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Abstract

Valuations were introduced in De Bruyn and Vandecasteele (Valuations of near polygons, preprint,
2004) as a very importanttool for classifying near polygons. In the present paper we study valuations of
dual polar spaces. We willintroduce the class of the SDPS-valuations and characterize these valuations.
We will show that a valuation of a finite thick dual polar space is the extension of an SDPS-valuation
if and only if no induced hex valuation is ovoidal or semi-classical. Each SDPS-valuation will also
give rise to a geometric hyperplane of the dual polar space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A near polygon [14] is a partial linear spaSe= (P, L, I), | € P x L, with the property
that for every poinp and every lineL there exists a unique point dnnearest tg. Here
distances d, -) are measured in the point graph or collinearity grighof S. If d denotes
the diameter of s, then the near polygon is callechaar2d-gon A near 0-gon is a point
and a near 2-gon is a line.

If X1 andX> are two nonempty set of points of a near polygon, thexid X,) denotes
the minimal distance between a pointXf and a point ofX». If X3 is a singleton{x1},
then we will also write dx1, X2) instead of d{x1}, X2). For everyi € N and for every

E-mail addresseshdb@cage.ugent.i{8. De Bruyn),pvdecast@cage.ugent.ge Vandecasteele).

0097-3165/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcta.2005.02.001


http://www.elsevier.com/locate/jcta
mailto:bdb@cage.ugent.be
mailto:pvdecast@cage.ugent.be

B. De Bruyn, P. Vandecasteele / Journal of Combinatorial Theory, Series A 112 (2005) 194—-2%9%

nonempty seKX of points,I’;(X) denotes the set of all poingsfor which d(y, X) = i.
If Xis a singletor{x}, then we will also writd; (x) instead ofl"; ({x}).

A near 2i-gon,d > 2, is called egeneralizedd-gon[16] if |T;_1(x) N T'1(y)| = 1 for
everyi € {1,...,d — 1} and every two pointg andy at distancea from each other. The
generalized quadrangles [9] are precisely the near quadrangles. A generdlged &
calleddegeneratéf it does not contain an ordinary/2gon as subgeometry. A degenerate
generalized quadrangle consists of a number of lines through a point.

A subspac« of a near polygos = (P, L, |) is calledgeodetically closed every point
on a shortest path between two pointsXoélso belongs tX. SupposeX is geodetically
closed. LetCy denote the set of lines & which are completely contained kand put
Ix :=1N(X x Lx). Then(X, Lx, lx) is a (geodetically closed) sub near polygorSoA
nondegenerate geodetically closed sub near quadrangle of a near polygon is qalied a
Sufficient conditions for the existence of quads were given in Proposition 2.5 of [14].

If X1,..., Xy are nonempty sets of points, th€iiXy, ..., X;) denotes the smallest
geodetically closed sub near polygon throughu - -- U X, i.e. the intersection of all
geodetically closed sub near polygons throdghy- - -UXy. If one of these setsis a singleton
{x}, then we will often omit the braces and wrié - -, x, - - -) instead oC(- - -, {x},...).

A geodetically closed sub near polygéhof a dense near polygasiis calledclassical
in S if for every pointx of S, there exists a (hecessarily unique) paip(x) in F such that
d(x, y)=d(x, mr(x))+d(ng(x), y) for every pointy of F. We callrf theprojectionon F.

A near polygon is said to havarder (s, r) if every line is incident withy + 1 points and
if every point is incident with precisely+ 1 lines. A near 2-gon,n >2, is calledregular
if it has an ordef(s, t) and if there exist constants i € {0, ..., n}, such that for every
two pointsx andy at distance from each other, there are precisely 1 lines throughy
containing a (necessarily unique) point at distaned fromx. Obviouslyfp = —1,#11 =0
andy, = 1.

A near polygon is callediensef every line is incident with at least three points and if
every two points at distance 2 have at least two common neighboxesdiy are two points
of a dense near polygon at distancéom each other, then by Theorem 4 of [R]andy
are contained in a unique geodetically closed sub négioh (which necessarily coincides
with C(x, y)). These sub near polygons are calfekesf ¢ is equal to 3. Fob equal to 0,

1, respectively 2, we find the points, lines, respectively quads, @¥ith every dense near
2n-gon S, there is associated a rankgeometryA. The elements of type € {1, ..., n}
are the geodetically closed sub ne&r2 1)-gons ofS. The geometnA has the following
diagram:

points lines L quads L
If S is aregular near/2gon with parameters, t, ; (0<i <n) such thats >2 andrp>1,
then we can parametrize the diagram as follows:

points lines L quads L
. o - o o
s th t th1 th
/. ti—ti—q . ;o
Heres; := ———foreveryi € {2, ..., n}. Note thatr; = r2.
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An important class of near polygons is the one of the dual polar spakdst P be a
polar space of rank > 2. We definePP as the incidence structure with points, respectively
lines, the(n — 1)-dimensional, respectivelgn — 2)-dimensional, singular subspaces of
P. PP is a near 2-gon. If « is an (n — i)-dimensional singular subspace Rfthen the
(n — 1)-dimensional singular subspaces througtetermine a geodetically closed sub near
2(i — 1)-gon of PP. Conversely, every geodetically closed sub ngar-21)-gon of PP
is obtained in this way. Every geodetically closed sub near polygaPPois classical in
PP If Pis a finite thick polar space of rank>3, thenPP is a regular near/2zgon with
t; = t(t;_1 + 1) for everyi € {1, ..., n}. By Tits’ classification of polar spaces [1#P
is then isomorphic to one of the following examples:

Dual polar space Quads (s, 12)
WP (2n — 1, q) (symplectic) 04, q) 4.9
QP (2n, q) (orthogonal) W(q) (q.q)
[0~ (21 + 2, )P (orthogonal)  H(3, 4% 4% q)
HP(2n — 1, g% (hermitean) 0(5, q) (q,9%
HP(2n, g% (hermitean) HP(4, 4% ANG)

Notice thatQP (2n, ¢) is isomorphic toW P (2n — 1, ¢) if and only if g is even. The diagram
of each of the above-mentioned dual polar spaces looks as follows:

points lines quads
@ ° - — 9
s t t, t, t,

We will end this introduction with an important characterization of dual polar spaces due
to Cameron.

Definition. We call a near polygo® classicalif it satisfies the following properties:

e every two points at distance 2 are contained in a unique quad;
e every quad is classical ifi.

Theorem 1(Cameron3]). The classical nea2n-gonsn > 2, are precisely the dual polar
spaces of rank.n

2. (Geometric) hyperplanes and valuations
Definition. A proper subspackl of a near polygon is called @eometric) hyperplang
every line has at least one point in common with

Examples. (1) If xis a point of a nearizgonsS (n > 1) then the set of points at distance
at mostn — 1 fromxis a hyperplane of.



B. De Bruyn, P. Vandecasteele / Journal of Combinatorial Theory, Series A 112 (2005) 194—-291

(2) A set of points in a near polygon is called avoidif it meets every line in a unique
point. Obviously, every ovoid is a hyperplane.

(3) In Sections, we will define a class of hyperplanes of dual polar spaces arising from
so-called SDPS-sets.

The above-mentioned classes (2) and (3) can give rise to other hyperplanes by the
following proposition.

Proposition 1. LetS = (P, L, |) be a near2n-gon and let F be a geodetically closed sub
near 2m-gon of S which is classical inS. If H is a hyperplane of’, then the extension
H = {x € P|d(x, H)<n —m} of His a hyperplane of.

Proof. LetL denote an arbitrary line & and puté := d(L, F). It is known (and easy to
prove, see e.g. Lemma 3 [&]) that one of the following cases occurs:

(a) Every point ol has distancé from F. In this casetr (L) := {nr(x) |x € L}isaline
of F.
(b) There exists a unique poirin L at distance’ from F. In this casetr (L) = {np(x)}.

Suppose first that case (a) occursz}f(L) is contained irH, thenL is contained inH.
If |np(L) N H| = 1andd < n — m, thenL is contained inH. If |np(L) N H| = 1 and
0 =n —m, then|L N H| = 1. Suppose next that case (b) occurstgix) € H, thenL is
contained ind. If nx(x) ¢ H andd < n —m — 1, thenL is contained ind. If 7y (x) ¢ H
andd =n —m — 1, then|L N H| = 1. This proves tha# is a hyperplane of. [

Definition. LetS = (P, L, |) be a dense neanzgon. A functionf from P to N is called
avaluationif it satisfies the following propertiesf(x) is called thevalueof x):

(V1) there exists at least one point with value 0;

(V2) everylinel of S contains a unique poing, with smallestvalue and(x) = f(xz)+1
for every pointx of L different fromxy ;

(V3) every pointx of S is contained in a geodetically closed sub near polyfonvhich
satisfies the following properties:
o f(y)< f(x) for every pointy of Fy,
o every pointz of S which is collinear with a poiny of F, and which satisfies

f(2) = f(y) — 1 also belongs td@,.

It can be shown, see Proposition 7[6f, that the geodetically closed sub near polydgn

in property (\3) is unique. If f is a valuation, then we denote I8}, the set of points with
value 0. Valuations were introduced in [5] and form a very important tool for classifying
near polygons. In [7] the classification of the valuations of the 11 dense near heXagfons
order(2, r) was used to obtain a complete classification of all dense near octagons of order
(2, 1). Several classes of valuations are known, see [5]. We list the ones which we will need
in the present paper.

1 seg[1] for the classification of these hexagons.
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Examples. (a) Letx denote an arbitrary point of a dense near poly§os (P, £, 1). For
every pointy of S, we definef (v) := d(x, y). Thenf is a valuation ofS. We call any such
valuation aclassical valuation

(b) Let O be an ovoid ofS. If y is a point ofS, then we definegf(y) = 0if y € O and
f(y) = 1 otherwise. Thery is a valuation ofS. We call any such valuation asvoidal
valuation

(c) Letxbe a point of a dense near-gonS (n > 2) and letO be a set of points at distance
n from x with the property that every line at distanee- 1 from x has a unique point in
common withO. If y is a point ofS, then we definef(y) = d(x, y) if d(x, y)<n — 1,
f(y) =n—2if y € O andf(y) = n — 1 otherwise. Thery is a valuation ofS. We call
any such valuation semi-classical valuatian

(d) Let S be a dense near polygon, [Etbe a geodetically closed sub near polygon of
S which is classical irS and letf’ be a valuation of. For every poiny of S, we define
f() =d(y,np(y) + f(zp(y)). Thenf is a valuation ofS. We call f anextensiorof
f'.If F =8, then we say thaf is thetrivial extensiorof f’.

Lemma 1 (Corollary 2 and Proposition 17 db]). (a) Every valuation of a dense gener-
alized quadrangle is either classical or ovoidal

(b) LetS be a dense nedn-gon,n > 2, let x be a point ofS and let f be a valuation of
S such thatf (y) = d(x, y) for every point y at distance at most— 1 from x Then f is
classical or semi-classical

Valuations can induce others as indicated by the following lemma.

Lemma 2 (Proposition 8 off5]). Let f be a valuation of a dense near polygSrand let
F be a geodetically closed sub near polygonSfPutm := min{f(x)|x € F} and
f'(x) := f(x) — m for every point x of FThenf’ is a valuation of F

If fis a valuation of a dense near polygon an@ifs a quad containing two points of
Oy, then the valuation induced i@ cannot be classical and hence must be ovoidal. So,
0 N Oy is an ovoid ofQ in that case.

The following proposition shows that there is a connection between valuations and
hyperplanes.

Proposition 2. Let f be valuation of a dense near polygSrand let M denote the maximal
value attained byf'. Then the set of points with value at mast— 1 is a hyperplaned s of
S. If Qis a quad ofS not contained inH ¢, then H intersects Q is either an ovoid or the
perp of a point

Proof. By property (V) it immediately follows thatH; is a hyperplane. LeQ denote

a quad which is not entirely contained H;. Let /" denote the valuation o induced

by f. By Lemmal(a), /' is either classical or ovoidal. The proposition now immediately
follows. O

Hyperplanes of dual polar spaces in which each quadz H intersectd in an ovoid
or the perp of a point were already studied in [10,12] for the rank 3 case. Very recently,
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Pralle and Shpectord 1] also considered the rank 4 case. They call a hyperplane of arank

3 dual polar spacevoidalif it is the extension (see Proposition 1) of an ovoid in a quad.
SupposePP is a (possibly infinite) thick dual polar space of rank 4 with quads admitting

ovoids. LetH be a hyperplane aPP with the property that each h&of PP intersectdH

in an ovoidal hyperplane L. Let 6(X) be the unique quad & for which H N X is the

extension of a (uniquely determined) ovaidX) of 6(%).

Theorem 2(Theorem 1 of11]). The geometry' = (£, D, |) (natural incidencgis a gen-
eralized quadrangle. PP is finite and if quads have ordéy, r2), thenl” has order(tzz, st2).

Theorem 3(Theorem 2 of11]). If Ais finite, then one of the following holds

e A=WP(7, ¢)andT = W(q);
e A=[07(9,¢)I°P andT = H(4, ¢2).

3. Motivation

In the previous section, we already motivated the study of valuations: these are important
objects for classification purposes. There is an extra motivation in the case of dual polar
spaces. With every valuation (of a dual polar space) there is associated a hyperplane and
recently there has been quiet some interest in these objects (Jde21f)—12]). Valuations
of general dense near hexagons were studied in Section 4 of [5]. In the case of dual polar
spaces of rank 3, we can say more.

Proposition 3. Every valuation of a classical near hexagéns either classicalovoidal
semi-classical or the extension of an ovoidal valuation in a qua$l. of

Proof. By Proposition 14 of5], f(x) = d(x, Oy) for every pointx at distance at most 2
from O¢. If |O¢| = 1, thenf must be classical or semi-classical by Lemma 1(b). Suppose
therefore thatO | > 2. Suppose also that is not ovoidal, then every two different points

of Oy lie at distance 2 from each other by Proposition 24 of [5]. bgando; be two
different points ofO ; and letQ denote the unique quad throughando,. ThenQ N Oy

is an ovoid ofQ. For every poink outsideQ, there exists a point i@ N Q at distance 3
from x. HenceO s = O N Q. Now, every point ofS lies at distance at most 2 frof ;.

So, f(x) =d(x, Of) =d(x, mp(x)) +d(np(x), Oy) and f is the extension of an ovoidal
valuation ofQ. O

In Table 1, we list what is known about the existence of valuations in finite thick dual
polar spaces of rank 3. Regarding this table, we can make the following remarks:

(1) The quads o P (5, ¢) and[Q~ (7, ¢)IP have ovoids, while the quads @ (6, g),
qodd, andHP (5, ¢%) have no ovoids. We refer {8] for more details.

(2) The dual polar spac#P (5, ¢) has no ovoid as has been shown by Shultgf@ven
(see e.g[8, 2.8]) and by Cooperstein and Pasini [4] fpodd.



200 B. De Bruyn, P. Vandecasteele / Journal of Combinatorial Theory, Series A 112 (2005) 194-211

Table 1
Existence of valuations in thick dual polar spaces of rank 3

Class. Extended Semi-class. Ovoidal
WwP(5, ¢) Yes Yes (1) ?2(3) No (2)
0P (6, ¢), ¢ odd Yes No (1) No (1) No (1)
[0~ (7.¢)IP Yes Yes (1) ? ?
HP (5, ¢?) Yes No (1) No (1) No (1)
HP (6, 4% Yes 2 (4) ?(4) ?(4)

(3) In general, it is not known wheth&vP (5, ¢) can have semi-classical valuations. For
certain values ofy (like ¢ = 4 or g prime), it is known thatw (5, ¢) cannot have
semi-classical valuations (see e.g. Corollary 6.5t

(4) The dual polar spackP (4, 4) has no extended, semi-classical and ovoidal valuations,
sinceH (4, 4) has no spread (computer result of Brouwer). &of 4, it is not known
whether extended, semi-classical or ovoidal valuations exist.

As we see in the table, no semi-classical or ovoidal valuation is known for each of the
listed dual polar spaces of rank 3. This observation stimulated us to study valuations of
finite thick dual polar spaces with the property that no induced hex valuation is ovoidal
or semi-classical. In this way we found new valuations which we called SDPS-valuations.
An SDPS-valuation of a dual polar spa@ of rank n arises from a set of points of
PP on which a certain dual polar space of rafikcan be defined (so must be even).

The terminology SDPS refers to the fact that there is a Sub Dual Polar Space associ-
ated with every SDPS-set or SDPS-valuation. We will define SDPS-sets in the following
section.

4. SDPS-sets in dual polar spaces

Let.A = (P, L, 1) be one of the following classical neaz-4ons:

(a) apoint ¢ = 0);

(b) adense generalized quadrangle<(1);
(c) WP(4n — 1, q) with n>2;

(d) [0~ @n + 1, ¢)1° with n >2.

A subsetX of P is called arfSDPS-sebf A if it satisfies the following properties:

(1) No two points ofX are collinear inA.

(2) If x, y € X such that dx, y) = 2, thenX N C(x, y) is an ovoid of the quad(x, y).

(3) The point-line incidence structurd whose points are the elementsXfnd whose
lines are quads ofl containing at least two points &f(natural incidence) is isomorphic
to one of the following near polygons:

(a) apointifA is a point;
(b) alineifAis a generalized quadrangle;
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(c) WP@2n —1, 4% if A=WP4n — 1, ¢) withn>2;
(d) HP(2n,¢?) it A=[Q™ (4n + 1, ¢)]° with n>2. i
(4) Forallx,y € X,d(x,y) =2-d(x, y), whereo(-, -) denotes the distance jA.

An SDPS-set of the near 0-gon consists of the unique point of the near 0-gon. An SDPS-set
of a dense generalized quadrangle is just an ovoid of that generalized quadrangle. SDPS-
sets of type (c) and (d) do also exist (Section 91], Section 1.3 of [11]). Consider the
finite field F 2 with g2 elements and leE, denote the unique subfield of ordgof [ ..

Letn denote an arbitrary elementBf2 \ [,. ThenF 2 = {x1 + xan | x1, x2 € [,;}; define
T: [qu — [y, x1+ x211 = x1.

e Consider the following bijectiop between the vector spac@§7 and [FS’;:

O(x1, X2, ..., Xay) = (X1 +nx2, ..., Xap—1 + NXap).

If (-, -) isanondegenerate symplectic formFét, thent({(¢(-), ¢())) isanondegenerate
symplectic form in[Fg". If o is a totally isotropion-dimensional subspace 65’;, then

() is a Z-dimensional totally isotropic subspace [bj" In this way we obtain
an “embedding” ofWP(2n — 1, ¢2) in WP(4n — 1, ¢), giving rise to an SDPS-set of

type (c).
e Consider the following bijectios between the vector spacE¥ 2 and [Fjﬁ*l:

d(x1, X2, ..., Xapy2) = (X1 +Nx2, ..., Xdp 41 + NXap12).

Let (-, -) be a nondegenerate hermitean fornFS:ﬁ*l. For everyx € [Fj’ﬁ*l, we define

h(x) := (x, x) and for everyx € [Ff;”*z, we defingg (x) := (¢p(x), ¢(x)). The equation
h(x) = 0, respectively; (x) = 0, defines a nonsingular hermitean variéty2n, ¢2) in
PG(2n, ¢?), respectively a nonsingular elliptic quadgc (4n + 1, ¢) in PG(4n + 1, ).
With every generator off (21, ¢2), there corresponds a generator®f (4n + 1, ¢). In
this way we obtain an “embedding” @1°(2n, ¢2) in [0~ (4n + 1, ¢)]P, giving rise to
an SDPS-set of type (d).

5. SDPS-valuations
In this section, we will prove the following results.

Theorem 4(Section5.1). Let.4 be isomorphic to either the poind dense generalized
quadrangle WP4n — 1,¢) or [0~ (4n + 1,¢)I° (n>2), and let X be an SDPS-set
of A. For every point x ofA, define f(x) = d(x,X). Then f is a valuation
of A.

Definition. A valuation which can be obtained from an SDPS-set as described in Theorem
4 is called arSDPS-valuation
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Theorem 5(Sectiorb.2). Let.A be a finite thick dual polar space and Igtbe a valuation
of A which is the(possibly trivia) extension of an SDPS-valuation in a geodetically closed
sub near polygo8 of A. Then the following holds

(i) f(x)=d(x, Oy) for every point x of4;
(i) if H is a hex ofA, then the valuation induced in H is either classical or the extension
of an ovoidal valuation in a quad of H

5.1. Proof of Theorem 4

We will prove the Theorer in several lemmas. We will use the same notations as in
Section 4. We call a quad of specialif it contains at least two points of. If Q is a special
guad, therD N X is an ovoid ofQ.

Lemma 3. Suppose: >2. If (s, 12), respectively(s, f2), denotes the order of the quads of
A, respectivelyd, then(s, i) = (st2, 13).

Proof. If A=WP(4n—1, q),then(s, 12) = (¢, ¢) and(5, 12) = (¢2, ¢%). If A=[Q~ (4n+
1,¢)P, then(s, 2) = (g% ¢q) and(3, i2) = (¢°, ¢?). S0,(, 2) = (st2, t3) inany case. [

Lemma 4. No two special quads intersect in a line

Proof. Suppose the contrary. L&; and Q2 denote two special quads which intersect in
a lineL. Let x denote the unique point of onL and letxy, xo denote two other points of
L. Lety;,i € {1, 2}, denote a point ofQ; N X) \ {x} collinear withx;. Then dy1, y2) =
d(y1, x1) + d(x1, y2) = 1+ 2 = 3, contradicting property (4) in the definition of SDPS-
set. [

Lemma 5. If x € X, then every line ofd through x is contained in a unique special quad

Proof. Obviously, the lemma holdsif<1. Suppose therefore that: 2. Putr = 1, + t% +
o412 Yandi = 7 4+ 75 + --- + 3. Then A has ordes, 1) and.A has order, 7).
By Lemmad4, the number of lines throughwhich are contained in a special quad is equal
O+ +D) =R+ DA+ +B+ -+ ) =+ DA+E+-- +12"%) =

141t +---+15"1 =1 + 1. This proves the lemma. [J

Lemma 6. LetF be a geodetically closed sub near polygomdofThenZ N X is a geode-
tically closed subspace of.

Proof. We suppose that N X is nonempty. Lek; andx, denote two points af N X such
thatd(x1, x2) = 1. Then dxy, x2) = 2. SinceF is geodetically closed;(x1, x2) € F and
henceC(x1, x2) N X € F N X. This proves thaf N X is a subspace ofl. Now, leta, b, ¢
denote points oK such that, b € F N X, é(a, c) = é(a, b) — 1 andd(c, b) = 1. Then
d(a, ¢) = d(a, b)—2anddc, b) = 2. SinceF is geodetically closed andd, ¢)+d(c, b) =
d(a, b), c € F N X. HenceF N X is also geodetically closed (id). [
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Lemma 7. LetF be ageodetically closed sub near polygorioThen there exists a unique
geodetically closed sub near polyggnof A such thatdiam(F) = 2 - diam ;(¥) and

F = F N X.Moreovet F is an SDPS-set of.

Proof. Letxandy be two points ofF such thad(x, y) = diamA(]:"). If Fis a geodetically
closed sub near polygon gf such that diam (F) = 2- diamA(]:") andF = FN X, then
F necessarily equals(x, y) sincex,y € Fand dx,y) =2-0(x,y) =2- diamA(]:') =
diam4 (F). We will now show thatF := C(x, y) satisfies all required properties. By
Lemma6, F N X is a geodetically closed sub near polygonbtontainingx andy and
hence als&F. On the other hand, we have digi¥nX) = 3diam(FNX) < 3diam(F) =
3d(x, y) = (x, y) = diam 4(F). This proves thaF N X = F.

One now easily sees thaF, ) is an admissible pair of classical near polygons (i.e.
(F, F) is of one of the types (a), (b), (c) or (d) as described in the definition of SDPS-set).
So,F isan SDPS-setaf. [

Definition. A geodetically closed sub near polygdhof A is calledspecialif F N X is
an SDPS-set af. The special sub near polygons.fare those sub near polygons of the
form C(x1, x2) wherexy, xo € X.

From Lemmas 6 and 7, we have the following corollary.

Corollary 1. If F is a geodetically closed sub near polygon4fthenF N X is either
empty or an SDPS-set in a geodetically closed sub near polygén of

Lemma 8. Letn > 1.1f F is a geodetically closed sub ne@ — 2)-gon of A, thenF N X
is a geodetically closed sub neén — 2)-gon of A.

Proof. We first show thatF N X is nonempty. Lek be an arbitrary point oX. If x € F,
then we are done. If ¢ F, let Q denote the unique special quad through the ting (x).
ThenF N Q is a line. Since this line contains a pointXfalsoF contains a point oX.

Now, letx* denote a point ofF N X and lety denote a point oK at maximal distance
from x*. Then dx*, y) = 2n andy ¢ F. Let Q denote the unique special quad through
the lineyrx(y). The quadQ intersectsF in a line which contains a point” of X. Now,
d(x*, y")>2n—2and hencé(x*, y”) >n — 1. This proves that dia@(]—'m X)>n—1.0n
the other hand, we have diapt7 N X) = Jdiam4(F N X) < 3diamy (F) = 251, Hence,
diam;(F N X) = n — 1. In Lemma6, we have already shown thatn X is geodetically
closed. O

Lemma 9. Letrn >1.Let x be a point ofd and letF denote a geodetically closed sub near
(4n — 2)-gon through x. Thed(x, X) = d(x, F N X).

Proof. Lety be a point ofX \ F, let Q denote the unique special quad through the line
yrz(y) and lety” denote the unique point of on the lineQ N F. Then dx, y) =
d(x, tr(y)) + 1>d(x, y"). As a consequence(d X \ F)>d(x, FN X) and dx, X) =
dix, FnXx). O
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Lemma 10. Let x be a point ofd and letF denote a special sub near polygon through x.
Thend(x, X) = d(x, FN X).

Proof. The lemma holds ifF = A. So, suppose that # .4 and that the lemma holds
for any special sub near polygon of diameter di#n+ 2. Let 7" denote a special sub
near polygon of diameter diai#) + 2 throughZ and let#” denote a geodetically closed
sub near polygon of diameter di@f) + 1 such thatF c F' c F”. By our assumption,
d(x, X) =d(x, F"nX). By Lemma9, d(x, /N X) = d(x, 7’ N XNF') and by Lemma
8, F'NnXNF = FnN X.The lemma now follows. [

Lemma 11. For every pointx of4, d(x, X) <n. Moreover there exists a point* of A
such thatd(x*, X) = n.

Proof. We will prove this by induction on. Obviously, the lemma holdsiifis equal to 0 or
1. Suppose therefore that> 2. Let F denote a geodetically closed sub ngar — 2)-gon
throughx and let7’ denote the unique geodetically closed sub ndar— 4)-gon of A
containing all points ofF N X. Then dx, =z (x)) <1. SinceF N X is an SDPS-set itF’,
we have drz (x), F N X)<n —1and hence @, X)<n. By the induction hypothesis, we
know that there exists a pointe 7' such thatdy, X N F) = n — 1. If x* denotes a point
of F\ F' collinear withy, then dx*, X) = d(x*, X N F) = 1+ d(y, X N F) = n. This
proves the lemma. O

Lemma 12. Let x be a point ofA. Then there exist two points;, x> € X such that
d(x, x1) = d(x, x2) = d(x, X) andd(x1, x2) = 2-d(x, X). As a consequence, every point
is contained in a special geodetically closed sub nead (x, X)-gon

Proof. We will prove this by induction on the distancéxd X). Obviously, the property
holds if d(x, X) = 0. Suppose therefore thatd X) > 1 and that the property holds for any
point at distance at mostd, X) — 1 from X. Take a pointc’ collinear withx at distance
d(x, X)—1fromXand letr; andx; denote two points ok suchthat dx’, x7) = d(x’, x5) =
d(x, X) — 1 and dxj, x3) = 2-d(x, X) — 2. PutF := C(x], x5). Thenx’ € F’ since
x" is on a shortest path betweefandx;. If x € F’, then by Lemmall, x would have
distance at most@, X) — 1 to X N F’, a contradiction. Sox is not contained i’ and
d(x, x7) =d(x,x5) = 1+d(x’, x)) = 14+ d(x’, x5) = d(x, X). Let F denote the unique
special geodetically closed sub neardl(x, X)-gon through#’ containing the linecx’.
(The special geodetically closed sub nearddx, X)-gons through’ partition the set of
lines throughx’, not contained i’ and hence also the set of lines througinot contained
in 7'.) Let L, denote a line ofF throughx;, not contained i’ and containing a point,
at distance ¢k, X) — 1 fromx. Let Q, denote the unique special quad through Then
Q2 € F. Now, putx; := x7 and letx, denote a point ofX N Q2) \ {x5} collinear withy.
Then dx, x2) <d(x, y2) + d(y2, x2) = d(x, X) and hence ¢, x2) = d(x, X). Since the
quadQ; intersectsF’ only in the pointx5, we have dx1, x2) = d(x1, x5) + d(x5, x2) =
2 - d(x, X). We have already noticed thatxd x1) = d(x, x]) = d(x, X). This proves the
lemma. O
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Lemma 13. Every line L ofA contains a unique point at smallest distance from X

Proof. The proof happens by induction onObviously, the lemma holds ifis equal to 0
or 1. Suppose therefore that- 2. LetF denote a geodetically closed sub nébr— 2)-gon
throughL and let*” denote the unique special sub né&ar — 4)-gon contained ifF. For
every pointx of L, d(x, X) = d(x, 7/ N X) by Lemma9. If L is contained inF’, then
the lemma holds for the link by the induction hypothesis. If is disjoint fromF’, then
the lemma holds for the line = (L) and hence also for the lirlesince dx, 7/ N X) =
1+ d(rx(x), F' N X) for every pointx of L. If L intersectsF’ in a unique point, then this
point is the unique point df at smallest distance frod [

Lemma 14. Let x be a point of4 and let F denote a special sub neér d(x, X)-gon
through x. Then a line L through x contains a point at distad¢e X) — 1 from X if and
only if L is contained in F. As a consequengeds contained in a unique special sub near
4.-d(x, X)-gon F,.

Proof. Suppose that is contained inF. By Lemmal3, L contains a unique point near-
est toX and by Lemma 11 every point df has distance at most(d X) to X. Hence
L contains a unique point at distancérdX) — 1 from x. Conversely, suppose thatis
not contained inF and contains a point at distance @, X) — 1 from X. Let F’ denote
the unique special4 - d(x, X) + 4)-gon throughC(y, F). Then dy, X) = d(y, F' N
X) by Lemma 10. Lety’ denote a point ofX N F’ at distance ¢k, X) — 1 fromy.
Theny' ¢ F and hence alse’ ¢ C(y, F). Let y” denote the unique point @f(y, F)
collinear with y’ and letQ denote the unique special quad through the jif’. Then
the line Q N C(y, F) contains a poink of X which necessarily belongs t8. We have
d(y,z)>d(x, X) + landdy, z) <d(y,y) +d(y’,z) =d(x, X) — 1+ 2 =d(x, X) + 1.
Hencey’ is contained in a shortest path betwgeand z. But this is impossible since
vV ¢Chy,F). O

Lemma 15. For every point x of4 and every poiny € Fy, F, C F,.

Proof. In the near polygorF,, there exists a unique special sub neaddy, F, N X)-gon
F throughy. By Lemmal0, d(y, Fx N X) = d(y, X). HenceF; must coincide withFy.
This proves the lemma. O

The following lemma completes the proof of Theorem 4.
Lemma 16. The mapf : P — N; x — d(x, X) is a valuation ofA.

Proof. Obviously, there exists a point with value 0. By Lemdf, every line contains a
unique point with smallest value. We will now show thétalso satisfies propertis).
For every pointy of F,, we have dy, X) <d(x, X) by Lemma 11. Ify is a point of F,
and if z is a point of A collinear withy for which d(z, X) = d(y, X) — 1, thenz
F, by Lemma 14. By Lemma 15, it now follows thate F.. Hencef is a valuation
of 4. O
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5.2. Proof of Theorem 5

For every poinx of A, f(x) = d(x, n5(x)) + d(ng(x), O) = d(x, Of). This proves
(). We will prove property (ii) by induction on the diameteof .A. Obviously, the property
holds ifn <3. So, suppose >4 and that the property holds for any thick dual polar space
of diameter less tham(= induction hypothesis). We distinguish the following possibilities:

e B # A: Let A’ denote a geodetically closed sub n&ar — 2)-gon of A throughBB. For
every pointx of A, we havef (x) = d(x, Oy) = d(x, m g (x)) + d(z 4 (x), Of) (x). If
H is contained ind’, then the valuation induced H is either classical or the extension
of an ovoidal valuation in a quad &f since property (ii) holds ford’. If H meets A’
in a quadQ, then by &), the valuation induced iHl is the extension of the valuation
induced inQ. So, the property also holds in this caseHIfs disjoint from.A’, then by
the induction hypothesis applied to the dual polar spaGehe property holds for the
hexn 4 (H). Hence, the property also holds fdrby (x).

e B = A:Let A’ denote a geodetically closed sub near 2 1)-gon throughH and let4”
denote the unique special geodetically closed sub@ear 4)-gon of A’. The valuation
f' induced byf in A’ is the extension of an SDPS-valuationti. By the induction
hypothesis applied tgl’ it follows that the valuatiory” induced by’ in H is classical
or the extension of an SDPS-valuation in a quatioThe theorem then holds singé
is also the valuation induced byin H.

6. Characterization of SDPS-valuations
In this section, we will prove the also the converse of Theosdmlds.

Theorem 6. Let.A be a finite thick dual polar space and Igthe a valuation of4 with the
property that every induced hex valuation is either classical or the extension of a valuation
in a quad. Thery is the(possibly trivia) extension of an SDPS-valuation in a geodetically
closed sub near polygon of.

Letn be the diameter oil. We will prove the theorem by induction an Obviously, the
lemma holds if» = 3. So, suppose that>4 and that the lemma holds for any finite thick
dual polar space of diameter less thafF induction hypothesis). Call a quad dfspecial
if it contains two points o ¢, or equivalently, if it intersect®  in an ovoid.

Lemma 17. No two special quads intersect in a line.
Proof. SupposethaP1 andQ» are two special quads intersectinginaline. Te@1, Q)
is a hexH. By Proposition3 and our assumptions, the valuation inducediis either

classical or extended. It is easily seen that none of these two possibilities can o€¢ur.

Lemma 18. For all x1, x2 € Oy, d(x1, x2) is even
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Proof. We distinguish three possibilities.

(1) d(x1,x2) < n.If f’ denotes the valuation inducedd@iix1, x2), then by the induction
hypothesis/” is an SDPS-valuation ifi(x1, x2). Sincex1, x2 € O, d(x1, x2) is even.

(2) d(x1,x2) = n andnis even.

(3) d(x1,x2) =n andnis odd. LetF denote a geodetically closed sub n€ar — 2)-gon
throughx; and letx/, denote the unique point @f collinear withxz. Then f (x5) = 1.
By the induction hypothesis, the valuatigi induced inF is the (possibly trivial)
extension of an SDPS-valuation in a geodetically closed sub near polygorSifice
f(x3) = 1,x5 is collinear with a poink5 of Oy N F, see Theorerb. Since dxy, x5
is even and @y, x5) >n — 2, d(xg, x3) = n — 1. So, f" is an SDPS-valuation of
F = C(x1, x3). Now, the linex5x5 is contained in at least two special quadéw, x5
+ the unique special quad throughx’ contained inF, see Lemma 5), contradicting
Lemmal7. O

Lemma 19. If x1, x2 € Oy with d(x1, x2) as big as possiblehenO; C C(x1, x2).

Proof. Obviously, this holds if dx1, x2) = n. Suppose therefore thatd, x2) < n and let
F denote a geodetically closed sub né€ar — 2)-gon throughC(x1, x2). By the induction
hypothesis applied t&, it follows that every point of0 N F' is contained irC(xy, x2).
Suppose now that there exists a pgird O y not contained irF and lety’ denote the unique
point of F collinear withy. Sincef (y’) = 1, there exists a poing € O N F collinear with
y'. Thenxs € C(x1, x2). Since the valuation induced #(x1, x2) is an SDPS-valuation,
there exists a points € Oy NC(x1, x2) at distance @1, x2) from x3. We now distinguish
two possibilities.

(1) The quad’(y, x3) intersectL (x1, x2) in a lineL. ThenL would be contained in two
special quads({(y, x3) + the unique special quad throughcontained inC(x1, x2)),
contradicting Lemmd7.

(2) The quad’(y, x3) intersects (x1, x2) in the pointxz. Then dy, x4) = 2+ d(x1, x2),
contradicting the maximality of @1, x2). [

Lemma 20. The valuationf is not semi-classical

Proof. Suppose the contrary. L&tdenote the unique point odl with value 0 and leH
denote a hex containing a point at maximal distamfrem x. Then it is easily seen that the
valuation induced it is semi-classical, contradicting our assumption§l]

Lemma 21. If |O| = 1,then f is a classical valuation

Proof. Letxdenote the unique point @ . If yis a point at distance at most- 1 fromyx,
then by the induction hypothesis, the valuation induced(in y) is the (possibly trivial)
extension of an SDPS-valuation in a geodetically closed sub near polyg6x o).
Since|Oy| = 1, this induced valuation must be classical. Hentéy) = d(x, y) for
every pointy at distance at most — 1 from x. The lemma now follows from Lemmds
and 20. O
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Lemma 22. If |0 ¢|>2,then every point x of s is contained in a special quad

Proof. Suppose the contrary. Then, by the induction hypothesis, the valuation induced
in every geodetically closed sub ne@n — 2)-gon throughx must be classical. Hence,
f(y) =d(x, y) for every pointy at distance at mosat— 1 fromx. By Lemmasl and 20, it

now follows thatf is classical, contradictingd p|>2. [

Lemma 23. For every point x of4, f(x) = d(x, Oy).

Proof. By Lemmaz21, this holds if|O¢| = 1. Suppose therefore thg® ;| >2. Let x*
denote a point 0D s nearest toc and letQ denote a special quad through. Then either
no(x) = x* ormg(x) ~ x*. Since dx, ng(x))<n — 2, we have dx, x*) <n — 1. By the
induction hypothesis, the valuatigi induced inC(x, x*) is the (possibly trivial) extension
of an SDPS-valuation in a geodetically closed sub near polygat{xafx™*). So, f(x) =
ffx) =d(x, 0y NC(x,x*)) =d(x,x*) =d(x, 0p). O

Lemma 24. If the maximal distance between two pointstof is smaller than nthan f
is the(possibly trivia) extension of an SDPS-valuation in a geodetically closed sub near
polygon ofA.

Proof. Letxy, x2 € O withd(xz, x2) as big as possible. Sincéxd, x») < n, the valuation
induced inF := C(x1, x2) is an SDPS-valuatiorf” with O = O (see Lemmd9). For
every pointx of A, we havef(x) = d(x, Oy) = d(x, nr(x)) + d(nFr(x), O), proving
the lemma. O

In the sequel, we will suppose that the maximal distance between two poiotg of
equal ton. This implies than is even, see Lemma 18. L&tdenote the following partial
linear space:

e the points ofA are the elements ab ;,

e the lines ofA are the special quads,
e incidence is containment.

If x; andx; are two points ofO ¢, then (as before) we denote byxd, xo) the distance
betweenx1 andxz in the geometryd and byd(x1, x2) the distance between andxz in
the geometryA.

Lemma 25. For all pointsx1, x2 € Oy, d(x1, x2) = 2- d(x1, x2). As a consequencehe
diameter ofA is half the diameter ofd.

Proof. Every path ofA betweenx; andx, can be turned into a path of with double
length. This proves that(gl1, x2) <2 - 6(x1, x2) for all pointsxy, x2 € Oy.

We will prove the lemma by induction on the distanded x2) which is always even
by Lemmal8. Obviously, the lemma holds if(g;, x2) is O or 2. Suppose therefore that
d(x1, x2) = 2k >4. Then we already know thatx, x2) > k. We will now show that there
exists a special qua@ throughx, containing a points at distance 2 — 2 from x1. If
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2k < n, this follows from the fact that the valuation induceddixy, x») is an SDPS-
valuation. If Z = n, this follows from Lemma22. If x3 ¢ Oy, then there exists a point
in Q N Oy at distance 2 — 1 from x4, contradicting Lemma 18. Henog € Oy. Since
d(x1, x3) = 2k — 2, (x1, x3) = k — 1 ando(x1, x2) <k. Together withd(x1, x2) >k, this
implies that dx1, x2) = 2 d(x1, x2). O

Lemma 26. A is a near polygor{and hence a near-gon).

Proof. Letx denote a point oD s and letQ denote a special quad.#fp (x) ¢ Oy, then
there exists a point i@ N Q at distance ¢, 7o (x)) + 1 fromxand a pointin0y N Q at
distance dx, 7o (x)) + 2 fromx, contradicting Lemmads8. So,ng(x) € Oy andng(x) is
the unique point oD y N Q nearest tx. The statement now follows from Lemma 25.]

Lemma 27. Let (s, 12) denote the order of the quads.df Then every line ofl is incident
with § + 1 := st» + 1 points and every two points at distaree A haver, + 1 := t22 +1
common neighbours. Sd is a dense near polygon

Proof. Obviously, every line of4 is incident withsz; + 1 points. Now, choose points
x1, x2 € Oy atdistance 4 from each other. li¢be a hex through; contained irC(x1, x2)
and letx, denote the unique point ¢f collinear withxz. Sincef (x1) = 0 andf (x5) =1,
the valuationinduced iH is the extension of an ovoidal valuation of a quadf H. HenceH
contains a unique special quad. Now, we calculate the number of common neighbours
of x1 andxz (in A). Any such common neighbour is containedCitx1, x2). The number
f2 + 1 is equal to the number of special quad€’¢f1, x2) throughx;. Since every hex of

. 3.2
C(x1, x2) throughx1 contains a unique such quad, we have 1 = ’2%%” =2 +1
ori=13. O

If x1 andx; are two points 0f0 s at distance 4 from each other, thén N C(x1, x2) is

a geodetically closed subspace and hence a quad 6bnversely, every quad is obtained
in this way.

Lemma 28. The near polygond is classical

Proof. The lemma holds trivially if4 is a generalized quadrangle. So, supppse4. Let

x denote a point off and letQ denote a quad ofl. Let F denote the geodetically closed
sub near octagon ofl containing all points o). Then, by the induction hypothesis, the
valuation induced irF' is an SDPS-valuation. Léi denote an arbitrary hex d@f through
nr(x). ThenH N Oy is an ovoid in a qua@. Letx’ denote the unique point ¢ nearest to
nr(x). Thendnp(x), Oy NF) = d(np(x), HNOf) = d(np(x), x)+d(x', HNO ) <2.
So, we have the following possibilities.

(@) mr(x) € Of N F. Thennp(x) is indeed the unique point @ nearest tox.

(b) d(nr(x), Oy NF) =1.Thenng(x) is contained in a special quadof F, see Lemma
5. Then there exists a point iy N Q at distance ¢k, nr(x)) + 1 fromx and a point
in Oy N Q atdistance ¢, nr(x)) + 2 fromx, contradicting Lemma 18.
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(c) d(np(x), Of N F) = 2. Letx’ denote a neighbour of(x) collinear with a point of
Oy NF,thenx’ is contained in a special qu&rbf F. Then there exists a point N Q
at distance @, nr(x)) + 2 fromxand a pointinO s N Q at distance ¢, 7r(x)) + 3
from x, contradicting Lemmda8. O

The following lemma completes the proof of Theorem 6.

Lemma 29. One of the following cases occurs

o A=WP(2n —1,¢) andA=WP(n — 1, ¢?);
e A~[0 (21 +1,¢)°P and A~ HP(n, ¢?).

Proof. The quads ofd admit ovoids. Sad is isomorphic to one of the following dual polar
spacesWP(2n — 1, ¢), [0 (2n + 1, ¢)]° and (possiblyHP (2n, ¢?).

. Suppose4 WP (21 -1, g). The quads ofl have ordetg?, ¢?). S0,A=WP(n -1, 4%
or A= 0P (n, ¢?)if n>6.1f n = 4, thend is a generalized quadrangle of ordef, ¢?).

o Supposed=[Q~(2n+1, ¢)]°. The quads ofl have orderq?, ¢?). So, A= HP(n, ¢?)
if n>6. If n = 4, thend is a generalized quadrangle of orcd@? q2).

e Supposed =~ HD(Zn ¢2). Since the quads ofl have ordeg®, ¢*), A~ HP (8, ¢) and
Ais a generalized quadrangle of orde?, ¢%).

Now, consider a geodetically closed sub near octagar.A containing two points 0D ¢
at distance 4 from each other and fput= F N Oy.

We will show that every hex af intersect¥in an ovoid of a quad. Legtdenote an arbitrary
point ofY. Since no two special quads througimtersectin a line(1+ ) (1+ 1) <tg + 1.
Sincetp + 1= 13+ 12+ 12+ 1= (2 + 1)(i2 + 1), every line of F throughy is contained
in a unique special quad. The number of hexeg dhroughy containing a special quad
throughy is equal to(1 + 72) (1 + £2). This is the total number of hexes Bfthroughy. So,
every hex ofF throughy intersectsr in an ovoid of a quad. Now, l&b denote a hex of
not containingy, let y’ denote the unique point & collinear withy and letQ denote the
unique special quad through the lipg’. The quadQ intersect<s in a line which contains
a point ofY. As before, we then know th& N Y is an ovoid in a quad.

Now, putH := Uyey y+ N F. LetL be a line of F and letG be a hex ofF throughL.
SinceG N'Y is an ovoid in a quad, is either contained i or intersectdH in precisely
1 point (every point ofG \ H has distance 2 fror). This proves thaH is a hyperplane
of F intersecting each hex in an ovoidal hyperplane. By TheoBeii) A= HP(8, 4%
is impossible, (i) A=WPxn — 1,4¢?) if A=WP(2n — 1,¢) and (i) A= HP(n, ¢?) if

A~[0~(2n + 1, ¢)]P. This proves the lemma.O
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