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1. Introduction

We let S = kley,- -, e,] be a polynomial ring in n variables over a field k. We let &,
denote the symmetric group on n letters, acting on S by permutations of the variables.
Ifz= (21, ,25) € ZY,, we write

egzefl'--eﬁ"

for the corresponding monomial in S. We let I, denote the ideal in S generated by the
S,,-orbit of eZ:

I, = (o(e%) : 0 € G,). (1.1)

We say that z is a partition (or that z is dominant) if z; > --- > x,, and let P,, denote
the set of all partitions in Z%,. Observe that I, = I, for a unique y € P,, obtained by
arranging the entries of x in_non—increasing order. Every &, -invariant monomial ideal
I C S is determined by a (finite) subset X C P, via I = Iy, where

Iy=> 1. (1.2)

xeX

The goal of this paper is to study homological invariants of the ideals Iy, for which the
following definition will play a fundamental role. Recall that if z € P, then z’ denotes
the conjugate partition, where z} counts the number of parts of z with x; > i. If 2,y € Py,
we write z > y if »; > y; for all 4. If z € P, and ¢ > 0 we write z(c) for the partition
whose i-th part is z;(¢) = min(xz;, ¢).

Definition 1.1. For a subset X C P, we define Z(X) to be the set consisting of pairs
(z,1), where z € P,, and | > 0 are such that if we write ¢ = z; then the following hold:

(1) There exists a partition z € X’ such that z(c¢) < z and x,,; <14 1.
(2) For every partition z € X satisfying (1) we have z,,, =1+ 1.

Theorem on regularity and projective dimension. For every subset X C P, with Ix # S
we have

reg(Ix) = max{|z| +1+1:(z,]) € Z(X)} and

(1.3)
pdim(Ix) =max{n—1-1:(z,1) € Z(X)},

where reg(—) (resp. pdim(—)) denotes Castelnuovo-Mumford regularity (resp. projective
dimension ).
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We remark that the formula (1.3) is independent on the characteristic of the field k.
In contrast, the Betti numbers of the ideals Iy may depend on the characteristic of the
field, as shown in [21, Section 5].

To simplify notation, we will omit trailing zeros from a partition z, and write for
instance (5,1) instead of (5,1,0,0) when n = 4. For visualization purposes, often in
examples we will draw a Young diagram instead of writing the entries of the corresponding
partition: for instance x = (4,2, 1) will be pictured as

We will also write () for the empty partition, all of whose parts are equal to 0. Notice that
the partition z(c) considered in Definition 1.1 is the one formed by the first ¢ columns
of the Young diagram of x. With these conventions, we now illustrate the Theorem on
Regularity and Projective Dimension with an example.

Example 1.2. Consider the case whenn = 3and X = {(2,1,1),(4,2)} = {@37 BE':D}

We have that

Iy = <€%6263, 6165637 6162622&7 641163’ 6411657 64216%7 63633 egei 6§65>7
and a Macaulay2 [13] calculation finds that the Betti table of Iy is (recall that the
Betti number §; ;4; = dimyg Torf(];g, S)i+; is placed in row j, column ¢, and that a dash
indicates a vanishing Betti number)

In particular, this shows that reg(Ilx) = 7 and pdim(Z/y) = 2. Using Definition 1.1 we
find the following table, whose first row describes the elements of Z(X):

co o | B ] (Ho) | o) | EHPo) | HHY)

2| +1+1] 2 4 4 5 6 7
n—1-11] 1 1 2 2 2 2

It follows that as (z,1) varies in Z(X), the maximum value of |z| + 1+ 1 is reg(Ix), and
the maximum value of n — 1 — [ is pdim(Ix), as predicted by (1.3).
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To put the Theorem on Regularity and Projective Dimension in context, we ana-
lyze a few special cases. We make one more convention: for partitions with repeating
parts, we use the abbreviation (b%) for the sequence (b,b,--- ,b) of length a; for instance
(3,3,3,3,1,1) will be written as (3*,12).

The ideals I,,. When X = {z} is a singleton, one has using Definition 1.1 that

Z(X)={(z,1) € Py x Z>q : there exists 0 < ¢ < z1 — 1 such that z; = ¢, z > z(c),
l=a ,—1}. (1.4)

It follows that for (z,1) € Z(X), the quantities |z|+1+1 and n—I—1 are both maximized
when ¢ = z; — 1 and z = (¢"). This shows that

reg(ly) =n- (1 — 1)+ 2, and pdim(l,) =n—z, . (1.5)

In the case when z has distinct parts (1 > z3 > -+ > x,,), the ideals I, are known
as permutohedron ideals, and their minimal free resolution is constructed explicitly as a
cellular resolution (see [20, Section 4.3.3] or [3]). When z has repeated parts, the cellular
resolution is no longer minimal, but the Betti numbers of I, can still be determined
[17]. One can then also derive (1.5) from the explicit knowledge of the (non-)vanishing
behavior of the Betti numbers of I.

Square-free ideals. The square-free G,,-invariant monomial ideals have a simple classifi-
cation — we have one for each p =1,--- ,n, which is denoted I, and is generated by all
the square-free monomials of degree p. Using the earlier notation, we have I, = I(1») for
each p. Using (1.5) we obtain reg(l,) = p and pdim(I,) = n — p, that is, I, is Cohen-
Macaulay with a linear resolution. In addition to the well-understood Betti numbers
of I,, we note that the action of &,, on the minimal resolution of I, was described in
[12].

Polymatroidal ideals. The products I = I,, - I,,, - - - are examples of polymatroidal ideals,
as defined in [7], and in particular they have a linear resolution. If we assume that
p1 > p2 > ---, we can form a partition z by declaring that z} = p; for all i. We can
then write I = Iy where X is the set of all partitions y € P, that have size |z| and are
dominated by z (that is, y3 + -+ y; < @1 + -+ + z; for all ). We invite the reader to
check, using Definition 1.1, that every (z,1) € Z(X) satisfies |z| +1+1 < |z|, and equality
is attained if we take ¢ = 1 — 1, z = z(c) and | = z/,,; — 1. Using (1.3) this shows that
reg(I) = |z|, providing an alternative verification that I has a linear resolution (see also
the discussion on symmetric shifted ideals).

Specializing the discussion in the previous paragraph to the case p; = py = -+, we
see that reg(Ig) = p-d for all d > 1. This is a very special instance of a general phe-
nomenon, discovered in [8,16], which asserts that for an arbitrary homogeneous ideal I,
the regularity of I¢ is computed by a linear function a-d+ b for d > 0. If I is generated
in a single degree r then one has a = r, but the constant term b is in general quite
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mysterious. For ideals of minors of a generic matrix, this constant was studied in [25].
The corresponding problem for ideals of Pfaffians is resolved in [24]. There is an exten-
sive literature analyzing the case when I is a monomial edge ideal (see [23,2,4] and the
references therein). The theorem below computes the constant term b in the case when
I =1, for every w € P,

Theorem on regularity of powers. If we write the conjugate partition to w as w' =
(n®, h{' h3?, - hp) withn > hy > -+ > hy, > 0, then we have that reg(I%) = d-|w|+b
for d >0, where

b= (n—hl)-(al71)+(h1—h2)~(a271)+--~+(hk_1—hk)~(ak71)+(hk71)~(ak—1).

In particular, the powers Ii have a linear resolution for d > 0 if and only if a; = --- =
ar = 1, that is, if and only if w; — w41 <1 foralli=1,--- ,n—1.

In light of (1.3), finding the exact value of the regularity of an &,-invariant monomial
ideal I amounts to solving a linear integer optimization problem. For I = Ii , this problem
is a high-multiplicity partitioning problem, which is an instance of a resource-allocation
problem that is fundamental in Operations Research. In [26] we have found essentially
optimal criteria for the feasibility of this optimization problem when d > 0, and we
apply the results established there to derive a proof of the Theorem on Regularity of
Powers.

Symmetric (strongly) shifted ideals. In [5], the authors study a class of &, -invariant
monomial ideals, called symmetric shifted, along with the subclass of symmetric strongly
shifted ideals (see Section 4 for the terminology). They show that these ideals have a linear
free resolution, describe their Betti numbers, and leave open the question of classifying
the &,,-invariant monomial ideals that have a linear resolution. We answer their question
below, and also identify an interesting class of symmetric strongly shifted ideals.

Theorem on linear resolutions. An &,,-invariant monomial ideal I has a linear free res-
olution if and only if I is symmetric shifted. If Ii has a linear resolution for d > 0 then
Ii is symmetric strongly shifted for d > 0.

&, -invariant ideals for varying n. A problem that has attracted much interest in re-
cent years (in the context of representation stability, FI-modules, Noetherianity up to
symmetry) is concerned with the study of chains of (not necessarily monomial) ideals
(In)n>1 with I,, C kles,- -+ , e,] being &,-invariant, and

Sm(I,) C I, for m > n. (1.6)

It is conjectured (in a slightly more general setting) in [18,19] that reg(I,) and pdim(7,)
are eventually described by linear functions on n.
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It is known that for chains of &, -invariant ideals as above, the inclusions (1.6) are
equalities for m > n > 0 [6,1,15], so they depend on a finite amount of information.
When the ideals I,, are monomial, this information is simply a finite set of partitions,
as follows. Since n varies, it is convenient now to regard P, as a subset of P,41 by
appending a zero to any n-tuple z € P, to get a tuple in Pp,1;. We write P = {J,, P»,
for the set of all partitions, and given any subset X C P, we write

X, ={z € X : z has at most n parts},

and we view X, as a subset of P, in the natural way. Every chain (I,,),>1 of &, -invariant
monomial ideals has the property that there exists a finite subset X C P with I,, = I,
for n > 0. We have the following.

Theorem on invariant chains of ideals. Let X' denote a finite non-empty set of pairwise
incomparable partitions, and define

m = max{i:x; #0 for some z € X}, w=min{z;:z€ X}, and

W = max{z; : z € X}. .7

Ifwelet Y ={z —z(w—1):z € X}, then we have the following.

(1) There exists a constant C such that reg(Iy,) = C for n > m.
(2) We have reg(Ix,) = (w—1)-n+ C for n > max(m,(m —1)- (W —w+2) - C).

The theorem above is also proved in [21], by studying Tor instead of Ext modules. A slight
improvement in our work comes from the effective bound in part (2). As explained in
Example 6.2, this bound is optimal.

All the theorems discussed so far are shadows of a more refined result that describes in
a very precise fashion the graded components of the modules Ext{g(S /1,8), for arbitrary
&,,-invariant monomial ideals . This is the main result of the paper, and it follows closely
the corresponding statement in the case of determinantal ideals [25, Theorem 3.2]. In
particular, we not only describe the individual Ext modules, but also the natural maps
induced by inclusions I D J, so one can for instance derive formulas for all the modules
Exté([ /J,5). We will formulate our results here in a way that parallels those of [25].

We note that a monomial ideal I C S is the same as one that is preserved by the
natural action of the n-dimensional torus T,, = (k™)™ on S by rescaling the coordinates.
If we consider the semi-direct product

G=T,x6,, (1.8)

where &,, acts on T, by permuting the factors (G is also known as the wreath product
k*16,,), then an &,,-invariant monomial ideal in S is precisely the same as a G-invariant
ideal in S.
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Main theorem. To any G-invariant ideal I C S we can associate a finite set M(I) of
G-equivariant S-modules with the property that for each j > 0

Ext}(S/1,S)~ € Exti(M,S), (1.9)
MeM(I)

where the above isomorphism is T, -equivariant and degree preserving (but in general it
may not preserve the S-module structure, or it may not respect the &,,-action in positive
characteristic). In particular, we get

reg(S/I) = Mlélfﬁn reg(M).

The sets M(I) and the modules Ext’, (M, S) for M € M(I) can be computed explicitly.
Furthermore, the association I +— M(I) has the property that whenever I 2O J are
G-invariant ideals, the (co)kernels and images of the induced maps Ext{g(S/I,S) —
Ext{g(S/J, S) can be computed as follows.

ker (Extg(S/I, S) —s Ext’(S/J, S)) ~ @  Ext}(M,9),
MeM(IH)\M(J)

Im (Extg(S/I, S) —» Extl,(S/J, S)) ~ @  Exti(S),
MeM(DHNM(J)

coker (Extfg(S/I,S)—>Ext§(S/J,S))f: @D  Exti(M,5).
MeM(IN\M()

Finally, if we write I : I;° for the saturation of I with respect to I, then M(I : I;°) C
M(I). More precisely

M(I 1) = {M € M(I) : Ann(M) € I},

The precise statement of the Main Theorem is given in Theorem 3.1. For the purpose
of this Introduction it suffices to say that if I = Iy then the corresponding set M(I)
of G-equivariant S-modules is in bijection with the combinatorially defined set Z(X)
from Definition 1.1. The modules M € M(I) arise as composition factors in a filtration
of S/I, and the isomorphism (1.9) can be interpreted as the degeneration of a spectral
sequence for Ext associated with this filtration. Under the correspondence between a
module M € M(I) and a pair (z,1) € Z(X), we have that M is Cohen-Macaulay of
dimension [, and Ann(M) = I, (that is, M is scheme-theoretically supported on the
union of all the I-dimensional coordinate planes). One remarkable consequence of the
Main Theorem, pointed out by Satoshi Murai, is that all &,-invariant monomial ideals
are sequentially Cohen—Macaulay (see [28, Definition III.2.9], and Section 3.3). The final
theorem below characterizes the &,,-invariant monomial ideals that are Cohen—Macaulay.
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A famous question of Eisenbud—Mustat&—Stillman [10, Question 6.2] asks under what
circumstances are the natural maps Ext(S/I,S) — HJ(S) injective. As explained in
[10, Example 6.3], a necessary condition is that the ideal I is unmixed. For &,,-invariant
monomial ideals, we show that this condition is also sufficient, and that it is further
equivalent to asking that the quotient S/I is Cohen—Macaulay. We further characterize
combinatorially those ideals for which these equivalent properties hold, as follows.

Theorem on injectivity of maps from Ext to local cohomology. Let X be a set of pairwise
incomparable partitions, and consider the corresponding ideal I = I C S. The following
are equivalent:

(1) The natural maps Extg(S/I, S) — H{(S) are injective for all j.

(2) T is unmized.

(8) Every partition x € X satisfies x1 = - -+ = x,, where p = dim(S/I) + 1.
(4) For each (z,1) € Z(X) one has | = dim(S/I).

(5) S/I is Cohen—Macaulay.

As remarked in the proof of [21, Corollary 3.8], dim(S/I) = p— 1 where p is the minimal
number of parts of a partition in X, that is, p = min{z} : z € X'}.

Organization. In Section 2 we establish basic facts about &,,-invariant monomial ideals,
discuss combinatorial aspects of Definition 1.1, and study the G-equivariant S-modules
that occur in the Main Theorem. In Section 3 we verify the Main Theorem, and deduce
from there the Theorem on Regularity and Projective Dimension, as well as the Theorem
on Injectivity of Maps from Ext to Local Cohomology. Section 4 is concerned with
characterizing ideals with a linear free resolution, while Section 5 discusses the explicit
formula for the linear function computing regularity of powers of an ideal generated by
the &,,-orbit of a monomial. We end with Section 6 where we establish the Theorem on
Invariant Chains of Ideals.

2. Preliminaries

The goal of this section is to introduce the main objects that are needed for the precise
statement and the proof of the Main Theorem. In Section 2.1 we discuss basic properties
of &,-invariant monomial ideals, and discuss a number of important combinatorial im-
plications of Definition 1.1. In Section 2.2 we introduce the G-equivariant S-modules that
make up the sets M(I) in the Main Theorem, and for each such module M and for j > 0
we compute Extg(M ,S), and deduce from this calculation the projective dimension and
Castelnuovo-Mumford regularity of M.
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2.1. G-invariant ideals in S

We let S =K[ey, - ,e,] and let G be as in (1.8). We write (V)i for the k-linear span
of a collection V' of polynomials in S. For a partition z € P,, we let

Sy = {o(e®) :0 € Gp)x

which is an irreducible G-representation. The ring S has a multiplicity-free decomposition

S=@p S

zEP,

into irreducible G-representations (over a finite field, this statement requires to interpret
G as a group scheme; to avoid this, one may assume throughout that k is an infinite
field, since the numerical invariants we consider do not change when we extend the base
field). Recall the definition of the ideals I, in (1.1), generated by the component S, in
the decomposition above. We have

L=Bs, (2.1)

y>x

If we write sup(z,y) for the partition defined via

sup(z,y); = max(z;, y;) (2.2)
then it follows from (2.1) that
IxNly= Z Isup(g,g) (2.3)
zeEX Yyey

For every G, -invariant monomial ideal I there exists a canonical choice of a subset
X(I) C Py, such that I = Ix(;). The set X'(I) consists of the minimal partitions z € P,
(with respect to the order >), such that eZ € I. Up to the action of &,,, the elements of
X (I) give the minimal set of monomial generators of I.

Remark 2.1. The classification of G-invariant ideals in S, together with (2.3), shows
that the lattice of G-invariant ideals in S is isomorphic to that of GL,,(C) x GL,(C)-
equivariant ideals in Sym(C™®C™), which was studied in [9]. Under this correspondence,
the square-free ideals I, C S correspond to the determinantal ideals of p X p minors of
the generic m x n matrix. Moreover, all the filtrations constructed in [25] from chains of
invariant ideals have corresponding analogues in the current setting. We will show that,
just as in the case of matrices, these filtrations exhibit nice homological properties.
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For /] =0,---,n—1 and z € P,, we consider the collection of partitions obtained
from z by adding at least one box to its Young diagram in row (I 4+ 1) or higher (see
[27, Section 2B] or [25, Section 2.1] for analogous definitions in the case of determinantal
rings)

suce(z,l) ={x € P, : x> z and z; > 2z for some ¢ > [}, and let (2.4)
Jeg = Iz/Isucc(g,l)- (2.5)

Example 2.2. If z = () then I, = S and Iyycc(z0) = li41, 50 Jz0 = S/Ij41 is the coordinate
ring of the union of all the coordinate planes of dimension I.

To every (z,l) with z; = -+ = 2,41, we associate the collection of rectangular parti-
tions

Vor={((z1 + D" U{((zi + 1)) ri>1+1and 21 > 2} . (2.6)

Remark 2.3. As explained in [25, Remark 3.4], it follows from Definition 1.1 that the
condition z; = --- = 2,41 is automatically satisfied when (z,l) € Z(X). Moreover, this
condition is equivalent to the fact that the Young diagram of z has columns of size at
least [ + 1, that is, zg >1+1forall j < 2.

Unless otherwise specified, we will only consider pairs (z,1) with z; = -+ = z;41. We
have the following.

Lemma 2.4. If (z,1) € Z(Y) then Iy C Iy_,.

Proof. Following Definition 1.1, we set ¢ = 21 and note that for every y € J we either
have that z # y(c), or z > y(c) and y.,; > [+ 1. The latter case implies that y > ((z1 +
1)), s0 I, C Iy_, by (2.6) and (2.1). In the former case, we must have min(y;, c) > z;
for some i.iTaking the smallest such i, we have that z;_1 > z;, and by Remark 2.3 we
get that ¢ > 1 + 1. Tt follows that y > ((z; + 1)*), so I, C Iy_, as before. O

To obtain a characterization of the condition (z,1) € Z(Y), we consider the subset
y;,l C V., defined by

Vor=A{((z+ 1)) ri>1+1and z1 > z}. (2.7)
Lemma 2.5. We have that (2,1) € Z(Y) if and only if Iy C Iy_, and Iy € Iy ,.

Proof. Using Lemma 2.4, we may assume that Iy C Iy ,. Under this hypothesis, we

need to check that (z,1) € Z(Y) if and only if Iy ¢ Iy, . We let ¢ = 2 as usual.
Assume first that (z,1) € Z()), so that there exists y € Y with z > y(c). Suppose

by contradiction that Iy C Iy, . It follows from (2.7) that y > ((z; + 1)) for some
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i > 1+ 1 with 2,1 > z;, which implies that y; > z; and ¢ > z;_1 > z;. This shows that
min(y;, ¢) > z;, contradicting the assumption z > y(c).

Assume now (z,1) ¢ Z(Y), and suppose by contradiction that Iy, ¢ Iy, ,. There exists
then y € ) such that for every i > [ + 1 with z;_1 > 2; we have y ¥ ((z2 + l)i), which
implies that y; < z; for ¢ > [ 4+ 1. Using our standing assumption z; = -+ = 2,41, it
follows that z > y(c). Moreover, since I, C Iy C Iy_,, we must have y > ((z1 + 1)'*1),
that is ¢, > 1+ 1. Since y; < z; < ¢ for i > [+ 1, we have in fact that y.,, = [+ 1,
so y satisfies condition (1) in Definition 1.1. Since (z,1) ¢ Z()), condition (2) must fail,
that is, there exists z € J) with z(c) < z and 2. ; <. This contradicts Iy, C Iy_,, since
it implies that I, € Iy_,. O

We also record the following direct consequence of [25, Corollary 2.3] and Remark 2.1.

Lemma 2.6. There exists a G-equivariant inclusion of S-modules J,; C S/Iy if and only
if Iy, , 2 Iy 2 Isyee(z,1)- Moreover, such an inclusion is uniquely defined up to a scalar,

and gives rise to an exact sequence

s s
Iyg,l I& + Iyg,l

0— Jyy — — 0. (2.8)

Proposition 2.7. If there exists a G-equivariant inclusion J,; C S/Iy and (z,1) € Z())
then

Z(Yuiz}) =2\ {(z D}
Before going into the details of the proof, it may be worthwhile to analyze one example.

Example 2.8. Let n =3 and Y = {(2,1, 1), (4,2)}, which was denoted X in Example 1.2,
and recall that

z0)={00. [ 1), (Go). (o). (). (o)}

Cousider the pair (z,1) = (@, O). We have that V. ; = {{T1} and Lycez) = I(2,1,1)5

so the conditions in Lemma 2.6 are satisfied, showing that J,; C S/Iy. One can check

using Definition 1.1 that

zuizh={0.0, [H1). (Ho). (o). (HH o)} =zt

confirming Proposition 2.7 in this special case. The reader can check that a similar

conclusion holds when (z,1) = (HEEI, 0)7 in which case ),; = {EEEELE} and
Tsucez) = La3) + 1(3,3,1)-



12 C. Raicu / Journal of Combinatorial Theory, Series A 177 (2021) 105307

Suppose now that (z,1) = (BE‘, 0), so that V,; = {D:D,@} and Igyee(z1) =

I(52)+1(22,1)- The inclusion Iy_, D Iy still holds, but Iy 2 Isycc(z,) fails, so J.; € S/Iy
by Lemma 2.6. One can check that

zwuiz = {0 [ 1) (Fo)}

which is strictly smaller than Z(Y) \ {(z,1)}.

Proof of Proposition 2.7. We set X = YU{z} and note that (z,1) ¢ Z(X): indeed, if we
take £ = z € X' and let ¢ = 2; then z > z(c) and z/,; = 0 <[+ 1, so condition (2) in
Definition 1.1 fails for (z,1).

We next prove the inclusion Z(X) C Z(Y). We suppose by contradiction that this
isn’t the case, consider (y,u) € Z(X)\ Z(Y), and let d = y;. Since Y C X, it follows that
(y,u) satisfies condition (2) in the definition of Z())). It must therefore fail condition
(1), so there is no z € Y with y > z(d) and x;,; < u+ 1. Since X \ Y = {z} and
(y,u) € Z(X), it follows that y > 2(d) and 2}, = u + 1. Since 2z}, is non-zero, we
conclude by Remark 2.3 that zj;, ; > I[+1 and d+1 < ¢, or equivalently, u > [ and d < c.
Since (2,1) € Z(Y), we can find z € Y with z > z(c) and 2/, =1+ 1. Since d < ¢, this
implies ), | <z}, =u+1,and y > 2(d) > z(d), so (y,u) satisfies condition (1) in the
definition of Z()), which we saw was impossible.

To conclude our proof, we have to check that every (y,u) € Z(¥)\ {(z,1)} belongs
to Z(X). Since Y C X and (y,u) € Z(), it follows that (y,u) satisfies condition (1)
in the definition of Z(X). We let d = y; as before. If we assume by contradiction that
(y,u) ¢ Z(X), then it must fail condition (2). Since X' \ J = {z}, the only way this can
happen is if y > z(d) and 2, ; < u.

Suppose first that d < c. Since (2z,1) € Z()), we can find z € Y with z > z(¢),
soy > z(d) > z(d), and x);,; < zj,; < u. Since x € X, this means that (y,u) fails
condition (2) in the definition of Z(X), a contradiction.

Suppose now that d > ¢, so that y > z(d) = 2. Since z; = ¢, we also have y(c) > z. If
y(c) # z then there exists t € succ(z,1) such that y(c) > t. The assumption J,; € S/Iy
combined with Lemma 2.6 implies that Igc(;,;) € Iy, so there exists z € ) with
t >z Sinced > ¢ >t > x1, we get x = z(d) and thus 2, , = 0; moreover, since
y >t > z, it follows that y > x(d), so (y,u) fails condition (2) in the definition of Z(Y),
a contradiction. We can therefore assume that y(c) = z. If ¢ = d then y = z and therefore
(y,u) = (2,1) by [25, Remark 3.5], so we may assume that ¢ < d. If 3, ; <, choose any
x € Y with y > z(d) and note that z = y(c) > z(c) and z,; < y.,; <, that is (2,1)
fails property (2) in the definition of Z()), a contradiction. We may therefore assume
that g/, ; > 1+ 1, so y € succ(z,1). Since Igyce(zyy) € Iy, we can then find z € ) with
y > x > x(d) which then satisfies ) | <y}, ; =0 < u+1, so (y,u) fails property (2)
in the definition of Z()), again a contradiction. 0O
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The following results will be used in Section 3.

Lemma 2.9. Suppose that Y C Py, is a subset with the property that for all x € Y and all
j >0, either ', = 0 or x; > 1 4+ 1. For every (y,u) € Z(¥) we have u > 1.

Proof. Suppose that (y,u) € Z()) and let d = y;. It follows from condition (2) in
Definition 1.1 that there exists an element x € ) with sz_l =u+ 1. Taking j =d+ 1,
we have that =, # 0, so u + 1 = 2, > [ + 1. This proves that u > [, as desired. O

Corollary 2.10. If (y,u) € Z(V., U{z}) then u>1 (and in particular v #1—1).

Proof. We apply Lemma 2.9 with Y = ), ; U {z}: to check the hypothesis, we choose
z € YV, U{z}. If z = z then we have by Remark 2.3 that x; > |+ 1 whenever x; #0.If
z = ((z1 4+ 1)) then 2y = 141 whenever 2, # 0. If z = ((2; + 1)*) then 2y =i > [ +1
whenever z; # 0. O

Recall the definition of the saturation of an ideal I with respect to J,
I:J°={feS:f-J'CIford> 0} (2.9)

When I = Iy and J = I, the saturation can be described concretely as follows. For
X C P, we define

XP={z(c):ze€X,c€Lsp,z,>pifc>0, and z,,, < p} (2.10)

In terms of Young diagrams, we can think of X*? as being obtained from X by removing
from each z € X the columns of size < p. Using [25, Lemma 2.3] and its proof, we obtain

Ly : I = Ly, (2.11)
In analogy with [25, Corollary 2.4], we also have that
Ann(J 1) = liga, (2.12)

that is, the scheme-theoretic support of J,; is the union of the coordinate planes of
dimension [ in k™ (see also Example 2.2, and Proposition 2.11 below).

2.2. Ext modules for the subquotients J

The goal of this section is to prove that J,; is Cohen-Macaulay, to compute its
regularity and projective dimension, and to describe the modules Ex‘cé(JgJ7 S). We will
obtain this from a natural decomposition of J,; into a direct sum of cyclic modules,
which we describe next. If r > 1, we write [r] for the set {1,---,r}. Given A C [n] we
consider the cyclic module
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_ s
(ei:id A)’

where we abuse notation and write e; for the equivalence class of e; € S in the quotient
Sa. We define the ideals II’)\ C Si as the image of the square-free ideals I, C S via
the quotient map, for p =1,--- ,|A|. We write &, for the subgroup of &,, consisting of

Sa=kle; :i € A] ~

permutations o that fix every element i € [n]\ A, and note that &, is isomorphic to the
group of permutations of the set A.

We will be working with finitely generated Z™-graded S-modules M, and for u € Z"
we will write M, for the u-graded (or w-isotypic) component of M, which is a finite
dimensional vector space: we call its dimension dim(M,,) the multiplicity of w in M. If
v € Z", we let M(—v) denote the shifted Z"-graded S-module with M(—v), = M_y4y.
In order to be able to refer to elements of shifted modules, it will often be convenient to
write S(—v) = S E,, where E, is a generator of the free module S(—v), and thus it has
degree deg(E,) = v. Using the identification M (—v) = M ®g S(—uv), we will write more
generally M(—v) = M - E,, so that if m € M has degree u, then m - E, € M(—uv) has
degree u + v.

We write O(z) for the orbit of the &,-action on Z" of some element z. We set
Zn+1 = —o00 and consider

0 <1 <p<n, and a partition z € P, with 21 = -+ = 2, > 2p11.
We let ¢ = z, and for each u € O(z) we define the set
Ay={jeln]:u =ch

Proposition 2.11. With the notation above, we have an isomorphism of G-equivariant
S-modules

S
A g

J;JZ @ A s Ly

ueo(z) L1

Proof. Since J,; is a quotient of I, it follows that we have a natural G-equivariant
surjection

m: P S-Ey— L.,
u€O(z)

sending E, to the residue class of the monomial e%. We have that ker(w) contains
e1---eq1-Ey, aswellase; - E, foralli =p+1,--- ,n, since the monomials e; - - - e;41 - €%
and e; - €% are in Igycc(z,1)- Using the fact that e2 is preserved by permutations o € &),
we find that e - ([;31 + (€p+1, -+ ,€n)) is contained in ker(r). Using the &,-action we
conclude that 7 induces a surjection
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S
P = Eu— (2.13)
u€0(z) I

To prove that this is an isomorphism, it suffices by &,-equivariance to check that for
every dominant z, the z-isotypic components in the source and target have the same
multiplicity. Using (2.4)—(2.5), the z-isotypic component of J,; is non-zero precisely
when

ri=z fori>1+1, andx; >cfori=1,--- 1, (2.14)

in which case it has multiplicity one. Suppose now that the z-isotypic component of the
source of (2.13) is non-zero, so that we can write £ = u + v for some u € O(z) and v
such that the v-isotypic component of Sy, /I, ;:ﬁ is non-zero. Since u; = c if and only if
i € Ay, and v; =0 for i ¢ A,, we conclude that

x;=u;+v; >cfori €A, and x; =u; +v; =u; < cforié¢A,.

Since z is dominant, we conclude that A, = [p] and that u,v must be dominant as
well. This implies further that u = z, and that v is a dominant weight of S/([;4+1 +
(€pt1,- -+ ,en)). We conclude that at most [ of the entries of v are non-zero, so that
v; =0 for ¢ > 1 + 1. Therefore, z = u + v satisfies (2.14) and has multiplicity one in the
representation on the left of (2.13), proving that (2.13) is an isomorphism. O

We introduce one more piece of notation: for a finitely generated Z"-graded S-module
M, we define its character [M] to be the Laurent power series

[M] = > dim(M,) - e* € Z((ex, -+ , €n)).
uezZn

Note the abuse of notation where we use the same symbols e; as for the variables in
S, but this shouldn’t cause any confusion, but rather make the notation more intuitive!
Note also that we have

[S]= ) ¢ and [M(-v)]=[M-E]=[M]-¢"

geZgD

Using Proposition 2.11, we can now describe the Ext modules of the subquotients
J.1. We start with the special case when z = (), which corresponds to J,; = S/I;11 (see
Example 2.2). For a tuple t € Z%, we write supp(t) = {i € [n] : t; # 0} for the support
of t, and let p; = |supp(t)] denote its cardinality.
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Lemma 2.12. We have that Ext’(S/I;,1,S) =0 for j #n —1 and

[Extg*l(S/IlH,S)} -y (”_ 1 _pi) et

| —
teZ, Pt
p<l

Proof. The vanishing of Ext?(S/I;11,S) for j # n — [ follows from the fact that S/I;;,
is Cohen—Macaulay of dimension [. If we write wg for the canonical module of S then
wg =~ 8+ E(1ny), so we have to show that

Extg‘l(S/IlH,wS)} _ Z (n —1 —pt> et

I —py

It follows from [29, Theorem 2.6] or [22, Theorem 3.3] that Ext% '(S/[;11,ws) is a
square-free S-module, that is, the multiplicity of any ¢-isotypic component is non-zero
only for t € Z%,, and it depends only on supp(t). We may then assume that ¢ has entries

0 and 1, with p, of them equal to 1. Using the fact that the Alexander dual of [;4; is
Iy, it follows from [29, Theorem 3.4] that

dim (Extg’l(S/IHl,ws)i) = dim (Torls_pi(ln_l, S)(ln)_t) ,
and the right hand side is equal to (”l_j;f’i): this follows for instance from [12, The-
orem 4.11] and the fact that the number of standard Young tableaux of hook-shape
(n — 1,17Pt) with entries in [n] \ supp(t) is equal by the Hook Length Formula [11,
Section 4.3] to ("l_j;tpi). O

Corollary 2.13. If z; = --- = z;41 then the module J,; is Cohen—Macaulay of projective
dimension n — 1 and regularity |z| + 1. Moreover, we have that

[Extgfl((]él,s)} = @ <P 1 pv) L ev—u—(1").

l—py

Proof. Using Proposition 2.11, J,; is a direct sum of Cohen-Macaulay modules of di-
mension [, so it is itself Cohen—Macaulay and moreover the projective dimension is
dim(S) — I = n — I. The formula for the character of Ext%"(.J.;, S) follows from Propo-
sition 2.11 and Lemma 2.12 (applied to Sy, ) by observing that A, is a set of cardinality
P, 80 Sy, is a polynomial ring of dimension p, and

S S S
LA Ly “ A\
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To compute the regularity, we use the fact that for a graded module M we have

reg(M) = max{—r —j: Extg(M7 S), # 0}. (2.15)
Applying this to M = J,; we see that the only cohomological degree j where the
Ext-module is non-zero is when 57 = n — [, and the minimal degree r for which

Ext?'(J,;,8), # 0 is attained when v = (0™) and is equal to

r=lol —lul—n=0-l|z[ —n,

showing that the regularity of J,; is reg(J,1) = |z| +n—(n—1) = |z| +1, as desired. O
3. Ext modules for &,,-invariant monomial ideals

We let S = Kkle1, -+ ,e,] and let G be as in (1.8). The goal of this section is to
prove the Main Theorem from the Introduction, describing the modules Extfg(S /1,5)
for I a G-invariant ideal in S, as well as the natural maps between these modules. Our
arguments follow closely the strategy employed in the study of invariant ideals in the
ring of polynomial functions on the space of matrices from [25]. As a consequence of
the Main Theorem, we deduce the Theorem on Regularity and Projective Dimension in
Section 3.1, and the Theorem on Injectivity of Maps from Ext to Local Cohomology in
Section 3.2. In Section 3.3 we show that every G-invariant ideal I has the property that
S/1 is sequentially Cohen—Macaulay.

Using Definition 1.1 for the set Z(X), the Main Theorem can be formulated more
precisely as follows. We will keep track of the equivariant structure as much as possible,
but the reader is advised that for all the applications it is only important that the
isomorphisms ((3.1)—(3.4)) preserve the graded vector space structure.

Theorem 3.1. Let X C P,, and let Ix C S denote the associated G-invariant ideal. For
each j > 0 there exists a degree preserving isomorphism of T, -modules

ExtL(S/1x,8)~ @ Exti(J.,59). (3.1)
(ZDEZ(X)

Moreover, if X, C Py, are such that Ix C Iy, then the natural surjection S/Ixy — S/Iy
induces maps Ext%(S/Iy,S) — Ext4(S/Ix,S) for all j > 0, whose (co)kernels and
images satisfy the following isomorphisms of T, -modules:

ker (Extg(S/Iy, S) —> Ext?,(S/ Iy, S)) ~ B Exti(L.5), (32
(2DEZDNZ(X)

Im (Extg(S/Jy, S) —» Ext’(S/Ix, 5)) ~ D  Exti(L.S),  (33)
(z,0)eZ(V)NZ(X)
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coker (Extfg(S/Iy,S)—>Ext§(S/IX,S))f: B Exti(L.S).  (34)
(z.D)eZ(X)N\Z2(Y)

Finally, recall that the saturation of Ix with respect to I, is given by Ixw» (see
(2.10)-(2.11)). We have

Z(x7) ={(z,)) € 2(X): 1 = p} C Z(X). (3-5)

In particular, if we apply (3.2) to the inclusion Ix C Iyw» we obtain for each j > 0
injective maps

ExtL(S/Ixw,S) — Ext’(S/Ix, S).

The equality (3.5) is the same as that in [25, (3.6)] and is proved there. To prove
Theorem 3.1 we construct for each pair (z,!) and each subset X C P, a collection of
T,,-submodules

&7 (X) C Ext4(S/Ix,S) (3.6)
with the following properties.

(1) For every inclusion of ideals Iy C Iy, if we denote by « : S/Ix — S/Iy the corre-
sponding quotient map, then for 57 > 0 the induced map

W%}—»{ :Extg(S/Iy,S) —)Extg.(S/IX,S) (3.7)
has the property that for all j > 0 and all pairs (z,[) such that Ix C Iy C Iy_,
EL(X) =7, 1 (EL, (V). (3.8)

(2) For each j > 0, we have an isomorphism of T},-modules

. Ext’(J,;,5) wh ) e Z(X),
ggl()() ~ X S( _’l ) when (g ) ( ) (39)
= 0 otherwise.
(3) For each X C P, and j > 0, the inclusions (3.6) give rise to a direct sum decompo-
sition
Ext}(S/Ix,S) = € &,). (3.10)
(z:D)eZ(X)

Once these properties are established, (3.1) follows by combining (3.10) with (3.9),
while (3.2)—(3.4) follow from (3.8) and Lemma 2.4. To construct the T;,-submodules in
(3.6) we start with the following.
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Lemma 3.2. For every pair (z,1) where z € P, is a partition satisfying z, = -+ =
zi+1, the short exact sequence (2.8) induces G-equivariant (and hence T, -equivariant)
surjective S-module maps

! Extl(S/ Ty, ,,S) - Extd (., S) for j > 0. (3.11)

To prove this result, we use the following analogue of [25, Corollary 3.7], which follows
from Remark 2.1.

Proposition 3.3. There exists a filtration of S/Ix by G-equivariant S-submodules, whose
successive quotients are Jy; with (z,1) € Z(X). In particular (see [25, Lemma 2.9]),
there exists a degree preserving inclusion of graded vector spaces

EXt{@(S/IX,S) — @ Ext{q(ngl,S) for each j > 0.
(DEZ(X)

Proof of Lemma 3.2. In light of Corollary 2.13, we only need to consider j = n —, since
Ext%(J;,,S) =0 for j # n — 1. To check (3.11) in this case, it suffices to prove that the
connecting homomorphism

Ext? ' (J.0.S) — Ext "TN(S/(1 + Iy, ), S) (3.12)

is identically zero. Using Proposition 3.3 with X = ), ; U {z}, it suffices to check that

$H Extd " (Jyu, S) = 0.
(y,u)€Z(Vz,1U{z})

Using Corollary 2.13, this follows from Corollary 2.10, since no (y,u) € Z(V.; U {z})
satisfies u =1—1. O

Using Lemma 3.2 and the fact that T;, is linearly reductive, we can choose a splitting
of ¢]§,l in the category of T,,-modules. That is, we can find a 7;,-submodule

£, S Exty(S/Iy. . 5) (3.13)

with the property that (bil maps Ei’l isomorphically onto Exté(Jé,l, S) (in characteristic
zero, G is also linearly rgductive, and since qi);l is G-equivariant, we may choose é'g’l to
be a G-submodule). We note that by Corollargf 2.13, 5;1 =0if j #n—1. For everygdeal
Ix C Iy,_,, we define

52,1()() = ﬂ-g-iiyl%.k'(gi,l)?

so that in particular Sg,l(yg,l) = c‘,’il. We also let 5211(2\?) =0if Iy € Iy_,. The equality
(3.8) follows from the functoriality of maps of Ext modules.
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To prove (3.9), we may assume that Iy C Iy_,: indeed, if that’s not the case then
5271()() = 0 by definition, and it follows from Lemma 2.4 that (z,1) ¢ Z(X). We show
that if (2,1) ¢ Z(X) then Sg7l(X) = 0, which again is interesting only for j = n—1. Using
Lemma 2.5, it follows that Iy C Iy, , so by (3.8) it suffices to prove that Sgl_l( 21)=0.
For this, it is then enough to check that Extg_l(S’/Iy;Yl,S) = 0, which follows from
Proposition 3.3 and Corollary 2.13 if we can show that there is no (y,u) € Z(Y. ;) with
u = [. Using (2.7), every z € ., has the property that x; > [ + 1 whenever x;-i;é 0, so
Lemma 2.9 applies to give the desired conclusion.

To end the proof of Theorem 3.1, we show simultaneously that 5;1 (X) ~ Exté(J;l7 S)
when (z,1) € Z(X) and that (3.10) holds, by induction on the size of Z(X). The smallest
non-zero term in the filtration from Proposition 3.3 gives a G-equivariant inclusion J,; C
S/1x, with (z,1) € Z(X). It follows from Lemma 2.6 that Ix C Iy_,, so we get natural
maps J,; — S/Ix — S/Iy,, giving rise to a commutative diagram

Ext}(S/Iy.,) — Ext4(S/Ix) — Ext%(J.,)

J )

€l —— EL(X) —— Bxt}(J.)

By the definition of Eg)l(X) the map « is surjective, and by the definition of 8;1 the
composition £ o « is an isomorphism. This shows that « is also injective, so it is an
isomorphism, and it shows that § is also an isomorphism. Letting Y = X U {z}, we get
an exact sequence

Since 3 is surjective, we get that the maps Exth(S/Ix,S) — Ext}(J,,,S) are also

surjective for j > 0. It follows that the long exact sequence for Ext(—,.S) induced by
(3.14) splits into short exact sequences

0 — BxtL(S/Iy, ) 2= Bxtd(S/Ix,S) — Ext’(J,;,S) — 0.

Since 37! gives a T},-module splitting of the surjection in the sequence above, we obtain
a direct sum decomposition of T;,-modules

Ext}(S/Lx, S) = w5, (Exth(S/Iy, 8)) @ €1 (%), (3.15)
Using Proposition 2.7 we have that Z()) = Z(X)\ {(z,)}, so by induction we conclude

that as T5,-modules we have & ,(Y) ~ Extg((]%u, S) when (y,u) € Z(Y), and that we
have a direct sum decomposition
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Ext4(S/Iy,S) = €  &.0).

(yw)€EZ(Y)

Applying 7r§,_>X and using (3.8), we can rewrite (3.15) as

Exti(S/Ix.S)=| @ &) |ee ()= P &.%),

(y,u)EZ(Y) (y,u)€Z(X)

showing (3.10) and concluding our proof.
3.1. The proof of the theorem on regularity and projective dimension
If Ix # S then we have
reg(Ix) = 1+reg(S/Ix), and pdim(Iy) = —1+ pdim(S/Ix).
Using (2.15) we obtain from (3.1) and Corollary 2.13 that

el =1t B ez = 1 B (D

Similarly, since pdim (M) = max{j : Extjé(M7 S) # 0}, we get

dim(Iy) = ~1 dim(J. 1) = -1 —
pdim(Ly) +(z,zl)r»l€a£z’x(x)p m(Jz1) +(z,l)ngx(2€)(n )

concluding the proof of (1.3).
3.2. The proof of the theorem on injectivity of maps from Ext to local cohomology

We prove the chain of implications (1) = (2) = (3) = (4) = (5) = (1). We assume
that X' consists of incomparable partitions and let p = min{z} : x € X'}. We have that
VI = I, is the ideal defining the union of all (p — 1)-dimensional coordinate planes and
dim(S/I) = p — 1. In particular, if (z,1) € Z(X) then [ <p —1.

(1) = (2): This is explained in a more general setting in [10, Example 6.3].

(2) = (3): Since I is unmixed, we get that [ =1 :I>°; = Iy.-1), so by (2.10) it follows
that no z € X has non-zero columns of size < (p — 1), or equivalently, every z € X
satisfies £ = -+ - = xp.

(3) = (4): If (2,1) € Z(X) then ! > p — 1 by Lemma 2.9. We have already noted that
I<p—-1,sol=p—1.

(4) = (5): It follows from (3.1) and Corollary 2.13 that Extg(S/I, S) = 0 for j #
codim([I), so S/I is Cohen—Macaulay.

(5) = (1): Consider the ideal J = I(y») where W is as in (1.7), and note that I 2 J.
Since VI = V/J = I,, we have H}(S) = H(S). By [22, Theorem 1.1], the natural
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maps Ext’(S/.J,8) — HY(S) are injective, so it is enough to show that the maps
Ext’(S/I,8) — Ext}(S/J,S) are injective. By (3.2), this reduces to showing that
Z(X) C Z(Y), where Y = {(WP)}. Using (1.4) we get that (z,p — 1) € Z(}) for every
partition z € P, with z; = --- = 2, < W — 1, so it suffices to show that any element
of Z(X) has this form. Consider any (z,1) € Z(X). Since Ext2 '(J,;,S) # 0 and since
S/I is Cohen—Macaulay, it follows from (3.1) that I = p — 1. By Remark 2.3 we have
that z; = --- = z,. If we let ¢ = z; then we have by Definition 1.1(2) that there exists
ze X witha, , =p#0,s0c+1<a; <W, proving that (2,1) € Z(Y).

3.8. The sequentially Cohen—Macaulay property

In this section we show, following the suggestion of Satoshi Murai, that for ev-
ery G-invariant ideal J, the quotient S/J is sequentially Cohen—Macaulay. Letting
p = dim(S/J) — 1, this amounts to the existence of a filtration (see [28, Definition
I11.2.9])

J:JOQJIg...ng:S’

with the property that J;11/J; is either zero, or it is a Cohen—Macaulay module of
dimension . We claim that if J = Iy then we cantake J; = J : [’° = Iy fori =0, -+, p.
Indeed, we have by (3.5) that

Z(X% D Z(Xx1) DD Z(&P),

so the induced maps Ext%(S/Jiy1,S) — Ext4(S/Ji, S) are injective. It follows from
(3.4) that

BelUn/hs)= @ Bels)
(z,l)EZ (X )\ Z(x:(i+1))

Using again (3.5), we have that each (z,!) in the equation above satisfies | = i, so by
Corollary 2.13 we obtain Ext’(Ji+1/J;,S) = 0 for j # n — i, proving that Ji1/J; is
Cohen—Macaulay of dimension i (or J; = J;11).

4. Ideals with a linear resolution

In [5], the authors introduce a class of &,-invariant monomial ideals called symmetric
shifted, and they prove that these ideals have a linear minimal free resolution when they
are generated in a single degree. They also leave open the problem of determining which
(other) &,,-invariant monomial ideals have a linear resolution. The goal of this section
is to prove that no other such ideals exist, establishing the first part of the Theorem
on Linear Resolutions described in the Introduction (the second part will be treated in
Section 5.3). We end the section explaining how our results also imply that symmetric
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shifted ideals that are generated in a single degree have a minimal resolution (which was
proved in [5, Section 3]). We recall the following [5, Definition 1.1] (the minor differences
in our definition below are due to a slight change in the conventions regarding partitions).

Definition 4.1. A &,-symmetric ideal I C S is symmetric shifted if for every monomial
ez € [ with z € P, and every 1 < k < n such that z; > xj, we have that e%-(ex/e1) € 1.

Remark 4.2. We make a few observations regarding Definition 4.1 that will help stream-
line some of the subsequent arguments.

(1) By [5, Lemma 2.2], it suffices to consider in Definition 4.1 only minimal generators
et of I.

(2) If z1 —xp, = 1 then e and e¥ = eZ- (ex/e1) are in the same &,-orbit (since y; = z,
yr = x1, and y; = x; for i # 1,k), so the conclusion e¥ € [ follows from &,-
invariance. Therefore, from now on we will only consider the case x1 — x > 2 when
checking Definition 4.1.

(3) If &y = -+ = xp > xpyq1 (that is, if h is the height of the last column of the
Young diagram of z), and if z4_1 > x4 = xg41 = --- = y, then e® - (ex/e;) and
el = e* - (e4/ep) are in the same &,-orbit. We may therefore assume that g = k
(that is, xx—1 > x), and the condition eZ - (ey/e1) € I is equivalent to e¥ € I. The
advantage is that y is still a partition!

Remark 4.3. In Section 5.3 we will use the notion of a symmetric strongly shifted ideal to
be one such that for every monomial e € I with z € P, and every 1 <t < k < n such
that x; > x, we have that e% - (ex/e;) € I.

Theorem 4.4. If I C S is an &, -invariant monomial ideal with a linear resolution then
I is a symmetric shifted ideal.

Proof. If I has a linear resolution, then all its generators have the same degree, which
we denote by r. Let X = X(I), so that I = Iy and every x € X has |z| = r. It follows
from (1.3) that

|zl + 1+ 1 <r for every (z,1) € Z(X). (4.1)

We assume by contradiction that I is not symmetric shifted, so there exists z € P,, with
eZ € I a minimal generator (see Remark 4.2(1)), and 1 < k < n such that eZ-(ey/e1) ¢ I.
We choose such an x for which x; is maximal, and define y as in Remark 4.2(3); note
that in particular we are assuming that x;y_; > x. To get a contradiction, we will show
that e¥ € I.

By Remark 4.2(2), we may assume that 1 — x; > 2. We define a pair (z,1) by letting
c=mx—1,1 =, —1and z = y(c), and observe that e = e - (ex/e;41) since
I +1=x,, is the height of the last column of . Note also that y,,,; = [ and therefore
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lz| +l+1=y()|+yep +1=yl+ 1=z +1=r+1,

so by (4.1) we get that (z,1) ¢ Z(X). By construction, z > z(c) and 2, ; =1+ 1, so
(z,1) satisfies condition (1) in Definition 1.1. It follows that (z,!) must fail condition (2),
that is, there exists a partition ¢ € X' (so that |t| = r) with 2z > £(c) and ¢, ; < 1. We
choose t to be minimal with respect to the lexicographic order.

If t; < c+1 then we claim that ¢t = y, so that e € I as desired. Indeed, the condition
ty < c+ 1 implies that t; < c+1=y; fori=1,---,[, while t’c+1 < [ implies t;+1 < ¢,
so that

tzzi(c)lézlzg(c)l:ym fori:l—|—1,~~~,n.

This implies that [t| < |y| = r, but since [t| = r, equality must hold everywhere, and
thus t = y.

We may therefore assume that t; > ¢+ 1 = z1, and we let h such that t; = --- =
tn, > tp41. Note that since t'cJr1 < I, we have h < [. We claim that there exists an index

s > h such that either:

e s<landt; —ts>2, or
e s>1+1and ys > ts (which implies t; —ts > (c+1) —ys > (c+1)—c =1, s0
t—ty > 2).

If this wasn’t the case, then we would get

ti=t1>c+1=y;fori=1,--- h,
ti>th—1>c+1l=y, fori=h+1,---,l, and

ti>y; fori=101+1--- ,n,

so that r = [t| > |y| = r, a contradiction. If we take s to be minimal and define u by
et = el (es/ep) then u € P,. Moreover, since e is in the same &,,-orbit as et - (es/e1),
it follows from the maximal choice of z and the fact that ¢; > x; that e € I, so
u € X(I). Moreover, u satisfies z > u(c) and u,,, <[, contradicting the minimality of ¢
and concluding our proof. 0O

We end this section by showing that symmetric shifted ideals generated in a single
degree have a linear resolution. Let I be such an ideal and assume that it is generated
in degree r. Let X = X(I), so that |z| = r for all z € X. Suppose by contradiction that
I does not have a linear resolution, so that reg(l) > r + 1. It follows that we can find
(z,1) € Z(X) with

lz| +1+1>7+1.
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We let ¢ = z; as usual. By Definition 1.1, there exists z € X with z > z(¢) and
x,,, <1+1, and we consider such an z which is lexicographically minimal. Note that
by part (2) of Definition 1.1 we have zi,,; = [ + 1. We claim that z > z(c): suppose
otherwise that z = z(c), so that z; = a} for i = 1,--- , ¢; we have

r+1<|zl+l+1= (2 +- +a,)+a, <|z]=r,

which is a contradiction. It follows that we can find g > [ 4 1 such that z, > x4, and
we choose a minimal such g, noting that this implies 41 > z, (since ;41 > c+1 >
zg for all g). We let h, e as in Remark 4.2(3), and note that y € X(I) since I is

symmetric shifted. We also have that z > y(c) and y.,; <1+1, and y is smaller than z
lexicographically, contradicting the minimality of z.

5. Regularity of powers

The goal of this section is to prove the Theorem on Regularity of Powers. Recall that
for w € P,, we write

w' = (n*, A 32, hF), withn > hy > -+ > hy, > 0,
set hg = n, and define

k
b(w) = (Z(htl — he) - (ag — 1)> + (hp = 1) - (ap — 1). (5.1)

t=1

We will prove the following.

Theorem 5.1. With the notation above, we have that
reg(I%) = d - |w| + b(w) for d > 0. (5.2)

Moreover, Ii has a linear resolution for d > 0 if and only if w; — w;+1 < 1 for all
i=1,---,n—1, in which case Ii is symmetric strongly shifted.

Example 5.2. Take n = 4 and w = (2,1,0,0). We have that k = 2, hy = 2, hy = 1,
ap =0, a; = az = 1, and in particular b(w) = 0. The Betti tables for I,,, I and Ii are

ws Sw

given respectively by:

o 1 2 3

— o 1 2 3
1 152 117 24 4 - .
o g 04 15 7 L MY 9180 474 420 125

3112 18

A~ DD
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One can check that in this case we have Ii = Iy, where

X =1{(6,3),(5,4),(6,2,1),(5,3,1), (4%, 1), (5,22), (4,3, 2), (3%),
(6,17),(5,2,1%),(4,3,1%), (4,2%,1),(3%,2,1),(3,2°)}.

A more compact description of X is as the set of all partitions of size 9 in P4 that are
smaller in the dominance order than (6,3). As explained in [5, Remark 1.3], this implies
that Ii is symmetric strongly shifted. By contrast, we have that Ii = Iy where

Y =1{(4,2),(3%),(3,2,1),(2°), (3,1%), (2%, 1)}
which contains all the partitions of size 6 in P, dominated by (4,2), except for (4,12)!

We let

d
Xi =<z € P, thereexists 0; € 6,7 =1,---,d, such that z = Zaj(w) ,
j=1

and note that I, = Iys for all d > 1. In light of (1.3), we have to check that

max {|z| +1+1: (2,1) € Z(XH)} =d- Jw| + b(w) for d > 0.

Our strategy will be to translate the containment (z,1) € Z(XZ) into feasibility condi-

tions on a high-multiplicity partitioning problem in Section 5.1. We then use the results
of [26] to characterize such feasibility conditions and obtain a quick proof of (5.2) in
Section 5.2. We prove the last assertion of Theorem 5.1 in Section 5.3.

5.1. The relationship with partitioning problems

Following [26], we think of w as a tuple of ball-weights, and for d > 0 we consider a
collection of d - n balls, with d of weight w; for each i = 1,--- ,n. We encode them as
elements of a multi-set

B:{w17"' y W1y s Wiy e s Wiy o, Why oot ,wn},

where each w; is repeated d times. For a tuple C' = (C4,-- - , C,) of capacities we consider
the problem B (d, C; w) of partitioning B as

B=BiU---UB U UBy, (5.3)

where each B; has exactly d elements, and
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w(B;) = Z w<Cy fori=1,--- n. (5.4)

weB;

Thinking of each B; as a bin with capacity Cj;, this is the same as assigning the balls to
bins in such a way that each B; is assigned d balls without exceeding its capacity. We
always assume that C (just as w) is non-increasing (Cy > --- > C,,). A partition B, is
said to be r-feasible if

w(B;) < Cifori=r+1,--,n,

and it is feasible if it satisfies (5.4), that is, if it is 0-feasible. If there exists an r-feasible
partition B, then we say that the problem B(d,C;w) itself is r-feasible (or feasible
when 7 = 0). The goal of this section is to characterize the containment (z,1) € Z(X2)
in terms of feasibility conditions on BPB(d, z; w). More precisely, we prove the following.

Proposition 5.3. Suppose that z € P, and 0 <1 < n is such that z; = --- = z;41. We
have that

(z,1) € Z(Xi) < BB(d, z; w) is (I + 1)-feasible but not l-feasible.

Proof. We first note that the condition that z can be represented as
d
xr= Zaj(g) for permutations o; € &, j=1,---,d,
j=1

is equivalent to the condition that there exists a partition B, with each B; containing
exactly d elements, and w(B;) = x; for ¢ = 1,--- ,n. To see this, note that given permu-
tations o; € &,,, we can form B, by placing foreach j =1,--- ,dandi=1,--- ,n, a ball
of weight w; into the bin B, (;). Conversely, it follows from Hall’s Marriage Theorem [14]
that given B,, we can find a permutation o4 € &,, with the property that B, ;) contains
a ball of weight w; for all i = 1,--- ,n. Removing one such ball for each ¢ and applying
induction on d allows us to construct o4_1,---,01 € &,, with the desired property.

We next let ¢ = z; and observe that the conditions that z > z(c) and x| <1+1 are
equivalent to the inequalities x; < z; for all ¢ > [ + 1. Furthermore, we have ;.1 < c =
z141 precisely when 2/, < [. It follows from the discussion in the previous paragraph
that condition (1) in Definition 1.1 is equivalent to the fact that BP(d, z;w) is (I + 1)-
feasible, while condition (2) is satisfied if and only if B(d, z; w) is not I-feasible. O

We record one more fact to be used in the proof of the Theorem on Regularity of
Powers. Given a tuple u € Z™ and an integer 1 < r < n we write u=" for the truncation

(UraurJrla T ,Un).

Lemma 5.4. If 0 < I < n and BP(d, z;w) is (I + 1)-feasible but not l-feasible, then
2141 < d- Wi41-
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Proof. Using [26, Lemma 7. 1] with j = 0 we obtain that B(d, 2= +1; w=*1) is 1-feasible
but not feasible. Let By Ul --- L B,,_; denote a 1-feasible partition of the multi-set B =
{wig1, w1, Wy, -+, Wy}, where each w; is repeated d times for i = +1,--- | n.
We have that w(B;) < zj4; for i = 2,--- ,n—1[, and since B, is not feasible by hypothesis,
we have that w(Bj+1) > z141. Since every ball in the multi-set B has weight at most w;41,
and since B;41 contains exactly d balls, it follows that w(B;4+1) < d - w41, from which
the desired conclusion follows. O

5.2. The linear function computing regularity of powers

In [26, Theorem 1.11] we show that for d > n we can find z € P,, with |z| =d - |w| +
b(w) — 1 such that BP(d, z; w) is 1-feasible but not 0-feasible. Using Proposition 5.3 it
follows that (z,0) € Z(Xg2), so by (1.3) we conclude that

reg(12) > |z| + 1 =d- Jw| + b(w) for d > n.

Suppose by contradiction that reg(I2) > d-|w|+ b(w) for some d > 0. It follows from
(1.3) that there exists (z,1) € Z(Xg) such that

lz| +1>d-|w| + bw). (5.5)

By Proposition 5.3 we have that B9(d, z; w) is (I 4 1)-feasible but not I-feasible. If { = 0
then we know by [26, Theorem 1.10] that if |z| > d - |w| 4+ b(w) and BP(d, z; w) is 1-
feasible, then BP(d, z; w) is also O-feasible. This is a contradiction, allowing us to assume
that [ > 0. Applying [26, Lemma 7.1] with j = 0 we have that BP(d, 22! w2!*1) is
1-feasible but not 0-feasible, so by [26, Theorem 1.10] applied to BP(d, z>l+1 w2
we conclude that (using the definition (5.1) for the truncation w=!*1)

Zl+1+"'+zn<d'(wl+1+"'+’wn)+b(w2l+l),

We write ¢ = z; and recall that by Remark 2.3 we have z; = -+ = 2,41 = ¢. Adding
z1+---+2z1+1=1-c+1 to both sides of the inequality above and using (5.5) we obtain

d-Jw|+b(w) < |zl +1<d- (wigr + - +wp) +bw"T) +1-c+1,
which after simplifications yields
d-(wi+--+w) <l-c+ A, (5.6)

where A = b(w=!*1) + ] —b(w) is some constant, depending only on w and [, but not on
d. Tt follows from Lemma 5.4 that ¢ < d - w41, so (5.6) implies that

d-(wy+--Fw —1-wyr) <A
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Since wq, - ,w; > w1 and d > 0, this is only possible when wy = -+ = w41, which
forces | < hy. This implies that b(w) — b(w=!T!) =1 - (ax — 1) > 0, and therefore A <.
Combining this with the inequality ¢ < d- w41 — 1, it follows from (5.6) that

d-(wi+-4w)<l-(dwp—D)+A=d-l- w1 +(A=-1)<d-l w1,
contradicting the fact that w; = -+ = w; = w41 and concluding our proof of (5.2).
5.8. Powers with a linear resolution

Since Ii is generated in degree d - |w|, it follows that it has a linear free resolution if
and only if reg(I%) = d - |w|. For d > 0, this is equivalent by (5.2) with the fact that
b(w) = 0. Since hy—1 — hy > 0 for every t = 1,--- , k, this is further equivalent to the fact
that a; = -+ - = ap, = 1, which is finally equivalent to the requirement that w; —w;1; <1
foralli=1,---,n—1.

To finish the proof of Theorem 5.1 we assume that w; —w;+; < 1forallt=1,--- ;n—1
and show that for d > 0, the set X2 consists of all the partitions of size d - |w| that are
dominated by d-w. By [5, Remark 1.3], this is enough to conclude that Ii is symmetric
strongly shifted. Choose any partition C' € P,, with |C| = d - |w|, which is dominated by
d - w. This means that

Ci+-+Cp>d-(wi+---+wy,) foralli=1,--- n. (5.7)

Notice that our assumption on w guarantees that b(w=%) = 0 for all i = 1,--- ,n, so by
[26, Theorem 1.7] we conclude that the partitioning problem B(d, C; w) is feasible. Let
B. be a solution, and note that since

d-lw|=Ci+--+C, <wBy)+ - -+wB,) =wB) =d-|w|,

we must have equality throughout, which is possible only when w(B;) = C; for all
i =1,---,n. Using the dictionary between elements of Xi and bin-weights established
in the proof of Proposition 5.3, we conclude that C € Xﬁ. Conversely, we have seen
that any C € Xi leads to a feasible problem B9(d,C;w). Since the bins B;, -, B,
must contain collectively a total of d - (n — i + 1) balls, whose total weight can be no
smaller than the sum of the smallest d - (n — i + 1) elements of the multi-set B, namely
d-(w; + -+ wy,), it follows that (5.7) must hold, that is, C' is dominated by d - w.

6. Varying the number of variables
Recall that for a subset X C P we write

Xn = {z € X : z has at most n parts} C P,.
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The goal of this section is to study reg(lx,) as functions of n when n > 0, recovering
recent results of Murai [21]. More precisely, we show the following (the Theorem on
Invariant Chains of Ideals).

Theorem 6.1. Let X denote a finite non-empty set of pairwise incomparable partitions,
and define

m =max{i:x; #0 for somezx € X}, w=min{z;:z€ X}, and

W = max{z; : z € X'}.
If welet Y = {z —z(w—1):z € X}, then we have the following.

(1) There exists a constant C' such that reg(Iy, ) = C for n > m.
(2) We have reg(Ix,) = (w—1)-n+ C for n > max(m,(m—1)- (W —w+2) - C).

Example 6.2. Both conclusions in Theorem 6.1 are sharp.

e For (1), consider X = {(1™)}, so that Iy, = S for n < m has regularity 0, and Ty,
is the ideal generated by all square-free monomials of degree m when n > m, whose
regularity is C' = m.

o For (2),let W > 2 and consider X = {(2,1™~1), (W™~ 1)}, so that Iy, is the maximal
ideal of .S, whose regularity is C' = 1. Note also that w = 2. It can be checked that

regly,)=W-(m—1)>n+1form<n<(m-1)-W -1,

and that (z,1) = (W — 1)™',m —2) € Z(X,) provides the maximal value for
|z| +1+1in (1.3). One can also check that reg(Ix,) =n+1forn > (m—-1)- W —1,
with (z,1) = ((1"),0) € Z(X,) maximizing |z|+[+1 in (1.3). For a specific example,
take m = W = 3: using Macaulay2, one has that for n = 4, the Betti table of Iy, is

o 1 2 3
4112 20 10 -
50— - — 1
6|6 12 6 -

so the regularity is 6 > n + 1. If we take instead n = 5 then the Betti table is

0o 1 2 3 4
4130 70 55 10 —
5 — — — 5 -
610 30 30 10 1

so the regularity is 6 =n + 1.
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We begin by noting that  —z(w—1) is the partition obtained from z by removing the
first (w — 1) columns in its Young diagram. More precisely, we have for every partition
u € P and r > 0 that

v=u—u(r) < v, =u;, foralli>1. (6.1)

Lemma 6.3. Suppose that Y C P, is a set of partitions containing (1P) for some p < n.
For every (z,1) € Z()) we have that z, = 0, that is, z has at most (p — 1) parts.

Proof. Suppose by contradiction that there exists (z,1) € Z(Y) such that z, # 0, and
let ¢ = z;. Since 2 is not the empty partition, it follows that ¢ > 1, so if we let y = (17)
then y = y(c) and y.,, = 0. Moreover, since z, # 0 we have that z > y = y(c), and
since y.,; < I + 1, condition (2) in Definition 1.1 is violated. This gives the desired
contradiction, concluding the proof. O

Corollary 6.4. If Y C P is a set of partitions containing (17) then Z()),) is independent
on n forn > p. In particular, reg(ly, ) is constant for n > p.

Proof. We may assume without loss of generality that ) consists of pairwise incompa-
rable partitions, and that p is minimal with the property that (17) € ). Any partition
y with more than p parts has the property that y > (17), so y ¢ ). This implies that
Yp = Vn, and therefore Z(Y,) C Z(Y,) for all n > p. To prove equality we need to show
that for every (z,1) € Z(Y,) we have z € Pp, which follows from Lemma 6.3. The fact
that reg(Iy, ) is constant for n > p follows now from (1.3). O

Lemma 6.5. Suppose that n > m and let z € P, with z,, >w—1. Letu=2—2
c=z andd=uy =c— (w—1). Consider x € X, and let y =z — z(w —1) € V,,. We
have that x,,, =y}, | and

2> z(c) = u > y(d).

Proof. Note that by (6.1) we have y;,, =) ., _, = 7., proving the first assertion.
Moreover, we have

z>z(c) = 2l >a) fori <c. (6.2)

Since z, > w—1 we get that 2/ > m for i < w — 1. Since z has at most m parts, z; < m
for all 4, and in particular z} < 2} for i < w — 1. We obtain

6.2 , 6.1 ‘
gzg(c)gzgzgZx;forwgzgcgzgug_w“Zyg_w_H forw<i<e

<:>u;2y;forj§d,

which in turn is equivalent to u > y(d) by the analogue of (6.2), concluding the proof. O
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Proof of Theorem 6.1. To verify conclusion (1), we consider z € X with x; = w and let
y=z—2z(w—1) €Y. Since y; = 1 it follows that y = (17) for some p, and since z has
at most m parts, we get p < m. It follows from Corollary 6.4 that reg(Iy, ) is constant
for n > p, and in particular for n > m, as desired.

To prove conclusion (2), we verify that

n-(w—1)+C < reg(Ix,) < max(n-(w—1)+C, n-(w—2)+(m—1)-(W—-w+2)) for n > m.
(6.3)
Whenn > (m—1)- (W —-w+2)—C we get that n- (w—1)+C>n-(w—2)+(m—1)-
(W — w + 2), which together with (6.3) implies reg(Ix,) =n- (w — 1) + C, as desired.
To prove the first inequality in (6.3) we let (u,l) € Z(),) such that C' = reg(Iy,) =
|u] + 1+ 1 and define

z=((w-1") +u

We let d = uq, ¢ = 21 =d+ (w—1). Since n > m, we have z,, > w — 1, and since every
Yy € Vp has the form y =z — z(w — 1) for some z € &, it follows from Lemma 6.5 that

(z,1) € Z2(X) <= (u,1) € Z(Wn), (6.4)
and in particular
reg(Ix,) > |zl +1+1=n-(w—1)+|u+l+1=n-(w—-1)+C.
For the second inequality in (6.3) we choose (z,1) € Z(X,) with reg(Ix,) = |z| + 1+ 1,
and let u =z — z(w —1). If z,,, > w — 1 then it follows as before from Lemma 6.5 that
(6.4) holds, so
reg(Iyv,) =zl +1+1<n-(w—1)+|ul+i+1<n-(w-1)+C.

If z,, <w — 2 then z; <m —1for i >w — 1. Since x,,; =14 1 we get that x; > c+1
so ¢ < W — 1, and moreover we have [ + 1 < m — 1. This yields

w—2 WwW-1
reg(lx,) = |z] +1+1= (Zzé) + ( > zé) +(1+1)
=1 i=w—1

<n-(w—=2)+(m-1)- W-w+1)+(m—-1),
proving the second inequality in (6.3) and concluding the proof. O
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