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Received 27 June 2007 the chromatic polynomial of G. In this paper, we define the

Available online 13 November 2008 cyclic coloring complex, A(G), and determine the dimensions

of its homology groups for simple graphs. In particular, we

Ic(?llc‘:‘:i)r:gs;omplex show that if G has r connected components, the dimension of
Chromatic polynomial (n — 3)rd homology group of A(G) is equal to (n — (r + 1))
Cyclic homology plus rl!| Xx¢(0)|, where [ is the rth derivative of yc(1). We also
Acyclic orientation define a complex A(G)S, whose r-faces consist of all ordered

set partitions [Bj,..., Bry2] where none of the B; contain an

edge of G and where 1 € By. We compute the dimensions of
the homology groups of this complex, and as a result, obtain the
dimensions of the multilinear parts of the cyclic homology groups
of C[x1, ..., x,]1/{xixj | ij is an edge of G}. We show that when G is
a connected graph, the homology of A(G)€ has nonzero homology
only in dimension n—2, and the dimension of this homology group
is |x;(0)]. In this case, we provide a bijection between a set of
homology representatives of A(G)C and the acyclic orientations of
G with a unique source at v, a vertex of G.
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1. Introduction

Consider R = A/I where A= F[xs|S C{1,...,n}], I is the ideal generated by {xyxr |U € T,
T ¢ U}, and F is a field of characteristic zero. Then consider the ideal K¢ generated by the monomials
xgg]xg(zz‘..xjél, e; >0, such that for all i, 1 <i<I+1, Y; = X;\Xj—1 does not contain an edge of G
(Xo=¥and X;11 ={1,...,n}). Steingrimsson [10] calls K¢ the coloring ideal, since there is a bijection
between monomials of K of degree r and colorings of G with r 4+ 1 colors. He then notes that the
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quotient R/K¢ is the face ring of a simplicial complex, A(G). This complex is called the coloring
complex of G.

In 2005, Jonsson [5], showed that A(G) has the homology of a wedge of ac — 1 spheres, where
ac is the number of acyclic orientations of G. Stanley [9] showed that a¢ is (—1)" xg(—1), and Jon-
sson [5] concluded from this result that the dimension of the (n — 3)rd homology group of A is in
fact, (—1)"xg(—1) — 1.

In this paper we analyze the dimensions of the homology groups of the cyclic coloring complex,
A(G), of a simple graph G on n vertices. The r-simplices of A(G) are (r + 2)-chains [By, ..., Bry2],
where [B1, ..., Br42] is an ordered partition of {1,...,n}, at least one of the B; contains an edge of G,
and 1 € B;.

Section 3, we define the free coloring complex A(E;) and compute the dimensions of the homol-
ogy groups of A(Ep). In particular, we will show that the dimension of the kth homology group of
A(Ey) is (;:;11) This result follows from a result of Loday, but our proof will provide a set of homology
representatives for the homology groups of A(E;) which will be needed in later proofs.

In Section 4, we prove that for a simple connected graph G on n vertices, the dimension of the
(n — 3)rd homology group of A(G) is n — 2 plus |x;(0)|, the absolute value of the linear term of the
chromatic polynomial. The key idea of the proof is to consider the complex A(G)C = A(E,)/A(G).
We will show that A(G)¢ has nonzero homology only in dimension (n — 2) and the dimension of
this homology group is |x((0)|. Further, if v is any vertex of G, Greene and Zaslavsky [2] showed
that |x((0)| is the number of acyclic orientations of G having a unique source at v. We provide a
bijection between the acyclic orientations of G having a unique source at v and a set of homology
representatives of A(G)C.

Suppose G has r connected components and at least two edges. In Section 5, we will compute the
dimensions of the homology groups of A(G); in particular, we show that the dimension of the top ho-
mology group of A(G) equals %|X{;(O)| where x( (1) denotes the rth derivative of xg(A). Further, we
compute the dimensions of the homology groups of A(G)C. From this we will deduce the dimensions
of the multilinear pieces of the cyclic homology groups of C[x1, ..., x,]/{Xix; | ij is an edge of G}.

2. Cyclic coloring complex

Let G be a simple graph on n vertices. We begin by defining Steingrimsson’s [10] coloring complex
following the presentation in Jonsson [5].

Let (B1,...,Br+2) be an ordered partition of {1,...,n} where at least one of the B; contains an
edge of G, and let A, be the set of ordered partitions (B1, ..., Br42).

Definition 2.1. The coloring complex of G is the sequence:

8 81 81 8 51
e V5V S S5 V> Vo =0

where V; is the vector space over a field of characteristic zero with basis A, and

r+1
5r((B1.....Br2)) == > (=1)'(B1..... BiUBij1..... Bry2).
i=1

Notice that §;_1 o 6 = 0. Then:
Definition 2.2. The kth homology group of A(G), Hx(A(G)) := ker(8)/im(8+1)-

In this paper, we will be considering the homology of the cyclic coloring complex A(G). In order
to define the cyclic coloring complex, we must define an equivalence relation on the elements of £ A;.

Let o € S;4, be the (r + 2)-cycle (1,2,...,r + 2). Define A, = + A,/ ~, where ~ is defined by
(B1,...,Bry2) ~ (—1)r+1(35(1>, ..., Bg@r+2)). Let [B1, ..., Bry2] denote the equivalence class contain-
ing (B1, ..., Bry2). We will represent each equivalence class of A, by the unique representative that
has 1 € B;.



S. Crown / Journal of Combinatorial Theory, Series A 116 (2009) 595-612 597

Let

ar([Bl, cees Br+2])
r+1 )
=Y (=1"'[B1,..., BiUBij1,.... Bryal + (=1)*[B1 UBy2, B, ..., Bry1l.
i=1

It is straightforward to check that 9 is well-defined on equivalence classes. Thus, we have the
following definition.

Definition 2.3. The cyclic coloring complex of G, A(G), is the sequence

0, Or—1 1 o 01
GBG5> —0

where C; is the vector space over a field of characteristic zero with basis A;.
Notice that 9,_1 o 9, = 0. So then:
Definition 2.4. The kth homology group of A(G), HC,(A(G)) := ker(dy)/im(dk+1)-

Part of the motivation for the definition of the cyclic coloring complex comes from cyclic homol-
ogy, and as we will see, one of our results gives the dimensions of the multilinear part of the cyclic
homology groups of the ring C[x1, ..., x;1/{x;Xj | ij is an edge of G}. See Loday [6] for more informa-
tion on cyclic homology.

It is interesting to note that there is a correspondence between hyperplane arrangements and
the coloring complex. Hersh and Swartz [4] use a special case of an idea of Herzog, Reiner, and
Welker [3] to describe this correspondence and use it to provide an alternative proof to the fact that
the homology of the A(G) equals a wedge of | x¢(0)| — 1 spheres. They further use the correspondence
to give a convex ear decomposition of the coloring complex. In a similar manner, the cyclic coloring
complex can be viewed as a hyperplane arrangement on the torus (R/Z)". See Novik, Postnikov, and
Sturmfels [7] for more information on toric arrangements.

In several of our arguments, we will be considering the homology of the quotient of two cyclic
coloring complexes. We will define it here.

Consider the coloring complex of a graph G, A(G), and consider a subcomplex, A(I), of A(G).
Then A(G)/A(I) will consist of the partitions of A(G) where none of the B; contains an edge of I.
Thus, we obtain the sequence of the complexes:

A(l) = A(G) —j> A(G)/ A

where j is the quotient map. From the homology of the pair (A(G), A(I)), this then induces the long
exact sequence:

-o = HC(A(D) N HC(A(G)) N HCL(A(G)/A(D)) — -

where i* is the map induced by the inclusion A(I) < A(G) and j* is the map induced by the
quotient map j.

3. The homology of the free cyclic coloring complex

Let A(E;) be the cyclic coloring complex of the complete graph with looped edges at each vertex.
Note that A,_»(Ey) then consists of all ordered partitions [B1, ..., By] of {1,...,n} where |B;| =1 for
1 <i<r+ 2. We will call this complex the free cyclic coloring complex.

Notice that the elements of A;(E;) are in bijection with the cyclic words [Dy, ..., Dyy2] where
D; € C[X1,...,xn], and Dq...Dryp = X1...X;, with x; € Dq. The multilinear part of the cyclic ho-
mology of C[xq,...,x;] is computed by only considering partitions [D1, ..., Dr42] where x1,...,xp
appear exactly once. Theorem 3.2.5 of Loday [6], describes the cyclic homology of C[xq,..., x,], and
it follows that:
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Theorem 3.1. (See Loday [6].) The dimension of the multilinear part of the kth cyclic homology group of
C[x1, ..., Xn] is (Z;]l)

This is equivalent to:

Theorem 3.2. The dimension of the kth homology group of A(Ey), HCk(A(Ey)), is (,:';11)
We will provide a proof of this theorem that does not rely on Loday’s result, as our proof will
produce homology representatives for the groups HC,(A(E,)) which we will need later.

Proof. The proof uses a spectral sequence argument. See Chow [1] for a nice introduction to spectral
sequences, and we follow his construction below.
Let

f([B1,--.,Br+2]) =|B1l,
let AT denote the chains in A, where f([B1,..., Br42]) =m, and let A(E]') denote the set of chains
{AR | =1 <k<n—2}. It is straightforward to see that f gives a filtration of each A;(Ep) and that

d respects this filtration. Let Aﬁ"”(En) = Umgign Ar(E,’;) and let Cr;, be the vector space with basis

0

rm is the vector

A™ (E,). Then using our notation, E? . = Cr.m/Cr.m41. Notice that this means that E
space with basis Ar(ET") and C; = @),_ E?,,. Further, 3 induces a map

n
0. 0 0
0" @ Er,m - @Erfl,m
m=1
where 3%(E? ) € EE—l,m for all values of r, m. Then one can define:
kerd®: EQ, — E?

r—1,m
i a0 . £0
ima .ErJrl,m

E;,m = HCT(E?,m) =

— E?,m '
Further, 9 induces a map:

1.1 1
9 : Er.m e Erfl,m+1

and we can define:
kerd!: E! , — E!

r—1,m+1
ima!: E!
*Er+1,m-1

E2,=HC(E,) = e
rm

In our proof, we will see that E’r,m =E], for all values of r and m, and 2 <I< n, which means
HCH(AEn) = DB _1<r<n—2 Etm-

Consider A(E]"). Notice that 3% must preserve |B;| =m, so the terms of 3, which combine B,
and B; as well as By and By, vanish. Thus 39 is the same as the Hochschild homology boundary
map (without the wraparound term) on By, ..., B,y2. Further, notice that we can divide the chains of
A(ET) into subsets determined by the elements of By. Since we are looking at the chains of the free
coloring complex, the number of such subsets equals the number of ways of forming a subset of size
m—1 from a set of size n—1 (since 1 € By), i.e. there are (nrlj) subsets of A(EJ") where all elements
of a particular subset have the same Bj.

Consider one such subset. All chains in this subset have the same first component By, and
the elements of this subset are in bijection with the ordered partitions of the n — m element set
{1,...,n} — B1. As noted above, the 8° map is the same as the Hochschild homology boundary
map without the wraparound term. Thus, the homology of this part of the mth graded piece of
the homology of A(E,) equals the poset homology of the order complex of the Boolean algebra
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with n — m elements. Let {ai,...,a,—m} be the elements of {1,...,n} — By. It is well known that
this complex is Cohen-Macaulay with the homology of a sphere and a homology representative is
Y oes,_m SEN(O)B1, A5 (1) - -+, Ao (n—m) ]-

Consider 31(Zaesn,m sgn(o)[ds (1), - - -, Ao (n—my]) and note

3'([B1.a1,....an-m]) = [B1Ua1,az, ..., an—m] + (=1)""™[B1 Utn_m, a1, ..., dn_m—1].

It is a straightforward computation to show that

a1< > sgn((f)[Bl,aga),...,ag(n_m)]>=O.

0E€Sh-m

This same argument holds for 82, 33, etc. Thus, the spectral sequence collapses.
To determine the dimension of the kth homology group of A(E;), we must relate k to m. Notice
that k=(n —2) — (m — 1) and thus,

n—-1\_ ( n-1 _(n—-1
(m—l)_<n—2—k)_(k+l)' =

Let T,, denote a tree on n vertices. In the next section, we will show that for a connected graph G
and k < n — 3, the dimension of the kth homology group of A(G) equals the dimension of the kth
homology group of A(E;). To show this, we need the following definitions and lemma.

Consider a tree T, on n vertices. Let us assume that the root of the tree is labeled 1 and consider
labeling the other vertices with the numbers 2, ...,n so that each parent node has a smaller vertex
label than each of its children. Next, consider listing each edge of T, by placing the smaller vertex
first and order the edges in lexicographic order. Note that this ordering forces the Ith edge in the list
to always have the (I + 1)st vertex as the larger vertex.

Let A(T,go")) be the complex formed by the chains [Bj,..., B;+2] where none of the B; contain
one of the first | edges. Also, let A(T,gl’l)) be the subcomplex of chains of A(T,SO”_])) where none
of the B; contain one of the first [ — 1 edges, but the Ith edge is in the same B;. Notice then that
A(T,ﬁo’l_l))/A(T,gl”)) = A(T,SO”)) and the boundary map of A(T,ﬁo’l)) will map the terms where one of
the first [ edges is combined to zero.

Lemma 3.3. Given a tree on n vertices, for k <n — 3, the kth homology group of A(Tr(,o")) has dimension
n—(+1)
((k+2)f(l+1))'

Proof. We will prove the lemma by induction on I.

In the base case, we will determine a set of homology representatives for A(T,ﬁo'l)). The key idea
of the general case of the proof will be to inductively create a set of homology representatives for the
complex A(T,g,o”)) and use them to compute the dimensions of the homology groups of A(T,go’l)).

Consider the following exact sequence: Let us consider the base case. We have the long exact
sequence:

0~ HCyo(A(T"")) — HCo_2(A(En)) — HC2(A(TS")
— HCn3(A(TS"")) = HCno3(A(En)) — HCa3(A(TS™ D))
— HCpoa(A(TS"V)) = ---.

Recall the proof of Theorem 3.2 above. In the proof, we used spectral sequences to divide the
chains of the free cyclic coloring complex based on the size of the first block of each chain. At each
level, we showed that the homology was concentrated at the top dimension and that the dimension
of the homology was equal to the number of subsets of the correct size. Further, we obtained one
homology representative for each subset.
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We can then show that the homology representatives of HC,{(A(T,(I]‘]))) map injectively into the
set of homology representatives of HCi(A(E,)). Since 1 is in the first block of every chain of A(E,)
and the chains have length k + 2, the homology representatives of HCy(A(E,)) are indexed by the
subsets of size (n — 1) — (k + 1) of the set {2,...,n}. Since 12 is in the first block of every chain
of A(E,(f‘l)) and the chains have length k + 2, the homology representatives of HCk(A(T,gl‘l))) are
indexed by the subsets of size (n —2) — (k + 1) of the set {3,...,n}. Since these later representatives

are a subset of the former, the map from HCk(A(T,gl’l))) into HC,(A(Ey)) is injective for all values
of k.
By exactness,

dim HC (A(Ty")) = dim HC (A(En) — dim HC(A(T{""))
_(n—1 n—2
“\k=1) \k-1
_(n=2
“\k-2)"

The method described above explicitly determines a set of homology representatives of
HCk(A(T,go’”)). Since the homology representatives of HC,((A(T,gl’l))) map injectively into the set
of homology representatives of HC,(A(Ey)), the homology representatives of HCk(A(T,f,O"l))) are the

homology representatives of HCy(A(E,)) where 1 and 2 are not in the same block.
For the general case, consider the long exact sequence:

0— HCuos(A(TSV)) = HCaos (A(T)) - HCas (A(TD))
N HCn_4(A(Tr§1,l+1))) R ch_4(A(T,§o,z))) R HCn_4(A(T,§°”+“))
— HCps(A(TMD)) > -

We will begin by showing that the homology representatives of H Ck(A(T,f,l’l“))) map injectively
into the set of homology representatives of HCk(A(T,SO”))). This will be trickier than in the base
case as we will have to determine the images of the homology representatives of HCk(A(T,§1’l+l)))

in HC(A(TY)). Once we have established that the map from HC(A(TS")) to HC(A(TD))
is injective, we will then use the fact that the above sequence is exact to deduce the dimension of
HC(ATD)).

By induction, assume that the dimension of HC(A(T>")) is equal to (<kfz_>(l_+a1+)1>)v and that the
homology representatives are in bijective correspondence with the subsets of size (n —k — 2) from
the set {I+2,...,n}. In particular, given such a subset, A, the corresponding homology representative
would be the signed sum over the permutations of the numbers in the set {2,...,]+ 1} U A, with
each term in the sum having 1U A in the first block.

Consider the long exact sequence:

0 — HCno3(A(TS")) > HCoo3 (A(T"")) = HCaos (A(TOHD))
— HCp_a(A(TM)) = HCua(A(TS™Y)) = HCpoa(A(TD))
— HCyps(A(TSHD)) - -

Let {a,l+2} be the (I+1)st edge in the ordering of the edges of T,. Notice that HCk(A(T,,(”“))) is
isomorphic to HCk(A(T,(&']))), since we can relabel the chains of A(T,go’l)) by mapping a to aU (I + 2),
I+2tol+3,...,n—1 to n. So, we obtain the homology representatives of HCk(A(T,gl’H']))) from

the homology representatives of HCk(A(Tﬁll))) by using the same relabeling technique.

As in the base case, we now need to show that the homology representatives of HCk(A(T,(ll’IH)))
map injectively into the homology representatives of H Ck(A(T,go’l))). Consider a homology representa-
tive of HCk(A(T,gUH))) and recall that it corresponds to a subset, A, of size (n—k—2) of {I+3,...,n}.
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For [ > 2, the first block of each term is 1U A, one block of each term is {a,!+ 2}, and the homology
representative is the signed sum over all permutations of the block {a, !+ 2}, the numbers in A€, and
the numbers {2,...,l1+ 1} —a. We will show that it is equivalent to the homology representative in
HCk(A(T,EO‘l))) corresponding to the same subset.

It is not hard to show that when we apply the boundary map to the signed sum over all (k + 3)-
chains of A(T,go‘l)) where 1U A is in the first block, a is in a block of the chain before [+ 2, and all the
other numbers are in singleton blocks, the only remaining terms are + the homology representative
corresponding to A in HC,<(A(T,(11’I+1))) and + the homology representative corresponding to the
subset in HCk(A(T,EO”))). Since the image of the boundary map is modded out when computing
HC,((A(T,go’l))), these two homology representatives must be equivalent in HCk(A(T,SO"))).

By exactness and induction this means that

dim HC(A(TS*"7)) = dim HC (A(T\*")) — dim HC (A(T{""))
_ n—({+1) (=) —(+1)
T\k+2) -1+ k+2)—d+1)
_ n—~1+2) O
“\k+2)-1+2) )

From this theorem we obtain the following corollary regarding the dimensions of the homology
groups of A(Tp).

Corollary 3.4. The dimension of HC,(A(Ty)) is equal to the dimension of HCy(A(Ep)).

Proof. Consider the chains of the free cyclic coloring complex, A(Ey), and apply the following spectral

sequence to A(Ep):
1 [By,...,Bry2]l € A(Ty),
Bi,...,Brl) = { .
g(1B1 ri2l) 0 otherwise.
Notice that the r-chains of A(E) which satisfy g([B1, ..., Br+2]) = 0 are precisely the chains in which
none of the edges of T, are in a block together.

By Lemma 3.3 we know that dim HCk(A(T,go’”q))) = ( 0

(k4+2)—n
for k =n—2. So the homology is concentrated at the top degree and dim HCn,z(A(T,(,O’"fl))) = 1. Fur-
ther, we know that the homology representative is mapped to zero by 8! by the proof of Lemma 3.2.
So the spectral sequence collapses and thus for k <n — 2, dim HC,(A(T,)) =dim HC,(A(Ep)). O

) which is zero for k <n —2 and 1

4. The cyclic coloring complex of a connected simple graph

In this section, unless otherwise noted, we assume that G is a simple connected graph. Let x¢ (1)
be the chromatic polynomial of G.

In this section, we will show that there is an interesting connection between the dimension of the
top homology of A(G) and the coefficient of the linear term of x¢ ().

Fig. 1 shows some simple connected graphs on 3 and 4 vertices along with their corresponding
chromatic polynomials and the dimensions of the homology groups of A(G). It also shows the alter-
nating sum of the dimensions of their homology groups. (We write the dimensions of the homology
groups of A(G) in the form Zz;il dim HCx(A(G))gk+2))

As we can see the alternating sum of the dimensions of the homology groups of A(G) equals the
absolute value of the linear term of the chromatic polynomial.

Lemma 4.1. Let G be a connected graph on n vertices. Then,

n—1

> (=D AIMHG 2 (A(G) = [ x6(0)] = (1™ x4.(0).
i=1
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Xc(A) Homology Alt. Sum of Dimensions

o—o o A2 — 2¢> +q 2_1=1
A. A —322 420 3¢ +q 3-1=2

o o o o =323 4302 -2 3¢3 +3¢° +¢ 3-3+1=1

=323 4302 -2 3¢3 +3¢° +¢ 3-3+1=1

=323 4302 -2 3¢3 +3¢° +¢ 3-3+1=1

A4 — 423 4622 — 31 5¢% +3¢% +q 5-3+1=3

A4 =523 4832 — 40 6q° +3q¢° +q 6—-3+1=4

Fig. 1. Chromatic polynomial of G and dimensions of the homology groups of A(G).

Proof. For the base case, we verify the lemma for all trees on n vertices. From Corollary 3.4,

dim HCx(A(Tn)) = (Z:) It is well known that Zz;zl(—])"—k—l(l':;;) =0, and thus

n—1
D =DM HG o (A(T)) = 1.
i=1
The chromatic polynomial of a tree on n vertices is xr, () = A(A — 1" ! and therefore Ix:(0)]=1.
By the definition of the Euler characteristic X, we have that
n—3
Z (=)™ T dim HCy (A(G)) = (=)™ X(A(G)).
m=-—1
Note that by a change of variables i =m + 2, this equation is equivalent to
n—1 .
Z(—n"*'“ dim HCi_»(A(G)) = (-1 X(A(G)).
i=1
It suffices to show that (—1)""1X(A(G)) = (—1)"1 x/(0).

Let e be an edge of the connected graph G. Notice that A(G) = (A(G—e)/(A(G—e)NA(e)))UA(e).
Lemma 1.3 of Jonsson [5], states that for a graph G with at least two edges, A(G —e) N A(e) and
A(G/e) are isomorphic for any edge e of G. The same statement holds for the cyclic coloring complex
as well. (The proof is identical since the chains in the cyclic coloring complex are indexed by a subset
of the chains in his coloring complex.) So X(A(G)) = X(A(G —e)) — X(A(G/e)) + X(A(e)).

The proof will follow by induction on the edge e. Note that

=D™X(AG) = (D" (X(AG — ) — X(A(G/e)) + X(A(e)).
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A(e) is isomorphic to the complex A(E;—1), and thus using a binomial identity, it follows that
X(A(e)) =0. Since A(e) is disconnected, x;(0) =0, and thus

=D™IX(AG) = (D" (X6—-e(0) = X6 (0) + Xo (@) = (=1 (xc(0). O

Our next step will be to show that HCy(A(G)) = HCy(A(Ey)) for k <n — 3 and G, a connected
graph on n vertices. To prove this, we will need the following definition and lemma.

Notice that A(G) is a subcomplex of A(E). Let A(G)C = A(E,)/A(G). Notice that the boundary
map of A(G)E maps partitions [B1, ..., Br4+2] where at least one of the B; contains an edge of G to
zero.

Lemma 4.2. Let G be a connected graph on n vertices. The homology of A(G)E is nonzero only in dimension
n—2.

Proof. The proof will follow by induction on n. For the base case, one can compute directly the
homology of all graphs on 2 and 3 vertices. The figure above shows these graphs along with the
corresponding homology of A(G)C.

So suppose then that the claim is true for all connected graphs on n — 1 vertices.

Consider a spanning tree, T, of G, and let e; be an edge of G that is not in T,. Let G; be the
graph T, Ueq, and let G1/e; be the contraction of G; along e;.

Notice that the chains of A(G1)€ are a subset of the chains of the complex A(T,)C. The chains of
A(Tp)E not contained in the complex A(G1)C are precisely the chains, [B1, ..., By2], where the edge
eq is in a B;, but none of the edges of T, are in a B;. This complex is equivalent to A(G/e1)€ and is
a subcomplex of A(T;)C. Note that A(T,)C/A(G1/e1)C = A(G1)C.

Now consider the following long exact sequence.

0— HCa2(A(G1/e1)") = HCa—2(A(Tn)") = HCr2(A(G) )
— HCp_3(A(G1/e1)) — HCp_3(A(Tn)<) = HCr_3(A(G1)")
— HCn_4(A(G1/e1)") — ---.

We are only concerned with proving that HC,(A(G1)€) =0 for k <n — 2, so we ignore the begin-
ning of the sequence. Notice that we already calculated the dimensions of the homology groups of
A(T)E in Lemma 3.3. So we know that HCy(A(Tn)€) =0 for k <n —2, and thus dim HC,(A(G1)€) =
dim HCi_1(A(G1/e1)€) for all k <n —2. G1/e; is the contraction of G; along eq, so Gi/eq is a graph
on n — 1 vertices. By induction then, dim HC;(A(G1/e1)€) =0 for all | <n — 3, and this implies that
dim HC,(A(G1)€) =0 for k <n — 2.

Let e, be an edge of G that is not in G1 (if none exists, then we are done), and let G, = G Uey.
Consider the long exact sequence:

0 — HCn—2(A(G2/e2) ) = HCh2(A(G1) ) — HCr—2(A(G2) )
— HCp—3(A(G2/€2)¢) — HCn_3(A(G1)) = HCr—3(A(G2)®)
— HCn_4(A(G2/e2)¢) — ---.

From above, we know that dim HCx(G1) =0 for k <n — 2, and thus
dim HCy (A(G2)) = dim HCy_1(A(G2/e2))

for k <n — 2. By induction, dimHC;_1(A(G2/e3)C) =0 for k <n — 2. So we have that
dim HCx(A(G2)€) =0 for k <n — 2.

We can continue in this manner, at the Ith stage adding an edge e; of G that is not an edge of G;_1
and defining G; := G;_1 Ue;. By using a long exact sequence similar to the one above (just change the
appropriate subscripts), we have that dim HC,(A(G))) =0 for k < n — 2. Repeat this argument until
G =G. O
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We will need this lemma to show that in general.

Lemma 4.3. For any simple connected graph G on n vertices, the dimension of HC,(A(G)) equals the dimen-

sion of HCi(A(Ep)) for k < n — 3. In particular, the dimension of HC,(A(G)) = (;24:11)

Proof. Consider the following long exact sequence:
0— HCn—2(A(G)) = HCh_2(A(Ep)) — HCr—2(A(G)")
— HCq—3(A(G)) = HCh_3(A(En)) — HCr—3(A(G)")
— HCn—4(A(G)) = HCh—4(A(Ep)) — HCp_a(AG) ) — ---.

We know from Lemma 4.2 that the only nonzero homology group of A(G)€ is HCy—2(A(G)S). So
for k <n —3, HCL(A(G)®) = 0. By exactness, for k <n — 3, dim HCx(A(G)) = F dim HC,(A(Ey)). By

Theorem 3.2, this means dim HC(A(G)) = (] ;11). O

We will now relate the dimension of the top homology group of A(G) to the coefficient of the
linear term of its chromatic polynomial.

Theorem 4.4. Let G be a simple, connected graph on n vertices. The dimension of HC,,_3(A(G)) is (n — 2) +
[x¢ 0.

Proof. We begin by showing that Z?:_f1(—1)”*i*1 dim HC;(A(G)) = 2 — n. To make our compu-
tation easier, we perform a change of variables. Let m =i + 2. From Lemma 4.3, we know that
dim HG;(A(G)) = (’:;11) for i <n — 3. Thus, we must show that

n—2
Z](—l)"*m*‘ (;:11) =2-n.
m=

Notice that

n—2 n—2
nema1 (n—1 _ n—m4+1 n—2 n—2 _ n—2 _
Yo (noh)=merm () (2) - (5 =

From Lemma 4.1 we know that Z?;ll (=D dim HCi_1(A(G)) = | x£(0)], which implies

n—2
dimHCy3(A(G)) = | x6(0)| = Y (=D 1 dimHC»(A(G)) =[x (0)| + (1 —2). O
i=1

Greene and Zaslavsky [2] proved the following the theorem which relates the absolute value of the

linear coefficient of the chromatic polynomial to the number of acyclic orientations of a graph with a
unique source.

Theorem 4.5. (See Greene and Zaslavsky [2].) Let G be a graph and let v be a vertex in G. The number of acyclic
orientations of G having v as a unique source is equal to | x . (0).

So we then have the following corollary, similar to Corollary 1.8 of Jonsson [5].

Corollary 4.6. Let G be a simple, connected graph on n vertices. The dimension of HC,,_3(A(G)) equals the
number of acyclic orientations of G having v as a unique source plusn — 2.
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As a result of the above proof, we obtain some interesting facts about the complex A(G)C, for a
connected simple graph G.

Theorem 4.7. The dimension of the (n — 2)nd homology group of A(G)€ is | x5 (0)].

Proof. Consider the long exact sequence:

0— HCn—2(A(G)) = HCr—2(A(Ep)) — HCr—2(A(G)")
— HCn—3(A(G)) = HCn_3(A(En)) = HCr_3(A(G)E) — 0.

We know that dimHC,_>(A(G)) =0, dimHC,_3(A(Ey)) =1, dimHC,_3(A(G)) = (n — 2) +
[x£(0)], dim HCu—3(A(G)S) =0, and HCh_3(A(En)) =n — 1. Then using exactness, it follows that
dimHCy—p = [x{(0)|. O

It is interesting to notice that the elements of A,(G)¢ are in bijection with the cyclic words
[D1,...,Dry2] where D; € C[xq,...,X,]/{xix; | ij is an edge of G} and [D1,..., Dr42] is an ordered
partition of x1, ..., x, with x; € D1. Thus, we have the following corollary.

Corollary 4.8. For a connected simple graph G with n vertices, the dimension of the multilinear part of the
(n — 2)nd cyclic homology group of

Clx1, ..., x1]/{xixj | ij is an edge of G}
is |x¢ (0).

Since dim HCp_»(A(G)S) = |x¢(0)], a natural question is whether there is a bijection between the
homology representatives of A(G)C and the acyclic orientations of G with a unique source.

Theorem 4.9. Given a connected graph G with n vertices, there is a bijection between the acyclic orientations
of G where 1 is a unique source and the homology representatives of A(G)C. In particular, each acyclic orien-
tation A, of G with 1 as a unique source corresponds to a signed sum of linear extensions of acyclic orientations
which can be obtained from A by a sequence of “sink to source” transformations.

Proof. Consider an acyclic orientation, A, of a connected simple graph G, on n vertices, with a unique
source at vertex 1. Let T(A) be the set of acyclic orientations which can be obtained from A by a finite
number (including zero) of “sink to source” transformations. Namely, if there is a sink at vertex v in
A, then flip the directions of the edges incident to v to create a source at v. Associate to A the sum

Z Z sgn()pi

A'eT(A)meL(A)

where L(A’) is the set of linear extensions aj ...a, of the acyclic orientation A’ with the restriction
that a1 = 1.

We must verify that the above sum is mapped to zero under the boundary map, 9, of A(G)C.
When we apply 0 to the signed sum of permutations associated to an acyclic orientation of G, the
only terms in the result will be those chains that do not contain an edge of G in any of their blocks.

Consider such a term, [1,az,...,ai—1,Im,aj1>...,a,—1], corresponding to the non-edge Im where
I, m # 1. Notice that

a([1, a2, ...,ai—1,1,m,ai42, ..., as—11) and 3([1,az,...,ai—1,m,1,ait2, ..., dn—1])

will have the term [1,ap,...,a;—1,Im,a;42,...,a,—1] in the result. Since Im is not an edge of the
graph, G, there is no restriction on the order in which | and m appear in the signed sum as-
sociated to the acyclic orientation A. Thus, both of the chains above appear in the signed sum.
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Since they differ by a transposition, when we apply d to them, the resulting terms with the chain
[1,a2,...,ai—1,Im,aiy3 ..., az—1] must cancel.

Now consider a term [1m,ay,...,a;—1] in the image of the signed sum associated to A under 9,
where 1m is not an edge of G. For the moment suppose m is not a sink of G, nor a sink in any of the
graphs we obtained from G by flipping edges. There are then at least two edges jm and mk connected
to m and directed j — m and m — k. Therefore, m cannot be in the second or last block of a chain
[1,a3,...,ay], since it must come after j and before k. If m is a sink of A’, for some A’ € T(A), then
there is another signed sum term in the signed sum of permutations associated to the given acyclic
orientation of G corresponding to m as a source. For m a sink, m must precede all of the vertices
with which it shares edges. So, to obtain the term [1m, ay, ..., a;—1], m must have been in the second
block, i.e., 3([1,m,ay,...,a,_1]) has as one of its terms the chain [1m,ay, ..., a,_1]. However, since
there is a signed sum term corresponding to m as a source, this signed sum must contain the term
[1,a3,...,ap—1, m]. From an argument in an earlier proof, one can easily see that applying o to the
later chain (with the appropriate signs), will cause the terms containing the chain [1m,ay, ..., ap—1]
to cancel.

Now, we will show that the elements of the set of signed sums associated to the acyclic orienta-
tions of G having 1 as a unique source are linearly independent. Notice that the set of signed sums
corresponds to a partition of the elements of S,_1, and in particular, no two signed sums have a term
in common. To see this, suppose two distinct acyclic orientations (with 1 as a unique source) have a
term in their signed sums in common (without loss of generality assume this term is not the signed
sum corresponding to initial orientations of the edges of A1 and A;). Then this term is a linear ex-
tension of A} € T(A1) and A), € T(A3) and thus A} and A’,. Note that A} and A/, contain a source at
a vertex v € G, v # 1. By performing “source to sink” transformations on A} and A, it can be seen
that A; and A, must be equal, a contradiction.

Since we have a set of |x((0)| linearly independent elements of HCh_2(A(G)S), this set must
be a basis for HCy—2(A(G)S). Notice also that the argument for linear independence implies that if
two signed sums are equal, then the acyclic orientations they correspond to must also be equal, i.e.
the map must be injective. Since the map is injective and dim HCy_2(A(G)) equals the number of
acyclic orientations of G with 1 as a unique source, this map must be a bijection. O

5. Homology of A(G) and A(G)€

As in the connected graph case, we will need some information about the homology groups of
A(G)C before we compute the dimension of the top homology group of A(G), where G is a dis-
connected graph with r connected components, Cq,...,C, n vertices, and at least two edges (see
Fig. 2).

Let us begin with some notation. Let 1 be in C; and for each component C; pick a vertex v; in C;.
Let G* be the graph G with edges between 1 and v;, 1 and vs, ..., and 1 and v,. We will denote
this by G* =GU1vaU---U1lv,. Let W be a subset of {v,..., v}, and let G}, be the graph obtained
from G* by contracting the edges 1v; for each v; in W.

Theorem 5.1. Forn—2 >k >n— (2+r), HC(A(G)) = Biw =n-2)-k HCi(A(G}) ). Fork <n—(2+r),
HCr(AG)S) =0.

Proof. The proof will proceed by induction. We will begin with the base case r = 2. Let G be the
graph G U 1v, and let G, be the graph (G U 1v;)/1v, where / denotes contraction. Notice that
A(G2)E is a subcomplex of A(G)C and A(G)€/A(G2)C = A(G1)C. Thus, we obtain the following long
exact sequence:
0— HCn—2(A(G2)") = HCr—2(A(G)") — HCr2(A(G)O)
— HCn—3(A(G2)®) = HCr—3(A(G)") — HCh—3(A(G1)°)
— HCn—4(A(G2)®) = HCr—4(A(G)) — HCpoa(AGDE) — -
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Homology Xc(2)
3 4
5¢° +13¢* +12¢° +5¢2 +q A6 — 425 4604 — 323
[ ] [ ]
1 2 5 6
3 4
6¢° +12q* + 10> +5¢% +¢q 28 — 525 41044 — 923 + 322
*——o
1 2 5 6
3
A’ 3q* +7¢° +59° +q 25 —3x% 4223
[ ] [ )
1 2 4 5

3
ii 44 +7¢3 +4¢% +¢q A% —4n4 4533 —2x2
*——0
1 2 4 5
3 6
A A 7¢5 + 13* + 10¢® + 5¢% +q A6 6A5 4+ 134% — 1223 + 422
1 2 4 5

Fig. 2. Some disconnected graphs and their homology.

The graphs G; and G, are connected so the homology of A(G1) and A(G»)€ is nonzero only in
dimensions n — 2 and n — 3, respectively. Thus, we must have that HC,(A(G)€) =0 for k <n — 3, and
the above long exact sequence simplifies to:

0 — HCn—2(A(G)€) = HCr—2(A(G1)C) -5 HCno3(A(G2)C) = HCh_3(A(G)C) — 0.

If h is a homology representative of HC,_2(A(G1)°), then the map « is defined to be d(h) where §
is the boundary map on the n — 2 chains of A(G)C. Notice that each chain in the homology represen-
tatives of A(G>)€ has 1v; in its first block and so any homology representative is a linear combination
of such chains. The boundary map of A(G)C differs from the boundary map of A(G1)C only in that
the boundary map of A(G)€ allows 1 and v, to be together in a block of a chain. Thus, 8(h) must be
a signed sum of chains having 1v; in the first block. We will show that this signed sum is zero and
hence the rank of « is zero.

We begin by trying to understand the homology representatives of G; more deeply. Let A(G, 1)
denote the set of acyclic orientations of G with 1 as a unique source. Recall from Theorem 4.9 that
the homology representatives of A(G1)€ and A(G»)C are in bijection with the elements of A(G1, 1)
and A(Gy, 1) respectively. It is clear that A(G1,1) and A(G», 1) are in bijection and that v, is a source
in Cy.

Let A be an acyclic orientation of Gy, and suppose h is the homology representative of A(G1)€
corresponding to A. Since v, is a source vertex in Cp, we must have that v, precedes all of the
vertices with which it shares an edge in each term of h. We will show that for all terms in h having
the form [1, v3,as,...,a,], the term [1,as, ..., ap, v2] occurs as well, with opposite sign.

If vy is the only vertex of C, then we are done because there is no relation preventing v, from
appearing as the last block of a chain (since in this case, it only shares an edge with 1). In particular,
in this case we can find a chain (—1)""2[1,as, ..., an, v2] which after we apply h gives the chain
(=D"2(=1D)" [1vy, a3, ...,a,]. If v, is not the unique vertex of Cy, then note that there exists a
series of “sink to source” transformations of A where each vertex in C, — {v,} is flipped exactly
once. This series of transformations gives an element A’ € T(A’) where v, is a sink. Consider the
signed sum of linear extensions corresponding to A’ and notice that this sum must contain the term
(=" 2[1,as, ..., an, v2]. Thus, the rank of « is zero.
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By the exactness of the sequence,

HCy2(A(G)C) = HCy_2(A(G1)E) = HCy_2(4A(G¥) )

and

HCn_3(A(G)C) = HCo_3(A(G2)€) = HCq3(A(G*\v2) ).

We present the case for r =3 here as well because it will demonstrate the second part of the state-
ment of the lemma.

Let G be a graph on n vertices with 3 connected components. Let G; be G U 1v3 and G, be
(GU1v3)/1vs.

Now consider the following long exact sequence:

0 — HCp—2(A(G2)C) = HCn2(A(G)S) = HCr2(AGDE) =2
HCp—3(A(G2)C) = HCy—3(A(G)C) = HCh_3(A(G1)E) =2
HCp—4(A(G2)") — HCp-a(A(G)S) = HCra(AG)) — .

We will show that the ranks of oy and o are zero which will give, by exactness of the above se-
quence, that HCn—2(A(6)%) = HCr—2(A(G1)®), HCr—3(A(G)) = HCn—3(A(G1)) @ HCn—3(A(G2)°),
and HCp_4(A(G)®) = HCq_4(A(G2)O).

Note that since G1 and G have 2 connected components, we know that (n —2)nd homology group
of A(G1)€ is isomorphic to the (n — 2)nd homology group of A(G’{)C and the (n — 3)rd homology
group of A(G,)C is isomorphic to the (n — 3)rd homology group of A(G;‘)C (which is the same as the
(n — 3)rd homology group of A(GE)C). Since G} and G3 are connected graphs where G5 = G}/1vs,
we can then use the same argument that was used in the case for r =2 to show that the rank of
a1 equals zero (in the argument above replace G1 with G} and G, with G3). This implies then that
HCp—2(A(G)%) = HCn—2(A(G1)) = HCp—2(A(GH)O).

Now notice that HCy_3(A(G1)<) = HCy_3(A(G},)¢) and HCy_4(A(G2)) = HCq4(A(G3, ) ).
Since G}, and G7, ,, are connected graphs where Gy, /1v3 = GJ, ., we can use the same argument
that was used for the case r =2 to show that the rank of o equals zero. Using exactness of the
sequence above, this implies that HCy_3(A(G)®) = HCy—3(A(G},)) @ HCp—3(A(G},) ).

Now, by way of induction, assume the statement of the lemma holds for a graph with r — 1
connected components, at least two edges, and n vertices.

Let G; be GU1v; and G, be (GU 1v;)\1vr.

Consider then the following exact sequence:

0— HCp—2(A(G2)®) = HCn_2(A(G)") = HCp_2(AG1)®) iR
HCn—3(A(G2)€) = HCh_3(A(G)€) — HCn3(AG1)) 2
HCp—4(A(G2)€) — HCr_a(A(G)C) — HCn_a(AG1)) N

Or—1

HCn—2+1(A(G2)¢) = HCh24n (A(G)C) = HCh—@1n (AGD) ==
HCn—14n) (A(G2)%) = HCn—14n) (A(6)C) = HCr—(14n (A(GD) — 0

By the induction hypothesis, HCx(A(G2)C) is zero for k< n—1) — 24+ G —1)=n— Q2 +71)
and HCi(A(Gy) is zero for k <n— (2 + (r —1) =n — (r + 1). This implies then by exactness that
HCL(AG)) =0 for k<n— 2 +71).

Now we will show that the ranks of a1, ..., ar—1 are zero which will give, by exactness of
the above sequence, that HCn_»(A(G)C) is isomorphic to the homology group of HCy_2(A(G*)C),
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and for n —2>k>n— 2 +r), HG(AG) ) = Bwi=m_2)k HCk(AG})). For k <n— (2 +71),
HCy(A(G)) =0.

Note that since G; and G have r — 1 connected components, we know that HCh_3(A(G1)€) is
isomorphic to HCp_3(A(G})S), and HCy_3(A(G2)®) is isomorphic to HCp_3(A(G%)C). Since G* and
G; are connected graphs where G5 = G} /1v;, we can then use the same argument that was used in
the base case to show that the rank of «; equals zero (simply replace 1v, with 1v, in the argument).

By the induction hypothesis, we know that forn —2>k>n— (r+1),

HG(AGD) = @ HG(A((G]) ) ).

[W|=(n—2)—k
where W is a subset of {vy, ..., v,_1}, since the r — 1 connected components of G1 are C;{ UCr U 1v,,
Cy,...,Cr_1. We also know that for n — 3 >k > (n — 1) — (r + 1), HC(A(G)S) =
@lW\:(n—3)—k HCk(A((Gﬁ)W)C), where W is a subset of {vj,...,v,_1}, since the r — 1 connected

components of G, are (C; UCy)/1vy, Co,..., Cr_gq.
Consider the map o between HCp_11)(A(G1)¢) and HCp_(112)(A(G2)C). We know that

HCn_ 141 (A(G1)€) = ) HC-1 (A((GT)))
WI=(1-2)~(n—(+1))

= @ HG i ((A67)y))

W|=I-1

and that

HCya42)(AG2)) = ) HC+2) (A((63)w))
W =(n—-3)—(n—(1+2))

= P HCw(4((G3)y) )

W=I-1

So ¢ is the map between

D HCwn((4(GF)y)) and P HCr_wsz(A((G3)y))-

IW|=I-1 W|=l-1

In particular, ¢ is the boundary map 9 with respect to HCn,(lH)(A(G)C). So it acts the same
as the boundary map with respect to HCn,(Hz)(A(G])C) except that it allows 1 and v, to be in
the same block. Notice that in both direct sums we are choosing subsets W of size | — 1 from the
set {va,..., vr—1}. Notice that G5 = G]/1v,, so a homology representative of HCn_(,H)((A(GT)W)C),
which has 1 and the elements of W together in the first block of each of its terms, must map into
HCn—42)(A(G3)w)C). Thus,

o D HOan((AEDW))) = B anlHCan(4(67)))),

W=Il—1 W|=I-1

and it suffices to show that the rank of

o HCu ) ((A(G7) ) ) = HCna2) (4(63),))

is zero for each W. Notice that for each W, (G5)w = (G))w/v,. This implies then that we can use
the same argument that was used in the base case for r =2 to show that the rank of «; is zero; in
that argument simply replace G with (G))w, G2 with (G3)w, and v, with v;.
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We know now that the rank of ¢; is zero. So by exactness, we know that
HCn—4+1)(A(G)C) = HCp_ 41, (A(G2)E) @chf(m)(A(GOC)

= P HG-wn(A((63))) B HG-win(A((67),)°)

|U|=1-2 IVi=l-1

= P HGwn(AGH/v)) B HGwn(4(Gh))
|U|=1-2 V|=l-1

Uc{va,....,vr—1} VEiva,..,vr-1}

= @ HCgn(AGH))

[Wl=l-1
Wc{va,... vl

Setting k =n — (I4+ 1) in the last formula gives the desired result. O
Using Theorem 4.9 together with the above theorem, it follows immediately that:

Corollary 5.2. The kth homology group of A(G)€ has a set of homology representatives which are in bijection
with the set {A(G},, 1) | |[W| =n — 2 — k} where A(Gj},, 1) is the set of acyclic orientations of G}, with
a unique source at 1.

From Theorem 5.1, we then obtain the following corollary about the dimensions of the homology
groups of A(G)C.

Corollary 5.3. Forn — 2 > k > n — (2 +r) the dimension of HCi(A(G)) is

r—1 1, .,
((n—2)_k) ﬁ|Xc(0)’,

where x [ (1) is the rth derivative of xc ()). Further, fork <n — (2 +71), HC(AG)) =0.
In order to prove this corollary, we will need the following lemma.

Lemma 5.4. Let G be a disconnected simple graph with r connected components. Let W be defined as in

Proof. Suppose G"jv has m edges of the form 1v; where 1<m<r—1 and 2 <i <r and the other
r—1—m edges of the form 1v; are contracted. Also, recall the well-known result that if a graph has
r disconnected components, then the smallest power of A in x¢c(A) is A". It is also well known that
for a graph, G, with r connected components, xg(A) = xc; * - * X,

The proof will follow by induction on m. Suppose Gj;, has one edge of the form 1v;. (So G}, is the
graph G*/{1v,,...,1v;_1, 1vj41,..., 1v;}.) Without loss of generality, assume i =r. Then Xcy, ) =
Xcy,—1v,(A) = Xcz,/1v, (1) and therefore Xé’&v ) = X(/;T/\/*lvr()») - Xéwm(k). Note that G}, — 1v;,
is disconnected, so Xé;* _1y. () does not have a constant term. Thus, |X(/;* ) = |X(/;>« v 0)] =

w r w w r

1
ﬁIX(r;(O)I=|X(/;W1vr(0)|=lxé;;v(0)l-
By way of induction, assume that for G}, with m — 1 edges of the form 1v;, |x(/;* )] =
w
|Xé*/(1vZ...<,1vr}(0)|' Suppose that G}, has m edges of the form 1v; not contracted and without loss
of generality suppose they are 1v,,..., 1v,_nt1. By deletion-contraction, we know that Xat, n) =
XG5y —1vr_mpr A = XG3, /19—y M), Which implies that X(/;’\iv ) = Xéf/\/_h’r—erl ) — Xéf,v/lv,,mﬂ A).

Since Gy, — 1vy_m41 is a disconnected graph, Xé’&v‘“’r—mﬂ (0) = 0, and therefore |Xé%(0)| =
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|Xé’§v/1vr_m+1 (0)]. The graph G}, /1v;_my1 has m — 1 edges, 1v, ..., 1v;_py2, not contracted. By

,,,,,,,,

ok A(Cr) /AT = x¢ /AL, Therefore, L|x%(0) = X6 1v,... 10y O O

Proof of Corollary 5.3. The second part of the statement has already been proven, so it suffices to
prove the first part of the statement.
In Theorem 5.1, we proved that forn —2>k>n— 2 +r),

HG (A(G)) = @ HC(AGH)O).
IW=(n—2)—k

Suppose then that W is a subset of {vy,..., v;} of size (n —2) — k. We must determine the dimension
of HCk(A(G*‘;V)C). Notice that G}, is a connected graph on n — ((n —2) — k) =k + 2 vertices, so Theo-

rem 4.7 implies dim HCk(A(G*‘;V)C) = lxé% (0)|. From Lemma 5.4 then dim HCk(A(G*‘jV)C) = %le(O)l
. —1
and thus dim HC,(A(G)®) = Bywi—m_2)—k 11 X6 O] = ((niz)_k)%mg(on. o

As with Theorem 3.2, there is an algebraic interpretation of the above theorem. Namely, no-

tice that the elements of A.(G)C are in bijection with the cyclic words [Dq,..., Dy12] where
D; € C[x1,...,x,]/I where I is the ideal generated by {x;x; | ij is an edge of G} and [D1, ..., Dy43]
is an ordered partition of xq, ..., x; with x; € D1. So we have the following corollary.

Corollary 5.5. Forn — 2 > k > n — (2 + r) the dimension of the multilinear part of the kth cyclic homology
group of C[xq,...,x5]/1 is ((nz;_k)% | X (0)|, where x[ (%) is the rth derivative of x¢(}). Further, for k <
n — (2 +r), the dimension of the multilinear part of the kth cyclic homology group of C[x1, ..., xn]1/I equals
zero.

Using this fact, we are now able to prove the following theorem about the homology of A(G), for
a graph G on n vertices with r connected components. Notice that this theorem is a generalization of
Theorem 4.4. Also, in the following theorem we assume that G has at least two edges.

Theorem 5.6. Let G be a graph on n vertices with r connected components and at least two edges. Then the
dimension of the (n — 3)rd homology group of A(G) is %|X6(0)| + (n — (r + 1)), where x[.(}) is the rth
derivative of xc(A). For k >n — (2 +r), the dimension of HC,(A(G)) equals

n—1 r r—1 1, .,
(l{—l—])_((n—Z)—k>+<(n_2)_(k+1)>E|Xc(0)|-

Further, for k <n — (r + 2), the dimension of HC,(A(G)) equals the dimension of HCy(A(Ep)).

Proof. We know the homology of A(G)€ from Lemma 5.1. So consider the following exact sequence:

[ On—2

0 — HCp—2(A(G)) = HCh—2(A(Ep)) bg HCr2(A(G)°) =

On-3

HCh_3(A(G)) 2 HCos (A(ED) 23 HCu3(AG)C)

P-4 Pn—a

_
HCy—a(AG)) 2= HCy_a(A(En)) 22 HCy_a(A(G)C) 228

HCW(AG)) 25 HOW(A(En) 25 HC (A6)F) 2



612 S. Crown / Journal of Combinatorial Theory, Series A 116 (2009) 595-612

We begin by showing that for n —2 >k > (n — 2) +r the rank of g is (
will be able to deduce the dimensions of the homology groups of A(G).

Suppose n — 2 > k > (n — 2) + r. From Theorem 5.1 we know that HC(A(G)C) =
€B|W|:(n_2)_k HCk(A(G;jV)C). For each W, G, is a connected graph where each term of each ho-
mology representative has the vertex 1 U W in the first block. In particular, the first block then
corresponds to a subset of {2,...,r} of size (n — 2) — k. Recall that the homology representatives of
HCr(A(Ey)) are in one-to-one correspondence with the subsets, A, of {2,...,r} of size n—k — 2. In
particular, recall that each homology representative has 1 U A in the first block of each chain and is
the signed sum over the permutations of {2, ...,r} — A. This means then that a homology representa-

tive of HC(A(Ep)), corresponding to the set A, is mapped to HCy(A(GY,)) where W = A. Therefore
there are ((n:;;_k) homology representatives of HCi(A(E,)) that are mapped to nonzero linearly
independent terms in HCy(A(G)S) by B.

Using the fact that the rank of gy is (

(ni;)]_k), and from this we

(n:)ik), the nullity of 8, (which by exactness is the rank

of ¢y) is (,':;11) — ((ni;;ik). We also know that the rank of By, (which by exactness is the nullity
) -1 . . . -1

of 1) is ((n—zg—(k-ﬂ))' Then the rank of a (which is the nullity of ¢) is ((n—2§—(k+1))%|x(r7 )] —

((n—2;:zk+1))' Thus, for n —2 >k > n — (r + 2), the dimension of HCi(A(G)) is

n—1 r—1 r—1 1, ., r—1
(k+1>_((n72)71<)+<(n72)7(k+1)>ﬁ‘xc(o)|_<(n72)7(k+l)>

n—1 r r—1 1, .,
:<k+l)7 ((n—Z)—k)+((n_2)_(k+1))ﬁ‘Xc(0)’~

Plugging in n — 3 into the above formula for k gives that the dimension of the top homology group
of HC(A(G)) is HIxEO)] + (1 — (r+1)).
For k=n — (r + 2), HC,(A(G)€) =0, so the rank of Bn—r+2) =0 and the nullity of B;,_¢42) =

-1
(n—qrs2)41)- Thus,

. _ 1
dim HCy_42) (A(G)) = <n " r11) +olxc@[=1. o
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