Journal of Combinatorial Theory, Series A 120 (2013) 843-871

Contents lists available at SciVerse ScienceDirect

Journal of Combinatorial Theory,
Series A

www.elsevier.com/locate/jcta

Tower tableaux ™ )

CrossMark

Olcay Coskun, Miige Taskin

Bogazici Universitesi, Matematik Boliimii, 34342 Bebek, istanbul, Turkey

ARTICLE INFO ABSTRACT
Article history: We introduce a new combinatorial object called tower diagrams
Received 5 September 2012 and prove fundamental properties of these objects. We also

Available online 1 February 2013 introduce an algorithm that allows us to slide words to tower

diagrams. We show that the algorithm is well-defined only for
reduced words which makes the algorithm a test for reducibility.
Using the algorithm, a bijection between tower diagrams and

Keywords:
Reduced word
Finite permutation

Tower diagram finite permutations is obtained and it is shown that this bijection

Sliding algorithm specializes to a bijection between certain labellings of a given
tower diagram and reduced expressions of the corresponding
permutation.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

It is well known that the symmetric group S, on n objects is generated by the set {s1,s2,...,S1—1}
of all adjacent transpositions, with the usual notation. A product of these generators is called a
word. A basic problem raised via this observation is to determine the set of words which, when
multiplied, give the same permutation in S;. A simple reduction is obtained by considering the
set of reduced words, words containing the minimal number of transpositions giving the permuta-
tion.

The study of reduced words is initiated by a work of Stanley [9] where he proved a formula
for the number of reduced words corresponding to the longest permutation. After Stanley’s alge-
braic proof, there appear several other combinatorial proofs by Edelman-Greene [3]| and Lascoux-
Schiitzenberger [6].

There are also works that generalize this result of Stanley to an arbitrary permutation. Some of
which use balanced tableaux [4] of Edelman-Greene, RC-graphs [1] and plactification map [8], see
also [2].
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On the other hand, our approach is based on tower diagrams. By a tower diagram, we mean a
diagram in the first quadrant of the plane that consists of finitely many vertical strips with bottoms
on the x-axis, see Section 2 for a precise definition. An example of a tower diagram is shown be-
low.

EEEE

The results of the paper can be summarized via the following diagram.

tower finite
diagrams <«----------------------- >~ permutations
standard - words on Z* ___, words on Z*

tower tableaux<+—— SR not terminate

AN

reduced words
on Z*

Next, we provide an explanation of the above diagram. In Section 2, we first define a special
labelling of tower diagrams, called standard tower tableau. Then we define the sliding and recording
algorithm (SR algorithm, for short) on all finite words over Z*, not necessarily reduced. This algorithm
lets us slide words to the plane with the x-axis being the border, on reverse diagonal lines, subject
to certain conditions. As a result, when the algorithm terminates with a result, we obtain a standard
tower tableaux corresponding to the given word. Conversely, we introduce a reading function which
reads a word on Z™* from each standard tower tableau.

In Section 3, we prove that the SR algorithm does not terminate if and only if the word is reduced,
which gives us the equality seen above. Therefore we obtain our first main result that there is a
bijection from the set of all reduced words to the set of all standard tower tableaux given by the
reading function and the SR algorithm. Moreover with this result, the sliding algorithm becomes an
algorithm which also tests if a given word is reduced or not. Another algorithm that can be used to
check reducibility is introduced by Edelman-Greene in [3]. They use a generalized RSK-algorithm to
associate a pair of tableaux to any word. Then the reducibility is detected by certain conditions on
the tableaux and, in some cases, one needs to use braid relations to check reducibility of a certain
tableau word.

The second main result of the paper establishes a connection between tower diagrams and permu-
tations, shown by dashed arrows in the diagram. This is done by showing that the sliding algorithm
associates the same tower diagram to two different reduced words if and only if the words are
braid related, that is, they correspond to the same permutation, see Theorem 4.1. In particular, any
given tower diagram 7 determines a unique permutation w7, and vice versa, any permutation ®
determines a unique tower diagram 7,. Moreover we establish an explicit bijective correspondence
between

1. the set Red(w) of reduced expressions of a given permutation @ and
2. the set STT(7,,) of standard tower tableaux of shape 7.

The next question is to determine the set Red(w) using the above bijection. It is possible to describe
all standard tower tableaux of a given shape by a recursive algorithm. We describe this in Section 4.
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Then the reduced words corresponding to a given set of standard tower tableaux is given by the
reading function. However, the algorithm, being recursive, is slow. A faster and systematic algorithm
that uses tower tableaux will be introduced in a sequel to this paper.

About the determination of the cardinality of Red(w), we prove, in Sections 6 and 7, that our
construction can be used to determine the Rothe diagram of the permutation @ and vice versa the
Rothe diagram determines the tower diagram of w. Therefore the above cardinality can be evaluated
by using the techniques in [8]. A remark about this construction is that although it is straight-
forward to determine the tower diagram from the given Rothe diagram, the converse is tricky. In
order to determine the Rothe diagram, we associate a virtual tower diagram to the permutation
and show that together with the tower diagram, the virtual tower diagram recovers the Rothe di-
agram.

However this observation does not mean that the two constructions, tower diagrams and Rothe
diagrams, are equivalent. A trivial observation is that any tower diagram corresponds to a permuta-
tion. On the other hand, Rothe diagrams cannot be chosen arbitrarily. Another important feature of
tower diagrams is that they unearth certain information regarding the reduced words that cannot be
read from the Rothe diagram.

An example of such an information is the existence of the natural word of a permutation, in-
troduced in Section 5. The natural word for a permutation is the reduced word which consists of
(strictly) increasing subsequences of consecutive integers in which the subsequence of the initial
terms of these sequences is strictly decreasing. This word comes canonically with the associated
tower diagram. As far as we know, no special attention was paid to the natural word previously.
This canonical word is already used crucially in Section 7 in relation with the problem of deter-
mination of the Rothe diagram from the tower diagram. More importantly, it will be the main
tool in the construction of the above mentioned algorithm in a sequel where we also introduce
a variation of the selection sort algorithm on reduced words. See [5] for the selection sort algo-
rithm.

2. Tower diagrams and tower tableaux

In this section, we introduce tower tableaux together with their basic properties. First, recall that
a sequence of non-negative integers T = (71, T2, ..., T) is called a weak composition of n if each term
7 of the sequence is non-negative and they sum up to n.

By a tower T of size k > 0 we mean a vertical strip of k cell cells of side length 1. On the other
hand, a sequence 7 = (71, T2,...) of towers in which only finitely many towers has positive size is
called a tower diagram. We always consider the tower diagram 7 as located on the first quadrant of
the plane so that for each i, the tower 7; is located on the interval [i — 1, i] of the horizontal axis and
has size equal to the size of ;.

Let 7= (T1,72,...) be a tower diagram and let 7; (resp. 7;) be the first (resp. the last) tower of
T with non-zero size. Then we abbreviate 7 as 7 = (7;, ..., 7Tj).

Now let 7; denote the size of the tower 7;. It is clear that the sequence 7 = (tj,...,T;) is a
weak composition of the size of 7. Here the size of a tower diagram is defined by the sum of the
sizes of its towers. Conversely, it is natural to represent a weak composition t = (11, 72,..., T¢) by a
tower diagram which consist of a sequence of towers 7 = (71, 72, ..., Tx) with the size of 7; equal
to 7;.

To any tower diagram 7, one can associate a set, still denoted by 7, consisting of the pairs of
non-negative integers with the rule that each pair (i, j) corresponds to the cell in 7 whose south-
east corner is located at the point (i, j) of the first quadrant. Such a set can also be characterized by
the rule that if (i, j) € T then {(i,0), (i, 1),..., (i, j)} C T. For the rest, we identify any cell with its
south-east corner.

Example. For the weak composition T =(0,1,4,2,1,0,4) the corresponding tower diagram 7 and
the corresponding set 7 are given as follows.
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T= {(2, 0),3,3),3,2),3,1),3,0),4,1),4,0),(5,0),(7,3),(7,2),(7,1), (7, 0)}

Writing (n) for the trivial weak composition, we can think of any weak composition 7 =
(11, T2, ..., Ty) as a concatenation of trivial weak compositions

T=(T)U(T2) U+ U (Tg)-

In a similar way, we can regard any tower diagram 7 = (7;,...,7;) as a concatenation of its towers
and write

T=T)U T U---u(T).

It is straightforward that the concatenation of towers can be generalized to the concatenation of two
tower diagrams provided that one tower lies completely on the right of the other one.

A basic operation to obtain new tower diagrams from old is to let some cells fly from the dia-
gram. The reason for this operation will become clear later when we introduce the reading word of a
labelled diagram. We define the flight as follows.

Definition 2.1. Let (i, j) be a cell in 7.

i) The cell (i, j) lies on the diagonal line x + y =d if its main diagonal is a part of x + y =d, that is,
ifd=i+j.
ii) The cell (i, j) is said to have a flight path in T if one of the following conditions is satisfied:
(F1) (Direct flight) The diagram 7 has no cell to the left of (i, j) lying on (and therefore above)
the diagonal x+ y =i+ j — 1. In this case the flight path of (i, j) in 7 is defined by

flightpath((i, j), 7) := {(, »)}.

(F2) (zigzag flight) Among all cells of the diagram 7 lying on the diagonal x+y =i+ j—1 and
to the left of (i, j), the one closest to (i, j), say (i, j*), has a flight path and (i, j’+1) € T.
In this case the flight path of (i, j) in 7 is defined by

flightpath((i, j), 7) := {(. j). (', j' + 1) } U flightpath((i’, j'), 7).

iii) If (i, j) has a flight path in 7, let (i, j’) be the minimum element in the flight path of (i, j) with
respect to the lexicographic order. Then the number i’ + j’ is called the flight number of the cell
(i, j), denoted by

flight#((i, )2 T).
iv) The cell (i, j) is called a corner cell of T, if (i, j+ 1) ¢ 7 and (i, j) has a flight path.

v) Let c = (i, j) be a corner cell in 7. The tower diagram obtained from 7 by removing the corner
cell c is denoted by

cNT.
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Remark.

1. One can easily observe that if two cells have the same flight number in 7 = (71, 72, 73, ...) then
they have the same flight number in (73, 73, ...). Thus if (i, j) and (i’, j*) are two cells in 7 with
(', j)) is lexicographically smaller, then both cells have the same flight number if and only if both
(', j) and (i, j/ + 1) lies in flightpath((i, j), 7).

2. We sometimes consider the flight path of a cell (i, j) as the trace of the south-east corner of
(i, j) on the plane. Hence by a flight path, we mean a zigzag line as seen in the examples below.

Example. We will consider the tower diagram 7 which corresponds to the weak composition 7 =
(0,1,4,2,1,0,4) of the previous example. We first show that the only cells without a flight path are
3,0), (4,0), (5,0), and (7, 0), as the following diagrams illustrate respectively.

CE M e A LCEES 1 L

First observe that the cell (2, 0) is the closest cell to (3, 0) lying the diagonal x + y = 2, to the left
of (3,0). One can easily see that the cell (2,0) has a flight path which consists only of the cell (2, 0)
itself. On the other hand, (2, 1) does not belong to 7 and therefore (3,0) has no flight path in 7.
Similar reasoning also applies to the cell (7, 0).

The closest cell lying to the left of (4,0) on the diagonal x + y =3 is (3,0). Now if (4,0) has
a flight path then it must contain the cell (3,1) and the flight path of (3,0). On the other hand
although (3,1) belongs to 7, the cell (3,0) has no flight path, so (4,0) has no flight path in 7.
A similar argument applied on the cell (5, 0) shows that it has no flight path in 7.

We now illustrate the flight paths of (3,1) and (4, 1) by the following diagrams.

T M L

Here the flight paths are given by

flightpath((3,1), 7) = {3, D},
flightpath((4,1), 7) ={(4,1),(3,2), 3, D}

whereas corresponding flight numbers are both equal to 4. Moreover (4, 1) is a corner cell in 7 since
it is also a top cell.

One can easily check that the remaining cells in 7 also have flight paths. On the other hand,
among all of them, the cells (2, 0), (3, 3), (4,1) and (7, 3) are the corner cells in 7.

In the next lemma, we examine the relation between consecutive flights of cells. This technical
lemma will be used in Section 4. We postpone the proof of this lemma to Appendix A.

Lemma 2.2. Let 7 be a tower diagram and c1 = (i, j1) and ¢y = (i, j2) be two cells in the tower T; of T.
Assume that c; and c, have flight paths with respective flight numbers f1 and f. Then | f1 — fa| > |j1 — ja2l-
Moreover if |j1 — j2| =1then |f1 — fo| =1.
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Since one of our aims is to relate labelled tower diagrams to words, next we specify the kinds of
labelling that will be used through the rest of the paper.

Definition 2.3. Let 7 be a tower diagram of size n and f:7 ~ [n] be a bijective map. Here we put
[n]={1,2,...,n}. Then

i) The set

T={[G ). fa.H]|G HeT}

is called a tower tableau of shape T . In this case we write shape(T) =7.
ii) Given a tower tableau T of size n and a € [n], the set

T<o:={[i.j).b] €T |b<a}

is a (not necessarily tower) subtableau of cells in T whose labels are less then or equal to a.

iii) A tower tableau T of shape 7T is called a standard tower tableau if for each [(i, j),a] in T, the
tableau T, is a tower tableau and moreover the cell (i, j) is a corner cell of the diagram
shape(T<q).

iv) The set of all standard tower tableaux of all shapes is denoted by STT.

Example. Let T = (2,1, 0, 1). Then the standard tower tableaux of this shape are given as follows.

4] 4] 4]
3 2 3

3]
2

2] [1] 1] [3] 1] [2] 4] [1]

3 2 2
1]4] [2] [1]4] [3] [1[3] [4]

On the other hand, the labelling

3]
2

1] [4]

3
1[2] [4]

of (2,1,0,1) is not a standard tower tableau since the cell labelled by 2 is not a corner cell of T;.

Next we introduce the reading function

Read:STT — W(Z1)

from the set of all standard tower tableaux to the set W(Z™) of all finite words over Z* as follows.
This definition justifies the choice of the standard labellings defined above.

Let R be a standard tower tableau of size n. Then for each k € {1, ..., n} the cell labelled by k in R,
say (i, jk), is a corner cell in shape(Rg) and therefore it has a flight path in shape(R). We let

ot = flight#((ig, jk), shape(R<y)).

One can easily see that if (iy, ji) satisfies (F1) then ay =iy + ji otherwise oy =iy + jr — frx where fj
is the number of times that (F2) is used in the construction of flightpath((ir, ji), shape(R)). Finally
let

Read(R) := 1 --- 0t - - - Otyy.

We call the word Read(R) the reading word of R.
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Example. The reading words of the standard tower tableaux given in the previous example are listed
below.

4212, 2142, 2412, 4121, 1421, 1241, 1214, 2124.

For the rest of the paper, basically, we analyse the reading function and an inverse of it. We leave
this function alone until the end of Section 3.

3. Sliding and recording algorithm

The main tool in defining a function from the set W(Z") of words to the set STT of all standard
tower tableaux is the sliding and recording algorithm that we shall define in this section.

As a preparation to the definition, we first introduce the basic move for the algorithm, called
sliding into a tower diagram. This is a way to enlarge a tower diagram by sliding a new cell into it. As
one would expect, the new cell will have a flight path which can be specified through sliding. We also
prove a couple of lemmas to clarify the relation between consecutive slides. In particular, we show
that the slide operation satisfies braid relations. We begin with the definition of the slide operation.

Definition 3.1. Let 7 = (71, 72,...) be a tower diagram and « be a positive integer. In the following
we denote the sliding of « into T by

aNT =aN(T1, T, - ..)
(S1) If 7 has no squares lying on the diagonal x + y =« — 1 then we put

aNT = (T1, .o Tac) U (T, .. ).

(a) If 7 has no squares lying on the diagonal x + y = « then necessarily 7, = # and for 7, =

{(a, 00}
aN(Tan..)=(Tg,...) and a™T = (Tq - Ta—1. Tos Ta+1, - )

(b) If (&r,0) € Ty and (@, 1) ¢ Ty then the slide ™7 terminates without a result.
(c) If (a,0) € Ty and (¢, 1) € Ty then

aNT = (Th, ..., T U@+ 1D (Tas1,...)

and o7 terminates if and only if (o + 1) (71, ...) terminates.
(S2) Suppose now that 7 has some squares lying on the diagonal x+ y =« — 1 and let 7; be the first
tower from the left which contains such a square, which is necessarily (i, — 1 — i) for some
1 <i < «. Then we put

aNT = (T1,..., Tic)ua (T, ...).
(a) If (i, —1) ¢ T; then for T/ =T; U{(i,x — 1)},
(T = (T7....) and a™>T:= (T Tic1, T, Tix1s--.).

(b) If (i, —i) € 7; and (i,oc —i+ 1) ¢ 7 then the slide a7 terminates without a result.
(c) If i, —i)eTjand (i, —i+1) € 7; then

aNT = (Th, ..., TH U@+ 1D N(Tig1,...)

and o ™7 terminates if and only if (o + 1) (741, ...) terminates.

Therefore if the algorithm does not terminate then o ™~7 :=7 U {(i, j)} for some square (i, j).
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Example. Let 7 = (71, 72,73, T4, 75, 76, T7) = (1,0,4, 2,0, 0, 2) be the tower diagram shown below.

:

LBl b

For the sliding 17, observe that 7 has no cells on x + y = 0. Here (1,0) € 77 but (1,1) ¢ 71,
therefore by (S1)(b), the slide 1“7 terminates.

For the sliding 27", observe that 77 is the first tower from the left which has a cell on x4+ y =1.
Here (1,0) € 77 but (1, 1) ¢ 77. Therefore by (S2)(a), the sliding 2’7 creates a new cell (1, 1) on top
of 71 which is indicated by a star in the above picture.

For the sliding 37, observe that 7 has no cells lying on x+y =2, and (3,0) € 75 and (3,1) € T3.
Therefore by (S1)(c)

3NT =(Th, T2, T3) U4 (Ta, T5, Te, T7)

which is indicated by a zigzag line as above. Here the slide 4™ (73, Ts, 76, 77) also satisfies (S1)(c),
therefore

3INT =(T1, T2, T3) U4 N(Ta, Ts, Te, T7) = (Ti, Ta, T3, Ta) U5 X(T5, Ts, T7).

Now 5™(Ts, Tg, T7) satisfies (S1)(a), therefore sliding 37 creates a new cell (5,0) at the end which
is indicated by a star above.

The sliding of the numbers 4,5,6,7,8 and 9 on to 7 is illustrated by the following diagrams
respectively, where the stars represent the new cells created by the non-terminating slides. The veri-
fication is very similar to the one above and is left to the reader.

E

:

In the following we make precise the relation between sliding of a number and flight number
of a cell by proving that they are mutually inverse processes. The proof of this result relies on the
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observation that the flight path of a cell is travelled in the reverse direction by the slide of the flight
number. We give below the detailed proof of the first part and leave the proof of the second part.

Lemma 3.2. Let T be a tower diagram.

(a) If « is a positive integer such that T = T U {d} for some cell d, then d is a corner cell in o T and
moreover

flight#(d, o ¥T) = a.

(b) If ¢ is a corner cell with flight number f, then
BX(NT) =T.

Proof. (a) We consider the case that d = (i, j) is created by a7 subject to either (S2)(a) or (S2)(c)
of Definition 3.1.

If d= (i, j) is created subject to (S2)(a) then d = (i, — i) and no tower to the left of 7; contains
a cell on the diagonal x+ y = a — 1. Therefore d in o ™7 satisfies (F1) of Definition 2.1 i.e., it is a top
cell having a flightpath which consists only of itself. Hence its flight number in this tableau is also c.

Now if (i, j) is the cell created by ™7 subject to (S2)(c) of Definition 3.1, then no tower to the
left of 7; contains a cell on the diagonal x + y =« — 1. Furthermore (i, —i) €7;, i, —i+1)eT;
and

AT :=(T1, ..., TDU@+ D) Tix1,.... o).

In this case, d lies in (o 4+ 1)~ (Ti41, ..., Tx) and the size of (Ti41, ..., Tx) is strictly less than the size
of T.

By induction on the size of the tower diagram, we may assume that d is a corner cell of (o +
1)N(Tit1, ..., Te) and that its flight number in this tableau is (a + 1). Therefore the flight path of
d in (o + 1)>(Ti41, ..., Te) contains some cells lying on x+y =« + 1 and let (i, j) € Ty be the
lexicographically first among all such cells in this tableau. Hence no towers between 7; and 7y has a
cell lying on x4+ y =« + 1. Observe that

flightpath(d, 7) = flightpath(d, (& + 1) (Tis1, ..., Tx)) U flightpath((i’, j'), T)

and that (i, —i+1) of 77 and (i’, j') € Ty lies in the same diagonal x + y = « + 1. Therefore by (F2)
of Definition 2.1

flightpath((i', j*). 7) = {(i’. j'). (i, @ — i + 1)} U flightpath((i, o — i), T).

On the other hand flightpath((i, @ — i), 7) = {(i,« — i)} by (F1) of Definition 2.1. Now (i, @ —i) is the
lexicographically first cell in flightpath(d, 7). Therefore the flight number of d in 7 is « as desired.
We will skip the case defined by (S1)(a) and (b), since the related analysis is very similar. O

Our next aim is to describe the relations between consecutive slides. We state these result as two
separate lemmas. Because the proofs of the lemmas are technical and very long, we include them in
Appendix A.

The first lemma examines the case where the integers that are to be slided are far away from each
other.

Lemma3.3.Let T = (T1,..., Tx) be a tower diagram and « and B be positive integers satisfying | — | > 2.
Then either the equality

a(5VT) = (e T)

holds or both slides terminate.
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The remaining case is where the numbers that are to be slided are close to each other is given in
the following result.

Lemma 3.4. Let T = (71, T2, . ..) be a tower diagram and « be a positive integer. Then either the equality

a (e + DM (a™T)) = @+ 1) ¥ ((@+1)NT))

holds or both slides terminate.

Now we introduce a sliding and recording (SR) algorithm (sliding algorithm, for short) on the set
of finite words on Z* which produces a pair of tower tableaux of the same shape, whenever the
algorithm does not terminate. We shall prove that one of these tableaux is canonically determined by
the shape of the tableau whereas the other is standard. In particular, we shall obtain a criterion on
words to be in the image of the reading function defined in Section 2.

Definition 3.5. Let & = 13 - -- &, be a word on Z*. Then SR (sliding and recording) algorithm on o
produces, if it does not terminate, two tower tableaux of the same shape, the sliding tableau S(«) and
the recording tableau R(«). These tableaux are obtained through a sequence of pairs of the same shape
tower tableaux

(sls R])a (525 Rz)a R (Srh Rn) = (s(a)v R(a))

where S1 = {[(«1,0), 2]} and Ry = {[(«1, 0), 1]}, and for 1 <k <n, S, (and Ry) is obtained by sliding
oy over Si_1 (and respectively Ry_1) by the following rule:
Let Tr_q := shape(Si_1) = shape(Rx_1). If & ~Tr_1 := Tr_1 U{(i, j)} then we put

Ski=a Sk =Sk UL[G ), i+7]), Rer=a Rt = R U{[ AL ). K]}

Otherwise SR algorithm terminates without a result.
We denote the set consisting of all words on Z* on which SR algorithm does not terminate by

SRW(Z™1).

Example. Sliding and recording algorithm applied on the word o = 784534561 gives the following
tower tableaux S(c«) and R(«), respectively.

R@) =

Let 7 = shape(S(«)) = shape(R(«)). Recall from the previous example that the only numbers
whose sliding into 7 do not terminates are 2, 3, 5, 7, 9 and any integer > 9. Below we illustrate
the sliding of these numbers into S(«) respectively. Note that for an integer k > 9 the sliding of k
into S(«) is obtained by adding [(k, 0), k] to S. For finding the recording tableaux, on the other hand,
one only need to label the new cell in each tableaux by 10.
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Our next aim is to classify the sliding and recording tableaux. The classification of the sliding
tableaux is easy.

Lemma 3.6. For every o € SRW(Z™), the sliding tableau S(w) is canonically determined by its shape. More-
over if o’ is another word in SRW(Z1) satisfying shape(S(«)) = shape(S(a’)) then o and o’ has the same
sizeand S(a) = S(a)).

Proof. The first statement follows from the definition of the sliding tableaux directly. Indeed, it is
clear that the cell (i, j) in S(«) has label i + j. For the second statement it is clear that two tableaux
have the same number of cells and so do the two words by the sliding algorithm. The other statement
follows from the fact that for any tower diagram the associated canonical tower tableau is unique. O

As the lemma shows, the sliding tableau is uniquely determined by the shape of the corresponding
recording tableau. Hence after this point, we will forget the sliding tableau and concentrate only on
the recording tableau.

Regarding the recording tableaux, the classification is done by standard labelling as follows.

Lemma 3.7. Let &« = o1 - - - oty be a word in SRW(Z™1). Then R(«) is a standard tower tableau.

Proof. We will proceed by induction on the size of «. For any word of size one, the recording tableau
consists of only one labelled cell [(i, 0), 1] for some positive integer i, and clearly it is a standard tower
tableau. Suppose that the recording tableau for any word of size <n — 1 in SRW(Z™) is a standard
tower tableau. Let R(c) be the recording tableau of o = o1 - - - &y € SRW(Z™T). Then «aq - - - op_1q is also
in SRW(Z*) and

R(e) =R(a1 -+ oq—1) U [ (G, ). 1]

for some cell (i, j). Here R(aq---ay—1) is a standard tower tableau by induction and moreover

R(aq1---op—1) =R()gn-1.

Now the definition of standard tower tableau asserts that for each 1 < k <n —1, the cell labelled by k
is a corner cell in the diagram R(o1 ---on—1)<k = R(er1 - - - o) and hence in R(a) k. So we only need
to show that the cell [(i, j), n] is a corner cell of R(a)<p = R(a).

Let shape(R(&) ;) = 7. Then

shape(R(@)) = o \\T =T U{(, )}

where (i, j) is a corner cell in o, \( 7 by Lemma 3.2(a). Hence [(i, j),n] is a corner cell of R(x) as
required. 0O
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By the above results, we have obtained a function
R:SRW(Z*) — STT

from the set SRW(Z™) of words on which the sliding algorithm does not terminate to the set STT
of all standard tower tableaux, defined by sending a word « to the corresponding standard tower
tableaux R().

Recall that we have also defined the reading function

Read: STT — W(Z™).

By Lemma 3.2, it is clear that the compositions R o Read and Read o R are identity on the sets STT
and SRW(Z™1), respectively. As a result, we obtain the following theorem.

Theorem 3.8. There is a bijective correspondence between

i) the set SRW(Z™) of words on which the sliding algorithm does not terminate and
ii) the set STT of all standard tower tableaux of all shapes

given by o — R(«) and R — Read(R).
4. Recording tableaux and reduced words

Our main result on standard tower tableaux is that they parametrize the reduced decompositions
of permutations. Finally we are ready to prove this result. More precisely, we prove that the set
SRW(Z*) of words on which the sliding algorithm does not terminate coincide with the reduced
words for permutations, see Theorem 4.3.

Note further that, the set STT of standard tower tableaux of all shapes has a natural partition
according to shapes. On the other hand, the set SRW(Z™) has a natural partition into classes according
to the corresponding permutation, as described below. The other main result of this section is that
the functions defined in Theorem 3.8 preserve these partitions.

Combining these two results, we conclude that a tower diagram determines a unique permutation.
Vice versa the set of all reduced decompositions of a permutation is in bijection with the set of all
standard tower tableaux of the unique shape determining the permutation we start with.

Now we argue to prove the above results. The symmetric group S, is generated by the set of all
adjacent transpositions

Si={si=G,i+D[1<i<n—1}

subject to the following Coxeter (or braid) relations:

i) sisj=s;js; if [i — j| > 2

i) $iSiy1Si = Si+1SiSit1
iii) sisi=1

where 1 represents the identity permutation. For any w € Sy, an expression w =s;, ---s;, is called a
word representing w. The length of the permutation w, denoted by [(w), is the minimum number of
transpositions in a word representing w.

Now if w =s;, ---s;, and I(w) =k then s; ---s;, is said to be a reduced expression or a reduced
word for w.

To consider all finite permutations at once, we write

liy 5,
n

for the direct limit of the groups S, over all n.
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With this notation, there is a function

S[—1 IW(Z+) — @Sn

n

given by sending any word o = aqoi2 - - - &y over Z* to the permutation represented by the word

Sla] *= Sajaz--oq = SaySay " Sa -

Our next aim is to relate this function with SR algorithm and the reading function. First, we show
that whenever the SR algorithm does not terminate on a pair of words « and g, then the recording
tableaux of o and B have the same shape if and only if they correspond to the same permutation
under sp7). We state and prove this result as two separate theorems. We first have the following part.

Theorem 4.1. Let & = a1---0y and B = By1---Pn be two words in SRW(Z). If sjo = sig) then
shape(R(«)) = shape(R(B)).

Proof. We proceed by induction on the size of the words. One can easily prove the hypothesis for the
words of size < 3. So assume that hypothesis is true for the words of size <n —1.

Since sjq) = (), the words sq,Sq, - - - S, and sg,sg, ---Sg, must be related by a sequence of braid
relations. On the other hand, in order to prove the claim, it is enough to consider the case where they
are related by only one braid relation.

Now if ap = B then we still have that the words sy, Sa, -+ - Sa,_, and sg,Sg, ---Sg,_, are braid re-
lated and by induction, shape(R(«1 - - - &p—1)) = shape(R(B1 - - - Bn—1)). We denote the common shape
by 7.

On the other hand, we have the equalities

R(@) =o' R(@1-+-@p_1) and R(B) = R(B1 -+ fu-1).

Moreover these tableaux are determined by 7 and by the number «;,. Therefore the shapes of
shape(R(B)) and shape(R(x)) are the same.
Next we assume that o, # B,. Then we have two cases:
Case 1. The words siq] and sjg) are related by a single relation of the first type, that is, for some
1<, j<n—1 satisfying |[i — j| > 2, we have sy, , =S;, S¢, =5 and
Sla] = Saq ** S SiS s S[B1 = Say * " SanpSjSi-

Let 7 = shape(R(c - - - ap—2)). Observe that in order to prove our claim, it is enough to show that
the equality

j\‘i\T —iN j\T
holds whenever |i — j| > 2. But this follows directly from Lemma 3.3.

Case 2. The words sjy] and spg) are related by a single relation of the second type, that is, for some
1<i<n—1, Sq,_, =Sa, =Sis Sa,_; = Sit1 and

Slo] = Sary " " Satp_3SiSi+1Sis  S[] =Say " Soun_3Si+1SiSit1-

Let 7 = shape(R(x1 ---op—3)). Observe that in order to prove our claim, it is enough to show that
the equality

NG+ DN =(+ DN+ D) NT

holds. But this follows from Lemma 3.4. O
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The next theorem provides the converse for the above theorem.

Theorem 4.2. Let a = o1 - - - &ty and B = By - - - B be two words in SRW(Z™1). If shape(R(a)) = shape(R(B))
then Sle] = S[B]-

Proof. We argue by induction on the number of cells in R(x). Let

o =010y, B=pB1B2---Bn

and assume the result for all words of length less than n.

Let ¢y (resp. cg) be the cell in R(x) (resp. R(8)) with label n. Note that by this choice, the cells
cq and cg are corner cells in 7 := shape(R(x)).

There are several cases to consider. The easy case is when ¢, and cg are the same cells in 7. In
this case, by Lemma 3.2(a), we have the equalities

oy = flight#(cy, T) = flight#(cg, T) = Bn

and also since the shapes of R(o---op—1) and R(B1--- Bn—1) coincide, the induction hypothesis im-
plies that Sy, ...q,_; = Sg;...6,_; - HENCE S[] = S[g], as required.

For the rest of the proof, we assume that the cells ¢, and cg are different and that the cell ¢y is
on the left.

Let o’ =otq - - oty—1. Then we have R(a') = C;\(R(a)). There remains two cases to consider.

First, the cell cg can be a corner cell in shapeR(c’). In this case, the flight path of cg on the tower
Tx containing c, does not pass from the cell ¢, or the cell just above it. We illustrate this situation
with the following picture.

In particular, on the tower Ty, the distance between the flight paths of the cells ¢, and cg is at
least 2. Therefore, in the first case, by Lemma 2.2, we get that |a; — B;| > 2. The same equality is
obtained also in the second case by an easy modification of the proof of Lemma 2.2.

Now since cg is a corner cell in shape(R(c’)), there is a standard tower tableau of this shape (with
the cell cg labelled by n — 1) with reading word y such that y = y1y2 - ¥n—28s. Moreover, by the
induction hypothesis, we have

Syl = S[’]-

On the other hand, c, is a corner cell in shapeR(B’) where B’ = B182---Bn_1. Hence there is a
standard tower tableau of this shape with reading word § such that § =616 - - - Sp—20tn. Again, by the
induction hypothesis, we have

S =511
Now we have
shapeR(y1y2 -+~ Yn-2) = Cyca T =y T = shapeR (818 -+ n2)

and hence, by the induction hypothesis, we get the equality

Sy1v2 Va2 = 58182802

Therefore using the above equalities, we obtain
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Sler] = S[a15an = S[y1Sam = S[y1y2-Va—215BnSom = S[8182-8n—2150taS By = S[81SBn = S[B'158x = S[B]-

Hence the case is closed.

The final case is the one where cg is not a corner cell in shapeR(a’). In this case, the flight path
of the cell cg should pass from the cell c,. Indeed, the flight path of cg cannot pass from a cell below
cq since, then cg is a corner cell in shapeR(«’) as seen in the previous case. Also note that if the
flight path of cg passes from the cell just above c, then cg cannot be a corner cell in 7. Any other
cell above cy is also not possible since in this case the flight path of cg will not be effected by the
removal of the cell cy. Thus the situation, in shapeR(w), is as follows.

Notice that in the above case, the cell ¢, has a flight path, since the cell cg is a corner cell and must
contain the flight path of ¢, in its flight path. Thus by Lemma 2.2, we get that
|flight# (e, T) — flight#(cy, T)| = 1.

Also since the flight numbers of ¢, and cg are the same, we get

|flight#(ca, T) — flight#(cs, T)| = 1.
Therefore, although cg is not a corner cell in R(a’), the cell ¢, is a corner in R(8’) and also c) is a

corner in c'a\R(/S/). Thus we have the diagram

c;,\covt\c;;\ T.

Furthermore, if the flight number of ¢4 is i, then that of ¢, and ¢, should be i+1 and i, respectively.
Hence if u is a reduced word with recording tableau of the above shape, we get that

shape(R (u(i)(i + 1)(i))) = shape(R(B)).

Since the last term S, of S is i, the word u(i)(i 4+ 1)(i) is braid related to 8 by the first case.

On the other hand, it is clear that ¢, is a corner cell in R(a’). Moreover when ¢, is removed, cg
becomes a corner cell of the new diagram c;,\c:x\T and the flight number of cg in this diagram is the
same as the flight number of ¢, in 7. Thus we have the diagram

NeNAN
CgCyca T
with the flight numbers of cg, ¢, and ¢, given respectively by i+ 1,i and i + 1. Moreover we have

c}c;{\c},\T: c;c;,\c}’f

as tower diagrams. Thus we also have
shape(R(u(i + 1)(i)(i + 1))) = shape(R(e))
and hence u(i + 1)(i)(i + 1) is braid related to « by the first case. Now the result follows since

u(i+ 1))@+ 1) and u(i)(i + 1)(i) are also braid related. O

We have thus proved that each tower diagram determines a unique permutation and vice versa a
unique tower diagram is determined by a given permutation. The next result shows that the words
that we thus obtain are indeed reduced.
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Theorem 4.3. The sliding and recording algorithm does not terminate on the word o = a1y - - - &, that is,
a € SRW(ZY) if and only if the word Sy, Sq, - - - Sa, iS a reduced expression for sq.

Proof. We will proceed by induction on the size of the words. For n =1 both sides of the statement
follows directly. So suppose that both sides of the statement are true for all words of size n — 1 and
let « =aqay--- o be a word on Z7.

We first assume that o € SRW(Z™). Equivalently the SR algorithm does not terminate on « and
therefore it does not terminate the subword a1> - - - @y—1, and by induction argument Sy, So, - - - Sa,_;
is a reduced expression for Spq] - S¢,. Therefore I(Sfq] - So,) =1 — 1 and I(sy) is either n or n — 2.

Now if S, Sq, - - - Sa, 1S DOt a reduced expression then I(sy}) <n and by previous argument it must
be equal to n — 2. So we have I(s[q]) < [(S[q] - Sa,) and hence s - S, has another reduced expression
say Sq:Sqy -+ S, Coxeter related to Sq,Sq, - - Sa,_; Where sor = sg,. Now by the previous theorem,
we have

S(o10t -+ ttn—20n—1) = S = S0yt - -ty _0tn).

Let (i, j) be the cell in S which is obtained by sliding e, in to the diagram S(aje)--- o, _,). Then
(i, j) must be a corner cell in S. On the other hand S(xjc---op_20n_10¢y) is obtained by sliding
another «;, in to S but then this sliding must go through the corner cell (i, j) of S. But since the
top of (i, j) is empty in S this shows that the SR algorithm terminates for aqoz - - - op—1 ¢, Which is a
contradiction.

We now assume that & = a0z ---on ¢ SRW(Z') and let k > 1 be the integer such that SR al-
gorithm does not terminate on oqay---o but it terminates on aqiay---ogak4q. Therefore in SR
algorithm o1 is slided through some corner cell (i, j) of S(xjoez---ay). Therefore one can ob-
tain another word @) --- o, on which SR algorithm produces the same tableau S(ajoz --- o) by
producing the cell (i, j) at the end and therefore o, = ax4q. On the other hand by the induction

argument Sy, S, - - - S, and S Say * "+ S Are Coxeter related and so are So,Sa, - - SoySoy g * * * Ser, aNd
Sety Sty *** S Seesr St Now the length of Saty Sty *** S Sees1 ** San is clearly less than or equal to
n— 2 since Sa, = Sats1- Hence the length of ooz - - - ogotg1 - - - ot is less than or equal to n — 2 and it

is not reduced. O

Throughout the paper, we have introduced several functions. Together with the known functions
and relations, we obtain the diagram in the introduction. We repeat the diagram by using our nota-
tions.

TD <-""""""""""""ToTommoooo - h_1>nn S,
Shape/’ SV
Read
STT —— SRW(zZ*t) — W(zZ") Red
SR
RW(Z™)

Although the diagram is self-expository, there are several other results that we can draw from the
diagram.

Let w € S;, be a permutation and let @ be a reduced word representing w. Also let 7, be the shape
of the standard tower tableau R(«). We call 7, the shape of w.

We denote by Red(w) the set of all reduced words representing @ and by STT(w) the set of all
standard tower tableau of shape w.

With these notations, by Theorem 3.8, the reading function Read:STT — W (Z™) restricts to a
bijection
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Read : STT — RW.

Moreover, by Theorem 4.1 and Theorem 4.2, the bijection further specialize to a bijection

Read: STT(w) — Red(w)

as promised at the beginning of this section. Note that, in both cases the inverse is given by the
inverse of the reading function, that is, by the SR algorithm.
We state this result as a theorem, for future reference.

Theorem 4.4. Let w be a permutation. Then the reading function and the SR algorithm are inverse bijective
correspondences between

1. the set Red(w) of reduced expressions for w and
2. the set STT(w) of standard tower tableaux of shape w.

As a corollary, we get the dotted connection shown in the above diagram.

Corollary 4.5. There is a bijective correspondence between

1. the set ligln Sn of all finite permutations and
2. the set TD of all finite tower diagrams

given by w — shape(w).

To use the above bijection as a tool to describe reduced words for a given permutation w, one
needs to know all standard tower tableaux of the determined shape. This can be done recursively, as
follows.

Let 7 =7, be a tower diagram. We denote the set of all corner cells of 7 by C(7). By the
definition of a standard tower tableaux and the reading function, any cell in C(7") corresponds to a
terminal term in some reduced word in Red(w). Therefore we have

STT(T) = || {RU{[c,n1}}.

ceC(T), ReSTT(T —c)

It is clear that the above equality produces all standard tower tableaux of the shape 7 and hence,
applying the reading function, all reduced words for the permutation w.

Notice that the above remark suggests to determine all standard tower tableaux by removing one
corner cell at a time. As it is, although the algorithm is very systematic, it is also slow. However
the advantage of our algorithm is that we determine the shape of the diagram at the beginning.
In a sequel to this paper, we will introduce a faster algorithm to determine the set of all reduced
expressions of a given permutation.

5. Natural word of a permutation

In this section, we introduce a canonical reduced word for any permutation. This word has several
nice properties and will be used in Section 7 in a crucial way.

We are still denoting by 7 an arbitrary tower diagram. The natural labelling T of T is the labelling
defined inductively as follows. If 7 contains a unique cell, then the unique labelling of 7 is natural.
Otherwise, if 7 contains n cells, we remove the cell on the top of the left most tower of 7 and
determine the natural labelling of the new diagram. Then we add the removed cell into its original
position with the label n.

In other words, we label 7 by 1,2,...,n in the increasing manner starting from the bottom cell
of the right most tower and then by going first from bottom to top and then right to left. It is clear
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that the natural labelling of a tower diagram is standard and hence the word Read(T) is defined. We
call Read(T) the natural word for the diagram 7. If 7 =7, then we write

N7 ‘=N := Read(T)

and say that n,, is the natural word for w.
The natural labelling of the tower diagram 7 = (2,1, 0, 1) is the tableau

4
3[2] [1]

and the corresponding natural word is n(2,1,0,1) =4212.

As an other example, consider the longest word wq in S4. The commonly used reduced expression
for wp is 321323 and it is easy to see that the associated tower diagram and its natural labelling is
given by

NEE

3
2

1]

L

Therefore the natural word for the longest permutation is 323123. The natural word 7, can be
characterized by certain properties given below. Write the tower 7 as a concatenation

k
T=]m
i=1

of its towers. Then the natural word 17, decomposes as

k
Nw = I_I ni
i=1

where 7; is the natural word of the tower 7; and we agree that when 7; is empty, the corresponding
natural word is also empty.
Now if |7i| =k; > 0, then we have

ni=iG+1) - +kp).

In particular, for each i, the word 7; is an increasing sequence of consecutive integers. On the other
hand, if we write n; =n/n?--- nf” then the sequence nln)---nl is strictly decreasing.

It is also clear that the properties characterize the natural word in the following sense. When a
tower diagram is given, then the above constructed word is the unique reading word associated to
the diagram with the specified properties. Therefore we have proved the following result.

Proposition 5.1. Let w € S, be a permutation. Then there is a unique reduced expression 1 representing w
such that the word n is a sequence n11; - - - ns of increasing subsequences where

1. each subsequence n; is a sequence of consecutive integers and
2. the sequence of initial terms of n;'s is strictly decreasing.

Remark. There is another canonical choice for a standard labelling of a tower diagram where we
label the cells first from right to left and then bottom to top. For example, such labelling of the tower
diagram of the longest word in S4 is given as follows.
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4
2[1]

ENEN

L

Notice that the above labelling is also standard, by definition. In the above example, the reading word
of the tower tableau is 321323. Note that this expression is the same as the commonly used one.

6. From Rothe diagrams to tower diagrams

In this section, we show how the tower diagram can be obtained from the corresponding Rothe
diagram. The idea is that when the Rothe diagram of a permutation is given, the corresponding tower
diagram can be determined by pushing all the nodes of the Rothe diagram to the top row and then
reflecting the resulting diagram on the top border of the Rothe diagram. In other words, to obtain the
tower diagram, we forget the gaps between the cells in the columns of the Rothe diagram. However,
we should note that, by Corollary 4.5, forgetting gaps is not very crucial in determining the permuta-
tion corresponding to the Rothe diagram. In the next section, we further prove that the tower diagram
determines the Rothe diagram.

To state the main result of this section, we first recall from [7] some basic facts concerning Rothe
diagrams. We begin by the definition. Let w be a permutation in S;,. The Rothe diagram D, of w is
the set

Do ={G, ) |1<i,j<n, o) <j, o '(j) <i}.

We sketch the set D, as an n x n-array with the points in D, marked with o. Another way to
determine the Rothe diagram D, can be described as follows. Let D be an n x n-array with empty
cells. Mark the cell (i, j) with a cross if w(i) = j and leave it empty otherwise. Then for each crossed
cell (i, j), mark the cells of the hook with vertex (i, j) by a dot. Now the pairs in D, are those which
are left empty at the end of this process.

Example. Let w =214635. Then the array D with marks is the following and the Rothe diagram D,
of w are given by the following diagrams.

X | - . . . o

Now let s; = (i,i 4+ 1) be a standard transposition. Next we determine the effect of multiplication
of w by s; on the Rothe diagram. Part of this result is stated in [4, Lemma 4.6]. We provide a complete
proof.

Let w and s; be as above and let @ = ws;. Let D, (x) be the n x n-array marked with x as
described in the previous section. Then Dg;(x) is obtained by applying s; to the rows of D, (x), by
definition. Recall that the length [ =I(w) of w is equal to the size |D,,| of its Rothe diagram and also
that (@) =1(w) £ 1. Thus |Dg| = |Dy| £ 1.

It is possible to determine D; more explicitly. There are two cases to consider. First assume that
the x in the i-th row is on the right of the one on the (i + 1)-st as illustrated in the following picture.

o X
X
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Here we leave a cell empty if we are not sure about its content with the given information. It is
easy to observe that the circled cell in the above diagram is contained in the Rothe diagram. Now
multiplication by s; gives the following partial diagram.

Notice that this operation has no effect outside the rectangle determined by the crosses on the i-th
and (i + 1)-st row. Therefore we can concentrate on the following partial diagrams.

Now the circled cell in the first partial diagram is contained in the Rothe diagram D, and the
empty cells of the first diagram may or may not be contained in D,,. On the other hand, the second
partial diagram shows that after applying s;, the empty cells are moved to a lower row and their
contents are not changed, but the circled cell is moved to a lower row and the content is changed to
a dot. Therefore the only change in D, after applying s; is to remove the circled cell shown above
and to move the empty cells one row below. Therefore in this case, the length I(®) of @ is decreased.

The other case where the x in the i-th row is on the left of the one on the (i 4+ 1)-st is similar
to the above case and corresponds to the case where the length of @ is increased. Therefore we have
proved the proposition below.

Proposition 6.1. Let w be a permutation in S, and let D be its Rothe diagram. Let s; € S, be an adjacent
transposition. Let D’ be the Rothe diagram of ws;. Then

1. the equality l(ws;) = l(w) — 1 holds if and only if D’ is obtained from D by first removing the element
(i, (i + 1)) of D and then interchanging the i-th and (i + 1)-st rows of D, and

2. the equality I(ws;) = l(w) + 1 holds if and only if D’ is obtained from D by first interchanging the i-th
and (i + 1)-st rows of D and then adding the pair (i, w(i)) to (the i-th row of ) the new diagram.

Now we are ready to show how the Rothe diagram determines the tower diagram. Let w be a
permutation and o be a reduced expression representing w. Let 7, (resp. D) be the tower (resp.
Rothe) diagram associated to w. When there is no risk of confusion, we omit the subscripts. Write

T=| |7 and D=]| |D/

i=1 j=1

where the first sum (resp. second sum) is over the columns of 7 (resp. D) from left to right and
where 7; (resp. D') is the i-th column of 7 (resp. D). Finally we have the following correspondence,
as promised at the beginning of this section.

Theorem 6.2. Let w, T and D be as above. Then n = m and for each 1 < i <n, we have |T;| = |Dj|.

Proof. We argue by induction on the length [ = l(w) of w. The case I =1 is trivial. We assume the
result for | — 1 and let w be of length L. Let (ip, jo) be the lowest cell in the first non-empty column
of D, as illustrated with a bullet in the following diagram.
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Now let s = s;,. Then we claim that I(ws) =[— 1. Indeed, by the choice of ip, there is a cross just
below (ip, jo) and the cross on the ig-th row is on the right of this one. Thus by Proposition 6.1, the
Rothe diagram of D,y is obtained by removing the cell (ig, jo) and possibly, moving some other cells
one row below and hence the length decreases. Thus by the induction hypothesis, the tower diagram
Tos and the Rothe diagram D, satisfy the conclusion of the theorem. Thus

n

n
Tons = |_|(77) and Dgs = |_| D/j
i=1 i=1

where for each i, we have |7;| = |Dj|. Now if we apply s once more to the Rothe diagram D s we will
obtain D. Furthermore jj is the unique integer such that |D;.0| #|Dj,| and we have |D;0| =[Dj,| +1.
On the other hand, the first non-empty column of T,y is 7Tj,, since the Rothe diagram of ws has this
property. Thus the number of boxes on this column is ig — jo. Therefore if we slide i to the tower
diagram 7, it will stop on the top of the tower 7j,, as required. O

7. From tower diagrams to Rothe diagrams

Given a permutation w, we write 7, for the tower diagram of w and n,, for the natural word as-
sociated to 7. In this section, we prove that it is possible to recover the Rothe diagram D, from 7.
Again, when there is no risk of confusion, we omit the subscripts. It follows from the previous section
that the tower diagram 7 determines the number of boxes on any given column of the Rothe dia-
gram. To recover the Rothe diagram, we need to determine the vertical positions of the boxes of the
non-empty columns. In order to achieve this, we introduce virtual sliding of words, the virtual tower
diagram and the complete tower diagram of a permutation.

Let o be a reduced word for the permutation w. Write

o =000

as a product of transpositions where [ is the length of w. The virtual sliding algorithm is obtained by
extending the sliding algorithm to negative integers as follows. Recall that the sliding of « slides the
word aqa; - - -« along the lines y = —x+«; as j runs from 1 to | where the line y =0 is a border
for this sliding.

On the other hand, the virtual sliding of the word « slides the [-tuple (—oy, —¢_1, ..., —0¢1) along
the lines y = —x —«j as j runs from I to 1 and the border for this sliding is the line x = 0. We
agree that the rules of sliding explained in Section 3 also apply to the virtual sliding. The diagram
T~ obtained at the end is called the virtual tower diagram of «.

Example. Let o« =3452312. Then the virtual tower diagram of 7 of « is given as follows.

[]

Now we put the tower and the virtual tower diagrams of « together as follows.
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[]

The above diagram is now called the complete tower diagram of o and we denote it by 7, =
(Tet, Ty )-

Remark. It is easy to see that the virtual tower diagram for « is obtained from the tower diagram
of the reverse word a~! of « by reflecting it along the line y = —x. Hence the results of the pre-
vious sections are also valid for virtual tower diagrams. In particular, the complete tower diagram is
uniquely determined by the permutation w and conversely, the complete tower diagram determines
a unique permutation. However, since the virtual tower diagram is determined by the tower diagram,
arbitrary tower diagrams cannot be joined to give a complete diagram. This reflects the similar prop-
erty of the Rothe diagrams. This is the reason for not introducing the virtual sliding at the beginning:
we would like to have the freedom to chose the tower diagram.

Remark. Similar to Theorem 6.2, we can also prove that the virtual tower diagram of w is obtained
by pushing all the nodes of the Rothe diagram to left and then reflecting everything on the left border
of the Rothe diagram. We leave the proof as an exercise to the interested reader.

Let ¥ = (7,7 ) be a complete tower diagram. A standard labelling of T is a pair (f, f~) of
functions where f is a standard labelling of the tower and f~ is a standard labelling of the virtual
tower such that the reading word of f is reverse to the reading word of f~. In the particular case
where f is the natural label for the upper tower, we call the pair (f, f~) the natural labelling of
the complete tower diagram. Moreover a complete tower diagram with a standard label is called a
standard complete tower tableau.

In the above example, the natural label for the word o =3452312 is given as follows.

\]
ot
»-lww]

Observe, in the above virtual tower diagram, that the row just below the cell labelled by 1 is empty.
The next lemma states that this is true in general when the complete diagram has natural labels. It
is also easy to produce examples of other standard labelling for which the result does not hold. The
proof is deferred to Appendix A.

Lemma 7.1. Let (T, T™) be a natural complete tower tableau. Let C be the cell in T~ with label 1. Then the
row just below the cell C is empty.

As in the case of Rothe diagrams, we want to determine the effect of the multiplication of w by an
adjacent transposition s; from the right on the complete tower diagram with natural labels. Actually
we only need to determine the effect of multiplication by the last term of the natural word 7 of w.
We have the following result.
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Proposition 7.2. Let n = 0112 ---n; be the natural word for the permutation w and let s = sy,. Then the
complete tower diagram of ws is obtained from that of w in two steps as follows.

1. From the natural tower tableau of w, we remove the cell with label .
2. From the natural virtual tower tableau of w, we remove the cell labelled by 1 and slide the cells on the left
of this cell, if any exists, further to the next row.

Proof. The first step is trivial. Being the last term of the word, the removed cell is a corner. Therefore
the removal of the cell with label I corresponds to multiplication by s;;.

The second step, the effect on the virtual tower is less obvious. Let ¢ be the cell in the virtual tower
tableau with label 1 and assume that it is on the j-th row. Thus removing n; from 7 corresponds to
the removal of the cell ¢ from the virtual tableau. Note that, by Lemma 7.1, the (j + 1)-st row is
empty.

Now if there is no cell on the j-th row, then removal of the cell ¢ will not effect the rest of the
diagram and we are done. Thus we assume that c is not the unique cell in its row. It is clear that
the only effect of the removal of c is on the remaining cells in the j-th row and the effect is to slide
these cells to the next row, as required. O

Finally we are ready to prove the main result of this section. First we explain the algorithm. Given
a complete tower diagram 7" = (T, T~) with natural labels. Let | be the size of T. Construct the set

I={(,v): ([u,il,[v,j) e Tx T i+ j=1+1}

of pairs of cells from the complete tower diagram whose labels sum up to [ + 1. Then for each
(u, v) € 1, construct the vertical shadow of the cell u and the horizontal shadow of the cell v. Observe
that these shadows intersect at the point (u1, —v3). We illustrate this below.

[u]

Finally construct the set

Rw = {(U1, _V2)3 (u! V) € Ivu = (u17u2)7 V= (vlv VZ)}'

We call R, the Rothification of the complete tower diagram of w.

Example. The Rothification of the complete tower diagram in the previous example is the following
diagram. Note that we put bullets to distinguish the cells in the Rothification.

o o |o[~
o o [k]or
o o [=[v]e]

o

Now the permutation corresponding to the word o« =3452312 is w =451263 and its Rothe diagram
is given by the following diagram. Again the cells of the Rothe diagram is marked with a bullet.
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The above example indicates that the Rothification of the complete tower diagram of @ might give
us the Rothe diagram of w. Next we prove this.

Theorem 7.3. Let w be a permutation and let Y, be the complete tower diagram of w with natural labels.
Then R, = Dy,.

Proof. We argue by induction on the length | of w. The case | =1 is trivial. Let n = nn2---n; be
the natural word of w. Let @ = wsy,. Then it is clear that the natural word of @ is 17z ---n—1. By
induction, the Rothification of the complete tower diagram of @ is equal to the Rothe diagram of @.
We obtain these diagrams as follows.

To obtain the Rothification of the complete tower diagram of @, we use Proposition 7.2. Assume
that the cell with label I in the tower diagram 7 of w is on the i-th column and the cell with label 1
in the virtual tower diagram 7~ of w is on the row j. Then by the construction of the virtual tower
diagram, we have j =7, and by Lemma 7.1, the row j + 1 is empty. Moreover the column i is the
first non-empty column of the tower diagram 7 and the height of this tower is j — x where x is the
number of empty columns on the left of the i-th column.

With these notation, the Rothification R; of @ is obtained from R, by removing the cell (j,1)
from R, and then moving the rest of the row j to the next row, which was empty.

On the other hand, by Proposition 6.1, the Rothe diagram D is obtained from D, by removing
the cell (j, w(j+ 1)) and then interchanging the rows j and j + 1. Since D; = R;, we immediately
conclude that the j-th row of D, and hence the j + 1-st row of D, are empty. Therefore to finish
the proof, we only need to show that the removed cell (j, w(j+ 1)) coincides with the removed cell
(j, 1), that is, we need to show that i = w(j + 1). Indeed, with this equality, reversing the above steps
we obtain the desired equality.

To prove i = w(j + 1), note that since i is the first non-empty column of 7, we have w(a) =a for
any a < i. Therefore the first non-empty row of the virtual tower diagram 7 ~ is the i-th row. Thence,
without loss of generality, we can assume that i =1 and hence the height of the tower at 1 is j and
we are to prove that w(j + 1) = 1. In this case, the natural word of w contains only one copy of the
letter 1 and it ends with the sequence 12--- j. This means that the number 1 is moved only by the
sequence 12---j and hence is at the j + 1-st place, that is, w(j+ 1) =1, as required. O
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Appendix A. Proofs of the technical lemmas

Proof of Lemma 2.2. Let c; be the lower cell. If the flight path of ¢y has only one element, then the
flight path of ¢y also has only element. Therefore the flight numbers of c; and c, are just the sum of
their coordinates and hence the result follows directly from our assumption.

Otherwise, let 7, be the first tower on the left of 7; to which one of ¢q or ¢y hits. Then there are
two possible cases illustrated with the following pictures.
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In the first case, both ¢ and c; make zigzag at 7, and hence visit the cells ¢} and c}. Observe
that, in this case, the flight number of c] is equal to that of ¢; for i =1,2. Thus the result follows
from induction on the number of towers on the left of the tower we begin with.

In the second case, the cell c; makes zigzag and c, passes through without a zigzag. In this case,
we may replace the tower 7, of 7 with T, given by the following picture.

Now the new tableau 7~ has the cells ¢} and ¢/, with flight paths. Here the flight numbers satisfies

flight#(cq, T) = flight#(c}, T) = flight#(c1/, T7)

and

flight#(ca, T) = flight#(c2/, 7).

Moreover the distance between the cells ¢} and ¢, is | j; — j2|. Again the result follows from induction
on the number of towers on the left of the tower.

Finally, in the special case where |j; — j2| =1, the second case above will never appear. Therefore
the difference between the flight numbers of ¢y and ¢y will never change, as required. O

Proof of Lemma 3.3. Without lost of generality we assume that 8 > « + 2. First consider the slides
B> (o NT).

Case S1. We first assume that 7 has no squares lying on the diagonal x + y = o — 1. Then by the
definition, we have o ™7 := (77, ..., Ta—1) U N (Tg, .. ).

Case S1(a). If 7 has no squares lying on the diagonal x + y = o then necessarily (o, 0) ¢ Ty and
we have o N (Tg,...) = (74 ---,Tk) where T, ={(«,0)} and it does not contain any square lying on
the diagonal x + y = 8 — 1. Hence

BN (Thse o Tas o)) = B (Thw o T o) = (T o T LB (Tarts -+ )

On the other hand, we have

aN(BN(Thy o Tas ) = (T, T) U B (Tats -+ )
= (T, T UB N (Tass - ).

Comparing the last two equations, we see that the required equality is satisfied.

Case S1(b). If (o, 0) € To and (o, 1) ¢ T then the slide ™7 terminates without a result and so
the slide 8™ (7)) also terminates. Observe that, in this case, 7 has no square lying on the diagonal
x+y=p—1 and this yields the equality

aN(BY(Ths o Tan ) = (T, o, T) U B (Tagts -+ ).

On the other hand the assumption on the integer o and the tower 7 forces the slide o™ (71, ..., Ta)
to terminate. Therefore o (87 terminates as required.
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Case S1(c). If (a,0) € T, and (a, 1) € 7, then we have

AT Tas )= (T1 . T U@+ D) N (Tgg1s ...

There are two cases to consider.
Case S1(c)(i). If the tower 7, has no square on the diagonal x+y = 8 —1 then we have the equality

B (@ NT) =B ((Ths - T L (@ + 1D ¥ (Tas1, --)
= (T, ... T UB (@ + DN (Tasts-.)-

On the other hand, we have

a (BN =a (T, ..., Te) U B (Tas1s--2))
=((T, ..., T U@+ D¥(B>Tat1,-. ).

Recall that (o, 1) € T but 7, has no square on the diagonal x+y=8—-1, ie, (@,8—a—1) ¢ Tq.
This show that 8 —«a —1>1 and hence 8 — (¢ +1) > 2.

On the other hand the number of cells in (7y+1,...) is strictly less than that in 7. Therefore,
by induction on the number of cells in a tower diagram, we can assume that either B™((o +
DNTag1,-.)) = (@ + 1) N(B>(Tg41, ...) or both slides terminate since 8 — (o 4+ 1) > 2. Lastly, com-
paring o (8T and B (a 7)) we see that either they are equal or both of them terminate.

Case S1(c)(ii). Now we suppose that the tower 7y has a square on the diagonal x+y = 8 — 1. Then
this square must be (o, 8 — o — 1). If (o, B — &) ¢ T then we have

B (a™T) =B ((Th, .., T) U@+ 1D ¥ (Tag1,-.)) = (Tis .o, Tg) U+ 1) ¥ (Tats .- )
where 7, = T4 U {(c, B — v)}. On the other hand, we have

ax(BNT) =~ ((Th, o TG Taste ) = (Tha o T U@+ 1) (T, - ).

Thus if the slide (o + 1)(Tg41,...) terminates then both of the slides o™~(8™7) and B™(a ™7
terminate, and otherwise the resulting diagrams are the same.
Now if (o, B — ) € T but (o, 8 —a + 1) ¢ T then the slide 87 terminates and therefore the
slide o (87 also terminates. On the other hand, we have
B ™T) =B ((Ths . Ta) U (@ + D) M (Tas1, -.))

and it also terminates by the assumption on 8 and 7.
Lastly we assume that (o, 8 — ) € Ty and (&, B — « + 1) € Ty. Then we have

BN (@™T) =B (T, ... T) U@+ D) ¥ (Tat....))
= (T, ... T) U (B+ D>+ 1) (Tag1....)

and

BN = (T, ., T) U B+ D (T, -+ )
=T, T U@+ DB+ DTt --)-

It is clear that (8+1) — (¢ +1) > 2 and thus, by induction on the number of cells in a tower diagram,
we have either the equality

B+ + 1D (Tag1...0) = @+ DB+ 1D (Tag1....)

or that both slides terminate. Therefore either o >(8~7) and (e ™7 are equal or both terminate
as required.

Case S2. Let (i,« — 1 —1i) € T; be the first square of 7, from the left, lying on the diagonal x+ y =
o — 1. We have the following sub-cases:



0. Coskun, M. Taskin / Journal of Combinatorial Theory, Series A 120 (2013) 843-871 869

Case S2(a). If (i, —i) ¢ 7; then we have

aNT = (T, T U@ (T ) = (Ths oo Tt T Tigs )
where 7 =T; U {(i,a —i)}. Now since f > & + 2, none of the towers 7i,...,7;_1,7; contains a
square on the diagonal x4+ y = 8 — 1 and hence we obtain the equality

B T)=B>(Ths o, Tia T Tiprs o) = (Ths oo ) U B (Tigr ).

On the other hand, we have

aNBYT) =N ((Thy oo, TOUB (Tt -2 )) = (T oo T U BN (Tiga,s - ).

Hence if the slide 8™(7i;1,...) terminates then both a™(8™~7) and g™(a™7) terminate, and
otherwise the resulting diagrams are the same.

Case S2(b). If (i, —i) € 7; and (i,« —i+ 1) ¢ 7; then the slides o ~(7;,...) and o 7 terminate
without a result. Therefore the slide g™ (a™™7) also terminates. Now if 8™~7 terminates then the
slide o ™~ (8NT) also terminates. Otherwise, we have

BT =(Th o, TOUBN(Tigr,-. ). ax(B¥T) =a>((Th....., TOUB>(Tis1,-..)
but still o™(8™T) terminates since (i, —i) € 7; but (i, —i+1) ¢ T;.
Case S2(c). If (i,o¢ —i) € 7T; and (i, — i+ 1) € T; then we have
A>T :=(T1,...., THU @+ 1) (Tig1,...).
There are two more cases to consider.
Case S2(c)(i). If 7; has no square on the diagonal x+ y = 8 — 1 then, we have
BMaNT) =(Ti, ... TDUB (@ + 1D ¥ (Ti, .. )).

On the other hand, we have

aX(BNT) = (T TOUB N (Tigr.-.)) = ((Th .. TO U@ 4+ DX (BN(Tigr, ..)).

Recall that (i, « —i) € 7; but 7; has no square on the diagonal x+y=8—1,ie, (i,8—i—1) ¢ Tq.
This show that 8—i—1>o —i and hence 8 — (@ +1) > 2.

On the other hand the number of cells in (7i4+1,...) is strictly less than that of 7. Therefore,
by induction on the number of cells in a tower diagram, we can assume that either f™((x +
DN(Tig1,..)) = (& + 1) (BN (Tig1,...) or both slides terminate since 8 — (o + 1) > 2. Lastly, com-
paring o ¥ (8NT) and B (o 7)) we see that either they are equal or both of them terminate.

Case S2(c)(ii). Now we suppose that 7; has a square on the diagonal x4+ y = 8 — 1. Then this square
must be (i, —i—1).

If (i, 8 —1i) ¢ 7; then

B ™T) =B ((Ti, ... DU (@ + 1) (Tiz1, .. )) = (T, ... ) U@+ D ¥ (Tigr, ..
where 7 =T; U {(i, B — i)}. On the other hand, we have
aNBIT) = N(T oo T Tt ) = (T o T W@+ D N (Tigas - 0).

Now if the slide (o +1)(7i;1,...) terminates then both of the slides a™~(8~7) and g™ (a™7)
terminate, and otherwise the resulting diagrams are the same.

If i,8—i)eT; but (i, —i+1) ¢ 7; then the slide 7 terminates and therefore the slide
o™ (BNT) also terminates. On the other hand, we have

BN(@NT) = BN ((Th,s ., TH U (@ + D) (Tigas .- 2)

and it also terminates by the assumption on 8 and 7;.
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For the last case, we assume that (i, 8 —i) and (i, 8 —i+ 1) are in 7;. Then we have

B (@NT) =B ((Ths .o, TOU (@ + 1) (Tigt, .. )
=T, TDUB+ D (0 + 1D (Tig, ..)

and also

a (BT =a>((Th. ... DU B+ 1) (Tisr. )
= (T DU @+ DB+ 1) (Tig, .. ).

Thus, by induction, we have either the equality

BHDY(@+ DN (Tig1,..0)) = @+ DB+ 1D N (Tiz1,...)

or that both slides terminate and this gives the required result. O

Proof of Lemma 3.4. The case that 7 has no squares lying on the diagonal x+ y =« — 1 (S1) can be
dealt with in the same manner as the case that 7 has some squares lying on the diagonal x + y =
o — 1 (S2), as illustrated in the proof of the previous lemma. Because of this reason in the following
we will just work on the case of (S2). Therefore, let 7; be the first tower from the left which contains
a square, necessarily (i, —1 —1i), on the diagonal x+ y =« — 1.

Case 1. 1f (i,o0 — i) ¢ T; then @ T = (Th..... Ti-1, T{. Tiy1. ...) where 7/ = T; U {(i, @ — i)}. Now
since the cell {(i,« — i)} is the first cell of 7, from the left, lying on the diagonal x+y = (¢ +1) — 1,
we have that

@+D>@™T)=(T1, ... Tict. T Tigas - )
where 7" = TiU{(i, @ —i), (i, @ —i+1)}. On the other hand, since 7;” is still the first tower containing
acellon x+y=ca—1 and since {(i,« —1i), (i, —i+1)} C 7 we have

oM+ D@ ) = (Ths oo Tict, T Tt - )

= (T, T, T U@+ 1) X (Tigs )

Observe that since none of the towers 71, 72,...,7; of T contains a cell on the diagonal x + y =
(a+1)—1, we get

@+ DT =(Ti,.... THU @+ 1D (Tig1, ...
Moreover the assumption that (i, « — i) ¢ 7; yields the equality

@+ D@ ((@+DNT) = (T, ..., ) U+ 1) (Tig, ...

where 7" =T; U{(i,a —i), (i, « —i+1)}. Hence we have the desired result.

Case 2. If (i,x —i) € T and (i, +1 —1i) ¢ 7; then the slide o7 (and therefore the slide o™ (cx +
1M (o ™7))) terminates without a result. On the other hand since 7; is the first tower containing a
cell on x+y = (x¢ + 1) — 1 and since (i, +1—1) ¢ T; we have

@+ =(T,....7....)

where 7 =T; U{(i,a +1—1)}. Now
oM@+ D) = (Th, .o T ) = (T T W+ D) (Tiga, - )
since 77’ contains both (i, —i) and (i, @ + 1 —1i). On the other hand (i, +2—i) ¢ 77. Thus the slide
(@+ DT, ..., T)U (e +1)N(Tiy1, ...) terminates and hence the slide (o + 1)~ (¥ (o + 1) NT))
also terminates as required.
Case 3.If (i,a —i) e 7j and (i, +1—1i) e T; then aNT = (T7---T) U (@ + 1) (Tig1, ...).
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We first suppose that (i, @ +2 — i) € 7;. Then, we have

oM@ +1Y) (@ ) =a (e + 1Y) (T, ..., TD U@+ 1) (T4, ...)
=a™((Th, ... THU@+2) e+ 1D (Tig1, ..)
=(Ti,.... TOU @+ 1) > +2) > + 1) (T, ).
On the other hand

(@ + 1) (@™ (@+1Y)T) = (Ta,.... TOU @ +2) Mo+ D)@ +2) ¥ (Tigq, ...

Therefore, an induction argument on the number of towers gives the required result.

Next suppose that (i, + 2 — i) ¢ T;. Then we have a7 = (77 --- T7) U (@ + 1) (Tit1,...). Now
the fact that 7; is the first tower of 7 containing (i, « —i) on the diagonal x+y = (o +1) — 1 and the
fact that (i, +1—i) € 7; but (i, « +2 —1i) ¢ 7; gives that the slide (o +1™)(a ¥7") and that the slide
o + 17T terminate. Therefore both the slide o™ (ot + 1 (e ™7 and the slide o + 1 (e M (a +137)
terminate, as required. 0O

Proof of Lemma 7.1. Let D be the cell just below the cell C. Since the cell C is already filled, the cell
D can only be filled by a zigzag. We show that such a zigzag cannot exist in the virtual sliding of the
natural word.

By its definition, the natural word n of w is a sequence of strictly increasing sequences
M, A2, ..., Ak such that the subsequence of initial terms of A; is strictly decreasing. Therefore the
reverse word 7 is a sequence of strictly decreasing sequences Ay, Ak_1,...,A; such that the subse-
quence of the terminal terms is strictly increasing. In particular, we observe that if j is a terminal
term for a subsequence 2;, then this is the last occurrence of j in 1.

Observe also that the first block B of towers in the virtual tower, from top to bottom, is the block
containing the cell C. (Here by a block, we mean a connected component of the tableau T~.) Indeed
the cell C corresponds to the sliding of the first letter of A and the block B has top cell corresponding
to the last letter of A. Thus as well as the last letter, there can appear no smaller letter. But to have
a new block on the top of the block B, there is need for a slide of a smaller letter. Thus B is the first
block.

Notice that the same argument also proves that the cell D should be empty. Indeed since there
is no tower on the top of B, the only way to fill D is a slide of the last letter of A. But this letter
cannot appear again. 0O
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