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Abstract

Valuations were introduced in De Bruyn and Vandecasteele (Valuations of near polygons, preprint,
2004) as a very important tool for classifying near polygons. In the present paper we study valuations of
dual polar spaces.We will introduce the class of the SDPS-valuations and characterize these valuations.
We will show that a valuation of a finite thick dual polar space is the extension of an SDPS-valuation
if and only if no induced hex valuation is ovoidal or semi-classical. Each SDPS-valuation will also
give rise to a geometric hyperplane of the dual polar space.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

A near polygon [14] is a partial linear spaceS = (P,L, I), I ⊆ P ×L, with the property
that for every pointp and every lineL there exists a unique point onL nearest top. Here
distances d(·, ·) are measured in the point graph or collinearity graph�S of S. If d denotes
the diameter of�S , then the near polygon is called anear2d-gon. A near 0-gon is a point
and a near 2-gon is a line.

If X1 andX2 are two nonempty set of points of a near polygon, then d(X1, X2) denotes
the minimal distance between a point ofX1 and a point ofX2. If X1 is a singleton{x1},
then we will also write d(x1, X2) instead of d({x1}, X2). For everyi ∈ N and for every
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nonempty setX of points,�i (X) denotes the set of all pointsy for which d(y,X) = i.
If X is a singleton{x}, then we will also write�i (x) instead of�i ({x}).

A near 2d-gon,d�2, is called ageneralized2d-gon [16] if |�i−1(x) ∩ �1(y)| = 1 for
everyi ∈ {1, . . . , d − 1} and every two pointsx andy at distancei from each other. The
generalized quadrangles [9] are precisely the near quadrangles. A generalized 2d-gon is
calleddegenerateif it does not contain an ordinary 2d-gon as subgeometry. A degenerate
generalized quadrangle consists of a number of lines through a point.

A subspaceXof a near polygonS = (P,L, I) is calledgeodetically closedif every point
on a shortest path between two points ofX also belongs toX. SupposeX is geodetically
closed. LetLX denote the set of lines ofS which are completely contained inX and put
IX := I ∩ (X × LX). Then(X,LX, IX) is a (geodetically closed) sub near polygon ofS. A
nondegenerate geodetically closed sub near quadrangle of a near polygon is called aquad.
Sufficient conditions for the existence of quads were given in Proposition 2.5 of [14].

If X1, . . . , Xk are nonempty sets of points, thenC(X1, . . . , Xk) denotes the smallest
geodetically closed sub near polygon throughX1 ∪ · · · ∪ Xk, i.e. the intersection of all
geodetically closed sub near polygons throughX1∪· · ·∪Xk. If one of these sets is a singleton
{x}, then we will often omit the braces and writeC(· · · , x, · · ·) instead ofC(· · · , {x}, . . .).

A geodetically closed sub near polygonF of a dense near polygonS is calledclassical
in S if for every pointx of S, there exists a (necessarily unique) point�F (x) in F such that
d(x, y)=d(x, �F (x))+d(�F (x), y) for every pointyof F . We call�F theprojectiononF .

A near polygon is said to haveorder (s, t) if every line is incident withs + 1 points and
if every point is incident with preciselyt + 1 lines. A near 2n-gon,n�2, is calledregular
if it has an order(s, t) and if there exist constantsti , i ∈ {0, . . . , n}, such that for every
two pointsx andy at distancei from each other, there are preciselyti + 1 lines throughy
containing a (necessarily unique) point at distancei−1 fromx. Obviously,t0 = −1, t1 = 0
andtn = t .

A near polygon is calleddenseif every line is incident with at least three points and if
every two points at distance 2 have at least two common neighbours. Ifxandyare two points
of a dense near polygon at distance� from each other, then by Theorem 4 of [2],x andy
are contained in a unique geodetically closed sub near 2�-gon (which necessarily coincides
with C(x, y)). These sub near polygons are calledhexesif � is equal to 3. For� equal to 0,
1, respectively 2, we find the points, lines, respectively quads, ofS. With every dense near
2n-gonS, there is associated a rankn geometry�. The elements of typei ∈ {1, . . . , n}
are the geodetically closed sub near 2(i − 1)-gons ofS. The geometry� has the following
diagram:

. . .L L
points lines quads

If S is a regular near 2n-gon with parameterss, t, ti (0� i�n) such thats�2 andt2�1,
then we can parametrize the diagram as follows:

t ′3 t ′n-1 t ′nt ′2

L Lpoints lines quads

s
. . .

Heret ′i := ti−ti−1
ti−1−ti−2

for everyi ∈ {2, . . . , n}. Note thatt ′2 = t2.
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An important class of near polygons is the one of the dual polar spaces[3]. Let P be a
polar space of rankn�2. We definePD as the incidence structure with points, respectively
lines, the(n − 1)-dimensional, respectively(n − 2)-dimensional, singular subspaces of
P. PD is a near 2n-gon. If � is an(n − i)-dimensional singular subspace ofP, then the
(n−1)-dimensional singular subspaces through� determine a geodetically closed sub near
2(i − 1)-gon ofPD. Conversely, every geodetically closed sub near 2(i − 1)-gon ofPD

is obtained in this way. Every geodetically closed sub near polygon ofPD is classical in
PD. If P is a finite thick polar space of rankn�3, thenPD is a regular near 2n-gon with
ti = t2(ti−1 + 1) for everyi ∈ {1, . . . , n}. By Tits’ classification of polar spaces [15],PD

is then isomorphic to one of the following examples:

Dual polar space Quads (s, t2)

WD(2n − 1, q) (symplectic) Q(4, q) (q, q)

QD(2n, q) (orthogonal) W(q) (q, q)

[Q−(2n + 2, q)]D (orthogonal) H(3, q2) (q2, q)

HD(2n − 1, q2) (hermitean) Q(5, q) (q, q2)

HD(2n, q2) (hermitean) HD(4, q2) (q3, q2)

Notice thatQD(2n, q) is isomorphic toWD(2n−1, q) if and only ifq is even. The diagram
of each of the above-mentioned dual polar spaces looks as follows:

t2 t2 t2 t2

points lines quads

s
. . .

We will end this introduction with an important characterization of dual polar spaces due
to Cameron.

Definition. We call a near polygonS classicalif it satisfies the following properties:

• every two points at distance 2 are contained in a unique quad;
• every quad is classical inS.

Theorem 1(Cameron[3] ). The classical near2n-gons, n�2,are precisely the dual polar
spaces of rank n.

2. (Geometric) hyperplanes and valuations

Definition. A proper subspaceH of a near polygon is called a(geometric) hyperplaneif
every line has at least one point in common withH.

Examples. (1) If x is a point of a near 2n-gonS (n�1) then the set of points at distance
at mostn − 1 fromx is a hyperplane ofS.
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(2) A set of points in a near polygon is called anovoid if it meets every line in a unique
point. Obviously, every ovoid is a hyperplane.

(3) In Section5, we will define a class of hyperplanes of dual polar spaces arising from
so-called SDPS-sets.

The above-mentioned classes (2) and (3) can give rise to other hyperplanes by the
following proposition.

Proposition 1. LetS = (P,L, I) be a near2n-gon and let F be a geodetically closed sub
near2m-gon ofS which is classical inS. If H is a hyperplane ofF , then the extension
H := {x ∈ P | d(x,H)�n − m} of H is a hyperplane ofS.

Proof. Let L denote an arbitrary line ofS and put� := d(L, F ). It is known (and easy to
prove, see e.g. Lemma 3 of[5]) that one of the following cases occurs:

(a) Every point ofL has distance� fromF . In this case�F (L) := {�F (x) | x ∈ L} is a line
of F .

(b) There exists a unique pointx in L at distance� fromF . In this case�F (L) = {�F (x)}.
Suppose first that case (a) occurs. If�F (L) is contained inH, thenL is contained inH .
If |�F (L) ∩ H | = 1 and� < n − m, thenL is contained inH . If |�F (L) ∩ H | = 1 and
� = n − m, then|L ∩ H | = 1. Suppose next that case (b) occurs. If�F (x) ∈ H , thenL is
contained inH . If �F (x) /∈ H and� < n−m− 1, thenL is contained inH . If �F (x) /∈ H

and� = n − m − 1, then|L ∩ H | = 1. This proves thatH is a hyperplane ofS. �

Definition. Let S = (P,L, I) be a dense near 2n-gon. A functionf from P to N is called
avaluationif it satisfies the following properties (f (x) is called thevalueof x):

(V1) there exists at least one point with value 0;
(V2) every lineL of S contains a unique pointxL with smallest value andf (x) = f (xL)+1

for every pointx of L different fromxL;
(V3) every pointx of S is contained in a geodetically closed sub near polygonFx which

satisfies the following properties:
◦ f (y)�f (x) for every pointy of Fx ,
◦ every pointz of S which is collinear with a pointy of Fx and which satisfies

f (z) = f (y) − 1 also belongs toFx .

It can be shown, see Proposition 7 of[5], that the geodetically closed sub near polygonFx

in property (V3) is unique. Iff is a valuation, then we denote byOf the set of points with
value 0. Valuations were introduced in [5] and form a very important tool for classifying
near polygons. In [7] the classification of the valuations of the 11 dense near hexagons1 of
order(2, t) was used to obtain a complete classification of all dense near octagons of order
(2, t). Several classes of valuations are known, see [5]. We list the ones which we will need
in the present paper.

1 See[1] for the classification of these hexagons.
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Examples. (a) Letx denote an arbitrary point of a dense near polygonS = (P,L, I). For
every pointyof S, we definef (y) := d(x, y). Thenf is a valuation ofS. We call any such
valuation aclassical valuation.

(b) LetO be an ovoid ofS. If y is a point ofS, then we definef (y) = 0 if y ∈ O and
f (y) = 1 otherwise. Thenf is a valuation ofS. We call any such valuation anovoidal
valuation.

(c) Letxbe a point of a dense near 2n-gonS (n�2) and letObe a set of points at distance
n from x with the property that every line at distancen − 1 from x has a unique point in
common withO. If y is a point ofS, then we definef (y) = d(x, y) if d(x, y)�n − 1,
f (y) = n − 2 if y ∈ O andf (y) = n − 1 otherwise. Thenf is a valuation ofS. We call
any such valuation asemi-classical valuation.

(d) Let S be a dense near polygon, letF be a geodetically closed sub near polygon of
S which is classical inS and letf ′ be a valuation ofF . For every pointy of S, we define
f (y) = d(y, �F (y)) + f ′(�F (y)). Thenf is a valuation ofS. We callf anextensionof
f ′. If F = S, then we say thatf is thetrivial extensionof f ′.

Lemma 1 (Corollary 2 and Proposition 17 of[5] ). (a)Every valuation of a dense gener-
alized quadrangle is either classical or ovoidal.

(b) LetS be a dense near2n-gon,n�2, let x be a point ofS and let f be a valuation of
S such thatf (y) = d(x, y) for every point y at distance at mostn − 1 from x. Then f is
classical or semi-classical.

Valuations can induce others as indicated by the following lemma.

Lemma 2 (Proposition 8 of[5] ). Let f be a valuation of a dense near polygonS and let
F be a geodetically closed sub near polygon ofS. Put m := min{f (x) | x ∈ F } and
f ′(x) := f (x) − m for every point x of F. Thenf ′ is a valuation of F.

If f is a valuation of a dense near polygon and ifQ is a quad containing two points of
Of , then the valuation induced inQ cannot be classical and hence must be ovoidal. So,
Q ∩ Of is an ovoid ofQ in that case.

The following proposition shows that there is a connection between valuations and
hyperplanes.

Proposition 2. Letf be valuation of a dense near polygonS and let M denote themaximal
value attained byf . Then the set of points with value at mostM − 1 is a hyperplaneHf of
S. If Q is a quad ofS not contained inHf , thenHf intersects Q is either an ovoid or the
perp of a point.

Proof. By property (V2) it immediately follows thatHf is a hyperplane. LetQ denote
a quad which is not entirely contained inHf . Let f ′ denote the valuation ofQ induced
by f . By Lemma1(a),f ′ is either classical or ovoidal. The proposition now immediately
follows. �

HyperplanesH of dual polar spaces in which each quadQ �⊆ H intersectsH in an ovoid
or the perp of a point were already studied in [10,12] for the rank 3 case. Very recently,
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Pralle and Shpectorov[11] also considered the rank 4 case. They call a hyperplane of a rank
3 dual polar spaceovoidal if it is the extension (see Proposition 1) of an ovoid in a quad.

SupposePD is a (possibly infinite) thick dual polar space of rank 4 with quads admitting
ovoids. LetH be a hyperplane ofPD with the property that each hex� of PD intersectsH
in an ovoidal hyperplane of�. Let �(�) be the unique quad of� for whichH ∩ � is the
extension of a (uniquely determined) ovoidO(�) of �(�).

Theorem 2(Theorem 1 of[11] ). The geometry� = (L,D, I) (natural incidence) is a gen-
eralized quadrangle. IfPD is finite and if quads have order(s, t2), then� has order(t22 , st2).

Theorem 3(Theorem 2 of[11] ). If � is finite, then one of the following holds:

• ��WD(7, q) and��W(q);
• ��[Q−(9, q)]D and��H(4, q2).

3. Motivation

In the previous section, we already motivated the study of valuations: these are important
objects for classification purposes. There is an extra motivation in the case of dual polar
spaces. With every valuation (of a dual polar space) there is associated a hyperplane and
recently there has been quiet some interest in these objects (see e.g.[4,8,10–12]).Valuations
of general dense near hexagons were studied in Section 4 of [5]. In the case of dual polar
spaces of rank 3, we can say more.

Proposition 3. Every valuation of a classical near hexagonS is either classical, ovoidal,
semi-classical or the extension of an ovoidal valuation in a quad ofS.

Proof. By Proposition 14 of[5], f (x) = d(x,Of ) for every pointx at distance at most 2
fromOf . If |Of | = 1, thenf must be classical or semi-classical by Lemma 1(b). Suppose
therefore that|Of |�2. Suppose also thatf is not ovoidal, then every two different points
of Of lie at distance 2 from each other by Proposition 24 of [5]. Leto1 ando2 be two
different points ofOf and letQ denote the unique quad througho1 ando2. ThenQ ∩ Of

is an ovoid ofQ. For every pointx outsideQ, there exists a point inOf ∩ Q at distance 3
from x. HenceOf = Of ∩ Q. Now, every point ofS lies at distance at most 2 fromOf .
So,f (x) = d(x,Of ) = d(x, �Q(x))+ d(�Q(x),Of ) andf is the extension of an ovoidal
valuation ofQ. �

In Table 1, we list what is known about the existence of valuations in finite thick dual
polar spaces of rank 3. Regarding this table, we can make the following remarks:

(1) The quads ofWD(5, q) and[Q−(7, q)]D have ovoids, while the quads ofQD(6, q),
q odd, andHD(5, q2) have no ovoids. We refer to[9] for more details.

(2) The dual polar spaceWD(5, q) has no ovoid as has been shown by Shult forq even
(see e.g.[8, 2.8]) and by Cooperstein and Pasini [4] forq odd.
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Table 1
Existence of valuations in thick dual polar spaces of rank 3

Class. Extended Semi-class. Ovoidal

WD(5, q) Yes Yes (1) ? (3) No (2)
QD(6, q), q odd Yes No (1) No (1) No (1)
[Q−(7, q)]D Yes Yes (1) ? ?
HD(5, q2) Yes No (1) No (1) No (1)
HD(6, q2) Yes ? (4) ? (4) ? (4)

(3) In general, it is not known whetherWD(5, q) can have semi-classical valuations. For
certain values ofq (like q = 4 or q prime), it is known thatWD(5, q) cannot have
semi-classical valuations (see e.g. Corollary 6.3 of[6]).

(4) The dual polar spaceHD(4,4) has no extended, semi-classical and ovoidal valuations,
sinceH(4,4) has no spread (computer result of Brouwer). Forq > 4, it is not known
whether extended, semi-classical or ovoidal valuations exist.

As we see in the table, no semi-classical or ovoidal valuation is known for each of the
listed dual polar spaces of rank 3. This observation stimulated us to study valuations of
finite thick dual polar spaces with the property that no induced hex valuation is ovoidal
or semi-classical. In this way we found new valuations which we called SDPS-valuations.
An SDPS-valuation of a dual polar spacePD of rank n arises from a set of points of
PD on which a certain dual polar space of rankn

2 can be defined (son must be even).
The terminology SDPS refers to the fact that there is a Sub Dual Polar Space associ-
ated with every SDPS-set or SDPS-valuation. We will define SDPS-sets in the following
section.

4. SDPS-sets in dual polar spaces

Let A = (P,L, I) be one of the following classical near 4n-gons:

(a) a point (n = 0);
(b) a dense generalized quadrangle (n = 1);
(c) WD(4n − 1, q) with n�2;
(d) [Q−(4n + 1, q)]D with n�2.

A subsetX of P is called anSDPS-setof A if it satisfies the following properties:

(1) No two points ofX are collinear inA.
(2) If x, y ∈ X such that d(x, y) = 2, thenX ∩ C(x, y) is an ovoid of the quadC(x, y).
(3) The point-line incidence structurẽA whose points are the elements ofX and whose

lines are quads ofA containing at least two points ofX (natural incidence) is isomorphic
to one of the following near polygons:
(a) a point ifA is a point;
(b) a line ifA is a generalized quadrangle;
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(c) WD(2n − 1, q2) if A�WD(4n − 1, q) with n�2;
(d) HD(2n, q2) if A�[Q−(4n + 1, q)]D with n�2.

(4) For allx, y ∈ X,d(x, y) = 2 · �(x, y), where�(·, ·) denotes the distance iñA.

An SDPS-set of the near 0-gon consists of the unique point of the near 0-gon.An SDPS-set
of a dense generalized quadrangle is just an ovoid of that generalized quadrangle. SDPS-
sets of type (c) and (d) do also exist (Section 9 of[13], Section 1.3 of [11]). Consider the
finite field Fq2 with q2 elements and letFq denote the unique subfield of orderq of Fq2.
Let � denote an arbitrary element ofFq2 \ Fq . ThenFq2 = {x1 + x2� | x1, x2 ∈ Fq}; define
� : Fq2 → Fq, x1 + x2� �→ x1.

• Consider the following bijection� between the vector spacesF4n
q andF2n

q2:

�(x1, x2, . . . , x4n) = (x1 + �x2, . . . , x4n−1 + �x4n).

If 〈·, ·〉 is a nondegenerate symplectic form ofF2n
q2, then�(〈�(·),�(·)〉) is a nondegenerate

symplectic form inF4n
q . If � is a totally isotropicn-dimensional subspace ofF2n

q2, then

�−1(�) is a 2n-dimensional totally isotropic subspace ofF4n
q . In this way we obtain

an “embedding” ofWD(2n − 1, q2) in WD(4n − 1, q), giving rise to an SDPS-set of
type (c).

• Consider the following bijection� between the vector spacesF4n+2
q andF2n+1

q2 :

�(x1, x2, . . . , x4n+2) = (x1 + �x2, . . . , x4n+1 + �x4n+2).

Let 〈·, ·〉 be a nondegenerate hermitean form ofF2n+1
q2 . For everyx ∈ F2n+1

q2 , we define

h(x) := 〈x, x〉 and for everyx ∈ F4n+2
q , we defineq(x) := 〈�(x),�(x)〉. The equation

h(x) = 0, respectivelyq(x) = 0, defines a nonsingular hermitean varietyH(2n, q2) in
PG(2n, q2), respectively a nonsingular elliptic quadricQ−(4n+1, q) in PG(4n+1, q).
With every generator ofH(2n, q2), there corresponds a generator ofQ−(4n + 1, q). In
this way we obtain an “embedding” ofHD(2n, q2) in [Q−(4n + 1, q)]D, giving rise to
an SDPS-set of type (d).

5. SDPS-valuations

In this section, we will prove the following results.

Theorem 4(Section5.1). Let A be isomorphic to either the point, a dense generalized
quadrangle, WD(4n − 1, q) or [Q−(4n + 1, q)]D (n�2), and let X be an SDPS-set
of A. For every point x ofA, define f (x) = d(x,X). Then f is a valuation
ofA.

Definition. A valuation which can be obtained from an SDPS-set as described in Theorem
4 is called anSDPS-valuation.
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Theorem 5(Section5.2). LetA be a finite thick dual polar space and letf be a valuation
ofA which is the(possibly trivial) extension of an SDPS-valuation in a geodetically closed
sub near polygonB ofA. Then the following holds:

(i) f (x) = d(x,Of ) for every point x ofA;
(ii) if H is a hex ofA, then the valuation induced in H is either classical or the extension

of an ovoidal valuation in a quad of H.

5.1. Proof of Theorem 4

We will prove the Theorem4 in several lemmas. We will use the same notations as in
Section 4. We call a quad ofA specialif it contains at least two points ofX. If Q is a special
quad, thenQ ∩ X is an ovoid ofQ.

Lemma 3. Supposen�2. If (s, t2), respectively(s̃, t̃2), denotes the order of the quads of
A, respectivelyÃ, then(s̃, t̃2) = (st2, t

2
2).

Proof. If A�WD(4n−1, q), then(s, t2) = (q, q) and(s̃, t̃2) = (q2, q2). If A�[Q−(4n+
1, q)D, then(s, t2) = (q2, q) and(s̃, t̃2) = (q3, q2). So,(s̃, t̃2) = (st2, t

2
2) in any case. �

Lemma 4. No two special quads intersect in a line.

Proof. Suppose the contrary. LetQ1 andQ2 denote two special quads which intersect in
a lineL. Let x denote the unique point ofX onL and letx1, x2 denote two other points of
L. Let yi , i ∈ {1,2}, denote a point of(Qi ∩ X) \ {x} collinear withxi . Then d(y1, y2) =
d(y1, x1) + d(x1, y2) = 1 + 2 = 3, contradicting property (4) in the definition of SDPS-
set. �

Lemma 5. If x ∈ X, then every line ofA through x is contained in a unique special quad.

Proof. Obviously, the lemma holds ifn�1. Suppose therefore thatn�2. Putt = t2 + t22 +
· · · + t2n−1

2 and t̃ = t̃2 + t̃22 + · · · + t̃ n−1
2 . ThenA has order(s, t) andÃ has order(s̃, t̃ ).

By Lemma4, the number of lines throughxwhich are contained in a special quad is equal
to (t2 + 1)(t̃ + 1) = (t2 + 1)(1+ t̃2 + t̃22 + · · · + t̃ n−1

2 ) = (t2 + 1)(1+ t22 + · · · + t2n−2
2 ) =

1 + t2 + · · · + t2n−1
2 = t + 1. This proves the lemma. �

Lemma 6. LetF be a geodetically closed sub near polygon ofA.ThenF ∩X is a geode-
tically closed subspace of̃A.

Proof. We suppose thatF ∩X is nonempty. Letx1 andx2 denote two points ofF ∩X such
that�(x1, x2) = 1. Then d(x1, x2) = 2. SinceF is geodetically closed,C(x1, x2) ⊆ F and
henceC(x1, x2)∩X ⊆ F ∩X. This proves thatF ∩X is a subspace of̃A. Now, leta, b, c
denote points ofX such thata, b ∈ F ∩ X, �(a, c) = �(a, b) − 1 and�(c, b) = 1. Then
d(a, c) = d(a, b)−2 and d(c, b) = 2. SinceF is geodetically closed and d(a, c)+d(c, b) =
d(a, b), c ∈ F ∩ X. HenceF ∩ X is also geodetically closed (iñA). �
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Lemma 7. LetF̃ be a geodetically closed sub near polygon ofÃ.Then there exists a unique
geodetically closed sub near polygonF of A such thatdiamA(F) = 2 · diamÃ(F̃) and

F̃ = F ∩ X. Moreover, F̃ is an SDPS-set ofF .

Proof. Letxandybe two points ofF̃ such that�(x, y) = diamÃ(F̃). If F is a geodetically

closed sub near polygon ofA such that diamA(F) = 2 · diamÃ(F̃) andF̃ = F ∩X, then

F necessarily equalsC(x, y) sincex, y ∈ F and d(x, y) = 2 · �(x, y) = 2 · diamÃ(F̃) =
diamA(F). We will now show thatF := C(x, y) satisfies all required properties. By
Lemma6, F ∩ X is a geodetically closed sub near polygon ofÃ containingx andy and
hence alsõF . On the other hand, we have diamÃ(F∩X) = 1

2diamA(F∩X)� 1
2diam(F) =

1
2d(x, y) = �(x, y) = diamÃ(F̃). This proves thatF ∩ X = F̃ .

One now easily sees that(F, F̃) is an admissible pair of classical near polygons (i.e.
(F, F̃) is of one of the types (a), (b), (c) or (d) as described in the definition of SDPS-set).
So,F̃ is an SDPS-set ofF . �

Definition. A geodetically closed sub near polygonF of A is calledspecialif F ∩ X is
an SDPS-set ofF . The special sub near polygons ofA are those sub near polygons of the
form C(x1, x2) wherex1, x2 ∈ X.

From Lemmas 6 and 7, we have the following corollary.

Corollary 1. If F is a geodetically closed sub near polygon ofA, thenF ∩ X is either
empty or an SDPS-set in a geodetically closed sub near polygon ofF .

Lemma 8. Letn�1. If F is a geodetically closed sub near(4n− 2)-gon ofA, thenF ∩X

is a geodetically closed sub near(2n − 2)-gon ofÃ.

Proof. We first show thatF ∩ X is nonempty. Letx be an arbitrary point ofX. If x ∈ F ,
then we are done. Ifx /∈ F , letQ denote the unique special quad through the linex�F (x).
ThenF ∩ Q is a line. Since this line contains a point ofX, alsoF contains a point ofX.

Now, letx∗ denote a point ofF ∩ X and lety denote a point ofX at maximal distance
from x∗. Then d(x∗, y) = 2n andy /∈ F . Let Q denote the unique special quad through
the liney�F (y). The quadQ intersectsF in a line which contains a pointy′′ of X. Now,
d(x∗, y′′)�2n−2 and hence�(x∗, y′′)�n−1. This proves that diam̃A(F ∩X)�n−1. On
the other hand, we have diam̃A(F ∩X) = 1

2diamA(F ∩X)� 1
2diamA(F) = 2n−1

2 . Hence,
diamÃ(F ∩ X) = n − 1. In Lemma6, we have already shown thatF ∩ X is geodetically
closed. �

Lemma 9. Letn�1.Let x be a point ofA and letF denote a geodetically closed sub near
(4n − 2)-gon through x. Thend(x,X) = d(x,F ∩ X).

Proof. Let y be a point ofX \ F , let Q denote the unique special quad through the line
y�F (y) and lety′ denote the unique point ofX on the lineQ ∩ F . Then d(x, y) =
d(x, �F (y)) + 1�d(x, y′). As a consequence, d(x,X \ F)�d(x,F ∩ X) and d(x,X) =
d(x,F ∩ X). �
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Lemma 10. Let x be a point ofA and letF denote a special sub near polygon through x.
Thend(x,X) = d(x,F ∩ X).

Proof. The lemma holds ifF = A. So, suppose thatF �= A and that the lemma holds
for any special sub near polygon of diameter diam(F) + 2. Let F ′′ denote a special sub
near polygon of diameter diam(F) + 2 throughF and letF ′ denote a geodetically closed
sub near polygon of diameter diam(F) + 1 such thatF ⊂ F ′ ⊂ F ′′. By our assumption,
d(x,X) = d(x,F ′′ ∩X). By Lemma9, d(x,F ′′ ∩X) = d(x,F ′′ ∩X∩F ′) and by Lemma
8, F ′′ ∩ X ∩ F ′ = F ∩ X. The lemma now follows. �

Lemma 11. For every pointx ofA, d(x,X)�n. Moreover, there exists a pointx∗ of A
such thatd(x∗, X) = n.

Proof. We will prove this by induction onn. Obviously, the lemma holds ifn is equal to 0 or
1. Suppose therefore thatn�2. LetF denote a geodetically closed sub near(4n − 2)-gon
throughx and letF ′ denote the unique geodetically closed sub near(4n − 4)-gon of A
containing all points ofF ∩ X. Then d(x, �F ′(x))�1. SinceF ∩ X is an SDPS-set inF ′,
we have d(�F ′(x),F ∩X)�n− 1 and hence d(x,X)�n. By the induction hypothesis, we
know that there exists a pointy ∈ F ′ such that d(y,X ∩ F) = n− 1. If x∗ denotes a point
of F \ F ′ collinear withy, then d(x∗, X) = d(x∗, X ∩ F) = 1 + d(y,X ∩ F) = n. This
proves the lemma. �

Lemma 12. Let x be a point ofA. Then there exist two pointsx1, x2 ∈ X such that
d(x, x1) = d(x, x2) = d(x,X) andd(x1, x2) = 2 · d(x,X).As a consequence, every point
is contained in a special geodetically closed sub near4 · d(x,X)-gon.

Proof. We will prove this by induction on the distance d(x,X). Obviously, the property
holds if d(x,X) = 0. Suppose therefore that d(x,X)�1 and that the property holds for any
point at distance at most d(x,X) − 1 fromX. Take a pointx′ collinear withx at distance
d(x,X)−1 fromXand letx′

1 andx′
2 denote two points ofXsuch that d(x′, x′

1) = d(x′, x′
2) =

d(x,X) − 1 and d(x′
1, x

′
2) = 2 · d(x,X) − 2. PutF ′ := C(x′

1, x
′
2). Thenx′ ∈ F ′ since

x′ is on a shortest path betweenx′
1 andx′

2. If x ∈ F ′, then by Lemma11, x would have
distance at most d(x,X) − 1 toX ∩ F ′, a contradiction. So,x is not contained inF ′ and
d(x, x′

1) = d(x, x′
2) = 1 + d(x′, x′

1) = 1 + d(x′, x′
2) = d(x,X). Let F denote the unique

special geodetically closed sub near 4· d(x,X)-gon throughF ′ containing the linexx′.
(The special geodetically closed sub near 4· d(x,X)-gons throughF ′ partition the set of
lines throughx′

2 not contained inF ′ and hence also the set of lines throughx′ not contained
in F ′.) LetL2 denote a line ofF throughx′

2 not contained inF ′ and containing a pointy2
at distance d(x,X) − 1 from x. Let Q2 denote the unique special quad throughL2. Then
Q2 ⊆ F . Now, putx1 := x′

1 and letx2 denote a point of(X ∩Q2) \ {x′
2} collinear withy2.

Then d(x, x2)�d(x, y2) + d(y2, x2) = d(x,X) and hence d(x, x2) = d(x,X). Since the
quadQ2 intersectsF ′ only in the pointx′

2, we have d(x1, x2) = d(x1, x
′
2) + d(x′

2, x2) =
2 · d(x,X). We have already noticed that d(x, x1) = d(x, x′

1) = d(x,X). This proves the
lemma. �
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Lemma 13. Every line L ofA contains a unique point at smallest distance from X.

Proof. The proof happens by induction onn. Obviously, the lemma holds ifn is equal to 0
or 1. Suppose therefore thatn�2. LetF denote a geodetically closed sub near(4n−2)-gon
throughL and letF ′ denote the unique special sub near(4n − 4)-gon contained inF . For
every pointx of L, d(x,X) = d(x,F ′ ∩ X) by Lemma9. If L is contained inF ′, then
the lemma holds for the lineL by the induction hypothesis. IfL is disjoint fromF ′, then
the lemma holds for the line�F ′(L) and hence also for the lineL since d(x,F ′ ∩ X) =
1+ d(�F ′(x),F ′ ∩X) for every pointx of L. If L intersectsF ′ in a unique point, then this
point is the unique point ofL at smallest distance fromX. �

Lemma 14. Let x be a point ofA and let F denote a special sub near4 · d(x,X)-gon
through x. Then a line L through x contains a point at distanced(x,X) − 1 from X if and
only if L is contained in F. As a consequence, x is contained in a unique special sub near
4 · d(x,X)-gonFx .

Proof. Suppose thatL is contained inF . By Lemma13,L contains a unique point near-
est toX and by Lemma 11 every point ofF has distance at most d(x,X) to X. Hence
L contains a unique point at distance d(x,X) − 1 from x. Conversely, suppose thatL is
not contained inF and contains a pointy at distance d(x,X) − 1 fromX. Let F ′ denote
the unique special(4 · d(x,X) + 4)-gon throughC(y, F ). Then d(y,X) = d(y, F ′ ∩
X) by Lemma 10. Lety′ denote a point ofX ∩ F ′ at distance d(x,X) − 1 from y.
Theny′ /∈ F and hence alsoy′ /∈ C(y, F ). Let y′′ denote the unique point ofC(y, F )

collinear withy′ and letQ denote the unique special quad through the liney′y′′. Then
the lineQ ∩ C(y, F ) contains a pointz of X which necessarily belongs toF . We have
d(y, z)�d(x,X) + 1 and d(y, z)�d(y, y′) + d(y′, z) = d(x,X) − 1 + 2 = d(x,X) + 1.
Hencey′ is contained in a shortest path betweeny and z. But this is impossible since
y′ /∈ C(y, F ). �

Lemma 15. For every point x ofA and every pointy ∈ Fx , Fy ⊆ Fx .

Proof. In the near polygonFx , there exists a unique special sub near 4· d(y, Fx ∩X)-gon
F ′
y throughy. By Lemma10, d(y, Fx ∩ X) = d(y,X). HenceF ′

y must coincide withFy .
This proves the lemma. �

The following lemma completes the proof of Theorem 4.

Lemma 16. The mapf : P → N; x �→ d(x,X) is a valuation ofA.

Proof. Obviously, there exists a point with value 0. By Lemma13, every line contains a
unique point with smallest value. We will now show thatf also satisfies property(V3).
For every pointy of Fx , we have d(y,X)�d(x,X) by Lemma 11. Ify is a point ofFx

and if z is a point ofA collinear with y for which d(z,X) = d(y,X) − 1, thenz ∈
Fy by Lemma 14. By Lemma 15, it now follows thatz ∈ Fx . Hencef is a valuation
of A. �
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5.2. Proof of Theorem 5

For every pointx of A, f (x) = d(x, �B(x)) + d(�B(x),Of ) = d(x,Of ). This proves
(i). We will prove property (ii) by induction on the diameternof A. Obviously, the property
holds ifn�3. So, supposen�4 and that the property holds for any thick dual polar space
of diameter less thann (= induction hypothesis). We distinguish the following possibilities:

• B �= A: Let A′ denote a geodetically closed sub near(2n− 2)-gon ofA throughB. For
every pointx of A, we havef (x) = d(x,Of ) = d(x, �A′(x)) + d(�A′(x),Of ) (∗). If
H is contained inA′, then the valuation induced inH is either classical or the extension
of an ovoidal valuation in a quad ofH since property (ii) holds forA′. If H meetsA′
in a quadQ, then by (∗), the valuation induced inH is the extension of the valuation
induced inQ. So, the property also holds in this case. IfH is disjoint fromA′, then by
the induction hypothesis applied to the dual polar spaceA′, the property holds for the
hex�A′(H). Hence, the property also holds forH by (∗).

• B = A: Let A′ denote a geodetically closed sub near 2(n− 1)-gon throughH and letA′′
denote the unique special geodetically closed sub near(2n−4)-gon ofA′. The valuation
f ′ induced byf in A′ is the extension of an SDPS-valuation inA′′. By the induction
hypothesis applied toA′ it follows that the valuationf ′′ induced byf ′ in H is classical
or the extension of an SDPS-valuation in a quad ofH. The theorem then holds sincef ′′
is also the valuation induced byf in H.

6. Characterization of SDPS-valuations

In this section, we will prove the also the converse of Theorem5 holds.

Theorem 6. LetA be a finite thick dual polar space and letf be a valuation ofA with the
property that every induced hex valuation is either classical or the extension of a valuation
in a quad. Thenf is the(possibly trivial) extension of an SDPS-valuation in a geodetically
closed sub near polygon ofA.

Let n be the diameter ofA. We will prove the theorem by induction onn. Obviously, the
lemma holds ifn = 3. So, suppose thatn�4 and that the lemma holds for any finite thick
dual polar space of diameter less thann (= induction hypothesis). Call a quad ofA special
if it contains two points ofOf , or equivalently, if it intersectsOf in an ovoid.

Lemma 17. No two special quads intersect in a line.

Proof. Suppose thatQ1 andQ2 are two special quads intersecting in a line.ThenC(Q1,Q2)

is a hexH. By Proposition3 and our assumptions, the valuation induced inH is either
classical or extended. It is easily seen that none of these two possibilities can occur.�

Lemma 18. For all x1, x2 ∈ Of , d(x1, x2) is even.
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Proof. We distinguish three possibilities.

(1) d(x1, x2) < n. If f ′ denotes the valuation induced inC(x1, x2), then by the induction
hypothesis,f ′ is an SDPS-valuation inC(x1, x2). Sincex1, x2 ∈ Of ′ , d(x1, x2) is even.

(2) d(x1, x2) = n andn is even.
(3) d(x1, x2) = n andn is odd. LetF denote a geodetically closed sub near(2n − 2)-gon

throughx1 and letx′
2 denote the unique point ofF collinear withx2. Thenf (x′

2) = 1.
By the induction hypothesis, the valuationf ′ induced inF is the (possibly trivial)
extension of an SDPS-valuation in a geodetically closed sub near polygon ofF . Since
f (x′

2) = 1, x′
2 is collinear with a pointx′′

2 of Of ∩ F , see Theorem5. Since d(x1, x
′′
2)

is even and d(x1, x
′′
2)�n − 2, d(x1, x

′′
2) = n − 1. So,f ′ is an SDPS-valuation of

F = C(x1, x
′′
2). Now, the linex′

2x
′′
2 is contained in at least two special quads (C(x2, x

′′
2)

+ the unique special quad throughx′
2x

′′
2 contained inF , see Lemma 5), contradicting

Lemma 17. �

Lemma 19. If x1, x2 ∈ Of with d(x1, x2) as big as possible, thenOf ⊆ C(x1, x2).

Proof. Obviously, this holds if d(x1, x2) = n. Suppose therefore that d(x1, x2) < n and let
F denote a geodetically closed sub near(2n − 2)-gon throughC(x1, x2). By the induction
hypothesis applied toF , it follows that every point ofOf ∩ F is contained inC(x1, x2).
Suppose now that there exists a pointy ∈ Of not contained inF and lety′ denote the unique
point ofF collinear withy. Sincef (y′) = 1, there exists a pointx3 ∈ Of ∩F collinear with
y′. Thenx3 ∈ C(x1, x2). Since the valuation induced inC(x1, x2) is an SDPS-valuation,
there exists a pointx4 ∈ Of ∩ C(x1, x2) at distance d(x1, x2) from x3. We now distinguish
two possibilities.

(1) The quadC(y, x3) intersectsC(x1, x2) in a lineL. ThenL would be contained in two
special quads (C(y, x3) + the unique special quad throughL contained inC(x1, x2)),
contradicting Lemma17.

(2) The quadC(y, x3) intersectsC(x1, x2) in the pointx3. Then d(y, x4) = 2 + d(x1, x2),
contradicting the maximality of d(x1, x2). �

Lemma 20. The valuationf is not semi-classical.

Proof. Suppose the contrary. Letx denote the unique point ofA with value 0 and letH
denote a hex containing a point at maximal distancen from x. Then it is easily seen that the
valuation induced inH is semi-classical, contradicting our assumptions.�

Lemma 21. If |Of | = 1, thenf is a classical valuation.

Proof. Let x denote the unique point ofOf . If y is a point at distance at mostn− 1 fromx,
then by the induction hypothesis, the valuation induced inC(x, y) is the (possibly trivial)
extension of an SDPS-valuation in a geodetically closed sub near polygon ofC(x, y).
Since |Of | = 1, this induced valuation must be classical. Hence,f (y) = d(x, y) for
every pointy at distance at mostn − 1 from x. The lemma now follows from Lemmas1
and 20. �
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Lemma 22. If |Of |�2, then every point x ofOf is contained in a special quad.

Proof. Suppose the contrary. Then, by the induction hypothesis, the valuation induced
in every geodetically closed sub near(2n − 2)-gon throughx must be classical. Hence,
f (y) = d(x, y) for every pointy at distance at mostn− 1 fromx. By Lemmas1 and 20, it
now follows thatf is classical, contradicting|Of |�2. �

Lemma 23. For every point x ofA, f (x) = d(x,Of ).

Proof. By Lemma21, this holds if|Of | = 1. Suppose therefore that|Of |�2. Let x∗
denote a point ofOf nearest tox and letQ denote a special quad throughx∗. Then either
�Q(x) = x∗ or �Q(x) ∼ x∗. Since d(x, �Q(x))�n − 2, we have d(x, x∗)�n − 1. By the
induction hypothesis, the valuationf ′ induced inC(x, x∗) is the (possibly trivial) extension
of an SDPS-valuation in a geodetically closed sub near polygon ofC(x, x∗). So,f (x) =
f ′(x) = d(x,Of ∩ C(x, x∗)) = d(x, x∗) = d(x,Of ). �

Lemma 24. If the maximal distance between two points ofOf is smaller than n, thanf
is the(possibly trivial) extension of an SDPS-valuation in a geodetically closed sub near
polygon ofA.

Proof. Letx1, x2 ∈ Of with d(x1, x2) as big as possible. Since d(x1, x2) < n, the valuation
induced inF := C(x1, x2) is an SDPS-valuationf ′ with Of ′ = Of (see Lemma19). For
every pointx of A, we havef (x) = d(x,Of ) = d(x, �F (x)) + d(�F (x),Of ′), proving
the lemma. �

In the sequel, we will suppose that the maximal distance between two points ofOf is
equal ton. This implies thatn is even, see Lemma 18. LetS̃ denote the following partial
linear space:

• the points ofÃ are the elements ofOf ,
• the lines ofÃ are the special quads,
• incidence is containment.

If x1 andx2 are two points ofOf , then (as before) we denote by d(x1, x2) the distance
betweenx1 andx2 in the geometryA and by�(x1, x2) the distance betweenx1 andx2 in
the geometryÃ.

Lemma 25. For all pointsx1, x2 ∈ Of , d(x1, x2) = 2 · �(x1, x2). As a consequence, the
diameter ofÃ is half the diameter ofA.

Proof. Every path ofÃ betweenx1 andx2 can be turned into a path ofA with double
length. This proves that d(x1, x2)�2 · �(x1, x2) for all pointsx1, x2 ∈ Of .

We will prove the lemma by induction on the distance d(x1, x2) which is always even
by Lemma18. Obviously, the lemma holds if d(x1, x2) is 0 or 2. Suppose therefore that
d(x1, x2) = 2k�4. Then we already know that�(x1, x2)�k. We will now show that there
exists a special quadQ throughx2 containing a pointx3 at distance 2k − 2 from x1. If
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2k < n, this follows from the fact that the valuation induced inC(x1, x2) is an SDPS-
valuation. If 2k = n, this follows from Lemma22. If x3 /∈ Of , then there exists a point
in Q ∩ Of at distance 2k − 1 from x1, contradicting Lemma 18. Hencex3 ∈ Of . Since
d(x1, x3) = 2k − 2, �(x1, x3) = k − 1 and�(x1, x2)�k. Together with�(x1, x2)�k, this
implies that d(x1, x2) = 2 · �(x1, x2). �

Lemma 26. Ã is a near polygon(and hence a nearn-gon).

Proof. Let x denote a point ofOf and letQ denote a special quad. If�Q(x) /∈ Of , then
there exists a point inOf ∩Q at distance d(x, �Q(x))+ 1 fromx and a point inOf ∩Q at
distance d(x, �Q(x)) + 2 fromx, contradicting Lemma18. So,�Q(x) ∈ Of and�Q(x) is
the unique point ofOf ∩ Q nearest tox. The statement now follows from Lemma 25.�

Lemma 27. Let (s, t2) denote the order of the quads ofA.Then every line ofÃ is incident
with s̃ + 1 := st2 + 1 points and every two points at distance2 in Ã havet̃2 + 1 := t22 + 1
common neighbours. So, Ã is a dense near polygon.

Proof. Obviously, every line ofÃ is incident withst2 + 1 points. Now, choose points
x1, x2 ∈ Of at distance 4 from each other. LetH be a hex throughx1 contained inC(x1, x2)

and letx′
2 denote the unique point ofH collinear withx2. Sincef (x1) = 0 andf (x′

2) = 1,
the valuation induced inH is the extension of an ovoidal valuation of a quadQofH. Hence,H
contains a unique special quad. Now, we calculate the numbert̃2+1 of common neighbours
of x1 andx2 (in Ã). Any such common neighbour is contained inC(x1, x2). The number
t̃2 + 1 is equal to the number of special quads ofC(x1, x2) throughx1. Since every hex of

C(x1, x2) throughx1 contains a unique such quad, we havet̃2 + 1 = t32+t22+t2+1
t2+1 = t22 + 1

or t̃2 = t22. �

If x1 andx2 are two points ofOf at distance 4 from each other, thenOf ∩ C(x1, x2) is
a geodetically closed subspace and hence a quad ofÃ. Conversely, every quad is obtained
in this way.

Lemma 28. The near polygonÃ is classical.

Proof. The lemma holds trivially ifÃ is a generalized quadrangle. So, supposen > 4. Let
x denote a point ofÃ and letQ̃ denote a quad of̃A. LetF denote the geodetically closed
sub near octagon ofA containing all points ofQ̃. Then, by the induction hypothesis, the
valuation induced inF is an SDPS-valuation. LetH denote an arbitrary hex ofF through
�F (x). ThenH ∩Of is an ovoid in a quadQ. Letx′ denote the unique point ofQnearest to
�F (x). Then d(�F (x),Of ∩F) = d(�F (x),H ∩Of ) = d(�F (x), x′)+d(x′, H ∩Of )�2.
So, we have the following possibilities.

(a) �F (x) ∈ Of ∩ F . Then�F (x) is indeed the unique point of̃Q nearest tox.
(b) d(�F (x),Of ∩F) = 1. Then�F (x) is contained in a special quadQof F , see Lemma

5. Then there exists a point inOf ∩ Q at distance d(x, �F (x)) + 1 fromx and a point
in Of ∩ Q at distance d(x, �F (x)) + 2 fromx, contradicting Lemma 18.
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(c) d(�F (x),Of ∩ F) = 2. Letx′ denote a neighbour of�F (x) collinear with a point of
Of ∩F , thenx′ is contained in a special quadQofF. Then there exists a point inOf ∩Q

at distance d(x, �F (x))+ 2 fromx and a point inOf ∩Q at distance d(x, �F (x))+ 3
from x, contradicting Lemma18. �

The following lemma completes the proof of Theorem 6.

Lemma 29. One of the following cases occurs:

• A�WD(2n − 1, q) andÃ�WD(n − 1, q2);
• A�[Q−(2n + 1, q)]D andÃ�HD(n, q2).

Proof. The quads ofA admit ovoids. So,A is isomorphic to one of the following dual polar
spaces:WD(2n − 1, q), [Q−(2n + 1, q)]D and (possibly)HD(2n, q2).

• SupposeA�WD(2n−1, q). The quads ofÃ have order(q2, q2). So,Ã�WD(n−1, q2)

or Ã�QD(n, q2) if n�6. If n = 4, thenÃ is a generalized quadrangle of order(q2, q2).
• SupposeA�[Q−(2n+1, q)]D. The quads ofÃ have order(q3, q2). So,Ã�HD(n, q2)

if n�6. If n = 4, thenÃ is a generalized quadrangle of order(q3, q2).
• SupposeA�HD(2n, q2). Since the quads of̃A have order(q5, q4), A�HD(8, q) and

Ã is a generalized quadrangle of order(q5, q4).

Now, consider a geodetically closed sub near octagonF of A containing two points ofOf

at distance 4 from each other and putY := F ∩ Of .
We will show that every hex ofF intersectsYin an ovoid of a quad. Letydenote an arbitrary

point ofY. Since no two special quads throughy intersect in a line,(1+ t̃2)(1+ t2)� tF +1.
SincetF + 1 = t32 + t22 + t2 + 1 = (t2 + 1)(t̃2 + 1), every line ofF throughy is contained
in a unique special quad. The number of hexes ofF throughy containing a special quad
throughy is equal to(1+ t̃2)(1+ t2). This is the total number of hexes ofF throughy. So,
every hex ofF throughy intersectsY in an ovoid of a quad. Now, letG denote a hex ofF
not containingy, let y′ denote the unique point ofG collinear withy and letQ denote the
unique special quad through the lineyy′. The quadQ intersectsG in a line which contains
a point ofY. As before, we then know thatG ∩ Y is an ovoid in a quad.

Now, putH := ∪y∈Y y⊥ ∩ F . Let L be a line ofF and letG be a hex ofF throughL.
SinceG ∩ Y is an ovoid in a quad,L is either contained inH or intersectsH in precisely
1 point (every point ofG \ H has distance 2 fromY). This proves thatH is a hyperplane
of F intersecting each hex in an ovoidal hyperplane. By Theorem3, (i) A�HD(8, q2)

is impossible, (ii)Ã�WD(n − 1, q2) if A�WD(2n − 1, q) and (iii) Ã�HD(n, q2) if
A�[Q−(2n + 1, q)]D. This proves the lemma.�
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