generalization of the Littlewood formulas to the classical
groups.
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