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Let G be a finite permutation group on Ω. An ordered 
sequence of elements of Ω, (ω1, . . . , ωt), is an irredundant 
base for G if the pointwise stabilizer G(ω1,...,ωt) is trivial and 
no point is fixed by the stabilizer of its predecessors. If all 
irredundant bases of G have the same size we say that G
is an IBIS group. In this paper we show that if a primitive 
permutation group is IBIS, then it must be almost simple, 
of affine-type, or of diagonal type. Moreover we prove that 
a diagonal-type primitive permutation groups is IBIS if and 
only if it is isomorphic to PSL(2, 2f ) × PSL(2, 2f ) for some 
f ≥ 2, in its diagonal action of degree 2f (22f − 1).

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

Let G ≤ Sym(Ω) be a finite permutation group. A subset B of Ω is a base for G if 
the pointwise stabilizer G(B) is trivial and we denote by b(G) the minimal size of a base 
for G. An ordered sequence of elements of Ω, Σ := (ω1, . . . , ωt), is irredundant for G if 
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no point in Σ is fixed by the stabiliser of its predecessors. Moreover Σ is an irredundant 
base of G if it is a base and it is irredundant. In particular, such an irredundant base 
provides the following decreasing chain reaching the identity

G > Gω1 > G(ω1,ω2) > · · · > G(ω1,...,ωt−1) > G(ω1,...,ωt) = 1,

where the inclusion of subgroups are strict.
Determining base sizes is a fundamental problem in permutation group theory, with 

a long history stretching back to the nineteenth century. Since the knowledge of how an 
element g ∈ G acts on a base B completely determines the action of g on Ω, bases plays 
an important role in computational group theory. The smaller the base, the less memory 
is needed to store group elements, so there are practical reasons for trying to find small 
bases.

Irredundant bases for a permutation group possess some of the features of bases in a 
vector space. Indeed, B is a basis for a vector space V if and only if it is an irredundant 
base for the general linear group GL(V ) in its natural action on V . However, some 
familiar properties of bases in vector spaces do not extend to bases for permutation 
groups: irredundant bases for groups in general are not preserved by re-ordering, and 
they can have different sizes.

In [2], Cameron and Fon-Der-Flaass showed that all irredundant bases for a permu-
tation group G have the same size if and only if all the irredundant bases for G are 
preserved by re-ordering. Groups satisfying one of the previous equivalent properties 
are called Irredundant Bases of Invariant Size groups, IBIS groups for short. Moreover, 
Cameron and Fon-Der-Flaass [2] also proved that for a permutation group G to be IBIS 
is a necessary and sufficient for the irredundant bases of G to be the base of a combina-
torial structure known as matroid. If this condition hold, then G acts geometrically on 
the matroid and when G acts primitively, and is not cyclic of prime order, then the ma-
troid is geometric (see [2] for more details). This brought Cameron to ask for a possible 
classification of the IBIS groups. As explained by Cameron himself in [1, Section 4-14], 
there is no hope for a complete classification of IBIS groups when the cardinalities of 
the bases are large. However it might be reasonable to pose this question for primitive 
groups.

It is easy to observe that the symmetric group Sym(k) in its natural action on [k] :=
{1, . . . , k} has base size k− 1, and that all subsets of [k] with size k− 1 are irredundant 
bases for Sym(k). Similarly the base size for the action of the alternating group Alt(k)
acting naturally on [k] has base size k − 2 and all subsets of [k] with size k − 2 are 
irredundant bases for Alt(k). There are only finitely many values of k for which Sym(k)
or Alt(k) acts as a primitive IBIS group not in its natural representation [2, Theorem 3.5]. 
In particular if the action of Sym(k) and Alt(k) on m-sets of [k] is IBIS, then k ≤ 12
and m ≤ 5. In this context, it is worth remembering that Sym(6) and Alt(6) act as 
primitive IBIS groups on 2-sets (with degree 15) and on partitions into 2-sets of size 3 of 
[6] (with degree 10). There exist other almost simple primitive groups that are IBIS, e.g.
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PSL(2, q) and PGL(2, q) on their action of degree q + 1, PSL(2, 2f ) acting on the cosets 
of a dihedral subgroup of order 2(2f +1), PSL(3, 2) in degree 7, and Alt(7) in degree 15. 
In another direction, it is not difficult to observe that Frobenius groups are IBIS groups 
with base size 2. Hence, the affine group AGL(1, p) is a primitive IBIS group with base 
size 2 for every prime p. More in general, AGL(d, p) is a primitive IBIS group with base 
size d + 1 for every prime p, and for every natural number d.

Therefore we have quite a few examples of almost simple and affine-type primitive 
groups that are IBIS. So before launching in a complete classification of primitive IBIS 
groups, we decided to start the investigation of primitive permutation groups that can 
be IBIS in the classes of diagonal-type, product-type and twisted wreath product-type. 
The main result of this paper is the following theorem, that we prove in Section 6.

Theorem 1.1. Let G be a primitive permutation IBIS group. Then one of the following 
holds:

1. The group G is of affine type.
2. The group G is almost simple.
3. The group G is of diagonal type.

Moreover, G is an IBIS primitive group of diagonal type if and only if it belongs to the 
infinite family of non-monolithic diagonal type groups {PSL(2, 2f ) ×PSL(2, 2f ) | f ≥ 2}
having degree | PSL(2, 2f )| = 2f (22f − 1).

It is not difficult to see that there are no primitive permutation IBIS groups having 
non-abelian socle and base size 2 (see Lemma 2.3). This could lead to expect that there 
are not examples of IBIS groups with non-abelian socle and small base size. However, in 
Proposition 3.4, we prove that PSL(2, 2f ) × PSL(2, 2f ) in its diagonal action of degree 
| PSL(2, 2f )| is an IBIS group with base size 3. In Propositions 3.2, 3.3 and Theorem 3.19, 
as already mentioned in Theorem 1.1, we show that there are no other diagonal-type 
primitive permutation groups that are IBIS. During our investigation, we prove some 
results regarding non-abelian simple groups (see Subsection 2.1) and about the base size 
of primitive diagonal-type permutation groups (Lemma 3.7 and Lemma 3.14). Finally, in 
Sections 4, 5, we prove that there are no IBIS primitive groups that are of product-type 
nor twisted wreath product groups.

2. Preliminaries

The socle of a finite primitive group is a non-trivial direct product of simple groups 
that are pairwise isomorphic. The essential tool for study primitive permutation groups 
depending on the group and the action of the socle is the O’Nan-Scott Theorem. In [12], 
Liebeck, Praeger and Saxl gave a self-contained proof of such theorem. There, precisely 
five types of primitive groups are defined, namely the affine-type, the almost simple, the 
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diagonal-type, the product-type, and the twisted wreath product-type and it is shown that, 
every finite primitive group belongs to exactly one of these types. We refer the reader 
to [12] for the precise definition of the classes.
Now, we state and prove same preliminary results regarding bases.

Remark 2.1. Since a base of G with minimal size b(G) is clearly irredundant, then a 
permutation group G is IBIS if and only if all its irredundant bases have size b(G).

The proof of the following lemma is straightforward.

Lemma 2.2. Let G be a transitive permutation group on a set Ω. Then B ⊂ Ω is a an 
irredundant base if and only if Bg ⊂ Ω is an irredundant base for every g ∈ G.

Lemma 2.3. Let G ≤ Sym(Ω) be a primitive group with non-abelian socle and let M be 
a normal subgroup of G containing the socle of G. If M is not regular, then M has an 
irredundant base of size at least 3. In particular there are no IBIS primitive permutation 
groups G with non-abelian socle and b(G) = 2.

Proof. Let ω ∈ Ω. The point stabilizer Gω normalizes Mω = M ∩ Gω, hence Gω ≤
NG(Mω). Since M is not regular, Mω is not normal in G, so Gω ≤ NG(Mω) < G. On 
the other hand Gω is a maximal subgroup of G, so Gω = NG(Mω) and consequently 
NM (Mω) = Mω. Now assume by contradiction that Mω∩Mx

ω = 1, for every x ∈ M \Mω. 
Then M would be a Frobenius group with kernel K and complement Mω (see [13, 8.5.5]). 
In particular K = soc(M) would be a nilpotent normal subgroup of G (see [13, 10.5.6]), 
in contradiction with the fact that soc(G) is a direct product of isomorphic non-abelian 
simple groups. �
2.1. Results on finite non-abelian simple groups

In this subsection, the finite non-abelian simple CT-groups are characterized.

Definition 2.4. A finite group G is said to be a CT-group if commutativity is a transitive 
relation on G \ {1}.

Lemma 2.5. A group G is a CT-group if and only if for every x, y ∈ G \ {1}, either 
CG(x) = CG(y) or CG(x) ∩ CG(y) = 1.

Proof. First, let assume that G is a CT-group. Moreover assume that t is a non-identity 
element of CG(x) ∩ CG(y). Since t commutes with both x and y, then every element 
commuting with x commutes with t and consequently with y. Similarly every element 
commuting with y commutes with t and consequently with x. That is CG(x) = CG(y).
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Conversely assume that for every x, y ∈ G \ {1}, either CG(x) = CG(y) or CG(x) ∩
CG(y) = 1. Let a, b, c ∈ G \ {1} and assume that a commutes with b and b commutes 
with c. Then a ∈ CG(a) ∩CG(b) and b ∈ CG(b) ∩CG(c), so CG(a) = CG(b) = CG(c). �
Lemma 2.6. The group T = PSL2(2f ), with f ≥ 2 is a CT-group.

Proof. Let x ∈ T . If x is not the identity, the minimal polynomial of x coincides with 
its characteristic polynomial. In the latter case, the matrices that commute with x are 
all polynomials in x, so they all commute with each other. That is CT (x) is an abelian 
subgroup of T . Now let a, b, and t be non-trivial elements of T such that a commutes 
with t and t commutes with b. Since a and b are elements of CT (t) that is an abelian 
group, then a and b commute. �

In 1957, Suzuki [14] showed that if G is a finite non-abelian simple CT-group then G
is isomorphic to some PSL(2, 2f ) with f ≥ 2. Hence the following result holds true.

Theorem 2.7. A finite non-abelian simple group is a CT-group if and only if it is iso-
morphic to PSL(2, 2f ) for some f ≥ 2.

3. Diagonal type

Let k ≥ 2 be an integer, and let T be a non-abelian simple group. We set [k] :=
{1, . . . , k} and

W (k, T ) := {(x1, ..., xk)π ∈ Aut(T ) � Sym(k) | x1 ≡ xi mod T for all i ∈ [k]},

D(k, T ) := {(x, . . . , x)π ∈ Aut(T ) � Sym(k)},

Ω(k, T ) := D(k, T )/W (k, T ), the set of the right cosets of D(k, T ) in W (k, T )

A(k, T ) := W (k, T ) ∩ Aut(T )k.

Observe that W (k, T ) = A(k, T ) � Sym(k) = T k.(Out(T ) × Sym(k)). The group G is 
of diagonal type if there exists an integer k ≥ 2 and a non-abelian simple group T such 
that T k ≤ G ≤ W (k, T ) and G acts primitively on Ω(k, T ). Throughout this section we 
will assume that G is a primitive permutation group of diagonal type. Note that G has 
socle T k and degree |T |k−1. Moreover G is primitive on Ω(k, T ) when

PG := {π ∈ Sym(k) | (g1, . . . , gk)π ∈ G for some (g1, . . . , gk) ∈ A(k, T )} ≤ Sym(k)

is primitive on [k] or k = 2 and PG = 1. Recall that a group is monolithic if it has 
a unique minimal normal subgroup. If k = 2 and PG = 1 then G has two minimal 
normal subgroups, hence the group is non-monolithic. In all other cases, the primitive 
diagonal-type groups are monolithic.
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Throughout the section, we shall use the following notation without further comment. 
Given t, s2, . . . , sk ∈ T , we set

H := {x ∈ Aut(T ) | (x, . . . , x) ∈ G}, C(t) := CH(t), and

[1, s2, . . . , sk] := D(k, T )(1, s2, . . . , sk).

From Remark 2.1, it is clear that the study of primitive permutation IBIS groups is 
intimately related to the base sizes. For primitive diagonal groups, the minimal base size 
has been studied in [4]. In the following proposition, we summarize the results proved in 
[4] which we shall use in this section.

Proposition 3.1. [4] The following hold true.

(1) If the top group PG does not contain Alt(k), then b(G) = 2.
(2) If k = 2, then b(G) = 3 when PG = 1, and b(G) ∈ {3, 4} otherwise.
(3) If PG = Alt(k), then b(G) = 3 when k = 2, and b(G) = 2 when k is 3 or 4.
(4) If PG = Sym(k), then b(G) ∈ {3, 4} when k = 2, and b(G) ∈ {2, 3} when k is 3 or 

4.

3.1. Diagonal non-monolithic primitive groups

In this subsection, k = 2 and PG = 1.
Here we will prove that G is IBIS if and only if G ∼= (PSL(2, 2f ))2, for some f ≥ 2.
It is not difficult to observe that the sequence ([1, 1], [1, t1], [1, t2], . . . , [1, tr]) is an 

irredundant sequence for G if and only if the following hold true:

• t1, . . . , tr are non trivial elements of T ;
• for 1 ≤ i ≤ r − 1, the subgroup 

⋂
1≤j≤i

C(tj) properly contains 
⋂

1≤j≤i+1
C(tj)

•
⋂

1≤j≤r

C(tj) = 1.

Proposition 3.2. If k = 2, PG = 1 and G is an IBIS group, then T = (PSL(2, 2f ))2, for 
some f ≥ 2.

Proof. If soc(G) is not isomorphic to (PSL(2, 2f ))2, then by Theorem 2.7 we can choose 
two non trivial elements of T , s and t, such that C(t) ∩C(s) 
= 1 and C(t) 
= C(s). Then 
([1, 1], [1, s], [1, t]) is an irredundant sequence that is not a base. In particular we can com-
plete ([1, 1], [1, s], [1, t]) to an irredundant base of G, thus there exists an irredundant base 
of G with size at least 4. Since b(G) = 3 by Proposition 3.1, it follows from Remark 2.1
that G is not IBIS. Therefore we conclude that soc(G) = T 2 = (PSL(2, 2f ))2. �
Proposition 3.3. If k = 2, PG = 1, T = PSL(2, 2f ) and G is IBIS, then G = soc(G) = T 2.
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Proof. Let ϕ ∈ Aut(T ) be the automorphism induced by the Frobenius automorphism 
of the field F2f , so that Aut(T ) = 〈ϕ〉T . If G 
= T 2, then there exists ϕi ∈ Aut(T ) such 
that (ϕi, ϕi) ∈ G. That is, ϕi ∈ H. Consider the following elements of T :

w :=
(

0 1
1 0

)
and z :=

(
1 1
0 1

)
.

Note that w ∈ C(w) \ C(z). Moreover, it is clear that wϕi = w and zϕ
i = z, that is 

ϕi ∈ C(w) ∩ C(z). Hence ([1, 1], [1, w], [1, z]) is an irredundant sequence that is not a 
base. Hence there exists an irredundant base of G with size at least 4. Since b(G) = 3 by 
Proposition 3.1, it follows from Remark 2.1 that G is not IBIS. Therefore we conclude 
that G = T 2 = (PSL(2, 2f ))2. �
Proposition 3.4. Let G = T 2 = (PSL2(2f ))2, where f ≥ 2. Then G is an IBIS group.

Proof. Since b(G) = 3 by Proposition 3.1, it suffices to show that each irredundant base 
has size 3. Denoting by B an irredundant base, by Lemma 2.2 we can assume that [1, 1]
is the first element of B. Since |B| ≥ 3, there exist two different non-trivial elements s
and t of T , such that [1, t] and [1, s] are in B. Moreover, since B is irredundant, then 
CT (t) 
= CT (s). Hence from Theorem 2.7, we deduce that CT (t) ∩ CT (s) = 1 and so B
has size 3. �
3.2. Diagonal monolithic primitive groups

In this section we show that the monolithic primitive groups of diagonal type are 
not IBIS groups. Recall that if a group G of diagonal type with T k ≤ G ≤ W (k, T ) is 
monolithic, then PG is primitive on its action on k points. Throughout the subsection, 
we shall assume that G is monolithic without further mentioning.

First we assume k = 2. In this case T 2 ≤ G ≤ W (2, T ) and PG = 〈σ〉, where 
σ := (1, 2). Note that there exists y ∈ Aut(T ) such that (y, y)σ ∈ G. Recall that 
H = {z ∈ Aut(T )|(z, z) ∈ G} and consider the coset Hy. Since ((y, y)σ)2 = (y2, y2), we 
have that y2 ∈ H. For any x ∈ Aut(T ), we get that (x, x)σ ∈ G if and only if Hx = Hy. 
Further, notice that Hy = H if and only if σ ∈ G.

For any t ∈ T , define

I(t) := {x ∈ yH | x−1tx = t−1}.

Lemma 3.5. Let t1, . . . , tr ∈ T and B = ([1, 1], [1, t1], . . . , [1, tr]). Then B is a base for G
if and only if

⋂
C(ti) = 1 and

⋂
I(ti) = ∅.
1≤i≤r 1≤i≤r
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Moreover, B is an irredundant sequence if and only if t1, . . . , tr are non-trivial elements 
of T and, for 1 ≤ j ≤ r− 1, either the set 

⋂
1≤i≤j

C(ti) properly contains 
⋂

1≤i≤j+1
C(ti) or 

the set 
⋂

1≤i≤j

I(ti) properly contains 
⋂

1≤i≤j+1
I(ti).

Proof. We have G[1,1] = {(h, h), (x, x)σ | h ∈ H, x ∈ yH}. To conclude it is suffices to 
notice that (h, h) ∈ G[1,ti] if and only if h ∈ C(ti), while (x, x)σ ∈ G[1,ti] if and only if 
x ∈ I(ti). �

The following result will play an important role in investigating the case k = 2.

Theorem 3.6. [11, Theorem 1.1] Let T be a non-abelian finite simple group, that is not 
Alt(7), PSL(2, q), PSL(3, q) nor PSU(3, q). Then there exist x, t ∈ T such that the fol-
lowing hold:

(i) T = 〈x, t〉;
(ii) t is an involution;
(iii) there is no involution α ∈ Aut(T ) such that xα = x−1, tα = t.

Lemma 3.7. Assume that T 2 ≤ G ≤ W (2, T ), with T as in Theorem 3.6. Then b(G) = 3.

Proof. Let T = 〈x, t〉, with x, t as in Theorem 3.6 and let B := ([1, 1], [1, x], [1, t]). Note 
that CAut(T )(x) ∩ CAut(T )(t) = 1 and I(x) ∩ I(t) = ∅, so by Lemma 3.5 B is a base for 
G, that is b(G) ≤ 3. By Proposition 3.1, b(G) ≥ 3, so the result follows. �
Proposition 3.8. Assume that T 2 ≤ G ≤ W (2, T ), with T 
= PSL(2, 2f ) for every f ≥ 2. 
If b(G) ≤ 3, then G is not an IBIS group.

Proof. By Theorem 2.7, there exist two nonidentity elements s and t in T such that 
CT (t) ∩CT (s) 
= 1 and CT (t) 
= CT (s). Then ([1, 1], [1, s], [1, t]) is an irredundant sequence 
that is not a base. In particular we can complete ([1, 1], [1, s], [1, t]) to an irredundant 
base of G, thus there exists an irredundant base of G with size at least 4. Since we are 
assuming b(G) ≤ 3, the result follows from Remark 2.1. �

Combining Lemma 3.7 and Proposition 3.8 we get the following:

Corollary 3.9. Let T 2 ≤ G ≤ W (2, T ), with T as in Theorem 3.6. Then G is not an IBIS 
group.

In what follows, we are going to show that also when T ∈ {Alt(7), PSL(2, q), PSL(3, q),
PSU(3, q)}, the group T 2 ≤ G ≤ W (2, T ) is not IBIS.
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Although the results for Alt(7) and Alt(5) follow straightforwardly from a GAP [6]
computation, we prefer to keep them so detailed as we believe that such easy construc-
tions help the reader to handle subsequent arguments more easily.

Proposition 3.10. If (Alt(7))2 ≤ G ≤ W (2, Alt(7)), then G is not an IBIS group.

Proof. If (1, 2) ∈ yH then ((1, 2), (1, 2))σ ∈ G. In this case, consider s1 = (1, 2) (3, 4), 
s2 = (1, 2) (3, 5) and s3 = (1, 2) (3, 6). Since (1, 2) ∈ I(s1) ∩ I(s2) ∩ I(s3) and 
CAlt(7)(〈s1, s2, s3〉) < CAlt(7)(〈s1, s2〉 < CAlt(7)(s1)), then ([1, 1], [1, s1], [1, s2], [1, s3]) is 
an irredundant sequence of G that is not a base.

Notice that (1, 2) /∈ yH if and only if H = Alt(7) = Hy. In this case, consider 
t1 = (1, 2, 3), t2 = (1, 2, 4), and t3 = (1, 2, 5). Since (1, 2)(6, 7) ∈ I(t1) ∩ I(t2) ∩ I(t3) and 
CAlt(7)(〈t1, t2, t3〉) < CAlt(7)(〈t1, t2〉) < CAlt(7)(t1), then ([1, 1], [1, t1], [1, t2], [1, t3]) is an 
irredundant sequence of G that is not a base.

In particular, in both cases, completing the irredundant sequences to a base of G, we 
find an irredundant base of G with size at least 5. By Proposition 3.1 b(G) ≤ 4, hence 
the result follows from Remark 2.1. �

For T = PSL(2, q) we need to work differently according to the parity of q. Since 
PSL(2, 4) ∼= PSL(2, 5) ∼= Alt(5), in order to simplify the investigation, we deal with 
T = Alt(5) separately.

Proposition 3.11. Let T = Alt(5) and let T ≤ G ≤ W (T, 2). Then G is not an IBIS 
group.

Proof. We prove the result by considering different cases and, in each of them, we set 
a := (1, 2, 3).

First, let yH 
= H. Under this assumption we have that H = T = Alt(5) and so, 
without loss of generality, we can assume that y = (1, 2). Let a2 := (1, 2, 3, 4, 5) and 
let B1 := ([1, 1], [1, a], [1, a2]). Note that a ∈ C(a) \ C(a2), C(a) ∩ C(a2) = 1, and 
I(a) ∩ I(a2) = ∅. By Lemma 3.5 then B1 is an irredundant base of size 3. Now, let b2 :=
(1, 2, 4). Note that a ∈ C(a) \ C(b2) and (1, 2) ∈ I(a) ∩ I(b2). Hence ([1, 1], [1, a], [1, b2])
is an irredundant sequence that is not a base. Completing this to an irredundant bases 
of G, we produce an irredundant base of size at least 4. By Remark 2.1, G is not IBIS 
in this case.

Let yH = H = T , let c2 := (1, 2)(3, 4), and let S1 := ([1, 1], [1, a], [1, c2]). Since 
C(a) ∩ C(c2) = 1 and I(a) ∩ I(c2) = ∅, then S1 is an irredundant base of size 3. 
Let d2 := (1, 2)(4, 5). Then a ∈ C(a) \ C(d2) and d2 ∈ I(a) ∩ I(d2). Consequently 
([1, 1], [1, a], [1, d2]) is an irredudant sequence that is not a base and we can conclude as 
in the previous paragraph.

Finally, we need to consider the case yH = H = Sym(5). Here, let t := (3, 4, 5), s1 :=
(1, 2) (3, 4), and s2 := (1, 2) (4, 5). Since t ∈ C(t) \C(s1), s1 ∈ (I(t) ∩ I(s1)) \ I(s2), and 
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(1, 2) ∈ C(t) ∩ C(s1) ∩ C(s2), then ([1, 1], [1, t], [1, s1], [1, s2]) is an irredundant sequence 
of G that is not a base. Thus completing the irredundant sequences to a base of G, we 
find an irredundant base of G with size at least 5. By Proposition 3.1 b(G) ≤ 4, hence 
the result follows from Remark 2.1. �
Proposition 3.12. Let T = PSL(2, q). If q > 5 is odd and T 2 ≤ G ≤ W (2, T ), then G is 
not an IBIS group.

Proof. The conjugacy classes of subgroups of T = PSL(2, q) are well-known (see for 
instance [9]). Among them there are a conjugacy class of dihedral groups of order q − 1
(in Aschbacher class C2) and a conjugacy class of dihedral groups of order q + 1 (in 
Aschbacher class C3). We can choose ε ∈ {±1} such that a = q+ε

2 is odd. Let b = q−ε
2 . 

In T there is just one conjugacy class of involutions and the centralizer of an involution 
is a dihedral group D2b of order 2b. Note that |T | = 1

2q(q
2 − 1) = 2qab. Thus the total 

number of involutions is qa. There are qb subgroups isomorphic to a dihedral group D2a
of order 2a and each of them contains a involutions. Hence every involution is contained 
in b different subgroups of type D2a. In particular, there exist two different subgroups 
M1 and M2, both isomorphic to D2a, such that M1 ∩M2 contains an involution x.

First, assume q > 11. In this case the dihedral groups of order 2a are maximal in 
G. Let yi ∈ Mi be an element of order a such that Mi = 〈yi, x〉 and yxi = y−1

i , for 
i = 1, 2. Since there is no maximal subgroup of T containing both y1 and y2, we have 
that T = 〈y1, y2〉. The previous argument does not work if q ∈ {7, 9, 11} but it can be 
easily checked that, also in these cases, T contains two elements y1, y2 of order a and an 
involution x such that yx1 = y−1

1 , yx2 = y−1
2 and 〈y1, y2〉 = T .

Note that if z ∈ Aut(T ) is such that yzi = y−1
i , for i = 1, 2, then zx−1 ∈

CAut(T )(〈y1, y2〉) = 1, hence z = x.
Assume that x /∈ yH. Then we have that I(y1) ∩ I(y2) = ∅ and C(y1) ∩ C(y2) = 1, 

thus, by Lemma 3.5, B = ([1, 1], [1, y1], [1, y2]) is an irredundant base for G of size 3. 
Hence, by Proposition 3.8, G is not IBIS.

Now, assume that x ∈ yH, so that y ∈ Hx = H. Note that there exists a subgroup of 
type D2b containing x and r such that r has order b and rx = r−1. From q 
= 5, it follows 
that b > 2 and r 
= r−1. Moreover we have that T = 〈x, y1, r〉, where x ∈ C(x) \C(〈x, r〉), 
r

b
2 ∈ C(〈x, r〉) \C(〈x, r, y1〉), and x ∈ I(x) ∩ I(r) ∩ I(y1). Hence ([1, 1], [1, x], [1, r], [1, y1])

is an irredundant sequence that is not a base, so G has an irredundant base of size at 
least 5. As usual, the result follows from Proposition 3.1 and Remark 2.1. �
Lemma 3.13. Let T = PSL(2, 2f ) with f ≥ 3. Then there exists two maximal subgroups 
K1, K2 of T such that K1 ∼= K2 ∼= D2(q−1) and |K1 ∩K2| = 1.

Proof. Let q = 2f . In T there is just one conjugacy class of involutions and the centralizer 
of an involution is a Sylow 2-subgroup of order q. Note that |T | = q(q2 − 1). Thus the 
total number of involutions is q2−1. There are q(q+1)/2 maximal subgroups isomorphic 
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to D2(q−1) (all conjugate in T ). Denote by Ω the set of these subgroups. Any element of Ω
contains q−1 involutions. Hence every involution is contained in q/2 different subgroups 
of Ω. Now, fix D ∈ Ω. If K ∈ Ω and K 
= D, then |D ∩ K| ≤ 2. Let ΩD = {K ∈ Ω |
|D ∩K| = 2}. For any involution z ∈ D, there are exactly q/2 − 1 subgroups K ∈ ΩD

with D ∩K = 〈z〉, hence |ΩD| = (q− 1)(q/2 − 1) < |Ω| − 1 = q(q + 1)/2 − 1. Thus there 
exists K 
= D with K ∈ Ω \ ΩD. �
Lemma 3.14. Assume that T 2 ≤ G ≤ W (2, T ), with T = PSL(2, 2f ) and f ≥ 3. If either 
yH 
= H or yH = H = T , then b(G) = 3.

Proof. First, we assume that yH 
= H. Since q = 2f , we have that PSL(2, q) is isomorphic 
to SL(2, q), so we may deal with T = SL(2, q). Let a be an element of multiplicative order 
q − 1 in the field Fq. Consider the following elements of T :

x :=
(
a 0
0 a−1

)
, w :=

(
0 1
1 0

)
, and z := wx =

(
0 a−1

a 0

)
.

Then N := 〈w, z〉 is a dihedral group of order 2(q − 1). As CT (x) = 〈x〉, it follows that 
CT (N) = 1.

We are going to show that CAut(S)(N) = 1. Denote by ϕ ∈ Aut(T ) the automorphism 
induced by the Frobenius automorphism of the field Fq. Let s ∈ T , let 1 ≤ i ≤ f , and let 
assume that ϕis centralizes N . In particular, ϕis centralizes x, and so xϕi = xs−1 and x
are conjugated. Therefore {a, a−1} = {a2i

, a−2i}.
If a = a−2i , then a2i+1 = 1 and so q − 1 = 2f − 1 divides 2i + 1, contradicting the 

assumption f ≥ 3. Hence a = a2i , that is ϕi is the identity. Consequently s ∈ CT (N) = 1. 
This proves that CAut(S)(N) = 1 and in particular that C(z) ∩ C(w) = 1.

If I(w) ∩ I(z) 
= ∅, then there exist i ∈ N and s ∈ T such that ϕis ∈ I(w) ∩ I(z). 
Since w and z are involutions, then ϕis ∈ CAut(S)(N) = 1. Consequently 1 ∈ yH, that 
contradicts yH 
= H.

Hence I(w) ∩ I(z) = ∅ and, from Lemma 3.5, ([1, 1], [1, z], [1, w]) is a base for G. 
Combining this and Proposition 3.1, we deduce that b(G) = 3.

Now, assume that yH = H = T . By Lemma 3.13, G contains two subgroups H1

and H2 isomorphic to a dihedral group of order 2(q − 1), with H1 ∩ H2 = 1. Take 
x1 ∈ H1, x2 ∈ H2, both of order q−1. There is no maximal subgroup containing both x1

and x2, so T = 〈x1, x2〉. In particular, C(x1) ∩C(x2) = 1. Moreover, if z is an involution 
inverting x1, then z ∈ H1. Hence, there are no involutions in T inverting both x1 and 
x2. Therefore ([1, 1], [1, x1], [1, x2]) is an irredundant base of size 3. Combining this and 
Proposition 3.1, we deduce that b(G) = 3. �
Proposition 3.15. Let T = PSL(2, 2f ), with f ≥ 3. If T 2 ≤ G ≤ W (2, T ) then G is not 
an IBIS group.
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Proof. As above, we work in T = SL(2, 2f ). First, assume that yH 
= H. Without 
loss of generality, denoting again by ϕ the automorphism induced by the Frobenius 
automorphism of the field F2f , we can say that y = ϕt, for some t ∈ N. Since y2 ∈ H, 
then f = 2r is even. Moreover, we can assume that t divides r. Since 2t + 1 divides 
2f − 1, there exists a nonzero element c ∈ F2f of multiplicative order 2t + 1. Consider 
the following elements

x :=
(
c 0
0 c−1

)
and w :=

(
0 1
1 0

)
.

Note that x ∈ C(x) \ C(〈x, w〉). Further, xy = xϕt = x−1 and wy = wϕt = w = w−1, 
so that y ∈ I(x) ∩ I(w) 
= ∅. Hence ([1, 1], [1, x], [1, w]) is an irredundant sequence that 
is not a base. From Lemma 3.14, we have that b(G) = 3, hence the result follows from 
Remark 2.1.

Therefore we can assume that yH = H, so that σ ∈ G.
Let assume that there exists 1 
= ϕi ∈ Aut(T ) such that (ϕi, ϕi) ∈ G, that is H > T . 

Consider the following elements of T :

x :=
(

1 1
1 0

)
, w :=

(
0 1
1 0

)
and z :=

(
1 1
0 1

)
.

Note that N := 〈x, w〉 is a dihedral group of order 2|x| and w inverts x. In particular 
x ∈ C(x) \ C(w), w ∈ I(x) ∩ I(w), and w /∈ I(z). Moreover, it is clear that xϕi = x, 
wϕi = w, and zϕ

i = z, that is ϕi ∈ C(x) ∩ C(w) ∩ C(z). Hence ([1, 1], [1, x], [1, w], [1, z])
is an irredundant sequence that is not a base. This produces a base of G with size at 
least 5. Since b(G) ≤ 4 by Proposition 3.1, the result follows from Remark 2.1.

Finally, assume Hy = H = T . Notice that T contains two involutions z1, z2 generating 
a dihedral group of order 2(2f + 1). Since C(z1) ∩ C(z2) = I(z1) ∩ I(z2) = 1, for every 
x ∈ T with |x| > 2, ([1, 1], [1, z1], [1, z2], [1, x]) is an irredundant base of size 4. Now, the 
result follows combining Lemma 3.14 and Remark 2.1. �
Proposition 3.16. If T = PSL(3, q) and T 2 ≤ G ≤ W (2, T ), then G is not an IBIS group.

Proof. Let q = pf , let

N :=
{(1 x y

0 1 z
0 0 1

)∣∣x, y, z ∈ Fp

}
⊆ SL(3, q),

and consider the following elements of N :

a :=
(1 1 0

0 1 0
)
, b :=

(1 0 0
0 1 1

)
, c :=

(1 0 1
0 1 0

)
.

0 0 1 0 0 1 0 0 1
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Since N intersects the center of SL(3, q) trivially, we may identify N with a subgroup 
of T . Note that N is non-abelian of order p3, Z(N) = 〈c〉, and N is isomorphic to 
a dihedral group of order 8 when p = 2, and it has exponent p when p is odd. In 
particular a ∈ CT (c) \ (CT (c) ∩ CT (b)), b ∈ (CT (c) ∩ CT (b)) \ (CT (c) ∩ CT (b) ∩ CT (a))
and c ∈ (CT (c) ∩CT (b) ∩CT (a)). Thus ([1, 1], [1, c], [1, b], [1, a]) is an irredundant sequence 
that is not a base. By Proposition 3.1 we have that b(G) ≤ 4, hence by Remark 2.1, G
is not IBIS. �
Proposition 3.17. Assume that S2 ≤ G ≤ W (2, S), with T = PSU(3, q). Then G is not 
an IBIS group.

Proof. Let q = pf , with p prime, and let α be the automorphism of order 2 of the field 
Fq2 with q2 elements defined by α(x) = xq. All α-Hermitian forms in a vector space of 
dimension 3 over Fq2 are equivalent, so we may assume that GU(3, q) is the isometry 
group of the form B such that B((x1, x2, x3), (y1, y2, y3)) = x1y

q
3 +x2y

q
2 +x3y

q
1 associated 

to the matrix (0 0 1
0 1 0
1 0 0

)
.

Let

M :=
{(1 −αq β

0 1 α
0 0 1

)∣∣α, β ∈ Fq2 , β + βq + ααq = 0
}
.

It is not difficult to prove that M is a subgroup of the special unitary group SU(3, q), and 
since M intersects the center of SU(3, q) trivially, it can be identified with a subgroup of 
T = PSU(3, q). We shall use without further comment the fact that the trace map from 
Fq2 to Fq given by tr(β) = β + βq is surjective. Taking a non-zero element γ ∈ Fq2 such 
that γ + γq = 0, then

c :=
(1 0 γ

0 1 0
0 0 1

)

is a non-trivial central element of M . Denote by ω a primitive element of Fq2 , then 
ωq+1 ∈ Fq and consequently there exists δ ∈ Fq2 such that δ + δq = −ωωq. Hence we 
can consider the following elements of M :

a :=
(1 −1 0

0 1 1
0 0 1

)
and b :=

(1 −ωq δ
0 1 ω
0 0 1

)
.

Since ωq 
= ω, then a and b do not commute. Hence, we have that a ∈ C(c) \ (C(c) ∩
C(b)), b ∈ (C(c) ∩ C(b)) \ (C(c) ∩ C(b) ∩ C(a)), and c ∈ (C(c) ∩ C(b) ∩ C(a)). So 
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([1, 1], [1, c], [1, b], [1, a]) is an irredundant sequence of size 4 that is not a base. Now, the 
result follows combining Proposition 3.1 and Remark 2.1. �

So far, we proved that when G is monolithic primitive, then T 2 ≤ G ≤ W (2, T ) is a 
non IBIS group. Hence we need to consider the case k ≥ 3.

Proposition 3.18. Let k ≥ 3 and let T k ≤ G ≤ W (k, T ). Then G is not an IBIS group.

Proof. First, let k = 3 and assume by contradiction that G is an IBIS group. By Propo-
sition 3.1 and Lemma 2.3 we can assume PG = Sym(3). In particular σ := (1, 2) ∈ PG, 
so there exist y ∈ Aut(T ), s2, s3 ∈ T such that (y, s2y, s3y)σ ∈ G. That is (y, y, y)σ ∈ G

for some y ∈ Aut(T ). It follows from the Classification of Finite Simple Groups that 
there exists a non-trivial element t in CT (y) (see for example ([7, 1.48]). So we have 
that (y, y, y)σ ∈ G([1,1,1],[1,1,t]), while (y, y, y)σ /∈ G[1,t,t]. If s /∈ CT (t), then (s, s, s) ∈
G[1,1,1] \ G[1,1,t]. Moreover, (t, t, t) ∈ G([1,1,1],[1,1,t],[1,t,t]). Hence ([1, 1, 1], [1, 1, t], [1, t, t])
is an irredundant sequence that is not a base. In particular G has an irredundant base 
of size at least 4. Now, the result follows combining 3.1 and Remark 2.1.

Now we can assume that k ≥ 4. If PG does not contain Alt(k), then b(G) = 2 by 
Proposition 3.1, hence the result follows from Lemma 2.3. So we can assume that Alt(k) ≤
PG. Let (u1, . . . , uk) ∈ T k ≤ G. Recall that g = (y, . . . , y)σ stabilises [u1, . . . , uk] if and 
only if

g(u1,u2,u3...,uk)−1
= (u1yu

−1
1σ , . . . , ukyu

−1
kσ )σ ∈ D(k, T ),

i.e. if and only if

u1yu
−1
1σ = · · · = ukyu

−1
kσ . (3.1)

Consider in particular (u1, . . . , uk) = (t1, t2, 1, . . . , 1) where t1 and t2 are chosen so that 
they are not conjugate in Aut(T ) and T = 〈t1, t2〉 (choose for instance an involution t1, 
then the existence of t2 follows from the results in [8]). Let τ := [u1, . . . , uk]. We are 
going to deduce from (3.1) that g = (y, . . . , y)σ stabilises τ if and only if 1 and 2 are 
fixed by σ and y = 1. Let wi := uiyu

−1
iσ−1 with ui = ti if i ≤ 2, ui = 1 otherwise. Assume 

1σ−1 = j > 2. Then wj = yt−1
1 , and wi ∈ {y, yt−1

2 }, when i ≥ 3 and i 
= j. This would 
imply wi 
= wj in contradiction with (3.1). So we must have 1σ−1 ∈ {1, 2}. A similar 
argument shows that 2σ−1 ∈ {1, 2}. If follows that w1 = w2 = w3 = · · · = wk = y. 
If 1σ = 2, then t1yt

−1
2 = y, i.e. t2 = ty1 in contradiction with the assumption that t1

and t2 are not conjugate in Aut(T ). So we must have 1σ = 1 and 2σ = 2. This implies 
t1yt

−1
1 = t2yt

−1
2 = y, hence y ∈ CAut(T )(〈t1, t2〉) = CAut(T )(T ) = 1.

Let ι := [(1, . . . , 1)]. We have proved that G(ι,τ) = {σ ∈ G | 1σ = 1, 2σ = 2}. Since 
Alt(k) ≤ PG, there exists a ∈ Aut(T ) such that z = (a, . . . , a)(1, 2)(3, 4) ∈ G. Let 1 
=
s ∈ CT (a) and consider η := [s, s, 1, . . . , 1]. Clearly G(ι,τ) ≤ G(ι,η) and z ∈ G(ι,η) \G(ι,τ). 
Further, there exists b ∈ Aut(T ) such that v := (b, . . . , b)(1, 2, 3) ∈ G. If follows from 
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(3.1) and the fact that s 
= 1, that v ∈ Gι\Gη. So we have Gι > G(ι,η) > G(ι,η,τ) = G(ι,τ)
and therefore G is not IBIS. �

Combining Propositions 3.9, 3.10, 3.11, 3.12, 3.15, 3.16, 3.17, 3.18, we finally deduce 
the following result.

Theorem 3.19. Every monolithic primitive group of diagonal type is a non IBIS group.

4. Product type

Let H ≤ Sym(Γ) be a primitive group of almost simple type or of diagonal type with 
socle T . For k ≥ 2, we consider W = H � Sym(k) acting on Ω = Γk, with its natural 
product action. Then G is of product type if T k ≤ G ≤ W and the group P of the 
elements σ ∈ Sym(k) such that (h1, . . . , hk)σ ∈ G for some hi ∈ H is transitive. Write 
Ω = Γ1 × · · · × Γk where Γi = Γ for each i. By a result of Kovács [10] we may assume 
that G induces H on each of the k factors Γi of Ω. In the whole section we will assume 
that G is a primitive permutation group of product type.

Theorem 4.1. The group G is not an IBIS group.

Proof. To show this result, let assume by contradiction that G is an IBIS group. We are 
going to construct two irredundant bases of G and we will compare their lengths.

Let S := (γ0, γ1, . . . , γr) be an irredundant base of T ≤ Sym(Ω). By Lemma 2.3 we 
deduce that

r ≥ 2. (4.1)

Let αi = (γi, . . . , γi) be a k-tuple with 0 ≤ i ≤ r and let βi,j be the k-tuple having the 
i-th component equal to γj and the others equal to γ0, for 1 ≤ i ≤ k and 1 ≤ j ≤ r. The 
following sequences

Bs = (α0, α1, . . . , αr) and Bl = (α0, β1,1, . . . , β1,r, β2,1, . . . , β2,r, . . . , βk,1, . . . , βk,r)

are irredundant sequences of G, and Bs has size r + 1, while Bl has size 1 + kr. In-
deed, from the choice of S, for every 1 ≤ a ≤ r − 1, there exists ua ∈ T that stabilizes 
γ0, . . . , γa but does not stabilize γa+1, and consequently (ua, ua, . . . , ua) ∈ G stabilises 
α0, α1, . . . , αa but not αa+1. Moreover (ua, 1, . . . , 1) ∈ G stabilises α0, β1,1, . . . , β1,a but 
not β1,a+1, (1, ua, . . . , 1) ∈ G stabilises α0, β1,1, . . . , β1,r, β2,1, . . . , β2,a but not β2,a+1
and proceeding with this argument we finally get that (1, 1, . . . , ua) ∈ G stabilises 
α0, β1,1, . . . , β1,r, β2,1, . . . , β2,r, . . . , βk,1, . . . , βk,a, but not βk,a+1.

Let X := G ∩Hk. It is not difficult to observe that

X(Bs) = X(Bl) = {(h1, . . . , hk) ∈ X | h1 ∈ H(S), . . . , hk ∈ H(S)}.
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Now, let A = (δ1, . . . , δb) be a base of minimal size of X(Bs) = X(Bl). Hence Bs � A and 
Bl � A are still irredundant sequences for G, where � denotes the concatenation of the 
two sequences.

Here, let δ1, . . . , δc, and ν1, . . . , νc′ be elements of G such that the sequences B1 =
Bs � A � {δ1, . . . , δc} and B2 = Bl � A � {ν1, . . . , νc′} are irredundant bases of G. Since 
G is IBIS, then |B1| = r + 1 + b + c = 1 + rk + b + c′ = |B2|. Hence

r(k − 1) = c− c′ ≤ c. (4.2)

Note that G(Bs�A) ∩X = 1, then G(Bs�A) ∼= G(Bs�A)/(G(Bs�A) ∩X) ∼= G(Bs�A)X/X ≤
Sym(k). So, denoting by �(Sym(k)) the maximal length of a chain of subgroups of 
Sym(k), we can estimate c with �(Sym(k)). From (4.2) and (4.1) we deduce that

2(k − 1) ≤ �(Sym(k)). (4.3)

By [3] we have that �(Sym(k)) < 3k/2, hence (4.3) yields k < 4. Since �(Sym(2)) = 1
and �(Sym(3)) = 2, (4.3) allows us to exclude also k = 2 and k = 3. This contradicts the 
assumption k ≥ 2 and the result follows. �
5. Twisted wreath product type

Let T be a non-abelian simple group, and let k be an integer that is at least 2. A 
group G of twisted wreath product type with socle T k acts primitively on a set |Ω| with 
degree |T k| and is also a twisted wreath product, which is a split extension of T k by 
a transitive subgroup P of Sym(k). In the whole section we will assume that G is a 
primitive permutation group of twisted wreath product type.

Theorem 5.1. The group G is not an IBIS group.

Proof. We may identify G with a subgroup of the wreath product W = Aut(S) � P , 
with the property that soc(G) = T k and T k has a maximal complement, say H, in G, 
which is isomorphic to P . In particular for every σ ∈ P there exists a unique element 
(a1, . . . , ak) ∈ (Aut(T ))k such that (a1, . . . , ak)σ ∈ H.

By [5, Theorem 5.0.1], if P is a primitive subgroup of Sym(k), then b(G) = 2. In this 
case, since soc(G) is non-abelian, the result follows from Lemma 2.3. So we may assume 
that k is not a prime. Since P is transitive, it contains a fixed-point free permutation σ. 
Either σ or one of its powers (in the case when σ is a k-cycle) admits at least two orbits 
of size at least 2. So it is not restrictive to assume that P contains an element

ρ = (1, . . . , r)(r + 1, r + 2, . . . , r + s)τ (5.1)

for some r, s ≥ 2 and τ ∈ Sym(k) which pointwise fixes the set {1, . . . , r + s}. There 
exists a unique element (a1, . . . , ak) ∈ (Aut(T ))k such that h := (a1, . . . , ak)ρ ∈ H. 
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It follows from the Classification of Finite Simple Groups that CT (a1 · · · ar) 
= 1
([7, 1.48]). In particular there exists t ∈ CT (a1 · · · ar) of prime order, say p. Choose 
u ∈ T of prime order q, with q 
= p, and consider the following elements of T k: 
y1 = (t, ta1 , ta1a2 , . . . , ta1a2···ar−1 , 1, . . . , 1), y2 = (1, . . . , 1, u, 1, . . . , 1), where u is the en-
try in position r + 1, and y = y1y2. We have that h ∈ CH(y1) = CH(yq) but h /∈ CH(y). 
Hence H ∩Hyq ∩Hy = H ∩Hy = CH(y) < CH(yq) = H ∩Hyq

< H and therefore G is 
not IBIS. �
6. Proof of Theorem 1.1

We work through the non-affine and non-almost simple classes of the O’Nan-Scott 
Theorem. If G is of diagonal type, as showed in Propositions 3.4, 3.2, 3.3 and Theo-
rem 3.19, there is a unique infinite family of IBIS groups. If G is of product action type 
or twisted wreath product, then the result follows immediately from Sections 4 and 5
respectively. Hence the proof is complete.
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