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0. Notation

Let ¢ be a complex number with 0 < |¢| < 1 and define C* := C — {0}. For n > 0,

(#)oo = (3 9)o0 = g(l - qix)’ (@)n = (T;9)n = (éfi(io,
and j(530) = (@)o(@/D)o)oe = 3 (—1)Fga,
k=—oc0

where in the last line the equivalence of product and sum follows from Jacobi’s triple
product identity. Let a and m be integers with m positive. Define

Jam = §(a"34™), Tam = j(=a%q™); and Jo = T zm = [[(1 = ™).
i=1

1. Introduction

We recall a universal mock theta function

g(z;q) == < 1+Z ol q/x ) (1.1)

One of the earliest celebrated results in the history of mock theta functions was
Hickerson’s proof of the mock theta conjectures, that express fifth order mock theta
functions fy(q) and f1(g) in terms of the universal mock theta function g(z;q).

Theorem 1.1 (/8]). We have

2

fol@) =3 ((fz—q) ~2¢%9(q*;¢') + %1“
0 n +n J J
HOEDY (qq—q) =—-2¢°9(q"¢"%) + %115

n=0

Mock theta functions and the study of partitions are inextricably linked. A partition
of a positive integer n is a weakly-decreasing sequence of positive integers whose sum
is n. For example the partitions of the number 4 are (4), (3,1), (2,2), (2,1,1), (1,1,1,1).
We denote the number of partitions of n by p(n). Among the most famous results in the
theory of partitions are Ramanujan’s congruences:

p(bn+4)=0 (mod 5),
p(Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).
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To study Ramanujan’s partition congruences, Dyson constructed a function which
assigns an integer value to a partition. Dyson defined the rank of a partition to be the
largest part minus the number of parts. As an example, the ranks of the five partitions of
4 are 3,1,0,—1, —3, respectively, giving an equinumerous distribution of the partitions
of 4 into the five residue classes mod 5. We further define

N(a, M;n) := number of partitions of n with rank = a (mod M),

which has the symmetric property N(a, M,n) = N(M — a, M;n). To explain Ramanu-
jan’s first two congruences, Dyson conjectured and Atkin and Swinnerton-Dyer proved
[5,6]

N(a,5;5n+4) = p(bn +4)/5, for 0 < a < 4,

N(a,7;7n+5) =p(Tn+5)/7, for 0 < a < 6.
For more identities on ranks modulo M =5 or 7 see [6], [5, (2.2)—(2.11)]. For analogous
results for other low moduli M, see [12,15].

Although the rank does not explain Ramanujan’s third congruence, Dyson conjec-
tured another function, which he called the crank, that would divide the partitions of
11n + 6 into eleven equal classes. Andrews and Garvan later discovered the crank [4].
For a partition 7, let A(7) denote the largest part, v(m) the number of ones, and p(w)

the number of parts larger than v(m). The crank of 7, denoted ¢(), is defined as fol-
lows

() = {)\(71'), when v(7) =0,
w(m) —v(m), otherwise.

The cranks of the five partitions of 4 are 4,0,2,—2, —4, respectively, giving an equinu-
merous distribution of the partitions of 4 into the five residue classes mod 5. Defining

C(a, M;n) := number of partitions of n with crank = a (mod M),

Andrews and Garvan showed

C(a,5;5m +4) = p(dbn+4)/5, for 0 < a < 4,
C(a,7;Tm+5)=p(Tn+5)/7, for 0 < a <6,
C(a,11;11n 4+ 6) = p(11n+6)/11, for 0 < a < 10.

Ranks and cranks are related. We point out that we do not consider ranks or cranks
of the partition of zero. Lewis and Santa-Gadea proved identities such as [12, (8)—(17)]:
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N(2,4;2n) = C(1,4;2n), (1.2a)
N(0,4;2n + 1) = C(1,4;2n + 1), (1.2b)
C(1,8;4n) = C(3,8;4n) = N(2,8;4n) = N(4, 8;4n), (1.2¢)

C(0,84n+ 1)+ C(1,8;4n+1) =C(3,8;4n+ 1) + C(4,8;4n + 1)
= N(1,8;4n+ 1) + N(2,8;4n + 1) = N(3,8;4n + 1) + N(4,8;4n + 1),
O(1,8;4n +2) = O(3,8;4n + 2) = N(0,8:4n + 2) = N(2,8;4n + 2), (1.2¢)
C(0,8;4n +3) + C(1,8;4n+ 3) = C(3,8;4n + 3) + C(4, 8;4n + 3)

(1.2d)

= N(0,8;4n +3) + N(1,8;4n +3) = N(2,8;4n + 3) + N(3,8;4n + 3), (1.2f)
N(3,8;4n) = C(2,8;4n), (1.2g)

N(3,8;4n+1) = C(2,8;4n + 1), (1.2h)

N(1,8;4n +2) = C(2,8;4n + 2), (1.21)

N(1,8;4n + 3) = C(2,8;4n + 3). (1.2))

Andrews, Berndt, Chan, Kim and Malik [3] recently proved results on mock theta
functions and partitions and found results analogous to works of Dyson and Atkin and
Swinnerton-Dyer but for modulus M = 4 and 8. They showed [3, (7.5), (7.6)]

N(0,4;2n) — N(2,4;2n) = (—1)"[N(0,8;2n) — N(4,8;2n)], (1.3)
N(0,4;2n+1) — N(2,4;2n+1) = (=1)"[N(0,8;2n+ 1) + N(1,8;2n+ 1)  (1.4)
—2N(3,8;2n+1) — N(4,8;2n+ 1)].

Identities (1.3) and (1.4) follow from their two (slightly rewritten) main theorems:

Theorem 1.2 ([3, Theorem 1.6]). We have

oo

> (N(0,4;n) = N(2,4;n))q" (1.5)

n=0

Jo.4J6 16 Jo.4J216
+4q .

=2-2¢°9(—¢*¢"°) + 2¢°9(—¢°; ¢"°) — 7, 7

Theorem 1.3 ([3, Theorem 1.7]). We have

J2.4J6,16 J2.4d2,16
+4q

NE

(N(0,8;n) — N(4,8;n)) ¢" = 2+ 2¢°9(¢*; ¢"®) — ., (L.6)
n=0 J4 J4
J2.4J6.16

(N(L,8;n) — N(3,8n))¢" = -1 —¢°9(¢* ¢'°) + °9(¢°; ¢*°) +

NE

Jy

3
Il
=)

(1.7)



E.T. Mortenson / Journal of Combinatorial Theory, Series A 161 (2019) 51-80 55

In this note we will demonstrate how methods and results from our work on mock
theta functions and Dyson’s ranks [10,13] can be used to prove results on ranks and
cranks of partitions such as those found in [3,11,12]. We define the deviation of the ranks
from the expected value as

oo
p(n)
D(a,M) = D(a,M;q) := N(a,M;n) — —= | ¢" 1.8
(@.00) = Dl Ms0) 1= 3 Va0t = 7 ) (18)
and the deviation of the cranks from the expected value as
- p(n)
De(a, M) = De(a, M;q) = nZO (C(a,M;n) - 7) q". (1.9)

By determining the dissections of the relevant deviations it becomes straightforward
to prove identities such as (1.5)—(1.7) and (1.2a)—(1.2j). For a preview, using notation

Y4(ao, a1, a2,as)
(1.10)

1 _ _ _ _
Y lao - Ju,8J6,16 + a1 q*JogJ1416 + a2 - qJagT 1416 + a3 -qJo,sJ6,16] ,
4

and
Ga(bo,b1) :=bo - (=1 +4°g(~¢%q")) + b1 - a°9(~¢"¢"°), (1.11)
we will show the following two theorems which will prove (1.5), (1.2a), and (1.2b).

Theorem 1.4. We have the following 2-dissections:

D(0,4) = 94(=5,3,1,1) + 2 - G4(—1,0), (1.12)
D(1,4) = D(3,4) = 94(3,—1,-3,1) + G4(1,1), (1.13)
D(2,4) = 94(—1,—1,5,—3) +2- G4(0, —1). (1.14)

Theorem 1.5. We have the following 2-dissections:

De(0,4) = 94(3,-1,1,-3), (1.15)
Dc(1,4) = Dc(3,4) = 94(—1,-1,1,1), (1.16)
De(2,4) = 94(-1,3,-3,1). (1.17)

Identity (1.5) follows from evaluating the difference D(0,4) — D(2,4). Given (1.1),

we see that the Fourier expansions of g(—¢?; ¢*®) and g(—¢%; ¢'%) are supported on even
powers of ¢q. Hence by, ag, a1 are coefficients of even g-powers and by, as,az are coeffi-

cients of odd g-powers. Comparing even powers of ¢ in (1.16) and (1.14) gives the first
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rank-crank relation (1.2a). Relation (1.2b) follows from comparing odd powers of ¢ in
(1.16) and (1.12). In each theorem, the deviations sum to zero. Further results require
developing analogous dissections for M = 5,7, 8, found in Theorems 5.1, 8.1, 10.1, and
10.2.

In Section 2, we cover preliminaries. In Section 3, we prove Theorem 1.4. In Section 4,
we prove Theorem 1.2. In Sections 5 and 6, we prove Theorem 1.3. In Section 7, we
prove Theorem 1.5. In Section 8 and Section 9, we use our methods to prove identities
(1.2¢)—(1.2j). In Section 10, we rewrite the dissections of rank deviations modulus M = 5
and 7 and obtain corresponding dissections for cranks, which appear to be new. In the
final section, we demonstrate how our results resolve Lewis’ conjectured identities and
inequalities for rank-crank differences of modulus 8 [11].

2. Preliminaries

For later use, we list useful product rearrangements:

_ — 2J2 _ J5 JZ J2J2
Jo1=2J14= "2 Jio= —2_ Jo="L1 J5=253
0,1 1,4 Jl ) 1,2 J%JZ’ 1,2 J2 ) 1,3 J1J6 )
LD LR - JRJsdis
1,4 = I 1,6 = Tods’ 1,6 = Tidids

We recall more theta function identities, here (,, is a primitive n-root of unity. We have

i(q2% ¢®) + 2j(P2?; ¢°) = J1j(2%;q) /i (73 q), (2.1a)

ilqw;q) = =" j(2;q), (2.1b)

J(x;q) = j(q/x;q), (2.1c)

i(ziq) = Jij(x; ) jlaw; ¢*) /I3, (2.1d)

iz —q) = j(z;:¢*)j(—qz; ¢*) ) J1 4, (2.1e)
m—1

jlzg) = 3 (=1)kql) 2k ((—1)m“q(?)+’”kzm;qm2) : (2.1f)
k=0

3@ q") = Jaj@, Gz, . G e g™) /I if > 1 (2.1g)

Identity (2.1a) is the quintuple product identity; see for example [8, Theorem 1.0]. A fre-
quently used special case of (2.1f) reads

Ji(z:0) = i(=q2%¢") — 2j(—¢*2% ¢*). (2.2a)
Proposition 2.1 (/8, Theorems 1.1-1.2]). For generic x,y € C*, we have

3(@;9)i(y; q) = j(—2y; ¢°)j(—ax ™ y; ¢%) — zj(—qzy; ) j(—2 'y ¢%), (2.3a)
J(=z;0)i(y; @) + 3 (23 0)i (—y; @) = 25 (2y; ¢*)j gz y; ¢2). (2.3b)
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We recall the three-term Weierstrass relation for theta functions [16, (1.)], [2, p. 60].
Proposition 2.2. For generic a,b,c,d € C*, we have
jlac,a/c,bd,b/d; q) = j(ad,a/d,be,b/c;q) +b/c- jlab,a/b, cd, c/d;q). (2.4)
We recall a fact which follows from [5, Lemma 2] and is also [8, Theorem 1.7].

Proposition 2.3. Let C' be a nonzero complex number, and let n be a nonnegative integer.
Suppose that F(z) is analytic for z # 0 and satisfies F(qz) = Cz~"F(z). Then either
F(z) has exactly n zeros in the annulus |q| < |z| <1 or F(z) =0 for all z.

Proposition 2.4 ([13, Proposition 3.4]). Let © # 0. Then

. . q . I .
i@z ¢ iz ¢%) + il q")j(qr; ¢%) — J—l G(=r)i(Prid®) =0, (2.5)

Using Proposition 2.3, we can prove a result similar to (2.5).

Proposition 2.5. Let x £ 0. Then

. . . . Jio. .
J(=z;¢M)i(—¢°x;¢®) — j(—a*x;¢*) i (—qx; ¢°) — xj—l @Rz qM)j(—q v ¢%) = 0. (2.6)

Proof of Proposition 2.5. Let f(x) be the left-hand side of (2.6). We have f(¢8%z) =
q 2273 f(z). By Proposition 2.3, if f has more than three zeros in |¢5| < |z| < 1, then
f(x) = 0for all z # 0. But it is easy to check that f(z) = 0forx = —1,—¢q,—¢?, —¢>. O

The following identity will be our workhorse and can be found in the lost notebook.
Proposition 2.6 (/14, p. 32/, [1, (12.5.3)]). For generic x € C, we have

J2J22’4
xj(x;q)7(—qx%; ¢%)

g(z;q) = —2 ' + gz 3g(—qz % ¢") — q9(—qz*;¢*) + (2.7)

Proposition 2.6 has a useful and easily shown corollary, where (2.8a) appears in the
lost notebook [14, p. 39], [1, (12.4.4)], but (2.8b) first appears in [13, (3.26)].

Corollary 2.7. For generic x € C, we have

2057}
2714
9(x59) + 9(—z;9) = —299(—qa”; ¢*) + - : , 2.8a
()t ot=sa) ( ) j(—qx?; ¢*)j(2% ¢2) (2.82)
—2
2J]
g(r;q) — g(—x;q) = =227 + 2q2 3 g(—qz ™2 ¢*) + 2o 14 (2.8b)

zj(—q>2?; q%)j (225 ¢?)
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Let us denote by N(m,n) the number of partitions of n with rank equal to m. The
generating function for N(m,n) is given by

n2

oo o _— %) q
Z Z N(m,n)zmq _;)7(2(])”(2_1(]) . (2.9)

n=0m=—oo n
Rank deviations (1.8) can be computed using (2.9) and (1.1). We will use

1 M-—1

Dia, M) = 32 >~ ¢ (1= ¢) (1+ i9(Gii0)) - (2.10)

=0

where (s is a primitive M-th root of unity. In general, one expresses g(x; q) in terms of
Appell-Lerch functions and then sums them over roots of unity using [9, Theorem 3.9];
see [10]. In our setting the modulus M is a power of two, so we use instead Corollary 2.7.

Let us denote by C(m,n) the number of partitions of n with crank equal to m. The
generating function for C'(m,n) is given by

oo

17
Z Z C(m,n)z H o 1q_)21qn)v (2.11)

n=0m=—o0 n=1

and the analogous deviation from the expected value is

M—-1

1 —aj (Q)oo
De(a, M) = — CM‘”.—, (2.12)
M j=1 (@)oo (Caf Do
where (ps is a primitive M-th root of unity.
3. Proof of Theorem 1.4
Theorem 1.4 is a straightforward consequence of the following proposition:
Proposition 3.1. We have the following 2-dissections:
JagJeis 1 JipJia 1 Jigia
D(0,4) =2 —2¢°g(—¢* ¢'®) — 2. === s DRt o
(0,4) 9(=q7q") 7. T3, 1L
(3.1)
JugJd 1 JioJ
D(1,4) = D(3,4) = ~1+ ¢*g(=% ¢'%) + ¢°g(—¢%; ¢') + 7% — 2. T,
Jy 4 Ju
(3.2)
JagJone 1 JipJia 1 Jigdia
D24:—25 _ 6. 16 2. > > . , > . ’ =
(2,4) ¢9(=a%q7) + 2 SR AR R

(3.3)
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Proof of Theorem 1.4. Using identity (2.2a) and collecting terms gives

J10J 1 — — _ _
Sl _ [Jas —qJos] - [J6,16 — aJ14,16]
Ja Ju
1 . _ . _
=7 [J1876,16 + q2J0,8J14,16} - J% [JasTia16 + JosJe6],  (3.4)
as well as
JioJ 1 — — - — _ _ _
e [Ja,876,16 + q2J0,8J14,16] + L. [Ja8T14,6 + Jo,sT6,16] » (3.5)
J4 J4 J4
and
JagJ 1 — — -
TAsA [JasJ616 — q- JasTia16] - (3.6)
Ju Ju

Rewrite identities (3.1)—(3.3) using (3.4)—(3.6) and collect terms. O

Proof of Proposition 3.1. Taking the appropriate specialization of (2.10), we obtain

D(0,4) = [(1—i)(1+g(i;9))]

N
]

<
I
o

(1= +ig(i7;9) — ¥ g(; )]

Il
RNy
M=

=1+ ﬂ[g(l;q) —9(=1L9)] — [9(1;9) + 9(—1;9)] (3.7)
+i[g(i;q) — 9(—i;q)] + [9(i:9) +g(—i;q)]]~

Applying Corollary 2.7 to the extreme right-hand side of (3.7) gives

1
D(0,4) =1+ 7 { —4+4q9(—q; ¢*) — 4q9(g; ¢*)

+ lim 25 ( 1 - 1 )
a1 T2 (=32 M) (2% ) (—qa?; qY)j(2% ¢?)

—2 7 1
B R
23 i (560 T (g eN)i(—1;¢2)
—2
J2J1,4

4 4
=q9(—4:¢") —a9(¢;¢") + —=—
J1,4J0,2

—2 . .
4 201 (e - zi(-ate%iq)
el 2 xj(—qr?qt)i(—q32?; q) (2?5 ¢?)
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=q9(~¢:¢") —a9(a:4") + 5 - m T T

_2 .
+ lim J2J1,4 ) J(f;Q)
el 2 xj(—q2?qY)j(—¢%2?; q*)j (2% )
L Ji12J14 n 1 JigJia

_ A .4 -
=q9(—4;q") qg(q,q)+2 7 1 7

(3.8)

where we have used (2.2a) and (2.1g). Applying Corollary 2.7 to (3.8), we obtain

Jasd 1 Jiod 1 JioJ
 J48 6,16_’__' 1,2 1,4+_. 1,2 1,4.

D(0,4) =2 —2¢%g(—q¢% ¢*%) — 2
(0,4) a9(—q%q7) 7 5 7 YR

(3.9)

Taking the appropriate specialization of (2.10), we have

D(1,4) = -1+ % [[9(1;61) +9(-Lq)] — [9(1;q) —9(~1:9)] (3.10)
+ [9(i:9) + 9(—i;9)] —i[g(isq) — g(—i;q)]]

Apply Corollary 2.7 to the right-hand side of (3.10) yields

1
D(1,4) = -1+ 1 {4 —4q9(—q;q")

+ lim 25 < 1 1 >
im 2.J5 = - - — -
w1 T (g2 qY) (2% ¢2)  wi(—gPa2;h) (a2 ¢2)

=2 1 i
+2J5T1 - ( , . - — . )}
MO aNiLe?)  ii(@®a)i(-15¢%)
) ) ]
— gg(—qq") + lim 2024 zj(—q’2* ") — j(—qa* q")
U et 2 wj(-gat )it gh)i(a% ¢?)
—2 .
= —qg(—q;¢*) — lim vy j(x:9)
U est 2 wj(-aatigh)i(—ada?0h)j(a% ¢?)
1 JipJia
A

= —q9(~q;q") - (3.11)
where we have again used (2.2a) and (2.1g). Applying Proposition 2.6 to (3.11) yields

Jusdia 1 Jipdig

D(1,4) = =1+ ¢*9(—¢* ¢"%) + ¢°9(—¢°% ¢'°) + 7, R (3.12)
Specializing (2.10) gives
1

D(2,4) = 7 [[g(l;q) —9(=L;9)] — [9(1:q) + 9(—1:q)] (3.13)

—i[g(i;q) — 9(—i;9)] — [9(i;9) +g(—i;q)}]-
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Applying Corollary 2.7 to (3.13), we obtain

2
J2J174
J1.4d02

1
D(2,4) = i [4qg(—q; q") +4q9(g; q*) — 4

—2 1 1
+ lim 2J5J . ( - - - . ):|
w=1 "7 wi(— P22 ¢Y) (0% ¢%)  5(—qx%;q)i (2% ¢?)
=q9(—¢;:q") + q9(a: ¢*)

J— — _2 .
BT N E v j(:9)

2 o eml 20 w(-ar?iqt)j(=¢Pe% qY) (2% %)
Lo Jipdia 1 Jipdia

4 4
o Ay 3.14
09(=:0") +agla;q’) — 5 - — 7 R (3.14)
where we have used (2.2a) and (2.1g). Applying Corollary 2.7 to (3.14) gives
Jusd 1 JiaJ 1 JipJ
D(2,4) _ _2q59(_q6;q16) + 2(] CJ48J216 1 J1,2J24 + . M7 (315)

Ju 2 J1 4 Ju
which completes the proof. O
4. Proof of Theorem 1.2

Recalling (1.12) and (1.14) and regrouping terms, we have

D(0,4) — D(2,4)
=2-2¢%9(—¢%¢"°) + 2¢°9(—¢°; ¢*°)

Jasd Josd Jagd Josd
_ J4,8J6,16 ey 0,8J14,16 g 4,8 14,16+q. 0,876,16

Ta Ta Ta T4
1 _ _
=2—2¢°9(—¢* ¢"%) + 2¢°g(—q°%; ¢*°) — 7 [Jas — aJos] - [J6,16 + aJ14,16]
Jiod
=2-2¢°9(—¢%¢"%) + 2¢°g(—¢°%; ¢'%) — % (4.1)

where we have used (2.2a). Elementary product rearrangements give

J1aJ J. J: 7
14912 _ J24 Jia= J24 [T6,16 — ¢J14,16] » (4.2)
.]4 J4 J4

where we have again used (2.2a). Rewriting (4.1) with (4.2) gives Theorem 1.2.
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5. On rank deviations modulo 8

Theorem 5.1. We have the following 2-dissections:

D(0,8) = 9s(—9,7,-3,5,—-1,-1,5,-3) + Gs(1,—1,0,0), (5.1)
D(1,8) = D(7,8) = 9s(7,-5,-3,1,3,—1,-3,1) + 3 - Gs(—1,1,1,1), (5.2)
D(2,8) = D(6,8) = vs(—1,—-1,5,-3,—1,-1,5,-3) + G5(0,0,0, —1), (5.3)
D<378> :D(578) 198( 1 3 3a15 57 77_3a1)+% 'G8(1717_1a1)7 (5 4)
D(4,8) =vg(-1,— -3,7,—9,-3,5) + Gs(—1,-1,0,0), (5.5)
where
Vs(ao, a1, a2, a3, as, as, ag, ar) (5.6)
1 _ _ _ _
YA [ao TagJosea +ar-q*JosTs2.64 + a2 - qJagT 20,64 + a3 - qJos 28 64
+ ay - q270,8720,64 +as - q674,8760,64 + ag - q374,8752,64 +ar7- q770,8760,64} )
and

Gs(bos br, b2, b3) := bo - (1 +4%9(a*;q")) + b1 (=1 +a°g(=a*4'%) (5.7
+b2-6°9(¢% ¢'%) + b3 - °9(—4% ¢"°).
Theorem 5.1 is an immediate consequence of the following proposition.

Proposition 5.2. We have the following 2-dissections:

D(0,8) =2+ ¢*g(a* ¢"°) — g(—a*¢'°) (5.8)
Jusdeis  Jasdeie  1Ji2J1a  1Jiadia  1JgJip =
- - + - < s J1,8)3s,
Ja Ja 4 Jy 8 Ju 2 JiJis
1 1 1
D(1,8) = 1 - 54%9(¢% ') + 50°9(=¢%¢') + 5¢°9(a"; ¢"") (5.9)
14 6. 16y, LJagJia 1 Jusgtoie | 1Jasdeie 1Ji2J14
+ 50— F = g 2 s 8 T
1 Ji2J14.16
TRl

JagJ14.16 _ 171,271,4 1Ji2J14

D(2,8) = —¢°9(—4%¢"°) + ¢ (5.10)

T i, 8 I,
1 1 1. 1.
D(3,8) = 5q29(q q' )+§q29(*q2;qw)*§q“9(q6;q16)+§q 9(—4¢% ¢"%) (5.11)

17478J1,4+1q74,8J2,16 1Jagdoie 1Ji2J1a 1 JiaJo16

2 g, 2t L 2 g 8 g 2t g v
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D(4,8) = —¢*9(¢* ¢"°) — ¢*9(—*: ¢"%) (5.12)
Jusdens  Jasdeis  1Ji2J1a  1JiaJia  1JgJip -
_ Jasls, 87616 | 2J12J14 21214 2d8d12 g 5
J4 * J4 + 4 J4 8 J4 2 ijlﬁ 1,873,8

Proof of Theorem 5.1. Using (2.2a) and (2.3a) gives

Jg

T Jia - Jigdss =

Jg
e [Jas +aJos] - [Js,16012,16 — ¢J14,16T4,16] (5.13)
4716

1 _
[JosIs16 — JasJia,16] -

1
=7 [Ja,8J6,16 — ¢°Jo.sJ1a,16] +q- 7

Four more consequences of (2.2a) read

76,16 = 728,64 + q6760,64, 72,16 = 720,64 + q2j52,647
(5.14)

Jo.16 = Jas.64 — 0°T60,645 J2,16 = J20,64 — ¢ 52,64-
Rewrite Proposition 5.2 using (2.2a) with (3.4)—(3.6), (5.13), (5.14) and collect terms. O

Proof of Proposition 5.2. The proofs for the five identities are all similar, so we will only
do the first two. Taking the appropriate specialization of (2.10), we obtain

D(0,8) =1+ [ [9(L0) + 9(=Li@)] + [9(L;0) — 9(=1;9)] (5.15)
(

+[9(i30) + g(—isq)] +1i[g(isq) — g(—i59)]
—i[g(¢s;iq) +g(—Cs;Q)} + Cs[9(Css q) — 9(—Cs5 )]

+ilg(Gha) +9(=G )] + G el a) - g(—Cg’l;q)]]-

Similarly, we have

D(1,8) = -1+ é[ Lq) +9(=1;9)] — [9(1;9) — 9(~1;9)] (5.16)
+ [9(i:q) + 9(=i;0)] —ilg(isq) — g(—i59)]
+ [9(Gs39) + 9(=Gs5 )] — Gs[9(Cs50) — 9(—Cs3 0)]
+[9(Gha) +9(=¢h )] — 659G ) —9(—C8_1§Q)H~

Applying Corollary 2.7 to (5.15) and combining terms produces

1
DO,8) =1+2| =2+ 4q9(—q;q")

1 1
rj(—q¢322;q¢4)j (2% ¢%)  j(—qx?;qt)j(2?; ¢?)

. —=2
+ il_}ml 2J2J1’4 |:
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-2 —9
2J2J1 4 2J2J1 4
+ | —2q9(q; ¢*) + —=""| +1i |2i + 2iq9(q; ¢*) + —="—
Ji1,aJo2 1J3.4J0,2
—2
2J2J1 4
—i | —2qg(—ig; q*) + ——
( ) J(—iq; q*)j(i; ¢?)
2T
_ . — 2414
+ (s |26 — 2Gsqgliqyg*) + (5 ——
s (G0) + G J(—ig3;q%)5(i; ¢%)
—2
2J2J1 4
+i | —2qg(ig; ¢*) + — SLELE
( ) Jlig; q*)j(—i; %)

+ ¢t

—2
_ . 2J2J14
—2Cs — 2¢5 Lqg(—iq: ¢*) + Cs— o
s Cs qg( q;9 ) <8](2q3;q4)](—l;q2)]]

1
=l+2 [ — 8 —4qg(q;¢*) + 4q9(—q; ¢*)

—2

4JoJ _
20 4 Nim 20075, {

J1,4do2 71 '

j(—qx?;q*) — aj(—qa%; ¢*) }
rj(—q32?%;q*)j(—qx?; q*)j (2?5 %)
—2 —2
2J2J1 4 2J2J1 4
— diqg(iq; q*) + 4iqg(—ig; ¢*) — i—— S =
J(=ig;q*)i(i;4%)  j(—ig® q*)i(i5 ¢2)
N 2,71 4 ) 27,71 4 ]
Jig q%)i(=i;q?)  j(ig®; q*)j(—i;4%)

We rewrite the first quotient and use (2.2a) and (2.1g) to evaluate the expression inside
the limit. We combine pairwise the last four quotients using (2.1b) and (2.1¢). This gives

1 2J1.0J JroJ
D(0,8) = —[—4qg(q;q4)+4qg(—q;q4)+ L2o14  Zh2eld
8 Jy Ju
4o Ao
. . . . 2414 29 1.4
— diqg(iq; q*) + 4iqg(—ig; ¢*) + —— = — }
( ) ( ) J(—iq; q*)i(=i;¢%)  jlig; q*)j(i; ¢2)

Regrouping terms and combining the last two quotients gives

2J12J1.4

D(0,8) = [— 4q [9(q;4") — 9(—q; ¢")] — 4iq [9(iq; ¢*) — g(—iq; ¢*)] + 7

ol —

=2
JioJ 4JoJ Jg .
+ 1,2J1,4 + 291,4 8J4

= [i(=ig; )i (=13 ¢*) + j(ig; ¢*)j(5:4%)] |.
S g U i) + i it )]

Using (2.1d) and noting that j(i¢%; ¢*) = j(—iq?; ¢*) = J2/J16, we have



E.T. Mortenson / Journal of Combinatorial Theory, Series A 161 (2019) 51-80 65

1 . . .
D(0,8) = 2 [ —4q[9(q;¢") — 9(—q; ¢")] — 4iq [9(iq; ¢*) — g(—ig; ¢*)]
2J12J14  Ji2d1a
* Jy + Jy

—2
ADaJia  Jsdy J2  J§ 4 4 AN e 4
== oy o [§(—igs + j(ig; ¢")j (33
Tondos PR TZ g [7(=iq; ¢*)3 (=i ¢%) + jlig; ¢*)j(is ¢ )]]
1 - .
=3 { —4q[g(a;¢") — 9(~a:¢")] — 4iq [9(ia; ¢") — g(~ig; ¢")]

where we have used (2.3b). Rewriting the last term we have

[ —4q [g(q: ") — 9(—a: ¢")] — 4iq [9(iq; ¢*) — g(—iq: )]

| =

D(0,8) =

2J12J14  Ji2Jia  4JsJis -
2714 S1271, 2 s
+ 7 + 7 + ijw 1,843,8

Applying Corollary 2.7, rewriting the new theta quotients and collecting terms, we have
1 2Js T
D(0,8) = = | —4q | -2q7" +2q9(—¢% ¢'%) + ———1%
8 qJ1416J2,8
—2
2JgJ
— 4iq | 2iq" + 2iqg(q® ¢'%) + — 0
iqJ14,16J 2,8

2J12J14  Ji2Jia | 4JsJio =
2714 4 120 2. JisT
7 + 7 + szw 1,8 3,8]

=2+ ¢%9(¢%¢"°) — °9(—¢*; ¢'°)
_ JusJe.16 _ JisJs.16 171,271,4 1J12J14 n 1J871,2 5T
TR 2 e 18738,

Ju Ju 4 Jy

where we have rewritten products and combined terms.
Applying Corollary 2.7 to (5.16) and combining terms produces

1
D(1,8) = -1+ 2|2~ 4q9(—q;q")

—2 1 1
— lim 2J9J - - — - - }
g1 T2 LJ(—q%Q;q‘*)J(ﬁ;qQ) 7(—q22; %) (2% ¢2)
2
2J2J1 4
2i + 2iqg(q; ¢*) + —="—
1J3.4J0,2

—2
2J2J14

-2q9(¢;¢*) + —==—| —i
J1,4Jd0,2

_|_
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—2
2J2J14
+ | —2q9(—iq; ¢*) + ————
( ) J(—iq; ¢*)j(i; ¢?)
—2
_ _ 2J2J14
— (s | 2G5 — 2Gsagligs q*) + G ——
s s s9(0:47) + G 7(—ig® q*)j(i; ¢%)
—2
2J2J14
+ | —2qg(ig; ¢*) + —
( ) Jlig; q*)j(—i; %)

B ) . 2J27i4
G [_2@ — 205 q9(—ig;q )+<8j(z‘q3;q4)j(—i;q2)H

= 1+ [8 - dag(-a:a")
—2q[g(iq; ¢*) + g(—ig; ¢*)] + 2iq[g(iq; ¢*) — g(—ig; ¢*)]
—2 —2
Ji2d1a n 2J2J5 4 B 20501 4
Jy J(=ig;q)i(i;q?)  3(—ig®; )i (05 ¢%)
+ 2J2734 2J27i4 :|
Jlig q*)j(—iq?)  j(ig3;q*)j(—i;¢%) )

where we have used (2.2a) and (2.1g) to evaluate the limit. Next we have

1 _ .
D(1,8) = 2 [ —4q9(—q; ") — 2q [g9(iq; ¢*) + g(—iq; ¢*)] + 2iq [g(iq; ¢*) — g(—ig; ¢*)]
—2 —2
Jl 2Jl 4 . 2J2J1 4 . 2J2J1 4
- : : + 1 + 1 —7 - 1 + 1 —7 Pl
Jy ( )J(—ZCI;Q4)](1;CI2) ( )J(ZQ;Q4)J(@;CI2)}

where we have combined theta quotients using (2.1b) and (2.1c¢). Combining fractions

and using (2.2a) gives

D(1,8) = é[— 4q9(—q; q*) — 2q [9(iq: ¢*) + 9(—ig; ¢*)] + 2iq [9(iq; ¢*) — g(—ig; ¢*)]
JioJa . 20271 4
~Tn U T G gt PO i "]
= é[— dqg(=a;4*) = 2q [9(iqi ¢*) + g(—iq: ¢")] - —Jl’zjm

1+12J2J14 Js Ja
1_Z J2,8 J4 J2J8

+2iq [g(iqi ¢") — 9(—ig;a")] + [~2ig.J14,16]

B é {_ 4qg(—g; (]4) —2q [g(iq; q4) + g(—ig; q4>]

o , Ji2J Jiod
+2iq [9(ig; ¢") — 9(~igi ¢")] — 1’341’4 +4q 1’2J414’16],
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where we have simplified the last quotient. Applying Proposition 2.6 and Corollary 2.7

yields
1 - JsJ2
D(1,8) = < | —4q |q " —a9(=¢%¢"%) — ¢*9(—¢%;¢'%) - ===
s qJ1,4J68
—2

2JSJ4 16

—2q | —2¢"g(¢% ¢"%) + ——=—

[ J6,16J2,8

—92 o
. . . 2JgJ J1 o0 T oJ
+ 2igq 2’Lq_1 +22qg(q2;q16) + 874,16 ] Y1214 _|_4q 1,2 14,16]

Z'qJ14,1672’8 J4 J4

1 1 1 1
=-1--¢’9(¢*:¢") + =°9(—*;¢"%) + =d°9(¢% ¢'®) + =¢°9(—¢% ¢'®)

2 2 2 2
174,&]1,4 1 Ja,8J2,16 n 174,&]6,16 CLJipdia 1 J1,2J14,16
2 4 21, 2 I s~ o 2U g

where we have rewritten products and collected terms. 0O
6. Proof of Theorem 1.3

Recalling (5.1) and (5.5), we consider the difference to obtain

D(0,8) — D(4,8)

Ja8J28 64 JosJT52.64 Ja8J20.64 Jo.sJ2s 64
=2+ 2¢%g(¢* ¢"%) — +4q* —q +q

J4 J4 J4 J4
_ qz 70,8j20,64 4 q@ j4,8760,64 I q3 74,8j52,64 _ q7j0,8j60,64
J4 J4 J4 J4
Jag(J —q%J Jos(J —q*J
_ 2+2q29(q2;q16) _ 4,8( 28,64 — ¢ 60,64) _ qg 0,8( 20,64 — ¢ 52,64)
J4 J4
j4,8(720,64 - q2752,64) jO,S(j28,64 - q6j60,64)
—dq +4q
J4 J4

JasJe.16 JosJ1a.16 JasJ1a.16 JosJs.16
=2+ 2¢%9(¢* ¢"%) — 7, - ¢ 7R R AR By

1 — - 1 — —
=2+ 2¢%9(¢% ¢"°) — A [J18d6.16 + ¢*Jo,81a,16] + 47 [Jo,8J6,16 — Ja,814,16) 5

4 4
where we regrouped terms, used (2.2a), and regrouped terms again. Rewrite the brack-
eted terms using (2.5) with # — —1, ¢ = —¢? and (2.6) with = — 1, ¢ = —¢?, to
obtain

D(0,8) — D(4,8)

- 1 j(—q* —¢%)
Je,8J6,16 +q - Tj((]i)tjﬁ,&]lzl,l(i
4 8

1 j(=¢%—¢%

=2+ 2¢%9(¢% ¢"%) — 7 7s
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1 j(=¢%4")j(¢%q"?) I}
Ju J6,24J3 Jo

=2+42¢°g(¢* ¢"°) — [J6,16 — qJ14,16)

j2,4=]6,16 jQ,4J2,16
+4q )
Jy Jy

=2+2¢%9(¢* ¢"°) -

where we have used (2.1e) and then simplified the product.
Recalling (5.2) and (5.4), we have

D(1,8) — D(3,8) = -1 — ¢°g(¢*; ¢'%) + ¢°9(¢®; ¢'°)

Ja,sJ28 64 g Jo,sJ 52,64 b Jo,8J20,64 g Ja,8J60,64
J4 J4 J4 J4

=-1-¢%9(¢*;¢"%) + ¢°9(¢%; ¢"°)

Jag(J —q¢%J Jo.s(J —q*J
T 4,8( 28,64 — ¢ 60,64) +q2 0,8( 20,64 — ¢ 52,64)
J4 J4

Ju,8J6,16 b Jo,sJ14,16
Ju Ju

=—1-¢*9(¢* ")+ ¢°9(¢% ¢"%) +
1 _

= —1-¢’9(a% ") +°9(¢° ") + 7 [JasJo6 + 4" JosT1a6]
4

where we have regrouped terms, used (2.2a), and regrouped terms again. Using (2.5)
with z — —1, ¢ = —¢? and simplifying with (2.1¢) gives

_ 5 /6. 16 2 /92 16 1 j(—¢*—¢% =
D(1,8) = D(3,8) = —=1+¢°9(¢°;¢°) —q°g(q"5q0°) + J—4TJ6,8J6,16
JoaJ,
=—1+¢°9(¢% ") — ®9(* ¢"%) + 72’346’16-

7. Proof of Theorem 1.5

The three identities have similar proofs, so we only do the first. Specializing (2.12),

3
I 0 7)o 1 [ (9)oo (9)oo (9)oo
De(0,4) = =) i 07— == + +
04=7 ; ((10)oc(i7 e 4 (0% (0%  (—¢%¢%)
1[ L T} 1JigJia | LJigJia
=212 =220 s 7.1
1 { T 2T 1 @)
Applying (2.2a) to both theta functions in the numerator and expanding gives
Ji2J 1 - = S _ _
2L = [TusTens — ¢ JosT14,16) + L. [TasT1a16 = Jo,sT616] - (7.2)
J4 J4 J4

Rewriting (7.1) with (7.2) and (3.4) and collecting terms produces (1.15).
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8. On crank deviations modulo 8

We have analogous dissections for crank deviants modulo 8.

Theorem 8.1. We have the following 4-dissections:

Dc(0,8) = 95(3,—1,1,-3,—1,3,1,-3) + 95(1,-1,—-1,1),  (8.1)
De(1,8) = De(7,8) = 9s(—1,—-1,1,1, -1, —1,1,1) + 95(0, 1,0, —1), (8.2)
Dc(2,8) = Do (6,8) = 9s(—1,3,-3,1,3,—1,-3, 1), (8.3)
Dc(3,8) = De(5,8) = 9s(—1,—1,1,1, -1, —1,1,1) + 94(0,—1,0,1), (8.4)
Dc(4,8):198(3,—1,1,—3,—1,3,1, 3)+19é(71,1,1,71), (8.5)
where
Vs(ao, a1, a2, as, as, as, ag, ar) (8.6)
1 _ . _
YA [ao JasT2s6a + a1 - ¢*JosTs2.64 + a2 - qJagT2064 + az - qJo8J 28 64
+ay - q2j0,8j20,64 +as - q674,8760,64 + ag - q374,8j52,64 +ar7- q770,8j60,64 )
and

1 — _ _
95(co, c1,¢2,03) 1= CYA [co - JusJ2s,61 + €1 qJagT20,64 + C2 - ¢° 1876064
4

+ 3 q°JasTs2,64] - (8.7)

Proof of Theorem 8.1. The proofs for each of the five identities are all similar, so we
prove only the first and third identities. Using (2.12) and collecting like terms, we have

i, (9) (9)oo
Dol0,8)= 8{ (T (e +2(—qu;q)oo(—C§1q;q)oo
(@) (@)oo
+2(iq7 @)oo (—15 ¢) o " (—q'q)oo(—q;q%o}

Gg) i T2 7

where we have rewritten the four terms using our theta function notation. Writing the

_ 2 T
:%{2(1 Cs)Jt (1+¢s)J? J1,2J14 n J1,2J1,4}’

first two summands on the right-hand side over a common denominator yields
1 { J?
8L (Cs59)j(—Cs59)
JipJia | Jipdh 4}
2 i) ) ) i)
TP

Dc(0,8) = ((1=G8)i(=Csiq) + (1 +¢s)ii(Csi q))

+
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1 JE T . . o
= §[2 Tlid - )ﬁ((l Gs) (7(~aisq*) + Gsiilais )

o Ji2J JioJ
+ (14 ¢) (i(-aiza") - Cs](qz;q4)))+2 L2714 | J12 1,4]
J4 J4

2J1,2J1,4 n J1,2J1,4}7

_1 4 J1J4J2 i .4 L4
—g{ (j(—qisq*) —ijlqisq*)) + 7, T,

1—ZJ2J8 J2

where we have subsequently used (2.1g) and (2.2a), distributed the products, and used
the fact that j(i;¢%) = (1 —1i)JaJg/Js. Applying (2.2a) to j(—qi; ¢*) and j(qi; ¢*), yields

Dc(0,8) = % {1 f ; j;f jﬁ (Jo,16 + qiJ1a,16 — i (J6,16 — qiJ14,16))
n 2«71,(2]:171,4 n J1,3jl,4}
_! [1 f ; j;j: 52 (1 —=1)Js16 — (1 —i)qJ1a,16) + 2']1’?51’4 + Jl’;im
_ %J4,8J:]16,16 B q% J4,8J:]12,16 + ieh,z]l,z; + éJl,Z]lA' (8.8)

Rewriting (8.8) with (7.2) and (3.4) and collecting terms yields

3J4 sdei6 1 oJosJiaie 1 JasJisie 3 Josdeis
=4 +24q - =4

0,8 —
Dc(0,8) = 8 Ju 8 Ju 8 Ja 8 Ju
1 J48J6,16 1J48J2,16
_ 9 3y _ _ 9 9y . 8.9
T3 5 (8.9)

Rewriting (8.9) using (5.14) and collecting terms finally results in our 4-dissection (8.1).
Noting pairwise cancellation within the appropriate specialization of (2.12), we obtain

Do (2 8):_} (@)oo 1 @ 1 (@ 1 (@)
’ 4 (10 @)oo (—i0; @)oo~ 8 (=3 9)% 4(—¢% %) 8(—q:0)%
10y 13 1J10Jd 1Jy0J
. 1J2 i _1hedia  1Jiadia (8.10)

4 gy 8J2 4y 8 Ju

Rewriting (8.10) with theta-dissections (7.2) and (3.4) and collecting terms produces

1J4gJ 3 ,Josd 3 Jugd 1 Josd
1J4,8J6,16 4242 0,8J14,16 ~ 2, 4,8J14,16 + ¢ 0,876,16 (8.11)

Do(2,8) = —
c(2.8) 8 i 8 T4 8 A 8 I,

Rewriting (8.11) with (5.14), we derive our 4-dissection (8.3). O
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9. On rank-crank identities of Lewis and Santa-Gadea

Theorems 5.1 and 8.1 prove the relations (1.2¢)—(1.2j). We give some examples.
9.1. Identities (1.2g)—(1.2j)

To prove (1.2g) and (1.2h), we do not need to compute the entire 4-dissection for
D(3,8); see (5.4). We only need to determine which terms contribute to coefficients of

g-powers ¢" where n = 0,1 (mod 4). The Gg term of (5.4) makes no such contributions.
Applying Corollary 2.7 to the Gg term of (5.4), we find

—2
J32J16 64
*9(¢*:¢"%) + 9(—¢*; ¢'%) = —2¢"%g(—¢*%; ¢**) + 2¢° =—"—, (9.1)
J20,64J4,32
Jaod s
_ _1 “32J16,64
q5g(q6;q16) _ ng(_qG;qIG) _ _2q 1 +2qsg(—q4;q64) 4 2q 17 (9'2)

J60,64J12,32

are supported on g-powers ¢" where n = 2,3 (mod 4) respectively. Hence, n = 0,1
(mod 4) contributions can only come from the ¥g terms of (5.4) and (8.3). Compar-
ing coeflicients of g-powers ¢" where n = 0 (mod 4) in (8.3) and (5.4) proves (1.2g).
Similarly, comparing g-powers ¢" where n = 1 (mod 4) in (8.3) and (5.4) proves (1.2h).

For (1.2i) and (1.2j), we proceed analogously. We first note that the Gg term of D(1,8)
in (5.2) does not contribute. Applying Corollary 2.7 to the Gg term of (5.2), we see that

J32J 16,64
*9(a* ¢"%) — 9(—* ¢'%) = =2+ 2¢"%g(—q'?; ¢**) + 2=, (9.3)
J52,64J4,32
Jaod s
32J 16,64
q5g(q6;q16) + q5g(_q6;q16) —_ —26]219(—(]28;(]64) + 2(]5—7 (9.4)

Jog.64J12,32

are supported on g-powers ¢" where n = 0,1 (mod 4) respectively. Hence, any potential
contribution for n = 2,3 (mod 4) can only come from the ¥g terms of (5.2) and (8.3).
Comparing g-powers ¢" where n = 2 (mod 4) in (8.3) and (5.2) proves (1.2i). Likewise,
comparing g-powers ¢ where n =3 (mod 4) in (8.3) and (5.2) proves (1.2j).

9.2. Identity (1.2d)
Recalling (8.1), (8.2), (8.4) and (8.5), we have

D¢ (0,8) + De(1,8)

1 Jasgdoses 1 ,Josdseea 1 JagJ2064

1 Jo.sJ2s.64
4 J4 4 J4 4 J4 4

Ja

q (9.5)
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1 ,Josd206a 1 gJasdeoss 1 sJagtsaea 1 -Josdeoe4
it L L L A i
4 J4 4 J4 4 J4 4 J4
VL JisTser 1 JasTe0s
2 Jy 2 q Ju )
D¢ (3,8) 4+ Dc(4,8)
_ L Jashses 1 adosTies 1 JasToes 1 JosTses g
4 J4 4 J4 4 J4 4 J4
*}'QQMJFE'QGMJr}qBMf}.q?M
4: J4 4 J4 4 J4 4 J4
_ L JasTwser 1 6 JusTo0s
2 J4 2 4 J4 ’

Comparing g-powers ¢" where n =1 (mod 4) in (9.5) and (9.6) proves the first equality
in (1.2d).

Noting (5.2) and (5.3), we have

D(1,8) + D(2,8)

1 1 1 1
=-1--¢°9(¢*¢"%) + =¢°9(—a*: ¢"®) + =°9(¢®; ¢'°) — 5(159(—6]6; ') (9.7

2 2 2
3 Jasdoses 3 4Josds2es 1 Jasdoes 1 JogJoses
+ — . - T . q _—- " J’_ — . q— —_ — . qi
4 J4 4 J4 4 J4 4 J4
" 1 .q270,8j20,64 b r J 1876064 n 1 .q3j4,8j52,64 b q770,8j60,64.
4 Jy 4 Ja 4 Ju 4 Jy

By (9.3) and (9.2) we know that the first line of (9.7) is supported on g-powers ¢" where

n = 0,3 (mod 4). Hence we only need to consider the last two lines in (9.7). Comparing

g-powers ¢" where n = 1 (mod 4) in (9.6) and (9.7) proves the second equality in (1.2d).
Noting (5.4) and (5.5), we have

D(3,8) + D(4,8)

1 1 1 1
= —§q29(q2;q16) - §q29(—q2;q16) - §q5g(q6;qw) + §q5g(—q6;q16) (9.8)

Jusdases 1 ,JosTs2.64
P A — R + —_ q —_ T/
Ja 4 Ja

1 JagJ2064 Jo,8J 28,64

_ 1
Ts 4 Ts

6 J4,8J60,64
J4

g JosJ2064

1 3 Ja8752.64 n
Ju 4

3 7 J0.8760,64
Ju 4 '

Jy

+

q q

B ] e

3
1 q

By (9.1) and (9.2) we know that the first line of (9.8) is supported on g-powers ¢ where
n = 2,3 (mod 4). Hence we only need to consider the last two lines in (9.8). Comparing
g-powers ¢" where n =1 (mod 4) in (9.7) and (9.8) proves the final equality in (1.2d).
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10. On ranks and cranks with M = 5 and 7

73

The following two theorems give the dissections of the rank and crank deviations for
M =5 and 7. The first half of each theorem is just a rewritten [10, (12)—(14)] and [10,

(34)—(37)] respectively, where we used
Ji5dos = Jids and Jy 7o r 37 = J1J7.

Theorem 10.1. We have the following 5-dissections:

D(0,5) =2-95(2,2,-1,1) + 2 - G5(—1,0)
D(la 5) = D(4a 5) = 195(_13 _17 33 _3) + G5(17 _1)7
D(2,5) = D(3,5) = 95(-1,-1,-2,2) + G5(0,1),
and
Dc(0,5) =2-95(2,-3,-1,1),
DC(17 5) = DC(4’ 5) = 195(_1a47 _2a _3)a
DC(275) = DC(335) = 195(717 717332)7
where
U5(ao, a1, az,as)
1
=52 lao - Jf’o725 +a - qJ5,25J120,25 +asg - q2J52,25J10725 +as - q3J§’,25] ,
5
and

Gs(bo,b3) := by - ¢°9(q°; ¢°°) + bs - ®9(¢'%; ).

Theorem 10.2. We have the following 7-dissections:

D(0,7)=2-97(—-4,3,-1,2,1,-2) + 2- G7(1,0,0),
D(1,7)=D(6,7) =97(6,—1,5,-3,2,3) + G7(—1,1,0),
D(2,7) = D(5,7) = 97(-1,-1,-2,4,-5,3) + G7(0,—1,1),
D(3,7)=D(4,7) =97(-1,-1,-2,-3,2,—4) + G7(0,0, —1),

and

(10.1)

(10.2)
(10.3)
(10.4)

(10.5)
(10.6)
(10.7)

(10.8)

(10.9)
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De(0,7) = 2-07(3,—4, ~1,2,1, ~2), (10.14)
De(1,7) = De(6,7) = 07(—1,6, —2, -3, —5,3), (10.15)
De(2,7) = De(5,7) = 9n(—1,—1,5, —3,2, —4), (10.16)
De(3,7) = De(4,7) = 07(—1, —1,-2,4,2,3), (10.17)
where
1
V7(ao, a1, az,as, a4, a6) := T ao - J31 40 + a1+ qJ1aa9J21,49 + a2 - ¢ J7y 49 (10.18)
+ a3 - ¢*J7 49J21,49 + a4 - ¢* J7 49 14,40 + ag - q6J$,49}7
and

G7(bo, ba,be) == bo - (L+q"9(q";¢")) + b2 - ¢"°9(¢*";¢") + b6 - ¢"*g(¢"*; ¢*). (10.19)

Proof of Theorem 10.1. The proofs of identities (10.5)—(10.7) are all similar, so we do
only (10.6) as an example. The m = 5 specialization of (2.1f) with (2.1b) and (2.1¢) gives

3(Cs5q) = Jr0,25 — CsJ1s,25 + qC2 J20.25 + %G5 J30,25
= (1 - ¢5)J0,25 + g2 (1 — 2)J5 25 (10.20)

Specializing the quintuple product identity (2.1a) with ¢ — ¢2° yields

Josj (2% ¢*°)
j(x;¢%)

25,.3. 50,.3.

3(@®2%q") + 2j(¢*°2%; ¢"°) = (10.21)

Using (2.12) and writing the summands over a common denominator, we have

LG G @ | (G2 H G (@)oo

De(l.5) =3 { DG D T (CDnlG 0 }

_ I [<1—<5><<5+<é) N (1—<§)(<§+<§’>}
5 3(Cs59) J(¢3q)

_ [<1 —C5) (G5 + (D)) + (1= )+ )il q)}

5 J(Cs:0)7 (¢35 q)

_14 [<1 — () (G5 + ()i(Cq) + (1 — C) (¢ + ¢§>j<<5;q>}
5Js (1—§5)(1—§52) ’

where we have used product rearrangements to rewrite the denominator as

7G5 @)i(Ca) = (1= C5) (1 — )T Js. (10.22)

Applying (10.20) to j((s;q) and j(¢Z; q) and simplifying gives



E.T. Mortenson / Journal of Combinatorial Theory, Series A 161 (2019) 51-80 75

1J; 1 {

55 (1—G5)(1—¢3)
+ (1= )G+ ) (1= G)ozs +ac3(1 = ) ss) |

1J;
= —J 3qJ; 10.23
5J5 10,25 + Q525} ( )

De(1,5) = (1= G)(G +¢5) (1= ¢3) 025 + Gy (1 — G5) J5.25)

The m = 5 specialization of (2.1f) followed by (2.1b), (2.1¢) and (10.21) yields

3(4:6%) = Jss.75 — a 50,75 + ¢°Jos,m5 — €2 Js0,75 + 422 Jos 15
= J35,75 + ¢°Jos,75 — ¢°(Jo0,75 + ¢ Js0,75) — qJ2s

_ JasJioes 9 J25020,25

— qJas. 10.24
J5 25 J10,25 1725 ( )

Note that J; = j(q; ¢®) and substitute (10.24) into (10.23) to obtain

1Jos | Jio2s  9J20,25
De(1,5) = —— = — — — —J 3qJ:
c(1,5) 5 s {Js . q Tr0.25 q| [=J10,25 + 3¢J5,25]
1 Jos J10 25 J5 25
= —-— 4q.J- — 242 -3¢ . 10.25
5 Js [ J525 + 4qJ10,25 q~Js5,25 q J1020 ( )

We then rewrite the last equality using the product rearrangement Jso25J1025 =
JsJos. O

Proof of Theorem 10.2. The proof is similar to the previous, so we provide only an
outline. Writing the appropriate specialization of (2.12) over a common denominator
gives

11 1 [(
TJ(1=¢)(1=¢)(1—¢2)

(L= G+ 62 (Crs )i (6sa) + (1= GG + ¢ (¢ 0)i(GF19) |

D¢ (a,7) = 1—Cr)(6F + ¢ 9i(¢F )i (G5 9) (10.26)

where we have used product rearrangements to rewrite the denominator as
i @)i(G @i (Gia) = (1= G = G)(L — G) 7T (10.27)
The m = 7 specialization of (2.1f) with (2.1b) and (2.1¢) gives
§(Cria) = (1= o) Jara0 — 4l (1= G3)Jraa0 — ¢°G (1 = ¢F) Jr a0- (10.28)

Inserting (10.28) along with analogs corresponding to (7 — ¢ and (7 — (3 into (10.26)
and collecting coeflicients of the theta products of (10.18) gives the desired results. O
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11. On conjectures of Richard Lewis

Lewis [11, Conjecture 1] conjectured 4-dissections for the one hundred combinations
of

Z (N(4,8;4n+ k) — C(5,8;4n + k)) ¢", where 0 <,5 <4, 0 <k <3. (11.1)
n=0

Frank Garvan has pointed out that Proposition 2.6 strengthens Theorem 5.1 to a
4-dissection. Using the new version of Theorem 5.1, Theorem 8.1, and his thetaids pack-
age, he verified all one hundred conjectures [7]. The truth of the one hundred identities
of [11, Conjecture 1] implies the veracity of the thirty-seven conjectured rank-crank
inequalities [11, Conjecture 2] and the four evenness conjectures [11, Conjecture 3].

We give an example to demonstrate how Theorems 5.1 and 8.1 resolve Lewis’ conjec-
tures. Identities (0)—(3) of [11, Conjecture 1] are equivalent to the following dissection.

Proposition 11.1. We have the following 4-dissection:

D(0,8) — Dc(0,8) (11.2)

—2 -2 = —2 = =2
2 2
s Ja,64720,64 28,6454 J12,6420,64J 28 6454

=2¢"g(—q"%¢"*) — 2¢ :
( ) JE 64J16,64954 64J32,64 J§ 64J16,60J54 64T32,64

92— — — — —2 — —

2 2
o sJa64J12,60020,6428 64 64 5 47464712 64J20,64J28 64 64
242 ; 23 - ,

2 2 2 2
Jg 64J16,64J54 64J32,64 Jg 64J16,64J54 432,64

The truth of (11.2) implies three rank-crank inequalities (1)—(3) of [11, Conjecture 2].

Proposition 11.2. We have the following inequalities:

N(0,8;4n + 1) >3 C(0,8;4n + 1), (11.3)
N(0,8;4n + 2) <5 C(0,8; 4n + 2), (11.4)
N(0,8;4n + 3) >1 C(0,8;4n + 3), (11.5)

where A, > B, means A, > B, for alln € N and A,, >,, B, means A, > B, for all
n>m.

Proof of Proposition 11.1. We recall Theorems 5.1 and 8.1 and identity (9.3). Expanding
74,87 70,87 and J478 with (2.221) gives

D(0,8) = Dc(0,8) (11.6)

—2 _ _ _ _ _
J32J 716,64 J16,32J 28,64 Jo,32J 28,64 Jg.32J52,64

— 24" 2g(—q'%: ¢5) 4 22 64 516, , L) INPWEL ,
J52,64J4,32 J4 J4 Jy



E.T. Mortenson / Journal of Combinatorial Theory, Series A 161 (2019) 51-80 7

Js,32 08,64 7 Jo32J2064 410 Jo,32J60,64 o Jo,32J52,64

2
+ q J4 J4 J4 J4

Proving Proposition 11.1 is then reduced to proving the four identities:

J52,6104,32 Jy Jy Jy

) _ _ -
J32J J J Jo.32J Js.30J
1000 g 162 Tas01 g SoszTaser o aSsa2T526e

—2 -2 =
Jyead J J?

_ _2q8 24,64 20,64228,64 64 7 (]_]_73)
I3 64166434 64/32,64

— — — — =2 T =2
oJs32J2864 g Jo,32J2064 _ T12,64-T20,64T 38 64164 (11.7b)
Jy Ja I8 64716,64934 64 T32.64
- - 2 = = = 2
e Jos2 60610 _ 2" J4,624J12’64J202’64J28’64J64 7 (11.7¢)
Jy I 64916,64934,64732,64
o T T
q4 JogaTs261 _ 474647 12,64720,64 728,645 (11.7d)
Jy J§ 64716,64T54 64732,64 .

We proceed in the order of difficulty. Identities (11.7¢) and (11.7d) are the easiest and
are just elementary product rearrangements.
We prove identity (11.7b). Straightforward product rearrangements yield

2 2 T
J§ 64J16,6454 6432,64 32,128

Jy = J4712 = = — — — (118)
Ja,64J12,60720,64J 28,640
Substituting (11.8) into (11.7b), we see that identity (11.7b) is equivalent to
- = - = J12,64J 28,64 32,128
253202864 — ¢ Jo,32J20,64 = 2 = ; (11.9)
J 4,64
which is equivalent to

Ja6ads32708.64 — ¢ Ta,64T 20,60 32,198 = J12,64J28,64. 32,128 (11.10)

Identity (11.10) is easily verified with (2.3a) and product rearrangements. We have
Ja647s 32T 28,60 = J12,6028,64732,128 + ¢ T1.64720 64T 32,128 (11.11)
= Ja2.128(J12,64 T 28,64 + ¢* T a,64T20,64) = T 32,1287 4,327 5,32.

We prove identity (11.7a). Substituting (11.8) into (11.7a), identity (11.7a) is then
equivalent to
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Ji6.32 Jui6Js 32032128 = = — — -
— J1632J28,60 — ¢* T32,108 Jos 64 + ¢ Ts 32 5264 (11.12)

J4732 J12,64

_ gJaead20,64032,128

)

J12,64
which is equivalent to
J16,32J4,16J8,32J 32,128 — J16,32J28,64J4,32J 12,64 (11.13)
45 = = e T ¢ = Cn I s
—q " J32,128 28,644,320 12,64 + ¢ J8,32 52,64 04,32 12,64 = —q°J1,64J20,64J32,128J4,32.

Let us consider the pieces of (11.13). Using (2.3a) and product rearrangements, we
have

q* T32,108 Jos.6404,32T 12,64 — G5 4,649 20,647 32,128 1,32 (11.14)
= q* T32,108 Ja,32(J 12,60 28,60 — ¢  Ta,6aT20,64) = ¢* T 32,128 J1.32J4,32.]5 32
Using product rearrangements, (2.1e), and (2.2a), we obtain
Ji6.327a,16J8 32732128 — ¢ T32,128 1,324 3278 32

- = 472
= J32,128Js,32 (J16,32J4,16 — G J4,32)

= 472
= Js,64J10,64 (J16,32J0,16 — q J4,32)

, =
_ Jig2 Jag2Joos2 4o
= Jg,64J40,64 — = = ¢ Jis

Jgea  Ji6,64

2

Jiso .
= Jg,64J40,64 <J8’sz(_q4§ —QIG) - q4JZ732> = JZ,32J224,64' (11.15)

3

Substituting (11.14) and (11.15) into (11.13), identity (11.13) is seen to be equivalent to
Ju32d34 64 — J16,32 28,640 12,64 + " Ts.32 52,64 12,64 = 0, (11.16)

which is equivalent to
J224764J4,64J36,64 + q4j22764j8,64j40,64 = J12,64J28,64J16,64J 48,64, (11.17)

where we have used (2.1d) and factored out common terms. Identity (11.17) follows from
(2.4) with g — ¢%* a— —¢*2, b~ ¢*°, c—~ ¢*®, d— —¢. O

Proof of Proposition 11.2. The proofs for the three inequalities are the same, so we will
only do the third one. Instead of using Proposition 11.1, we use the equivalent form
identity (11.6), which gives
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Z (N(0,8;4n+3) — C(0,8;4n+3)) " =q - % =: Z e(n)q”. (11.18)
n=0 n=1

In sum form, the two theta functions in the numerator can be written

Tam = (=% ¢™ = > (~1)"q"G (—g)" = Y ¢mGEgek, (11.19)

n=-—o00 k=—o00
which has only positive Fourier coefficients. In product form, the denominator reads

o0

Jio=Jis=[]Q-q"). (11.20)

n=1

By the geometric series (1—¢")~! = 50 ¢, the denominator contributes only positive

Fourier coefficients. Given the lead factor (1—¢) !, we know that every Fourier coefficient

c(n), n > 1, of (11.18) will be strictly positive. O
Acknowledgments

We would like to thank George Andrews for pointing out references [12,15], Frank
Garvan for pointing out reference [11], and Bruce Berndt for helpful comments. We
would also like to thank the two referees for their thorough reading of the manuscript as
well as their helpful comments and suggestions.

References

[1] G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook Part I, Springer, New York, 2005.
[2] G.E. Andrews, B.C. Berndt, Ramanujan’s Lost Notebook Part II, Springer, New York, 2009.
[3] G.E. Andrews, B.C. Berndt, S.H. Chan, S. Kim, A. Malik, Four identities for third order mock
theta functions, preprint.
[4] G.E. Andrews, F.G. Garvan, Dyson’s crank of a partition, Bull. Amer. Math. Soc. (N.S.) 18 (1988)
167-171.
[5] A.O.L. Atkin, H.P.F. Swinnerton-Dyer, Some properties of partitions, Proc. Lond. Math. Soc. (3)
4 (1954) 84-106.
[6] F.J. Dyson, Some guesses in the theory of partitions, Eureka (Camb.) 8 (1944) 10-15.
[7] F.G. Garvan, private communication.
[8] D.R. Hickerson, A proof of the mock theta conjectures, Invent. Math. 94 (3) (1988) 639-660.
[9] D.R. Hickerson, E.T. Mortenson, Hecke-type double sums, Appell-Lerch sums, and mock theta
functions, I, Proc. Lond. Math. Soc. (3) 109 (2) (2014) 382-422.
[10] D.R. Hickerson, E.T. Mortenson, Dyson’s ranks and Appell-Lerch sums, Math. Ann. 367 (1-2)
(2017) 373-395.
[11] R. Lewis, The generating functions of the rank and crank modulo 8, Ramanujan J. 18 (2009)
121-146.
[12] R. Lewis, N. Santa-Gadea, On the rank and crank modulo 4 and 8, Trans. Amer. Math. Soc. 341
(1994) 449-464.
[13] E.T. Mortenson, On three third order mock theta functions and Hecke-type double-sums, Ramanu-
jan J. 30 (2) (2013) 279-308.


http://refhub.elsevier.com/S0097-3165(18)30104-3/bib414249s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib41424949s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4147s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4147s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib415344s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib415344s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib44s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4831s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib484D31s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib484D31s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib484D32s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib484D32s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4C31s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4C31s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4C5347s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4C5347s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4D31s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4D31s1

80 E.T. Mortenson / Journal of Combinatorial Theory, Series A 161 (2019) 51-80

[14] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa Publishing House, New
Delhi, 1988.

[15] N. Santa-Gadea, On some relations for the rank moduli 9 and 12, J. Number Theory 40 (1992)
130-145.

[16] K. Weierstrass, Zur Theorie der Jacobischen Funktionen von mehreren Verénderlichen, Sitzungsber.
Konigl. Preuss. Akad. Wiss. (1882) 505-508, Werke Band 3, pp. 155-159.


http://refhub.elsevier.com/S0097-3165(18)30104-3/bib524C4Es1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib524C4Es1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4E534732s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib4E534732s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib5765s1
http://refhub.elsevier.com/S0097-3165(18)30104-3/bib5765s1

	On ranks and cranks of partitions modulo 4 and 8
	0 Notation
	1 Introduction
	2 Preliminaries
	3 Proof of Theorem 1.4
	4 Proof of Theorem 1.2
	5 On rank deviations modulo 8
	6 Proof of Theorem 1.3
	7 Proof of Theorem 1.5
	8 On crank deviations modulo 8
	9 On rank-crank identities of Lewis and Santa-Gadea
	9.1 Identities (1.2g)-(1.2j)
	9.2 Identity (1.2d)

	10 On ranks and cranks with M=5 and 7
	11 On conjectures of Richard Lewis
	Acknowledgments
	References


