Journal of Combinatorial Theory, Series A 163 (2019) 163-181

Contents lists available at ScienceDirect

Journal of Combinatorial Theory,
Series A

www.elsevier.com/locate/jcta

Asymptotics for Turan numbers of cycles in )

Check for

3-uniform linear hypergraphs

Beka Ergemlidze ®, Ervin Gyéri®, Abhishek Methuku

& Department of Mathematics, Central European University, Budapest, Hungary
Rényi Institute, Hungarian Academy of Sciences and Department of
Mathematics, Central European University, Budapest, Hungary

ARTICLE INFO ABSTRACT
Article history: Let F be a family of 3-uniform linear hypergraphs. The linear
Received 6 June 2017 Turdan number of F is the maximum possible number of edges

Available online xxxx in a 3-uniform linear hypergraph on n vertices which contains

no member of F as a subhypergraph.
In this paper we show that the linear Turdn number of the

Keywords:
Linear Turdn number

Berge cycle five cycle Cs (in the Berge sense) is 3—\I/§n3/2 asymptotically.
Five cycle We also show that the linear Turdn number of the four
Linear cycle cycle Cy and {Cs,C4} are equal asymptotically, which is a
Loose cycle strengthening of a theorem of Lazebnik and Verstraéte [16].

Hypergraph Turdn problem We establish a connection between the linear Turdn number

of the linear cycle of length 2k + 1 and the extremal number
of edges in a graph of girth more than 2k — 2. Combining our
result and a theorem of Collier-Cartaino, Graber and Jiang [8],
we obtain that the linear Turdn number of the linear cycle of
length 2k + 1 is 9(n1+%) for k =2,3,4,6.

© 2018 Elsevier Inc. All rights reserved.

E-mail addresses: beka.ergemlidze@gmail.com (B. Ergemlidze), gyori.ervin@renyi.mta.hu (E. Gydri),
abhishekmethuku@gmail.com (A. Methuku).

https://doi.org/10.1016/j.jcta.2018.12.004
0097-3165/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jcta.2018.12.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:beka.ergemlidze@gmail.com
mailto:gyori.ervin@renyi.mta.hu
mailto:abhishekmethuku@gmail.com
https://doi.org/10.1016/j.jcta.2018.12.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2018.12.004&domain=pdf

164 B. Ergemlidze et al. / Journal of Combinatorial Theory, Series A 163 (2019) 163—181

1. Introduction

A hypergraph H = (V, E) is a family F of distinct subsets of a finite set V. The mem-
bers of E are called hyperedges and the elements of V' are called vertices. A hypergraph is
called r-uniform is each member of E has size r. A hypergraph H = (V, E) is called linear
if every two hyperedges have at most one vertex in common. A hypergraph is F-free if
it does not contain any member of F as a subhypergraph. A 2-uniform hypergraph is
simply called a graph.

Given a family of graphs F, the Turdn number of F, denoted ex(n, F), is the maximum
number of edges in an F-free graph on n vertices and the bipartite Turdn number of F,
denoted expip(n, F) is the maximum number of edges in an F-free bipartite graph on n
vertices.

Given a family of 3-uniform hypergraphs F, let ex3(n, F) denote the maximum num-
ber of hyperedges of an F-free 3-uniform hypergraph on n vertices and similarly, given
a family of 3-uniform linear hypergraphs F, the linear Turdn number of F, denoted
exi%(n, F), is the maximum number of hyperedges in an F-free 3-uniform linear hy-
pergraph on n vertices. When F = {F} then we simply write exi"(n, F) instead of
extin(n, {F}).

A (Berge) cycle Cf of length & > 2 is an alternating sequence of distinct vertices
and distinct edges of the form wy,hq,ve, ha,..., vk, hy where v;,v;41 € h; for each
i € {1,2,...,k — 1} and vi,v; € hy. (Note that forbidding a Berge cycle Cj actu-
ally forbids a family of hypergraphs, not just one hypergraph, as there may be many
ways to choose the hyperedges h;.) This definition of a hypergraph cycle is the classical
definition due to Berge. For k > 2, Fiiredi and Ozkahya [12] showed ex’i®(n,Coxi1) <
2kn'*t1/k 1 9kn. In fact it is shown in [15,12] that exs(n,Capy1) < O(n'+/F). For
the even case it is easy to show exi®(n,Cy) < ex(n,Cy) = O(n'+/*) by selecting a
pair from each hyperedge of a Cyy-free 3-uniform linear hypergraph. A (Berge) path of
length £ is an alternating sequence of distinct vertices and distinct edges of the form
vo, ho, V1, Ry, V2, ha, ..., Uk_1, hg_1,vx Where v;,v;11 € h; for each i € {0,1,2,..., k—1}.
Recently the notion of Berge cycles and Berge paths was generalized to arbitrary Berge
graphs in [13] and the linear Turdn number of (Berge) K>, was studied in [21] and [14].
Below we concentrate on the linear Turan numbers of C3, Cy and Cs.

Determining exi"(n, Cs) is basically equivalent to the famous (6, 3)-problem which is a
special case of a general problem of Brown, Erdds, and So6s [6]. This was settled by Ruzsa
and Szemerédi in their classical paper [19], showing that n>~ Veen < exi®(n, C3) = o(n?)
for some constant ¢ > 0.

Only a handful of results are known about the asymptotic behavior of Turdn numbers
for hypergraphs. In this paper, we focus on determining the asymptotics of exi®(n, Cs)
by giving a new construction, and a new proof of the upper bound which introduces
some important ideas. We also determine the asymptotics of exi®(n,C,) and construct
3-uniform linear hypergraphs avoiding linear cycles of given odd length(s). In an upcom-
ing paper [11], we focus on estimating exs(n, C4) and exs(n,C5), improving an estimate
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of Bollobas and Gy6ri [4] that shows gs—\//g < ex3(n, C5) < v2n%/? + 4.5n. Surprisingly,
even though the Cs-free hypergraph that Bollobas and Gydri constructed in order to
establish their lower bound has the same size as the Cs-free hypergraph we constructed
in order to obtain the lower bound in our Theorem 1 below, these two constructions are
quite different. Their hypergraph is very far from being linear.

The following is our main result.
Theorem 1.

: 1
lin _ 3/2
exs'(n,Cs) = —=n"“ 4+ O(n).
(. Cs) = o™ +0(n)
To show the lower bound in the above theorem we give the following construction. For
the sake of convenience we usually drop floors and ceilings of various quantities in the
construction below, and in the rest of the paper, as it does not effect the asymptotics.

Construction of a Cs-free linear hypergraph H: For each 1 < t < 4/n/3, let L; =
{li,lg,...,lt\/r/g} and R; = {rf,ré,...,ri/m}. Let B={v;; | 1<14,j <+/n/3}. The

Vn/3
vertex set of H is V(H) = |J (L;UR;)U B and the edge set of H is E(H) = {v; jljr} |

=1
v;; € Band 1 <t < ./n/3}.
3/2
Clearly |V(H)| =n and |E(H)| = 2\//5 and H is linear. It is easy to check that H is

Cs-free but this is proved in a more general setting in Theorem 3.
Lazebnik and Verstraéte [16] showed that

_ n3/2
exi™(n, {C3,Cy}) = o + O(n). (1)
This was remarkable especially considering the fact that the asymptotics for the corre-
sponding extremal function for graphs ex(n, {C3, C4}) is not known and is a long standing
problem of Erdés [9]. Erdés and Simonovits [10] conjectured that ex(n,{Cs,Cy}) =
eXpip(n, Cy4) while Allen, Keevash, Sudakov, and Verstraéte [1] conjectured that this is
not true.
In this paper we strengthen the above mentioned result of Lazebnik and Verstraéte
[16], by showing that their upper bound in (1) still holds even if the Cs-free condition is
dropped. This shows exi®(n, Cy) ~ exi"(n, {C3,C4}), as detailed below.

Theorem 2.

n3/2

; 1
exi®(n, Cy) < En\/n +9+ g =5 + O(n).

The lower bound ex}"(n,Cy) > in®? — 1,/n follows from (1). (Note that the con-
struction from [16] showing this lower bound is Cs-free as well.) Therefore,
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) n3/2
exi®(n, Cy) = rE + O(n).

Our last result shows strong connection between Turan numbers of even cycles in
graphs and linear Turan numbers of linear cycles of odd length in 3-uniform hypergraphs.
This is explained below, after introducing some definitions.

A linear cycle C’};n of length k > 3 is an alternating sequence vy, hi,vs, ha, ..., Vg, hi

of distinct vertices and distinct hyperedges such that h; N h;41 = {v;41} for each ¢ €
{L,2,...)k =1}, hynhy ={vi}and by Nh; =0 if 1 < [j —i] < k—1. (A linear path

can be defined similarly.) The vertices vy, ve, ..., v; are called the basic vertices of C,lcin
and the graph with the edge set {vyvy, vavs, ..., Vg_10k, vk } is called the basic cycle of
cin,

Let %% and ‘f,ii“ denote the set of (Berge) cycles C; and the set of linear cycles
Clin, respectively, where [ has the same parity as k and 2 < [ < k. In particular,
in Theorem 3 we will be interested in the sets $ox—2 = {Co,C4,Cs,...,Cox—2} and
G, = {C¥,C8, ..., Cir 1} Note that the (Berge) cycle Cy corresponds to two
hyperedges that share at least 2 vertices, so a hypergraph is linear if and only if it is
Cs-free. In particular, for graphs (i.e., 2-uniform hypergraphs) the Ca-free condition does
not impose any restriction, and there is no difference between a (Berge) cycle C; and a
linear cycle C’l““.

Bondy and Simonovits [5] showed that for k > 2, ex(n, Cax) < can% for all suffi-
ciently large n. Improvements to the constant factor ¢ are made in [22,18,7]. The girth
of a graph is the length of a shortest cycle contained in the graph. For k = 2, 3,5, con-
structions of Cyy-free graphs on n vertices with Q(n!*+) edges are known: Benson [2]
and Singleton [20] constructed a bipartite Gs-free graph with (1 + o(1))(n/2)*/? edges
and Benson [2] constructed a bipartite €o-free graph with (14 0(1))(n/2)%°® edges. For
k ¢ {2,3,5} it is not known if the order of magnitude of ex(n, Caz,) is O(n'*#). The best
known lower bound is due to Lazebnik, Ustimenko and Woldar [17], who showed that
there exist graphs of girth more than 2k 4+ 1 containing Q(n”i"k%“s) edges where k > 2
is fixed, e = 0 if k£ is odd and € = 1 if k is even.

Recently Collier-Cartaino, Graber and Jiang [8] showed that for all I > 3,
exin(n, CJin) < O(nHﬁ). In fact, they proved the same upper bound for all r-uniform
hypergraphs with r > 3. However, it is not known if Cl“n—free linear 3-uniform hyper-
graphs on n vertices with Q(nHﬁ) hyperedges exist. It is mentioned in [8] that the
best known lower bound

exi(n, 1) > Q(nF ), 2)

was observed by Verstraéte, by taking a random subgraph of a Steiner triple system.

If | = 2k + 1 is odd, then we are able to construct a %", -free 3-uniform linear
hypergraph on n vertices with Q(n“‘%) hyperedges whenever a %a_o-free graph with
Q(nHﬁ) edges exists. More precisely, we show:
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Theorem 3. Let expip(n, Gar—2) > (1 +0(1))c (2)" = Q(n®) for some c,a > 0. Then,

1-3
X" (m Gy 1) 2 (L4 0(1)) o - (c(;‘“a _11)> n?"w = Q(n? W),

If 2k —2 = 2, then by definition €52 = {C5}, so in this case the €55 _o-free condition
does not impose any restriction. Thus in order to bound expip (1, ¢2) from below, one can
take a complete balanced bipartite graph. Therefore using ¢ = 1 and a = 2 in the above
theorem, we get exi"(n,€3") > (1 + 0(1)) n? Since a 3-uniform linear hypergraph
which is both Ci"-free and Cl"-free is (Berge) Cs-free, this also provides the desired
lower bound in Theorem 1. As we mentioned before, in the cases 2k — 2 = 4,6, 10, it is
known that ¢ = 1 and a = 1 + k 7 by the work of Benson and Singleton and for all
k > 2, it is known that a = 1+ 55— 6+ by the work of Lazebnik, Ustimenko and Woldar,
where € = 0 if k is odd and € = 1 if k is even; so substituting these in Theorem 3 and
combining it with the upper bound of Collier-Cartaino, Graber and Jiang, we get the
following corollary.

Corollary 4. For k = 2,3,4,6, we have exgn(nf@l}fﬂ) >(1+ o(l))%(L)H%.
Therefore, in these cases,

ex§" (n, G341) = O(n' T h).
Moreover, for k > 2, we have
ex§" (n, 63}ty ) 2 Qn' ),
where € =0 if k is odd and e =1 if k is even.

The above corollary provides an improvement of the lower bound in (2) for linear
cycles of odd length.

Structure of the paper: In the next section we introduce some notation that is used
through out the paper. In Section 2, we prove the upper bound of Theorem 1 and in
Section 3, we prove Theorem 2. Finally, in Section 4 we prove Theorem 3.

1.1. Notation

We introduce some important notation used throughout the paper. Length of a path
is the number of edges in the path.

For convenience, throughout the paper, an edge {a,b} of a graph or a pair of vertices
a, b is referred to as ab. A hyperedge {a,b, c} is written simply as abe.

For a hypergraph H, let 0H = {ab | ab C e € E(H)} denote its 2-shadow graph.
(Notice that the basic cycle of Cl™" is a cycle in the graph CY".) If H is linear, then
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|E(OH)| = 3|E(H)|. For a hypergraph H and v € V(H), we denote the degree of v
in H by d(v). We write d”(v) instead of d(v) when it is important to emphasize the
underlying hypergraph.

The first neighborhood and second neighborhood of v in H are defined as

N (v)={z e V(H)\ {v} | v, € h for some h € E(H)}
and
NF (v) = {z € V(H)\ (N{ (v)U{v}) | 3h € E(H) such that = € h and h N N{ (v) # 0}
respectively.

2. Cj-free linear hypergraphs: Proof of the upper bound in Theorem 1

Let H be a 3-uniform linear hypergraph on n vertices containing no C5. Let d and
dmaz denote the average degree and maximum degree of a vertex in H, respectively. We
will show that we may assume H has minimum degree at least d/3. Indeed, if there is
a vertex whose degree less than one-third of the average degree in the hypergraph, we
delete it and all the hyperedges incident to it. Notice that this will not decrease the
average degree. We repeat this procedure as long as we can and eventually we obtain a
(non-empty) hypergraph H’ with n’ < n vertices and average degree d’ > d and minimum
degree at least d/3. It is easy to see that if d' < \/n’/3+ C then d < y/n/3+ C (for a
constant C' > 0) proving Theorem 1. So from now on we will assume H has minimum
degree at least d/3. Our goal is to upper bound d.

The following claim shows that for any vertex v, the number of hyperedges h € E(H)
with |h N N{(v)| > 2 is small provided d(v) is small. This is useful for proving Claim 6.
Using this and the fact that the minimum degree is at least d/3, we will show in Claim 8
that we may assume the maximum degree in H is small.

Claim 5. Let v € V(H). Then the number of hyperedges h € E(H) with ’h N NlH(v)’ >2
is at most 6d(v).

Proof of Claim 5. We construct an auxiliary graph G; whose vertex set is N{Z(v) in the
following way: From each hyperedge h € E(H) with |[h N N{'(v)| > 2 and v ¢ h, we
select exactly one pair zy C h N N{I(v) arbitrarily. We claim that there is no 7-vertex
path in G1. Suppose for the sake of a contradiction that there is a path vjvov3v4V5V6V7
in G1. Then, one of the two hyperedges v1v4v, v4v7v is not in F(H) as the hypergraph is
linear. Suppose without loss of generality that vivyv ¢ E(H), so there are two different
hyperedges h, h’ such that vi,v € h and vg,v € h’. These two hyperedges together with
the 3 hyperedges containing vjvy, v9v3, V304 create a five cycle in H (note that they are
different by our construction), a contradiction. So there is no path on seven vertices in Gy
and so by Erd8s-Gallai theorem, Gy contains at most 752 [V (Gy)| < 2.5(2d(v)) = 5d(v)
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edges, which implies that the number of hyperedges h € E(H) with |h nNH (v)| >2is
at most 5d(v) +d(v) = 6d(v). O

Using the previous claim we will show the following claim.

Claim 6. Let v € V(H). Then,

NS ()] = > d(z)—18d(v).

zeN{! (v)

Proof of Claim 6. First we count the number of hyperedges h € E(H) such that
|hN N (v)| =1 and |h N Nf (v)| = 2. Let G2 = (N§'(v), E(G2)) be an auxiliary graph
whose edge set E(G2) = {zy | 3h € E(H),|h N N{(v)| =1,|hNNf (v)| =2 and 2,y €
RN N (v)}. Let hy, ha, ..., hqe) be the hyperedges containing v. Now we color an edge
zy € E(G2) with the color 4 if z,y € h and h N h; # (. Since the hypergraph is linear
this gives a coloring of all the edges of G.

Claim 7. If there are three edges ab,bc,cd € E(Gsz) (where a might be the same as d),
then the color of ab is the same as the color of cd.

Proof of Claim 7. Suppose that they have different colors i and j respectively. Then,
the hyperedges in H containing ab, bc, cd, together with h; and h; form a five cycle, a
contradiction. O

We claim that G is triangle-free. Suppose for the sake of a contradiction that there is a
triangle, say abc, in Go. Then by Claim 7 it is easy to see that all the edges of this triangle
must have the same color, say color i. Therefore, at least two of the three hyperedges of
H containing ab, be, ca must contain the same vertex of h;. This is impossible since H
is linear.

We claim that if v1v9v3 ... v, is a cycle of length k > 4 in G5, then every vertex in it
has degree exactly 2. Suppose without loss of generality that vsw € E(G3) where w # s,
w # vy. Since Gy is triangle free, w # v1 and w # v5 (note that if k = 4, then vs = vy).
By Claim 7, the color of v1vy is the same as the colors of vzvy and vzw. Also, the color
of v4v5 is the same as the colors of vsw and vov3. This implies that the edges vovs, vsw,
vsvy must have the same color, which is a contradiction since the hypergraph is linear.
Thus, G is a disjoint union of cycles and trees. So |E(G2)| < |V (G2)| = |[N§ (v)].

Since e n# () d() is at most the number of edges in G plus three times the number
of hyperedges h € E(H) with ‘h nNH (v)| > 2, applying Claim 5 we have

> d(x) < INJ(v)] + 3(6d(v)),

z€N{ (v)

completing the proof of the claim. O
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Using the above claim we will show Theorem 1 holds if d;;,q; > 6d. We do not optimize
the constant multiplying d here.

Claim 8. We may assume dpq. < 6d for large enough n (i.e., whenever n > 34992).

Proof. Suppose that v € V(H) and d(v) = dpmaes > 6d. Recall that H has minimum
degree at least %. Then by Claim 6,

d
H _ —
| N3 (v) E d(z) — 18d(v) > 3

LENH(U)

’ 1H(v)| —18d(v) =

= §(2d(v)) —18d(v) = (? - 18> ~d(v) > (? - 18) -6d > 3d?

if d > 108. That is, if d > 108, then 3d? < |NH ’ < n which implies that

as required. On the other hand, if d < 108, then

nd 1
E(H)| = — <36n < ——n?/?
B(H)| = <stn <

for n > 34992, proving Theorem 1. O

In the next definition, for each hyperedge of H we identify a subhypergraph of H cor-
responding to this hyperedge. (We will later see that this subhypergraph has a negligible
fraction of the hyperedges of H.)

Definition 1. For abc € E(H), the subhypergraph H/, of H consists of the hyperedges
h = wvw € E(H) such that h N {a,b,c} =0 and h satisfies at least one of the following
properties.

1. 3z € {a,b,c} such that |h N N{(z)| > 2.
2. b1 (NF(a) 0 NI (b) 0 N () # 0.

3. {z,y,2} = {a,b,c} and u € NH () N N (y) and v € N (2).

Definition 2. Let Hg,. be the subhypergraph of H defined by V(Hu.) = V(H) and
E(Hue) = E(H) \ E(H!,.). That is, Hgp. is the hypergraph obtained after deleting all
the hyperedges of H which are in E(H., ).

The following claim shows that the number of hyperedges in H!, . is small.
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Claim 9. Let abc € E(H). Then

|E( Zzbc)' < 25dmaw~
Proof. By Claim 5, the number of hyperedges h € E(H) satisfying property 1 of Defini-
tion 1 is at most

6d(a) 4 6d(b) + 6d(c) < 18dpmas.

Now we estimate the number of hyperedges satisfying property 2 of Definition 1.
First let us show that |N{T(a) N N{(b) N N{ (c)| < 1 which implies that the number
of hyperedges satisfying property 2 of Definition 1 is at most dq.. Assume for the
sake of a contradiction that {u,v} C N{f(a) N N{I(b) N N (c). Then by linearity of
H, it is impossible that wva, uvb,uvc € E(H). Without loss of generality, assume that
wva ¢ E(H). Then it is easy to see that the pairs ua,av,vc,ch,bu are contained in
distinct hyperedges by linearity of H, creating a C5 in H, a contradiction.

Now we estimate the number of hyperedges satisfying property 3 of Definition 1. Fix
2,7,z such that {z,y, 2z} = {a,b,c}. We will show that for each v € N{(2), there is at
most one hyperedge containing v and a vertex from N{f(x) N N{(y). Assume for the
sake of a contradiction that there are two different hyperedges ujvws,usvws € E(H)
such that uy,us € N (z) N N (y) and v € N{?(z). Now it is easy to see that the pairs
U1T, TY, YUz, U2V, vu; are contained in five distinct hyperedges since H is linear and
u1VW1, U2vwo are disjoint from abe, so there is a Cs in H, a contradiction. So for each
choice of z € {a, b, c} the number of hyperedges satisfying property 3 of Definition 1 is at
most |N1H (z)| So the total number of hyperedges satisfying property 3 of Definition 1

is at most
[N{ (a)] + [NTT (0)| + [N (0)] < 2(d(a) + d(b) + d(c)) < 6dimaa-
Adding up these estimates, we get the desired bound in our claim. O

A 3-link in H is a set of 3 hyperedges hi, ho,hs € E(H) such that hy N hy # 0,
haNhs # 0 and hyNhs = 0. The hyperedges hi and hs are called terminal hyperedges of
this 3-link. (Notice that a given 3-link defines four different Berge paths because each end
vertex can be chosen in two ways. Also note that a 3-link is simply the set of hyperedges
of a linear path of length three.)

Given a hypergraph H and abc € E(H), let pape(H) denote the number of 3-links in
H in which abc is a terminal hyperedge and let p(H) denote the total number of 3-links
in H. Notice

pH) =5 Y paclH).

abceE(H)
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In Section 2.1, we prove an upper bound on p(H) and in Section 2.2, we prove a lower
bound on p(H) and combine it with the upper bound to obtain the desired bound on d.

2.1. Upper bounding p(H)

For any given abc € E(H), the following claim upper bounds the number of 3-links
in H in which abc is a terminal hyperedge by a little bit more than 2 |V (H)|.

Claim 10. Let abc € E(H). Then,

Pabe(H) < 2|V (H)| + 273dmaz-
Proof of Claim 10. First we show that most of the 3-links of H are in H ..
Claim 11. We have,

pabc(H> S pabc(Habc) + 225dmax

Proof. Consider h € E(H)\ E(Ha.) = E(H],.). Note that hN{a,b,c} = (). The number
of 3-links containing both abc and h is at most 9 since the number of hyperedges in H
that intersect both h and abc is at most 9 as H is linear. Therefore the total number of
3-links in H containing abc and a hyperedge of E(H)\ E(Hgp.) is at most 9 |E(H,,.)| <
9(25dmaz) = 225dma, by Claim 9 which implies that pape(H) < pave(Habe) + 225dmaz,

as required. O

For = € {a,b,c}, let H, be a subhypergraph of H,,. whose edge set is E(H,) =
Ef|JES where Ef = {h € E(Ha) | * € hand h # abc} and ES = {h € E(Hgap.) |
In € Ef,x ¢ hand hNh' # 0} and its vertex set is V(H,) = {v € V(Hape) | 30 €
E(H,) and v € h}. Note that |E¥| = df*(z) = d"(z) — 1 and every hyperedge in EY
contains exactly two vertices of N. IH *(x) and every hyperedge in E contains one vertex of
N{'= (x) and two vertices of Nj'* (x) because hyperedges containing more than one vertex
of N{'* () do not belong to Hgp. (since they are in H’, by property 1 of Definition 1)
and thus, do not belong to H,,.

We will show that the number of ordered pairs (z,h) such that x € {a,b,c} and
h € E% is equal to pape(Hape) by showing a bijection between the set of ordered pairs
(z,h) such that = € {a,b,c} and h € E5 and the set of 3-links in Hg,. where abc is a
terminal hyperedge. To each 3-link abc, b/, h in Hgape where abcNh = () and h'Nabe = {z},
let us associate the ordered pair (z, k). Clearly « € {a,b, c} and h € E3. Now consider an
ordered pair (x,h) where z € {a,b,c} and h € Ej. Then h contains exactly one vertex
U € Nle (x), so there is a unique hyperedge b’ € E(H) containing the pair uz. Therefore,
there is a unique 3-link in H,p. associated to (z, h), namely abe, h', h, establishing the
required bijection. So,
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Pabe(Have) = {(z, 1) | z € {a,b,c},h € B3} = > |E3]. (3)
z€{a,b,c}
Nf=(2)

Now our aim is to upper bound pgpe(Hgpe) in terms of Zwe{a)b’c} , which

will be upper bounded in Claim 12.

Substituting v = # and H = H, in Claim 6, we get, ‘NzHT (:13)‘ 2 2 yeNTe () dH=(y) —
18d*1= (x) for each x € {a,b,c}. Now since ZyeNle(m) d(y) = 2|E7| + |E3|, we have
‘NQ ‘ > 2|EF| + | E$| — 18d"=(z). So by (3),

V@)= Y @IEf|+ B - 180 ()
z€{a,b,c} z€{a,b,c}

= Z (2|1E%| — 184" (2)) + pave(Hape)-
z€{a,b,c}

Since |E¥| = df+(z) = d¥ () — 1, we have 2|E¥| — 18dH+(z) = —16(d* (z) — 1). So,

Z ‘NQHT(QT ‘ —16 Z - 1 +pabc(Habc)

ze{a,b,c} z€{a,b c}

Z _48(dmam - 1) +pabc(HabC)' (4)

Now we want to upper bound »_ .4 Nf=(z )‘ by 2|V (H)|.
Claim 12. Each vertex v € V(H) belongs to at most two of the sets N3 (a), NI (b),
NH<(¢). So

S V@) <2vi).

z€{a,b,c}

Proof. Suppose for the sake of a contradiction that there exists a vertex v € V(H)
which is in all three sets NiT*(a), NI (b), Nf<(¢). Then for each z € {a,b,c}, there
exists h, € E5 such that v € h,.

First let us assume h, = hy = h. = h and let h; N NlH”” () = {v,} for each = €
{a,b,c}. If v, = vy = v, then h N (N{ (a) N NH(b) N N (c)) # 0, so by property 2
of Definition 1, h € E(H],.) so h ¢ E(Hgu.) 2 E3, a contradiction. If v, = v, # v,
for some {z,y,z} = {a,b,c} then by property 3 of Definition 1, h ¢ E(Ha.) 2 E, a
contradiction again. Therefore, vy, vy, v. are distinct. Moreover, for each = € {a,b, c},
v, € N{=(z) and v € NJ=(x). However, since N{'*(x) and Nj'*(x) are disjoint for
each = € {a,b,c} by definition (see the Notation section for the precise definition of
first and second neighborhoods), v is different from v,, v, and v.. So v, v, vy, v € h, a
contradiction since h is a hyperedge of size 3.
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So there exist x,y € {a,b,c} such that h, # h,. Also, there exist h), € Ef,h; € EY
such that h, N A}, # 0 and h, N h; # (. Now it is easy to see that the hyperedges
he, hy, by, i, abe form a Cs, a contradiction, proving the claim. O

So by Claim 12, Z$E{a7bac}

N (x)‘ < 2|V(H)|. Combining this with (4), we get

pabc(Habc) - 48(dmax - ]-) S Z ‘N2HT ({E)‘ S 2 ‘V(H” . (5)
z€{a,b,c}

Therefore, by Claim 11 and the above inequality, we have

pabc(H) < pabc(HabC) +225dmqz < 2 |V(H)| + 48(dmax - 1) + 225dmaz
<2V (H)| + 273daa,

completing the proof of Claim 10. O

So by Claim 10, we have

(2|V(H)| + 273dma) [E(H)] - (6)

| =

p(H) = % Z pabc(H) <

abce E(H)
By Claim 8, we can assume d,,q; < 6d. Using this in the above inequality we obtain,

p(H) < =(2|V(H)| + 1638d) |E(H)| = (n + 819d)%l. (7)

DN | =

2.2. Lower bounding p(H)

We introduce some definitions that are needed in the rest of our proof where we
establish a lower bound on p(H) and combine it with the upper bound in (7).

A walk of length k£ in a graph is a sequence vgegviey ... vg_1€x_1v; of vertices and
edges such that e; = v;v;41 for 0 < ¢ < k. For convenience we simply denote such a walk
by vouy ... vg_1vk. A walk is called unordered if vgvy ...vE_1v; and vgvE_1 ... V1Yo are
considered as the same walk. From now on, unless otherwise stated, we only consider
unordered walks. A path is a walk with no repeated vertices or edges. Blakley and Roy
[3] proved a matrix version of Holder’s inequality, which implies that any graph G with
average degree d“ has at least as many walks of a given length as a d“-regular graph on
the same number of vertices.

We will now prove a lower bound on p(H). Consider the shadow graph OH of H. The
number of edges in 9H is equal to 3 |E(H)| = 3- % = nd. Then the average degree of a
vertex in OH is d°" = 2d, and the maximum degree A%H in 9H is at most 2d,qe < 12d
by Claim 8. Applying the Blakley—Roy inequality [3] to the graph OH, we obtain that
there are at least 1n(d?7)3 (unordered) walks of length 3 in H. Then there are at least
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1
§n(d8H)3 _ 3n(ABH)2

paths of length 3 in OH as there are at most 3n(A%H)? walks that are not paths. Indeed,
if v1vougvy is a walk that is not a path, then there exists a repeated vertex v in the walk
such that either v1 = v3 = v or v = v4 = v or v; = v4 = v. Since v can be chosen in n
ways and the other two vertices of the walk are adjacent to v, we can choose them in at
most (A2H)? different ways.

A path in OH is called a rainbow path if the edges of the path are contained in
distinct hyperedges of H. If a path abed is not rainbow then there are two (consecutive)
edges in it that are contained in the same hyperedge of H. So there are two hyperedges
h,h' € E(H), hN k' # 0 such the path abcd is contained in the 2-shadow of h, h'. Now
we estimate the number of non-rainbow paths.

We can choose these pairs h, i’ € E(H) in ZUE‘/(H) (dHQ(")) ways and for a fixed pair
h,h' € E(H), it is easy to see that the path abed can be chosen in 8 different ways in
the 2-shadow of h, h'. Therefore, the number of non-rainbow paths in 9H is at most

dH
3 8( 2(”)) < 4n(dmaz)? < 4n(6d)? = 144nd?.
veEV (H)

So the number of rainbow paths in OH is at least

1 1 ,
En(daH)3 — 3n(A%H)2 _ 144nd® = 5n(zd)3 — 3n(12d)? — 144nd? = 4nd® — 576nd>.

Since each 3-link in H produces 4 rainbow paths in 0H, the number of rainbow paths
in OH is 4p(H). So, 4p(H) > 4nd?® — 576nd?. That is,

p(H) > nd® — 144nd>.

Combining this with (7), we get

nd

nd® — 144nd* < p(H) < (n + 819d)?.

Simplifying, we get d? — 144d < (n + 819d)/3. That is,

d< 24_ 173889+417
— V3 4 2

So,

173889 417 1
|E(H)|:? gg ( %+T+T> =—n3/2+0(n)7

3v3
completing the proof of Theorem 1.
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3. C,-free linear hypergraphs: Proof of Theorem 2

Let H be a 3-uniform linear hypergraph on n vertices containing no (Berge) Cjy. Let
d denote the average degree of a vertex in H.

Outline of the proof: Our plan is to first upper bound erng(U) 2d(x) for each fixed
v € V(H), which as the following claim shows, is not much more than n. Then we
estimate >, v gy Dpeni (1) 2d(2) in two different ways to get the desired bound on d.

Claim 13. For every v € V(H), we have

> 2d(x) < n+12d(v).

zENF (v)

Proof. First we show that most of the hyperedges incident to € N{!(v) contain only
one vertex from N{(v).

Claim 14. For any given x € N{ (v), the number of hyperedges h € E(H) containing
such that |h O N (v)| > 2 is at most 3.

Proof. Suppose for a contradiction that there is a vertex = € N{!(v) which is contained
in 4 hyperedges h such that |h N NlH(v)’ > 2. One of them is the hyperedge containing
x and v. Let hy, ho, hg be the other 3 hyperedges. Then it is easy to see that two of these
hyperedges intersect two different hyperedges incident to v, and these four hyperedges
form a C4 in H, a contradiction. O

For each z € N{f{(v), let E, = {h € E(H) | hn Nf(v) = {z}}. Note that any
hyperedge of E, does not contain v, so it contains exactly two vertices from NI (v). Let
S, = {w e N (v) | 3h € E, with w € h}. Then |S,| = 2|E,| since H is linear. Notice
that |E,| > d(x) — 3 by Claim 14, so

|Sz| > 2d(z) — 6. (8)
The following claim shows that the sets {S, | z € N{(v)} do not overlap too much.

Claim 15. Let x,y € N{!(v) be distinct vertices. If xyv ¢ E(H) then S, NS, =0 and if
xzyv € E(H) then |S; N Sy| < 2.

Proof. Take z,y € N{l(v) with z # y. Let hy,h, € E(H) be hyperedges incident to
v such that * € h, and y € hy. First suppose h, # hy,. Then it is easy to see that
Sz NSy = 0 because otherwise hy, hy and the two hyperedges containing zw,yw for
some w € S, NS, form a Cj, a contradiction.

Now suppose h, = h,. We claim that [S, N S,| < 2. Suppose for the sake of a
contradiction that there are 3 distinct vertices vy, vs,v3 € S; N.Sy. Then it is easy to see
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that there exist 4, j € {1,2,3} such that neither v;v;z nor v;v;y is a hyperedge in H. So
there are two different hyperedges hq, ho € E, such that zv; € hy and zv; € hy. Similarly
there are two different hyperedges h},hy € E, such that yv, € b} and yv; € hj. As
E,NE, =0, the hyperedges h1, ho, h', hY are distinct and form a Cy, a contradiction. O

We will upper bound ¢y (,) [Szl- It follows from Claim 15 that each vertex w €
N4 (v) belongs to at most two of the sets in {S, | z € N{!(v)}. Moreover, w belongs to
two sets Sy, Sy € {S; | z € Nf (v)} only if there exists a unique pair p,q € N{(v) such
that pgv € E(H) and for any such pair p, ¢ with pqu € E(H), there are at most 2 vertices
w with w € S, S,. So there are at most 2d(v) vertices in N (v) that are counted twice
in the summation . v, [Sz|. That is,

INF ()= > 18] —2d(v). (9)
zeNH (v)
As Nf (v) and N{I(v) are disjoint, we have n > | N4’ (v)| + [N (v)|. So by (9),
n> > (8 =2dw)+ N ()| = > 18k —2d(v)+2d(w) = > [S.]. (10)
€N (v) €N (v) zeN{! (v)
Combining this with (8), we get
n> Y (2d@)-6)= > 2dx)-6|N(v)= > 2d(x)-12d(v), (11)
z€N{! (v) z€N{ (v) zeN{ (v)

completing the proof of Claim 13. O

We now estimate >, ey (rr) D zens (1) 2d(x) in two different ways. On the one hand,
by Claim 13

) 2d@) < D (n+12d(v) =n® + 12nd. (12)

vEV(H) zeN{ (v) veV (H)

On the other hand,

Z Z 2d(z) = Z 2d(v) - 2d(v) = Z 4d(v)? > 4nd>. (13)

veV(H) ze NH (v) veV (H) veV (H)

The last inequality follows from the Cauchy—Schwarz inequality. Finally, combining
(12) and (13), we get 4nd* < n? + 12nd. Dividing by n, we have 4d?> < n + 12d, so
d< %(\/n + 9+ 3). Therefore,

d
|E(H)\:%§ nv/n +9 +

)

| =
|3

proving Theorem 2.
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4. Proof of Theorem 3: construction

We prove Theorem 3 by constructing a linear hypergraph H below, and then we show
that it is €37, -free. Finally, we count the number of hyperedges in it.

Construction of H: Let G = (V(G), E(G)) be a 6a;,_o-free bipartite graph (i.e., girth
at least 2k) on z vertices. Let the two color classes of G be L = {l,la,...1,,} and
R={ri,ro,...,r:,} where z = 21 + 25.

Now we construct a hypergraph H = (V(H), E(H)) based on G. Let ¢ be an integer.
For each 1 <t < ¢, let Ly = {I{,15,...,1L, } and Ry = {r},r},...,rL }. Let B = {v;; |
1 <i< 2,1 <j< 2 andlir; € E(G)}. (Note that |B| = |E(G)| as we only create a
vertex in B if the corresponding edge exists in G.) Now let V(H) = U L; U U R,UB

i=1

and E(H) = {v; jlir} | vi; € B and l;r; € E(G) and 1 <t < ¢}. Clearly H is a linear
hypergraph.

Proof that H is (le}cnﬂ-free: Suppose for the sake of a contradiction that H contains
Cy 1, a linear cycle of length 2k’ + 1 for some k' < k.

Since the basic cycle of %, 41 is of odd length it must contain at least one vertex in
B. (Note that here we used that the length of the linear cycle is odd.)

First let us assume that the basic cycle of C3,, | contains exactly one vertex z € B.
Then U L;uU U R; Uz contains all the basic vertices of C2k'+1 For X C V(H), let

i=1 i=1
H[X] denote the subhypergraph in H induced by X. Notice that x is a cut vertex in

the 2-shadow of H [qu L; U LqJ R; U z]. Therefore, there exists a ¢t such that the basic
i=1 i=1

vertices of C’%il?,ﬂ belong to Ly U R; Uz. Let zu and zv be the two edges incident to x in

the basic cycle of Cg,?/ 1 1- However, by construction the hyperedge containing zu is the

same as the hyperedge containing xv, which is impossible since C15 41 is a linear cycle.

Therefore, there are at least two basic vertices of C’;‘,?, 1 in B.

Let c¢1,c¢a,...,¢s be the basic vertices of C%,+1 in B and let us suppose that they
are ordered such that the subpaths P; ;11 of the basic cycle of C’%ilg, 41 from ¢; to ciq1,
are pairwise edge-disjoint for 1 < i < s (addition in the subscript is taken modulo
s from now on). Note that s > 2 by the previous paragraph and s < k' because for
each i, the subpath P;;;; contains at least two edges. It is easy to see that for each
1 < i < s, there exists a ¢t such that V(P;;4+1) € Ly U Ry U {c;, ¢it1}. Let Pi’,iJrl be a
path in G with the edge set {lo75 | ll,r € E(P,iy1) for some t} for 1 <4 < s. Clearly,
|E(P!11)| = |E(P;i+1)| —2 > 0. For each ¢;, there exists 1 < a; < 21, 1 < 8 < 25 such
that ¢; = va, g, Let e; = lo,7p, for each 1 <4 <5, and let e} = I, 7} for each 1 <t <g.
Notice that P;,,, is a path in G and e; € E(G). Moreover, P/, is a path between a
vertex of e; and a vertex of e; 1 and if E(P/;, ;) =0, then e; Ne; 1 # 0.

Claim 16. The paths P;,,, (for 1 < i < s) cannot contain any of the edges e; (for
1< j < s). Moreover, for any 1 <i # j < s, the paths P/ z+1 and P ]_H are edge-disjoint.
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Proof. Assume for the sake of contradiction a path P;,,, (for some 1 <i < s) contains
an edge e; (for some 1 < j < s). This implies there exists ¢t with 1 < ¢ < g, such that
t lin

el is contained in P41, so €} is contained the basic cycle of Cy, ;. Then the (only)

hyperedge containing ef, namely l(’;jrgjvaj,gj = lgjrgj ¢; is a hyperedge of the linear

cycle Chn, 41- However, by definition of a linear cycle, the basic cycle must use exactly

two vertices of any hyperedge of its linear cycle, a contradiction. Therefore the paths
it1, 1 <4 < s, cannot contain any of the edges e; (for 1 < j <s).

Now we will show that for any 1 < i # j < s, P/,,; and P}, ; are edge-disjoint.
Suppose for a contradiction that lors € E(P] ;1) N E(Pj ;) for some 1 < a < z; and
1 < B8 < 2. Then there exist ¢ # t’ such that lfxrfg and lgrg are two disjoint edges of
the basic cycle of C3, ;. However, lgrgva,g, lgrg Vo3 € E(H), which is impossible since
the hyperedges containing disjoint edges of the basic cycle of a linear cycle must also be
disjoint, by the definition of a linear cycle. O

Recall that by definition, the first vertex of P; ;11 is ¢;. So the first edge of P; ;i1
is contained in a hyperedge of the form e§» U ¢; for some ¢ (indeed all the hyperedges
containing ¢; are of this form). This means the second vertex of P; ;i is contained in
ek, so the first vertex of Pj;,, is contained in e;. Similarly, the last vertex of Pj_, ; is
_1,; and the first vertex of P, ,
are both contained in e;. If these vertices are different, then we call e; a connecting edge.
So using Claim 16, the edges of U; E(P;, ) together with the connecting edges form a

circuit C in G (i.e., a cycle where vertices may repeat but edges do not repeat).

also contained in e;. Therefore, the last vertex of Pj{

Now we claim that C is non-empty and contains at most 2k — 1 edges. Indeed, the
number of edges of C is at least Y _;_; |E(Pil7i+1) |. Moreover, as the number of connecting
edges is at most s, the number of edges in C is at most Y7 ; | E( l’z+1)| + s. Since
S |E(PLiy)| = i [B(Pyisa)l —2s = 2k +1— 25, and 2 < 5 < K/, it is easily
seen that C is non-empty and contains at most 2k’ +1 — s < 2k’ — 1 < 2k — 1 edges,
as claimed. (Let us remark that here the fact that the length of the linear cycle C3p,
is odd played a crucial role in ensuring that the circuit C is non-empty — indeed, if the
length is even, it is possible that E(P/,, ) is empty for each i.)

Since every non-empty circuit contains a cycle, we obtain a cycle of length at most
2k — 1 in GG, a contradiction, as desired.

Bounding ex}”(n, €4, ;) from below: We assumed expip (2, ar—2) > (140(1))c(z/2)"

for some ¢, > 0. So there is a 65x_o-free bipartite graph G on z vertices with

E@)] = (1+o(1)e (5)". (14)

Let H be the %21?“—&66 hypergraph constructed based on G (as described in the
Construction above). Then the number of hyperedges in H is |E(G)| - g. So we have

exi"(n, Goppy1) > |E(H)| = |E(G)| - ¢ > |E(G)]| - {%J : (15)

z
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Q=

Substituting (14) in (15) and choosing z = (1 + o(1)) (%) n=, we obtain that

1—1
in in ac a—1 & _ 1
ex3" (m o) = (1 0l1) o7 (C(2a—l)> s

completing the proof of Theorem 3.
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