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Abstract

In this article we show that there is no (p3, p, p3, p?)-difference setin Z » x Z» for all primes p > 3.
This is an affirmative answer to a conjecture raised by S.L.. Ma and B. Schmidt.
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1. Introduction

Let G be a group of order mu and U a subgroup of G of order u. A k-subset D of G is called a
(m, u, k, ))-difference set in G with respect to U if DDD =k + A(G — U), where we identify
a subset X of G with a group ring element Y,y x € Z[G] and set X"V =" _, x~!. The
set D is also called a relative difference set relative to U. A relative difference set D is called
semiregular if k =uk (i.e. (m,u, k, ) = (ur,u,ur, r)).

In their paper [3], Davis and Jedwab improved Ma—Schmidt’s result on (p®, p, p¢, p®~1)-
difference sets [5] and showed the following.

Result 1.1. ([3], see also p. 3 of [6].) For each d > 1, there exists a (pz‘”l,P, P2d+1,l?2d)‘
difference set in any abelian p-group of order p***2 and exponent at most p“*+! relative to
any subgroup U of order p, except possibly when G >~ Z ,a+1 X Z,a+1 or d > 1 and when G ~

Zpd+1 X Zpd x U.
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Concerning one of the open cases in Result 1.1 Ma and Schmidt gave the following result.

Result 1.2. (Ma—Schmidt [6, Theorem 5.10].) Assume p is an odd prime and let D be a
(p3, D, p3, pz)-diﬁ‘erence setin G = {a,b) (=~ sz X sz) relative to N = (b?) (== Zp). Then,

r—1 r—1
D= Z aibjZ(ap)x(bp)uijx2+vijx+wij’
i,j=0 x=0

where Ujj, Vij, Wij € {0, 1,...,p— 1},uij ;AO.

They also gave a necessary and sufficient condition using functions from Z, x Z, to Z, (see
Theorem 5.14 of [6]). For p = 3 Remling (1996) showed the nonexistence of such functions (see
remark in Section 5 of [6]). Kenji Kawamoto also showed the nonexistence for p = 3 in a differ-
ent method in his master’s thesis [4]. In remark mentioned above Ma and Schmidt conjectured
that there is no such a relative difference set when p is an odd prime. We note that when p =2,
there exists a (23, 2, 23, 2%)-difference set D in (a) x (b) (=~ Zy> X Zy) relative to (b%) (~Zy):
D ={1,a,a% a*b* b,ab,a*b,a’b>).

In this article we give an affirmative answer to this conjecture and prove the following.

Theorem 1.3. There is no (p>, p, p3, p*)-difference set in Ly X Ly for all primes p > 3.
2. Properties of u;;, v;j and w;;
Let p be an odd prime and D a (p3, p, p3, p?)-difference set in a group G =
(a,b) (=Z,» x L) relative to N = (bP) (= Zp). By definition,
DDV = p? 4 p*(G - N). €))

Throughout this article 7,,(= {0, 1, ..., m — 1}) always denotes the set of nonnegative integers
less than m. We often identify I,,, with Z,, = {0, 1,...,m — 1} (mod m). Let x be a character
of G. Then, there exist £ € Ipz and m € Ipz such that y (a"b*) = O ems for r,s € Ipz, where

0 = 271/ By (1), we have
x(D)x(D)y=p> if m#0 mod p. )

Set D={a"ib% | j € Ipa} and let x, be a character of G such that x (a) = 6* and x (b) = 6.

Put n; = |{i | x(a"b%) = 67| for each j € I,>. We note that n; depends on the choice of
l (e Ipz). From now on, we set x = x¢. By definition,

x(D) = Z nié‘i. 3)
iEIpz
By Result 1.2, x (D) is represented in the following form:
x (D) = Z git+i Z(Qp)uijx2+(vfj+£)x+wij @
i’jEIp XEIp

where u;;, vij, wij € I, u;j #0.
By (4), we have the following.
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Lemma 2.1. For each k € I, ng +nyyp +ngq2p + -+ npg(p—1)p = p2.

Lemma 2.2. There exist integers r¢ € 1,2 and eq € {£1} satisfying x (D) = egp/p* 6", where
p=(=D*2p.

Proof. Set £ = x(D) and B =&/(p/p*). Then &, B € Q() and |B| = 1 by (2). On the other
hand, p has the factorization (p) = PP —1 in Q(6), where P is a prime ideal in Q(0). Hence,
by (2), (£€) = (p? = ‘133”(”_1) and so (£2) = (p3). Thus &2 = p3« for an algebraic integer
o € Z[]. It follows that B2 = (—1)(P~D/2¢ and so B is also an algebraic integer contained
in Z[6]. Let o be a field automorphism of Q(6). Then x° is also a character of G. Hence,

181 =1G (D) |/1(p/ P71 = 1x° (D)|/ p/P =1 by (2). Therefore the absolute value of any
conjugate of B over Q is 1. Applying Kronecker’s lemma (Lemma 3 of Section 1, Chapter 3

in [1]), B = ¢;0" for some ey € {1} and ry € I, O
We can easily verify the following lemma, which we use to determine #n;’s.

Lemma 2.3. Let p" be a power of a prime p and let 0 be a primitive p"th root of unity. If
Zogigp"—l a;0' =0 for some integers ap, ai, ..., ap—1 and if s =t mod p"‘l, then ag = ay.

Lemma 2.4. Set r =ry and e = ey. Then the following hold.

(i) Ifi #%r (mod p), then n; = p.
(i) njprr = A +e(j/p))p € {0, p,2p} for j € Ip, where (x/x*) is the Legendre symbol and
indices are taken modulo p>.

Proof. By (3)and Lemma2.2,}",_; , n; 0/ =ep./p* 6", where e = ¢y and r = ry. On the other
p

hand, /p* = Zjdp (j/p)0P/ (Gauss sum). Hence, Zje]pg n;j0) =ep Zje,p (j/p)oPitr. By
Lemma 2.3, the following hold.

ng=nyjp, Vjelp, Vtel,ifts#r (mod p), 5)
J .
nr=nr+jp—ep<;>, Vjelp. (6)

By Lemma 2.1, pn; = Zjel,, Ny jp = Pz and

= <nr+jp - €P<i)) = > Mejp—ep Y (é) =p

jely p 0<j<p—1 0<j<p

Therefore n; = p if t £ r (mod p) and n, = p. Thus the lemma follows from (5) and (6). O

Notation 2.5. For n € N U {0}, let {(n)) be the remainder of n modulo p and put (n)) =
(n—{n))/p Ge.n=((n)p+ (n)).

For a multiset 7 = {(6P)™!, (6P)"2, ..., (0P)"4} we define

f(T)={mi,my,...,my} (mod p)
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as a multiset. We note that each element of f(7T) is always taken modulo p. Moreover, for a
multiset S on Z, and an element z € Z,, we put S + z = {x + z | x € S} as a multiset.

In the rest of this section set £ =ap + B, r =Ap + u (o, B, A, u € ). We note that A and p
are uniquely determined by « and 8 by Lemma 2.2. Set u = ¥ (¢, B).
Notation 2.6. For all 8, T € I,,, we define £25(7) by

2@ ={G, j) i, j €l if+j=1 (mod p)}.

Remark 2.7. As 8 # 0, |2g(t)| = p. Moreover, for all i € I,
|2s() N ({i} x Ip)| = 1.

By (4),
x(D)y=3" giept @t ip+]) Z(gp)”iszJr(UijJrﬁ)erwij
ijel, xel,
= Z Z <9idp+((i/3+./))p Z (gﬂ)“i!'xz"‘(vij"‘ﬂ)x'f‘wij)91"
vel) (i.))e2p(0) xel,

Set Tijp = {f((@p)“’-fxzﬂv'i/+ﬂ)x+“”if) | x € I,} as a multiset. Then we have
Tijp = uij I + kijp, (7

where I" = {)c2 | x € Zp} as a multiset and

4uijwij — (vij + B)*
4uij '

kijg = ¥

Therefore,

x(D) = Z( Z Z (Qp))’(gp)ia+((iﬂ+j)))er

tel, N(i,j)eRp(v) yeTijp
-2 X ey
tel, (i, j)eRp(t) yeA
where A =u;; " +kijg +ia+ (@B + j)).
By Lemma 2.4, we have the following.

Lemma 2.8. Ser u = ¥ (o, B). Then,

(i) The multiset U(l-,j)e_oﬂ(m uijI' +kijp +ia+ (iB + j)) contains exactly (p + 1)/2 distinct
elements of Z,,.
(ii) Let v € I, and assume T # 1. Then, as a multiset

U il +kijp +ia+ @GB + 1)

(i,/)ef2p(7)
—{0,...,0}U{l,....,}U---U{p—1,...,p—1}.
S— S——

p-times p-times p-times
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Let p be an odd prime and a, b € Z, \ {0}. By Theorem 10.5.1 of [2], we have the following.
a
#{(x,y)lx,yeZ,,, xz—ayzzb}zp—(;). O]

Lemma 2.9. Let r,s,¢,d € Z), (r,s #0) and set a = sr-hb=Wd—-corte= (=1/p). If
¢ # d, then the number of solutions (x*, y*) to rx> +c=sy*+d withx, y € Ly is
b
p—e 1re () +(5) )
4 2 4 '

Proof. Using a and b, the equation becomes x> — ay®> = b. Obviously the number of solutions
(x2,0) to x2 —ay?> = b is ((b/p) + 1)/2 and the number of solutions (0, y?) to x> — ay? = b is
(e(a/p)(b/p) + 1)/2. Hence, by (9), the number of solutions (x2, y?) to x> — ay?> =b is

p(5)-2(Bg ¢ SIBgnn) (8 11 e(3)(5) 41

3 4 2 2
=G +E GG +2
4
—e 1ye  e((H)+a(3) —e)
=p4 * er 4 .

Hypothesis 2.10. In the rest of this article we assume that p > 3.

Lemma 2.11. Let notations be as in Lemma 2.8(1) and set u; = u;j and d; = k;jg +io+ (iB+j)),
where (i, j) € (), p =V (a, B). Then dy =dy =---=dp—1 and (uo/p) = (u1/p) ==
(up-1/p).

Proof. By Lemma2.8(i), U j)ce s(u) Uil +di contains exactly ”T'H distinct elements. Assume
d; #d; for some i, j € I,. Applying Lemmas 2.8(i) and 2.9 we have

,p+1_<p-e+1+s s<<%>+s)<(§>—s>>

p+1
2 4 2 + 4 ’

2

2

<

From this,

p+l_p—e 1+e 5((%)+8)((%)—8)<£ 7
2 T 4 2 4 =

4 4

Hence, p < 5. By Hypothesis 2.10, we have p = 5 and therefore ¢ = (—1/5) = 1. Thus
((@/5)+1)((b/5) — 1)/4 > 1, a contradiction. Therefore d; = d; for all i, j € I,,. It follows
that as a multiset U(i, e u;I" also contains exactly pTH distinct elements. This forces
(wo/p)=(u1/p)=+--=(up-1/p). O

Lemma 2.12. Let notations be as in Lemma 2.8(ii). For a fixed © (# () set u; = u;; and d; =
—(kijp +ia+ (@B + j))), where (i, j) € $2p(t). Then Z,, = {dp,d\, ...,dp_1} and (uo/p) =
(ui/p)=---=up-1/p).
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Proof. By Lemma 2.8(ii),

ol —do)U---Uup T —dp_1)={0,...,00U---U{p—1,...,p—1}. (10)
—_—

p-times p-times

Let c € Z) and set s; = |{x € Z) | uix> —d;y =c}| fori e Zp. Clearly s; € {0,1,2}. As
ZieZ,, si = p =1 (mod 2) by (10), there exists i such that s; = 1, which implies d; = —c.
Since c is arbitrary, Z, = {do, ..., dp1}.

Forall i € Z, put vy, = u;. Then, by (10), we have

(oI =0 U---U (v, = (p—1)={0,...,00U---U{p—1,...,p—1}. (11)
\—\,—/
p-times p-times

Let c € Z, and N; the number of solutions x to vjx2 — j=c. Then N; = (%)(
+1(€{0,1,2}) and N9 + --- + Np_1 = p by (11). Moreover, N; =1 if and only if j =
—c (mod p). Thus we have

3 <ﬂ> (%) —0 (VeeZ,). (12)

JEZLp p

c+j
P

Let A = (a;;) be a p x p matrix over Z defined by a;; = (%) (i,j €Zp) and let B = ()
(i, ] € Zp) be a p x p matrix over C, where ¢ = e2™i/P (=P). Since Zogxgp—l(x/l’)ﬁ” =
(s/p)+/p* (Gauss sum), we have

Z <#)0kj:ﬁ—ij Z <i+k>(ﬁj)i+k=z9—ij Z (f)(ﬁj)x

0<k<p—1 o<k<p—1°> P o<x<p—1 P

=ﬂ—if<1)ﬁ.

p

Thus we have

AB=yp |0 (HoH?r (2o 2)?

: I\ g—T\p—1  (2Y(9—2\p—1
L0 (5@™Hr=h (5 e=)?
Since det(B) # 0, it follows that rank(A) = p — 1 and so dim(ker(A)) = 1. Hence,

{1

By (12), we have (vo/p) = (vi/p) = --- = (vp—1/p). Therefore (uo/p) = (u1/p) =--- =
(up-1/p). O

Lemma 2.13. Let y € Z,. If y # «, then ¥ (v, B) # ¥ (o, B).
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Proof. Setv =1 (y, B) and assume . = v. Then, 25(u) = £25(v) and (0, u) € 2g(u), (0,v) €
$2g(v). It follows from Lemma 2.11 that ko .. g = kijp + i+ (iB + j) and ko . p = kijp +iy +
(@B + j) for any (i, j) € 25(u) (= £2g(v)). Thus o =y, a contradiction. O

Notation 2.14. Let 8 € Z,. By Lemma 2.13, an equation v (x, ) = k has a unique solution
x €Zp. Wesetx =a(B, k).

By Definition 2.14 and Lemma 2.13, «(8, k1) # «(B, k) if k1 # k. Hence,

Zp:{a(ﬂso)aa(ﬁ3 1)7sa(ﬂ7p_1)} (13)
_ duijwii—(ij+B)* . . .
Set Pypij = —dm, 4+ (iB+ j) +ic. By Lemmas 2.11 and 2.12, we have shown the
following.

Lemma 2.15. For all a € Z, and B € Z,, the following hold.

) If (i1, J1), (G2, o) € 2(¥ (o, B)), then Dyp;, j = Pupis j»-
(i) Zp ={DPupij | (0, j) € 2p(v)} for all v (# ¥ (a, B)).

Notation 2.16. For all (7, j) € 25y (a, B)), we set

duijwij — (vij + B)*

+ @B+ J) + i (14)
4u,j

Dyp =
By Lemma 2.15(i), ®4p is independent of the choice of (i, j) € 25 (¥ (a, B)).

If G, j) € 2 (a, B)), then i + j = Y (a, B). Using Notation 2.14, a = a(B,if + j).
Hence, Eq. (14) can be written in the following form:

= digwi = Wi EBY Gy )+ ia B, if + ). )

@
op 4u;j
Lemma 2.17. The following hold.

(1) Foreach B, Uaelp Qe (e, B)) =1, x I,

(ii) For each (i, j), we put A(i, j) ={(a', ) | (i, j) € Qe (', ))}. Let a,p € Z, and
set =Y (a, B). If (i1, j1), (i2, j2) € LW (e, B)) and (i1, j1) # (i2, j2), then A(iy, j1) N
Aliz, j2) = {(a, B)}.

Proof. By Remark 2.7, it suffices to show that £2g(u (a1, B)) N 2s(u(az, B)) =0 if a1 # an.
Let (i, j) € 2 (a1, B)) N 2p(Y (a2, B)). As a1 # aa, we have ¥ (ai, B) # ¥ (o2, B) by
Lemma 2.13. Hence, i + j = ¥ (a1, B) # ¥ (a2, B) =iB + j, a contradiction. Thus (i) holds.

By definition of A, («, B) € A(i1, j1) N A(i2, j2). Assume (y, §) € A(i1, j1) N A(i2, j2). Then
i16 + j1 =¥ (y,8) =i2d + j» and i18 + j1 = ¥ (@, B) = i2B + jo. From this, if i} = i», then
j1 = jo, a contradiction. Hence, i; # i and so § = % = B. Therefore, ¥ (y, B) = ¥ (a, B).
By Lemma 2.13, o = y. Thus (ii) holds. O
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3. Proof of Theorem 1.3

We now prove Theorem 1.3.

By Lemma 2.13, Z, = {¥(0,0), ¥ (1,0), ¥(2,0), ..., ¥ (p — 1,0)}. Hence, given j € Z,,
there exists a unique y (€ Zp) such that ¥ (y, 0) = j. Since £2o(¥ (y,0)) ={(0, j), 1, j),...,
(p — 1, j)}, applying Lemma 2.17(ii), we have

Aliy, )N Az, ) ={(r.0)} (@1 #i2). (16)

Set AY) = A0, j) U A(l, j)U---U A(p — 1, j) as a multiset. By Lemma 2.13, again,
A(i, )N (Zp x {0}) ={(y, 0)}. This, together with (16), gives the following.

AD ={(y,0),.... (.0} UZ, x Z}. (17)
——
p-times
We define a function F from Z,, to Z, by
FGh=), Y. ®@Bh.
i€Zp (a,B)EAG,])

Then,

F<j>=Z< > cb(a,m): Y. o@p).

i€Zy ~(o,B)EA(, ) (o, B)eAD)
Applying (17),
F(H=p2(r.00+ >  @@p= Y  o@§.
(. BYEZp X T, (. BYELp X T,
Hence, we have,
Lemma3.1. FO)=F() == F(p~1) =Y pez,xz; P@ B).

On the other hand, by (15),

F(ih=Y, Y, @@§p

i€Zy (a,B)eA(,])

Aujjwij — (vij ’
tj

i€Zy BET,

Sy (Mt s L )

i€Z, BEZ, Y gez, “ij pez,
+ Y GBI+ Y iaBiB+ ).
i,BEL)p i,BEL)p

Clearly ZﬁeZp 1= Zﬁezp B =0. Moreover, as p > 3, Zﬂezp B2 =0. Hence,
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F(y= > GB+iN+ > ia(B.if+j)

i,BELy i,B€Lp
= > GB++ Y ia0 )+ Y ( DB k- j)a(ﬂ,k>>.
i,BELy i€Zy BELy, “kel,

As Yicz, i0(0, ) =2t p - (0, j) =0,

F()y= > GB+iN+ Y. ﬂ‘( > (ka(B, b —ja(ﬁ,k))).

i,BELyp BeZ;, keZp,
As Zkez,, a(B, k) =0 by (13), we have
F()= Y GB+)+ Y B ) ka(B.k). (18)
iL.BELp BEZ keZ,

We note that the second term of the right-hand side of (18) is independent of j. This, together
with Lemma 3.1, gives the following.

Lemma 3.2. Set g(1) =}, j;,(ij + 1) (mod p). If there is a (p*, p, p*, p?)-difference set in
Ly x Ly, then g(0) = g(1) =---=g(p — D).

We can check the following.
Lemma 3.3. Let i, j, t € I,,. Then the following three conditions are equivalent.

@ Gj+)#Gj+1+1).
() (j+)+1=(j+1t+1).
(i) ij 4+ 4+ 1=0 (mod p).

Lemma 3.4. Let t € 1, and set S; ={(i, j) |i, j €1y, ij+t+1=0 (mod p)}. Then,

15| = 2p—1 ift=p—1,
"T1p—1 otherwise.

By Lemmas 3.3 and 3.4, we have
Lemma 3.5. g(n) = Zi’je,p Gj+n)= prl —n (mod p).

Proof. By Lemmas3.3and 34, g(t+1)=g(t)+p—1=g()—1 (mod p) forr € I,\ {p —1}.
We now compute g(0). Put My ={(i, j) | i,j € Ip, ij =k (mod p)} for each k € I,,. Then
Mo ={(,0)iel,}U{Q,}j)]|jel,}. Moreover, for given k and i with k,i € I, \ {0} there
exists a unique j € I, \ {0} such thatij =k (mod p). In particular |[My| = p — 1 for k € I, \ {0}.
Hence,

0=y ¥ TE- Yy T

kel, (i, j)eMy 0skel, (i,j)eMy p

zz(zﬂ_zf)

1<k<p-1 NGpeme P djyem P
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—_1))? _
=(1+2+ +(@-1) L 1(
p p

p—1 p—3 p—1
= 1 = .
2 (+ 2 p)

1+2+--+(p—1D)

Thus g(0) = pT_l and so g(n) = pT_l —n (mod p) fornel, O
Proof of Theorem. By Lemmas 3.2 and 3.5 the theorem holds. O

Remark 3.6. In their paper [6] S.L. Ma and B. Schmidt defined a function F': [ 1 X Ipe X I —

N U {0} using a putative (p>“t1, p, p>*1, p%)-relative difference set R in Zyest X Lperr (see
§5 of [6]). They conjectured that (x) F(r,s,£) =1 for all , s and £ and proved this for c =1,
on which Result 1.2 is based. They also showed that if the conjecture is true, then there exists a
( pz"’l, p, pz"’l, pz"’z)-relative difference set R in Zpe x Zpe (see p. 17 of [6]). Hence, we note
that our theorem implies that if (x) is true for all ¢ (> 1), then there is no (p>*1, p, p>+1, p%¢)-
relative difference set in Z ,c+1 X Z,c+1 for all odd primes p and integers ¢ (> 1).
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