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0. Introduction

Triangulations of surfaces with marked points give rise to an interesting class of clus-
ter algebras, which are tractable but sufficiently complicated to display a rich array of
cluster combinatorics. The fact that they come together with a natural topological model
means they play a key role in advancing our understanding of cluster theory, serving as
important examples to test theories about general cluster algebras and categories (cf.
for example [3] [5], [9] [12] and [13]). Traditionally, only triangulations of surfaces with
finitely many marked points have been studied in the context of cluster theory. With the
rising interest in cluster algebras and categories of infinite rank (cf. for example [6], [7],
[8] [9], [11]), it is natural to extend the theory to a setting with infinitely many marked
points, and consider what we call infinitely marked surfaces.

The idea to consider triangulations and mutations of infinitely marked surfaces is
not new and has been executed in the context of cluster categories for example in [9]
and [11] and in the context of cluster algebras in [6] and [7]. By introducing infinitely
many marked points, interesting phenomena occur which do not appear in the finite
setting. One notable feature of infinitely marked surfaces, as opposed to finitely marked
surfaces, is that two different triangulations are in general not connected by finitely
many mutations. In particular, two distinct triangulations of the same infinitely marked
surface will in general give rise to two distinct cluster algebras of infinite rank in the
sense of [6].

In the present paper we study infinite mutations for infinitely marked surfaces, mo-
tivated by overcoming the finiteness constraints of the classical theory. We introduce
the notion of mutation along infinite admissible sequences, and show such mutations
connect previously disconnected components of the exchange graph. In fact, examples
of mutations in cluster algebras along infinite admissible sequences have previously been
used in [8], and we formalize the idea here in the context of infinitely marked surfaces.
We consider two important examples in more detail: the co-gon, which can be pictured
as the line of integers, and the completed co-gon, which we obtain from the co-gon by
completing with points at +o0o. Our main reason for studying these examples is that
they provide combinatorial models for relatively well-studied examples in cluster theory
of infinite rank: the co-gon relates to the cluster category studied in [9], and in more gen-
erality in [11], and to the cluster algebras studied in [6], whereas the completed co-gon
relates to the representation theory of a polynomial ring in one variable.

Single mutations are involutive, and therefore, if we can mutate from a triangulation T’
to a triangulation 7" in finitely many steps, there is a way to mutate back from T’
to T'. This is not the case anymore if we consider mutation along infinite admissible
sequences. In this sense, we can think of mutations along infinite admissible sequences as
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being directed. We write T' <, T” whenever we can mutate T to 7' along an admissible
sequence. Our first main result is the following theorem.

Theorem (Theorem 3.13). The relation < defines a preorder on the set of triangulations
of a fixed infinitely marked surface.

The main focus of our article is on the co-gon and on the completed oco-gon, two
surfaces that have been at the centre of interest in cluster theory because of their relation
to Dynkin type A combinatorics. We call two triangulations T and T” strongly mutation
equivalent, if we have T <, T' as well as T' <, T, that is, if they are equivalent under
the equivalence relation induced by the above preorder.

Theorem (Theorems 4.8 and 4.10). Two triangulations of the co-gon are strongly muta-
tion equivalent if and only if they are both locally finite or they both have a left fountain
at a € Z and a right fountain at b € Z with a <'b.

Two triangulations of the completed oco-gon are strongly mutation equivalent if and
only if they are both locally finite or they both have a left fountain at a € 7 U {£o0}
and a right fountain at b € Z U {£oo}, where a <b ora =00 and b € Z or a € Z and
b= —o0.

Mutating a triangulation along an infinite admissible sequence does not in general
yield a triangulation. As a next step, we introduce completed mutations in the completed
oo-gon. In general, there are many ways to complete what one obtains from such a
mutation to a triangulation. In the setting of the completed co-gon, there is however a
natural way to complete with strictly asymptotic arcs, that is, with arcs connecting to
the limit points at +oo.

Finally, we introduce transfinite mutations in the completed co-gon. They are muta-
tions along possibly infinite sequences of completed mutations. We call two triangula-
tions T and T’ transfinitely mutation equivalent, if there exists a transfinite mutation
from T to T" as well as one from T’ to T.

Theorem (Theorem 6.9). Any two triangulations of the completed co-gon are transfinitely
mutation equivalent.

During the completion of this paper we learned that I. Canakci and A. Felikson are
independently studying infinite sequences of mutations for cluster algebras coming from
infinitely marked surfaces. Their results are now available as a preprint [4].

1. Triangulations of infinitely marked surfaces
Throughout this paper we only consider surfaces with boundary with marking such

that all the marked points lie on the boundary. We are however convinced that the theory
presented in this manuscript can be naturally extended to allow punctures, i.e. internal
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marked points. Throughout, when we speak of an infinitely marked surface (S, M), we
mean the following setup.

Definition 1.1. An infinitely marked surface is a pair (S, M) where

e S is a connected oriented 2-dimensional Riemann surface with a non-trivial bound-
ary 9.9,

e M C 4S is an infinite set of marked points such that each connected component
of 65 contains at least one marked point in M.

Throughout the paper we denote by (S5, M) an infinitely marked surface. We define
arcs in an infinitely marked surface analogously to [5, Definition 2.2].

Definition 1.2. An arc 0 in (S, M) is a curve such that

1
2

(1) the curve 6 connects two marked points in M,

(2)

(3) except for the endpoints, the curve 6 is distinct from 4.5,
(4)

the curve 0 does not intersect itself, except possibly at its endpoints,
4) the curve 0 is not contractible and not isotopic to a connected component of 65\ M.

Arcs are considered up to isotopy inside the class of such curves. On the other hand, if
a curve satisfies (1), (2) and (3), but it is isotopic to a connected component of 5\ M,
we call it an edge of (S, M). We set

A(S,M) = {arcs of (S,M)} and E(S, M) = {edges of (S, M)}.
We say that two arcs a # 5 € A(S, M) are compatible, if they do not intersect in S\ M.

We are interested in triangulations of (S, M), which traditionally correspond to clus-
ters in the theory of cluster algebras and cluster categories.

Definition 1.3. A triangulation of (S, M) is a maximal set of compatible arcs of (S, M).

Remark 1.4. The term “triangulation” can in some instances be seen as an abuse of
language. In fact, a triangulation in the sense of Definition 1.3 does not in general
partition the surface (S, M) into triangles. In the case where M is not discrete we might
even get rather unintuitive triangulations, for example if we consider the unit disc where
every point on its boundary S' is a marked point. Picking a point a € S', the set

{(a,0) | b€ §"\ {a}}

is a triangulation of this infinitely marked surface in the sense of Definition 1.3 (cf. first
paragraph in Section 1.1 for the notation).
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(a,b)

a 1.0 1 b

Fig. 1. An arc (a,b) in the co-gon Cw.

In this paper, we are interested in two particular marked surfaces, which are closely
related to Dynkin type A combinatorics. In many ways they form the simplest cases of
infinitely marked surfaces. The first is the co-gon Co,, which has a discrete set of marked
points, and the second is the completed oo-gon Co,, which we get from C,, by adding
limit points.

1.1. Triangulations of the infinity-gon

Consider the infinitely marked surface Co, = (S, M), where S = D! is the unit disc
and M C S is a discrete set of marked points with one two-sided limit point. We call
Cs the 0co-gon and cut open the circle at the limit point to picture the boundary 4.5
as the line of integers, cf. Fig. 1. An arc in Cw, is an ordered pair of integers (i,j) with
i < j—2. Two arcs (4,j) and (k,l) in Cs are not compatible if and only if we have
i<k<j<lork<i<l<j.

Definition 1.5. We call a triangulation of C., locally finite if for any vertex [ € Z there
are only finitely many arcs of the form (k,1) or (I, m).

Let n € Z. A left fountain at n is a family {(p,n) | p € P} in A(Cx) such that
P C |—oo,n — 2] is infinite. Dually, a right fountain at n is a family {(n,p) | p € P}
in A(Cw) such that P C [n+ 2,400[ is infinite. A split fountain is the union of a left
fountain at some n € Z and of a right fountain at some m € Z, with m > n.

Lemma 1.6 (/10, Lemma 5.53]). A triangulation T of Cw is either locally finite or has
precisely one left fountain and one right fountain.

1.2. Triangulations of the completed infinity-gon

We complete the co-gon with a point at oo and a point at —oo. This yields the
completed co-gon Co. Formally speaking, it is the unit disc with countably many marked
points on the boundary, which converge to a limit point a in a clockwise direction and
to a limit point b in an anti-clockwise direction, and where there are no marked points
between a and b when going in a clockwise direction. Cutting open the circle at a point
between a and b (in a clockwise direction), we obtain the line of integers with two added
limit points at £oo, cf. Fig. 2.

Remark 1.7. In some ways it might be more natural to consider the completion where
we only add in one point at co (and consider the unit disc with countably many marked
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—oo +oo
Qs T

S T

Fig. 2. Arcs in the completed oco-gon Cu.

points that converge to precisely one limit point from both a clockwise and an anti-
clockwise direction). However, we are particularly interested in the combinatorial model
with both points at co and —oo as it fits well with the combinatorics of modules over
polynomial rings, cf. Section 1.3.

Arcs in C come in two different forms. They can be of the form (i, 5) where i, j are
integers with ¢ < j — 2. Such an arc (4, 7) is called a peripheral arc. Furthermore, we get
the following strictly asymptotic arcs involving the points at +oo:

e For each m € Z the adic curve at i is the arc a;, = (—oo, m).
o For each m € Z the Priifer curve at m is the arc m,, = (m, c0).
e The generic curve is the arc z = (—00, 00).

Fig. 2 provides a picture of some strictly asymptotic arcs. Two arcs (i,5) and (k,1) in

Cw are not compatible if and only if we have i <k < j<lork <i<l<j.

Remark 1.8. The generic curve z is compatible with any arc in Cu. Therefore, any
triangulation of Cy, contains z. When we explicitly write down triangulations of Co,
for brevity we will usually omit the generic curve.

The notions of local finiteness, right, left and split fountains naturally carry over from
triangulations of C. However, we can also have fountains in Cy, at +oo.

Definition 1.9. A left fountain at oo (respectively at —oo) is a family {(p,o0) | p € P}
(respectively a family {(—oo,p) | p € P}) in A(Cy,) where PN]—o0, 0] is infinite. Dually,
a right fountain at oo (respectively at —oo) is a family {(p,00) | p € P} (respectively a

family {(—o0,p) | p € P}) in A(Cs) where P N [0, o[ is infinite.

Lemma 1.10. Let T be a triangulation of Coo and n € Z. If T contains a right fountain
atn, then m, € T and if T contains a left fountain at n, then o, € T.

Proof. Assume that T' contains a right fountain at n and consider the Priifer curve m,.
It is compatible with any arc in C, except:

o the arcs of the form (m,l) with m < n and [ > n,
e the adic curves of the form «; with [ > n.
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Let | > n. Since T' contains a right fountain, it contains an arc of the form (n,p) with
p > l. Therefore, (n,p) intersects any arc of the above form. Thus, T only contains arcs
which are compatible with 7,. By maximality of T, we have 7, € T.

The fact that if T' contains a left fountain at n then «,, € T follows by symmetry. O

Lemma 1.11. Let T be a triangulation of Css and n € Z.

(1) Assume that m, € T. Then T contains a right fountain at n or there exists anm > n
such that m,, € T. Dually, if o, € T, then T contains a left fountain at n or there
exists m < n such that o, € T.

(2) Assume that m, € T. If T contains a right fountain at n and there is no k < n with
m, € T, then a,, € T. Dually, if a,, € T and T contains a left fountain at n, such
that there is no |l > n with oy € T, then w, € T.

Proof. We only prove the statements for the Priifer curves, the ones for the adic curves
being dual.

(1) Assume that T contains the Priifer curve m,, and assume that there are at most
finitely many arcs of the form (n,p) with p > n + 2. Let

po=max{p>n+1]|(n,p) e TUE(Ck)}.

If T' contains a right fountain at pg, then it follows from Lemma 1.10 that m,, € T" and
we are done. Assume therefore that 7' does not contain a right fountain at pg and let

pr=max{p>po+1] (po,p) e TUE(Cx)}.

Then (n,p1) is compatible with any arc in T, so it belongs to T. However, p1 > po, a
contradiction. (2) is clear: the adic curve «, is compatible with 7,, and every arc to the
right of n as well as every arc to the left of n. O

We obtain the following classification of triangulations of C.

Theorem 1.12. Let T be a triangulation of Csy. Then exactly one of the following holds.

o T is locally finite and consists exclusively of peripheral arcs and the generic curve.

o T has a left fountain at a unique a € Z U {+oo} and a right fountain at a unique
beZU{xoo} with a <b.

o T has a left fountain at a unique a € Z U {+oo} and a right fountain at a unique
beZU{too} witha=o00 andb€Z ora e€Z and b= —cc.

Proof. Assume T is locally finite and assume as a contradiction that T" contains a strictly
asymptotic arc (that is not the generic curve). Without loss of generality assume 7, € T,
for some m € Z. By Lemma 1.11(1) this implies that it contains a right fountain at
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an integer n > m or infinitely many Priifer curves, contradicting the assumption of local
finiteness.

Assume now that T is not locally finite, thus it contains at least one left or right
fountain. It is clear that T cannot contain two right (respectively left) fountains at
b # V' since they would intersect at infinitely many arcs close to co (respectively close
to —00). Thus T has a left fountain at at most one a € Z U {fo00} and a right fountain
at at most one b € Z U {+o0}.

Assume T has a right fountain at b € ZU{£o0}. If b # —oo this means that T contains
a Priifer 7, at some m < b. By Lemma 1.11(2) this implies that it has a left fountain
at oo or it contains an adic a, for some n < m. In the latter case, Lemma 1.11(1) implies
that it contains a left fountain at some a < n. On the other hand, if b = —oo, then T
contains infinitely many adics of the form «,, for n > 0. By Lemma 1.11(1), T' contains
a left fountain.

It follows by symmetry that if T contains a left fountain, then it contains a right
fountain. Therefore, every triangulation of Cy, is either purely peripheral or it contains
a left fountain at a unique a € ZU{+o0} and a right fountain at a unique b € ZU{£o0}.
If a # oo it follows that b > a or b = —o0 since otherwise infinitely many arcs in the right
fountain at b would intersect infinitely many arcs in the left fountain at a. If a = oo,
then with the same argument we must have b # —co. O

Remark 1.13. It is straightforward to construct representatives for each of the classes of
triangulations of C, listed in Theorem 1.12. In fact, we do so in Remark 4.11.

1.8. On the combinatorics of modules over a polynomial ring

The reason we are particularly interested in triangulations of C, is the connection
between the combinatorial structure of Ci, and the combinatorial structure of the inde-
composable objects of the category Rep(ooAoo) of representations over an algebraically
closed field k of the quiver

%:OOAOO:--~<——2<— — 14— 0—1¢—2¢— - -

whose vertices are labelled by the integers and where there are arrows ¢ — 1<— 4 for any
1 € Z.

We denote by rep(sAs) the full subcategory of Rep(sofoo) formed by the finite-
dimensional representations. An indecomposable object in rep(soAso) is iSomorphic to a
representation of the form M;; with i,j € Z and 7 < j — 2 where M;; is one-dimensional
at each of the vertices i 4+ 1,...,j — 1 and where all the maps between non-zero vector
spaces are the identity.

For any i € Z, we have injections

Mi,i—i—? — Mi,i+3 — Mi,i+4 — ...
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The colimit of this system is the indecomposable representation II; € Rep(ooAs) which
is one-dimensional at each of the vertices in [i + 1, 400[ and where all the maps between
non-zero vector spaces are identities. The representation II; is called the Prifer module
at vertex 1.

Dually, for any ¢ € Z, we have surjections

T g > M35 > VL2 4.

The limit of this system is the indecomposable representation 4; € Rep(soAoo) which is
one-dimensional at each of the vertices in | — 00,4 — 1] and where all the maps between
non-zero vector spaces are identities. The representation A; is called the adic module at
vertex n.

We also have surjections

s iy > 1L > Iy — -

The limit of this system is the indecomposable representation G € Rep(soAo) which
is one-dimensional at each vertex in Z and where all the maps between non-zero vector
spaces are identities. The representation G is called the generic module.

We denote by Ind the set of (isomorphism classes of) indecomposable finite-
dimensional representations of A, together with the indecomposable Priifer, adic and
generic modules. Then there is a natural bijection

A(Cyx) — Ind
(,7) — M;; foranyi<j—2€7Z;
P m, = I for any i € Z ;
o 9~ A for any i € Z ;
z = G

Remark 1.14. Under the bijection ®, triangulations of C. correspond to maximal rigid
subcategories of Rep(soAso). This follows from [1, Section 5] and the observation that
the generic curve z is compatible with any other curve.

2. Mutations of triangulations

At the heart of cluster combinatorics arising from triangulations of the oco-gon Cy
lies the concept of mutation.

Definition 2.1. Let T be a triangulation of an infinitely marked surface (S, M). We say
that an arc @ € T is mutable if and only if there exists an arc §' # 6 in A(S, M) such
that

pg (T) = (T\{0}) U {0}
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is a triangulation of (S, M). We call uJ (T) the mutation of T at 6. We will use the
following notation: For v € T we set

v, Jvify#6
g () {Q’iffy—a.

Usually, the triangulation in which we mutate will be clear from context and we will
omit the superscript and just write pg(T) and pg(y) for pl (T) and pl () respectively.

Remark 2.2. Let T be a triangulation of (S, M). It is straightforward to check that an
arc 7 € T is mutable if and only if v is a diagonal in a quadrilateral with edges in
TUE(S, M) (cf. also [5, Section 3]), and that its mutation is given by the other diagonal
~" # v in the quadrilateral. We call the set

S(v) = {sides of the quadrilateral with diagonal v} N A(S,M) C T

the quadrilateral in T with diagonal ~.
By abuse of notation we will more generally call an arc v in a set N of compatible
arcs of (S, M) mutable, if S(y) € N. With the notations as above we write p,(N) =

(NA{7hur'

Note that if o and 8 are mutable arcs in a triangulation T of (S, M) then o ¢
{BYUS(B) if and only if § ¢ {a} U S(a). The following lemma will be useful throughout
the paper.

Lemma 2.3. Let T be a triangulation of (S,M). Let a,f € T be mutable and assume
a & {B}US(B). Then a is mutable in pug(T) and B is mutable in o (T) and for all
v €T we have

15 © fa () = pa © ps(7)-

Proof. Since v € T and S(«) € T and 3 ¢ {a}US(a) we have v = k() € pg(T) for all
v € {a}US(a). In particular, a € ME(T) is mutable. Analogously, 8 € pul(T) is mutable.
Let o # a be the other diagonal in S(a) and let 5’ # § be the other diagonal in S(3).

T
Because S(a) C pg(T) we have p6” (T)(a) = o = pl(a) and since S(B) C pl(T) we

have ugZ(T)(ﬂ) =0 = ,ug(ﬂ). Since 8 and (3’ intersect, but o and 8 do not, we have
a # B and analogously 8 # o/. Therefore we obtain

5(T) T(T
o0 pa(a) = o’ (0) = of = =T () = pg 0 pra()

and symmetrically

tha © p13(B) = pp © pra(B).
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Clearly, for all v € T\ {«, 8} we have p, o ug(y) = v = up o (), which proves the
claim. O

Lemma 2.4. Assume T is a triangulation of (S, M) and a € T is mutable. Then =y is
mutable in T if and only if ua(7y) is mutable in po(T).

Proof. The statement is clear if v = «. Assume thus v # « and let S(y) be the quadri-
lateral in T with diagonal . If oo ¢ S(y) C T, then we still have {y}US(y) C 7", and +
is mutable. Otherwise, if & € S(7), then « and ~ are the sides of a common triangle with
sides i, 8,7 in TUE(S, M) and S() = {«, 8, d, e }NA(S, M) for some 6, ¢ € TUE(S, M).
Since o is still a diagonal in S(a) C e (T) and v = pa(y) € S(@), the arcs o and fq(7)
are sides of a common triangle with sides o/, 3,7 in po(T) UE(S, M) and we have a
quadrilateral S(uq (7)) ={a/,8',d,e} NA(S, M) in po(T) with diagonal ps(y). O

2.1. Mutations in the infinity-gon

In this section we show that if T is a triangulation of C, either all arcs or all arcs
but one are mutable.

Definition 2.5. Let T be a triangulation of C,. We say that an arc (a,b) € T connects a
split fountain if there is a left fountain at a and a right fountain at b in 7.

Proposition 2.6. Let T be a triangulation of Co and let 6 € T. Then 0 is mutable if and
only if does not connect a split fountain.

Proof. If T is locally finite or if it has a right and a left fountain at some a € Z, then by
[10, Lemmas 3.4 and 3.6], every arc is mutable.

On the other hand assume that T has a split fountain, with a left fountain at a € Z
and a right fountain at b € Z. We show that the arc (a,b) is the only non-mutable arc.
Indeed, it is not mutable since every arc that intersects (a,b) intersects infinitely many
arcs in the right fountain at b or the left fountain at a, therefore we cannot replace (a, b)
by another arc to obtain again a triangulation. We now show that every other arc is
mutable: every arc in T'\ {(a, )} is of the form (4,j) # (a,b) withi < j<aorb<i<j
ora<i<j<bIfi<j<a,then thereisan arc (l,a) € T withl <i < j < a, if
b < i < j then there is an arc (b,k) € T with b < i < j < k and in the final case we
have a <i < j<bora<i<j<bwith (a,b) € T. In either case, it follows by [10,
Lemma 3.6] that the arc (i, 7) is mutable. O

2.2. Mutations in the completed infinity-gon

We will see that it is always possible to mutate triangulations of C,, at peripheral
arcs. However, for strictly asymptotic arcs, the situation is slightly more complicated.
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Definition 2.7 (Arcs wrapping a fountain). Let T be a triangulation of Co,. We say that
an arc v in T is wrapping a fountain in T if T contains a left (or right, respectively)
fountain at m and v = a,, (or v = m,, respectively).

Proposition 2.8. Let T be a triangulation of Cs, and let @ € T. Then 0 is mutable if and
only if 0 is neither the generic curve nor wrapping a fountain in T .

Proof. Let T be a triangulation of Cy, and let # € T. By Remark 1.8 and Lemma 1.10
if 0 is generic or wrapping a fountain then it is not mutable.

On the other hand assume 6 € T is not generic nor wrapping a fountain. Assume first
that 6 is strictly asymptotic. Without loss of generality, we assume that § = «,, for some
vertex m € Z where there is no left fountain, the statement for a Priifer curve follows by

symmetry. Then, it follows from Lemma 1.11 that there is an adic arc «a,, with n < m.
We let

nog =max{n<m| a, € T}.

There are two possibilities. Either there is some [ > m such that a; € T, in which case
we set

ny=min{l>m | o eT}.

Then as in the proof of [2, Proposition 1.6], 8’ = (ng, n1) is the unique arc distinct from 6
such that 7'\ {0} U {0’} is a triangulation of C.. If there is no adic arc oy with [ > m,
then m,, does not intersect any arc in 7" and thus 7, € T. Therefore «,, is a diagonal
in the quadrilateral S(a,) = {any, Tm, (no,m), 2} N A(Cs) in T and by Remark 2.2 it
is mutable.

Assume now that 6 = (4, 7) is a peripheral arc, thus —oo < i < j < co. If there is an
arc (a,b) € T with a <i < j<bora<i<j<b, then it follows analogously to [10,
Lemma 3.6] that (¢,7) is mutable.

On the other hand, assume there is no such arc. Then the arcs m;, 7}, a;, oj do not
intersect any peripheral arcs in 7. If m; € T, then there cannot be an adic ay € T
with & > ¢ and therefore we also have m; € T If, on the other hand, we have m; ¢ T,
then there must exist an [ > ¢ with oy € T, and since (i,7) € T must not intersect
a; € T we even have [ > j. It follows that we cannot have any m, € T with k£ <[ and
therefore a; and a; do not intersect any strictly asymptotic arcs in 7' either and thus
aj, o5 €T

Therefore we have m;,7; € T or oy, ; € T, without loss of generality assume the
former is the case (the latter case follows by symmetry). There exists a k € Z with
i<k <jand (i,k), (k,j) € TUE(Cy) and the arc (i, j) is a diagonal in the quadrilateral
S((i,5)) = {(i, k), (k, ), 7,7} N A(Cs) in T. It follows by Remark 2.2 that (i,j) € T
is mutable. O
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3. Mutations along infinite admissible sequences

Classically, the exchange graph of a marked surface (with finitely many marked points)
is defined as the graph which has as vertices triangulations of the marked surface and as
edges diagonal flips. In the finite setting, this exchange graph is connected, in the sense
that for any two of its vertices there exists a finite path connecting them. However, if
we extend this definition naively to infinitely marked surface, the resulting graph will
not be connected anymore. In particular, triangulations that have very similar structure
are not necessarily connected by finite sequences of mutations. Consider for example the
two locally finite triangulations

tiy = {(=k,k) | k € Zno} U{(=k,k + 1) | k € Zxo}
and
by = {(=k,k) | k€ Zoo} U{(—(k+1),k) | k € Zso}

of C'. They are both locally finite, thus seem to have very similar behaviour under
mutation, however there exists no finite sequence of mutations from ;5 to ¢,,. We are
however able to connect (these particular) triangulations via mutations, if we consider
mutations along possibly infinite admissible sequences.

3.1. Admissible sequences

In this section, we introduce the notion of (possibly infinite) admissible sequences and
mutation along admissible sequences.

Definition 3.1. Let T be a triangulation of an infinitely marked surface (S, M) and let
I be a countable indexing set, for notational simplicity throughout this paper we take
I={1,...,n} if it is finite and I = Z~¢ if it is infinite. A sequence of arcs 8 = (6;);crs
is called T-admissible if it satisfies the following;:

(1) 6 is mutable in T
(2) For all 1 # i € I, the arc 0; is mutable in pg, , o...0 ug, (T).
(3) For all v € T there exists an 1, € I such that for all k > [, we have

,U/ak O...Ouel(fy) :Mel‘y O...Oljel("}/).

For each arc v € T we define the mutation of v along 6 to be ,uQT(’y) = 19, ©- - .0 Ho, y),
where [, is as in (3). We set

po(T) = {pg (v) | v € T}

and call it the mutation of T along 8.
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If it is clear from context, we will usually omit the superscript and simply write ug(7y)
for 4 (7).

Example 3.2. The mutation of a triangulation 7" along a T-admissible sequence is not
necessarily a triangulation. Consider for example the triangulation

t(0,0) = {(0,k) | k € Z>2} U{(—k,0) | k € Z>2} U{ao} U{mo}
of C and the (0, 0)-admissible sequence § = ((0,1));>2. We have
po(t(0,0)) = {(Lk) | k € Z>3} U{(=k,0) [ k € Zza} U{an} U {mo}

which is not a triangulation of Ci: the arc 7 does not intersect any arc in pg(¢(0,0)),
yet it is not contained in pg(¢(0,0)).

Remark 3.3. However, the mutation of a triangulation along a T-admissible sequence
consists of mutually non-intersecting arcs: for any pair of arcs f1, 82 € T there exists
a k € Z such that pg(8;) = pe, © ... 0 pe,(B;) for i = 1,2. Since pg, o...0 up, (T) is a
triangulation, #; and 2 do not intersect.

Moreover, ug(T) always remains infinite: it follows directly from Definition 3.1 that

po(y) # pa(v') for all y £~ € T.

Remark 3.4. If T and T are triangulations of (S, M) and if there is an arc v € T" that
intersects infinitely many arcs in 7', then there is no T-admissible sequence 0 = (6;);¢cs
with pg(T) =1T".

Indeed, if there were such a T-admissible sequence, then we would have an i € I such
that v € pg, o ... 0 pg, (T) = T;. However, since T' and T; only differ in finitely many
arcs, and since < intersects infinitely many arcs in the triangulation T; this leads to a
contradiction.

Example 3.5. Consider the triangulations
t(—00,00) ={m | k> 0} U{ax | kK <0} and t(oo,00) = {m | k € Z}

of Cs. The t(—00, 00)-admissible sequence § = (a—_;)i>o takes t(—00,00) to t(co,0),
that is we have pp(t(—00,00)) = t(00,00). However, by Remark 3.4 there is no
t(00, 00)-admissible sequence of arcs along which we can mutate to take t(co,00) to
t(—00,00); the arc ay € t(—oo,00) for example intersects the infinitely many arcs
T € t(oo,00) with k < —1.

3.2. A preorder on triangulations of an infinitely marked surface

Evidently, as we have seen in Example 3.5, mutation along T-admissible sequences
is “directed” in the sense that we might have a T-admissible sequence from a tri-
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angulation T to a triangulation 7", but no way of mutating back from T to T
along a T'-admissible sequence. This naturally leads one to wonder if mutation along
T-admissible sequences induces some sort of order on the set of triangulations of (.S, M).

Notation 3.6. Let T and 7" be triangulations of (S, M). We write T' <, T” if there is a
T-admissible sequence 6 with py(T) =T".

In this section we will show that <, induces a preorder on the set of triangulations
of (S, M). The tricky part is showing transitivity. In the following, we introduce some
notion and prove some results which will be very useful for this, and in fact will be used
throughout the rest of this paper.

Definition 3.7. Let T be a triangulation of (S, M) and let § = (0;);c; be a T-admissible
sequence. We say that 0 leaves v € T untouched if pg, o ... 0 pg,(v) =~y for alll € I.

Lemma 3.8. Let T be a triangulation of (S, M). A T-admissible sequence 8 = (0;)icr
leaves v € T untouched if and only if 0; # ~ for alli € I.

Proof. Assume first that 6; # « for all j € I. Then we have pg, (7) = v and inductively
assuming that pg, o ... o ug, () = v for some i > 1, we obtain

ug,; 0...opp, (T)
o, © -0 iy (7) =ttt () =

To show the converse, assume that € does not leave v € T untouched. Then there
exists a k € I such that

o, ©...0 o, (v) #v and pg, o...0 pe, (y) = for all i < k.
It follows that

ey, 0--opg ()
fo, © - o pg, (V) =pg, () £y

and therefore 0 = ~. This proves the claim. O
Lemma 3.9. Let T be a triangulation of (S, M) and let 8 be a T-admissible sequence.
Assume that § € T is mutable, and that 0 leaves all arcs in S(§) U {0} untouched. Then

0 is a ps(T)-admissible sequence with pg(ps(T)) = ps(po(r))-

Proof. Let 8 = (6;);cs. Inductively applying Lemma 2.3 implies that for all k& € I the
finite sequence (9, 61,...,60k) is T-admissible and for all v € T we have

[i5 0 [ig,, © - .. 0 kg, (V) = po, © ... 0 g, © i (7).
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Therefore, for all k € I the sequence 8;, = (61, ...,0%) is pus(T)-admissible. Assume that
8" = pT(8). The sequence @), leaves &’ € p5(T) untouched: since § € T and § intersects &/,
we have §’ # 6, € T. Furthermore, since for all k& > 1 the sequence 6, leaves § untouched,
we have § € ,uQTk (T) and therefore ¢’ # 041 € ,uQTk (T). It follows from Lemma 3.8 that
0. as a us(T)-admissible sequence leaves ¢’ untouched. Therefore for all k € I we have

RISV TASI CO (3.1)

Consider now v € ps(T) with v # §’. Then we have v € T\{d}. Since 8 is T-admissible,
there exists an [ € I such that for all £ > [ we have

f1o, © -0 g (V) = pg, © .. 0 py (7).

Because we have v € T'\ {§} and since 0 leaves § € T untouched, for all k € I we have
po, (7) € ,uQTk (T) \ {6}. Tt follows that for all k > [ we have

oy oo 1yt () = pay oo o, (15 (7)) = ps o po, o0 i (7)
= po, © - tig, () = o, © ..o g, (v) = pig ()
Therefore 0 is us(T)-admissible with
§ify =4
T v
w1y (y) = {

,uQT () otherwise,

and we have

po(ps(T)) = (ua(T) \ {0}) U{d'} = ps(ne(T)). O

Lemma 3.10. Let T be a triangulation of (S, M) and let § = (0;)icr be a T-admissible
sequence. If & is a mutable arc in ug(T) then there exists an r € I such that for alll > r
the sequence

6y, ((5) = (91, ey 01,6,01401,0149, .. )
is a T-admissible sequence with ey, (5)(7v) = ws(pe (7)) for all v € T.
Proof. Set T = pp(T). Since § € T' is mutable, we can consider the quadrilateral S(4)
in 77 with diagonal ¢. Furthermore, because ¢ is T-admissible with pg(7T) = T”, there
exists an r € I such that

{6YUS(8)  io, 0.0 o, (T) =T, (3.2)

and such that
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po, 0o g (1) =7 (3.3)
forally € S(6)U{0} and r <k € I. Fixnow an ! € I with [ > r and set
6y (5) = (91,. s 01,0,0111,0149, .. )

This sequence is T-admissible: it is clear that 6; is mutable in 7" and that 6; € pg, , o
... 0 g, (T) is mutable for 2 < ¢ < [. Furthermore, by (3.2), we have that ¢ is mutable
in pg, o...o g, (T). Finally, setting T = pg, o . ..o pg, (T), it follows from (3.3) that the
T;-admissible sequence

0101 = (Oi)ien{1,..1}

leaves all arcs in {6} U S(0) untouched. By Lemma 3.9 we obtain that 6;,,, is a
us(T})-admissible sequence, and therefore the sequence @ U; (0) is T-admissible. Fur-
thermore, again by Lemma 3.9, for all v € T" we obtain

100, (5) (V) = tay,, (kg (1o, © - - 0 1, (7))

= ps(pg, (1o, © -0 o, (7)) = ps(pa (7)),

which proves the claim. O

Remark 3.11. With the notation as in Lemma 3.10, assume that S(9) is the quadrilateral
in pug(T) with diagonal J. In the proof of Lemma 3.10, we picked r € I big enough so that
not only the desired property is satisfied but so that we furthermore have {6} U S(J) C
to, ©...o g, (T) and (0;);>, leaves every arc in {6} U S(J) untouched. We will use this
aspect of the construction in the proof of Proposition 3.12.

Proposition 3.12. Let T, T’ and T" be triangulations of (S, M). Assume there exists a
T-admissible sequence o such that p(T) = T' and a T'-admissible sequence (3 such that
pp(T') =T". Then there exists a T-admissible sequence v such that ju,(T) =T".

Proof. If ¢ is a finite sequence, i.e. a = (a1, ..., a,) for some n € Zsq the statement is
trivial -~ we can just set v = (a1, ..., ap, ). Furthermore, if 3 is a finite sequence then the
statement follows by iteratively applying Lemma 3.10. Assume thus that a = (a;)icz.,
and 8 = (fi)iez.,- We build a T-admissible sequence vy with . (7)) = T" by interlacing
the sequences a and j in the following way: since 51 € 1" is I?lutable, by Lemma 3.10
there exists an [y € I, such that

QUll (ﬁl) = (041, .. -’Oéll’ﬁl,all-s-l, .. )

is T-admissible with pau, (5,)(7) = ps (#a(y)) for all v € T. By Remark 3.11 we
may assume that [y is big enough such that, if S(51) is the quadrilateral in u, (7T") with
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diagonal 31, we have {31 }US(81) C pay, 0. . -Opta, (T) and the piq, ©...0pq, (T')-admissible
sequence (a;);>1, leaves all arcs in {f1} U S(51) untouched. By iteratively applying
Lemma 3.10 for all i > 2 we can pick I; € Z~q with [; > [;_1 and set [y = 0, such that

aU(B,...,0:) =aU(B,...,Bi-1) Uy (Bi)
= (alv"‘7all7/31)al1+17‘"7ali7ﬂ’i7ali+17" )

= (1415 0, Br)1<k<iy () j>1,41)

is T-admissible with

Hau(Bi,...8:) (V) = kg, © -+ 0 gy (a(Y))-

For i > 2 assume that S(f3;) is the quadrilateral in pau(g,.....5,_,)(T) with diagonal 3;.
By Remark 3.11 we can assume without loss of generality that for each i € Z~ we picked
l; € Zs( big enough such that (a;);>, leaves all arcs in S(5;) U {8;} untouched. Set

Y= (71')2‘6790 = ((alifri-l’ T ali))iefﬁ'

In the following we prove that this is the desired T-admissible sequence with . (T") = T".

Notice that if we consider finite length sequences of the form (y1,...,v%) for k > 1 then
as sets we have {v1,...,v} ={a1,...,am,B1,..., Bn} for some m,n € Z-,. Iteratively
applying Lemma 2.3, and using the fact that (a;);s;, leaves all arcs in {8;} U S(5;)
untouched, we can push the 3; towards the end of the sequence and obtain a T-admissible
sequence

(a17"'aam7617"'76n)

and for all § € T we have

KB, O . lg) © fla,, O .. O fla, (0) = fiy, O ... 0 iy, (0).

We now show that v is a T-admissible sequence. Clearly 1 = a; is mutable in T". For
i > 2, there exists a j € Zs¢ such that the first ¢ entries of the sequence aU{f1,...,5;}
coincide with the sequence (y1,...,7;). Since a U {f1,...,5;} is T-admissible, it follows
that v; € py, , 0...0 py, (T) is mutable. To show that the sequence is T-admissible, it
thus remains to show that for each § € T there exists an [ > 0 such that for all &k > [ we
have

Py O« O oy (8) = fiy, 0oL 0 piyy (9).

Let p14(0) = 6" € T'. Assume first that ¢’ is not mutable in 7. Then it is not mutable
in pg, o...0pug, (T') for any ! > 1 by Lemma 2.4. It follows that 8; # ¢’ for all ¢ > 1.
Since « is T-admissible there exists an [ € Z~q such that for all k£ > [ we have
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Hay, © - - © fay (0) = pa(d) = 4.

Pick m € Zsq such that {v,...,vm} = {o1,...,q;,81,...,0p} for some p € Z~q. For
all K > m we have {v1,...,v%} ={a1,...,as,01,...,58:} for some s > [ and t > p and
we obtain

Py OOy (0) = 4, © ... O B, O fla, O ... 0O e, (J) (3.4)
=HB O O/’Lﬁl(él) = 5/7
where the last equality holds since 6" ¢ {1, ..., 3¢} This proves the claim in this case.

On the other hand, if ¢’ is mutable in 7" then we can consider the quadrilateral S(§")
in 77 with diagonal §’. There exists an [ € Z~¢ such that

{6} US() C oy 0.0 pra (T) = Ty
and for all k > {

Hay, o...opngl(x) =z

for all z € {¢'} U S(¢"). If 6" # ¢’ is the other diagonal of S(¢’) then it follows from the
definition of mutation that ugf’“o”'o#al @ (0") = ¢" for all k > I. Since 8 is T"-admissible
there exists a r € Zs such that pug, o...opug, (0') =" forall k > r. Pick m € Zsg such
that {v1,...,%m} = {oa,...,aq,51,...,Bp} for some p > r and ¢ > [. Let k > m with

{7, ,w}={a1,...,as,p01,...,5:} for some s > 1 and t > p. We obtain

fyi © -+ 0 fiyy (8) = pig, © ... 0 i, © fia, © ... 0 fia, (0) (3.5)
as0--Ofay (0
PRy (I

This proves that the sequence v is T-admissible. Furthermore, (3.4) and (3.5) ensure
that

py(0) = pp(pa(d)) foralld e T. O
Theorem 3.13. The relation <, defines a preorder on the set of triangulations of (S, M).
Proof. Reflexivity is clear and transitivity follows from Proposition 3.12. 0O

4. Strong mutation equivalence

The preorder <, induces an equivalence relation on the set of triangulations of a fixed
infinitely marked surface.
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Definition 4.1. Let 7' and 7" be triangulations of (S, M). We say that T and 1" are
strongly mutation equivalent if T <, T and T' <, T.

This section is dedicated to understanding when two triangulations of C, respectively
of Cy, are strongly mutation equivalent. Before we provide a complete classification of
strong mutation equivalence classes in both cases, we introduce useful notation and make
some observations.

Definition 4.2. Let T be a triangulation of C., (respectively of C.) and set E = E(Cy.)
(respectively E = E(CL)). A finite subpolygon of T is a finite set of vertices P =
{z1,...,2} CZU{Loo} with k > 3 that can be ordered such that z1 < zo < ... < xj
and with (z1,2,) € TUE and for all 1 <i < k we have (z;,x;41) € TUE.

If P is a finite subpolygon of T as above, we denote by S(P) the set S(P) = {(x;, z;) |

1<i<j<k}. Wecal
E(P) = {(zy,2zit1) [ 1 <i <k =1} U{(21,2)}

the edges of P and

the arcs of P.

Notation 4.3. Let T be a triangulation of C, (respectively of Cs,) and let P C ZU{+o0}
be a set of vertices. Then we denote by T'|p the set of arcs

T |p={(a,b) €T |a,be P}

Remark 4.4. Locally, triangulations of C, and C,, behave like triangulations of finite
polygons: if P is a finite subpolygon of T, then T |p is a triangulation of the polygon
with vertices P, i.e. a maximal set of non-intersecting arcs with endpoints in P, and we
call it a finite subtriangulation of T.

Remark 4.5. Assume T and 7" are both triangulations of Cy, respectively of Cu,, with
finite subtriangulation T' |p and T” |p/ for some finite subpolygons P of T' and P’ of T”
such that P’ C P. Then — via mutations in the finite subpolygon with vertices P — there
exists a finite T-admissible sequence @ such that ug(T) |p=T" |p and @ leaves all arcs
in T\ A(P) untouched.

The following results will be useful to describe strong mutation equivalence classes.

Lemma 4.6. Let T be a triangulation of Ca, respectively of Cuo with finite subpolygons P;
of T fori € Z~q such that A(P;)NS(P;) = @ fori# j. Let T be a triangulation of Cw,
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respectively of Coo, with finite subpolygons P! of T' for i € Zw¢ such that P! C P; for all

K3
i € Z~o. Then there exists a T-admissible sequence 0 such that

wo(T) |U'iEZ>() p=T |Uiez>0 P/

i

and such that 0 leaves all arcs in T \ U,z A(P;) untouched.

Proof. By Remark 4.5 for all i € Z~ there exists a finite length T-admissible sequence 6"
with 1igi (T') |pr=T" |p/ and such that 6" leaves all arcs in T'\ A(P;) untouched. We label
the arcs in the sequence §° by §° = (0)1,_,<j<1, where we set lp = 0 and for i > 1 we
pick I; € Z~q such that (I; — l;_1) is the length of the admissible sequence §°. We make
the following observation:

(*) Let v € T. Then we have v € A(F;) if and only if yig, o...0opg, ., (v) € A(P) for
all ;1 < k <.

We now prove the observation for a fixed ¢ € Z. It is clear that if v ¢ A(P;), then, since
0° leaves ~ untouched, we also have pyg, o. . OO, 41 (Y)=~v¢ A(P) foralll;_; < k <.
On the other hand, assume that v € TN A(F;). Set T}, , = T and ~y,_, = v and for
lio1 <k<lset Ty =pg,o0...0 /~L9z,;_1+1(T) and v, = MGT: (Yk—1). We show by induction
that then v, € A(F;) for all [;_1 < k <;. The base case v, , = v € A(P;) is clear by
assumption. For the induction step assume now that v, € A(P;) fora ;1 <k <I; — 1.
Then we also have y;1 € A(F;): since 0° leaves all arcs in E(P;) untouched, the finite
subpolygon P; of T is also a finite subpolygon of T}, for all I;_1 < k < l;. Consider the
quadrilateral S(v) in Ty with diagonal ;. We have S(y;) C S(F;) and therefore the
other diagonal 7}, # i in S(vx) also lies in A(F;). It follows that v, = ug:H (k) € {7,7'}
lies in A(P;). This proves the above observation.

Set 8 = (0;)i>1. Clearly the sequence (61) of length one is T-admissible and for all
v € T we have

po, () if v € A(P1)
Moy (’7) = .
~ otherwise.

We show that for all m > 1 the sequence (6;)1<i<m is T-admissible and, setting j > 1
such that [;_; <m <[, for all v € T" we have

He,, ©-..0 /1‘91_7-_1+1 (7) if v E A(PJ)
16, © -0 poy (V) = o, © -0 pg, ., () if v € A(P) for 1 <i < (4.6)

~ otherwise.
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Assume this condition holds for m > 1, and let j > 1 be such that [;_; <m < [;. We
show that it also holds for m+1. Consider thus the sequence (6;)1<i<m+1. We distinguish
two cases.

Case 1: Assume that [;_; < m < m+ 1 < [;. Then 6,41 is mutable in pg,, ©

- o pig;, 4, (T). Consider the quadrilateral S(0m41) in pg,, © ... 0 pg, ., (T) with
diagonal 6,,11. We show that in fact we have {0,,41} U S(0m+1) C po,, ©...0 pg, (T).

Assume thus that o € {041} U S(0m+1). There exists a § € T with o = pg,, 0...0

Nﬁ’zj,lﬂ(ﬂ)- If « € A(P;) then by (*) we have 8 € A(P;) and therefore

a=py, o...opg . (B)=pe, o...opue(B)E o, o...opuoy(T).

Assume on the other hand that o € E(P;). Then, since P; is a subpolygon of T, we
have o € T. Furthermore, we have E(P;) N A(P;) = @ for all j > 1: this is clear for
j =t and follows from the assumption S(P;) N A(P;) = @ for ¢ # j. It follows that
a ¢ {0; | i > 1} and therefore the sequence (0;)1<i<m leaves a untouched and we have
a € g, o...oug (T). It follows that {6, +1}US(Om+1) C pe,, 0. ..oue, (T') and therefore
the sequence (6;)1<i<m+1 is T-admissible. Furthermore, since 0,11 € A(F;) it leaves all
arcs that are not in A(P;) untouched. By (*) and since A(P;) N A(P;) = @ for ¢ # j,
we have ug, o...opug ., (v) ¢ A(P;) if v € A(P;) with i # j. It follows that

HOppyy ©---0 :uezj,1+1 (7) ifye A(P])
Hypq © - O Hoy (7) = Y Mo, ©---© /J'GLi_1+1(’7) iftye A(PZ) for1<i<yj

7 otherwise.

Case 2: Assume that m+1 =1; 4+ 1. Then 6,11 € A(Pj4+1) is mutable in T'. Consider
the quadrilateral S(6,,+1) in 7" with diagonal 6,,,41. We have S(6,,41) € S(Pj41). Since
S(Pj+1) NA(P;) = @ for all 1 < ¢ < j, the sequence (6;)1<i<m leaves 0,41 € T un-
touched. By iteratively applying Lemma 2.3 we obtain that (6;)1<i<m+1 is T-admissible
with

K0, 41 (,Y) if v e A(P.H‘l)
[0, 0 © -+ 0 110, (V) = 4 f1g, 0.0 pg,,_ () ify €A(P) for 1 <i<j

7 otherwise.

Therefore, for every m € Zso the sequence (6;)1<i<m is T-admissible and satisfies
condition (4.6). Consider now the sequence § = (6;);cz.,. Pick v € T. Then, if v € A(F;)
for some i € Z~ for all k£ > [; we have

16, o...opug, ()= Moy, © - o g, (v) = Koy, © - .- O'ueli_1+1(7)

and if v ¢ Ui€Z>) A(P;), for all k > 1 we have ug, o...o0 ug, (v) =~. It follows that 0 is
T-admissible with
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MQ(T) |U P]= T |Ui€Z>0 Py

i€L>0 Tt i

and that @ leaves all arcs in 7'\ | A(P;) untouched. O

1€Z>0

Lemma 4.7. Let T and T' be triangulations of Cso, respectively of Cas.

(1) If T and T’ both have a right fountain at b € Z, then there exists a T-admissible
sequence 0 with

16(T) |ip,00)=T" |p,00)

and such that 0 leaves all arcs in T\ T |[,o0) untouched.
(2) If T and T’ both have a left fountain at a € Z, then there exists a T-admissible
sequence 0 with

/“LQ(T) ‘(—oo,a]: T |(—oo,a]

and such that 0 leaves all arcs in T\ T |(_oo,q untouched.
(3) If T and T' are locally finite, then there exists a T-admissible sequence 0 with

po(T) =1T".

(4) If T and T' are triangulations of Cso and both have a right fountain at b = oo
(respectively at b = —o0), then there exists a T-admissible sequence 8 and a k € Z
such that m, € T (respectively oy, € T') with

10 (T) | p30ik,000=T" | {p30k,00)

and such that 0 leaves all arcs in T\ T |pyuk,00) untouched.

(5) If T and T' are triangulations of Coo and both have a left fountain at a = oo (re-
spectively at a = —00), then there exists a T-admissible sequence 8 and a k € Z such
that m, € T' (respectively oy, € T') with

10(T) l{a3u(—oo, k)= T" |{a}u(—oo,k]
and such that 0 leaves all arcs in T\ T [{qyu(—occ,k] Untouched.

Proof. We start by showing (1). Let T' be any triangulation with a right fountain at
b € Z and consider the strictly increasing sequence (k;);>1, where

{k:|i>1} = {m| (b,m) € T}.

Let further 7" be a triangulation such that T" |j o= {(b, k) | kK > b+ 2}. Then, setting
ko = b, the sets P, = {b} U [k;—1,k;] are finite subpolygons of both 7" and 7" and
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A(P;) NS(Pj) = @ if i # j. Furthermore, we have (J;c; P = [b,00). It follows from
Lemma 4.6 that there exists both a T-admissible sequence 0 with 1g(T") |[p,00)= 1" |[p,00)
that leaves all arcs in T\ T [[5,00)C T'\ UlEZ
exists a T’-admissible sequence §' with ,ugl( ") lb,oc)= T I[p,0c) that leaves all arcs in
T'\T |jpoeyS T\ UieZ>> A(P;) untouched. It follows from Proposition 3.12 that the
statement (1) holds for any other triangulation 7”7 with a right fountain at b.

A (P;) untouched and symmetrically there

Item (2) follows from (1) by symmetry.
We now show (3): we can pick a sequence ((a;, b;));>0 in T and a sequence ((a},b;))i>0
in 7" such that

ajy < a; <ap<by<b; <bi,

for all 4 > 1. Observe that this is indeed always possible: If T" is a locally finite trian-
gulation, then for any peripheral arc (z,y) there exists an arc (u,v) € T passing over
it, i.e. an arc (u,v) € T such that v < # < y < v. Picking an arc (aj,b})) € T’ arbi-
trarily, we can find an arc (ag,bg) € T passing over it, i.e. an arc (ag, bg) € T such that
ag < af < by < by. Analogously, we can find an arc (a},b]) € T” passing over (ag, by) and
we get aj < ag < af < by < by < b]. Iteratively repeating this process yields a sequence
as desired. For i € Z~( odd, we set

P; = [aj1,a;-1) U [bi—1,bit1].

These are all finite subpolygons of T' and we have A(P;)NS(P;) = & for odd i and odd j
with ¢ # j. Furthermore, for i € Z~( odd consider the finite subpolygons

Pi/ [ z+17 1] [bz’ 7,+1] C R

of T". By Lemma 4.6, there exists a T-admissible sequence 8 such that

po(T)

e ’
Uiezg oaa Fi Uiczsg oda £i

Set T = pug(T). Set Qo = [ah, bh] and for i € Z~q consider the sets

Q [ama’z 1] [b; 17b;]

Clearly they are finite subpolygons of T”. However, they are finite subpolygons of T" as
well: indeed, we have E(Q;) C E(Cw) U {(a’,b%), (ai_,,b;_,)} and (al, b)), (al_;,bi_1) €
. up/=T" |p/_ up/. Furthermore, we have A(Q;) N S(Q;) = @ for all i # j and
UieZ>0 Q; = Z U {£oo}. By Lemma 4.6 we obtain a T-admissible sequence 0 with

MQ(T) = T". By Proposition 3.12 we can precompose the sequence  with 6 to obtain a

T-admissible sequence vy with y, (T') = T". This shows the claim.
We now show (4). Assume that both 7" and T’ have a right fountain at oo, the
statement can be proved analogously if they have a right fountain at —oco. We can pick a
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sequence (7, )iez., from T and a sequence (7 )iez., from 7" such that for all i > 0 we
have 7y, < my; < mg,,,. For i € Z>o odd consider the sets P; = [ki—1,kir1]U{oco}. These
are finite subpolygons of T' and we have A(P;)NS(P;) = @ for i # j. Moreover, for i > 0
odd, the sets P/ = [ki_;,ki] U {oco} C P; are finite subpolygons of 7’. By Lemma 4.6
there exists a T-admissible sequence 8, with pg(7") |U1:ez>0 =T |UieZ>0 g P Set

i

T = pg(T). The sets Q; = [k}, k], ,] U {oo} for i > 0 are finite subpolygons of both T
and T". Furthermore, we have A(F;) N S(P;) = @ for i # j and U, Qi = [k(, o0].
By Lemma 4.6 there exists a T-admissible sequence 6 with ué(f) |[’€6_7<>O]: T ks, 00]
and applying 3.12 we can precompose the sequence 6 with 6 to obtain a T-admissible
sequence y with piy (1) =|[rg,000= 1" |[ko,00]- This shows the claim.

Item (5) follows from (4) by symmetry. O

4.1. Strong mutation equivalence in the infinity-gon

Theorem 4.8. Under strong mutation equivalence, every triangulation of the co-gon Cy,
belongs to exactly one of the following equivalence classes.

o The class [Tif] of locally finite triangulations.
o The class [T(a,b)] of triangulations with a left fountain at a and a right fountain at
b for a unique pair a,b € Z with a <b.

Proof. By Theorem 1.12 each triangulation belongs to one of the listed classes. It follows
directly from Lemma 4.7, Remark 4.5 and Proposition 3.12 that if T and T” are in the
same class [Tjf] or [T'(a,b)] for some fixed pair (a,b), then they are strongly mutation
equivalent.

Assume now that T' € [T'(a,b)] and T” does not have a right fountain at b. We use
Remark 3.4 in each of the following cases.

o The triangulation 7" is locally finite. Then there exists an arc (i,5) € 7" with i <
b < j, which intersects the infinitely many arcs in the right fountain at b in 7', so we
cannot have T' <, T".

o The triangulation 7" has a right fountain at ¥ < b. Then there is an arc (b', k) € T’
with b < k, which intersects the infinitely many arcs in the right fountain at b in T',
so we cannot have T <, T".

o The triangulation T” has a right fountain at " > b. Then by the previous bullet point
we cannot have TV <, T.

By symmetry it follows that T' and T” are not strongly mutation equivalent if 7" does
not have a left fountain at a. Therefore, T' and T” are not mutation equivalent if they do
not belong to the same class [T¢] or [T'(a,b)] for some fixed pair (a,b). O
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e

Fig. 3. The triangulation ¢;5 of Cc.

M

a b

Fig. 4. The triangulation ¢(a, b) of Co.

Remark 4.9. We can pick representatives of each of the strong equivalence classes of C'
as follows:

o In [Tiy] (cf. Fig. 3):
iy ={(=k,k) | k€ Zso} U{(—k,k+1) |k €Zso}.
e In [T(a,b)] (cf. Fig. 4):
t(a,b) = {(k,a) | k € Z<ga} U{(b,k) | k € Zspi2} U{(a,k) | a+2 <k <b}.
4.2. Strong mutation equivalence in the completed infinity-gon

We first provide a classification of the strong mutation equivalence classes of triangu-
lations of the completed infinity-gon. The preorder <, induces a partial order on the set
of strong mutation equivalence classes of triangulations of the completed infinity-gon.
At the end of this section we describe the structure of the Hasse diagram of this poset.

Theorem 4.10. Under strong mutation equivalence, every triangulation of Coy belongs to
ezactly one of the following equivalence classes.

o The class [Tif] of locally finite triangulations.

o The class [T(a,b)] of triangulations with a left fountain at a and a right fountain
at b for a unique pair (a,b) with a,b € Z U {£oo} and a < b or a = 00,b € Z or
a € Z,b=—o0.

Proof. If T, T" € [T;4] they are mutation equivalent by Lemma 4.7(3).

IfT, T € [T(a,b)] for a,b € Z, then we have 7, a, € TNT'. By Lemma 4.7 (1) and (2),
using Proposition 3.12 we have a T-admissible sequence 6 with o (T) [(—oc,a]ulb,00)=
T | (—o0,a]ulb,00) that leaves all other arcs in T untouched. If a = b then we are done, and
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b

Fig. 5. The triangulation #(—o0, b) of Cwo.

otherwise the set P = [a,b] U {£oo} is a finite subpolygon of both pg(T") and 77 and
there exists a pg(T)-admissible sequence §' with pg o pp(T) = T'. The statement follows
by Proposition 3.12.

Assume now that T,7" € [T'(a,b)] for a € Z and b = oo (respectively b = —o0).
By Lemma 4.7 (1) and (4), using Proposition 3.12 we have a T-admissible sequence 0
and a k € Z, such that 7, € T' (respectively ap € T") with po(T) |(—oo,a]ulk,00)ufb} =
T" | (—o0,a]ulk,00)u{p} that leaves all other arcs in 7" untouched. If £ = a then we are done,
since if two triangulations agree on the set (—oo, 00| then they must on all of [—o0, 00].
Otherwise, we have a < k and the set [a, k] U{—o0c} U {b} is a finite subpolygon of both
uo(T) and T" and it follows as above that T" and 7" are mutation equivalent.

With an analogous argument we can show that if T,7" € [T'(a,b)] with a € {£oo}
and b € Z, respectively with a,b € {00}, then they are mutation equivalent.

The rest of the proof follows similarly to the proof of Theorem 4.8 by applying Re-
mark 3.4. O

Remark 4.11. We can pick representatives of each of the strong equivalence classes of Cy
as follows. Recall that we omit the generic curve for brevity.

o For [Tif]: tif = {(—k,k) | k € Zso} U{(—=k,k+1) | k € Z=o}.
o For [T'(a,b)] with a,b € Z and a < b:

Ha,b) = {(k,a) | k € Z<a_s} U {0} U
{(b,k) | k € Zopia} U {me | a <k <b).

« For [T(—o0,b)] with b € Z (cf. Fig. 5):
t(—00,0) = {ay [k <b}U{(b,k) | k € Zzpio} U {m}.
« For [T(co,b)] with b € Z (cf. Fig. 6):
t(00,b) = {m [k < b} U{(b,k) | k € Zzpyo}.
« For [T(a,00)] with a € Z:

t(a,00) = {(k,a) | k € Z<q—2} U{a} U{m | k > a}.
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N W/@ R
b

Fig. 6. The triangulation (oo, b) of Cw.

RN

Fig. 7. The triangulation ¢(—o0, 00) of C.

Fig. 8. For a < b with a, b € Z this forms a subdiagram of the Hasse diagram of strong mutation equivalence
classes of triangulations of C'o, with respect to the preorder <;.

o For [T(a,—o0)] with a € Z:
t(a,—o0) ={(k,a) | k € Z<cq—2} U{ag | k > a}.
e For [T(—00,00)] (cf. Fig. 7):
t(—00,00) = {ay | k <0} U{m | kK > 0}.
e For [T(—o00, —o0)], respectively [T'(oo, c0)]:
t(—o0,—00) = {ag | k € Z}, respectively t(oo,00) = {m | k € Z}.
Proposition 4.12. The preorder < induces a partial order on the set of strong mutation

equivalence classes of triangulations of the completed infinity-gon. The graph from Fig. 8
is, for each a,b € Z with a < b, a subdiagram of the Hasse diagram of this poset.
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Proof. Clearly the relation <; describes a partial order on the set of strong mutation
equivalence classes. To show that our diagram is a subgraph of the Hasse diagram of this
poset, using the notation from 4.11 we pick representatives and explicitly write down
admissible sequences along which we can mutate one into another.

Setting 0, = (—;)i>0 and 0, = (7;);>0 we have

1, (E(~00, 00)) = T(00, 00) amd g, (F(~o0, 00)) = E(~00, —00).

Let t, = {ar | k <a}U{m, | k> a} and tp = {ax | kK < b} U {m | £ > b}. We have
ta,ty € [T(—00,00)]. Setting 83 = (a—;)i>q—1 and 0, = (m;)i>p+1 We have

to, (ta) = t(a,00) and pg, (ty) = t(—00,b).
Setting 05 = (7o, (7, 7—¢)i>1) and O = (v, (i, @—;)i>0) we have
fig, (£(00,00)) = tiy and pg, (t(—00, —00)) = tiy.
Setting 8, = (mp1i)i>1 and g = (aq—;i)i>1 we have
g, (t(00,00)) = t(00,b) and pg, (t(—00, —00)) = t(a, —00).
Setting t = {ay, |k <a}U{m, | a <k <b}|{(b,k)|k>b+2} €[T(—o0,b)], we get
o, ((a,0)) = Ea,b) and. i (t) = Fa,b). O

In fact, it is straightforward to check that there are no other edges in the Hasse
diagram, using Remark 3.4. As we will not need this in the rest of the paper, we leave
this as an exercise to the interested reader.

5. Completed mutations

The restriction when solely considering mutations along admissible sequences is
twofold: first, not all triangulations of C are strongly mutation equivalent and sec-
ond, mutating a triangulation along an admissible sequence does not in general yield a
triangulation. In this section we fix the latter issue by providing a method to complete the
mutation pg(7") of a triangulation T along a T-admissible sequence @ to a triangulation.

Lemma 5.1. Let T be a triangulation of Cs and let § = (0:)icr be a T-admissible se-
quence. If (m,1) € pg(T) is a peripheral arc, then the set of arcs

110(T) |pm.y={(a,b) € pg(T) [m < a <b<1}

with endpoints in [m,1] is a triangulation of the polygon with endpoints m,m +1,...,1.
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Proof. For notational simplicity, for any k € Z set Ty, = pg, © ... 0 pg, (T'). There exists
a k1 € Zsg such that (m,n) € T; for all [ > ky. There are finitely many arcs y1,...v; in
the subtriangulation T}, ‘[m,l] of T, . Thus there exists a ko > k1 such that for all [ > ko
and all 1 <4 < j we have

[, © -+ 0 Hoy (Vi) = [oy, © - © phoy (Vi)-

Therefore p1o(T) |(m,1= Tk, |jm,i), and since Ty, is a triangulation with finite subpolygon
[m, 1] by Remark 4.4 this proves the claim. 0O

We now provide a method to complete a mutated triangulation by adding arcs until
we obtain a triangulation. Such a completion is by no means unique and we could just
complete by randomly adding arcs that do not intersect any of the arcs already contained
in our mutated triangulation. However, the existence of strictly asymptotic arcs in Csg
lends itself to a somewhat natural completion via Priifer curves and adic curves. We use
the following auxiliary sets:

P(1e(T)) = {my, Priifer curve | m; intersects no arc in ug(T)}

A(pg(T)) = {ay adic curve | ay, intersects no arc in ug(T)}

P(uo(T)) = {m Priifer curve | m;, intersects no arc in ue(T) U A(pug(T))}
A(uo(T)) = {ay adic curve | ay intersects no arc in g (T) U P(ue(T))}.

Definition 5.2. We call the set of arcs

16(T) = pa(T) UP(1g(T)) U Alpg(T))

the Prifer-completion of 1e(T). Analogously, we call the set of arcs

a ~

po(T) = po(T) U A(pe(T)) U P(e(T))

the adic completion of pug(T).
Remark 5.3. In general the Priifer and adic completion do not coincide.

From now on we only consider Priifer completions. Adic completions are the dual
concept and all of the following results hold for adic completions by symmetry. From

P
now on we write fig(7T) = ug(T) and call it the completed mutation of T along 0.

Theorem 5.4. Let T be a triangulation of Co, and let 0 be a T-admissible sequence. Then
the completed mutation of T along 6 is a triangulation of Cu.
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Proof. Assume that an arc 7 intersects no arc in 7ig(7"). We will show that then -~ itself
must lie in wg(T). If v is a Priifer curve, then v € P(ug(T)) and if it is an adic curve,
then v € A(ug(T)), thus in particular + lies in fig(T).

Assume thus that v = (m,l) with m < [ € Z is a peripheral arc. If there exists a
peripheral arc (m/,l') € pug(T) with m’ < m < 1 < U, then by Lemma 5.1 we have
v =(m,l) € ug(T) C f1g(T) and we are done.

Otherwise, if there exists no such arc (m/,1’), it is straight—forward to check that we
have 7,1 € P(ug(T)) or am,a; € A(ug(T)). Without loss of generality assume the
former is the case. Set

n=max{j | (m,j) € pe(T)}.

Observe that the set over which we take the maximum is not empty: because «y intersects
no arc in g (7T'), we have 7,11 ¢ P(po(T)), therefore there is an arc (a,b) € pg(T) that
intersects ;41 but not (m,l) nor m, nor m, som < a < m+1<b <1, and thus
(a,b) = (m,b) € pg(T).

Assume as a contradiction that n # [. By the same argument as above for n instead of
m+1, there is an arc (a,b) € pug(T) with m < a < n < b < [. However, if m < a then this
would imply that (m,n) and (a,b) intersect, contradicting the assumption. Therefore we
have a = m and (m,b) € pg(T') contradicting the maximality of n. Thus in fact we must
have n =1 and (m,l) € pg(T) C (7). O

Remark 5.5. In the combinatorial model of the co-gon with only one limit point at oo
(cf. Remark 1.7) we can define a unique completion: assume that 7" is a triangulation of
the co-gon with one added point at oo and let € be a T-admissible sequence. Denoting
the arc connecting a point a € Z with oo by (a, ), we define the completed mutation
of T along 6 to be

1g(T) = po(T) U {(a,) | a € Z and (a,cc0) does not intersect any arc in ug(T)}.

This is a triangulation of the co-gon with one point at oo; this follows analogously to
Theorem 5.4.

Because of its links with the representation theory of the polynomial ring, we are in
particular interested in our example of the completed co-gon Co, where we have two
limit points at +o0o. Note however that, with minor adaptations, all statements in the
rest of this paper hold for the co-gon with one limit point at co.

An important example of completed mutations is moving a right fountain one step to
the right, and dually, moving a left fountain one step to the left.

Lemma 5.6. Let a,b € Z and let T € [T(a,b)] be a triangulation of C. Then there
exist T-admissible sequences a~ and b" such that fi,—(T) € [T'(a — 1,b)] and @+ (T) €
[T(a,b+1)].
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Proof. The triangulation 7' is strongly mutation equivalent to the triangulation t(a,b)
from Remark 4.11. Assume that # is a T-admissible sequence with g (T') = t(a,b).
Consider now the (a, b)-admissible sequence a = ((a — k, a))g>2; we have T, (t(a, b)) =
t(a —1,b). It follows by Proposition 3.12 that

Tigua(T) = t(a —1,b) € [T(a — 1,b)].
Symmetrically, considering the #(a, b)-admissible sequence 3 = ((b,b+ k))r>2 we have
foop(T) = t(a,b+1) € [T(a,b+1)]. O
6. Transfinite mutations

Completed mutations along admissible sequences provide new connections between
triangulations of Cs.. However, we cannot pass freely between strong mutation equiva-
lence classes of triangulations of C., via completed mutations. This can be fixed if we
consider admissible compositions of admissible sequences.

Definition 6.1. Let T be a triangulation of Cu,. We call a sequence 8 = (8);c; of ad-
missible sequences (where throughout this paper we assume I = {1,...,n} or I = Zsg)
a T-admissible composition of completed mutations, if, setting Ty = T, for all ¢ € I the
sequence @ is T;-admissible, where for i > 1 we set

Tiy1 = g (Th).
The transfinite mutation of T along 0 is the set

wg(T) = U{’y € T; | 8% leaves  untouched for all k > i}.
iel

Remark 6.2. A transfinite mutation of a triangulation of Cs. consists of mutually non-
intersecting arcs. Indeed, with the notation as above, if a, 8 € ug(T) then there exists a
k € I such that «, 8 € T}, which is a triangulation.

However, a transfinite mutation of a triangulation is not necessarily a triangulation.
Indeed, a T-admissible sequence can be interpreted as a T-admissible composition of
completed mutations of length one, and we already know from Example 3.2, that the
mutation of a triangulation along an admissible sequence is not necessarily a triangula-
tion.

Remark 6.3. Precomposing a transfinite mutation with finite sequences of completed mu-
tations gives rise to a transfinite mutation: let 7" and 7" be triangulations of C, such that
there exists a finite T-admissible composition of completed mutations @ = (aq, ..., ax)
with e (T) = T'. If there is a T'-admissible sequence of completed mutations 5 with
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pz(T") = T" then the sequence ¥ = (..., n, B) is a T-admissible sequence of com-
pleted mutations with p=(T) = T".

Similarly, postcomposing a transfinite mutation with finite sequences of completed
mutations gives rise to a transfinite mutation. To show this, the following results are
useful.

Lemma 6.4. Let T be a triangulation of Cw and let 6 € T be mutable and S(8) be the
quadrilateral in T with diagonal §. If 0 is a T-admissible sequence which leaves all arcs
in {6} U S(0) untouched then 0 is us(T)-admissible with Tg(ps(T)) = us(a(T)).

Proof. By Lemma 3.9 the sequence 6 is T-admissible with pe(us(T)) = ps(pe(T)). Let
8’ # § be the other diagonal in the quadrilateral S(d§). We have

Proposition 6.5. Let T be a triangulation of Cs and let § = (Qi)iel be a T-admissible
composition of completed mutations such that pz(T) = T" is a triangulation. If § € T' is
mutable, then there exists an r € I such that for all I > r the sequence

aul {6} = (Ql’ e )Ql_l’ (5)7Ql’gl+1’ A ')
is a T-admissible composition of completed mutations with ig , s (T) = ps(T").

Proof. Set Ty = T and for ¢ € I set T;11 = figi (T;). Since § € T" is mutable, we have
S(0) U {d} C T" and thus there exists an r € I such that S(J) U {d} C T, and for all
k > r the sequence 0% leaves all arcs in S(6) U {8} untouched. Pick [ > r and consider
the sequence §U; {0}. We first show that this is a T-admissible composition of admissible
sequences. This is a direct consequence of the following three observations.

Observation 1: For all 1 < i <[ — 1 the sequence Qi is T;-admissible.

Observation 2: Since we have S(§) U {6} C Tj, the arc ¢ is mutable in 7;. Therefore
the sequence (0) is Tj-admissible.

Observation 3: For k > [ set T, = ws(Tx). By Lemma 6.4 the sequence 0, is
Tk—admissible and we have

Tigr (Ti) = ige (15 (Tx)) = s (Fige (T)) = prs(Tie1) = Thoyr.

We notice that &' € T; and for all i > [ the sequence §° leaves §' untouched (since it
is T;-admissible and it leaves S(d) U {d} C T; untouched). We obtain
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tgu, ) (1) = U{'y € T; | " leaves ~ untouched for all k > i}

i>l

= U{V e T;\ {6} | 0% leaves  untouched for all k > i} U {6’}

i>l

= U{’y e T; \ {6} | 8" leaves v untouched for all k > i} U {6’}

i>1

= (T"\ {0}) U{d"} = ps(T"),
which proves the claim. O

Proposition 6.6. Let T and T' be triangulations of Csy such that there exists a T-ad-
missible composition of completed mutations @ with pu(T) = T". If B is a T'-admissible
sequence with g(T') = T", then there exists a T-admissible composition of completed
mutations 5 with ux(T) =T".

Proof. Let @ = (a');es, and let B = (Bi)ie1,- The statement is trivial if I, is finite,
and follows by iteratively applying Proposition 6.5 if Ig is finite. We therefore assume
that I, = Iz = Z~. Iteratively applying Proposition 6.5 we obtain a strictly increasing

sequence (l;);ez., such that @ U, (81) is a T-admissible composition, for all i > 2 the
sequence

al (ﬂh v 7ﬁz) = (EU (517 e ,ﬁifl)) Uli (62)
is as well, and we have

Mau(ﬁlw-ﬂi)(T) = HUp; © ... O, (ME(T))

We define a sequence 5 = (7*) with

i = a'ifi ¢ {lj | j € Z>o}
- (ﬂ]) U (glj)ifi:lj.
Here, (3;) U; (a!7) is the sequence we obtain by precomposing the sequence ali by (j3;).
Clearly, the sequence 7 is a T-admissible composition of completed mutations.
Set now T} :Tl =T and for i > 1 set

Tiv1 = Tigi (T3) and Tipr = iz (T5).

Schematically we have the diagram
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B Hoip—1 Bl Mol +1 Holi—1 Bt
Ty Tll Tll-‘rl s le T’lﬁ-l (67)
KBy T HBy T HB; 0Oy T T%t510-4~oltﬁl
2% Holi—1 Hola Hgli+1 Holi—1 Pl
Ty 1, Ty 41 e 1, Ty

where each of the squares commutes. That is, for each i € Z~( there exists a j € Zsg
with I; <4 < ;41 and we have

pg,; o...opp (T;) = Tj.

We now show that T" = u=(T), and we start by showing that T” C u=(T). Let
thus 6" € 7" = pg(pa(T)). There exists a ' € T" = pg(T) such that 6" = ug/(é’)
and an m > 1 such that (8;)i>m leaves §” untouched. Mutating 7" along the sequence
(Bi)1<i<m only changes finitely many arcs of 7" and thus there exists a finite union P of
finite subpolygons of T” such that ¢’ € 77 |p and such that (8;)1<i<m leaves all arcs in
T\ (T" | p) untouched.

Since T' = px(T), there exists an n > 1 such that 7" |pC T, and such that for all

k > n the sequence q, leaves all arcs in T” |p untouched. For all k¥ > n we obtain

g (8") = ng,, 0.0 pg(s") = 6"
Set M = max{ly,n}. We have [; < M < ;4 for some j > m and

= ‘UEM (6") =pg,0...0 ,ugi” (6",

which lies in pg; 0...opug, (Ta) = Tar. Furthermore, since for all k > M the sequence Qg
leaves 6" untouched and the sequence (3;);>m leaves 6" untouched we also get that for
all k > M the sequence 7, leaves §” untouched. It follows that 6" € p5(T") and therefore
T" C ps(T).

Since by Remark 6.2 the set p=(T") consists of mutually non-crossing arcs, and since
T" is a triangulation, it follows that 7" = u5(T") which concludes the proof. O

Considering mutations along T-admissible compositions of completed mutations, we
get a weaker form of mutation equivalence.

Definition 6.7. Two triangulations 7' and 7" of C. are called transfinitely mutation
equivalent if there exists a T-admissible composition of completed mutations 6 and
a T'-admissible composition of completed mutations  such that wg(T) = T' and
pg (T") =T

In the following we will show that all triangulations of C, are transfinitely mutation
equivalent. We start with a useful observation.
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Fig. 9. A subgraph of G.

Proposition 6.8. Consider the graph G which has as vertices strong mutation equivalence
classes of triangulations of Coy and whose arrows are given by the following data: assume
[T] and [T'] are two distinct strong mutation equivalence classes.

o If for any t € [T] and any t' € [T)] there exists a t-admissible sequence 0 with
wg(t) =t then we draw a solid arrow.

e Ifforanyt € [T) and any t’ € [T there exists a t-admissible composition of completed
mutations 0 = (0")icr where I is finite, and we have yig(t) = t' then we draw a dashed
arrow.

e Ifforanyt € [T) and anyt’ € [T there exists a t-admissible composition of completed
mutations 0 = (0")ic; where I is infinite, and we have pg(t) = t' then we draw a
dotted arrow.

Then for any o’ < a <b <V with a,a’,b,b' € Z diagram in Fig. 9 is a subgraph of G.

Proof. Denote by G’ the graph drawn in Fig. 9. The existence of the solid arrows in G’
follows from Proposition 4.12.

To show the existence of the dashed arrows, we first note the following: assume for
i = 1,2 the triangulations T; and T} are strongly mutation equivalent and there exists a
Ti-admissible composition of completed mutations = (Qi)ie 1 such that pz(Th) = T> and
such that I is finite. Then there exists a Ty-admissible sequence of completed mutations
0 = (0)ierr with pg (T{) = T4 and such that I’ is finite: indeed, since Tj is strongly
mutation equivalent to T} for ¢ = 1,2, there exists a Tj-admissible sequence a; with
pa, (T1) = T{ and a T>-admissible sequence o, with i, (1) = 1. Setting 0 = (ay,0,as)
yields the desired sequence.
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To show the existence of a dashed arrow from [T] to [T”], it is thus enough to show
that there exist triangulations ¢t € [T] and ¢’ € [T] and a finite sequence of completed
mutations from ¢ to ¢’. We use the notation from Remark 4.11.

The arrows [T(c0,00)] — [T'(a,0)], [T(—00,—0)] = T(—o00,b) and [T(c0,b)] —
[T(a,b)]: Setting 8; = (mg4—;)i>1 and 8y = (apyi)i>1 yields

fig, (£(00,00)) = (a, 00), Tig, (t(—00, —00)) = (=00, b) and g, (t(c0,b)) = t(a,b).
The arrow [T'(a, —00)] — [T'(a,b)]: Note that we have

fig, (t(a, —00)) = {(k,a) | k € Z<a—2} U {ar | a <k < b}
U{(b, k) | k € Zspya} U {ms},

which lies in [T'(a, b)].
The arrow [T;7] — [T'(a,b)]: Pick an | € Z with a <1 < b and consider the triangula-
tion

tip() = {(L =k, 1+ k) | k€ Zool UL — k1 +k+1) | k € Zo} € [Tiy].

First consider the t;¢(I)-admissible sequence o = (I — 1,1+ 1), (1 — 2,1+ 1),(1 — 2,1+
2),(1-3,142),....,(0l—4,l+%),(l—(i+1),l+14),...). We have

pa(tip (1) = t(1, 1)

Iteratively applying Lemma 5.6 and pushing the left fountain at [ to the left and the
right fountain at [ to the right, we have a get a T-admissible composition of completed
mutations

53 = (Qé)ie{l,...,b—a-‘,—l} - (g7 1_7 (l - 1)77 ceey (a + 1)77["_7 (l + 1)+7 ceey (b - 1)+)

with pu;-(£(¢,1)) = (i — 1,1) for all [ > i > a+ 1 and p+(t(a,1)) = t(a,i + 1) for all
1 <i<b—1. We obtain yg, (tif(1)) = t(a,b) € [T(a,b)].

The arrow [T'(a,b)] — [T'(a’,b")]: Similarly to the above considerations, this follows
by iteratively pushing the left fountain at a to the left and the right fountain at b’ to
the right.

Finally, we show the existence of the dotted arrows. By Remark 6.3 and Proposi-
tion 6.6, to show that there is a dotted arrow from [T] to [T”] it suffices to show that
there exists a transfinite sequence of mutations from one representative of [T] to one
representative of [T”].

The arrow [T'(a,b)] — [T(—o00,0)] for any a < b: Consider the t(a,b)-admissible
composition of completed mutations

0s=((a—4)", (b+4) )iz,
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where we pick (a —4)” and (b+i)" according to Lemma 5.6 such that for k > 0 we
have Tig,_p)~(t(a — k,b+ k) = t(a — k — 1,b+ k) and Fp)- (Hla —k — 1,0+ k)) =
tla—k—1,b+k+1). We obtain

tig, (t(a, b)) = {ow | k < a} U{By | k = a} € [T(—o00, 00)].

The arrows [T'(a,0)] — T(—00,00) and [T'(—00,b)] = T(—00,00): With (a — i)~ and

(b+14)" as above, we set 05 = ((a — 1) );>0 and 0 = ((b+i)") and obtain

11, (t(a,00)) = {ay | k <a} U{By | k > a} € [T(—00,00)]
and
tigy (H(=00,0)) = {o | k < b} U{Bk | k 2 b} € [T(—00,00)]. D
Theorem 6.9. All triangulations of Cuo are transfinitely mutation equivalent.

Proof. Let T and T’ be two triangulations of C., and consider their strong mutation
equivalence classes [T] and [T”] respectively. Then there exists a path in the graph G’
from Proposition 6.8, and therefore in G, of the form

as o B 7

(T3] 73]

a1

1] = 73] 7] —— (1],

with [, k € Z>( and where the a; are solid or dashed arrows, the arrow 3 is dotted and the
arrows -; are solid. That is, we have a T-admissible composition of completed mutations
@ = (q;)i=1,..1 with po(T) = T; for some T} € [T}], and therefore by Remark 6.3 a
T-admissible composition of completed mutations 3 with pz(T) = Ty for some T7 € [T7].
By Proposition 3.12, there is a T{-admissible sequence y with p(77) = T" and therefore
by Proposition 6.6 we get a T-admissible composition of complezed mutations BUZ with

Mﬁul(T) =T. O
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