
Journal of Combinatorial Theory, Series A 113 (2006) 636–646
www.elsevier.com/locate/jcta

Locally singular hyperplanes in thick dual polar
spaces of rank 4

I. Cardinalia, B. De Bruynb, A. Pasinia
aDipartimento di Scienze Matematiche e Informatiche “R. Magari”, Università di Siena,

Pian dei Mantellini, 44, I-53100 Siena, Italy
bDepartment of Pure Mathematics and Computer Algebra, Ghent University,

Galglaan, 2, B-900.0 Gent, Belgium

Received 6 April 2005

Communicated by Francis Buekenhout
Available online 1 August 2005

Abstract

We study (i-)locally singular hyperplanes in a thick dual polar space � of rank n. If � is not of
type DQ(2n, K), then we will show that every locally singular hyperplane of � is singular. We will
describe a new type of hyperplane in DQ(8, K) and show that every locally singular hyperplane of
DQ(8, K) is either singular, the extension of a hexagonal hyperplane in a hex or of the new type.
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1. Introduction

Let � be a thick polar space of rank n�2 and � the corresponding dual polar space. We
take the integers 0, 1, . . . , n − 1 as types for �, as follows:
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The elements of � of type 0, 1, 2 and 3 will be called points, lines, quads and hexes,
respectively. More generally, an element of � of type i will be called an i-element and it
corresponds with an (n− 1 − i)-subspace of �. Very often we will regard � as a point–line
geometry and regard the elements of � of type i > 1 as subspaces of that geometry. The
dual polar space � is a near polygon [7] which means that for every point–line pair (x, L),
there exists a unique point �L(x) on L nearest to x (with respect to the distance d(·, ·) in the
point graph of �). More generally, if A is an element of type i and x is a point then there
exists a unique point �A(x) in A nearest to x. We denote the collinearity relation of � by ⊥
and, as usual, given a point p of �, we denote by p⊥ the set of points of � collinear with p
or equal to p.

A hyperplane of � is a proper subspace H of � with the property that every line of �
either is contained in H or intersects H in a unique point. Given a point p of �, we denote
by Hp the set of points of � at nonmaximal distance from p. Since � is a near polygon, Hp

is a hyperplane of �. We say that Hp is a hyperplane of singular type, or shortly a singular
hyperplane, and that p is its deepest point. An element of � which is contained in H is called
deep. If Q is a quad of �, then there are four possibilities for Q ∩ H : (i) Q is deep, i.e.
Q ⊆ H ; (ii) Q is singular, i.e. Q ∩ H = p⊥ ∩ Q for some point p of Q; (iii) Q ∩ H is an
ovoid of Q; (iv) Q ∩ H is a subquadrangle of Q.

For every hyperplane H of � and every i-element A of � with 2� i < n and A �H ,
the set A ∩ H is a hyperplane of the dual polar space of rank i induced by � on A. If for
any i-element A of �, either A ⊆ H or A ∩ H is a singular hyperplane of A, then we
say that H is i-locally singular. A hyperplane is called locally singular if it is 2-locally
singular. We extend the above terminology to the case i = n by stating that the n-locally
singular hyperplanes are precisely the singular hyperplanes. It is not difficult to see that
every i-locally singular hyperplane of � is also j-locally singular if 2�j � i. The converse
is not necessarily true. For every field K, there exist 2-locally singular hyperplanes in the
dual polar space DQ(6, K) which are not (3-locally) singular. Moreover, the points and
lines of DQ(6, K) which are contained in each of these hyperplanes define a split Cayley
hexagon H(K). We call these hyperplanes hyperplanes of hexagonal type. The following
theorem has been proved by Shult [5] in the finite case and by Pralle [4] and Van Maldeghem
(unpublished) in the infinite case.

Theorem 1.1. Let � be a thick dual polar space of rank 3. If H is locally singular, then
either H is of singular type or of hexagonal type. (In the latter case, ��DQ(6, K) for some
field K.)

In Lemma 3.4, we will show that i-locally singular implies j-locally singular if 3� i�
j �n. So, if � is not isomorphic to DQ(2n, K) for some field K and some n�3, then
locally singular implies j-locally singular if 2�j �n.

Suppose H0 is a hyperplane of an i-element A0 of �, i = 2, 3, . . . , n − 1. Every point
of � has distance at most n − i from at least one point of A0. The set of points of � that
have distance at most n − i from at least one point of H0 is a hyperplane of �, called the
extension of H0 (see, e.g., [2, Proposition 1]). Obviously, if H0 is of singular type, then
its extension is still of singular type with the deepest point of H0 as its deepest point. We
will show in Lemma 3.1 that the extension of an i-locally singular hyperplane is again
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i-locally singular. So, the dual polar space DQ(2n, K), n�4, admits at least two types of
locally singular hyperplanes, namely the singular ones and the ones which are an extension
of a hyperplane of hexagonal type. In Section 2, we will show that a locally singular
hyperplane of DQ(2n, K) can be derived from any hyperplane of the half-spin geometry
associated with the geometry of type Dn. This will allow us to construct a third type of
2-locally singular hyperplane in DQ(8, K). In Section 4, we will classify all locally singular
hyperplanes in DQ(8, K) by proving that each such hyperplane belongs to one of the three
above-mentioned classes. The general case will be examined in Section 3. In that section
we shall prove that, if � � DQ(2n, K), then all 2-locally singular hyperplanes of � are
indeed singular (Theorem 3.5). Moreover, if � = DQ(2n, K) then every 3-locally singular
hyperplane of � is singular (Lemma 3.4).

2. A class of locally singular hyperplanes

Let �n = Q(2n, K) be a polar space with K an arbitrary field and n�4. Let �n be the
dual polar space associated with �n, let Q+(2n−1, K) ⊂ Q(2n, K), and let M− and M+
be the two families of generators of Q+(2n − 1, K). Let �n = (M−, L, I) be the half-spin
geometry having as points the generators of M− and as lines the (n − 3)-subspaces of
Q+(2n − 1, K). �n is obtained as a truncation of a geometry of type Dn (see [3]):

If � is a generator of Q(2n, K) not contained in Q+(2n − 1, K), then we define ��,
� ∈ {+, −}, as the unique element of M� through � ∩ Q+(2n− 1, K). For any subset X of
M−, we define X̃ = M+ ∪ X ∪ X′ where X′ is the set of all the generators � of Q(2n, K)

not contained in Q+(2n − 1, K) for which �− ∈ X.

Lemma 2.1. Let X be a subset of M−, then X̃ is a hyperplane of �n if and only if X is a
hyperplane of �n.

Proof. Let l be a line of �n. We will regard l as an (n − 2)-subspace of �n. Suppose first
that l is contained in Q+(2n − 1, K). Let l�, � ∈ {+, −}, denote the unique element of
M� through l. We have l+ ∈ X̃. If l− /∈ X, then l+ is the only point of l contained in X̃.
If l− ∈ X, then every point of l is contained in X̃. Suppose next that l is not contained in
Q+(2n− 1, K). Then l′ := l ∩Q+(2n− 1, K) is a line of �n and the map � �→ �− defines
a bijection between the point sets of l and l′. Moreover, � ∈ X̃ if and only if �− ∈ X. So,
X̃ is a hyperplane of �n if and only if X is a hyperplane of �n. �

Remark. Shult [6] showed that all hyperplanes of �n, n�4, arise from embeddings. For
n = 4, this also follows from Theorem 5.12 of [1].
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Lemma 2.2. If H is a hyperplane of �n such that M+ ⊆ H , then H = X̃ for some
hyperplane X of �n.

Proof. Put X = H ∩ M−. For every generator � of Q(2n, K) not contained in Q+(2n −
1, K), �+ ∈ H and so � ∈ H if and only if �− ∈ X. So, H = X̃. By Lemma 2.1, X is a
hyperplane of �n. �

The geometry �4 can be regarded as a truncation of the D4-geometry. Let � be a triality
of D4 (see [8]) mapping the point-set P of Q+(7, K) to M+ and M+ to M−. A subset
X of M− is a hyperplane of �4 if and only if X� is a hyperplane of (the point–line system
of) Q+(7, K). Now, every hyperplane of Q+(7, K) is obtained by intersecting it with a
hyperplane of the projective space PG(7, K) in which Q+(7, K) is embedded. If X� is
contained in a tangent, respectively nontangent, hyperplane of PG(7, K), then X is called
hyperplane of �4 of singular type, respectively of Q(6, K)-type. So, there are two different
types of hyperplanes of �4 and by Lemma 2.1 each of them gives rise to a hyperplane
of �4.

Lemma 2.3. If X is a singular hyperplane of �4 then X̃ is a singular hyperplane of �4.

Proof. Since X is a singular hyperplane of �4, there exists an � ∈ X which meets any other
element of X in a line. If � ∈ M+, then � meets � nontrivially since � and � do not belong to
the same family of generators. If � ∈ X̃ \ (M+ ∪M−), then �− belongs to X and intersects
� in at least a line. So, � has at least one point in common with �. Summarizing, we can say
that every generator of X̃ meets � nontrivially and hence has distance at most 3 from �. It
follows that X̃ is a singular hyperplane of �4 with deepest point �. �

If X is a hyperplane of �4 of Q(6, K)-type, then X̃ is a new type of hyperplane
of �4.

Lemma 2.4. Suppose X is a hyperplane of �4 of Q(6, K)-type and x ∈ P , then there exists
an element �x ∈ M+ through x such that the elements of X through x are precisely the
elements of M− intersecting �x in a plane.

Proof. Let Q(6, K) ⊆ Q+(7, K) containing all points of X�. The element x� of M+
intersects Q(6, K) in a plane �. The plane � is contained in a unique generator �x

� ∈ M−.
The points of X� in x� are the points of Q(6, K) contained in �x

�. Applying the triality
�−1, we see that the elements of X through x are precisely the generators of M− which
intersect �x ∈ M+ in a plane. �

We are going to prove now that hyperplanes of �n defined by hyperplanes of �n are
locally singular.

Theorem 2.5. If X is a hyperplane of �n then X̃ is a locally singular hyperplane of �n.

Proof. By Lemma 2.1, X̃ is a hyperplane of �n.
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We will first prove the theorem for n = 4. If X is a hyperplane of �4 of singular type then
X̃ is locally singular by Lemma 2.3. So, suppose X is a hyperplane of �4 of Q(6, K)-type.
Let L be a quad of �4. We will regard L as a line of �4.

Consider first the case in which L is a line contained in Q+(7, K). Then L is a line of �4,
which is either contained in X or intersects X in a unique point. If all the elements of M−
through L are contained in X, then every generator through L is contained in X̃ and L is a
deep quad. Suppose that � is the unique element of M− through L. A generator through L
different from � belongs to X̃ if and only if it intersects � in a plane. This means that L is a
singular quad with deep point �.

Next, consider the case where L is a line not contained in Q+(7, K) and let y denote the
unique point contained in L∩Q+(7, K). By Lemma 2.4, there exists an element �y ∈ M+
through y such that every element in M− ∩ X through y intersects �y in a plane. The map
� : A �→ A ∩ Q+(7, K) defines a bijection between the set A of points of the quad L
and the planes through y which are contained in a certain Q(6, K) ⊂ Q+(7, K) through
y. (Q(6, K) is obtained as intersection of Q+(7, K) with the tangent hyperplane in a point
of L \ {y}.) Two points l1 and l2 of L are collinear if and only if l�1 and l�2 have a line in
common. Now, a point A of L belongs to X̃ if and only if A− intersects �y in a plane, or
equivalently, if and only if A∩Q+(7, K) and �y ∩Q(6, K) have at least a line in common.
Hence, L is a singular quad with deepest point (�y ∩ Q(6, K))�

−1
.

Consider now the case n�5. Let L be a quad of �n. As before, L can be regarded as
an (n − 3)-space of �n. Let � be an (n − 5)-dimensional subspace of Q+(2n − 1, K)

contained in L. The subspaces of Q(2n, K) through � define a polar space Q(8, K) and
those subspaces contained in Q+(2n−1, K) define a Q+(7, K) on Q(8, K). The generators
of M�, � ∈ {+, −}, through � define a family N � of generators of Q+(7, K). Now, let A
denote the suboctagon of �n whose points are the generators through �. The quad L is
contained in A. If A ⊂ X, then L is deep. Suppose that A ∩ X is a hyperplane of A. Every
element of N + belongs to A ∩ X and so by Lemma 2.2 and the first part of the proof we
know that A ∩ X is a locally singular hyperplane of A. So, the quad L of A is either deep or
singular. This proves that X is locally singular. �

3. Properties of i-locally singular hyperplanes

Lemma 3.1. For i�2, the extension of an i-locally singular hyperplane is again i-locally
singular.

Proof. Let � be a thick dual polar space of rank n, let A be a j-element of � and let HA

be an i-locally singular hyperplane of A (2� i�j �n − 1). Let H be the hyperplane of �
obtained by extending HA.

Choose an arbitrary i-element B. Let x∗ be a point of B at smallest distance d from A.
Put C := 〈x∗, A〉 (if d + j < n, then C is the smallest element of � containing x∗ and
A, otherwise C = �) and D := B ∩ C. Then every point of D has distance d from A. So,
E := �A(D) is an element of � isomorphic to D. For every point x of B and every point y
of A, d(x, y) = d(x, �C(x)) + d(�C(x), y) = d(x, �D(x)) + d(�D(x), y). So, the unique
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point of A nearest to x is contained in E. Since E�D, E is an element of type at most i.
So, either E ⊆ HA or E ∩ HA is a singular hyperplane of E. If E ⊆ HA, then B ⊆ H . If
E ∩ HA is of singular type and B contains no points at distance n − j from A, then also
B ⊆ H . Suppose now that E ∩HA is of singular type and that B contains points at distance
n − j from A. Then �D(E ∩ HA) is a hyperplane of D of singular type and H ∩ B is the
extension of that hyperplane. Hence, the hyperplane H ∩ B of B is also of singular type.
This proves that H is i-locally singular. �

Lemma 3.2. Let H be a locally singular hyperplane of a thick dual polar space � of rank
n�2 and let x be an arbitrary point of H. Then the lines through x contained in H are
either all the lines of � through x or the lines of � through x which are contained in a given
(n − 1)-element.

Proof. Obviously, the result holds for n = 2. So, suppose that n�3. The elements of �
through x define an (n − 1)-dimensional projective space P. Let X denote the set of points
of P corresponding with the lines through x contained in H. If L1 and L2 are two different
lines through x contained in H, then the quad 〈L1, L2〉 is either deep or singular. In any
case, every line of 〈L1, L2〉 through x is contained in H. This proves that X is a subspace
of P. Take now an arbitrary quad Q through x. If A denotes an arbitrary hex through Q,
then A is either deep, singular or hexagonal (if � is of type DQ(2n, K)). In any case, one
verifies that there exists a line of Q through x which is contained in H ∩A. This proves that
the subspace X is either the whole space P or a hyperplane of P. This gives rise to the two
possibilities mentioned in the lemma. �

If H is a locally singular hyperplane of a thick dual polar space � of rank n then D(H),
respectively S(H), denotes the set of all the (n − 1)-elements which are deep, respectively
singular, with respect to H. We will denote the deepest point of an element A of S(H)

by �(A).

Theorem 3.3. Let H be a locally singular hyperplane of a thick dual polar space � of rank
n�2. If A ∈ D(H), then H is the extension of a hyperplane of A.

Proof. Let X denote the set of points x ∈ A for which x⊥ ⊆ H . By Lemma 3.2,

H = A ∪
⋃
x∈X

x⊥. (1)

Let y denote a point of � which is not contained in H and let A′ denote an (n − 1)-element
through y disjoint from A. By (1), A′ ∩H = �A′(X) and so X = �A(A′ ∩H). Since A′ ∩H

is a hyperplane of A′, X is a hyperplane of A and it follows H = ⋃
x∈X x⊥. �

Lemma 3.4. Let H be a hyperplane of a thick dual polar space � of rank n�4. If H is
i-locally singular for a certain i ∈ N with 3� i�n − 1, then H is also (i + 1)-locally
singular. As a consequence, every 3-locally singular hyperplane in a thick dual polar space
of rank n�3 is singular.
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Proof. It suffices to prove the lemma for n = i + 1. Suppose that D(H) 
= ∅. Then by
Theorem 3.3, H = ⋃

x∈X x⊥ for some hyperplane X in an element A of D(H). If A′ is an
(n− 1)-element disjoint from A, then the (singular) hyperplane A′ ∩H is isomorphic to the
hyperplane X of A. So, X is also singular, whence the extension H of X is singular.

We will now show that the possibility D(H) = ∅ cannot occur. Suppose the contrary,
then every (n − 1)-element is singular. Let p1 denote a point which is the deepest point of
some (n − 1)-element A1.

If A2 is an arbitrary (n − 1)-element through p1, then we will now show that its deepest
point p2 coincides with p1. Put B = A1∩A2. The (n−2)-element B is completely contained
in H since it contains the deepest point p1 of A1. Since B ⊂ A2, p2 ∈ B. Let x 
= p1 denote
an arbitrary point of p1

⊥ ∩ B different from p2. Let C denote an (n − 3)-element through
x contained in B but not containing p1 and p2 (such an element exists by the assumption
on the thickness of the dual polar space) and let A denote an (n − 1)-element through C not
containing B. Since pi is not contained in the (n − 2)-element A ∩ Ai , (A ∩ Ai) ∩ H is a
singular hyperplane of A∩Ai whose deepest point p′

i is collinear with pi . We have p′
1 = x

and p′
2 ∈ B. Since A∩Ai is also contained in the singular element A, also the deepest point

�(A) of A should be collinear with p′
i . Now, �(A) is not contained in B since both A ∩ A1

and A ∩ A2 are not contained in H. So, there is at most one point in B collinear with �(A).
Hence, p′

2 = p′
1 = x and x ∈ p⊥

2 . We have p⊥
1 ∩ B \ {p1, p2} ⊆ p⊥

2 . This is only possible
when the points p1 and p2 coincide.

We have just shown that all (n − 1)-elements through p1 have deepest point p1. Hence,
(i) every point at distance at most n − 2 from p1 belongs to H, and (ii) no point at distance
n − 1 from p1 is contained in H. Now, consider a point u ∈ p⊥

1 , u 
= p1, and consider
an (n − 1)-element A′ through u not containing p1. Since u ∈ H and A′ is singular,
there exists an (n − 2)-element B ′ containing u and contained in A′ ∩ H . Any point in
B ′ at distance n − 2 from u has distance n − 1 from p1 and hence cannot belong to H,
a contradiction. �

By Theorem 1.1 and Lemma 3.4, we immediately have:

Theorem 3.5. If � is a thick dual polar space not isomorphic to DQ(2n, K) for some field
K and some n�3, then every locally singular hyperplane of � is singular.

4. The rank 4 case

In this section we will classify all locally singular hyperplanes of the dual polar space
� = DQ(8, K) associated with the polar space � = Q(8, K). Let H be a locally singular
hyperplane of �. We will use the same notations as before. If D(H) 
= ∅, then by Theorem
3.3, H is the extension of a hyperplane HA of a hex A ∈ D(H). There are two possibilities
for HA by Theorem 1.1. If HA is singular, then also H is singular. So, if D(H) 
= ∅, then
H is either a singular hyperplane or the extension of a hyperplane of hexagonal type. In the
sequel we will suppose that D(H) = ∅.

Lemma 4.1. If x is a point of H, then there exists a hex A ∈ S(H) such that d(x, �(A))�1.
So, S(H) 
= ∅.
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Proof. By Lemma 3.2, there exists a hex A through x such that every line of A through x is
contained in H. Since D(H) = ∅, A ∈ S(H) and the deepest point of A lies at distance at
most 1 from x. �

Lemma 4.2. If A1 and A2 are two distinct hexes of � such that A1 ∈ S(H) and �(A1) ∈ A2,
then A2 ∈ S(H) and �(A2) ∈ A1.

Proof. The quad B = A1 ∩ A2 of A1 is deep because it contains the deepest point �(A1)

of A1. Since B ⊂ A2 and D(H) = ∅, A2 ∈ S(H) and �(A2) ∈ B. �

Lemma 4.3. The set S(H), regarded as set of points of �, is a subspace of �.

Proof. We need to show that if A1 and A2 are two different hexes of S(H) meeting in a
quad B, then every hex A through B is singular. If the quad B is deep, then A must be singular
since it contains a deep quad and D(H) = ∅. Suppose therefore that B is singular. Let p
denote the deep point of B. The point pi := �(Ai), i ∈ {1, 2}, is collinear with p and not
contained in B. The quad Q = 〈p1, p2〉 contains the point p and every line of Q through p
is contained in H since the lines pp1 and pp2 are contained in H. The quad Q intersects A
in a line through p which is contained in H, but not in B. Since also every line of B through
p is contained in H, the hex A cannot be of hexagonal type. So, A ∈ S(H). �

Lemma 4.4. Let A1 and A2 be two distinct hexes of S(H) such that �(A1) = �(A2). Then
every hex A meeting A1 and A2 also belongs to S(H).

Proof. The quad B := A1 ∩ A2 is deep since it contains the deepest point of A1 and A2.
If B ⊂ A, then obviously, A ∈ S(H). So, suppose that A intersects B in a line L. Put
Qi = A ∩ Ai , i ∈ {1, 2}. If L contains p := �(A1) = �(A2), then A ∈ S(H) by Lemma
4.2. Suppose therefore that p /∈ L and let p′ denote the unique point of L collinear with
p. Now, every line of A through p′ contained in Q1 ∪ Q2 is contained in H, proving that
A ∈ S(H). �

Lemma 4.5. If a subspace X of � = Q(8, K) is the union of a nonempty set S of maximal
singular subspaces, then X is one of the following:

(a) the whole set of points of �;
(b) the set of points of a Q+(7, K) ⊆ �;
(c) the union of a family of maximal singular subspaces of � containing a given point A0

of �.

Proof. Let S ′ denote the set of all maximal singular subspaces of � which are contained
in X, let V denote the set of points of DQ(8, K) corresponding with S ′ and let d denote the
maximal distance between two points of V. Since X is a subspace, the set V is convex, i.e.
any point on a shortest path between two points of V also belongs to V. (V is not necessarily
a subspace.)

(1) Suppose that every two elements of S ′ meet. Then d �3. We will prove that V is
contained in some hex. Let x and y be two points of V at distance d from each other.
Suppose that there exists a point z ∈ V outside 〈x, y〉. Let z′ denote the unique point of
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〈x, y〉 nearest to z. Then d(z′, x)�� d
2 ��d − 1 or d(z′, y)�� d

2 ��d − 1, since d �3.
Without loss of generality, we may suppose that d(z′, x)�d − 1. Since d(z, x) =
d(z, z′)+ d(z′, x), d(z, z′) = 1 and d(z, x) = d. Now, 〈z, x〉∩ 〈x, y〉 is a proper subset
of 〈x, y〉. So, there exists a line L through x in 〈x, y〉 not contained in 〈z, x〉. The unique
point on that line nearest to y belongs to V and has distance d+1 from z, a contradiction.
So, every point of V is contained in 〈x, y〉 and hence also in any hex through 〈x, y〉.
This case corresponds with case (c) of the lemma.

(2) Suppose that there exist two disjoint elements �1 and �2 in S ′. The 7-dimensional
subspace 〈�1, �2〉 of PG(8, K) intersects Q(8, K) in a Q+(7, K). Let x be an arbitrary
point of Q+(7, K) not contained in �1 ∪ �2. Through x there exists a unique maximal
singular subspace �x intersecting �1 in a plane. The generators �x and �2 of Q+(7, K)

do not belong to the same family and hence they intersect in a point. Hence, the point
x, which is on a line connecting a point of �1 with a point of �2, belongs to X. It follows
that Q+(7, K) ⊆ X. Since the complement of Q+(7, K) in Q(8, K) is connected,
either case (a) or case (b) of the lemma occurs. �

Lemma 4.6. The set S(H), regarded as set of points of �, consists of the set of points of
a Q+(7, K) ⊆ �.

Proof. By Lemma 4.2, S(H) is the union of maximal singular subspaces of �, and by
Lemma 4.3, S(H) is also a subspace of �. So, S(H) corresponds with one of the three
possibilities mentioned in Lemma 4.5. Possibility (a) cannot occur, otherwise H would be
3-locally singular and hence also singular by Lemma 3.4, contradicting D(H) = ∅. We
will now show that also possibility (c) cannot occur. Suppose possibility (c) occurs. Let
V denote the set of points which are the deepest point of a hex of S(H). There exists a
hex A0 ∈ S(H) containing V. Let x be a point of H for which �A0(x) /∈ H (such a point
exists because we suppose H is not the extension of a hyperplane of A0). Then by Lemma
4.1, there exists a hex A through x such that d(x, �(A))�1. Since �A0(x) /∈ H , we would
have �(A) /∈ A0, a contradiction. �

Lemma 4.7. If A1 and A2 are two different hexes of S(H), then d(�(A1), �(A2)) ∈ {2, 4}.

Proof. (a) Suppose �(A1) = �(A2) = p. Let Q be the quad A1 ∩ A2 and let L denote
any line of Q through p. Every hex through L intersects Ai , i ∈ {1, 2}, in a deep quad and
hence is singular. Now, suppose that A is a hex which intersects L in a unique point xA. Put
Qi = Ai ∩A, i ∈ {1, 2}. Every line through xA which is contained in Q1 ∪Q2 is contained
in H since the deepest points of A1 and A2 lie on L. Since Q1 and Q2 are two different
quads, we have A ∈ S(H). Hence, L, regarded as object of �, is a plane with the property
that every generator through it is contained in Q+(7, K). This is impossible.

(b) Suppose d(�(A1), �(A2)) = 1. Let L denote the line through �(A1) and �(A2). If A1
and A2 are disjoint, then any hex through L contains two disjoint deep quads, contradicting
D(H) = ∅. So, A1 ∩ A2 is a quad Q. The line L meets Q. It follows that the points �(A1)

and �(A2) belong to Q by Lemma 4.2 and that Q is deep. Hence, L ⊂ Q. We can now
proceed as in (a) to show that every hex meeting L is singular and for the same reason as
mentioned in (a) this is impossible.
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(c) Suppose d(�(A1), �(A2)) = 3. Let A denote the unique hex through �(A1) and �(A2).
If A1 and A2 are disjoint, then A contains two disjoint deep quads, contradicting D(H) = ∅.
So, A1 and A2 intersect in a quad Q. The singular hyperplane Ai ∩ H of Ai (i ∈ {1, 2})
cannot contain points at distance 3 from �(Ai). So, �(A1) /∈ A2 and �(A2) /∈ A1. The
quad Q does not contain �(A1). So, it is singular and its deep point xQ is collinear with
�(A1). In a similar way, one shows that xQ is collinear with �(A2), contradicting d(�(A1),
�(A2)) = 3. �

Corollary 4.8. The points �(A), A ∈ S(H), regarded as subspaces of � all belong to the
same family of generators of Q+(7, K).

Let M+ denote the family of generators of Q+(7, K) containing all generators �(A),
A ∈ S(H). Let M− denote the other family of generators of Q+(7, K).

Lemma 4.9. If p ∈ M+, then there exists an A ∈ S(H) such that p = �(A).

Proof. Let p′ denote a generator of Q(8, K) not contained in Q+(7, K) and intersecting p
in a plane. We distinguish two possibilities.

• Suppose p′ ∈ H . By Lemma 4.1, the point p′ is collinear with a point p′′ which is deep
for some hex. We necessarily have p′′ = p.

• Suppose p′ /∈ H . As Q+(7, K) is a hyperplane of Q(8, K), the plane p′ ∩ Q+(7, K) is
the unique line L of � through p′ such that any hex through L belongs to S(H). Let q
denote the unique point of L ∩ H . If q is deep for some hex of S(H), then q necessarily
coincides with p and we are done. Suppose therefore that q has distance 1 from a point
q ′ which is deep for some hex of S(H). Let B be a hex through L not containing q ′. The
hex B belongs to S(H) and �(B) has distance 2 from q since L is not contained in H. But
then it follows that d(q ′, �(B)) = 3, contradicting Lemma 4.7. �

From the previous results, we easily obtain the classification of all locally singular hy-
perplanes in DQ(8, K).

Theorem 4.10. Let H be a locally singular hyperplane of DQ(8, K). Then one of the
following possibilities occurs:

(a) H is of singular type;
(b) H is the extension of a hyperplane of hexagonal type;
(c) H is the new type of hyperplane described in Section 2.

Proof. If D(H) 
= ∅, then we have shown that either case (a) or case (b) occurs. If D(H) =
∅, then we have shown that there exists a Q+(7, K) ⊆ Q(8, K) and a system M+ of
generators of Q+(7, K) such that M+ ⊆ H . By Lemmas 2.2 and 2.3, we then know that
H is either of singular type or of the new type. The singular type does not occur since we
assumed D(H) = ∅. �
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