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1. Introduction

Tropical convex geometry consists in the study of the analogues of convex sets in tropical algebra.
In this paper, we consider the max-plus semiring R,ax instantiation of tropical algebra, dealing with
the set R U {—o0o} equipped with x @ y := max{x, y} as addition and x ® y :=x + y as multiplication.
Thus, in the max-plus semiring, —oo is the neutral element for addition and O is the neutral element
for multiplication. The n-fold product space R .. carries the structure of a semimodule over Rpyax
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v2 (0,6,1)

Fig. 1. The real polyhedral cone generated by v' = (0,1,3), v> =(0,4,1) and v3 = (0,9, 4) (gray), together with a tropical
half-space with apex (0, 6, 1) (green). (For interpretation of the references to color, the reader is referred to the web version of
this article.)

when equipped with the tropical scalar multiplication (A, x) — Ax := (A + X1,..., A + X;) and the
component-wise tropical addition (x, y) — x @ y := (max{x1, y1}, ..., max{x,, yn}).

Since any number is “non-negative” in the max-plus semiring (i.e., greater than or equal to the
neutral element for addition —oo), following the analogy with ordinary convexity, a subset 4 C Rl ..
is said to be a tropical convex set if

Ax@duye¢ forallx,y e % and A, it € Rpax suchthat A & w =0. (1)

Similarly, ¢ is called a tropical (convex) cone when (1) is satisfied without the condition A & u =0.
A tropical cone ¥ is said to be polyhedral when it can be generated by finitely many vectors,

meaning that there exists {v!,..., vP} C R .x such that
¢={veRl  |v=nrv'® - @®1rpvP forsome iy, ..., Ap € Rma]. (2)

In this paper, we mainly deal with the situation in which all the generators vi belong to R™. In this
case, we say that % is a real polyhedral cone.

It is worth mentioning that our terminology differs from the one introduced by Develin and Sturm-
fels in [14], where tropical cones are called tropical convex sets, and real polyhedral cones are referred
to as tropical polytopes.

Tropical cones are closed under tropical scalar multiplication. In consequence, it turns out to be
convenient to identify a real polyhedral cone with its image in the real projective space

P1.=R"/1,...,DR.

We adopt this approach here and, for visualization purposes, represent a vector (xi,...,X;) € R"
by the point (x, — x1,...,X, — x1) of R"™ 1. For example, the real polyhedral cone generated by
vl =(0,1,3), v2=(0,4,1) and v3 = (0,9,4) is depicted in Fig. 1. This tropical cone is given by
the bounded gray region together with the line segments joining the points v! and v3 to it.

As in classical convexity, any tropical polyhedral cone admits an “external” representation, as the
intersection of finitely many tropical half-spaces [20]. A tropical half-space can be defined as a set of
the form:

H = [x € RY .y | max{x; — ot;} > max{x; — ozj}],
iel jej
where I and | are non-empty disjoint subsets of [n]:={1,...,n} and a;, € R for h € IU J. We say that
S is non-degenerate when I U J = [n]. In this case, the vector («q,...,®y) is an element of R", and
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is called the apex of 7. Note that apices are defined up to a scalar multiple. Consequently, we think
of them as elements of P"~!. For instance, the tropical half-space {x € Rfmx | X3 —1 > max{xy, xo — 6}}
is non-degenerate, and its apex is the point (0, 6, 1). It corresponds to the region located above the
green dashed half-lines in Fig. 1. We warn the reader that, unless explicitly specified, every tropical
half-space considered in the sequel will be non-degenerate.

Tropical convex sets, which were introduced by K. Zimmermann [30] when studying discrete op-
timization problems, have been the topic of many works coming from different fields. Tropical cones
have been studied in idempotent analysis. It came from an observation of Maslov implying the solu-
tions of a Hamilton-Jacobi equation associated with a deterministic optimal control problem belong to
structures similar to convex cones, called semimodules or idempotent linear spaces [25,12]. Besides,
the invariant spaces that appear in the study of some discrete event systems are naturally equipped
with structures of tropical cones, see [10]. This motivated the study of tropical cones or semimodules
by Cohen, Gaubert and Quadrat [11,12], following the algebraic approach to discrete event systems
initiated by Cohen, Dubois, Quadrat and Viot [9]. Another interest in the tropical analogues of convex
sets comes from abstract convex analysis [28], see for instance [13,26]. With the same motivation,
the notion of B-convexity (which is another name for tropical convexity) was introduced and studied
by Briec, Horvath and Rubinov [6,7]. The theory of tropical convexity has recently been developed in
relation to tropical geometry. Real (tropical) polyhedral cones were considered by Develin and Sturm-
fels [14]. They developed a combinatorial approach, thinking of these tropical cones as polyhedral
complexes in the usual sense. This was at the origin of several works (see for example [23,8,15]) by
the same authors and by Joswig, Block and Yu, to quote but a few.

In classical convex geometry, any full-dimensional polyhedron admits a unique minimal exter-
nal representation, which is provided by the facet-defining half-spaces. No analogues of facets nor
faces are currently known for tropical polyhedra, see the work of Develin and Yu [15]. Minimal
(inclusion-wise) tropical half-spaces containing a given tropical polyhedral cone have been studied
by Joswig [23], Block and Yu [8], and Gaubert and Katz [20]. They can be seen as the tropical coun-
terparts of supporting half-spaces. In [20], the authors show the surprising result that there can exist
an infinite number of minimal half-spaces, as soon as n > 4. In a joint work with Allamigeon [4], they
have provided a characterization of the extreme vectors of the polars of tropical polyhedral cones.
They pointed out that these vectors do not provide in general minimal representations by half-spaces.
They have also introduced a method to eliminate redundant half-spaces via a reduction to a problem
in game theory (solving mean payoff games). In particular, it has been observed that the greedy elimi-
nation of superfluous half-spaces produces different non-redundant representations, depending on the
order in which the half-spaces are considered. As far as we know, the question whether there exists
some structure behind the different non-redundant representations of a tropical polyhedral cone has
remained open.

The purpose of this work is to study the minimal external representations, also called non-redundant
external representations, of a real polyhedral cone ¥ c P"~!. Without loss of generality, we restrict
our attention to external representations composed of tropical half-spaces with apices located in %
Indeed, as shown in Section 2.3, we can always replace any half-space containing % by a smaller
half-space (inclusion-wise), whose apex belongs to . In particular, the apices of minimal half-spaces
are elements of %.

Under this assumption on the apices, we show that a real polyhedral cone has an essentially
unique non-redundant external representation. More precisely, we prove the following theorem.

Theorem 1. For each real polyhedral cone € C P"~! there exist a subset A of €, and for each a € A, a collec-
tion Cq of disjoint sets of tropical half-spaces with apex a, satisfying the following property:

A finite set of tropical half-spaces with apices in ¢ is a non-redundant external representation of ¢ if, and
only if, it is composed of precisely one half-space in each set of the collection C, for each a € A.

As a consequence of this result, any non-redundant external representation (composed of finitely
many tropical half-spaces with apices in the cone) precisely involves the same set A of apices. They
are referred to as non-redundant apices. Moreover, the multiplicity of each non-redundant apex a (i.e.,
the number of half-spaces with this apex) is identical in any non-redundant external representation. It
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is equal to the cardinality of the collection C,. Theorem 34 below specifies that the sets in the collec-
tion Cg4 are given by some strongly connected components of a certain directed graph (see Section 4.3
for details). Consequently, two non-redundant external representations only differ on the choice of
the representative of each strongly connected component.

This paper is organized as follows. The next section is devoted to recalling basic notions and results
concerning tropical convexity. Moreover, given an external representation of a real polyhedral cone,
we present a method to replace its half-spaces by half-spaces with apices in the cone (Proposition 7).
Note that this method handles arbitrary half-spaces, including degenerate ones.

In Section 3 we establish a combinatorial criterion to determine whether a half-space # is redun-
dant in a given external representation of a tropical polyhedral cone %. It is expressed as a certain
reachability problem in a directed hypergraph, and plays a fundamental role in the subsequent re-
sults. It applies to the case where the half-space 7 is non-degenerate, and its apex belongs to . In
contrast, the half-spaces in the external representation of ¥ can be arbitrary.

The main result of this paper, Theorem 1 above, is proved in Section 4. Thus, in this section
we consider only non-degenerate half-spaces containing a fixed real polyhedral cone %, and whose
apices belong to %. The proof consists of several steps. Firstly, we show an anti-exchange result which
applies to half-spaces with distinct apices (Theorem 21). Secondly, we prove that the set of apices
arising in non-redundant external representations is always equal to a certain set A (Theorem 29).
Finally, we fix an apex a € A, and study which half-spaces with apex a appear in non-redundant
representations. This leads to the characterization of the collections C, (Theorem 34).

Section 5 studies the relationship between non-redundant apices and vertices of the cell complex
associated with the cone. Theorem 43 establishes that all the non-redundant apices belong to a par-
ticular subset of vertices. We then provide a sufficient condition for a vertex in this subset to be a
non-redundant apex of the cone (Theorem 45). Finally, we show (Theorem 51) that this sufficient con-
dition is always satisfied when the cone has “generic extremities”, meaning that each of its extreme
vectors belongs to a closed ball of positive radius (for the tropical projective Hilbert metric) contained
in the cone.

2. Preliminaries
2.1. Basic notions in tropical convexity

Henceforth, we will use concatenation xy to denote tropical multiplication x ® y of two scalars
X,¥ € Rpax. When x, y are vectors of R, xy represents the tropical inner product of x and y,
ie.

Xy = XiYi.
ie[n]
To emphasize the semiring structure of Rp,x, we denote by O the neutral element for addition,
ie. 0:=—oo, and by 1 the neutral element for multiplication, ie. 1 := 0. The ith (tropical) unit
vector will be denoted by €', i.e. e' e R ., is the vector defined by
e§ =1 and e;- =0 forj#i.

The multiplicative inverse of a non-zero (in the tropical sense) scalar A € Ry, i.e. —2, will be repre-
sented by A~. When x € P"~!, we denote by x~ the vector whose coordinates are x; . Given I C [n],

the vector x; is defined by
(x);==x; ifiel and (x;),:=0 otherwise.

The identification of a real polyhedral cone with its image in the real projective space P"~! can be
generalized to any tropical cone ¥ C R, provided that we consider the tropical projective space

Py = (R \ (=00, ..., —00)})/(1,...., DR.

max "
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Fig. 2. A tropical hyperplane with the corresponding sectors (left) and a tropical half-space (right), both of them with apex
a=1(0,4,3).

We define the tropical projective Hilbert metric over P"~1 by
du(x, y) :=max(x; — yi) — min(x; — y;).
ie[n] ie[n]
It can be extended to P-1 by setting
Ay (%, y) = { maxy,.o(Xi — ¥i) —miny,zo(x; — y;) when {i|x; #0}={i|y; # 0},
U 400 otherwise.
The sets P"~! and Pﬁ;}( are both endowed with the topology induced by the metric dy. In the sequel,

closed balls for this metric will be called (closed) Hilbert balls.

2.1.1. Extreme vectors of tropical cones

A (non-zero) vector x of a tropical cone ¥ C P! is said to be extreme in ¥ if for all y,z € %,

Xx=y®z implies eitherx=y orx=z.

The tropical version of Minkowski theorem [17,18] in the case of cones shows that a tropical poly-
hedral cone ¥ is generated by a set V c P™-1 if, and only if, V contains the extreme vectors of %.

Thus, a tropical polyhedral cone % has a unique minimal generating set (as a subset of ]P?n;}().

2.1.2. Tropical half-spaces and hyperplanes
With the notation introduced above, observe that any non-degenerate half-space can be written in
the form
—1 — —

A = {xe Py |arx>ap, X}, (3)
where a € P™! and I is a non-empty proper subset of [n]. In what follows, we shall also shortly
denote such half-space by .77(a, I).

Non-degenerate half-spaces are related to the notion of tropical hyperplanes. The (max-plus) tropi-
cal hyperplane with apex a is defined as the set of vectors x € P”m;}( such that the maximum

a x=max{x; —ay,...,X; —an}

is attained at least twice. The complement of such hyperplane is the disjoint union of n regions, the
topological closure of which

L(a,i) = {xePh} a7 x> ajx;forall je [n1},

are special tropical half-spaces called (closed) sectors, see the left-hand side of Fig. 2. Note that the
half-space 7 in (3) coincides with the union, for i € I, of the sectors .”(a,i) supported by the
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hyperplane with apex a. This is illustrated in the right-hand side of Fig. 2. Besides, observe that the
apex a and the set of sectors I are both uniquely determined by 7, and so they will be denoted by
apex(#7’) and sect(77) respectively. We refer the reader to [23] for more information on hyperplanes
and half-spaces, but we warn that the results of [23] are in the setting of the (real) min-plus semiring
(R, min, +), which is however equivalent to the setting considered here.

2.1.3. Cell decomposition

We now recall basic definitions and properties concerning the natural cell decomposition of P!
induced by a finite set of vectors {v"}r¢[p C P*~1. For a complete presentation in the equivalent
setting of the (real) min-plus semiring (R, min, +), we refer the reader to [14].

Given x € P"1, the type of x relative to {v'}rerpr is the n-tuple type(x) = (S1(X), ..., Su(x)) of
subsets of [p] defined as follows:

Sjx) :={relp] |x;v;- > x; v] foralli € [n]},

for j € [n]. An n-tuple (S1,..., Sy) of subsets of [p] is said to be a type if it arises in this way.
With each n-tuple S = (S1,...,Sy) of subsets of [p], it can be associated the set Xs of all the
vectors whose type contains S, i.e.

Xs:={xeP"|S;CSj), forall je[n]}.
Lemma 10 of [14] shows that these sets are given by
Xs={xe P! ]xjvlr <x,-v5-, foralli, je[n]andr € S;},

and so they are both closed convex polyhedra (in the usual sense) and tropical polyhedral cones. The
natural cell decomposition of P~ induced by {v'}rerpy is defined as the collection of convex polyhe-
dra Xs, where S ranges over all the possible types.

A simple geometric construction of the natural cell decomposition of P"~! induced by {v'}r¢[p)
can be obtained if we consider the min-plus hyperplanes whose apices are these vectors. Recall that
given a € P"~1, the min-plus hyperplane with apex a is the set of vectors x such that the minimum

min{x; —ai,...,Xp —dn}

is attained at least twice. By Proposition 16 of [14], the cell decomposition induced by {v'}r¢[p) is
the common refinement of the fans defined by the p min-plus hyperplanes whose apices are the
vectors v", for r € [p].

Given a cell Xs, if we define the undirected graph Gs with set of nodes [n] and an arc connecting
nodes i and j if, and only if, S; N S # ¢, then by Proposition 17 of [14] the dimension of Xs (in the
projective space) is one less than the number of connected components of Gs. A zero-dimensional
cell is called a vertex of the natural cell decomposition.

When ¥ is the tropical cone generated by {v'};c(p), the natural cell decomposition of P! induced
by {v"}re[p1 has in particular the property that % is the union of its bounded cells, see [14] for details.
Corollary 12 of [14] also shows that a cell X is bounded if, and only if, S; # @ for all j € [n]. It follows
that x € ¢ if, and only if, S;(x) # ¢ for all j e [n].

Example 2. The natural cell decomposition of P? induced by v! = (0,1,3), v = (0,4,1) and
v3 = (0,9, 4) is illustrated in Fig. 3. As explained above, it can be obtained by drawing three min-plus
hyperplanes (dotted lines in Fig. 3) whose apices are the vectors v!, v2 and v3. This cell decompo-
sition consists of six zero-dimensional cells (vertices), fifteen one-dimensional cells (nine unbounded
and six bounded) and ten two-dimensional cells (nine unbounded and only one bounded).

Fig. 3 also provides the type (relative to v!, v2 and v3) of any vector in the relative interior
of each bounded cell. For instance, the type of x = (0, 8, 3) is ({1, 2}, {3}, {1, 3}), and so this vector
is a vertex (the undirected graph Gs, where S = type(x), is connected). The line segment joining x
with v3 is the cell Xs for S = ({1,2}, {3}, {3}), and the only bounded two-dimensional cell is Xs for
S=({2}, 3}, (1D

Comparing Figs. 1 and 3, it can be seen that the tropical cone generated by v!, v2 and v3 is pre-
cisely the union of the bounded cells in the natural cell decomposition of P? induced by these vectors.
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Fig. 3. The natural cell decomposition of P? induced by v! = (0,1,3), v2 =(0,4,1) and v3 = (0,9, 4).
2.2. Tropical polar cones

As in classical convex analysis, the polar ¥° of a tropical cone ¥ C ]P’”m;}( can be defined [19] to
represent the set of all (tropical) linear inequalities satisfied by the vectors of %

©° = {(u,u) e PAT |ux > u'x, Vxe ¢}, (4)

max

However, note that tropical linear forms must be considered on both sides of the inequality due to
the absence of a “minus sign”. This means that the polar of % is a tropical cone of P21,
As a consequence of the separation theorem for tropical cones of [30,29,13], a tropical polyhedral
cone ¥ is characterized by its polar cone, i.e.
¢ =|{xe Pl |ux>u'x, ¥(u,u') € ¢°}.

max

Moreover, when % is polyhedral, it can be shown that %° is also polyhedral, implying % is the
intersection of the (finite) set of tropical half-spaces associated with the extreme vectors of €™°.

An equivalent notion to the polar is that of the jth polar, see [4]. For j € [n], the jth polar ‘51." of €
is defined as the tropical cone

%]? = {ue]l"’r‘n;}(‘ @ UiXj > UjXj, Vxe%}, (5)
ie[n]\{j}

which lies in Pl As in the case of the polar, a tropical polyhedral cone % is given by the (finite)
intersection of the tropical half-spaces associated with the extreme vectors of %’j", for j € [n]. Indeed,

the set of extreme vectors of %° precisely consists of the vectors (¢!, e!) (i € [n]) and the extreme
vectors of the jth polars of € (j € [n]), see [4].

The extreme vectors of the polars of tropical polyhedral cones have been characterized in different
ways, see [20, Theorem 5] or [4, Theorem 3]. We shall need the following variant of Theorem 3 of [4],
which is more adapted to our setting.

Theorem 3. Let & be a real polyhedral cone generated by the set {v'};c[p) C P"1, and let u € ‘519 be such
that u;j # 0.
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Then, u is extreme in ‘ff if, and only if, for each i # j either u; = O or there exists r € [p] such that
uivi = ujv;. > @ke[n]\{i’j} Ug vy,

Observe that the case u; =0 is not considered in Theorem 3. This is due to the fact that ‘5]9 con-

tains the unit vectors e, for i # j, and so they are the only extreme vectors u of ‘6’]9 satisfying u; = 0.
These extreme vectors of %]9 will be called trivial, because they represent tautological inequalities
x;i > 0, and so they play no role in the external representation of %.

2.3. Saturation and minimal half-spaces

Let ¢ be the real polyhedral cone generated by the set {v'};c[p) C P*~1. A half-space is said
to be minimal with respect to % if it is minimal for inclusion among the set of half-spaces con-
taining %. Gaubert and Katz have proved in [20] that any minimal half-space with respect to % is
non-degenerate, and its apex can be characterized in terms of the natural cell decomposition of P"~1
induced by the generating set {v};¢[p).

Theorem 4. (See [20, Theorem 4].) The half-space ¢ (a, I) is minimal with respect to the real polyhedral
cone % if, and only if, the following conditions are satisfied:

(C1) Uies Si@ =1p],
(C2) foreach j e [n]\ I there exists i € I such that S;(a) N Sj(a) # @,
(C3) foreachi eI there exists j € [n] \ I such that S;(a) N Sj(a) ¢ Uke,\m Sk(a),

where (S1(a), ..., Sn(a)) = type(a) is the type of a relative to the generating set {v' };c(p).

The apices of minimal half-spaces consequently form certain cells of the natural cell decomposition
of P! induced by the generators of %. It was shown in [20] that these cells need not be zero-
dimensional, so the number of apices of minimal half-spaces can be infinite. Since Conditions (C2)
and (C3) above imply Sy, (a) # @ for all h € [n], we readily obtain the following corollary:

Corollary 5. If 77 is a minimal half-space with respect to the real polyhedral cone ¢, then its apex belongs
to%.

Remark 6. The three conditions of Theorem 4 do not depend on the choice of the generating
set of ¥. For instance, Condition (C1) amounts to ¥ C 7 (a, I). Similarly, assuming ¢ C J#(a, I),
Condition (C2) is equivalent to the fact that, for each j € [n]\ I, there exists x € ¥ such that
a; xj = Py a, X, Observe that the latter is trivially satisfied when a € 7.

J

Given a (possibly degenerate) half-space .7 containing %, there always exists a minimal half-
space ' such that ¢ Cc #' C , see [20, Theorem 3]. Using Corollary 5 and the fact that &€
is a finite intersection of tropical half-spaces by (the conic form) of the tropical Minkowski-Weyl
theorem [20], we conclude that % is a finite intersection of half-spaces with apices in %, and these
half-spaces can be assumed to be minimal.

Since Theorem 3 of [20] is not constructive, in this section we explain a simple method, referred
to as saturation, to compute a half-space 7’ satisfying apex(#”') € ¢ and ¢ C ' C . Suppose
that 7 = {x e ]P?n;}( | B xi > @jej ozj_xj}, where I and ] are disjoint non-empty subsets of [n]
and oy € R for all h € IU J. Consider the half-space . (b, I') whose apex b= (81, ..., 8,) € P*~! and
sectors I’ are defined as follows:

Bi = @ Arvi foralli e [n], I':'={iel|aj=8i},
relp]

with X, € R being defined by A, := (EBhE,UJ a, vp)~. Then, the following proposition holds:
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Fig. 4. Saturation of a half-space. (For interpretation of the references to color, the reader is referred to the web version of this
article.)

Proposition 7. The half-space 7 (b, I) satisfies the following properties:

(i) its apex b belongs to €';
(i) € c (b, I') C H.

Proof. The first property readily follows from b = @re[p] Arvr.

On the other hand, since o vi < @yeqyy @y, vy, =2, forall ke TU J and r € [p], it follows that
Bk = EBre[p] Arvi, < o for all ke U J. Moreover, note that oy = f if, and only if, there exists r € [p]
such that o vi = Dpejuy o Vi-

Consider now any s € [p]. Firstly, observe that there exists i € I such that o v = @hdu] o, v},

because vS € ¢ C . Since in that case we have «; = 8; by the discussion above, it follows that i € I’
and so

-5 _ —.,S
D o vi=Paivi.
helu]j iel’
Now note that for any j € [n]\ I’ we have
-5 _ r s - _ -5 _ —.,S _ —.,S
Bi j‘<@)‘r"j) vi<og= P o vi=Peavi=Psivi.
re[p] helu] iel’ iel’

and thus v$ € 77 (b, I'). Since this holds for any s € [p], we conclude that ¥ C 77 (b, I').
Finally, if we assume ;¢ B; xi 2 @ jeinp i B; Xj» it follows that

Doix>Dox=Drrxz D x>Psx>Deox

iel iel’ iel’ jem\r jel jel

because I’ C I, J Cc[n]\ I’ and B, < o, for all h e [ U J, where the equality holds for h € I’. Then, we
conclude that sZ(b, I’y C 7. O

Example 8. Consider the cone of Fig. 1, and the half-space {x anax | x1 @ x3 > (—8)x} with apex
a = (0,8,0), depicted in orange in Fig. 4. It can be verified that A1 = —3, A = —1, and A3 = —4,
thus By = (—3)v] ® (—1)v? & (—4)v3 = —1. Similarly, B =5 and p3 =0, so that b= (—1,5,0), and
I’ = {3}. The half-space (b, I) is represented in green in Fig. 4.
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Remark 9. Note that when I U J = [n], we have A, = max{A € Rpax | Av" <a}, where a:= (o1, ..., ap)
is the apex of .7 (here < refers to the component-wise comparison over vectors of R"). Then, in
that case, the apex b can be seen as the projection of the vector a onto the cone %. This projection
is known to minimize the tropical projective Hilbert metric, i.e. for all x € &, dy(a,b) < dy(a, x),
see [11,12] for details.

In general, the half-space s#(b,I’) is not minimal with respect to . However, we next show
that »# (b, I’) is minimal in the important special case where .7# is the half-space associated with a
non-trivial extreme vector of the jth polar of € (j € [n]).

Proposition 10. Let 77 = {x € IPmax | @,e[n]\{ ) UiXi > ujx;} be the half-space associated with a non-trivial

extreme vector u of the jth polar of €. The half-space obtained by saturation of 7 is minimal respect to €,
and is of the form ¢ (b, I) with b € P~ satisfying u = by @ b].’ej.

Proof. Let 7#(b,1’) be the half- space obtained by saturation of 7. Note that using the notation of
Proposition 7, we have % = {x e PI.1 | PBicrof xi > EB]E] o; “xj} where | ={j}, I={ien]|u;#0,
i#j}and ap=u, forhelU J=1U{j}.

By Theorem 3, for each i € I there exists r € [p] such that

u,-vf:u > @ Ug VY. (6)

kel\{i}

As we have seen in the proof of Proposition 7, this implies g, = o =u, for all h € I U {j}, and so in
particular I’ = I. Besides, by (6), we obtain that

bv_bv>®bvk

kel\{i}

It follows that both b;"v] and b‘vr are maximal among the b, v} for h € I U{j}, and even among the

j
b, vy for h e [n], since b}, v" b[ J\,,v and I =I'. Thus r € S;(b) N S(b). However, r ¢ Uke,\m Sk(b),

and so Condition (C3) holds for 7 (b, I').
Moreover, by Remark 6, Conditions (C1) and (C2) are satisfied as ¥ C s (b, 1’) and b € ¥. There-
fore, 7 (b,I’) is a minimal half-space with respect to 4. O

3. A combinatorial criterion to determine whether a half-space is redundant

Let I be a set of (possibly degenerate) half-spaces. A half-space 7 is said to be redundant with
respect to I" if % is implied by the half-spaces in I", meaning that their intersection (), " is
contained in 7.

In this section, we show that the redundancy of a non-degenerate half-space .7 with respect
to I" is a local property when the apex of .7 is assumed to belong to all the half-spaces in I'". As
a consequence, under the same assumption, we show that the redundancy of a half-space in a finite
set of half-spaces is equivalent to a reachability problem in directed hypergraphs.

Proposition-Definition 11. Let I" be a set of (possibly degenerate) half-spaces, and ¢ a non-degenerate
half-space whose apex belongs to each half-space in I". Then, ¢ is redundant with respect to I" if, and only
if, there exists a neighborhood .#" of apex(¢) such that (" yprcp H)Y NN C IH.

In the latter case, ¢ is said to be locally redundant with respect to I.

Proof. The “only if” part is obvious.

To prove the “if” part, let a := apex(¢), I :=sect(¢) and 2 =)y #¢’. Assume there exists
a neighborhood .4 of a such that Z N .4 C s, but J is non-redundant in I', ie. ¥ ¢ 7. Then,
pick any x € 2\ 2 and let j € [n]\ I be such that aj_xj > a; x; for all i € I. Define A as the maximal
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scalar such that Ax; < a; for all i € [n]. Let us denote by R the (non-empty) set of the coordinates r
such that Ax, = a,. Note that for any i € I,

AXi < Aajijai < a;,

and so RNI=4.
Now, define y :=a & ux, where p > A. Due to the definition of R, if we take u close enough to A,
we have

yr>a <= TER.

Then, since R NI =@, it follows that y; = q; for all i € I. As a consequence, y ¢ s (a,I) while y € 2
(because y is a tropical linear combination of a,x € ¥ and & is a tropical cone). However, this con-
tradicts the fact that Z N.A" C 5 (a, I), because y € A4 for u close enough to A. O

To exploit the local characterization of Proposition 11, we use the notion of tangent cone [1,2].
Given a vector z € P! of a tropical polyhedral cone & C IP";];}(, the tangent cone of Z at z provides
a description of 2 in a neighborhood of z. We say that a tropical half-space {x € IP’Tr'n;}( | P Xi >
@je] ocj_xj} is active at z if the following equality holds:

@ai’zi = @a;z]x

iel jej
Definition 12. Let 2 =)y H C IP’{},;}(, where I' is a finite set of (possibly degenerate) half-spaces,
and let ze 2 NP"'. With each half-space .7’ = {x € P | Pic; o % > Bje o} xj}in I' active at z,
we associate the inequality

maxy; > maxyi, 7
ieMyl/jeNy] (7)

where M and N are respectively the argument of the maxima @, ; zi and P o zj.

Then, the tangent cone (2, z) of 2 at z is given by the set of vectors y € P"~! satisfying all the
inequalities of the form (7) associated with the (active) half-spaces in I".

The term tangent cone refers to the usual terminology used in optimization and convex analysis.
In particular, the term cone refers here to the property that for all y € (2, z) and A > 0, the vector
A x y belongs to the set .7 (2, z).

Proposition 13. (See [2].) Let z € 9 NP, where 9 is a tropical polyhedral cone. There exists a neighbor-
hood 4 of zsuch that forallx € A, x € P if,and only if, x € z+ T (2, 2).

We now introduce an equivalent encoding of tangent cones in terms of directed hypergraphs.
Recall that directed hypergraphs are generalizations of directed graphs, in which the tail and the
head of arcs may consist of several nodes. More precisely, a directed hypergraph on the node set
[n1={1,...,n} consists of a set of hyperarcs, each of which is of the form (T, H), where T, H C [n].

Reachability can be naturally extended to directed hypergraphs as follows. Given a directed hyper-
graph G on the node set [n], a node j € [n] is reachable from a set of nodes I C [n] if one of the
following two conditions holds:

(i) j belongs to I,
(ii) or there is a hyperarc (T, H) in G such that j € H, and every t € T is reachable from I.

By extension, given two sets of nodes I, J] C [n], J is reachable from [ if each node in ] is reachable
from I. Equivalently, J is reachable from I if there exists a hyperpath from I to J, i.e. a sequence
(T1,Hy), ..., (Tq, Hy) of hyperarcs of G such that:
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Fig. 5. A directed hypergraph.

Tic |J Hj forallielg+1],
0<j<i—1

with the convention Ho =1 and Tq1 = J.

Remark 14. Given I C [n], the set of the subsets of [n] reachable from I admits a greatest element
R C [n], composed of all the nodes j € [n] reachable from I.

A directed hypergraph consequently provides a concise representation, in terms of a set of hyper-
arcs, of a possibly large set of relations between subsets of [n]. This representation also allows to
efficiently determine the relation between two subsets. Indeed, the reachability from I to J can be
determined in linear time in the size Z(T,H)eg(lTl + |H|) of the hypergraph, see for instance [21].

Example 15. We provide an example of directed hypergraph on the node set {1,...,7} in Fig. 5. It
consists of the hyperarcs ({1}, {2}), ({2, 3},{4,5}), and ({5, 6}, {7}). Each hyperarc is represented as
a bundle of arrows decorated by a solid disk sector. For instance, nodes 4 and 5 are both reachable
from the set {1, 3}, through a hyperpath formed by the first hyperarc (which leads to node 2) and the
second one. Similarly, the greatest set reachable from {1, 3, 6} is the whole set of nodes [7].

In our setting, directed hypergraphs are used to represent inequalities of the form (7).

Definition 16. Let I be a finite set of (possibly degenerate) half-spaces, and z € P*~! such that z € 77
for all # in I'. With each half-space " = {x € PL..1 | @, o xi > @Djej o xj} in I' active at z, we
associate the hyperarc (M, N), where

M = argmax(@ai_zi) and N:= argmax(@a;q).
iel jel
The tangent directed hypergraph at z induced by I', denoted by G(I', z), is the directed hypergraph on
the node set [n] whose hyperarcs are the ones associated with the active half-spaces in I".

Observe that by definition, G(I", z) depends on the set of half-spaces I". However, the following
proposition shows that the reachability relations in G(I7,z) only depend on the tropical cone ¥ =

m%ef H.

Proposition 17. Let 2 C P! be a tropical cone, and z € 2 N P"~1. Assume 9 = () yp S, where T is
a finite set of (possibly degenerate) half-spaces. Then, for any I, ] C [n], the following statements are equiva-
lent:

(i) J is reachable from I in the directed hypergraph G(I, z),
(i) the inequality maxic;y; > maxje; y; is valid for 7 (2, z), meaning that it is satisfied for any y €
T(9, z).
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Proof. Assume | is reachable from I in G(I',z). By definition, there exists a (possibly empty) hy-
perpath (Tq, H1), ..., (Tq, Hg) from I to J in G(I', z), meaning that T; C Uoglgi—l H, forie[q+1],
where Ho =1 and Tgy1 = J. By definition, each hyperarc (Ty, Hy) corresponds to an inequality

max y; > maxy;
i€Tl< jEHk

which is valid for 7 (2, z). This allows us to prove by induction on k that

maxy; > maxy;
iel Yiz jeHy i

is a valid inequality for 7 (2,z) fork=1,...,q. Since ] C HoU---UHg, we conclude that maxie; y; >

maxje; y; is also valid for 7 (2, 2).

Now assume that for all y € 7(Z, z), the inequality max;c; yi > maxje; y; holds. Let R be the
biggest subset of [n] reachable from I in G(I, z).

Given € > 0, define the vector y’ € P"~! by y;=0if i e R, and y; = € otherwise. Consider any
active half-space 57 = {x e PL.L | @y p o x; > @Djejy o x;}in I', and let M, N be as in Definition 16.
We claim that y’ satisfies the inequality

max y; > max y;

ieM ieN
associated with 7. If M ¢ R, then it is obviously satisfied. If M C R, then the set M, and subsequently
the set N, are both reachable from I in G(I', z). Thus, M UN C R and

max y; =0 =maxy;.
ieM ieN
As this holds for any active half-space /# in I', we conclude that y’ belongs to the tangent cone
(2, ). Since the inequality max;c yi > maxje; y; is valid for .7(Z, z) and I C R, we have
0=maxy; >maxy’,
iel jes 74

implying y;. =0 for all j € J. This means that ] C R, and so J is reachable from I in G(I",z). O

We are going to use the reduction to local redundancy to characterize redundancy by means of
the tangent hypergraph.

Proposition 18. Let I" be a finite set of (possibly degenerate) half-spaces and .7#(a, I) a half-space whose
apex belongs to every half-space in I'. Then, ¢ (a, I) is redundant with respect to I" if, and only if, [n] is
reachable from I in the tangent directed hypergraph G(I', a).

Proof. Let 9 =) 5o #¢ . By Proposition 11, 5#(a, I) is redundant with respect to I" if, and only if,
there exists a neighborhood .4 of a such that 2 N._4" C J#(a, I). By Proposition 13, this is equivalent
to the fact that

9(.@,a)ﬂ</V’C{ye}P’”’l|maxy,->Amax yj], (8)
iel jeln\I

for some neighborhood .4 of the vector (0, ..., 0). Besides, we claim that (8) holds if, and only if,

T(2,a) C {y eP" ! | maxy; > max yj}.
iel jeln\I
To see this, assume (8) holds, and let y € 7(Z,a). Then, A x y € 7 (Z,a) for all A >0, and if A
is sufficiently small, A x y € 4. It follows that A x y, and consequently y, satisfies the inequality
MmaXiey Yi = MaXjeuy\1 ¥j, proving the claim.
Finally, using the first part of the proof and Proposition 17, we conclude that J#(a, I) is redundant
with respect to I' if, and only if, the set [n]\ I, or equivalently [n], is reachable from I in G(I",a). O
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Fig. 6. Determining the redundancy of the half-space . (v', {2}) with respect to the half-spaces in orange. (For interpretation
of the references to color, the reader is referred to the web version of this article.)

Example 19. The cone introduced in Fig. 1 can be expressed as the intersection of the collection I" of
half-spaces given by the following inequalities:

x>1+x,

max(—4+x2, =3 +x3) > x1,

—1+ x3 > max(x1, —6 + x32),

X1 2 —4+x3,

max(xq, —8 +x2) = —3 +X3. 9)

These half-spaces are depicted in orange in Fig. 6. We illustrate Proposition 18 by establishing
that the half-space s#(v!,{2}) (in blue in Fig. 6) is redundant with respect to I". Only the first
two and last half-spaces of the list are active at z. For each of the corresponding inequalities
Dici @ xi 2 B jc; @ x;, the terms attaining the maxima P «; zi and ;e o z; are underlined.
The directed hypergraph G(I', v!) consequently consists of the hyperarcs ({2}, {1}), ({3},{1}), and
({1}, {3).! Node 1 is reachable from {2} through the first hyperarc, and then node 3 is accessible
through the last one. We conclude that the set {1, 2, 3} is indeed reachable from {2}.

The interest of the criterion of Proposition 18 is not only theoretical, but also algorithmic, since
it provides a polynomial-time method to eliminate superfluous half-spaces, assuming their apices
belong to the other half-spaces:

Corollary 20. Given a finite set I' of (possibly degenerate) half-spaces, and a non-degenerate half-space ¢
such that apex(72) € ' for all 7" in I, the redundancy of % with respect to I' can be determined in time
om|r).

This result has to be compared with a criterion previously established in [4], and expressed in
terms of strategies for mean payoff games. Although the latter criterion applies to any half-space
(without any assumption on the apex), it is not known whether it can be evaluated in polynomial
time (the corresponding decision problem belongs to the complexity class NP N coNP).

T Tangent directed hypergraphs can be computed with the library TPLib [5] (version 1.2 or later).
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4. Non-redundant external representation of real polyhedral cones

Throughout this section, ¥ c P! denotes a real polyhedral cone. Thanks to Proposition 7, we
now focus on external representations of 4" composed of (non-degenerate) half-spaces whose apices
belong to &.

We denote by X the set of half-spaces containing % and with apices in %, i.e.

>={x

¢ C A, apex(H) €T Y.

To study the redundancy of a half-space in a set of half-spaces, it is convenient to introduce the
function 7 : 2¥ — 2% defined by

(I :={%e2‘ N ff’c%ﬂ}. (10)
H'el

This function is a closure operator, meaning that for any I', A € 2% the following properties hold:

(i) T(@) =9,

(i) r ct(),
(iii) I C A implies T(I") C T(A),
(iv) t(z(M)=t(I).

With this notation, a half-space # € ¥ is redundant with respect to a set I" C X if, and only if,
S € ©(I') or, equivalently, t(I") = t(I" U {#¢}). A finite set I" C X will be called a non-redundant
external representation of € if

€= ﬂ A (orequivalently, T(I")=X), and
Fel’
A ¢ T(I \{}) foreach half-space # € I.
This section is organized as follows. In Section 4.1, we prove a key result establishing that half-
spaces with distinct apices satisfy an anti-exchange property. Section 4.2 deals with non-redundant
apices, and Section 4.3 with non-redundant half-spaces with the same apex. These sections bring all

the results to establish Theorem 1 in Section 4.4. Section 4.5 is devoted to the particular case of
non-redundant external representations of pure cones.

4.1. The partial anti-exchange property
We want to show the following partial anti-exchange property:

Theorem 21. Let I" C X be a finite set of half-spaces and S, 7' € X with distinct apices. If 7' ¢ T(I")
and A e t({H}UT), then 7 ¢ T({H#'}UT).

To prove this theorem, we shall use the following lemma:

Lemma 22. Let I C X be a finite set of half-spaces and ¢ (a, I) € T (I"). Then, for each non-empty subset P
of [n] \ I there exists a half-space ¢ (b, ]) in I" such that

bya=by, ,a  arg max(b;a) NP =¢, and argmax(b[_n]\]a) NP #Q.

Proof. Since 7#(a,1) € T(I") and a € € C ' for all #" € I', we know by Proposition 18 that any
subset of [n] is reachable from I in the tangent directed hypergraph G(I", a). In particular, P is reach-
able from I, thus the hypergraph G(I",a) must contain a hyperarc (T, H) such that HN P # ¢ and
T C[n]\ P (given a hyperpath (Tq, Hy), ..., (Tq, Hg) from I to P, it suffices to set (T, H) = (T, Hy),
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where k > 1 is the greatest integer such that P N (U, o H) =, recalling that Ho = I). By definition,
this hyperarc is associated with a half-space .77 (b, J) in I" active at a, meaning that

byja=by,,a, T=argmax(bja), and H =argmax(by, a).

This provides the expected result. O

Proof of Theorem 21. Let a := apex(J7), I :=sect(J), b := apex(”), and | := sect(").

Since apex() €€, ' ¢ t(I"), and ' € T(I" U{I}), by Proposition 18 the set [n] is reachable
from J in the hypergraph G(I" U {s#’}, b), while it is not in the hypergraph G(I",b). Consequently,
the two hypergraphs are not equal, which proves that the half-space J# necessarily provides a
hyperarc in the hypergraph G(I" U {s#}, b), i.e. S is active at b. More precisely, the hypergraph
G(I" U {s°},b) is obtained from G(I',b) by adding the hyperarc (M, N), where M = argmax(a; b)
and N = argmax(a[_n]\,b).

Let R be the biggest subset of [n] reachable from ] in G(I',b). From the previous discussion, we
have R C [n]. Let P be the complement of R in [n] (note that in particular P C [n]\ J because | C R).
As [n] is reachable from ] in G(I" U {27}, b), we necessarily have NN P # @ and M C R (otherwise,
the set P would not be reachable from J in G(I" U {57}, b)). Hence,

ayb=ag, b,  argmax(a;b) CR, and argmax(ay,,b) NP #4. (11)

Let P’ := argmax(a,,;b) N P. As ap, ;b is equal to a;'b, it is also equal to a~b, and so we have
P’ c argmax(a—b) N ([n]\ I).

We shall prove that J# ¢ t({7#’}U I') by contradiction, so suppose that # € t({#’}U I'). Then,
as P’ c [n]\ I, by Lemma 22 we know that there exists a half-space 7 in {#'} U I, with apex c
and sectors K, such that

Cka=Cppd  argmax(cea) NP =¢, and argmax(cp, (@) NP’ # 4. (12)

Consider an arbitrary element i € arg max(c[_n]\Ka) NP’. Since c[_n]\Ka =c~a, we have i € argmax(c"a)N
([n]\ K).

Suppose that the half-space /#” coincides with .7#”, and so in particular ¢ = b. Then, since i €
argmax(c~a) = argmax(b~a), a; b; is the minimum of a, by for h € [n]. But as i € P’ C argmax(a~b),
a; b is also the maximum of a, by for h € [n]. This is impossible unless a and b are identical (as

elements of P"~1). As a consequence, the half-space .7 necessarily belongs to I".
Now, since i € argmax(c—a) and i € P’ C argmax(a_b), we have

¢; bi =c;aja; bi > ¢, apay, by =c¢, by foranyh € [n],
and thus i € argmax(c~b). Then, as i € [n] \ K, we conclude that

i € argmax(cp, xb) and  cpb = cpy b,

[n\K

because cyb > ¢ (b according to the fact that b e ¢’ C #”.
Observe that for all j € K,

(cxa)(a™b) > (C al)(a;bf) =C;bj.

Moreover, the bound (cya)(a™b) is the maximum of cj’bj for j € K. Indeed,
@Cj_bj =cxb=cppxb=c;bi= (c;ai)(a; bi),
jek

and since i € arg max(cl’nJ\Ka) Nargmax(a~b), we have ¢; a; = Chp k@ =Cxa and a; b; =a~b. It follows
that

argmax(cyb) = argmax(cya) Nargmax(a~b).
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We are now going to show that argmax(c,b) C R. Given h € argmax(cyb), we either have h €
arg max(a[_n]\,b) or h € argmax(a; b). In the latter case, by (11) we have h € argmax(a; b) C R. Assume
now that h € arg max(a[_n]\,b). Then, since

argmax(c,cb) Nargmax(ap,y, ;b) N P C argmax(cga) NP’ =4,

it follows that h ¢ P, i.e. h € R. As a consequence, argmax(c,b) C R.
Finally, since #” € I', and

cxb =i argmax(cyb) CR and ie argmax(cﬁﬂ\Kb),
we conclude that node i is reachable from ] in the hypergraph G(I'", b), i.e. i € R. This contradicts the
fact that i € P, and completes the proof of the theorem. O

We shall need the following corollary of the partial anti-exchange property.

Corollary 23. Let I'1, Iy C X be two finite sets of half-spaces, and s € X be such that apex(J7) #
apex(J") forall 77" € y. If t({A}U I') = (1Y), then 7 € T(IY).

Proof. Let J#’ be any half-space in I and define Iy := I3 \ {#}. Note that:
A et(ly)=t({#Yu) CTt({AYUUTY),

and
A et({yun)=t) ct({A'unury).

Since /¢ and ¢ have distinct apices, we conclude by Theorem 21 that J# € (/"1 UT}). If the set I
is non-empty, we can repeat the same argument by choosing a new half-space J#” in I';. Since I
is a finite set, this completes the proof. O

4.2. Apices of non-redundant external representations

Note that the boundary 9% of % is precisely the set of apices of half-spaces in X:
Lemma 24. We have 0% = {apex(7¢) | 7 € X}.

Proof. Since no neighborhood of apex(7#) is contained in .7 for any half-space /7, it readily follows
that the apex of any half-space in X does not belong to the interior of %.

Conversely, consider a € 9%, and assume ¢ is not contained in any half-space with apex a. Then,
for each i e [n] there exists x' € 4 such that a; x} > a[n]\{l x'. Let € € R be such that a; x} > €~ >

[n]\{,}x and define y' :=a @ ex. Thus, y' satisfies y > a; and y =aj for all j #i. Now consider the

cone .# generated by the vectors y' for i € [n]. This cone forms a neighborhood of a (it contains the
Hilbert ball of center a and radius o = minjem a; y; > 0). Besides, .4” C ¢ since y' € ¢ for all i € [n].
Hence, a is in the interior of ¥, which is a contradiction. O

For each a € 3%, we denote by X, the set of half-spaces with apex a which contain %, i.e.
Zo={H D |¢ @D}
Obviously, X = (J,cs Za- Now, define the function 7’ :2%%¢ — 29 by

T'(X) = {aeB%’Eacv,'(U zb)}.

beX
Then, as in the case of T, we have:
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Proposition 25. The function t’ is a closure operator on 9%.

Proof. First, t/(#) = ¥, as a consequence of the fact that 7(#) = @. Similarly, for any X € 2%, we have
X C t'(X) because X C T(Upex Zp) for a € X.
Besides, for X, Y €29, we have

xev = UncUsn = o(Us)cr(Us)

aeX acY aeX acY

= /(X)) ct(Y).
Finally, let us show that t/(/(X)) = t/(X) for all X € 29¢_ If we define

7:= (] # and 7' := N~
HeXq,aeX ey, aet(X)

then 2’ C 2 because X C t/(X). Moreover, for any 7 € Uaer,m Xy, we have 2 C 7 and thus
9 C 2. Therefore, we conclude that 2 = 2’. Note that a € t/(X) if, and only if, 2 C S for all
H € X, Similarly, a € ©/(1/(X)) is equivalent to 2’ C J for all 2 € X,. This implies t/(t/(X)) =
T(X). O

Unlike 7, the closure operator 7’ satisfies the anti-exchange property.

Proposition 26. Let X be a finite subset of 3%, and a, b € 3% two distinct elements of P"~1. Then, b ¢ T/ (X)
andb € T/ (X U {a}) imply a ¢ t/(X U {b}).

Proof. Suppose that a € /(X U {b}). Then, if we define I" :=J,.x Z¢, we have

T(TUZ)=1(ITUZ,UZp) =1 UXp).

Note that b is distinct from the apices of half-spaces in I" = J..x ¥¢ because b ¢ t’(X). Therefore, by
successive applications of Corollary 23 to the half-spaces in X, we conclude that these half-spaces
belong to t(I). This implies b € t/(X), which is a contradiction. O

As a consequence of the previous two propositions, we obtain:
Corollary 27. The pair (3%, t') is a convex geometry.

Recall that X C 3% is said to be a spanning set of 9% if t/(X) = 9%. When the ground set G of
a convex geometry (G, t’) is finite, it is known that G has a unique minimal spanning set, see for
example [24]. This minimal spanning set is composed of the extreme elements of G, which are the
elements a € G such that a ¢ t/(G \ {a}). Even if in our case the ground set 3% is infinite, we next
show that it also admits a unique minimal finite spanning set.

Corollary 28. There exists a unique minimal finite subset A of 3¢ satisfying T’ (A) = 3.

Proof. In the first place, observe that there exists a finite spanning set X of 3%. Indeed, as ¥ is a
real polyhedral cone, there exists a finite set of half-spaces I', whose apices belong to %, such that
€ =(\gper J, see Section 2.3. Then, we have t'({apex(H) | " € I'}) = 0.

Assume now that X and Y are two distinct minimal finite spanning sets of 9%, and let a e X \ Y.
Let I := Ubex\{a} 2y and I :=Jpey Zp. Then, since 7/(X) = t'(Y) = 8%, we have

T(Z,UM) =1(I) = X.
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Now, as a ¢ Y, we can repeatedly apply Corollary 23 to the half-spaces in X, to conclude that ¥, C
T(I), and so

T(M)=1(X,Uly)=X.

Therefore, /(X \ {a}) = 9% contradicting the fact that X is a minimal spanning set of 9¢. O

We can now establish the main theorem of this subsection, which shows that the set .4 precisely
characterizes the apices of the half-spaces in any finite non-redundant external representation of the
cone %. As indicated in the introduction, such apices will be referred to as non-redundant apices.

Theorem 29. Let I" be any non-redundant external representation of ¢ (composed of finitely many half-spaces
with apices in €). Then, A = {apex(J¢) | S € I'}.

Proof. Since () 0. =€, we have T/({apex(J¢) | 7 € I'}) = 3% So, by Corollary 28,

AC {apex(#) | # e T'}.

Now suppose that for some ¢ € I', apex(J¢”) ¢ A. Since T(I') = ¥ = T (g4 Za), by Corollary 23
it follows that 7" € T(I" \ {##”'}). This contradicts the fact that I" is a non-redundant external repre-
sentation of . O

4.3. Non-redundant half-spaces with the same apex

We now study those half-spaces which have the same apex a € 3¢ in non-redundant exter-
nal representations of %. With this aim, assume % is given by the intersection of half-spaces
{2 (a, I))}1e[q C Xq with apex a, and a tropical cone

P = ﬂ A,

H'eA

where A C X'\ X, is a finite set of half-spaces whose apices are distinct from a. We want to charac-
terize the minimal subsets L of [q] satisfying:
(AU {1}

=t(Au{A@ )}, ) =2 (13)

IeL) lelq]

Observe that a is a non-redundant apex if, and only if, such minimal subsets are non-empty. In prin-
ciple, these subsets depend on the half-spaces composing the set A. However, we next show that
indeed this is not the case.

Proposition 30. Let A1 and A3 be two finite sets of half-spaces in X, whose apices are distinct from a, such
that

t(A1U{A @ D} ,) =T (A2 U {A @ 1D}, (14)

Then, L is a minimal subset of [q] satisfying

(A U{@ I}, =1(MU{FQ, 1,)},€[q]) (15)
if, and only if, L is a minimal subset of [ p] satisfying
(AU |, ID},,) =T (A2 U{A @, 1,)}l€[q]). (16)

Proof. Observe that to prove the proposition, it is enough to show that a subset L of [q] satisfies (15)
only if it satisfies (16).



926 X. Allamigeon, R.D. Katz / Journal of Combinatorial Theory, Series A 120 (2013) 907-940

By the contrary, suppose that (15) is satisfied by some L C [q] but (16) is not. In that case, we can
always define a subset L’ of [q] such that L C L', (16) is satisfied with L’ instead of L, but

(AU {#(@a, I} Ct(AU{# (@ I}

leL/\{ r}) lelq] )

for some r € L'\ L. Then, by (15) and the fact that L c L"\ {r}, we obtain

Ha,l) e t(A1 UAU {%(a ll)}leL "\ r})

Moreover, given 7" € A1, we have
A et((Mm\{A}) VA u{x@},)

by using (14) and the fact that (16) is satisfied with L’ instead of L. As 7 (a, I;) and 2" have distinct
apices, by Theorem 21, it follows that

A@, 1) eT((A\{'}) U AU {A @ 1D} )-

Repeating this argument, we conclude that JZ(a, I;) € T(A2 U {J2(a, I})}jer\;ry)- However, this is
a contradiction, because it would imply

T(A2U{ A2, Il)}leL’\{r}) =t(AU{A@ D}, )

and so (16) would be satisfied with L'\ {r} instead of L. O

We now introduce a directed graph R(Z, a) defined as follows:

(i) its nodes are the elements of the set

Eq:={nl}u{lcnl| @1 ez} ={ml}u{lcnl|¢c#@n}

(ii) there is an arc from I to J if, and only if, J is reachable from I in the tangent directed hypergraph
G(A,a) at a induced by A.

Note that, by Proposition 17, the graph R(%,a) does not depend on the choice of the set A of
half-spaces representing the cone %.

The following proposition shows that the redundancy of half-spaces with apex a can be character-
ized using R(Z, a).

Proposition 31. Let {77 (a, I))};c; be a non-empty subset of X, and ¢ (a, ) € X,. Then,

A, ])et(AU{# @ 1)} (17)

leL)
if, and only if, for some r € L, I is reachable from ] in the directed graph R(Z, a).

Proof. In the first place, observe that the tangent directed hypergraph

G :=G(AU{# @D} a)

is obtained by adding hyperarcs connecting I; with [n]\ I}, for | € L, to the tangent directed hypergraph
G(4,a).

Assume I, is reachable from | in R(Z,a) for some r € L. Then, I, is also reachable from J in
the hypergraph G;. Since G; contains a hyperarc connecting I, with [n]\ I, we conclude that [n] is
reachable from J in G;. Therefore, by Proposition 18, it follows that (17) holds.

Assume now that (17) is satisfied. Then, by Proposition 18 we know that [n] is reachable from J
in G;. Consider a hyperpath connecting J with [n] in G;. It is convenient to split the rest of the proof
into two cases.
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If one of the hyperarcs in the hyperpath connecting J with [n] is associated with a half-space in
{2 (a, I)}ieL, let 7 (a, I;) be the half-space corresponding to the first occurrence of such a hyperarc
in the hyperpath. Then, I, is reachable from J in G(A, a), and consequently in R(Z, a).

If no hyperarc in the considered hyperpath is associated with a half-space in {77 (a, I})}icL, We
conclude that [n] is reachable from ] in G(A, a). Therefore, any subset of [n] is reachable from J in
G(A,a), and so any node of R(Z, a) is reachable from ] in R(Z, a). This completes the proof of the
proposition. O

Definition 32. Two half-spaces 7, 7#' € X are said to be mutually redundant with respect to I' C ¥
if # et (CU{S}) and ' € t(I" U {I)).

As an immediate corollary of Proposition 31, we obtain:

Corollary 33. The half-spaces 77 (a, I) and ¢ (a, ]) are mutually redundant with respect to A if, and only if,
I and ] belong to the same strongly connected component of R(Z, a).

The reachability relation associated with the directed graph R(Z,a) naturally induces a pre-
order < on the elements of E,, ie. I < J if, and only if, | is reachable from I. Considering the
equivalence relation I ~ | defined by I < J < I, the pre-order can be turned into a partial order
(still denoted < by abuse of notation) over the quotient set E,/~ formed by the strongly connected
components of R(Z, a).

The abstract structure of half-spaces with the same apex a is thus in relation to a poset convex
geometry. A poset convex geometry is a pair (G, o), where G is a ground set, and o : 2¢ — 2€ is the
closure operator defined as

o(X):={yeG|y=<xforsomexe X}

for all X € 2¢. Poset convex geometries arise from poset antimatroids [24], in the sense that the
closed elements of a poset convex geometry are precisely the complements of the feasible elements
of a poset antimatroid.

In our case, the poset convex geometry is associated with the partially ordered set formed by the
strongly connected components of R(Z,a). We can then verify that the quotient set E;/~ has a
unique minimal spanning set, consisting of the strongly connected components which are maximal
for the order <. This leads to the following characterization:

Theorem 34. The following two properties hold:

(i) The apex a is non-redundant if, and only if, the directed graph R(Z, a) is not strongly connected.
(ii) When a is a non-redundant apex, L is a minimal subset of [q] satisfying (13) if, and only if, {I;};c is
composed of precisely one element of each maximal strongly connected component of R(Z, a).

Proof. (i) Assume the directed graph R(Z, a) is strongly connected. Then, for each I € E,, node [n] is
reachable from [ in R(Z, a), and consequently in the directed hypergraph G(A, a). By Proposition 18,
we deduce that .77 (a, I;) is redundant with respect to A for each [ € [q]. We conclude that A is an
external representation of the cone ¢, and since no half-space in A has apex a, a ¢ A by Theorem 29.

Suppose now that a ¢ A. Then, J#(a, ) € T(A) for all I € E; \ {[n]}. By Proposition 18, node [n]
is reachable in G(A,a) from any node I € E, \ {[n]}, hence in R(Z, a). Since any node I € E; is ob-
viously reachable from node [n] in R(Z, a), we conclude that the directed graph R(Z, a) is strongly
connected.

(ii) First observe that by (i), the nodes of the maximal strongly connected components of R(Z, a)
are all distinct from the node [n].

To prove the “only if” part, let L be a minimal subset of [q] satisfying (13). As a is a non-redundant
apex, we know that L # . In the first place, consider any maximal strongly connected component of
R(Z,a), and let | be any node of that component. Since
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A, ])e Z=t(AU{A@ ID},,)

then by Proposition 31, we know that for some r € L, I, is reachable from J in R(Z, a). As | belongs
to a maximal strongly connected component of R(Z,a), I, must belong to the same component. As
a consequence, {I;};c; contains at least one element of each maximal strongly connected component
of R(Z,a). In the second place, by Corollary 33 the minimality of L implies {I;};c; is composed of
precisely one node of each maximal strongly connected component of the digraph R(Z, a).
Conversely, consider a (non-empty) subset L C [q] such that {I;};c; is composed of precisely one
element of each maximal strongly connected component of R(Z, a). Then, (13) is satisfied because

A1) eT(AU]@ ),

for all r € [q] by Proposition 31. We claim that L is a minimal subset of [q] satisfying (13). Indeed, if
L is a singleton, it is obviously minimal since a is a non-redundant apex. Similarly, if L has more than
one element, by Proposition 31 we have

A1) ¢ T(AU{A @ 1)} forallr e L.

leL\{r})
This shows the “if” part of the statement. O

In particular, the following corollary follows from Theorem 34 and Proposition 30.

Corollary 35. Let A1 and Ay be two finite sets of half-spaces in X, whose apices are distinct from a, such that:
(A1 U{# (@, 1,)},€[q]) =1(AU{H#a, 1,)},e[q]) =X

If we define the tropical cones 21 := (1 ypcp, £ and D2 := () ype 2, ¢, then the maximal strongly con-
nected components of the directed graphs R(%, a) and R(%», a) coincide.

Theorem 34 shows that, when a is a non-redundant apex, a half-space J#(a,I) occurring in a
non-redundant external representation of % can be exchanged with another half-space 7(a, J) if,
and only if, I and ] belong to the same (maximal) strongly connected components of R(Z, a). By
Propositions 13 and 17, this implies that the equality constraint a; x =a x is satisfied for any x € &
located in a certain neighborhood of a. This can be seen as analogous to the situation of a non-
fully dimensional ordinary polytope (i.e. whose affine hull is a proper subspace of R"). However, the
difference here is that the exchange is due to the local shape of the polytope around a, and not to its
global shape. Moreover, the vectors x satisfying

Ay X=0a;X 2, qupX

are included in a tropical hyperplane if, and only if, I N J = @. In contrast, in the case where I is
included in J, this constraint is equivalent to the inequality a; x > Ay X

We finally study the structure of maximal strongly connected components of R(Z, a). With this
aim, recall that a principal ideal of E, is a subset of E, of the form {I € E, | I C J}, for certain ] € Eg,
which is called the principal element of this ideal.

Proposition 36. Every maximal strongly connected component C of R(Z, a) is a principal ideal of E,. More-
over, the principal element of C is given by the biggest subset R of [n] reachable from I in G(A, a), for any
IeC.

Proof. Consider any I € C, and (recalling Remark 14) let R be the biggest subset of [n] reachable
from I in G(A,a). Since I C R, we know that R € E;. We claim that for all J € E4, ] belongs to C if,
and only if, ] C R.

If J belongs to C, then J is reachable from I in the graph R(Z,a), and consequently in the
hypergraph G(A, a). By definition of R, it follows that J C R.
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Conversely, if | C R, then | is reachable from I in G(A,a), thus also in R(Z2,a) because we
assume | € E,. As C is a maximal strongly connected component of R(Z,a) and I € C, we conclude
that JeC. O

As a consequence, any maximal strongly connected component C of R(Z, a) is completely deter-
mined by its principal element. Besides, when the apex a is non-redundant, the minimal elements (for
inclusion) of C correspond to minimal half-spaces containing %. To see this, assume that I is a min-
imal element of C, and let .»# be a minimal half-space containing ¥ such that ¥ c 2 C J#(a, I).
Let {I;};c. be composed of precisely one element of each maximal strongly connected component
of R(Z,a), except C. Replacing ¢ (a,I) by o in AU {5 (a, I))}jc; U {5 (a, )}, we obtain another
(finite) external representation of ¥ composed of half-spaces in X'. Then, by Theorem 34, # is nec-
essarily of the form #(a, J), where ] € C. Moreover, as J#(a, J) C 5 (a, I), we have J C I, which
shows that I = J because I is a minimal element of C. Thus, .##(a, I) is a minimal half-space con-
taining %

4.4. Proof of Theorem 1 and illustrations

We have now all the ingredients to establish Theorem 1.

Given a € A, let C; C 2% be composed of the sets of half-spaces {.##(a, I) | I € C}, where C ranges
over the maximal strongly connected components of the directed graph R(Z, a), with & defined as
the intersection of the half-spaces with apices different from a in some external representation of %.
In the first place, observe that Corollary 35 shows C, is independent of the choice of the external
representation of .

Now, let I be a non-redundant external representation of %. By Theorem 29, I" is the union,
for a € A, of non-empty sets I'; C I' of half-spaces with apex a. Let A := UbeA\{a} Iy and 2 .=
Mupen 7€ I {I1}iclq) C Eq is such that I'; = {52(a, I)}ie[q), then L = [q] is a minimal subset of [q] sat-
isfying (13). Therefore, by Theorem 34, {I;}c[q) is composed of precisely one element of each maximal
strongly connected component of R(Z, a). Thus, according to the discussion above, I; is composed of
precisely one half-space of each set in the collection C,. This proves the “only if” part of the property
in Theorem 1.

To prove the “if” part of the property in Theorem 1, we only need to note that, according to
Corollary 33 and the discussion above, we can replace a half-space in I'; by any other half-space in the
same set of the collection C,. By Theorem 34, we still obtain a non-redundant external representation
of ©.

Example 37. Let us illustrate the results of this section on the 4th cyclic cone in P3. For a given choice
of four scalars —oo < t1 < ty < t3 < tg, this cone is generated by the vectors (t; x 0,t; x 1,t; x 2,
ti x 3) for i =1,...,4 (note that the product t x m corresponds to the tropical exponentiation t™,
which explains the name “cyclic” cone, see [8,3]). Here we use the scalars tj:=1i fori=1,...,4. The
corresponding cone % is depicted (in green) in Fig. 7. We start from a description I" of ¢ obtained
by saturating the half-spaces associated with the non-trivial extreme vectors of the polar cones of ¢
(see Section 2.3), and given by the following list of apices and sectors:

0,1,2,3), {4} (0,3,7,11),{1,3} (0,3,7,11),{1,4} 0,1,2,6), {3}
(0,1,3,5),{1,4} 0,1,3,6), {2,4} 0,1,3,7),(1,3} (0,1,4,8),{2,4}

(0,1,5,9), {2} 0,2,4,7),{1,4} (0,2,5,8),{1,4} ©,2,5,9), (1,3}
(0,3,6,10),{1,4} (0,1,2,4),{1,4} (0,1,2,4),{2,4} 0,4,8,12), {1} (r)

We number the corresponding half-spaces from 7 to .74¢ from left to right and top to bottom.
The set of non-redundant apices is given by the vectors which are not colored in red.> For in-
stance, it can be verified that the apex (0,2,5,8) does not belong to .A. The tangent directed

2 For interpretation of the references to color, the reader is referred to the web version of this article.
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Fig. 7. Exchange of two mutually redundant half-spaces of the 4th cyclic cone in P? (pictures have been drawn using
polymake [16], JavaView, and JReality?). (For interpretation of the references to color, the reader is referred to the web version
of this article.)

hypergraph G(I" \ {41}, (0,2,5, 8)), generated by the set of half-spaces in I having an apex dis-
tinct from (0,2,5,8), is formed by the hyperarcs ({4}, {3}), ({2}, {3}), and ({1, 3}, {2}), see Fig. 8.
They are respectively associated with the half-spaces 7% (or J#g), %%, and #,, which are ac-
tive at (0,2,5,8). As a consequence, the set {1,2,3,4} is reachable from {1, 4}. It can be verified
that a half-space 7((0,2,5,8), ) contains % if, and only if, I D {1, 4}. In this case, the reachability
graph R(ﬂ#n 74, a) consists of the nodes {1, 4}, {1,2,4}, {1,3,4}, and {1, 2, 3, 4}, and is necessarily
strongly connected. By the first part of Theorem 34, we conclude that the vector (0,2, 5,8) is not a
non-redundant apex.

We now illustrate with apex (0, 3,7, 11) the situation in which two half-spaces can be exchanged
in a non-redundant representation. The tangent directed hypergraph G(I" \ {J%3, 743}, (0,3,7,11))
consists of the hyperarcs ({3}, {4}), ({2}, {3,4}), and ({4}, {3}). A half-space # with apex (0, 3,7,11)
contains the cone ¥ if, and only if, there exists i € {2,3,4} such that {1,i} C sect(J¢). Let us de-
note by 2 the cone (1) . B, 74 }jf provided by the intersection of the half-spaces in I with
apices different from (0, 3,7, 11). We deduce that the directed graph R(Z, (0, 3,7, 11)), depicted in
Fig. 8, is not strongly connected. Thus, the apex (0, 3,7,11) is non-redundant by Theorem 34. Be-
sides, the graph R(Z, (0,3,7,11)) has only one maximal strongly connected component, composed
of the subsets {1,3}, {1,4}, and {1, 3, 4}, the latter being the principal element of the component.
It follows that the collection C 3,7,11) of Theorem 1 is composed of a unique set of half-spaces
{£((0,3,7,11),{1,3}), 52((0,3,7,11), {1,4}), #((0,3,7,11), {1,3, 4})}, and that only the first two
half-spaces are minimal with respect to % (see Fig. 7, where they are depicted in yellow and
red respectively). By Theorem 34, we conclude that any non-redundant external representation ob-
tained from I contains precisely one of the half-spaces .7#((0,3,7,11), {1,3}) and J#((0,3,7,11),
{1,4}).

3 Interactive 3D objects can be accessed at http://www.cmap.polytechnique.fr/~allamigeon/gallery.html.
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(1) j {1,2,3,4}
©

(2) *’ {1,3) «—> {1,3,4} «—> {1,4}
o v\_/v

(b) ()

Fig. 8. (a) The tangent directed hypergraph G({¢}i+11,(0,2,5,8)); (b) The tangent directed hypergraph G({7%}i¢(23),
(0,3,7,11)); (c) The reachability digraph R(ﬂig(”) 74, (0,3,7,11)) over the elements of Ep3,7,11).

More generally, it can be verified that the non-redundant external representations which can be
obtained from the representation I" are the ones containing all the half-spaces in black, and precisely
one half-space in green and one in blue.

4.5. The particular case of pure cones

We say that the real polyhedral cone % is pure when it coincides with the topological closure of
its interior. This terminology originates from the equivalence between this definition, and the fact that
the maximal (inclusion-wise) bounded cells of the natural cell decomposition of P"~! induced by a
generating set {v'};¢[p) of € are all full-dimensional (the subcomplex of bounded cells is said to be
pure).

Lemma 38. If the real polyhedral cone € is pure, for any a € 3% there exists at most one minimal half-space
with respect to ¢ with apex a.

Proof. In the first place, we claim that if JZ(a,I) and JZ(a, J) contain € and I N J # @, then
J(a,IN J) also contains %. Otherwise, ie. if 5 (a, [ N J) does not contain ¥ (so I and J are not
comparable), there exists y € ¥ such that

Aoy Sy ®ap ;Y > ajn ;Y-

Besides,
g Y Sy Y 2 Gp Y @ papupYs
ApgY ®an Y 2 Y S gy gy Y-

Thus, we have
a]\,y=af\jy >afm]y.
Since ¥ is pure, we can find x in the interior of 4 close enough to y so that

a;\lx > afm]x, af\Jx > afm]x, and aj\,x #* af\]x.
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If, for instance, a;\,x > al_\jx, then a]_\lx > a; x. However, this contradicts that x belongs to /7 (a, I),

and so also to %. Therefore, 7#(a, I N J) must contain %, proving our claim.

According to the first part of the proof, if we suppose that .7#(a, I) and ¢ (a, J) are two different
minimal half-spaces with respect to ¢, then necessarily I N J = . Since in that case for all x € € we
have

(mN\auJ)

ax>a;jx®a x and ayx > ay X ayy qupXs

it follows that:

a;x= a;x > a[_n]\(,w)x, forallx e €.

As IN J =@, this implies ¥ is contained in the tropical hyperplane whose apex is a, which contradicts
the fact that ¥ is pure (hence, it has a non-empty interior). O

Proposition 39. If the real polyhedral cone € is pure, every non-redundant external representation of €
consists of precisely one half-space 7 (a, I) for each non-redundant apex a. In particular, there exists a unique
non-redundant external representation composed of minimal half-spaces.

Proof. Assume that R(Z,a) contains two different maximal strongly connected components C
and C’, and let I and J be minimal elements of C and C’. Then, as explained above, #(a, ) and
€ (a, ]) are different minimal half-spaces containing %, which is impossible by Lemma 38. Thus, the
graph R(Z,a) has only one maximal strongly connected component. Besides, using the same argu-
ment, we can also conclude that this component has only one minimal element. This implies there is
a unique non-redundant external representation of 4" composed of minimal half-spaces. O

5. Apices of non-redundant half-spaces and cell decomposition

In this section we show that the non-redundant apices associated with a real polyhedral cone
come from a small set of candidates. In the sequel, ¥ denotes a real polyhedral cone generated by
the set of vectors {v!, ..., vP} c P"~1,

As already observed in Section 2.3, the real polyhedral cone % has an external representation
composed of minimal half-spaces with respect to %. Besides, the apex of each minimal half-space
belongs to %. In consequence, the non-redundant apices A associated with % are apices of minimal
half-spaces, and so they belong to the cells of the natural cell decomposition of P*~! induced by the
generators {v'};¢p) of € characterized by the conditions of Theorem 4. We next show that the ele-
ments of A satisfy a stronger property, implying they are special vertices (recall that cells composed
of apices of minimal half-spaces need not be zero-dimensional).

Definition 40. Let | be a non-empty proper subset of [n] and j € [n]\ I. A vector a € P"! is said to
be an (I, j)-vertex of € if
Si@nSj ¢ U Sk(a) foralliel, (C4)
kel\{i}

and Conditions (C1) and (C2) are satisfied, where (S1(a), ..., Sp(a)) =type(a) is the type of a relative
to the generating set {v'};¢[p) of €.

Remark 41. As in the case of Conditions (C1) and (C2), Condition (C4) above is independent of the
choice of the generating set of %. Indeed, assuming % C .7 (a, I), it is equivalent to

for each i e I there exists x € % such thata; x; = aijj > @ ag Xg. (c4)
kel\{i}
This provides a geometric interpretation of Condition (C4): 7 (a, I) separates the cone ¥ from the

sector . (a, j), and this separation is “tight”, since .(a,i) N .%(a, j) has a non-empty interior for all
iel
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Observe that any vector a satisfying the conditions of Definition 40 is a vertex of the natural cell
decomposition of P"~! induced by {v'}rerp). Let Gs be the graph associated with the cell Xs, where
S =type(a) (see Section 2.1). Note that Condition (C4) above implies S;j(a) N S;(a) # @ for all i € I, and
so node j is connected in Gs with each node of I. Moreover, by Condition (C2), each node of [n]\ [ is
connected in Gs with some node of I. Therefore, the graph Gs associated with an (I, j)-vertex of €
is always connected. This shows that Xs is a zero-dimensional cell.

Also observe that if a is an (I, j)-vertex of %, then .7 (a, I) is a minimal half-space with respect
to ¥, because Condition (C4) above is stronger than Condition (C3).

The following proposition shows that (I, j)-vertices are associated with non-trivial extreme vectors
of the jth polar of %.

Proposition 42. The following three properties are equivalent:

(i) the vector ais an (I, j)-vertex of €,
(ii) S (a, 1) is a minimal half-space with respect to ¢ and a; ® aj_ef is a non-trivial extreme vector of the
jthpolar of €,
(iii) #¢(a, I') can be obtained by the saturation of a half-space associated with a non-trivial extreme vector of
the jth polar of €.

Proof. (i) = (ii): Assume the three conditions of Definition 40 are satisfied. Thus, as we observed
above, J#(a,I) is a minimal half-space with respect to 4. This implies a; & a;ef belongs to the

jth polar of &, because the inequality a; x > a; x; holds for all x € €. Then, since Condition (C4) is

satisfied, by Theorem 3 we conclude that a; @ aj_ef is a non-trivial extreme vector of the jth polar
of %.

(ii) = (i): Conversely, if #(a,I) is a minimal half-space with respect to %, Conditions (C1)
and (C2) are satisfied. Besides, if a; eaaj_ej is a non-trivial extreme vector of the jth polar of ¥,
Condition (C4’), and subsequently Condition (C4), are satisfied by Theorem 3. Thus, a is an (I, j)-
vertex of %.

(ii) = (iii): Suppose that u:=a; @® aJTef is a non-trivial extreme vector of the jth polar of ¥
and 7 (a, I) is minimal with respect to . Let J# (b, ]J) be the half-space obtained by the saturation
of {x e P”m;}( | @ie[n]\{j}ujxi > ujxj}. From Proposition 10, it follows that J =1 and u=b; @ bj_ej,
and so a; = b; for all i € I. Besides, since (b, I) is minimal with respect to %, we have b € ¥ by
Corollary 5. Thus, a”b = a; b = 0, which shows that b, < aj for all h € [n]. The symmetric inequality
can be obtained by exchanging .77 (a, I) and .57 (b, I) (since the former is also minimal), which proves
a=>h.

(iii) = (ii): Straightforward by Proposition 10. O

We are now ready to prove one of the main results of this section.

Theorem 43. For any non-redundant apex a € A there exist a non-empty proper subset I of [n] and j € [n]\ ]
such that ais an (1, j)-vertex of €.

Proof. Let I" C X be a finite set of minimal half-spaces with respect to ¢ such that € =) . J€.
Up to extracting a subset of half-spaces, we may assume I" is a non-redundant external representation
of %.

Given a non-redundant apex a, let J#(a,I) € I' be a half-space with apex a. By assumption,
##(a, 1) is non-redundant in I', so there exists a vector x such that x ¢ 7#(a,I) and x € #’ for
all ' € '\ {#(a, ). For r € [p], let w" € P"~1 be the vector defined by

w' = (@ X))V @ (a7 v)x.

This vector w" is located on the tropical (projective) segment joining v" and x. Moreover, since x ¢
s€(a,1) and v' € € C J€(a, 1), we have a; x < A X and a; v' > a[_,ﬂ\lvr. Then,
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ay w' = (ap ) (a; v") @ (a7 V') (a;%) = (ag %) (a7 v')

a[_n]\lwr = (a[_n]\lx) (a[_n]\lvr) ® (al_vr)(a[_n]\lx) = (ay VT)(a[_n]\IX)'
Thus, a; w" = ap,;,w', which means that w" lies on the boundary of J#(a, ). It follows that w"
belongs to &, because w' also belongs to %" for any ¢’ € I' \ {#(a, I)} (as a tropical linear com-
bination of vectors of .7#").
We now claim that argmax(a; w") = argmax(a; v") and argmax(a[’n]\,wr) D arg max(a[;]\,x) for
all r € [p].
Indeed, observe that for any i € I,

(e V') (@ xi) < (ap vV) (apy %) =a; w'.
Then, as a; w} = (a[_n]\lx)(ai_vlf) ® (a; v")(a; x;), we have i € argmax(a; w'") if, and only if, a; v =

a; v'. This proves that argmax(a; w") coincides with argmax(a; v").
Similarly, let j € argmax(a[_,ﬂ\lx). Since a; v" > a[_n]\lvr > aj_vz and A X =4

j_xj, it follows that:

ay wj = (agay ) (a5 v5) @ (a7 vV) (a5 %)) = (ar vi) (a5 %) = (ar v") (@, %).

Thus, aj’w; is equal to a[’n]\lwr, which shows that j € arg max(a[;]\,w’). This completes the proof of

the claim.

Now, consider any j € argmax(a[;]\,x). Then, j also belongs to argmax(a[_n]\lwr) for all r € [p].
Besides, since the half-space .77 (a, I) is minimal, Condition (C3) is satisfied, so for each i € I there ex-
ists r; € [p] such that r; € Sj(a) and r; ¢ UkE,\{i} Sk(a). Equivalently, arg max(a; w') = argmax(a; v'i)
is reduced to the singleton {i}. As a; w'i = a[’nJ\,wri, we conclude that w'i satisfies

— o Ti oo T — i
a wi=a;w; > @ a, w.
kel\{i}

This shows that Condition (C4’) above is satisfied. Moreover, as .7 (a, I) is a minimal half-space with
respect to %, we know that Conditions (C1) and (C2) are also satisfied. In consequence, the non-
redundant apex a is an (I, j)-vertex of €. O

We are now going to study a sufficient condition for an (I, j)-vertex a to be a non-redundant
apex. We first show that this condition implies node j does not belong to the head of the hyperarcs
associated with half-spaces different from 7 (a, I).

Lemma 44. Let a be an (I, j)-vertex of € satisfying

Si@nSj ¢ U Sk(a) foralliel. (C5)
ke[n]\{j,i}

Ifbisa (K,I)-vertex of € such that the half-spaces .77 (a, I) and .77 (b, K) are different, and 57 (b, K) is active
ata, then j ¢ arg max(b[_n]\Ka).

Proof. By contradiction, assume that j € arg max(b[;]\,(a). Then, we have b]._a j = bya because
(b, K) is active at a.

In the first place, assume I ¢ argmax(bga). Given i € I \ argmax(bya), since a satisfies Condi-
tion (C5), we know that there exists r € [p] such that r € S;(a) N Sj(a), and r ¢ Si(a) for all k ¢ {i, j}.
Equivalently, a; vi =a v;. >a, v for all k ¢ {i, j}. Consider n such that

i J

-yl - o 4=
@akvk<n <a; vi=a;Vv;.
ki, j}
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Then, the vector x :=a @ nv' satisfies x; = v}, x; = nv;, and x; = ai for all k ¢ {i, j}. In particular,
we have x, = ai for all k € argmax(by a) because i ¢ argmax(bya). Besides, choosing 1 such that 7~
is close enough to a; v}, we can also suppose that argmax (b, x) C argmax(b a). Then, we have

bixj=b;nv;>b;a;=bya= @ b x> @ b, xx = by x.
keargmax(bya) keargmax(by x)

This shows that x does not belong to the half-space (b, K). This is a contradiction because x € ¢
(as a tropical linear combination of two elements of 4’) and ¥ C (b, K) (by Condition (C1) applied
to (b, K)).

Now assume I C argmax(bya). Then, since bj_aj =bya, we have b; a; = bj_aj foralliel. It is
convenient to split the rest of the proof into two cases:

I CK: Let ke K\ I. Since b is a (K, )-vertex of %, by Condition (C4) there exists r € [p] such that
bk’v,r< = bfv,r > @heK\[k} bh’v;l. Then, we have

ayvh = a;bj(bl_vr) < aj_bj(bg\{k}vr) < a;bjbk_vz < ay beby v =a; vy, (18)

where the last inequality follows from j € argmax(b~a), because it implies b; a; > b, ay. Since
k € [n]\ I, we conclude from (18) that v" ¢ % (a, I), which is a contradiction.

I =K: We know that s#(a,I) and J# (b, K) = 77 (b, 1) are both minimal half-spaces with respect
to ¥. Then, since a € ¢ C J# (b, I) by Corollary 5, it follows that for all h € [n] \ I,

biaj=byaz=bp,,a>b,a.

Symmetrically, it can be proved that aj’bj > a, by for all h e [n]\ I, using the fact that aj’bj =

a;b and b € 52 (a,I). We conclude that a and b are identical (as elements of the projective
space), which contradicts that 5#(a, I) and 77 (b, K) are different half-spaces. O

Theorem 45. If a is an (I, j)-vertex of € satisfying Condition (C5), then a is a non-redundant apex of .

Proof. It suffices to consider the external representation I" of ¥ composed of the half-spaces pro-
vided by Proposition 7, when applied to the non-trivial extreme vectors of the jth polar of ¥, for all
je[nl.

By Proposition 42, a half-space J# (b, K) belongs to I' if, and only if, its apex b is a (K, I)-vertex
of ¢ for some | € [n]\ K. Then, since a is assumed to be an (I, j)-vertex of ¢ satisfying Condition (C5),
in particular we have J#(a, I) € I'. Moreover, Lemma 44 ensures that j ¢ H for any hyperarc (T, H)
in the tangent directed hypergraph G(I" \ {##(a, 1)}, a), because such hyperarc is associated with a
half-space (b, K) such that b is a (K,I)-vertex of ¢ for some [ € [n] \ K. As a consequence, the
set [n] cannot be reachable from I in G(I" \ {#(a, I)}, a). From Proposition 18, we conclude that
¢ (a, 1) is not redundant in I, and then a € A by Theorem 29. O

Remark 46. When % C P2, Theorems 43 and 45 allow us to establish that the non-redundant apices
of € are precisely the vectors a € P? such that a is an (I, j)-vertex of ¢ for some non-empty proper
subset I of [3] and j ¢ I.

To see this, in the first place assume I = {iy, i}, with i; # i;. Then, Condition (C5) amounts to
Siy(@ N Sja) ¢ Si,(a) and S;,(a) N Sj(a) ¢ Si, (a), which is equivalent to Condition (C4). Thus, Theo-
rem 45 ensures that a is a non-redundant apex.

Assume now I consists of only one element i, and let k # j be the second element of [n] \ I. Let
I' be a non-redundant external representation of %, and assume it does not contain any half-space
with apex a. Since the half-space .77(a, {i}) is redundant with respect to I", the tangent directed
hypergraph G(I',a) must necessarily contain a hyperarc from {i} to {j} or to {k} (but not to {j,k}
because no half-space in I has apex a). Suppose, for instance, that {i} is connected with {j} by a
hyperarc associated with a half-space in I", and let b be its apex. Thus b; a; = b]?aj > b ax. We get a

contradiction, since a; b; < aj_bj @ a, by while b e € C #(a, {i}).
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We now exhibit a class of real polyhedral cones for which the non-redundant apices are precisely
the vertices satisfying Definition 40.

Definition 47. The real polyhedral cone % is said to have generic extremities if for each of its gen-
erators v’ there exists a non-trivial (i.e. of positive radius) Hilbert ball containing v" and included
in ©.

Remark 48. Definition 47 does not depend on the choice of the generating set {v"};¢[p). Indeed, € has
generic extremities if, and only if, for each x € ¥ there exists a non-trivial Hilbert ball # such that
XeEABCE.

To see this, let x = @re[p] Arv" be an arbitrary element of €. For each r € [p], suppose that the
Hilbert ball with center ¢ and radius € > 0 is contained in % and contains v". Without loss of
generality, we can assume minjef,;(vi — ¢;) =0 for all r € [p]. Define ¢ := @re[p] Arc’, and let & be
the Hilbert ball with center ¢ and radius €.

First, let us show that x € %. For each i € [n], there exists r € [p] such that x; = A,v]. Since
i = Arcp, we have x; — ¢; < vi — ¢f <e. Similarly, let s € [p] such that ¢; = Asc. Then, x; —¢; >
vi —c; >0 by assumption. It follows that dy(x,¢) <e.

It remains to prove that & C ¥. Consider any y € % and, without loss of generality, assume
that minjem)(yi — ¢i) = 0. For each i € [n], define u; := (ec?)‘yi, where r; € [p] is such that ¢; =
Dreip) Arci = Aricir". Observe that € ~A;, < i < Ar;. We claim that

y=EP uj(c @eciel).
jeln]
Given i € [n], the equality y; = /Liec;" = ui(c" & ec?iei)i holds by definition of w;. Besides, for j #1,
we have

. ri i i T - .
wic @ ecj]ef)i = e <oy <l <epicy

This shows that y; is the maximum of the u;(c"i @ ec;jej)i for j € [n], proving the claim. Finally,

since each " @ ec?"e" belongs the Hilbert ball with center ¢’ and radius €, which is contained in %,
we conclude that y € .

Note that, from Remark 48, we conclude that any real polyhedral cone which has generic extrem-
ities is pure.

The term generic extremities originates from the fact the aforementioned property holds if, and
only if, each extreme vector of € belongs to a non-trivial Hilbert ball contained in %. This enforces
that around each of its extreme vectors, the cone has the shape of a Hilbert ball, ensuring a certain
“genericity”.

Remark 49. It can be shown that the cone ¥ has generic extremities as soon as the following two
conditions hold:

(i) ¢ is pure;
(ii) the 2 x 2-minors

v{v?@v?vf:max{v{—i—vj-,v;-—i—vf} (i,jel r,selpl, i#j, r#s)

are non-singular, i.e. the maximum in the right-hand side is reached exactly once.

In particular, the latter condition is satisfied when the vectors v!, ..., vP are in general position in
the sense of [27].

We say that a cone & approximates the cone ¢ with precision € > 0 if the Hausdorff distance
between % and 2 (derived from the metric dy) is bounded by €. Observe that the real polyhedral
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Fig. 9. Three Hilbert balls (left) and a tropical cone with generic extremities (right). (For interpretation of the references to color,
the reader is referred to the web version of this article.)

cone % can be approximated with an arbitrary precision by another one having generic extremities:
given € > 0, it suffices to define the tropical cone % as the one generated by the Hilbert balls %"
with center v" and radius €, for r € [p], i.e. the set of tropical linear combinations of the form:

X @ @ ApxP, where A; € Rpax and X" € &' forr € [p].

Since any Hilbert ball with center ¢ and radius € is polyhedral (its extreme vectors are the vectors
c®ecie! for i € [n]), . is a real polyhedral cone. Moreover, it can be shown that %, approximates &
with precision €. Also note that other deformations are possible, for instance choosing balls with
different radii for each generator, or approximating each generator by a generic polytrope? containing
it.

Example 50. Three Hilbert balls of radius % centered at the generators v! = (0, 1,3), vZ = (0,4, 1)
and v3 = (0,9, 4) of the tropical cone of Fig. 1 are depicted on the left-hand side of Fig. 9. Due to the
shape of these non-trivial Hilbert balls of P2, it is geometrically clear that the tropical cone of Fig. 1
does not have generic extremities.

A tropical cone with generic extremities is shown on the right-hand side of Fig. 9. This cone is
generated by the Hilbert balls on the left. Observe that letting the radii of these Hilbert balls tend to
zero, the tropical cone of Fig. 1 can be approximated as much as we want.

The following theorem shows that if ¥ has generic extremities, then the vertices of the cell de-
composition introduced in Definition 40 are precisely the non-redundant apices. Besides, it proves that
they provide the unique non-redundant external representation composed of minimal half-spaces.

Theorem 51. If the real polyhedral cone € has generic extremities, the non-redundant apices of ¢ are precisely
the vectors a for which there exist a non-empty proper subset I of [n] and j € [n] \ I such that a is an (I, j)-
vertex of €.

Moreover, each such set I is uniquely determined, and the collection of the half-spaces .7¢ (a, I) is the unique
non-redundant external representation of " composed of minimal half-spaces.

Proof. In the first place, we prove that any (I, j)-vertex of ¢ satisfies Condition (C5).
By the contrary, assume a is an (I, j)-vertex of ¢ for which Condition (C5) does not hold. Then,
for some i € I, given any extreme vector v of ¢ satisfying a; v; = aj_vj =a v =a; v, there exists

k € [n]\ {i, j} such that a;vj=a vp=av. Since Condition (C4) holds, v can be chosen so that
a; vi :a;vj >a, vy for all he I\ {i}, and so k e [n] \ I.

4 A polytrope is a tropical cone which is also convex in the classical sense, see [22] for further details. We say that it is generic
when its extreme vectors are in general position.
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Let % be a Hilbert ball with center ¢ and radius € > 0 such that v € 4 C ¥. Since v is extreme
in &, it is also extreme in 2. Recalling that the extreme vectors of % are the vectors ¢ & ec;e’ for
i € [n], it follows that there exists | € [n] such that v; =€c;, and vy =cy for h # 1. Then, for any
0 < 1 < €, the vector x defined by x, = n~ vy, and x;, = v, for h #1, is in the interior of %.

Now, suppose that [ # j. Since x is in the interior of %, there exists i’ > 0 such that the vector y
defined by y; =n'x;, and y, =xy, for h # j, belongs to . Then, we have

a;yj>a;xj=a;vj=a;v=a x=a}y.

However, this is impossible, because y € 4 C ¢ C ¢ (a, I). Thus, | must be equal to j. The same
reasoning holds with k instead of j, and leads to [ =k. Since j and k are distinct, we obtain a contra-
diction. Therefore, every (I, j)-vertex of ¥ must satisfy Condition (C5). As a consequence, we conclude
from Theorems 43 and 45 that the non-redundant apices are precisely those vertices a for which there
exist a non-empty proper subset I of [n] and j € [n]\ I such that a is an (I, j)-vertex of €.

Finally, assume a is both an (I, j)-vertex and an (I, j')-vertex of . Then, since .7#(a,l) and
#(a, I’y are minimal half-spaces with respect to 4" and ¢ is pure, by Lemma 38 we necessarily have
I = I'. This proves that I is indeed uniquely determined. Moreover, by Proposition 39, there is a unique
non-redundant external representation composed of minimal half-spaces. According to Lemma 38 and
Proposition 42, .57 (a, I) is the only half-space with apex a appearing in such representation. O

Example 52. The non-redundant apices of the cone of Fig. 9 (right) are the vectors (0, 1,3), (0, 7, 3),
(0,6, 1), (0.2.,9), and (0,8, 2), which are respectively ({2},)-, ({2,3},1)-, ({3},9)-, ({1},)-, and
({1, 2}, 3)-vertices (the notation (I,-) stands for any couple (I, j) with j ¢ I). They are depicted in
orange together with the corresponding minimal half-spaces, while the extreme vectors w!, ..., w®
of the cone are represented in blue.

Remark 53. Theorem 51 cannot be generalized to the case of pure cones. As an example, consider the
perturbation of the 4th cyclic cone in P? generated by the following vectors:

57 357 3
0,1,2,3) 0,1+, 0,-,-.3 0,-.4.6 0,2,4,6)
2°2 2°2°2 2

5 7 15 7
0,-.6,9 (0,3,6,9) 0, -, —,12 0,-.8,12 (0,4,8,12)
2 22 2

This cone can be verified to be pure (see Fig. 10), for instance by testing that the subcomplex of
bounded cells of the natural cell decomposition induced by its generators is pure and full-dimensional.
For the sake of completeness, we provide a polymake® script allowing to check this property:

application "tropical";

$gen = new Matrix<Rational>([[O0,1,2,3],[0,1,5/2,7/2],10,3/2,5/2,7/21,10,3/2,4,61,
[0,2,4,61,(0,5/2,6,9],10,3,6,91,([0,7/2,15/2,12],
[0,7/2,8,12]1,[0,4,8,12]11);

Sp = new TropicalPolytope<Rational> (POINTS=>-$gen) ;

Strunc_vertices = $p->PSEUDOVERTICES->minor (All,range (1, $p->AMBIENT DIM)) ;

$n_vertices = scalar (@{Strunc_vertices});
Sall_ones = new Vector<Rational> ([ (1)x$n_vertices ]);
$vertices = ($all_ones|$trunc_vertices);

Smax_cells = $p->ENVELOPE->BOUNDED_COMPLEX->MAXIMAL_POLYTOPES;
Scell_complex = new fan::PolyhedralComplex (VERTICES=>$vertices,MAXIMAL_CELLS=>$max_cells) ;
if ($cell_complex->FULL_DIM && S$cell_complex->PURE) {
print "The cone is pure."
} else {
print "The cone is not pure."
Y

5 Version 2.12 or later.
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Fig. 10. Perturbation of the 4th cyclic cone of P? into a pure cone.

The external representation obtained by saturating the half-spaces associated with the non-trivial
extreme vectors of the polar cones contains a half-space with apex a = (0,1, % %). The type of
the latter vector is S(a) = ({1, 2},{1,2,3},{2,4,5},{4,5,...,10}), so that Sy(a) N S3(a) ¢ S4(a) and
S4(a) N S3(a) ¢ Sa(a). The vector a is consequently a ({2, 4}, 3)-vertex. However, by Theorem 29, a is
not a non-redundant apex since the following list of half-spaces provides a non-redundant external
representation of the cone:

0,1,2,3), {4} (0,1,2,13/2), {3} (0,1,7/2,13/2),{2, 4}
(0,1,9/2,17/2),{2, 4} (0,1,11/2,19/2),{2} (0,3/2,5/2,9/2),{1, 4}
0,3/2,7/2,8),{1,3} 0,2,4,7),{1,4} 0,2,5,19/2),{1, 3}

0,3,6,10), {1, 4} 0,3,7,23/2),{1, 3} 0,4,8,12), {1}
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