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In this paper, we present a lattice-theoretic characterization
for valuated matroids, which is an extension of the well-known
cryptomorphic equivalence between matroids and geometric
lattices (= atomistic semimodular lattices). We introduce a
class of semimodular lattices, called uniform semimodular
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integer-valued valuated matroids and uniform semimodular
lattices. Our result includes a coordinate-free lattice-theoretic
characterization of integer points in tropical linear spaces,
incorporates the Dress-Terhalle completion process of valuated
matroids, and establishes a smooth connection with Euclidean
buildings of type A.
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1. Introduction

Matroids can be characterized by various cryptomorphically equivalent axioms; see

e.g., [1]. Among them, a lattice-theoretic characterization by Birkhoff [3] is well-known:

The lattice of flats of any matroid is a geometric lattice (= atomistic semimodular lattice),

and any geometric lattice gives rise to a simple matroid.
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The goal of the present article is to extend this classical equivalence to wvaluated
matroids (Dress and Wenzel [9,10]). Valuated matroid is a quantitative generalization
of matroid, which abstracts linear dependence structures of vector spaces over a field
with a non-Archimedean valuation. A valuated matroid is defined as a function on the
base family of a matroid satisfying a certain exchange axiom that originates from the
Grassmann-Pliicker identity. Just as matroids, valuated matroids enjoy nice optimization
properties; they can be optimized by a greedy algorithm, and this property characterizes
valuated matroids. In the literature of combinatorial optimization, the theory of valuated
matroids has evolved into discrete convexr analysis [20], which is a framework of “con-
vex” functions on discrete structures generalizing matroids and submodular functions. In
tropical geometry (see e.g., [17]), a valuated matroid is called a tropical Pliicker vector.
The space of valuated matroids is understood as a tropical analogue of the Grassmann
variety in algebraic geometry; see [22,23].

While Murota and Tamura [21] established cryptomorphically equivalent axioms for
valuated matroids in terms of (analogous notions of) circuits, cocircuits, vectors, and
covectors, a lattice-theoretic axiom has never been given in the literature. The goal of this
paper is to establish a lattice-theoretic axiom for valuated matroids by introducing a new
class of semimodular lattices, called uniform semimodular lattices. This class of lattices
can be viewed as an affine-counterpart of geometric lattices, and is defined by a fairly
simple axiom: They are semimodular lattices with the property that the operator z —
(the join of all elements covering z) is an automorphism. This operator was introduced
in a companion paper [13] to characterize Euclidean buildings in a lattice-theoretic way.

The main result of this paper is a cryptomorphic equivalence between uniform semi-
modular lattices and integer-valued valuated matroids. The contents of this equivalence
and its intriguing features are summarized as follows:

e A valuated matroid is constructed from a uniform semimodular lattice £ as follows.
We introduce the notion of a ray and end in L. A ray is a chain of £ with a certain
straightness property, and an end is an equivalence class of the parallel relation on
the set of rays. Ends will play the role of atoms in a geometric lattice. We introduce
a matroid M on the set E of ends, called the matroid at infinity, which will be
the underlying matroid of our valuated matroid. As expected from the name, this
construction is inspired by the spherical building at infinity in a Euclidean building.
A Z™-sublattice S(B) (~ Z"™) is naturally associated with each base B in M,
and plays the role of apartments in a Fuclidean building. Then a valuated matroid

w = w5? on E is defined from apartments and any fixed x € £; the value w(B) is
the negative of a “distance” between x and S(B). It should be emphasized that this
construction is done purely in a coordinate-free lattice-theoretic manner.

o The reverse construction of a uniform semimodular lattice from a valuated matroid
uses the concept of the tropical linear space. The tropical linear space T (w) is a
polyhedral object in R¥ associated with a valuated matroid w on E. This concept

and the name were introduced by Speyer [22] in the literature of tropical geometry.
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Essentially equivalent concepts were earlier considered by Dress and Terhalle [7,8] as
the tight span and by Murota and Tamura [21] as the space of covectors. In the case of
a matroid (i.e., {0, —oco}-valued valuated matroid), the tropical linear space reduces
to the Bergman fan of the matroid, which is viewed as a geometric realization of
the order complex of the geometric lattice of flats [2]. We show that the set L(w) :=
T (w) NZE of integer points in 7 (w) forms a uniform semimodular lattice. Then the
original w is recovered by the above construction (up to the projective-equivalence),
and 7 (w) is a geometric realization of a special subcomplex of the order complex of
L(w). Thus our result establishes a coordinate-free lattice-theoretic characterization
of tropical linear spaces.

e The above constructions incorporate, in a natural way, the completion process of val-
uated matroids by Dress and Terhalle [7], which is a combinatorial generalization of
the p-adic completion. They introduced an ultrametric metrization of the underlying
set E by a valuated matroid w, and a completeness concept for valuated matroids
in terms of the completeness of this metrization of E. They proved that any (sim-
ple) valuated matroid (F,w) is (uniquely) extended to a complete valuated matroid
(E, &), which is called a completion of (E,w).

We show that the space E of ends in a uniform semimodular lattice £ admits an
ultrametric metrization d, and it is complete in this metric, where d coincides with
the Dress-Terhalle metrization of the constructed valuated matroid w®®. Then the

L(w)= coincides with the Dress-Terhalle completion of w.

process w — L(w) = w
e Our result sums up, from a lattice-theory side, connections between valuated ma-
troids and Euclidean buildings (Bruhat and Tits [4]), pointed out by [6,8,15]; see
also a recent work [25]. Let us recall the spherical situation, and recall a modular
matroid, which is a matroid whose lattice of flats is a modular lattice. We can say
that a modular matroid is equivalent to a spherical building of type A [24]. Indeed, a
classical result of Birkhoff [3] says that a modular geometric lattice is precisely the
direct product of subspace lattices of projective geometries. Another classical result
by Tits [24] says that a spherical building of type A is the order complex of the direct
product of subspace lattices of projective geometries.
An analogous relation is naturally established for valuated matroids by introducing
the notion of a modular valuated matroid, which is defined as a valuated matroid
such that the corresponding uniform semimodular lattice is a modular lattice. The
companion paper [13] showed that uniform modular lattices are cryptomorphically
equivalent to Euclidean buildings of type A. Thus a modular valuated matroid w
is equivalent to a Euclidean building of type A, in which (the projection of) the
tropical linear space T (w) is a geometric realization of the Euclidean building. This
generalizes a result by Dress and Terhalle [8] obtained for the Euclidean building of
SL(F™) for a valued field F.

The rest of this paper is organized as follows. Sections 2 and 3 are preliminary sections
on lattice, (valuated) matroids, and tropical linear spaces. Section 4 constitutes the main
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body of our results on uniform semimodular lattices. Section 5 discusses representative
examples of valuated matroids in terms of uniform semimodular lattices.

2. Preliminaries

Let R denote the set of real numbers. Let Z and Z denote the sets of integers and
nonnegative integers, respectively. For a set E (not necessarily finite), let R¥, Z¥ and
Zf denote the sets of all functions from E to R, Z, and Z,, respectively. A function
g : E — Z is said to be upper-bounded if there is M € Z such that g(e) < M for all
e€ E.If |g(e)] < M for all e € E, then g is said to be bounded. Let 1 denote the all-one
vector in R¥ | ie., 1(e) = 1 (e € E). For a subset F C E, let 1 denote the incidence
vector of F'in R¥, i.e., 1p(e) = 1 if e € F and zero otherwise. 14} is simply denoted
by 1.. Let 0 denote the zero vector. For x,y € R, let min(z, y) and max(x,y) denote
the vectors in R¥ obtained from z, y by taking componentwise minimum and maximum,
respectively; namely min(z,y)(e) = min(z(e), y(e)) and max(x,y)(e) = max(z(e),y(e))
for e € E. The vector order < on R¥ is defined by = < y if z(e) < y(e) for all e € E.
For e € E and B C E, we denote BU {e} and B\ {e} by B + e and B — e, respectively.

2.1. Lattices

We use the standard terminology on posets (partially ordered sets) and lattices (see,
e.g., [1,3]), where < denotes a partial order relation, and z < y means ¢ <y and = # y.
A lattice is a poset L such that every pair x,y has the greatest common lower bound
x Ay and the least common upper bound x V y; the former is called the meet of z,y, and
the latter is called the join of x,y. For a subset S C L, the greatest lower bound of S
(the meet of S) is denoted by A S (if it exists), and the least upper bound of S (the join
of S) is denoted by \/ S (if it exists). For elements z,y with x <y, the interval [z,y] of
x,y is the set of elements z with < z < y. If [z,y] = {z,y} and = # y, then we say
that y covers x and write x <1 y. A chain is a totally ordered subset C of L; a chain
will be written, say, as g < ©1 < --+ < x,, < ---. The length of chain C is defined as
its cardinality |C| minus one. In this paper, we deal with lattices satisfying the following
finiteness assumption:

(F) No interval [z, y] has a chain of infinite length.

An order-preserving bijection ¢ : £ — L' is called an isomorphism. If £ = £’ then an
isomorphism ¢ is called an automorphism on L. A sublattice of a lattice £ is a subset
L' C L with the property that z,y € £ imply z Ay, zVy € L. Intervals are sublattices.
An atom is an element that covers the minimum 0 = A £. The rank of £ (having the
minimum and maximum) is defined as the maximum length of a maximal chain of L.
A height function of a lattice £ is an integer-valued function r : £ — Z such that
r(y) =r(xz) + 1 for any z,y € £ with x <1 y.
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A lattice £ is said to be semimodular if © A a <1 a implies z <3 z V a for any
z,a € L. From the definition, we easily see that a semimodular lattice satisfies the
Jordan-Dedekind chain condition:

(JD) For any interval [z,y], all maximal chains in [z,y] have the same length.

We denote this length by r[x, y], which is finite by (F).

Lemma 2.1. For a lattice L, the following conditions are equivalent:

(1) L is semimodular.
(2) Fora,be L, if a,b cover a ANb, then a Vb covers a,b.
(3) L admits a height function r satisfying

r@)+rly) >r@Ay)+r(zVy) (z,y€L). (2.1)

Sketch of proof. We verify (1) = (3); other directions are easy or obvious. Fix z € L,
define r : £ — Z by r(x) :=r[z,2 V z] — r[z,2 V z]. Consider an element y that covers x.
Ify<azVz thenaVz=yVzand rly,yVz] =rz,aVz]—1.Ify A2V z, then by
semimodularity, y V z covers x V z, and hence rly,y V z] = rlz,z V z] and r[z,y V z] =
r[z,x V z] + 1. Thus r is a height function.

We show (2.1). Consider a maximal chain z Ay = 29 <1 21 <1 -+ <1 2k = y, where
k =r[zAy,y] by (JD). Consider a chain x = xVzy S xVz 2+ 2 2Vz, = 2 Vy, which
contains a maximal chain in [z, y] by the semimodularity. This implies r(z Vy) —r(z) =
rle,eVyl <k=rlzANyy =r(y) —r(z Ay), and (2.1). O

A modular pair is a pair x,y € L satisfying (2.1) in equality. A geometric lattice is a
semimodular lattice such that it has the minimum and maximum, and every element can
be represented as the join of atoms. A hyperplane in a geometric lattice is an element
that is covered by the maximum element. The following is well-known.

Lemma 2.2 (See, e.g., [1, Section II.3]). Let L be a geometric lattice.

(1) Every element in L is written as the meet of hyperplanes.
(2) Every interval in L is a geometric lattice.

A modular lattice is a lattice £ such that for every triple xz,y,z € £ with x < z it
holds x V (y A z) = (x V y) A z. A modular lattice is precisely a semimodular lattice in
which every pair is modular.

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
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2.2. Matroids

Here we introduce matroids on a possibly infinite ground set, where our treatment
follows [1, Chapter VI]. A matroid M = (E,Z) is a pair of a set E and a family 7
of subsets of E such that ) € Z, I' C I € Z implies I’ € Z, and for I,I’ € T with
|[I| < |I'| there is e € I’ \ I such that I + e € Z, and maxjer |[I| < 4+00. A member
of 7 is called an independent set. A maximal independent set is called a base. The set
of all bases is denoted by B. A matroid can be defined by the base family, and also be
written as M = (E, B). Bases have the same cardinality (< +o00), which is called the
rank of M. A loop is an element e € F such that no base contains e. Non-loop elements
e, f € E are said to be parallel if no base contains both e and f. The parallel relation
gives rise to an equivalence relation on the set of non-loop elements, and an equivalence
class is called a parallel class. If matroid M has no loop and no parallel pair, then M is
called simple. For a subset E’ C E obtained by selecting one element from each parallel
class, we obtain a simple matroid M’ = (E’,Z') on E’, where 7/ := {I € Z | I C E'}.
This matroid M’ is called a simplification of M. The rank function p : 2F — Z is
defined by p(X) := max{|I| | I € Z : I C X}. The closure operator cl is defined by
cd(X)={e€ E|p(X+e)=p(X)}. A flat is a subset F C E with cl(F) = F. A parallel
class is exactly a flat F' with p(F) = 1. The family of all flats becomes a lattice with
respect to the inclusion order.

Let us review the relationship between matroids and geometric lattices. Let £ be a
geometric lattice with height function r. Assume 7(0) = 0. A subset I of atoms of £ is
called independent if r(\/ I) = |I|.

Theorem 2.3 ([5]; see [1, Chapter VI]).

(1) For a geometric lattice £ with rank n, the pair M, of the set of atoms and the family
of independent atoms is a simple matroid with rank n.

(2) The family of flats of a matroid M with rank n is a geometric lattice L with rank n,
where M is a simplification of M.

3. Valuated matroids and tropical linear spaces

Let M = (E, B) be a matroid with rank n. A valuated matroid on M is a function
w: B — R satisfying:

(EXC) For B,B’ € Band e € B\ B’ there is ¢/ € B’ \ B such that

w(B)+w(B)<w(B+e —e)+w(B +e—¢). (3.1)

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
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A valuated matroid w is viewed as a function on the set of all n-element subsets of E
by defining w(B) = —oo for B ¢ B. A valuated matroid is also written as a pair (E,w).
A valuated matroid is called simple if the underlying matroid is a simple matroid.

Lemma 3.1 (/7]). Let (E,w) be a valuated matroid. If e, f € E are parallel in the un-
derlying matroid, then there is a € R such that w(K +e) = w(K + f) + « for every
(n — 1)-element subset K C E'\ {e, f}.

Therefore no essential information is lost when a valuated matroid (F,w) is restricted
to a simplification of the underlying matroid. The obtained simple valuated matroid
(E,&) is called a simplification of (E,w).

For w:B — R and z € R¥, define w +z: B— R by

(w+z)(B) :=w(B)+ > x(e) (BeDB).

ecB

It is easy to see from (EXC) that w+ x is a valuated matroid if w is a valuated matroid.
Two valuated matroids w and w’ are said to be projectively equivalent if w' = w + x for
some € RF.

For w: B — R, let B, be the set of all bases B that attain maxpepw(B). A direct
consequence of (EXC) is as follows.

Lemma 3.2 ([9]; see [19, Theorem 5.2.7]). Let w be a valuated matroid on (E,B). A base
B € B belongs to B, if and only if

w(B—e+ f) <w(B)
forallee B and f € E\ B with B—e+ f € B.

One can also observe from (EXC) that for a valuated matroid w, the maximizer family
B, is the base family of a matroid. Murota [18] proved that this property characterizes
valuated matroids when E is finite.

Lemma 3.3 ([18]; see [19, Theorem 5.2.26]). Let M = (E, B) be a matroid. An upper-
bounded integer-valued function w : B — Z is a valuated matroid if and only if (E, By 4z)
is a matroid for every bounded integer vector x € ZF.

Proof: Reduction to finite case. We reduce the proof of the if-part to finite case. Con-
sider bases B, B’ € B. Let E' := BUB’, and let (E’,w’) be the restriction of (F,w). By
the upper-boundedness of w, for z’ € ZE,, by choosing a large positive integer M and
by defining z(e) :== —M (e € E\ E’), we can extend z’ to bounded vector z € Z¥ so
that Buyys = Buta C 2F . Thus the exchange property (EXC) of w on B and B’ follows
from that of w’. O

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
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Next we introduce the tropical linear space [21,22] of a valuated matroid. Let w be an
integer-valued valuated matroid on (E, B). To deal with a possible infiniteness of E, we
here employ the following definition. The tropical linear space T (w) of w is defined as
the set of all vectors x € R¥ such that matroid M, = (E, B, ) has no loop, i.e.,

T(w) := {x € R¥ | M, has no loop}.

This definition tacitly imposes that the maximum of w + z for x € T (w) is attained by
some B € B. According to the definition in [21,22], the tropical linear space is the set of
all points 2 € R satisfying:

(TW) For any (n + 1)-element subset C' C E, the maximum of w(C — f) — z(f) over all
f € C with C — f € B is attained at least twice.

(In the definition of [21], the sign of = is opposite.) Speyer [22, Proposition 2.3] proved
that the two definitions are equivalent when F is finite. Our infinite setting needs a little
care; we prove a slightly modified equivalence in Lemma 3.8 below.

In the literature, the tropical linear space is referred to as its projection 7 (w)/R1,
since € T (w) implies © + R1 C T (w). Earlier than [21,22], Dress and Terhalle [7,8]
introduced the concept of the tight span TS(w) of w, which is defined by

TS(w):={peR” |ple)= max {w(B)— > p(f)} (c€E)
feB\(e}

Observe that TS(w) is the set of representatives of the negative of 7 (w)/R1. More
precisely, it holds

TS(w)=—{z€T(w)| rgg%((w +z)(B) =0}. (3.2)

Dress and Terhalle [7,8] introduced an ultrametric metrization of the ground set E of a
valuated matroid w, which we explain below. Let us recall the notion of an ultrametric.
An wltrametric on a set X is a metric d : X x X — R4 satisfying the ultrametric
inequality

d(z,y) < max{d(z,z),d(z,y)} (z,y,z€ X). (3.3)

For p € TS(w), define D, : E x E — R by

Dy, f) ;:{gxmmax{(w—p)(ff)Besz{e,f}gB» feth (ren

Proposition 3.4 ([7]). Let (E,w) be a simple valuated matroid. For p € TS(w), we have
the following:

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
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(1) D, is an ultrametric.
(2) For g€ TS(w), it holds aD, < D, < BD,, for some c, 3 > 0.

A simple valuated matroid (E,w) is called complete if the metric space (E,D,) is
a complete metric space. By the property (2) the convergence property is independent
of the choice of p € TS(w). A completion of a valuated matroid (E,w) is a complete
valuated matroid (E ,w) with the properties that E contains FE as a dense subset, and w
is equal to the restriction of W to n-element subsets in F.

Theorem 3.5 ([7]). For a simple valuated matroid (E,w), there is a (unique) completion
(B,w) of (B,w).

The construction of a completion of valuated matroid (F,w) is analogous to (and
generalizes) that of p-adic numbers from rational numbers: Consider the set E of all
Cauchy sequences (z;), relative to D, modulo the equivalence relation ~ defined by
(z;) ~ (y;) & lim;oo Dp(2i,y:) = 0. Regard E as a subset of E by associating
r € F with a Cauchy sequence converging to x, and extend D, to ExE — R by
D, ((x;), (y;)) :=lim;_ oo Dp(xs, y;). Then E is a complete metric space containing E as
a dense subset. Accordingly, w is extended to w by

w(B) := lim w(B;),
1—00

where B; C F consists of n elements each converging to an element of B C E. By a com-
pletion of nonsimple valuated matroid (E,w) we mean a completion of a simplification
of (E,w). In Section 4.3, we give a natural interpretation of this completion process via
a uniform semimodular lattice.

The rest of this section is to give some basic properties of the tropical linear space
T(w). Let (E,w) be an integer-valued valuated matroid on underlying matroid M =
(E, B) of rank n. We suppose that T (w) is endowed with the vector order <.

Lemma 3.6. Let (E,@) be a simplification of (E,w). Then the projection x v x|z is an
order-preserving bijection from T (w) to T (@).

Proof. Let e, f € E be a parallel pair with w(K +¢) = w(K + f) + « for every (n —
1)-element subset K C E'\ {e, f}; see Lemma 3.1. Let € T (w). There is B € B4,
containing e. By (w+z)(B) > (w+z)(B—e+ f) and w(B) = w(B —e+ f) + «, we have
z(e) > x(f) — cv. Similarly, by taking B’ € B4, with f € B’, we obtain z(e) = z(f) — o
then (w+ x)(B) = (w+ z)(B — e + f) holds for the above B. In particular, if B € B, 4,
contains e, then B—e+ f € By, From this, we see that By, ;| . is a subset of B, 1, and
M, 4| has no loop. Thus the projection z + x| is an order-preserving map from 7 (w)
to T(©). By z(e) + a = x(f), where « is independent of x, we see that the projection is
a bijection. O
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For z € RE, let |z] € Z¥ denote the vector obtained from z by rounding down each
fractional component of z, i.e. |z](e) := |z(e)| for e € E.

Lemma 3.7. For z € T (w), we have the following:

(1) [z] € T(w).
(2) There are a chain ) # F1 C Fo C --- C F,, = E of flats in M, || and coefficients
i >0 such that > N <1landz = |z] +> " Nlp,.

Proof. (1). Let B € B,4+,. By Lemma 3.2, we have (w+z)(B+e— f) < (w+x)(B) for
alle € E\ B and f € B. From this, we have

(W [z))(B+e—f)+Ale) - A(f) < (w+ [2])(B),

where A(g) = z(g) — |z(g)] € [0,1) for g € E. Since A(e) — A(f) > —1 and w is
integer-valued, we have (w+ |z|)(B+e— f) < (w+ |z])(B). By Lemma 3.2 again, we
have B € B4 |,|. Hence B, 1z C B, |- Therefore M|, has no loop.

(2). It suffices to show: If z € T (w) and « € [0, 1), then F,, := {e € E | z(e)—|z(e)| >
a} is a flat of matroid M4 5| By Bute € By |z) shown above, one can see that B,y
is the maximizer family of linear objective function B — (z — |z])(B) over B,y |-
Suppose to the contrary that e € cl(F,) \ F, exists. Take a base B € B, containing e.
Then cl(B —e) 2 F, since otherwise e ¢ cl(B —e¢) = cl(cl(B—e¢)) 2 cl(F,) 3 e. Thus we
can choose f € F, such that B+ f —e € B,y |,|. But the above linear objective function
increases strictly. This is a contradiction. O

Lemma 3.8. A vector x € RF belongs to T(w) if and only if the mazimum of w + x over
B is attained and x satisfies (TW).

Proof. (If part). Consider B € B4, and e € E'\ B. Then max epye:pte—fenw(B +
e — f)—x(f) is attained by f = e (Lemma 3.2), and f # e by (TW). This means that
B+e— f € B,y Thus M, is loop-free.

(Only if part). By Lemma 3.7 (2) and |F; N B| € {0,1,2,...,n}, it holds {(w+x)(B) |
B € B} CZ+U for a finite set U = {>_;"; Mik; | 0 < k; < n}. Consequently the
maximum of w + z + alp is attained for all @ > 0 and F C E. The rest is precisely
the same as in the proof of [22, Proposition 2.3]. Consider an arbitrary n + 1 element
subset C. As a > 0 increases, the maximizer family B, 1101, changes finitely many
times. Also, for large a > 0, B, 4z+a1, consists only of bases B € B with B C C. We
show that each e € C' is not a loop in B, 434a1. for a > 0. For small € > 0, any base B
in Buyzrale with maximal C'N B is also a base in B, {4 (a4e)10; See below. Since each
e € C is not a loop in My,44, s0 is in M, 14141, Thus, for large a > 0, the maximum
of w+ z + alc must be attained by at least two bases in C, which implies (TW). O

In the last step of the proof, we use the following lemma:

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
Combin. Theory Ser. A (2019), https://doi.org/10.1016/j.jcta.2019.02.013




YJCTA:5075

H. Hirai / Journal of Combinatorial Theory, Series A ess (soes) soo—see 11

Lemma 3.9 (/22]). Let x € T(w) and F C E. Any base B € B4, with mazimal BN F
belongs to Butataip for sufficiently small o > 0. If w and x are integer-valued, then we
can take a = 1.

Proof. We only show the case where w and x are integer-valued; the proof of the non-
integral case is essentially the same. We can assume that = 0. Consider a base
B € B,, with maximal BN F. By Lemma 3.2, it suffices to show that w(B) + |[BN F| >
wB—-e+ f)+|(B—e+ f)NF|foreec Band f € E\ B with B—e+ f € B.
By w(B) > w(B —e+ f),if f ¢ F or e € F, then this obviously holds. Suppose
that f € F and e ¢ F. Then [(B—e+ f)NF| = 1+ |BN F|. By the maximal-
ity, B — e + f does not belong to B,, implying w(B — e + f) < w(B) — 1. Thus
wB)+|BNF|>w(B-e+f)+|(B—e+ f)NF|. O

The tropical linear space enjoys a tropical version of convexity introduced by Develin-
Sturmfels [5]. A subset @ C RF is said to be tropically convex [5] if min(z+al,y+31) €
Q for all x,y € Q and «, € R. An equivalent condition for the tropical convexity con-
sists of (TCA) and (TC41) below:

(TCA) min(z,y) € Q for all z,y € Q.
(TCi1) z+aleQforalze@, acR.

These two properties of T (w) were recognized by Murota-Tamura [21] (in finite case).

Lemma 3.10 (/21, Theorem 8.4]; see also [12, Proposition 2.14]). The tropical linear
space T (w) is tropically conver.

Proof. We show that 7 (w) satisfies (TC,), while (TC,1) is obvious. Let z,y € T (w).
As in the proof of Lemma 3.8, we see from Lemma 3.7 (2) that the image {(w + = A
y)(B) | B € B} of w+ x Ay is discrete in R. Hence the maximum of w + z A y is
attained by some base. Let C be an (n + 1)-element subset of E. We may assume that
max s w(C—f)—z(f) > max;w(C — f)—y(f). Necessarily max; w(C — f) — (x Ay)(f) =
max;w(C — f) —z(f). By (TW) and Lemma 3.8, we can choose distinct e, e’ € C' that
attain max s w(C — f) — x(f). Necessarily z(e) = (z Ay)(e) and z(e’) = (z Ay)(e’). Thus
e, e attain maxyw(C — f) — (x Ay)(f). By Lemma 3.8, we have s Ay € T(w). O

By this property, 7 (w) N Z¥ becomes a lattice with respect to the vector order <. In
the next section, we characterize this lattice T (w) N Z¥.

4. Uniform semimodular lattices

The ascending operator of a lattice £ is a map ()T : £ — L defined by

()t = \/{y € L |y covers z}.
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A uniform semimodular lattice L is a semimodular lattice such that the ascending op-
erator (-)* is defined, and is an automorphism on L. If, in addition, £ is a modular
lattice, then £ is called a uniform modular lattice. The condition for ()1 is viewed as a
lattice-theoretic analogue of condition (T'C41). The simplest but important example of
a uniform (semi)modular lattice is Z™:

Example 4.1. View Z™ as a poset with vector order <. Then Z™ is a lattice, where the
join x V y and meet x A y are max(x,y) and min(z,y), respectively. The component
sum z — > *, x; is a height function satisfying the semimodularity inequality (2.1) (in
equality). Therefore Z™ is a (semi)modular lattice. Observe that the ascending operator
is equal to x — = + 1, which is obviously an automorphism. Thus Z™ is a uniform
(semi)modular lattice (with uniform-rank m).

Example 4.2. Let E be a finite set with |E| = m. Consider the poset Z¥(~ Z™) by
vector order <. For positive integer n with n < m, let Z¥" denote the subposet of Z¥
consisting of all x such that the minimum of z(e) over e € E is attained by at least
m —n + 1 elements. If n = m, then Z¥™ is equal to the above uniform modular lattice
Z¥ ~ 7™, By using notation Argminz := {e € F | z(e) = minsep z(f)}, Z¥" is written
as

ZE" = {r € Z¥ | | Argminz| > m —n + 1}.

One can see from (TW) that Z" is the set of integer points of the tropical linear
space of the trivial valuation (w = 0) of the uniform matroid, or the Bergman fan of the
uniform matroid (of rank n); see Section 5.

It might be instructive to verify from the definition that Z#" is a uniform semimodular
lattice. Since x,y € ZF™ implies min(z,y) € ZF™, the meet z A y is equal to min(z, y).
Then Z¥" becomes a lattice in which the join zVy is given by xVy = A{z € ZF" | 2 >
max(z,y)}. We next show the semimodularity. For z,y € ZF" if | Argmin z| = m—n+1,
then y covers z if and only if y = £ + 1argminz OF ¥ =  + 1. for some e € E'\ Argmin z.
If | Argminz| > m — n + 1, then y covers z if and only if y = = + 1. for some e € E.
From this, one can verify the condition of Lemma 2.1 (2). For z,y covering z(= z Ay), if
| Argminz| = m—n+2, 2 = z+1, and y = z+ 15 for distinct e, f € Argmin z, then zVy
is equal to 2z + 1Argmin =, Which covers x,y. For other cases, x V y is equal to max(z,y),
which obviously covers x,y. Hence Z" is a semimodular lattice. Also (z)* is given by
x — x + 1, which is obviously an automorphism. The uniform-rank is equal to n, since
0,13, 1{e1,e0}s - +> Ley,.sen_s}»> 1 is @ maximal chain of [0, 1].

4.1. Basic concepts and properties

In this section, we introduce basic concepts on uniform semimodular lattices and
prove some of basic properties, which will be a basis of our cryptomorphic equivalence to
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valuated matroids. Some of them were introduced and proved in [13] for uniform modular
lattices.
Let £ be a uniform semimodular lattice, and let r denote a height function of L.

Lemma 4.3. For x,y € L, the intervals [z, (z)T] and [y, (y)T] are geometric lattices of
the same rank.

Proof. The semimodularity of [z, (z)"] is obvious. We show that every element in
[, (z)T] is the join of a subset of atoms (= elements covering z). Take arbitrary
y € [z, (x)"]. Since (-)* is an automorphism, we can take z € £ with ()™ = y and
z = z. By definition, y is the join of atoms in [z, y], i.e., the join of elements 21, 23, ..., 2k
covering z. Consider elements = V z1,x V 29,...,T V 2, by the semimodularity, each of
which equals  or covers x. Also their join is equal to y. This means that y is represented
as the join of atoms in [z, (z)*]. Hence [z, (x)"] is a geometric lattice.

We show that [z, (z)*] and [y, (y)*] have the same rank. It suffices to consider the
case where y covers x. Since ()T is an automorphism, (y) covers (x)*. Therefore we
have 1+ r[y, (y)*] = r[z, (y)*] = r[z, ()T] + 1 (by (JD)), which implies r[z, (z)*] =
rlv,(w)*]. o

The uniform-rank of L is defined as the rank r[x, (z)*] of interval [z, (z)*] for z € L.
We next study the inverse (-)~ of the ascending operator (-)*.

Lemma 4.4. The inverse (-)~ of (\)T is given by

()" = /\{y € L |y is covered by x} (v € L). (4.1)
Proof. Suppose that y € L is covered by (z)T. Since (-)* is an automorphism, there
is 4/ € L such that (y')* = y. Also z covers y/, which implies z < (y/)T = y by the
definition of ()*. Namely y belongs to [z, (z)T]. Now z is also the meet of all hyperplanes
of geometric lattice [z, (x)"] (Lemma 2.2 (1)). By the above argument, they are exactly

elements covered by (z)* in £. This means that the right hand side of (4.1) exists, and
equals (z)~. O

For x € £ and k € Z, define (z)™* by
x if k=0,
()™ = { ((2)t*=D)*T if k>0,
()T~ if k< 0.

For k > 0, we denote (z)t(=%) by (z)~*.

Lemma 4.5. For x,y € L, there is k > 0 such that x < (y)™*.
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Proof. We may assume that = £ y. Hence z > 2 Ay. Choose an atom a in [z Ay, z]. Then
aAy = x Ay. By semimodularity, a Vy is an atom in [y, (y)*],and z Ay < a <z A (y)™.
Thus, for k > r[z Ay, ], it holds = A (y)** = z, implying z < (y)**. O

4.1.1. Segments and rays

A segment is a chain e < e < --- < e° such that e’ covers e~! for ¢ =1,2,...,s, and
et Tl g [ef L (e HF)(3 €f) for £ =1,2,...,5—1. A ray is an infinite chain e < el < .-
such that €® < e! < --- < e’ is a segment for all £.

Example 4.6. Consider the case of £ = Z". Then a ray is precisely a chain
r<z+1;<z+21; <x+31;, <--- (4.2)

for some x € Z" and i € {1,2,...,n}, where 1; denote the i-th unit vector.
The case of £ = Z¥™ is similar. But, for z € ZF" with | Argminz| = m — n + 1 and

e € Argmin z, the chain
<2+ Largmine < £ + 21 argmine < - <Y<y +1le <y+21, <--- (4.3)

is also a ray, where y := = + k1 argmin» for the difference k& between the minimum of x
and the second minimum. Other rays in ZZ" are of form (4.2).

The following characterization of segments was suggested by K. Hayashi.

1

Lemma 4.7. A chain x = e < el < --- < e* = y is a segment if and only if [v,y] =

{e%el, ... e}

Proof. (If part). Suppose to the contrary that et € [e~1 (e/~1)*]. Then there is an
atom a in [e71, (e/~1)*] such that e = a v e’ (by Lemma 2.2 (2)). This implies that
a € [e71, 1], which contradicts [e/~!, eT1] = {1 ef, T

(Only if part). We use the induction on the length s; the case of s = 1 is obvious. Sup-

pose that [z,e71] = {e°,e!,... e 1}, and suppose to the contrary that [x,y] properly
contains {e% e!,...,e*}. Then (by induction applied to {e!,e?, ..., e*"1 e*}) there is an
atom a of [z,y] not belonging to {e% e!,...,e*}. In particular, a £ e*~!. By semimodu-

5=2 and

larity, a V e®~! covers e*~!, and is equal to e®. Consider e*~2 V a, which covers e
is not equal to e*~! (by a £ e*!). The join (e*7?V a) V e*~! is equal to e®. However
this contradicts e® ¢ [e*72, (e572)F]. O

0

A ray (or segment) €® < e! < --- with 2 = € is called an z-ray (or x-segment).

Lemma 4.8. Let x = € < e! < --- < e® be an x-segment. For p = x with p A e' = z,
chainp=pVel <pVel <--- <pVe’isap-segment.
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Proof. It suffices to consider the case where p covers x. By p # e! and [e?,e*] =
{e%e!,... e} by Lemma 4.7, it holds p £ e®. Then, by semimodularity, (p,e®) is a
modular pair. Consequently, p V e/T! covers p v ef and e*!. Let f¢ := pV ef. We show
(FF = (F71)F v 1, which implies /71 ¢ [f1,(f1)7]. By S vef = f,
we have (f&H)*t v ()T = (fH". By ()T = (e Ht v el we have (f9)T =
(fé—l)—i- Vi (el—l)+ v eé—i—l — (f£—1)+ v e£+1 — (f€—1)+ v fé v eé—i—l — (f£—1)+ v f€+l’
as required. O

For x € L, let r, be a height function (on [z, (2)*]) defined by r,(y) = 7"( ) r(xz). A
set of x-rays (ef) (i = 1,2,...,k) is said to be independent if r,(el Vel V---Ver) =k,

el) = x for each i.

or equivalently if e} A (Vi€

Proposition 4.9. The sublattice generated by an independent set of k x-rays is isomorphic
to Zﬁ, where the isomorphism is given by

Zh 35 (21,22, 2) €N Ve Ve Vet
Proof. Suppose that z-rays (ef) (i = 1,2,...,k) are independent. We first show:

Claim. For z € Zi, we have the following.

(1) ro(ef' Vs V- Ve) = X 2
(2) ejz.”/\(\/”# e’y =xfor j € {1,2,... k}.

Proof. (1). We prove the claim by induction on k; the case of k = 1 is obvious. From
Lemma 4.7 and the independence of (ef), we have ejANet =xforj=1,2,...,k—1. By
Lemma 4.8, (ej Ver) (j=1,2,...,k—1) are e, —segments. We next show that they are
independent. Indeed, €7 covers e}, and e} £ ef Vei V.- Vej (otherwise €7 € [}, (e9)T]).
Thus, by semimodularity, r.2 (etvelv.---vel Vel)= Tel (etvedv.---vel)=k—1,
and e} Ver (j =1,2,...,k — 1) are independent in [e}, (e})T]. Repeating this, we see
that e} Vei* (j =1,2,...,k — 1) are independent in [e;*, (e*)"]. By induction, we have
ra(el' Ve Ve Velt) = (el Ve Ve Vert) + e = Zf 1 %, as required.

(2).. From (1) and semimodularity (2. 1) we have ) . ity zi + 25 = 12(Viigy ef) +
Tm(ejj) > raef’ Vet Vo Vet) + rw( AN Viigjei')) = 22 % Thus rz(ej-] A
(Vi.iz; €7')) = 0 must hold, 1mply1ng x=e N (Viigjei). O

By (2) of the claim, any element y in the sublattice generated by ef (i = 1,2,...,k, £ =
0,1,2,...) can be written as

y=e'VexrV.---Ver (4.4)

for z = (z1,22,...,2) € Zi. It suffices to show that the expression (4.4) is unique. For
i=1,2,...,k, let 2} := max{¢ € Z; | ef < y}. Then z; < 2/ (since €' < y). Consider
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y = e‘fi \/egé (VRS \/eZ’;. Then y' < y, which implies r,(y') < r.(y). On the other hand,
re(y) =21+ 22+ 2z < 2+ 25+ - + 2z, = r5(y). Thus it must hold z; = 2] for
1=1,2,....k,andy=19". O

4.1.2. Parallelism and ends
Here we introduce a parallel relation for rays, and introduce the concept of an end as
an equivalence class of this relation.

Lemma 4.10. Let x = ¢ < e! < --- be an x-ray. Fory = x, there is an index ¢ such that
e* <y and et £ y. In particular, y = e Vy < T Vy < - is a y-ray.

Proof. By (F), there is no infinite chain in any interval. Therefore e/ < y for all ¢ is
impossible. The latter statement follows from Lemma 4.8. O

For an z-ray (e/) = (r =e® < e! <---) and y = =, the y-ray in the above lemma is
denoted by (ef) V y.

An z-ray (e) and y-ray (f¢) are said to be parallel if (e) vV (z Vy) = (f) V (z V y).
We write (ef) ~ (f*) if they are parallel. Notice that (e‘)* ~ (ef) holds since (e®)* =
(esHtvestl = ()t vesvesTt=... =xvesT for s=0,1,2,....

Lemma 4.11. The parallel relation = is an equivalence relation on the set of all rays.
Proof. We first show the following claim:

Claim. Let () and (f%) be z-rays, and let y = x. Then (ef) = (f*) if and only if
() vVy=(f)vy.

Proof. The only if part is obvious. We prove the if part. Suppose that (ef) # (f¢). We
show that (e) Vy # (f%) Vy. We may assume that y covers x. The above claim is
clearly true when y = e! = f!. Suppose that y = e! # f!. By Proposition 4.9 applied to
independent z-rays (ef), (f¢), we have y vV e2 =e2 £y V f!, and (e/) Vy # (f9) V.
Suppose that y # e! and y # f'. For some k > 0, we have e/ = f* for ¢ < k
and eF*! £ fF+1 Tt suffices to show that (y V eF)-rays (y VeF < yVveFtt < ...) and
(yV f¥ <yv fFL <...) are different. So we may consider the case k = 0. By the above
argument, we can assume that y, e!, and f! are different. If y, e', and f! are independent
in [z, 2], then yVe! and yV f! are different, and (e) vy # (f*)Vy, as required. Suppose
that they are dependent; namely yVe!V fl = yvel =yV fl =el Vv f! =: 2z Then e? # 2
and f? # z (since e < e! < e? is a segment). We show that yVe? and yV f? are different.
By Lemma 4.8, el < 2 =¢e'V fl <elV f2=yV f?isasegment. If yVe? =yV f2
then y V e? = 2 V €2 implies that y VV f? is the join of z and e?, both covering e'; this
contradicts the fact that e! < z <y V 2 is a segment. Thus (‘) Vy # (fY) Vy. O
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It suffices to show that (ef) ~ (f*) and (f%) ~ (¢°) imply (e*) ~ (g*). Suppose that
(€%), (f%), and (g°) are a-, y-, and z-rays, respectively. Then (e*)V (zVy) = (f*)V (zVy)
and (fY)V(yVz) = (g°)V(yVz). This implies that (e‘)V (zVyVz) = (fO)V(zVyVz) =
(¢°) V (x Vy V z). By the above claim, it must hold (e/) V (zV 2) = (¢*) vV (z Vz). O

An equivalence class is called an end. Let E = E* denote the set of all ends.

Lemma 4.12. For an z-ray (¢*) and y € L, there (uniquely) exists a y-ray that is parallel
to ().

Proof. Consider ¢y := (y)** = o (Lemma 4.5). Then ((e) V y')~% ~ (e) V ¢/ ~ (e),
implying ((e?) vV y')7F = (e*), where ((e) Vy/)7F is a y-ray. O

Let E, denote the set of all x-rays. By the above lemma, for each end e € E, there is
an z-ray e, € E, that is a representative of e. In particular F, and E are in one-to-one
correspondence. For e € E, the representative of e in E, is denoted by e, = (z = €2 <
el <e2 <...). In particular, E, = {e, | e € E}.

Example 4.13. Consider the parallel relation on rays in Z™ and in Z#"; see Example 4.6.
In Z", two rays (z + £1;), (y + (1) (of form (4.2)) are parallel if and only if i = j, i.e.,
their directions are the same. More generally, two rays (ef), (f¢) in Z®" are parallel if
and only if e+ — ef = f+1 — £ = 1, for some e € E and large . Thus the set EZ""
of ends is identified with E.

4.1.8. Ultrametric on the space of ends
Let x € L. Define 6, : E x E — Z, by

du(e, f) =sup{i | e; = fi} (e, f € B),

and define d, : E x E — R, by

do(e, f) :=exp(=da(e, f)) (e, f € E).

Observe from Proposition 4.9 that two different z-rays (%), (f£) never meet again once
they are separated, i.e., if €, # fi then e) # fJ for j > i. In particular, all elements
in z-rays in F, induce a rooted tree with root x in the Hasse diagram of £. From this
view, d; (e, f) is the distance between the root x and the lowest common ancestor (lca)
of e and f.

Proposition 4.14. For x € L, we have the following:

(1) d. is an ultrametric on E.
(2) The metric space (E,d,) is complete.
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(3) Fory € L, it holds a~'d, < d, < ad, for a positive constant o := exp(rlz,z V y] +
rly,z Vy)).

Proof. (1). From the view of rooted tree, one can easily see that §, satisfies the anti-
ultrametric inequality:

dz(e, f) = min(dz(e, 9),02(g, f)) (e, f,9 € E).

Hence d, satisfies the ultrametric inequality (3.3). If e # f then d,(e, f) is finite, and
d. (e, f) is nonzero. This means that d, is an ultrametric.

(2). Consider a Cauchy sequence (e;);=12,.. in F relative to d,. We construct e € E
such that lim; . d.(e,e;) = 0. Let a® ;= z. For ¢ € Z ., there is ny € Z, such that
So(eiyeq) > £fori i’ > ny. Let a® := f¢ for f := e,,. Then all (e;), for i > ny contain a’.
Hence (a’) is an z-ray such that (e;) converges to the end e of z-ray (a‘).

(3). We first show:

Claim. If z covers z, then d,(e, f) — 1 < d.(e, f) < du(e, f) + 1.

Consider z-rays (), (f). Suppose that e¥ = f* and ef*1 £ i+l ie. §,.(e, f) = k.
If 2 =el = fl then d.(e,f) = du(e, f) — 1. If 2 = el and z # fI, then d,(e, f) =
Sz(e, f) = 0 (by Proposition 4.9 and Lemma 4.10). So suppose el # z # fl. Then
(e)=(e)vz=2=<2zVel <---and (fY) = (fY)Vz=2=<2zVfl <---. Also e covers
e and f5 covers f5. Consider zVek = 2V f¥ If v ek eftl and fF+! are independent
in [eX, (eX)*], then z vV ekl #£ 2 v fE+1 and 6, (e, f) = Sa(e, f) = k. If zV ek, e+l and
fE+L are dependent, i.e., Vel = 2 v Al = v ektly fA+1 then 2 v ekt2 £ 2 v fh+2
holds, as seen in the proof of Lemma 4.11, and (e, f) = (e, f) + 1.

By the claim, we have 0, (e, f) —r[y,x Vy] —rlz,z Vy] < dz(e, f) < dy(e, f) +rly,zV
y) 4+ r[z,x Vyl. Then a~tdy(e, f) < d.(e, f) < ady(e, f). O

Thus E* is endowed with the topology induced by ultrametric d,, which is indepen-
dent of the choice of z € £ by (3). We will see in Section 4.3 that E* coincides with the
Dress-Terhalle completion when £ comes from a valuated matroid (E,w).

4.1.4. Realization in ZF

Here we show that £ can be realized as a subset of Z¥, which will be the set of integer
points of a tropical linear space. Let x € L. For y > x, the x-coordinate of y is an integer
vector y, € Z¥ defined by

yo(e) :=max{{ € Z, | e£ <y} (e € E).
Lemma 4.15. For z < y =< z, we have the following:

(1) 2z = 2y + Ya-
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2) W =y + 1=y
(3)y=\ et

eckE

Proof. (1). It suffices to consider the case where z covers y. Consider e € E. By semi-

modularity, y V €2 covers y. If 2 = y v €29 then » = e, and z,(e) = 1, and

zz(e) = yz(e)+1, where z,(e) > y,(e)+1 is impossible by Lemma 4.8. If z # yvels (@
then z,(e) = 0 and z,(e) = y.(e) (since z V el — ;v (yVv ei’;(e)“) covers z).

(2). Tt is easy to see (u),; = 1. By (1), we obtain (y)f = (y)} + v = 1+, =
Yo + T(z)- = Y(a)--

(3). Observe from y > %" (©) that (>) holds; in particular, the right hand side of (3)
actually exists. We show the equality (=). Let u(=< y) denote the right hand side of (3).
Then u; = Y. From y, = y, + u, by (1), we have y,, = 0. Here y > wu is impossible,
otherwise y, # 0. O

For general z,y € L, the z-coordinate y, of y is defined by

Yo 1= (y);k — k1

for an integer k& with y** > z. This is well-defined by Lemma 4.15 (2). Then
Lemma 4.15 (1) and (2) also hold for general z,y, z. Indeed, (2) is obvious. (1) follows
from: (2)1* = (z)g§+,z+(y);‘z for z < (y)™* < (2)™* implies 2, +k1 = z,+k1—1+y,+/1
and z; = zy + Y. By 0 = 2, = xy + 5, we have:

Lemma 4.16. For x,y € L, it holds y, = —xy.
For z € L, define Z(L,z) C Z¥ by
Z(L,x) :={ya |y € L} (4.5)
The partial order on Z(L£, z) is induced by vector order < in Z¥
Proposition 4.17. Let x € L. Then L is isomorphic to Z(L,z) by y — Y.
Proof. By Lemma 4.15 (3), the map y — vy, is injective on {y € L | y = z}. Via
Lemma 4.15 (2), it is injective and bijective on L.

We show that the order is preserved. Suppose that y < z. For some k, we have

r 2 yt* < 2% By Lemma 4.15, we have (2)}* = (z)?;;*’“ + (9)FF, and 2z, = 2z + Y.

By z, > 0, we have z, > y,. O

Thus Z(L,z) is a uniform semimodular lattice with vector order < and ascending
operator z — x + 1.
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4.1.5. Matroid at infinity

Here we introduce matroid structures on the set E of ends. Suppose that £ has
uniform-rank n. For x € L, a subset I C E of ends is called independent at x or
z-independent if {el | e € I} is independent in [z, (z)*]. Let Z® = T denote the
family of all x-independent subsets in E.

Lemma 4.18. (E,Z%) is a loop-free matroid with rank n.

Indeed, (F,Z") is obtained by adding parallel elements to the simple matroid corre-
sponding to geometric lattice [z, (z)T] whose rank is equal to the uniform-rank n of L.
The matroid M® = M%?® := (E,Z7) is called the matroid at z. Its base family is denoted
by B*. Let Z*° := J, ., Z* be the union of all 2-independent subsets over all 2 € £. The
goal here is to show the following.

Proposition 4.19. (E,Z°°) is a simple matroid with rank n.

We call M := (E,Z°°) the matroid at infinity. The base family B> of M is given
by B® = J,c, B*. We see in Section 4.2 that B> is the domain of the valuated matroid
corresponding to L.

Example 4.20. Consider the case of £L = ZF" where E* is identified with F (Exam-
ple 4.13). Let x € ZF™. The atoms of [z, v+1] are x+1. (e € E) if | Argmin 2| > m—n+1,
and = + largminy and z + 1. (e € E \ Argminz) if |Argminz| = m —n + 1. If
| Argmin 22| = m — n + 1, then every subset of atoms is independent. Otherwise a subset
J of atoms is independent if and only if |J N Argminz| < n — |E\ Argmin z|. For an end
e € E, the atom e’ of [z,z + 1] is equal t0  + Largmin s if | Argminz| =m —n+ 1 and
e € Argminz, and x + 1. otherwise. Therefore the matroid M* = (E,Z%) at z is given
by

I°={JCE||JNArgminz| <n—|E\ Argmin z|}.
Namely, M?” is the direct sum of coloops and the uniform matroid with rank n —m +
| Argmin z|. In particular, M* C MO for every x € Z¥". Hence the matroid M at
infinity is equal to M° and is the uniform matroid on the ground set E with rank n.
We are going to prove Proposition 4.19.
Lemma 4.21. For K C E and x € L, we have the following:
(1) For any z € L with z = x and z €. (e € K), if K € I*, then K € I°.

(2) For any z € [z, (x)"] with z = \/ ¢ ek, it holds r[z,\/ cx L] = 7[x,\/ cx €L]; in
particular, if K € T%, then K € 7.
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(3) For I C K, lety =\ IfI €I% K e BY, and el £y fore € K\ I, then

ecl z
K € B*.
Proof. (1). We show the contrapositive; suppose |K| > ry(\/ cx €k), i.e., K ¢ I%. By
z i ey, it holds el = z Vel for e € K. Then r,(2) + |K| > r2(2) + r2(V ek €2) =

To(Veex €2) +1a(2 A Veeg€x) = 1a(2) + 72(Veegeel) + a2 A Veeg €) = ra(z) +
TZ(\/EGK el). Thus |K]| > TZ(VeEK el), and K ¢ I~

(2). Let y = V.ck €5- We can choose an z-independent subset K’ C K such that
Y= Veex el. Also we can choose an z-independent subset J C E \ K such that y V
(Veeyel) = z. Then K'UJ is z-independent. Now z belongs to the sublattice generated
by independent z-rays e, (e € K’ U J). From Proposition 4.9, we conclude that K’ is
independent at 2. Hence rez \/eeK el] = |K'| = rz[ Veer: €] <722, Veeg €2l-

(3). By Ve et y\/\/eeK\I . = veEK\I y (since e}, Ay for e € K\ I), we have
Ve € = 70 Vs €4) = 1K1~ 11 = n— 1] (by K € BY). Thus rfa, Ve eb] =
rlz,y] + rly. Veex €2) = n. This implies that K is a base at . O

Lemma 4.22. For I C E and x € L, define x = 2°,z',... by

Fi=\/ek (k=0,1,2,...). (4.6)

ecl

If I € T°°, then there is m > 0 such that I is independent at x™

Proof. By the definition of Z°°, there is y € £ such that I is independent at y. We
can assume that y = 2z (Lemma 4.5). Consider the z-coordinate y, € Z% of y, and let
z:=\ e " Y (e )( y). By Lemma 4.15 (1), it holds y,(e) = 0 for all e € I. This means
that el Ay for all e € I. Therefore, by Lemma 4.21 (1) and I € Z,, I is independent at
z. By z % 2=+ and Lemma 4.10, it holds el =zvV e for e € T and 1 > 0.

Let m := maxees yz(e). Then 2™ =\/, ., e e)\/e =VeerzVel =V et v=(e)
Thus ™ belongs to the sublattice generated by independent z-rays, which implies that
I is independent at ™. O

Lemma 4.23. For I C E and x € L, define v = 2°, 2, ... by (4.6). Then we have

=\ebn (k=12,..). (4.7)

ecl

Proof. We show by induction on k that e A xF~1 for e € I. This implies e;k,l =gk-lv
e¥ by Lemma 4.10, and implies (4.7): 2% :=\/ ek = \/ ., ebtvel = \/ o 1vel =
\/eGI ealvk_l'

For e € I, by induction, ef~1 £ z¥~2. Then e} v 2%72 = ¢€2,_, (by Lemma 4.10).
If e’j3 < a:kfl then eik,z = e’; Vak=2 < k=1 and 2F2 = egk,Q < eglc,c,2 < eik,z =
bt =\ el X (2¥7)T, contradicting €2, , ¢ [#F72, (zF72)T]. Thus ef £ 2%,
as required. O
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Proof of Proposition 4.19. We verify the axiom of independent sets. Choose I, J € Z°°
with |I| < |J| By the definition of Z°°, there is z € £ with I € I°. Consider rl =

Veer€s and y' =\ o el If y* £ 2!, then we can choose e* € J\ I with (e*)} £ 2!
and I +e* is 1ndependent at x; [ +e* € 7, C T, as required.
So suppose y' < z'. For k = 1,2,..., let a* = Veer ek and let y* = Vees ek.

By Lemma 4.21 (2) and Lemma 4.23, I is independent at all #*. By Lemma 4.22 and
J € I, there is £ such that J is independent at all y* for k > ¢. With Lemma 4.23,
it holds r[z®, 2" = r[a*,\/ c eli] = |I] < |J| ry*, Vees e;k] = r[y*, y**1] for
k > ¢. For large k, the increase of the height of y* is greater than that of z*. Therefore
there is &* such that y* < 2" and y* +1 £ 2F"+1. This implies that 2% 1 # 2*" v
Yy =2k vV, ey = Veeyepnr Thus Vg el 2V cpepue (= ¥ *1) and there
is e* € J\ I with I +e* € T x~, as above.

For distinct e, f € E and x € L, let y := ei“”(e’f) = fﬁz(e’f). Then egll #* fyl; see
Section 4.1.3. This means that {e, f} is independent on M. Thus M is a simple
matroid. O

Lemma 4.24. Let x € L. For a bounded vector ¢ € Zf, lety:=\ cp e;(e). Then there is
B € BY such that y,(e) = c(e) fore € B, and

y= \/ ecl®), (4.8)

e€EB

Notice that \/__, e=®) exists by Veer el®) < (g)* maxees ele),

ecE

Proof. We use the induction on max.cg c(e). Define ¢’ € Z¥ by ¢/(e) := max{c(e)—1,0}.
Let 2z := \/ cp e ¢ Let Z := {e€ E| el £ z}. Then, for e € Z, it holds ¢(e) > 0 and
eg(e)_l <z4eq () This implies

zp(e) =cle) =1 (e€ Z).

Now y = VeeE zV eg(e) = \/eEZ >. Consider the matroid M~? at z. Then

1 ifeecZ)(s el =y),
— z E). 4.
v=(e) { 0 otherwise, (e € E) (49)

Therefore, by Lemma 4.15 (1) we have
yz(e) =y.(e) + zz(e) = c(e) (e € Z). (4.10)

By induction, there is B’ € B* such that z,(e) = ¢/(e) fore € B’ and z = \/ . €2 ©,
Let I :={e € B' | c¢(e) > 0}. By c(e) —1 = /(e) = z,(e) for e € I, it holds I C Z.

By I € 77 (from B’ € B?), there is J € Z% such that I C J C Z and y = \/ el
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(ie., cl(J) = cl(Z)). By 2 = V,,e5? and I € J C Z, it holds y = \/,, e =
Veesz V eg(e) = Veer efg(e)_l V' Vees ei(e) = Vees eg(e). Therefore, if J € B?, then
J € BY (by Proposition 4.9), and by (4.10) J is a desired subset. Suppose not. By the
independence axiom for B’,J € Z#* with |B’| > |J| we can choose a subset K C B’ \ J
with JUK € B?. Necessarily K is disjoint with c1(Z). Then B := JUK is a desired base in
BY. Indeed, by K C B'\ I, we have 0 = c(e) = ¢/(e) = z,(e) fore € K. By KNcl(Z) =0
and (4.9), we have y,(e) =0 for e € K. Thus y.(e) = y.(e) + 2.(e) =0 = ¢(e) for e € K;;
then y.(e) =c(e) forec B=JUK. Alsoy =\ ., ell®) = Veen e o

4.1.6. Z™-skeletons

Let 2 € L, and B € B®. By Proposition 4.9, the sublattice S*(B) generated by
elements in x-rays e, € B is isomorphic to Z", where n is the uniform rank of £. This
sublattice is closed under the ascending operation. Define sublattice S(B) by

s(B) = [J(s*(B)".

kEZ

Then S(B) is isomorphic to Z" with (y)* =y + 1 for y € S(B) (identified with Z™).
We call S(B) the Z"-skeleton generated by B. The next lemma shows that S(B) is
independent of the choice of x, and is well-defined for B € B*.

Lemma 4.25. For B € B, it holds S(B) ={y € L | B € BY}.

Proof. From Proposition 4.9, the inclusion (C) is obvious. We show the converse. Let
y € L with B € BY. We may assume that y = z by considering (y)** and by (S(B))** =
S(B). Let 3 :=\ ¢ e?*(®) Then y' < y. We show 3/ = y. Suppose not: iy’ < y. There
is an atom a of [y, (y')*] with a < y; necessarily a # 611// for e € B. By Lemma 4.21 (1),
B is also a maximal independent set at y'. Hence r,/(aV\/ e;,) =7r,((y)T) = nand
n—1=ra(V.eplaVey)) =ra(V epes) Namely B is dependent at a with a <y % e,
for e € B. By Lemma 4.21 (1), B is dependent at y, contradicting B € BY. O

4.2. Valuated matroids from uniform semimodular lattices

Let £ be a uniform semimodular lattice with uniform-rank n. For z € £ and B € B,
define xp € £ as the maximum element y € S(B) with y < x:

5= \/{y €8(B) |y <z},

The maximum element xp indeed exists by (F) and the fact that S(B) is a sublattice.
Now define w = w®® : B* — Z by

w(B) := —rlzp,x] (B € B™). (4.11)
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This quantity w(B) is the negative of a “distance” between x and S(B). One of the main
theorems is as follows:

Theorem 4.26. Let £ be a uniform semimodular lattice with uniform-rank n, and let
x € L. Then w = w™? is a complete valuated matroid with rank n, where

(1) T(w)NZE is isomorphic to L, and
(2) T(w) is a geometric realization of simplicial complex C(L) consisting of all chains
20 <2l < < 2™ with 2™ < (2°)7F.

Example 4.27. We consider the case of £L = Z¥". For B € B> (an arbitrary n-element
subset of E), a point y € ZF™ belongs to S(B) if and only if E\ Argminy C B.
Then the Z"-skeleton S(B) is actually isomorphic to Z” ~ Z"; indeed consider the map
ZP >z 7 € 8(B), where z(e) := z(e) for e € B and Z(e) := min.cp z(e) for e € E\ B.
Let 2 € ZF™. Then one can observe that zp is given by

_Jmingepax(f) if ec (E\ Argminz) \ B,
znle) = {x(e) otherwise.

Observe from the covering relation in ZF" (Example 4.2) that r[zp,z] is equal to
2 ee(B\Argmin 2)\ 5(Z(€) —minge g z(f)). Observe further that this quantity is also written
as maxpeps ¢(B') — 2(B). Thus w(B) = x(B) — maxpep= x(B’), and w is projectively
equivalent to the trivial valuation on the uniform matroid.

To prove Theorem 4.26, we show several properties of zp.
Lemma 4.28. Let x,y € L withy Xz, and B € B>.

(1) y =ap if and only if B € BY and x,(e) =0 for all e € B.
(2) xp =y if and only if xy(e) =0 for all e € B.

Proof. (1). Suppose that y € S(B) (< B € BY). Then y X xp and 2p = \/ ey(fB)y(e)
(by Proposition 4.9). By Lemma 4.15 (1), it holds z, = z, + (xB)y. Therefore, if
ry(e) = 0 for e € B, then (zp),(e) = 0 for e € B and x5 = \/ e?(fB)y(e) =y If
zy(e) > 0 for some e € B, then \/ . p e2v) belongs to S(B), is greater than y, and is
not greater than z, i.e., y # xp. In particular, z,,(e) =0 for e € B.

(2). The only-if part follows from z,, = 2y + Y, and z,,(e) =0 of all e € B. We
show the if part. Suppose that B is dependent at y (otherwise y = x5 by (1)). Define

the sequence y = 3°,y, 9%, ... by

v=(\ e (k=0,1,2,..). (4.12)
ecB
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Then it holds that

=\ et (k=12 (4.13)
e€B

Indeed, let zF := \/,cgek. Then y% = ()% = (Velo)™F = (V(elioy)FH) 1 =
(V e%zk_l)_kﬂ)_l = (V e;‘/k_l)_l, where the second equality follows from Lemma, 4.23
and the fourth one follows from the observation (e})™" = el_,. Since \/ .p ei’“‘l €
[v*~1, (y*=1)*], we have y* < y*~!. In particular, z = y = y' = y? = --- holds. By
Lemma 4.15 (1) and (2), it holds z,x(e) = zyr-1(e) + (") yr(e) = zyr-r(e) + (1 —1) =

z,x-1(e) for e € B. This implies z x(e) = z4(e) = 0 for all e € B. By Lemma 4.22
and (4.12), there is ¢ such that B € BY. By (1), we have ¢’ = xp, and zp =< y, as

required. O

Lemma 4.29. For z,y € L with y = x, we have the following:

r(zp)+ Z Yz (€) (B € B®).

c€B < r(y) otherwise.

{ =r(y) if y€S(B)(& BeBY)
Proof. Suppose that y € S(B). By Lemmas 4.15 (1) and 4.28 (1), V cp ezy(e) is equal
to xp. By Proposition 4.9, r[y, zg] = > g ¥y(e). Therefore r(y) + > cp zy(e) = r(2p)
holds, which implies 7(y) = r(zB) + > _.cp Y= (€) by y» = —xy; see Lemma 4.16.

Suppose that y ¢ S(B). Let y' :=\ ezy(e). Then z, =z, +y, and y; (e) = xy(e)
for e € B imply y..(e) = 0 for e € B. By Lemma 4.28 (2), we have 25 < ¢ <z, and

rlyy'1 <) ayle),

r(zp) <r(y)-

It suffices to show that one of the inequalities is strict. If ' > zp, then (<) holds in the
second inequality. Suppose that ¢y’ = x g, and suppose to the contrary that equality holds
in the first inequality. Let I := {e € B | zy(e) > 0}(# 0), and let y" :=\/ ; ezy(e)fl.
Then ¢’ =z =V ¢ 6?1/,. By the equality in the first inequality and Lemma 4.15(1), I
must be independent at y”, and e}, £y’ for e € B\I (otherwise z,(e) > 0 for e € B\ ).
By Lemma 4.21 (3), B is independent at y”. Also r[y,y"] = > .5 max{z,(e) — 1,0}
holds. By repeating this argument (to y”’), we eventually obtain a contradiction that B
is independent at y ¢ S(B). O

Proof of Theorem 4.26. Observe that w is upper-bounded. By Lemma 3.3, we show that
for any bounded vector ¢ € ZF the maximizer family B, .. is a matroid base family.

Suppose that ¢ = y, for some y <X x. By Lemma 4.29, the maximizer family B, . is
nothing but BY.

Please cite this article in press as: H. Hirai, Uniform semimodular lattices and valuated matroids, J.
Combin. Theory Ser. A (2019), https://doi.org/10.1016/j.jcta.2019.02.013




YJCTA:5075

26 H. Hirai / Journal of Combinatorial Theory, Series A ess (soes) soo—ses

Suppose that c is general. From B, . = B, +ctk1, Wwe can assume that ¢ > 0. Let y :=
Veer ). By Lemma 4.24, there is B € BY such that y = \/ 2 and c(e) = yz(e) for
e € B. Let ¢ :=y,. Then ¢ > ¢. Thus —r[zp,z] + ), cp cle) < —rlep, x|+ .5 Ee)
for arbitrary B’ € B>, and the equality holds for B by c(e) = y.(e) = é(e) (e € B).
Since B € BY = B,z (by above), the maximum of w + ¢ is the same as that of w + ¢.
This implies that B, C B, 1z Now B, 4. is viewed as the maximizer family of a linear
function B — }___p(c— ¢)(e) over the matroid base family B, s, and is a matroid base
family, as required.

(1) follows from Proposition 4.17 and the next claim.
Claim. 7 (w) N Z¥ = Z(L, x).

Proof. For ¢ =y, € Z(L,x), the maximizer family B, . is equal to BY, as seen above.
The matroid MY = (E, BY) is loop-free (Lemma 4.18). Hence (D).

Let ¢ € Z¥ with ¢ ¢ Z(L,z). Consider ¢ as above. Then é > ¢, and ¢ # c. As seen
above, maxp —r[rp, x|+ ) . pcle) = maxp —r[zp, x|+ .5 ¢(e). This means that an
element e € E with é(e) > ¢(e) cannot belong to any maximizer in B,,.. Namely e is a
loop in Byt.. Thus ¢ ¢ T(w) NZ"™, implying (C). O

(2) is a corollary of this claim and Lemma 3.7 (2). By Proposition 4.19, (F,w) is a
simple valuated matroid. Lemma 4.35 in the next section shows that topologies on E
induced by d, and by D, from w coincide. By Proposition 4.14 (2), w is complete. O

4.8. Uniform semimodular lattices from valuated matroids

The main statement for the uniform semimodular lattice of a valuated matroid is as
follows.

Theorem 4.30. Let (E,w) be an integer-valued valuated matroid with rank n. Then

L(w) = T(w) N ZF is a uniform semimodular lattice with uniform-rank n, in which
the following hold:

(1) The ascending operator is equal to © — x + 1.
(2) A height function r is given by

x> rgg%((w + z)(B).

(3) The meet A\ and the join V are given by

x Ay = min(z,y),
x\/y:/\{zelj(w) |z <z>y} (x,y€Lw)).
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(4) For x € L(w), the valuated matroid (EX*) w@)) is a completion of a valuated
matroid projectively equivalent to (E,w).

The rest of this section is to devoted to the proof. Let M = (E, B) be the underlying
matroid of w. By (TC4q), if € L(w) then z+1 € L(w). We first show that the interval
[x,2 4+ 1] in L(w) is a geometric lattice corresponding to My, ..

Lemma 4.31. Let x € L(w).

(1) [z,x + 1] is isomorphic to the lattice of flats of My, 4+, where the isomorphism is
given by the map * + 1p — F.
(2) y € L(w) covers x if and only if y = . + 1 for a parallel class F in My 4.

Proof. (1). By replacing w by w + x, we can assume z = 0. By Lemma 3.9, for a flat
F of B, and any e € F and f ¢ F we can choose B € B, N B, +1, containing e, f.
This implies « + 1 € L(w). Suppose that F' is not a flat of B,,. Consider e € cl(F) \ F.
Then max{|BN (F +e€)| | B € B,} = max{|BN F| | B € B,}. This implies that
maxp(w+ 1r)(B) = maxp(w + 1p1.)(B). Thus no base in B,11, contains e, implying
r+1p ¢ L(w).

(2). By (1), it suffices to the only-if part. We first show that for F C F and e € E\ F,
if e is a loop in M, then so is M,11,. Choose B € B, with maximal B N F. By
Lemma 3.9 it holds B € B,11,. Suppose (to the contrary) that there is a base in B, 11,
containing e. By the exchange axiom there is f € B such that B+e— f € B,11,. Then
B+e—f ¢ B,,and w(B+e—f) <w(B)—1.Bye ¢ F, it holds |(B+e— f)NF| < |BNF).
Therefore (w+ 1p)(B+e— f) < (w+ 1p)(B), contradicting B+ e — f € Byy1,. Thus
no base in B,41, contains e.

Let y=x+>,1p, for F1 D F5 D --- D F,,. By repeated uses of the above property,
one can see that F; must be a flat in B,,1,; otherwise e € cl(F}) \ Fy is a loop in By.
Consider the parallel class F' of e € Fy in My1,. By (1), z + 1p belongs to L(w).
Therefore z < x + 1p <y, implyingy =a+1p. O

Proof of Theorem 4.30 (1-3). First we show (2) that a height function r of L(w) is
given by z — maxpep(w + z)(B). Consider z,y € L(w) such that y covers z. By
Lemma 4.31 (2), y = 4+ 1p for a parallel class F. Then By, 2 {B € Byys | |[BNF| =
1}(# 0) by Lemma 3.9. Therefore r(y) = r(z) + 1.

Next we show that L£(w) is a lattice with property (3). Let =,y € L(w), and let z :=
min(z, y). By the tropical convexity (Lemma 3.10), z belongs to £(w), and necessarily
x Ay = z. By Lemma 4.31 (2) and (2) shown above, x — z and y — z are upper-bounded.
This implies that max(x,y) —x and max(z,y) — y are upper-bounded. Thus {z € L(w) |
z > max(x,y)} is nonempty; for example, consider x + 1 for large a. By this fact and
the existence of a height function, A{z € L(w) | z > max(z,y)} exists, and is the join of

T, Y.
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By Lemma 4.31, if a,b cover a A b, then a V b covers a,b. Hence £(w) is semimodular
(Lemma 2.1). The property (1) is also an immediate corollary of the same lemma. The
map z — x + 1 is obviously an automorphism. Thus £(w) is a uniform semimodular
lattice. The uniform-rank is equal to the rank of [,z + 1] that is equal to the rank
of M. O

To show the property (4), we have to study the relationship between E and the space
B of ends in L(w).

Lemma 4.32. Let (a’) be a ray in L(w).

(1) There is a decreasing sequence Foy 2 Fy D --+ of nonempty subsets in E such that
a=a" +1p (£=0,1,..),

where Fy is a parallel class of M, 4.
(2) If N, Fe is nonempty, then (), Fe is a parallel class of M.

Proof. (1). By Lemma 4.31 (2), F; is a parallel class of M, ,¢. It suffices to show
Fy O Fy. Here Fy N Fy = () is impossible, since otherwise a? € [a", a® + 1] contradicting
the fact that (a) is a ray. Suppose F; \ Fy # ). Choose e € FyN F; and f € Fy\ Fy. Then
there is a base B € B, 4,0 containing e, f. By Lemma 3.9, B is also a base in B, 4.
Namely e, f are independent in M, ;1. However this is a contradiction to the fact that
Fy is a parallel class of M, 1.

(2). Suppose that there are distinct non-parallel elements e, f € (), F;. There is B € B
containing e, f. Then (w + a**1)(B) — (w + a*)(B) > 2. On the other hand, r(a‘*!) —
r(a’) = 1 for all £. Recall Theorem 4.30 (2) that a hight function r is given by =
maxp(w + x)(B). Then B must be in B .

fact that e, f are parallel in M, . for all ¢. O

+ for some £'; this is a contradiction to the

In the case of (2), ray (a) is said to be normal and have co-direction F =, Fy.

Lemma 4.33.

(1) Two normal rays are parallel if and only if they have the same oo-direction.
(2) For x € L(w) and a parallel class F of M, there is a normal x-ray having
oco-direction F'.

Proof. (1). Let (a’) be a normal ray having oco-direction F, and let y € L(w) with
at'+1 oy a. We show that ray (a) Vy = (y=a’ Vy <a’+t1 vy <---)is anormal
ray having oo-direction F. By Lemma 4.32 (1), we can suppose that y V al TRl =
yVa'tk +1g, for G C E. By min(y,a’ ') = y Aa’ ! =¥ and o T = o + 1p,,
it holds y Vv al' 1 — y > max(y,ael"’l) —y = 1p,,. Necessarily G 2 Fy ;1. Consequently
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Gk 2 Fy i1 for all k. Therefore (), G, contains F', and must be equal to F, since [, G
is also a parallel class of M (Lemma 4.32 (2)). Thus (a‘) V y has oo-direction F. The
only-if part is immediate from this property. The if-part also follows from this property
and the observation that if two normal rays at the same starting point have the same
oo-direction, then the two rays must be equal.

(2). Note that F' is a rank-1 subset in M4, for every y € L£(w). Let a° := z. For
£=0,1,2,..., define F* as cl(F) in M, 44, and a‘*! := a* + 1. Then (a) is a ray,
since a’™ > a1 +21p and a**! ¢ [a*~1, a’ "1 +1]. Also (a) is normal with co-direction
F (since parallel class (), F' contains F and equals F). O

In the case where w is simple, by associating e € E with the end having oco-direction
{e}, we can regard E as a subset of E(“). Then each local matroid M, is the restric-
tion of M4 to E:

Lemma 4.34. For x € L(w), it holds By, = {B € B~® | B C E}.

Proof. By Lemma 4.31, B € B4, if and only if z +1p, (e € B) are independent atoms
in geometric lattice [,z + 1], where F, is the parallel class of e in M,;,. If e € E is
regarded as a normal ray, then el = 2 + 15 . From this, we see the equality to hold. O

We verify that d, and D), induce the same topology on the set F of normal rays.

Lemma 4.35. Suppose that w is simple. For x € L(w), if r(z) = 0, then —x € TS(w),
and D_,(e, f) =dz(e, f) fore, f € E.

Proof. The fact —zx € TS(w) follows from (3.2) and r(z) = maxp(w + z)(B). It suffices
to show that for two normal rays e, f € E, it holds

8u(e, f) = —max{(w +z)(B) | B € B: {e, f} C B} (= 0). (4.14)

Consider the sequence z = 2°, 2!, ... defined by 't :=el, v fL, = eft1 v fit1: recall
Lemmas 4.22 and 4.23. Then §,(e, f) is the minimum index i* such that r(z* 1) =
7(z"") + 2 or equivalently that there is B € B, i+ with e, f € B, ie., r(z"") = (w +
2 )(B). For i < i*, it holds r(z?) = r(z*~') + 1, and (w + 2%)(B) = (w + '~ 1)(B) + 2
for base B € B with e, f € B. Therefore the index ¢* must be the right hand side of
(4.14). O

Lemma 4.36. The set E of normal rays is dense in EX).

Proof. Consider a ray e € EX“. Let z € L. Then z-ray e, is represented as in
Lemma 4.32 for some decreasing sequence F; O Fy, DO --- of nonempty subsets
in E. For each i, choose e¢; € F;. Then the sequence (e;) of normal rays satisfies
lim; o d(e,e;) =0. O
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Proof of Theorem 4.30(4). We can assume that w is simple. Let © € L(w). By Lem-
mas 4.35 and 4.36, FX() coincides with the Dress-Terhalle completion of E. Finally we
verify the linear equivalence between w and w*? (restricted to E).

Claim. For B € B, it holds (w + z)(B) = r(zp) = w~*(B) + r(x).

Proof. It suffices to show the first equality; the second follows from the definition (4.11)
of w®*. Consider the sequence z = z° = a! = ... defined by 2% := (\/ ,cgzelii)™! =
Veen €x -t —1. As seen in the proof of Lemma 4.28 (see (4.12) and (4.13)), for some k it
holds 2* = x3. We prove the statement by induction on k. In the case of k = 0, x = x,
B € B5* and B € B, by Lemma 4.34. Then r(zg) = r(z) = (w + x)(B), implying
the base case.

Suppose k > 0. Notice (z')p = zp. By induction, (w+z')(B) = r(zp). By definition
of 2*, it holds x!(e) = z(e) for e € B. Therefore, (w+x)(B) = (w+z')(B)+(z—21)(B) =

r(zp), as required. O

Note the constant term r(x) is represented as linear term (r(z)/n)1. Thus w is
projectively equivalent to the restriction of w®“)* to E. This completes the proof of
Theorem 4.30. O

5. Examples

Tree metrics Tree metrics may be viewed as valuated matroids of rank 2; see e.g., [8].
We here study tree metrics from our framework of uniform semimodular lattice. Let T' =
(V,E) be a tree, and let X be a subset of vertices of T. Let B := {{u,v} C X | u # v}.
Then M = (X, B) is a uniform matroid of rank 2. Define d : B — Z by

d(u,v) := the number of edges in the unique path in 7" connecting v and v,

where d({u,v}) is written as d(u,v). Then the classical four-point condition of tree-
metrics says

d(u,v) + d(u',v") < max{d(u,v") + d(v',v),d(v,v) + d(u,v")}

for distinet w, v, ', v’ € X. This is nothing but the exchange axiom (EXC). Thus d is a
valuated matroid on M.

Let us construct the corresponding uniform semimodular lattice in a combinatorial
way. First delete all redundant vertices not belonging to the (shortest) path between any
pair of X. Fix a vertex z € V (as a root). Next, for each u € X, consider an infinite
path P, (with V(P,) NV (T) = () having a vertex u’ of degree one. Glue T and P, by
identifying w and u’. Let £ denote the union of V' x 2Z and E x (2Z + 1). For each
(uv, k) € E x (2Z + 1), consider binary relations (directed edges) (uv, k) < (u,k + 1),
(uv, k) < (v,k+1), (u,k—1) < (uv, k), and (v,k—1) < (uv, k). The partial order < on
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Fig. 1. The uniform semimodular lattice for a tree.

L is induced by the transitive closure of <—. Then £ is a uniform (semi)modular lattice
of uniform-rank 2, where the ascending operator is given by (z, k) — (z, k + 2); see [13,
Example 3.2]. See also Fig. 1 for this construction.

Ends are naturally identified with P, (v € X). In particular B = B.,. For two ends
P,, P,, there is a simple path P of T containing P,, P,. The Z?-skeleton S({u,v}) is the
sublattice of £ induced by the union of V(P) x Z and E(P) x (2Z + 1). In the figure,
base {u,v} is abbreviated as uv. Let « := (z,0). For the lowest common ancestor z, , of
u,v in T, gy .y is given by (2u,, —2d(2, 24,)). Thus the valuated matroid w = wh® s
given by

w(u,v) = =2d(z, zu,0) ({u,v} € B).

From the relation —2d(z,zy.,) = d(u,v) — d(z,u) — d(z,v), we see the projective-
equivalence between w and d.

The Bergman fan of a matroid A matroid M = (E,B) is naturally viewed as a
{0, —oco}-valued valuated matroid w by

w(B):=0«< BeB.

In this case, the tropical linear space T (w) is a polyhedral fan in R¥, which is called
the Bergman fan of M [2]. Suppose that M is simple. Ardila and Klivans [2] showed
that 7 (w) admits a simplicial cone decomposition isomorphic to the order complex of
the lattice of flats of M. Indeed, T (w) is explicitly written as:

T(w)=R1+ U the conical hull of 1p,,1p,,...15,, (5.1)

where the union is taken over all chains §) # F} C F, C --- C Fy, # E (k > 1) of
(nontrivial) flats. Notice that every x € T (w) has a unique expression = pl1+3) . \1p,
for p € R, a chain of flats ) # Fy C F5 C --- C Fy # F, and positive coefficients
A1, A2, ..., Ag. Therefore T(w) is viewed as a conical geometric realization of the order
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complex of the geometric lattice of flats. This actually holds for our infinite setting.
Indeed, a point z in 7 (w) is precisely a linear objective vector for which the maximizer
family over bases of M has no loop. (In [2], the Bergman fan is defined by the minimizer
family and hence is the negative of (5.1).) From this, one can verify by the same argument
of the proof of Lemma 3.7 (2) that if z € T(w) and @ € R then F = {e € E | z(e) > a}
is a flat of M, which implies (5.1).

The family £(w) of integer points of 7 (w), the uniform semimodular lattice of w, is
given by

L(w)=7Z1+ U the integer conical hull of 1p,1p,,...15,, (5.2)
Fo,Fu,....Fy

where the union is taken over chains of flats, as above, and the integer conical hull means
the set of all nonnegative integer combinations. The matroid at the origin 0 € L(w) is
equal to M, and the matroid at = p1 + Zle Ailp, € L(w) is a submatroid of M that
is the direct product of (M|Fj+1)/F; for i = 0,1,...,k (with Fy = 0 and Fj41 = E),
where | and / mean the restriction and contraction, respectively. See [2]. The 0-rays for
are given by (klc)rez, (e € E). So E is naturally identified with the space EX) of
ends. In particular, w is a complete valuated matroid. The matroid at infinity is also
equal to M.

This construction of the Bergman fan gives rise to a general construction of a uniform
semimodular lattice from a geometric lattice. Indeed, the right hand side of (5.2) is
definable for an arbitrary geometric lattice £. In this way, every geometric lattice is
extended canonically to a uniform semimodular lattice.

Representable valuated matroids Let K be a field, and K(t) the field of rational func-
tions with an indeterminate t. The degree deg(p/q) of p/q € K (t) with polynomials p, ¢ is
defined by deg(p) —deg(q). Consider the vector space K (t)" over K (t). Let E be a subset
of K(t)™, and let B be the family of K(t)-bases B C E of K(¢)”. Then M = (E,B) is a
matroid. Define w = w? : B — Z by

w?(B) := degdet(B) (B € B),

where B € B is regarded as a nonsingular n x n matrix consisting of vectors in B. Then
w¥ is a valuated matroid. Such a valuated matroid is called representable (over K (t)). In
fact, this construction of valuated matroids is possible even if K is a skew field; see [14].

A tropical interpretation [21-23] of L(w) = T (w) N Z¥ is the set of degree vectors
(deg(qTe) : e € E) for all ¢ € K(t)", where we need to add —oo to Z for deg(0) := —oo.
We here consider a different algebraic interpretation, which is essentially the same as
the concept of the membrane due to Keel and Tevelev [16] and is viewed as an analogue
of: The lattice of flats of the matroid represented by a matrix M is the lattice of vector

spaces spanned by columns of M.
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Let K(t)~ denote the ring of elements p/q in K(t) with deg(p/q) < 0. Then K (t)"
is also viewed as a K(t) -module. For a subset F C K(t)", let (F) denote the
K (t)"-module generated by F, i.e., (F) = {} ,cp At | Ay € K(t)7,F' C F: |F'| <
oo}. Also, for z € ZF, let F? := {t*("y | u € F}.

Suppose that E C K(t)" contains a K (t)-basis of K(¢)". Let B C 2¥ be the family
of K(t)-bases, which is the underlying matroid of (E,w). Define the family L(E) of
K (t)~-submodules of K(t)™ by

L(E) = {(E*) | » € ZF}.

The membrane of E [16] in is the projection of L(E) by the equivalence relation ~ defined
by L~ L' < L=1t*L' (3t € Z); see also [15,25]. The partial order on £(E) is defined as
the inclusion relation. For L € L(E), define 2z € Z¥ by

) =max{a € Z|t*pe L} (pcE).

Proposition 5.1. £(E) is a uniform semimodular lattice that is isomorphic to L(w®) by
the maps L v+ zL' and 2z — (E?), where the following hold:

(1) The ascending operator is given by L — tL.
(2) The Z™-skeleton S(B) of B € B is equal to L(B)(:= {(B?) | z € ZP}).
(3) A height function r of L(F) is given by

r(L) = degdet(Q) (L € L(E)),

where Q is a K ()~ -basis of L.
(4) Forz € L(w), it holds

WwE@(BY = (WP + 2)(B) — r((E®)) (B € B).

Note that a part of the claim, e.g., the equivalence between £(E) and £(w®), follows
from results in [16]. Here we prove Proposition 5.1 in a self-contained way. For FF C FE
and z € ZF, we denote F?I¥ by F*. The proof uses the following basic lemma.

Lemma 5.2. (E) is a free K~ (t)-module having any B € B, as a basis.

Proof. Choose any B € B,. Since B is a K (t)-basis of K(t)", every element u € E is
represented as u = BA for A € K (t)", where B is regarded as a matrix. By Cramer’s
rule, the i-th component \; of X is equal to det(B?)/ det(B), where B is obtained from
B by replacing the i-th column with u. Then deg()\;) = degdet(B?) — degdet(B) =
w(B") — w(B) < 0 by B € B,. This means that A € K~ (t). Consequently (E) is a free
K~ (t)-module of basis B. O
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Proof of Proposition 5.1. Obviously we have L = (EZL>. We show that 2F € L(w).
Suppose indirectly that p € E is a loop in B, ,z. By the above lemma, for any B €
By, B*" is a basis of L. Consider equation B¥'\= tZL(i”)p. By using Cramer’s rule as
above, we have deg \; = (w+2%)(B—e;+p) — (w+2%)(B) < —1foreachi =1,2,...,n,
where e; is the i-th column of B. The inequality follows from the fact that p is a loop in
B, +,z. This means that tzL(p)‘Hp also belongs to <BZL> = L. This is a contradiction to
the definition of zL. Thus 2% € L(w). Also L + 2 is the inverse of z — (E?). Indeed,
2P > 2. 1f 27 (e) > z(e), then one can see as above that e does not belong to any base
of By, contradicting z € L(w).

(1). This follows from 2*F = 2L + 1.

(2). Observe that the sublattice £(B) = {(B?) | z € ZP} of L(FE) is isomorphic to Z".
By Lemma 5.2, we have B € B, . for L = (B*) € L(B). By Lemma 4.25, we have
B € 8§(B). Thus £(B) C §(B). Both £(B) and S(B) are isomorphic to Z" with the
same ascending operator. Consequently, it must hold £(B) = S(B).

(3). Suppose that L' covers L. We can choose B € B with L,L' € S(B). Neces-
sarily L' = (B¥) and L = (B?) for z — 2/ = 1, for some e € B. Then degdet B* =
degdet B* + 1.

(4). Tt obviously holds that (B®) € L(B) = S(B), and (B*) C (E®)p. Suppose
indirectly that the inclusion is strict. Then, for some e € B, it holds (B*T1¢) C (E®)p C
(E*). This means that (E®t1e) = (E*). However this is a contradiction to z = z(#").

From the definition, we have w*“)®(B) = —r[(B®), (E*)] = degdet(B*) —r((E*)) =
WP (B) = 1((E%)) = (@ + 2)(B) — r((E)). O

Modular valuated matroids and Euclidean buildings Analogous to a modular matroid —
a matroid whose lattice of flats is a modular lattice, a modular valuated matroid is defined
as an integer-valued valuated matroid (F,w) such that the corresponding L(w) is a
uniform modular lattice. The companion work [13] showed that uniform modular lattices
and Euclidean buildings of type A are cryptomorphically equivalent in the following
sense. For a uniform modular lattice £, define equivalence relation >~ on £ by z ~ y
if + = (y)™* for some k. Then the simplicial complex C(£) modulo ~ is a Euclidean
building of type A; recall Theorem 4.26 for the simplicial complex C(L) of short chains
of L. Conversely, every Euclidean building of type A is obtained in this way. Thus we
have the following:

Theorem 5.3. For a modular valuated matroid (E,w), the tropical linear space T (w)/R1
is a geometric realization of the Fuclidean building associated with the uniform modular
lattice L(w).

Dress and Terhalle [8] claimed this result on the Euclidean building for SL(F™), where
F is a field with a discrete valuation. In the previous example, take the whole set K (¢)"
as E. In this case, L(FE) is the lattice of all full-rank free K (t)~-submodules of K (¢)",
and is a uniform modular lattice of uniform-rank n; see [13, Example 3.3]. In particular,
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valuated matroid (E,w?) is a modular valuated matroid. The simplicial complex C(L(E))
is nothing but the Euclidean building for SL(K (t)"); see [11, Section 19].
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