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1. Introduction

The nonsymmetric Askey—Wilson polynomials were first treated by Sahi [23]. They
are expressed as certain Laurent polynomials, and are obtained in the double affine Hecke
algebra (DAHA) of type (CY, C1) as eigenfunctions of the Cherednik—Dunkl operator on
the basic representation for the algebra. The nonsymmetric Askey—Wilson polynomials
along with the DAHA of rank one were studied in algebraic aspects by Noumi and
Stokman [22], Macdonald [21, Section 6.6] and Koornwinder [17,18]. In the present paper
we study the nonsymmetric Askey—Wilson polynomials in a combinatorial aspect, using
a @-polynomial distance-regular graph that contains a Delsarte clique.

The @Q-polynomial property for distance-regular graphs was introduced by Delsarte [7].
Since then, this property has been receiving substantial attention from many mathemati-
cians; see e.g. [3,4,6,10,20,27]. In [20], Leonard characterized the g-Racah polynomials
and their relatives in the Askey scheme using the duality property of @-polynomial
distance-regular graphs (see also [3, Section IIL.5]). Terwilliger defined the subcon-
stituent algebra (or Terwilliger algebra) as a method of the study of @Q-polynomial
distance-regular graphs [27-29]. This algebra has been a significant tool in the study
of @-polynomial distance-regular graphs and its connections to Lie theory, quantum
algebras, and coding theory have also been revealed; see e.g. [9,11-14,24,26].

In [19] the author showed a relationship between Q-polynomial distance-regular graphs
and the universal DAHA H, of type (CY,C}) using the Terwilliger algebra. We briefly
summarize this result. Let I" denote a Q-polynomial distance-regular graph that contains
a Delsarte clique C. Assume that I" has ¢g-Racah type. Fix a vertex x € C. Partition-
ing the vertex set of I according to the path-length distance to both = and C gives a
two-dimensional equitable partition, which takes a staircase shape consisting of nodes
and edges. Let W denote the C-vector space spanned by the characteristic vectors corre-
sponding to the nodes of the staircase shape of the partition. Then W has an irreducible
module structure for the algebra fIq [19, Sections 11,12].

From the above staircase picture of W, the ¢g-Racah polynomials [1] arise naturally
as follows. Roughly speaking, horizontal edges correspond to a sequence of g-Racah
polynomials and vertical edges correspond to another sequence of g-Racah polynomials.
In the present paper, using the irreducible H'q—module W, we define a finite sequence of
certain Laurent polynomials that correspond to nodes of the staircase picture. We denote
these polynomials by €7, where 0 € {4, —}. The €7 are considered as nonsymmetric
g-Racah polynomials, a discrete version of the nonsymmetric Askey—Wilson polynomials.
And then we treat the orthogonality relations for €7, using the I:Iq—module W and the
theory of Leonard systems [32]. This orthogonality is new and it can be viewed as a
discrete version of the orthogonality for the nonsymmetric Askey—Wilson polynomials,
which was worked by Koornwinder and Bouzeffour [18, Section 5].

The paper is organized as follows. In Section 2, we review some basic definitions, con-
cepts and notation regarding nonsymmetric Askey—Wilson polynomials and DAHAs of
type (CY, C1). In Sections 3 and 4, we review some backgrounds concerning Q-polynomial
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distance-regular graphs, the Terwilliger algebra, Leonard systems, and parameter arrays.
Our vector space W appears along with a comprehensible picture in Section 3. In Sec-
tion 5, we study the module for the Terwilliger algebra T on W and the associated
g-Racah polynomials. The T-module W decomposes into the direct sum of two irre-
ducible T-modules, and the Leonard system corresponding to each T-module gives rise
to a sequence of the g-Racah polynomials. We express these polynomials and the related
formulae in terms of certain scalars a, b, ¢, d. In Section 6, we recall the algebra ﬁq and
its properties. And we display the FIq—module W in terms of the scalars a, b, c,d. For
this module, we describe the action of X := t3ty € ﬁq.

In Section 7, we define the Laurent polynomial g that plays a role to connect the
above two irreducible T-submodules of W. Using g and the ﬁq—module W, we define
a finite sequence of Laurent polynomials /(0 € {+,—}). Moreover, for the element
Y =it € ﬁq we describe the action of €7[Y] on the ﬁq—module W. In Section 8, we
compute the eigenvalues/eigenvectors of Y on W. Using the results, in Section 9 we define
a bilinear form on the vector space L spanned by {e7}22;!. With respect to this bilinear
form we prove the orthogonality relations for the Laurent polynomials €. In Section 10,
we consider the algebra H'q_l by changing ¢ by ¢~!. We discuss how the algebra H g1 18
related to the (ordinary) DAHA § of type (CY, C1). We, further, redescribe the Laurent

1

polynomials €7 and the associated formulae in terms of ¢~ -version. In Section 11, we

~!_version and discuss how these polynomials are related

make a normalization for €7 of ¢
to the nonsymmetric Askey—Wilson polynomials. The paper ends with a brief summary
and direction for future work in Section 12. An Appendix provides some explicit data

involving the ﬁq—action on W.
Notation 1.1. Throughout this paper we assume ¢ € C* is not a root of unity. For a € C,

(a;¢)n == (1 —a)(1 —aq)--- (1 —ag"™"), (1)
where n =0,1,2,.... For ay,as,...,a, € C,

(a1, a2, .., ar;q)n = (a15@)n(a2;@)n -+ (ar; Qn-

Let C[z,z7!] denote the space of the Laurent polynomials with a variable z. We write
an element of C[z, 27! by f[z]. We say f[z] is symmetric if f[z] = f[z—!], otherwise
nonsymmetric. Note that a symmetric Laurent polynomial f[z] can be viewed as an
ordinary polynomial f(z) in z = z + 27 1.

2. Nonsymmetric Askey—Wilson polynomials

In this section we review some backgrounds concerning the Askey—Wilson polynomials,
DAHASs of type (CY,C1), and the nonsymmetric Askey—Wilson polynomials. For more
background, see [2,17,21,22]. We acknowledge that notation and presentations of the
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nonsymmetric Askey—Wilson polynomials and the DAHA of type (CY,C1) are taken
from Koornwinder’s papers [17,18]. Throughout this section, let a,b,c,d € C* be such
that

ab, ac,ad,be,bd, cd,abed ¢ {¢~™ | m=0,1,2,...}.

We now recall the Askey—Wilson polynomials [2]. For n = 0,1, 2, ... define a polynomial

>\ (g7 abedg™ az,az7 Y q);
n = pnlz;a,b,c,d = z
Pn(®) = palz;a,b,¢,d | g] ; (ab,ac,ad, q;q);
B ¢~ ", abedg™ Y, az, az7!
4¢53< ab, ac, ad 1) ®

where = z + z~!. The last equality follows from the definition of basic hypergeometric
series [8, p. 4]. Observe that (¢~";¢q); = 0 if ¢ > n. We call p,, the n-th Askey—Wilson
polynomial. Consider the monic Askey—Wilson polynomials

_ . o (ab,ac,ad; q),, g~ ", abedg™ ', az, az”!
Pn = Pn[z,a,b, Cad ‘ Q] T a”(abcdq”*l;q)n4¢3 ab, ac, ad q, q | -
Note that P, is symmetric. For n = 1,2, ..., define a Laurent polynomial [18, Section 4]
Qni=a 027 1 — az)(1 — b2)P,_1[2;qa, qb, c,d | q]. (3)

Definition 2.1. [18, §4 (4.2)—(4.3)] The nonsymmetric Askey—Wilson polynomials are de-
fined by

E_,:=P,—Q, (n=1,2,...),

ab(1 —q™)(1 — cdg™ 1)
(1 —abg™)(1 — abedg™1)

E, =P, — Qn (n=0,1,2,...),

where (1 — ¢")Qy, := 0 for n = 0.

The DAHA of type (CY, C1), denoted by $ [17, Section 3], is defined by the generators
7,7~ Ty, T1 and relations

(T + ab)(Ty +1) =0, (To +q ted)(To +1) =0,
(T0Z + a)(TVZ +b) = 0, (qToZ 4+ ¢)(qToZ ™ +d) = 0.

The algebra $ has a faithful representation on Clz, 271], which is called the basic repre-
sentation [17, Section 3]. On the basic representation, by [17, Theorem 4.1] each of E4,
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Fig. 1. The eigenspaces of ql/an.

is the eigenfunction for Y = T1Ty;

YE_,=q "E_, (n=1,2,..), (4)

YE, =q¢" ‘abcdE, (n=0,1,2,...). (5)

Fix square roots a'/2 b'/2 ¢/2 dY/2 and ¢'/%2. Consider ¢'/2nY, where n =
a=1/2p=1/2¢71/24=1/2 From (4) and (5), it follows

¢PnYE_, = q_"+%nE_n (n=1,2,...), (6)

@Y E,=¢" i 'E,  (n=0,1,2,...). (7)

By (6) and (7), we give a staircase diagram that describes the structure of eigenspaces
of ¢*/?nY.

We remark that each white node represents the eigenspace of ¢'/2

nY corresponding
the eigenvalue q*’”r%n and the eigenvector E_,, for n = 1,2,..., and each black node

1/2pY corresponding the eigenvalue ¢" =27~ ! and the eigen-

represents the eigenspace of ¢
vector E,, for n = 0,1,2,.... Observe that the product of eigenvalues of each vertical
edge is equal to ¢! and the product of eigenvalues of each horizontal edge is equal to 1.

We discuss the orthogonality relations for the Askey—Wilson polynomials. By [5,
Theorems 1.4.4 and 11.3.2] (or [18, (3.6)—(3.8)]), there exists a positive Borel measure

W= fabedqg O R with y1(R) =1 such that

<va Pn>a,b,cyd;q = /Pm(.r)Pn(x)du(x) = hndm,n, (8)
R

where

(¢ ab, ac, ad, be, bd, cd; q).,
(abed; q)an (abedg™=t; )y

ab,c,d;q _
hy = hbedia —
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In [18] Koorwinder and Bouzeffour introduced a presentation of nonsymmetric Laurent
polynomials as two-dimensional vector-valued polynomials. By [18, p. 7], we can identify
a Laurent polynomial f with 2-vector-valued symmetric Laurent polynomial (f1, f2)¢,
where ¢ denotes transpose. In particular, from [18, (4.10) and (4.11)]

— P,[z;a,b,¢,d | q] B
E_,= <_a1b1Pn_1[z;aq,bq,c7d | q] (n* 1,2,...)7 (9)

P,[z;a,b,¢,d | q]
E, = (1—¢")(1 —cdg" ") (n=0,1,2,...)
" - Pn— ; ab ) ad e ’
(1 — abg™)(1 — abedg™—1) [z 00,ba,¢,d | q]
(10)

where (1—¢™)P,_1 := 0 for n = 0. In [18, Section 5], the authors introduced a symmetric
bilinear form {-,-) on C[z, z7!]:

(g,h) = {(g1,92)", (h1,h2)") = (g1, h1)ap,c.dsq + C(92, h2)ag ba.e.diqs (11)
where (-, )a p.c,dq is from (8) and

(1 —ab)(1 —abg)(1 —ac)(1 — ad)(1 — be)(1 — bd)

¢=-ab (1 — abed) (1 — abedq)

Note that the nonsymmetric Askey—Wilson polynomials E,,(n € Z) are orthogonal with
respect to the bilinear form (11). This bilinear form is positive definite with some con-
ditions for the scalars a, b, ¢, d; see [18, Proposition 5.1] for details.

Lemma 2.2. With respect to the bilinear form (11),

(i) formn=1,2,...,

(B B ) = (ab — 1)(1 — abedq®™~1) (g, ab, ac, ad, be, bd, cd; q).,
ST ab(1 - ¢)(1 — edgTY) (abed; q)an(abedg" 1 q)n

(ii) forn=0,1,2,...,

(1 — ab)(1 — abedg®™~Y) (q, ab, ac,ad, be, bd, cd; q)s,
(1 — abg)(1 — abedq"~') (abed; q)2n (abedg™ 15 q)n

<Em En> =

Proof. (i) From (9), weset fi = P,[2;a,b,¢,d | gl and fo=—a"*b"1P,_1[2;aq,bq,c,d|q].
Then by (11)

(E,n, Efn> = <(f1, fz)ta (f17 f2)t> = <f1a f1>a,b,0,d;q + C<f2, f2>aq,bq,c,d;q-

Compute the right-hand side of the above equation by using (8). The result follows.
(i) Similar to (i). O
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3. @Q-polynomial distance-regular graphs

We recall some basic concepts and notation concerning Q-polynomial distance-regular
graphs. For more information we refer the reader to [3,4,27]. Let X denote a nonempty
finite set. Define Mat x (C) to be the C-algebra consisting of the square matrices indexed
by X with entries in C. Let V' denote the C-vector space consisting of column vectors
indexed by X with entries in C. View V as a left Mat x (C)-module. We endow V' with
the Hermitian inner product (-,-)y such that (u,v)y = u'v, where ¢ denotes transpose
and ~denotes complex conjugate. We abbreviate ||u||? = (u,u)y for allu € V. For y € X
let § denote the vector in V with a 1 in the y-coordinate and 0 in all other coordinates.
For Y C X define Y = Zer 4, called the characteristic vector of Y.

Let I" denote a simple connected graph with vertex set X and diameter D > 3, where
D := max{9(z,y) | x,y € X} and where 9 is the shortest path-length distance function.
For z € X, define

@) ={ye X |d(xy) =i} (0<i<D). (12)

We say that I' is distance-regular whenever for 0 < i < D and vertices z,y € X with
O(z,y) = i the numbers

ci = [Di—1(x) NT1(y)l, a; = [Li(x) NT1(y)l, bi = Dix1 NT1(y)], (13)

are independent of « and y. Define the matrix A; € Matx (C) by (A;)zy = 1if O(x,y) =1
and 0 otherwise. We call A; the i-th distance matriz of T'. In particular, A = A; is called
the adjacency matriz of T. Let M denote the subalgebra of Matx (C) generated by A,
called the adjacency algebra. By definition, every element in M forms a polynomial in
A. The graph I satisfies the P-polynomial property, that is, for 0 < ¢ < D there exists a
polynomial f; € C[z] such that deg(f;) =i and f;(A) = A,.

We recall the notion of @-polynomial property. By [4, p. 127], the elements {A;}2,
form a basis for M. Since A is real symmetric and generates M, A has D + 1 mutually
distinct real eigenvalues, denoted by 6, 61,...,0p. Let E; € Matx(C) denote the or-
thogonal projection onto the eigenspace of 6;(0 < i < D). We call E; the i-th primitive
idempotent of T'. Note that {E;}2 , form a basis for M. We say that I' is Q-polynomial
with respect to the ordering Fy, E1,... Ep whenever there exists f € C[z] such that
deg(f) = i and f(Ey) = E;, where the multiplication of M is under the entrywise
product [3, p. 193]. Throughout the paper we assume that I' is a @-polynomial distance-
regular graph.

By a cliqgue we mean a nonempty subset C' of X such that any two distinct vertices
in C are adjacent. It is known that |C| < 1 —k/Omin [4, Proposition 4.4.6], where Oy, is
the minimum eigenvalue of A. We say that C is Delsarte when |C| =1 —k/0yin. Assume
that ' contains a Delsarte clique C. For 0 < i < D — 1, we define

Cii={y € X | 0(y.C) = i}, (14)
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Fig. 2. The set {CF}2_, of X when d = 4.

where d(y,C) = min{9d(y, z) | z € C}. For the rest of the paper we fix a vertex = € C.
Recall I'; = T'i(z) (0 < i < D) and C; (0 < ¢ < D —1) from (12) and (14). For
0<4i<D—1 define

C;=T,NC;, CHr=Ti+1NC; (0<i<D-1), (15)

see Fig. 2. Note that each of C’ijE (0 <i < D —1) is nonempty, and by construction the
{CEYPVis an equitable partition of X in the sense of [10, p. 75]; see [19, Proposition 5.6].
Define W to be the subspace of V' spanned by {CA’Zi}ZD:B1 By the previous comments one
readily sees that {CA’ljE i’;gl is an orthogonal basis for W.

For 0 < i < D define the diagonal matrix Ef = Ef(z) € Matx(C) by (E}),, =1
if d(x,y) =4 and 0 otherwise. We call E} the i-th dual primitive idempotent of T' with
respect to . Observe that I = ;" E; and EfE; = 6; ;E; for 0 < i,j < D. So the
set {E;}2, forms a basis for a commutative subalgebra M* = M*(z) of Matx (C). We
call M* the dual adjacency algebra of T' with respect to z. Define the diagonal matrix
Af = Af(x) € Matx (C) by (Af)yy = |X|(Es)gy for y € X, called the i-th dual distance
matriz of T with respect to x. By [27, p. 379] {Af}2, is a basis for M*. We abbreviate
A* = A7, called the dual adjacency matriz of I' with respect to z. By [27, Lemma 3.11]
A* generates M™*. By these comments A* has D + 1 mutually distinct real eigenvalues,
denoted by 65,07, ...,607 and called 8 the i-th dual eigenvalue of A*.

Terwilliger algebra T = T'(x) with respect to x is the subalgebra of Mat x (C) generated
by A, A* [27]. By T-module, we mean a subspace W C V such that BW C W for
all B € T. We define A* = A*(C) = |C|' Y, cc A*(y) € Matx(C), called the dual
adjacency matriz of T' with respect to C'. The Terwilliger algebra T= T(C’) with respect
to C is the subalgebra of Matx (C) generated by A, A* [25]. In [19, Definition 5.20] we
defined the generalized Terwilliger algebra T = T(x, C). The algebra T is the subalgebra
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of Matx (C) generated by T, T. Observe that A, A* and A generate T. Note that W
has a module structure for both 7' and 7', and so is a T-module [19, Proposition 5.25].
The T-submodule (resp. T-submodule) of W generated by 2 (resp. C') will be called the
primary T-module (resp. primary T-module), denoted by Mz (resp. MC). The {A:#}2,
(resp. {C;} 241 is a basis for M# (resp. MC). In Section 5, we will discuss the T-module
W in more detail.

4. Leonard systems and parameter arrays

Let d denote a positive integer. Let My41(C) denote the C-algebra consisting of all
(d+1) x (d + 1) matrices that have entries in C. Let A denote a C-algebra isomorphic
to Mg+1(C). Let V denote an irreducible left A-module. Remark that V is unique up to
isomorphism of A-modules and V has dimension d+1. For A € A, A is called multiplicity-
free whenever A has d + 1 mutually distinct eigenvalues. Assume A is multiplicity-free.
Let {6,}9_, denote an ordering of distinct eigenvalues of A. For 0 < i < d let V; denote
the eigenspace of A associated with ;. Define E; € A by (E; —I)V; = 0 and E;V; = 0 for
j #1 (0 <j<d), where I is the identity of A. We call E; the primitive idempotent of A
associated with 6;. Observe that (i) AE; = 0;E;, (ii) E;E; = 4§, ;E;, (iii) Zf:o E;, =1 We
now define a Leonard system in A.

Definition 4.1. [30, Definition 1.4] By a Leonard system on V, we mean a sequence
® = (A} A7 {Ei}?:o; {E ?:0)
that satisfies (i)—(v) below.
(i) Each of A, A* is a multiplicity-free element in A.
(ii) {E;}9_, is an ordering of the primitive idempotents of A.

)
)
(iii) {E;}9_, is an ordering of the primitive idempotents of A*.
(iv) For 0 <i,j <d,

T [ R
T #0 i fi—g =1

(v) For 0 <i,j <d,

i1
EFAE? — 0 it |i—j]>1,
£0 if |i—j| =1

We call d the diameter of ®, and say ® is over C.
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Example 4.2. Recall from Section 3 that I" is a Q-polynomial distance-regular graph and
T is the Terwilliger algebra of I with respect to z. Referring to Section 3, consider a
sequence of elements of T

(A5 A% { B} 205 {E] }iLo), (16)

where A (resp. A*) is the adjacency matrix (resp. dual adjacency matrix) of I' and F;
(resp. E}) is the i-th primitive idempotent (resp. dual primitive idempotent) of T". Then
the sequence (16) is a Leonard system on MZ.

Let @ be a Leonard system in Definition 4.1. Each of the following is a Leonard system
on V:

®* = (A" A {E Yimoi {Eidino),
Ov = (A AT {Ei}?:m {Eéli}?:o), oY = (A; A% {Eqs ?:05 {E; ?:0)'
For 0 <4 < d, let 6 denote the eigenvalue of A* associated with E}. By [30, Theorem 3.2]

there exist nonzero scalars {¢;}¢_, and a C-algebra homomorphism f§ : A — My1(C)
such that

o 0 05 1 0

1 (9] 0{ P2

Ah — 1 0.2 . , A*h _ 9;
R © Pd
0 1 64 0 03

We call the sequence {(;}$_; the first split sequence of ®. We let {¢;}_, denote the first
split sequence of ®¥ and call this the second split sequence of ®. By the parameter array
of ® we mean the sequence

p(®) := ({Hi}?:m {9;‘}?:(), {wi ?:17 {@'}?:1)-

Let ¥ denote a Leonard system in a C-algebra B. We say that ¥ is isomorphic to ®
whenever there is a C-algebra isomorphism « : A — B such that ¥ = &> := (A¥; A**;
{ESY_ s {Ez*} ). In [30, Theorem 1.9] Terwilliger classified Leonard systems by using
parameter arrays, and characterized the set of parameter arrays of Leonard systems with
diameter d. Moreover, he displayed all the parameter arrays over C in [33]. We recall the
g-Racah family of parameter arrays, that is the most general family.

Example 4.3. [33, Example 5.3] (¢-Racah type) For 0 < ¢ < d define

0; =00 +h(1—q")(1—sqg")qg ", (17)
0; =05 +h"(1—q)(1—5s¢"")g ", (18)



J.-H. Lee / Journal of Combinatorial Theory, Series A 147 (2017) 75-118 85

and for 1 < ¢ < d define

@i =hh*q" 72 (1= ¢ )(1 = ¢~ (1 = r1g") (1 = rag), (19)
¢i =hh*q' (1 — g )1 — ¢ ") — 57" ) (re — s°¢") /5%, (20)

where 0y and 60 are scalars in C, and where h, h*,s, s*, 71,72 are nonzero scalars in C

such that 17y = ss*¢9+!. To avoid degenerate situations assume that

(i) none of ¢*,r1¢%, r2q’, s*q* /r1,5*q" /2 is equal to 1 for 1 < i < d,
(ii) neither of sq’, s*¢* is equal to 1 for 2 < i < 2d.

Then the sequence ({0;}_o, {0719 o, {0i}9_1, {¢:}9_,) is a parameter array over C. This
parameter array is said to have g-Racah type.

We say that ® has q-Racah type whenever its parameter array has g-Racah type.

Let u be a nonzero vector in EgV. By [32, Lemma 10.2], the sequence {Eju}?_ is a
basis for V, called a ®-standard basis for V. The following is a characterization of the
®-standard basis.

Lemma 4.4. [32, Lemma 10.4] Let {v;}3_, denote a sequence of vectors in V, not all 0.
Then this sequence is a ®-standard basis for V if and only if both (i) v; € E}V for
0<i<d; (ii) X0 v € EV.

Consider the Leonard system ® from Definition 4.1 and its corresponding parameter
array p(®). The matrix representing A* relative to a ®-standard basis is

diag(05,07,05,...,03).

Moreover, the matrix representing A relative to a ®-standard basis is the tridiagonal

matrix
ao bo 0
C1 ai b1
Coy Qg . 5 (2 1)
ba—1
0 Cd ad

where {a;}9_g, {b:i}9=3, {c;}o_, are some scalars in C. We call a;, b;, ¢; the intersection
numbers of ®. Note that the matrix (21) has constant row sum 6y [32, Lemma 10.5].

Example 4.5. Let ® be the Leonard system in Example 4.2. Then {A4;2}2, form a
®-standard basis for M. Recall the scalars a;, b;, ¢; from (13). These are the intersection
numbers of ® [28, Theorem 4.1(vi)].
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Note 4.6. Recall from Section 3 that I' is a @-polynomial distance-regular graph. Let
® = O(I') denote the Leonard system (16) associated with I'. We say that I" has
q-Racah type when ® has ¢g-Racah type. For the rest of the paper, assume that I' has
g-Racah type. Because p(®) has ¢-Racah type, it satisfies (17)—(20) for some scalars
h,h*,s,s* r1,r9. We fix this notation for the rest of the paper. Referring to this nota-

tion, whenever we encounter square roots, these are interpreted as follows. We fix square
1/2 1/2 1/2 1/2
roots 51/2,5*1/2,r1/ ,r2/ such that 7“1/ 7“2/ = §1/2%1/24(D+1)/2

Let @ denote a Leonard system in Definition 4.1. Let p(®) = p(®P;q) denote the
parameter array of ® that has g-Racah type in Example 4.3. In the following proposition
we describe the parameter array that has ¢~ !'-Racah type.

Proposition 4.7. (¢~!-Racah type) For 0 <i < d define

0, =00+hn(1—q)1—-sq" N, (22)

0 =05+ (= (1 -5 (23)
and for 1 <i <d define

o' = Wh* g 21— g (1 — TN (1 =g (1 - rhg ), (24)

¢i' = B g (L= (1= ¢TI (] = s g (= M) /s, (25)

where
04 = 6o, 0y = 65, (26)
h/ = hsq7 5/ = 571’ ’I"ll = ’l"l_l, (27)
h*' = h*s*q, s =g ry =1yt (28)

Then the sequence p(®;q7") == ({0}, {07 Yo, {¥i}i1, {@i}{o1) is equal to p(®:q).
Therefore p(®;q~1) is the parameter array that has ¢~ '-Racah type.

Proof. Using (26)—(28) one checks that 0) = 6;, 0’ = 07 for 0 < i < d and ¢} = ¢,
¢ = ¢; for 1 <4 < d. It follows that p(®; ¢~ 1) is the parameter array of ®. By definition
of g-Racah type in Example 4.3, p(®;¢~!) has ¢~ '-Racah type. 0O

5. T-module W
We recall the T-module W from the last paragraph in Section 3. Note that W is

decomposed into the direct sum of two irreducible T-modules M# and M2+ [19, Sec-
tion 5]. We first discuss M % and its associated polynomials. Recall from Example 4.2 that
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@ = (A, A* {E;}2 , {E}L,) is a Leonard system on M#. Also recall from Example 4.5

7
that {Aiﬁ}i’io is the ®-standard basis for M2 and the intersection numbers a;, b;, ¢;

of ®. Abbreviate v; = A;Z for 0 < ¢ < D. Observe that vy = CA’J =2, v = CA’:F_l + C’;

(1<i<D-1),andvp = ijll. We now define a sequence of polynomials fo, f1,..., fp
by fo:=1 and

fi =bi—1fi-1 taifi +ciy1fina (0<i<D-1),
where f_1 = 0. Then by [32, Theorem 13.4] we have
fi(A)vg = v; (0<i< D). (29)
For 0 < i < D, define the scalars k; by
k; = boby -+ -bi_1/c1ea - - ¢ (30)
With the scalars k; and the polynomials f; we define the polynomial F; by
Fi=fi/ki (0<i< D). (31)
One routinely checks that
b, =b;Fip1 + a;Fy + ¢ Fiq (0<i<D-1),
where F_; = 0. By [32, Theorem 23.2], it follows that for 0 < i < D

(0 = 05)(0; — 07) - (0 — 07_y)

Fi(z) =
' ; P12 P;

(x =bo)(z = 61)---(z = 0;-1).  (32)

Definition 5.1. With reference to the parameters s, s* 71,79, D associated with p(®) =
p(®; q), define the scalars a,b, ¢, d by

r1ry 1/2 s* 1/2 TQS*qD+2 1/2 ,r,ls*qD+2 1/2
a= , b= , c=|———— , d=|———— )
s*qP r1raqP T T

We say that the scalars a, b, ¢,d are associated with p(®).

Referring to Definition 5.1, we have the following equations which are useful for our
calculation.

ab=q P, ac = raq, ad = ri1q,

34
be=s*q/r1, bd=s*q/ra, cd=s"qP2, (34)

abed = s*q>.
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Lemma 5.2. Let the scalars a, b, c,d be as in Definition 5.1. Then the following hold:

(i) none of abq’, acq’,adq’,beq’, bdq’ is equal to 1 for 0 <i < D —1,
(i) edq® #1 for =D <i < D —2,
(iii) abedg® #1 for 0 <i < 2D — 2.

Proof. Use assumption (i), (i) in Example 4.3 and (34). O

Consider a finite sequence of the polynomials {p;(y + y~!)}2, which are defined by
the scalars a, b, ¢, d associated with p(®):

i—1 1

abedq'™, ay, ay~
ab, ac, ad

pily+y ) =piy+y abed|q)=a¢s (q ’ q, q>, (35)

where y is indeterminate; cf. (2). Applying (33) and the equation r179 = ss*qP+! to (35)
gives

- q ', st gt (sq)y, (sq)/?y~?
(y+y )= i
iy +y7) 4¢3( g, rigq, raq

a, q) : (36)

Lemma 5.3. Recall the polynomial sequences {F;}2 , from (32) and {pi(y + vy~ 1)}2,
from (36). Let x be of the form

h(sa)'*(y +y~") + (60 — h — hsq), (37)
where h, s,0q are associated with p(®). Then
Fi(z)=pily+y~"), i=0,1,2,...D. (38)

Proof. First we compute the left-hand side in (38). Put (37) for x in (32) and evaluate
the result to obtain

z’: (0% 0);(s" a3 0)i (520" 2y ) (124" 2y 1) 5
= (r14;9);(r20;0); (a5 0);(4 @)n

This is equal to the right-hand side of (36) by the definition of basic hypergeometric
series. Therefore the result follows. O

Remark 5.4. With the above discussion, pick an integer j (0 < ¢ < D). Evaluating (36)
at y = s'/2¢1/?19 (or y = s~ 1/2¢/?77) we get
q, Q) .

5 gt st g, g, sgd
s q P, riq, raq
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By this and definition of the ¢-Racah polynomials [1], {p;(y +y‘1)}i’;61 are the g-Racah
polynomials.

We now consider M3+, the orthogonal complement of M# in W. From [19, Section 6]
the sequence &3 := (A, A* {EJ-}z o AE Y2 acts as a Leonard system on Mi™,
where B = E; 1 and Eft = Ef  for0<i< D — 2. Define the vectors {vﬁ-}i’;ff by

v = &G+ Giei Gy, (39)
where for 1 <i< D -1

(1- qi)(l s*qPtirt)

gi — ql—i(l _ qz—D)(l _ S*qi+1), € = (40)

Then the sequence {v;"}27? is a @' -standard basis for M2+ [19, Lemma 6.6]. Let aj-, bj-

AR ]

ci denote the intersection numbers of @+ [19, (83)]. We define a sequence of polynomials
[ i fh_o by fi :=1and

ofit = b iy e i+ o fin (0<i<D-3),
where f_; = 0. By [32, Theorem 13.4] we have
fiH(Avy = v (0<i<D-2). (41)
For 0 < i < D — 2 define the scalars kf- by
ki =byby b ferey oo (42)

With the scalars k;- and the polynomials f;- we define the polynomial F;* by

L=k (0<i<D-2). (43)
One routinely checks that

aF = b Fh | +af Fi- + ¢t FEy (0<i<D-3),

where FY; = 0. Consider the parameter array p(®+) = ({0122, {0: 1202, {p Y22,
{¢-12°32). Applying [32, Theorem 23.2] to &+ we find that for 0 <i < D — 2

L0 — 0y (0 — 01ty (01 — 0L
Fli(x):z oL ok -1~'L,0L Jj—1 (x—@&)(x—ef)...(m_eil)-
J=0 1¥2 i
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Lemma 5.5. [19, Theorem 6.10, Corollary 6.11] The parameter array p(®+) has q-Racah

type. With reference to the scalars h,h*, s, s*,r1, 79 associated with p(®) and the scalars

ht, bt st s* Lt v ry associated with p(®L), their relations are as follows.

hL = hq_17 SL = 8(]2, TlL =4, (45)

h*t = h*q7L, s = s%¢?, rj = 7aq. (46)

Consider the scalars a*, b, ct, dt associated with p(®+) in a view of Definition 5.1.
Then by Lemma 5.5,

1/2 . 1/2
aJ_ —_ 172 bJ_ — s
s*gD—2 ) riraqD 2 )

ct = (_?”25"¢1D+2)1/27 dt = (77’15*4D+2>1/2. (47)

T1 T2

Using Definition 5.1 one can readily check that
at = aq, bt = bq, ct=e, dt =d.

We define a finite sequence of the polynomials {p;-(y +y)}2- 2 which are defined by the

scalars at,bt, ct, dt associated with p(®+):

pry+y ) =pily+y at bt et dt Q) =pily+y ag,bg, e d | q). (48)
Using (47) we find

n 4 q ", st g3, (sq)%qy, (sq)'*qy~?
" + = _
D; (y Yy ) 4</)3( q D+2, quz’ 7‘2q2

q q) : (49)

Lemma 5.6. Recall the polynomial sequences {Fi-}Y25% from (44) and {pj-(y +y =)} 252

from (49). Let x be of the form
h(sq)'*(y +y~") + (60 — h — hsq),
where h, s,0 are associated with p(®). Then

Frz)=pry+y "), i=0,1,2,...D—2.

K3

Proof. Similar to Lemma 5.3. O

Recall the ®-standard basis {v;}2, for M# and the &+ -standard basis {v;"}2? for
Mz+. By [19, Lemma 8.3], for 1 <i < D —1

A 1 1
C; = v; + vit . (50)

€; 1 U»l
G(l—¢) 7V ! 1—¢ &ilei — 1)

i—1 61‘—11} +
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Lemma 5.7. For 1 <i<D -1,

A _ 6y b 1
C’i*l - € — 1fl(A)U0 + gz(]- . Ei) z—l(A)UO )
O = [ Ao + [ (A
N P Vo (i — 1) i—1\4)Vg -
And
Cy = fo(A)wo, Ch = fo(A)wo.

91

(51)

(52)

Proof. To get (51), (52) use (29), (41) together with (50). Note that Cy = vy and

Cg_l = vp. The result follows. O

We finish this section with a few comments. The following lemmas will be useful in

the sequel.

Lemma 5.8. Recall the Hermitian inner product (-,-)y from the first paragraph in Sec-

tion 3. For0 <t <D —1,

G2 = (s*qD)’ (¢'P,s*q% riq, 243 )i
‘ (

r1i7r2

q,5*qP+2, s%q/r1,5%q/r2;q)i

(¢=P

s @, 4%, 2075 q)i

162 = 3 (L= N = rag) (s*qDy (

(r1 —s*q)(ro — s*q) \ rire

q,5°qP+2, 572 r1,5*q% [ra;q)i

Proof. Evaluate [19, Lemma 5.7] using [19, (17)-(20)] and [19, Corollary 4.9]. The results

routinely follow. O

Note that ||C; ||, |C;"||? are all positive integral, since they are equal to the cardi-

nality of C;, Cf , respectively.

Lemma 5.9. [31, Section 18]

(i) Recall the scalar k; (0 < i < D) from (30). Then

* 214+1

_ (ne@i(reg9ilaa)i(s g q)i(1 — s*¢* )
s'qH(q;q)i(5*q/r150)i(5*q/r2;0)i(5*qP+25 )i (1 — 5%q)

To get kf, replace (s, s*) with (s*,s).

(ii) Recall the scalar ki (0 <i < D —2) from (42). Then

ol — (r16%9)i(r20% @)i (G P12 9)i(s* % q)i (1 — s*¢*T3)

t s 9)i(s7 3 @)i(57 4 fras )i (7P H2 q)i(1 — s*¢P)

To get ki, replace (s,s*) with (s*,s).
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(iii) Let v be the scalar such that tr(EqEf) = v='. Then

__ (s¢>19)p(s*¢*i0)p
rPqP(sq/r1:4)p(s*q/m1)p

(iv) Let vt be the scalar such that tr(Ef- E5t) = vi=1. Then

1 (sq*; @) p—2(s*¢*; @) p—2

1% = .
P 2q2P~4(sq2 /r1; q) p—2(5*q2 /1) p—2

Proof. (i), (iii): From [31, p. 37].

(ii): In part (i) replace D by D — 2 and use (45), (46) to get the result.

(iv): In part (iii) replace D by D — 2 and use (45), (46) to get the result. O
6. The universal DAHA of type (C, C1)

In this section we discuss the universal DAHA of type (Cy,C1) and its properties.
For notational convenience define an index set I = {0, 1, 2, 3}.

Definition 6.1. [34, Definition 3.1] The universal DAHA of type (CY, C) is the C-algebra
H, defined by generators {tX'}, 1 and relations

Q) tatyt =t =1 (nel); (i) tn +t; ' is central (n el); (iii) tot1tats = ¢~ /2
For notational convenience define the following elements in H PR
Y = toty, X = tsto, X = t1ty = ¢ (tsto) Y,
A=Y +Y ! B=X+X", B=X+X"
Lemma 6.2. There exists a unique antiautomorphism 1 of ﬁq that sends
to — t1, t1 — to, to — t3, t3 — to.
Moreover 12 = 1.
Proof. Use Definition 6.1. O
By Lemma 6.2 we have the following;:
Yi=y, X=X Xf=x (53)

In [19, Section 11] the author showed that the space W is an H,-module as well as a
T-module, and displayed its module structure in detail. In the present paper, for the
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purpose of our study we will twist W via a certain C-algebra automorphism of Hq.
Recall the H -module W from [19, Section 11]. Consider a C-algebra automorphism
P H — H that sends

to — t1, t1 — to, ty > tg Mtato, t3 > titoty "

Observe that p? = 1. There exists an Hq—module structure on W, called W twisted via p,
that behaves as follows; for all h € Hq, w € W, the vector h.w computed in W twisted
via p coincides with the vector h”.w computed in the original H q-module W. We display
the Hq—module structure W twisted via p in Appendix 13.1 in detail. For the rest of the
paper, we regard an Hq—module W as the Hq—module W twisted via p. The Hq—module
structure on W is determined by the scalars ¢, s, s*,r1, 72, D associated with p(®). We
denote this module by W (s, s*, 11,72, D; q).
Define the scalars {xy, }ner by

1/2 1/2
1 r1re\ 1/2 T . 1/2
0 (D) () e (B) ey

S*

Lemma 6.3. For each n € 1, the scalar K, is not equal to £1.
Proof. Use assumption (i), (ii) in Example 4.3. O
Lemma 6.4. For each n € 1, t,, is diagonalizable on W (s, s*,r1,12, D; q).

Proof. By [19, Lemma 11.9] for each n € I it follows (¢, + t;').w = (kn + K, ').w for
all w € W. So the minimal polynomial of t,, is (z — %, )(z — k1), and this has distinct
roots by Lemma 6.3. The result follows. O

On W(s, s*, 71,72, D; q) the action of X on {CEF}P ! as follows [19, Lemma 11.8):

A~

X.Co =q'(s*q)?C;, XCFf=q(s"q)7V2CT  (0<i<D-1). (55)
The action of Y on {C’i} o' is given as a linear combination of four terms; see Ap-
pendlx 13.2. Recall the generators A, A* A* of the algebra T and the elements A,
B, B of H The following theorem explains how the T-action on W is related to the
Hq action.

Theorem 6.5. [19, Theorem 12.1] On W

(i) A acts as h(sq)'/?A + (6p — h — hsq);
(i) A* acts as h*(s*q)"/?*B + (05 — h* — h*s*q);
(i) A* acts as h*(3%q)/2B + (05 — h* — h*5*q);
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(iv) (to — kg ') (ko — kg 1)~" acts as the projection of W onto Mi;
(v) (t1 — k7 ) (w1 — K71 ™Y acts as the projection of W onto MC.

We now consider the scalars a, b, ¢, d from Definition 5.1. Using the relations (33) we
can describe the ﬁq—module W(s, s*,11,r2,D;q) in terms of a,b,c,d and ¢ as follows.

Lemma 6.6. Let the scalars a,b,c,d be as in Definition 5.1. Consider the block diagonal
matrices Ty (n € 1):

Ty = blockdiag -7'0(0), 10(1),...,70(D — 1), [(ab)l/z]} ,
T, = blockdiag|71(0), 71 (1), ..., 7 (D - 1))

T; = blockdiag|72(0), 7>(1), ..., 72(D — 1)}

T = blockdiag [73(0), 73(1),. .., ma(D — 1), [(cdqfl)*l/ﬂ,

where 19(0) = [(ab)}/?] and for 1 <i < D —1,

(1—abg’)(1—abedg' 1) _(lfabqi)(lfabcdqifl)

+ ab

1—abcdq?i—1 1—abcdq?i—1
70(i) = (ab)~'/? | - A - :
ab(l1—gq*)(1—cdg'™ ") ab(l1—gq')(1—cdg'” ")
1—abedg?*—1 - T—abedg2i—1 +ab
and for0 <i< D —1,
(1=beq)(1—bdq") | b _ b (1—adg")(1—acq’)
1—abcdq?? a a 1—abcdq??
(i) = (ab™1)/? , , , v
(1—beq®)(1—bdq") b (1 - (17adq’)(1facq1))
1—abcdq?? a 1—abcdq??
and for0 <i1< D —1,
1 1 (1—adq")(1—acq®) bedq' (1—adq®)(1—acq®)
aq’ - 1—abcdq?? 1—abcdq??
7o(i) = (cd)™1/? _ . _ _ :
1 (1—bcg")(1—-bdg") i ((1=bcg")(1—-bdq") | b
bt 1—abcdq?? aqul ( 1—abcdq?t + 5)
and 73(0) = [(edg=1)V/?] and for 1 <i< D —1,
1 (1 - (1—qi)(1—cdqi*1)> 1 (1—abg")(1—abedg'™")
qt 1—abcdg?i—1 abq® 1—abcdg?i—1
. —1y—1/2
sli) = (edg™) bedg’ ' (1—g")(1—cdg’ ™) (1—abq’)(1—abedg’ ™)
abcdg —q")(1—cdq i—1 —abq")(1—abedg
N 1—abedg?~1 cdg’ ( I—abcdq? =1 * ab)

Then there exists an H,-module structure on W such that for n € T the matriz T,
represents the generator t,, relative to {CF}23L.
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Proof. In Definition 13.1, replace s, s*,r1,r2, D by a,b, ¢,d using relations (33). O
For the rest of the paper we let W(a, b, ¢, d; ¢) denote the ﬁq—module in Lemma 6.6.

Lemma 6.7. Referring to the H'q—module Wi(a,b,c,d;q) in Lemma 6.6, the action of X
on {CEYLLY is as follows.

X.C’; :qi_%(abcd)l/QC'; for i=0,1,...,D—1,
X.Cif | = q*”%(abcd)’l/QC'j_1 for i=1,2,...,D.

Proof. By Definition 5.1, (s*q)'/? = ¢~/?(abed)'/?. By this and (55) the result fol-
lows. O

7. Nonsymmetric Laurent polynomials eit

In this section we define certain nonsymmetric Laurent polynomials {eF}25! and

discuss their properties. Let Cly,y '] denote the space of Laurent polynomials with
a variable y. Recall the ®-standard basis {v;}”, for M# and the ®!-standard basis

{v-}2°5? for M+, Define the Laurent polynomial

1/2 w2 * 3 1/2 1/2
._ s* (1—s"¢")(1—=5"q") rir s* 1,-1
glyl = (T1T2qD) (1—8*!1/?"1)(1—8*3/7"2) (y - (S*lq%> B (TszqD) + Y ) )

Lemma 7.1. Recall Y = tot;. On the ﬁq-module W(s, s*, 11,72, D;q),

glY]vo = vy
Proof. Abbreviate u = vg — g[Y]vg. We show that u = 0. By (39), vg = &,0F +&e.Cr .
Next evaluate g[Y]vg using Lemma 13.2(a), Lemma 13.3(a) and vy = C . Using these

comments, we evaluate u to get zero. The result follows. O

We now define nonsymmetric Laurent polynomials €; , sj (0 <7< D-—1). Recall the
equation (51), that is,

At o €; ) ]. J_ 1
= o 1fz(A)U0 + 7&(1 ) i—1(A)vg .

Applying (31) and (43) to the right-hand side of the above equation gives

€
61'7].

1
&(l—¢)
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Applying Theorem 6.5(i) to (57) we find

Gy = ==k (h(s0) /2A + (00 — h = hsg) o

€; —
1 1 ol 1/2 1
+ mki—le’—l (h(SQ) A+ (0 —h— hSQ))Uo
i 1
(by Lemma 5.3 and Lemma 5.6) = . 6_ 1k¢pi(A)Uo + ka_ i (A)vg
€; 1
(by Lemma 7.1) = (e- — 1k¢pi(A) + mk‘l 1P 1(A)g[Y]> Vo,
K3 7
(58)
where A =Y + Y ~!. Similarly we find
. 1 1
e = (TEohm(A) + k(A1) ) (59)

Motivated by (58) and (59) we make a definition as follows.

Definition 7.2. For 1 <i < D — 1, define

1
mkiwiﬂy +y Yalyl,

€; _
e lyl = p— 1kipi(y+y b+

1 _ 1 B
el = hpily+v7") + mkimil(y+y Halyl.

Moreover, we define

- . + -
g =1, €p_1 = kppD.

Remark 7.3. With reference to Definition 7.2, the Laurent polynomials {eX}27 ! are
considered as nonsymmetric q-Racah polynomials in a view of Remark 5.4. The explicit
forms are as follows. For 1 <i< D —1

+ o
€1 =

(1—¢")(1=s"¢" T 1) (g " r1g,r2q,5" g:9)s ¢ g%, s* g, (sq) %y, (sq) /2yt
s (1—qP) (15" ) (q,5" /115" q/T2,5" qP T %9); 273 a P, r1a,m2

1 zq2 27’((1 D+2

(IaCI)

r1a%r26,5" 6%30)i—19[y) 44 ( q L, s g2, (sq) 2 qy, (sq) Y 2qy

T T D IO @r /.50 a5 aP )i

D+2 2
g P*2 riq%,rag

q7‘]>a

g =

_ (=¢""P)(1=s"¢" ) (¢~ P r1a.724,57430)i & st (sq) ! Py, (sq) /Py
570 (1=q=D) (1= q)(¢,5" 4/71,5" a/72,5" 4D+ 259); 493 q P, r1q,72q 4

st 122 (g P2 i g? rag? 5™ 0% q)i— 1 gy 103 ( i 5% qit2, (sq)V2qy, (sq) gyt

o (1—q DY(1—s%¢%)(g,5%q%/r1,5* qz/m s¥qP+2,9); 1 qa P2 r1¢%,m2¢>

")

where g[y] is from (56).
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Proposition 7.4. Referring to the ﬁq-module W(s,s*,r1,19,D;5q), for 0<i< D—1

e [Y]wg =Cf, e [Y)wo = CF.

7 7

Proof. By (58) and (59) along with Definition 7.2, the result follows. O

By Proposition 7.4 we can see that the Laurent polynomials sf,si_ play a role of
a map that sends vy to each C’f , C’i_. Recall the scalars a,b,c,d from Definition 5.1.
We will express the nonsymmetric Laurent polynomials {e5"}2 in terms of the scalars
a, b, c,d. To this end, we need some preliminary lemmas.

Lemma 7.5. Recall the Laurent polynomial gly] from (56). Then

ol = " e - a1 ).

Proof. Apply the relations (33) to (56). The result follows. O
Lemma 7.6. The following hold.

(i) For1<i<D-1,

&  ab(l—q")(1—cdgt) 1 (1—abg")(1— abedg'™)
e —1  (ab—1)(1 — abedg?—1)’ 1—¢ (1 —ab)(1— abedg?—1)’
1 - qi—l 1 - qi—l
&i(e;— 1) (ab—1)(1 — abedg?—1)’ &(1—¢) (1 —ab)(1— abedg?—1)

(ii) For0<i<D-—1,

_ (ab,ac,ad; q);(abed; q)2;
~ a?(q,be, bd, cd, abedqgi=1; q);

Forti=D,

(a’bv ac, ad; q)D(ade; Q)2D71
a?P(q,be, bd, abedgP =15 q)pled; @) p—1”

kp =
(ili) For0<i< D —2,

b _(abg?, acq, adg; q)i(abedg?; q)z;
Y (aq)%(q,beq, bdg, cd, abedgitts q);

Proof. (i): Use (33) and (40).
(i), (iii): Use (33) and Lemma 5.9 (i), (ii). O
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Recall the polynomial sequences {p; }/2, and {p;- }12;% from (35) and (48), respectively.
Denote their monic polynomials by

(ab, ac, ad; q); L (abg? acq,adg; q); |
p = 020 d)i Pt = , : L 60
ai (abedg—1; q); " © 7 (ag)i(abedgt s g), (60)

One checks that P~ = P;[y; aq, b, c,d | q].
Lemma 7.7.
(i) For0<i<D—1,

(abed; q)2i
kipi = — i
D=4, be, bd, ed; q);

Fori=D,

(abed; q)2ap—1

Pp.
¢,be,bd; q)p(ed; q)p—1

k’ l) =
DPD D(

(abedq?; )2 pL

Elpt = — L
i b atqi(q, beq, bdg, cd; q); "

Proof. Use Lemma 7.6 (ii), (iii) and (60). O

Proposition 7.8. Let {5}}1261 be as in Definition 7.2. Referring to the scalars a,b,c,d
associated with p(®), the {si i’;f)l are equal to the following: For 1 <i< D —1,

i

b(1 — ¢")(1 — cdg! bed; q)2; _ _
;i»_ a’( q)( caq ) (a/C q>2 (-Pz_y(]-_ay 1)(1_by 1)-PZ'J;1)7

L (ab — 1)(1 — abedq?i=1) ai(q, be, bd, cd; q);
- (1 — abg")(1 — abedg'™1)  (abed; q)2;
(1 —ab)(1 — abedg®—1) at(q,be, bd, cd; q);

(P P e 1 = a1 = by P ).

3

Moreover,

- + (abed; q)2p -1 Pp.

:1 p—
0T D=1 4D(q, be, bd; q) p (cd; 9) 1

Proof. Apply Lemma 7.6 and Lemma 7.7 to Definition 7.2. The result follows. O
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We give a comment. For 1 <7 < D — 1, the E;F_l has of the form

ab(l — ¢')(1 —cdg'™")  (abed; q)a;
(ab—1)(1 — abedg?—1) at(q, be, bd, cd; q);

((constaunt)yi*1 o (1 ab)y—i)7

and the €; has of the form

(abed; q)o; A 1+ ab— abg® — abedg'™t _,
a‘(q,be,bd, cd; q); 1 — abcdg?i—1 vyl

Therefore the set {e}25! is linearly independent in Cly, y~].

Remark 7.9. Let L denote the subspace of C[y,y~!] spanned by {z—:ii}lp:f)l. By the above
comment, {sfE isz)l are a basis for L. Recall the ﬁq—module W(a,b,c,d;q) in Lemma 6.6.
The space L is isomorphic to W via a C-vector space isomorphism that sends €7 to C’f
for 0 € {+,—} and ¢« = 0,1,...,D — 1. By these comments we can endow a module
structure for ﬁq with L. On this module L, the matrix representing t,, relative to a basis
56,53755753{, .. 78571,5271 coincides with the matrix T,, in Lemma 6.6. We denote
this module by L(a,b, ¢, d;q).

8. The operator Y

In Section 6 we mentioned the eigenvalues/eigenvectors of X on W (s, s*,r1,72, D;q).
In this section we will find eigenvectors of Y along with the corresponding eigenvalues
on W(s, s*, 71,72, D; q). First we find the eigenvalues of A =Y +Y 1. Throughout this
section we work on the ﬁq—module W = W(s,s* 11,712, D;q).

Lemma 8.1. The eigenvalues of A are ¢*(sq)"/? + ¢ *(sq)~"/? for 0 <i < D.

Proof. By Theorem 6.5(i), we find the equation A = h='(sq)~'/2 (A — (§p — h — hsq)I)
on W. Recall that A has the eigenvalues {6;}2 , and each 6; has the form (17). By these
comments, the result follows. O

For notational convenience we denote £; = ¢*(sq)'/? + ¢~*(sq)~/? for 0 < i < D.
Let Wy, denote the eigenspace of A for ¢;. Then W,, = E;W for 0 < i < D since A
and A share a common eigenvector by Theorem 6.5(i). Observe that W = Zio We,,
the orthogonal direct sum. Moreover, by construction of the T-module W the following
lemma holds.

Lemma 8.2. For 1 <i< D —1, we have
Wy, = span{ E;vo, Ei- ;vy }.

Moreover, Wy, = span{Egvg} and Wy, = span{Epug}.
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By Lemma 6.4 each of ¢ty and t; is diagonalizable. By [15, Lemma 3.8] ¢y and ¢,
commute with A = tgt1 + (totl)_l, so each of tg and ¢; shares the eigenspaces of A. It
follows that Wy, (0 < ¢ < D) is invariant under ¢,(n = 0,1). By these comments and
Lemma 8.2 the matrix representing ¢, (n = 0, 1) relative to the ordered basis

— 11 L1 L1
B := {Eovo, E1vo, Ey vy, Eavo, BT vy, ..., Ep_1v0, E5_ovy, Epuo}

for W takes the form

- ) , (61)

We explicitly find the matrix representing t,(n = 0,1) relative to B, in order to find
the eigenvectors of Y. First we find the eigenvectors of ¢y in terms of vectors in B. For
notational convenience we define 0=, = 0, O, = 0 and Cp, = 0, Cf; = 0.

Lemma 8.3. For 1 <i< D -1,

to.(CH, +C7) = ko(CFH, + C), (62)
to. (710 +CT) = kg e 1O+ C), (63)

where €; is from (40) and ko is from (54).

Proof. To show (62) it suffices to show that (tg—ro).(C;™ ,+C;7) = 0. By Theorem 6.5(iv)
the (to — kg ") (Ko — kg ') ~! acts as the projection onto M. By this and since C | +
C7 = v € M#, we find (62). Next we show (63). Similar to (62), it suffices to show
(to— kg ")-(e72C=  +C7) = 0. Since (to— ko) (r5g ' — ko)™t = 1— (to — g ') (Ko — g )"

~

acts as the projection onto M#+ and ei_lCA’;r_l +C; = ei_lfi_lvi{l € Mit for1<i<
D — 1, the desired result follows. 0O

Consider the eigenvector Cif + Cy of to for rg. Observe that Cf + O = vy = Avy =

Z?:o 0, E,vg, where the last equation is from A = Z?:o 0, E,. Therefore the coordinate
vector of Cf + Cy relative to B is

[60,61,0,65,0,....0p_1,0,0p]". (64)
Lemma 8.4. For i € {0, D},
to.Eivg = ko Ejvo,

where kg is from (54).
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Proof. The matrix representing ¢y relative to B has the form (61). This matrix has the
eigenvector (64) corresponding to the eigenvalue kg. Use this and linear algebra to get
the result. O

Next consider the eigenvector €7 'Cy" + C; of to for k5. From the left in (50) for
i=0,

D D—2

At 1 1 0, 1 1. 1

Cf = v+ o = 2 25 B + Y gt B, (69)
r=0 s=0

where the last equality holds from vy = Avg = Z,«D:o 0,E, and vy = ZSD:_OQ Eluvg.

S

Similarly, from the right in (50) for ¢ = 1 we find

D D—-2

A— 0, 1 1.1

Cr =) % Ew+ ) NGEL AR (66)
r=0 s=0

Using (65) and (66) we have e; 'Cf +Cf = P72 L plyd. Therefore the coordinate

s=0 &€
vector of e, 'Cy" + Oy relative to B is

t
[o,oLolol...olo]. (67)

Y €1e1? 0 1er? ) Srer? 7 Srer?

Lemma 8.5. The matrix representation of ty relative to B is

blockdiag [ro, [to (1)) [to(2)], -, [to(D = )], [k} ),
where [to(i)] = diag(ko, kg ') for 1 <i < D —1.

Proof. Let [to]s denote the matrix representation of ¢y relative to B. Since [tg]s has the
form (61) and by Lemma 8.4 we denote [tg]s by blockdiag([xol, [to(1)],- .., [to(D — 1)],
[k0]), where the [to(i)] is the matrix representing to relative to {F;vg, Ei- jvg} for 1 <
1 < D — 1. Using linear algebra along with (64) and (67) we find the equation

Ito()] {% ? ]z [% ! } [””00 °

§1€1 &1€1 Ko

Evaluate [to(i)] using the above equation. The result follows. O

We now find the matrix representation of ¢; relative to B. We start with the following
lemma.
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Lemma 8.6. For0<i< D —1,

t.(C7 +C) =k (Cf + G5,

t1.(nC; + CF) = k7N (mCy + ),

7 7
where k1 is from (54) and

s*(1 —rig"™) (1 — rog*™)
(m — s*qit) (s — s*qi+1)’

Ti —

Proof. It is similar to Lemma 8.3. Use Theorem 6.5(v) and the fact that {C; +C;F }P!
is a basis for MC and {r;,C; + C;7 121 is a basis for MCH. O

Consider the eigenvector Cy + Cf of t; for xy. Since Oy = vy = Zf):o E,vg, by this
and (65) we have

D D—2

1 0, 1.1

Cy +CF = vo+ 2550 + eri=ayv = D (1 T :11_1) Ewo+ Y eqty B
r=0 s=0

One routinely checks that 1+ < 610D =0, and so the coordinate vector of Cy 4+ Cyf relative
to B is

t
€160p_ 1
L1+ 1611311’51_(1761),0 ) (68)

0 0 0 1
[1 + 6611 0171+ 6611 117 51(1761)71 + :11 21’ 61(1761)’ o

Similarly, for the eigenvector TOCA'O_ + C’g‘ of ¢y for ki ! we find

D D—-2
Toé(; +CF = Z (To + ;lfrl) E.vg + Z —51(11_61)E3J‘Uj‘
r=0 s=0

One routinely checks that 7o + 519“ = 0, and so the coordinate vector of 70Cy + Cf
relative to B is

t
1 €10p_ 1 0
(0,70 + 224, eray o+ 22, gay oMo+ L mrbay o + 222] L (69)
Lemma 8.7. We have
tl.E()’Uo = IilE()U(), tl.EDUO = /’il_lED"UO.

Proof. The matrix representing ¢; relative to B has the form (61). Use this and linear
algebra together with (68), (69). The result follows. O
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Lemma 8.8. The matrix representation of t1 relative to B is

blockdiag([m}7 [t (D)), [t1(2)], ..., [t (D = 1)], [“1_1])7

where for 1 <i< D —1

Kl_l (nff'ro ) el(nffl) ) 1{1_151(17#&?)(619,;714’61)(619177‘04’7’061)
N 1 1—70 2 (1—e1)(1—70) (1—€1)(1—70)
[tl(l)] - R;l(ﬁi—l)

Rk (K1) -1 ) e1(k2—-1) 7k27'0—1
&(1—e)(1=70) k1 (97'(1—61)1(1—7'0) i—T())

Proof. Similar to the proof of Lemma 8.5. O
Based on our discussion so far, we find the matrix representation of Y relative to B.
Lemma 8.9. The matrix representing Y relative to B is
blockdiag([(sq)”QL [Y)LY(®2),. .. [Y(D-1)], [Q’D(SQ)’”Q]),

where for 1 <i< D —1

—1 (Ki—70 a(xi-1) —1&(1=rT)(e10i—1+e1)(e10i—To+T0€1)
[Y(5)] = Fof (llf‘ro _0’(1761)1(1770)) ok ' (1—e1)(1—m0)
= ol _(si=1) pl=1 (g _alsi=l) _ kimo—l
0 M1 F—end-m0) 0 M " (1—e€1)(1—7o) 1-70

(70)
Proof. Recall Y = tyt;. The matrix representing Y relative to B is the product of the
matrix representing tg relative to B and the matrix representing t; relative to B. By

Lemma 8.5 and Lemma 8.8 the result follows. O

Lemma 8.10. The eigenvalues of Y are

(sq)V2, q(sq)V/?, >sq)?, ., qP M (sq)V?,
e Hsq) V2 q7(sq)TV2 o, ¢ P(sq)7V2, ¢ P(sq)7V2

Therefore Y is multiplicity-free.

Proof. The eigenvalues of Y are routinely obtained from Lemma 8.9. The last assertion
follows from assumption (ii) in Example 4.3. O

For notational convenience we abbreviate

A — qr(sq)l/Q (7":071327"')D71)7
' qT(SQ)71/2 (T:—l,—Q,...,—D).
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Note that )\;1 =X fori==+1,42,...,£(D—1)and {; = X\j + A_; for 0 < j < D.
We will find an eigenvector of Y associated with A\.(—D <r < D — 1), and express as a
linear combination of elements of B.

Lemma 8.11. With the above notation, there exist an eigenvector'y, of Y associated with
the eigenvalue \; such that for i € {0, D}

Yo = Eovo, Y_p = Epwo,
and for 1 <i< D —1

y_; —w_Evo—|—E IUO’ y—levo—FE lvo,

0; 4 rira(1 —7r1q)(1 —12q) — (11 — 5*q)(r2 — 5*‘1)> 7

h(g=P —1) (rirg — s*)(1 — s%¢?)
; 0; rira(1 —r1q)(1 —12q) — (r1 — 57q)(r2 — 5*q)
wi =m | s¢ + . + ’
( T T he P (rir2 — s%)(1 — 5°¢?)
and m — £0=a"2)(1-s"¢*)(1—5"¢%)

(ri—s*q)(r2—s*q)

Proof. Note that A and Y share common eigenvectors. Without loss of generality one
can choose ¥, = Equg and ¥_p, = Epuvg. Let 1 <i < D—1. Since A =Y +Y 1, each of
¥, ¥_; is an eigenvector of A associated with ¢;. So §,,¥_, € Wy,. Let [¥;] (resp. [¥_;])
denote the coordinate vector of ¥; (resp. ¥_;) relative to {E;vo, Ei- ;vg}. It suffices to
find the vectors [¥;] and [y_;]. By Lemma 8.9 we have

Y @)y = \ilyi] and YOF_;] = A-ily_i]-

Evaluate the above equations using (70) and simplify the vectors [¥;], [¥_;]. The result
follows. O

We normalize the vectors {yz} ’~', so that the sum of these vectors is equal to .
For1<i:<D—1 set

¢ y qw-i q 1,0
e e ——— *‘:_%Ei _-7E»7 7 71
y m(sg2tl — 1)y i m(sq2tl — 1) U M@ =) 5 1Y (71)
g 3 s g L
i = - .= _ Ei - E 7
y m(sq?tt — 1)}’1 m(sq?+t — 1) Vo + (s — 1) 105 - (72)

Yo :=Y¥o = Eovo, y-p:=Y_p = Epvo. (73)
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Theorem 8.12. With reference to the notation (71)—(73), each y; is an eigenvector of Y
associated with \;, and

D-1
Z Yi = o. (74)
i=—D

Proof. It suffices to show (74). Evaluate the right-hand side in (74) using Lemma 8.11
together with (71)—(73). Then

D—1 Z‘f
y
ZYZ YO+Z Yz+y—z)+y D—EOUO‘FZ(SQTI%—FED’UO
i=—D =1

D
= E Evg = v,
i=0

as required. O

For the rest of this paper we fix the eigenvectors {y,} D of Y as in Theorem 8.12.
Let W), denote the eigenspace of Y for A;. Observe that W = @f):_lD Wy,, an orthog-
onal direct sum. Recall the Hermitian inner product (-,-)y from the first paragraph in
Section 3. We find the norm of y; for —D <i< D — 1.

Proposition 8.13. For 1 <i< D —1,

[P . T
Y—i - m2(8q2z+1 _ 1)2 ) m2(sq2i+1 ) 1—1 0 ’
2i, 2 2i
2 q~ W x —1 q L1y, L2
lyill® = m2(sq2itl — 1)2kiy + m2(sq@+1 — )2kz L | [
where k', kX, v, vt oare from Lemma 5.9, m is from Lemma 8.11, and
s S 1-g")1 =g P =A=' - ra)(1=r2a) o
lvg 1> = 3 " " . (75)
qPrira(1 — s*q/r1)(1 — s*q/rz)
Moreover,

lyoll* = v, ly-pll* =kpr

Proof. Recall from [32, Theorem 15.3] that

<Ei1)0, EjU0>V = 5”‘]@‘;1/_1”1)0”2 (0 S i,j S D — 1). (76)
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Let 1 <i < D — 1. We first find |ly_;||?. By (71), we have

ly—il|? = —LE@ _qiiE# ot
y-ill = m(sg 1 —1) " 0 m(sg 1t —1) i—1°0 >
- g E;v — « Ei vt
m(sg? T —1) 0 m(s?H —1) 0/
2, 2 2
_ g w-,; 2 q 1,12
= m”ﬂ'vo” + m”@-ﬂo |
2, 2 2i
w* .
= e ki ol gk e |,

m2(8q2i+1 _ 1) m2(5q2i+1 _ 1)2

where the last equation is from (76). Recall that ||vg||? = 1. The line (75) is obtained
from [19, Lemma 6.14] together with Lemma 5.8. Similarly we obtain the norm of y;. O

9. Orthogonality for s?:

Recall the nonsymmetric Laurent polynomials {e°}12;! from Definition 7.2 and recall
the subspace L of C[y,y~!] spanned by {62:}21?:61 from Remark 7.9. In this section we
define a bilinear form on L that satisfies the orthogonality relations for {&; }2;!. Recall
the bilinear form (-, )y and the H'q—module W(s, s* 1,72, D;q).

Lemma 9.1. Let the antiautomorphism T be as in Lemma 6.2. For h € ﬁq and u,v €
W(S7 8*7 T1,7T2, D7 q)!

(hau,v)y = (u, hT.v)y.
Proof. Let 0 <i,5 < D — 1. Routinely check
<th' Azg’ A;'—>V = <Cfvtsz'O;>Va
for n € Tand o,7,0 € {+,—}. Since {t'}, 1 generates H,, the result follows. 0O

Lemma 9.2. For —D <i < D —1, let y; be an eigenvector of Y for the eigenvalue X\; as
in Theorem 8.12. For Ly, Lo € L,

(LYoo, Lal Yol = Y LA TalNlyil?
I

where the norm ||y;||* is given by Proposition 8.13.
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Proof. Compute

(L1[Y].vo, Lo[Y].vg)v = (L1[Y] th La[Y] Zyj>v (by line (74))

i

= Z L1 y“LQ ] >V
= Z Ll Yz7L2 ] j>V
- ZLl NI L2y yi)v

= X Byl

where the last equation follows since {y; Z,}D is an orthogonal basis for W. O

Motivated by Lemma 9.2 we define a bilinear form (-,-)r, : L x L — C as follows. For
Ll, Lo, e L

(Laly), La[y)) e == Z Ly La [l (77)

i=—D

where ||y;||? is from Proposition 8.13.

Lemma 9.3. Let Ly, Ly € Cly,y~1]. With reference to the form (77),
(yLaly], L2y} = (Laly], yLa[y])L- (78)
Proof. On the left-hand side in (78) put L} [y] = yL1[y]. Then by Lemma 9.2
(Lily], La[y]) o = (L7 [Y]vo, La[Y]vo)v = (Y L1[Y]vo, La[Y]vo)v
By Lemma 9.1 and Y = YT from (53), it follows (Y Li[Y]vo, La[Y]vo)y = (L1][Y]vo,
Y Lo[Y]vg)y. But the right-hand side in (78) is equal to (L1[Y]vo, YLa[Y]vg)y. The

result follows. O

We now show that the Laurent polynomials 5?, e; satisfy the orthogonality relation
with respect to the bilinear form (77).

Theorem 9.4. Let 5?,5; be the Laurent polynomials in Definition 7.2. For —D < r <
D —1, lety, be an eigenvector of Y for the eigenvalue A, as in Theorem 8.12. Then for
o, T S {+a _}7
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D-1
> NGl = 60,705 1CF 117,
r=—D
where ||y,||? is given in Proposition 8.13 and ||C7|% is given in Lemma 5.8.

Proof. Using Lemma 9.2 and Corollary 7.4 we find
D—1
> Z G Iyl = (€7 [Y]vo, 5 [Y]vo)v = (€7, C v

r=—D

By Lemma 5.8 the result follows. 0O

Recall ||CE||? from Lemma 5.8 and the scalars a, b, ¢, d from Definition 5.1. Using (33)

evaluate ||C||2 in terms of a, b, ¢,d. Then by Theorem 9.4 it follows

(e7,€7) L = 002 0i4]|C7 |2

PRE]
(abq, ac, ad, abed; q); .
A S fo=—
Po7043” 21(q.be. b, ed: q) o (79)
B 1—ac)(1— :q);
5 n0s5(—1) b(1 — ac)(1 — ad) (abg, acq, adg, abed; q); P

a(l=be)(1 —bd) a*(q,beq, bdg, cd; q);
10. The algebra ﬁq_l

Recall from Section 6 that H, is the universal DAHA of type (C), C}). In this section
we change ¢ by ¢~' and discuss the algebra H q—1 and its module. Recall from Section 2
that § = H(a,b, ¢, d;q) is the DAHA of type (CY,C;). We will compare fqul and 9
shortly.

Lemma 10.1. There exists a C-algebra isomorphism n; : Hq—l — ﬁq that sends
torstgt,  tiestoty Mg, taes tg ity Mty tz e tg

Moreover, n? = 1.

Proof. Use Definition 6.1. 0O

A

Lemma 10.2. [34, Lemma 16.8] There is a surjective C-algebra homomorphism ng : Hy —
5;) that sends

to > —(ab)"V2Ty, t — —(ab)V2T1 27,
to — —q*l(cd)1/2ZTO—1’ ty s —ql/Q(cd)*l/zTo,
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Referring to Lemma 10.1 and Lemma 10.2 we define the map & : Hq—l — $ to be the
composition £ = nam;1. Observe that this map is surjective and sends

to — —(ab)1/2T1_1,
ty — —(ab) ™21y Z,

to — —Q(Cd)flmzflTo,

ty = —q Y2 (cd)V Ty L
Lemma 10.3. Recall Y = T\ Ty € §. Referring to the map & in (80), for X, Y € fqu

X¢ = ¢~ V2 (abed) 2y 1, (X~1¢ = ¢Y%(abed) ™1/ ?Y,

Y =2, (Y H)e =271
Proof. Recall X = t3tg and Y = tpt;. Use definition of £&. O

In Section 6 we discussed the ﬁq—module W(s, s*,1r1,r2,D;q). We consider an
ﬁq_l—module on W, denoted by W (s, s*', 71,75, D';q~1). Note that D = D’. By Propo-

sition 4.7,
AN A A | /. o—1y\ -1 _x-1 -1 _—1 Lo—1
W(s', s* r,rh, D¢ ) =W(s™, 8" ,ry Ty, Dyg ).

Recall the scalars a, b, ¢, d from Definition 5.1. In the ¢g~!-Racah version, by (33) the
scalars a, b, ¢, d become a™ !, b~ !, ¢!, d~ 1, respectively. By Lemma 6.6, we can describe
a structure of an ﬁqfl—module W(a=t b7, ¢t d=t; ¢ Y). For the rest of the paper, we
denote W1 :=W(a= 1,07t ¢t d 7t q7h).

Lemma 10.4. On the ﬁqfl—module W -1 the action of X! on {CEYPL is as follows.

1=

X1.C7 = ¢~ 2 (abed)2C for i=0,1,...,D—1,
X-LCH | =g 2 (abed)V2C, for i=1,2,...,D.

Proof. Use Lemma 6.7. O

Recall ¢; = ¢ [y;a,b,¢,d | q] and & = el [y;a,b,¢,d | g] from Proposition 7.8. We

L_version

describe these polynomials in ¢~
eflysa ) =ellysa” 07 e hdT g7,

where 0 <i < D —1and o € {+,—}. To this end we need a few preliminary lemmas.
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Lemma 10.5. For n=20,1,2... and a nonzero scalar x € C,

n(n—1)

¢ = ()"0 T (@)

Proof. Use the definition (1) to compute (z7!;¢71),. O

Lemma 10.6. Let the monic polynomials P;[y;a,b,c,d | q] be as in (60). Then
Ply;a,b,c,d | q] = Pi[y;a b7 et d™ | g7

Proof. Evaluate P;[y;a=!,b=% ¢ 1, d=! | ¢71] using (60) and Lemma 10.5. O

For notational convenience, for 1 < i < D — 1 we define the Laurent polynomials
Qi = Qi[y;a7b7 C7d | Q] by

Qi=a” by (1 —ay)(1 - by) Py, (81)
where we recall P = P;[y; aq,bq, c,d | q] from (60); cf. (3).
Proposition 10.7. Let the scalars a, b, c,d be as in Definition 5.1. Recall the polynomials
P, = P;ly;a,b,c,d | q] from (60) and Q; = Qily;a,b,c,d | q] from (81). Then the Laurent

polynomials 8f[y; q~ 1] are described as follows: for 1 <i < D —1

ab(1 —¢")(1 —cdg’™)  (abed; q)2i1

+ o =1 ' P _0,
€z—l[y7 q } (ab _ 1) a’(q, bC, bd, Cd; q)z ( Q ) )
g = (1 —abg")(1 — abedq =) (abed; q)2i—1

P (1~ ab) ai (g be, bd, cd: q);

ab(1 — ¢")(1 — cdg*™1)
P, — : , il
X < (1 —abg®)(1 — abcdq’—l)Q
Moreover,
_ _ _ de Q)QD—l
o1 =1 + L1 = (a ) P
ol = oW = G b b g (ds o 1 P

Proof. In Proposition 7.8, replace a,b,c,d,q by a=* b~', ¢ 1,d"1, ¢ . Evaluate this
using Lemma 10.5 and Lemma 10.6 and simplify the result. Note that y(1—a=1y=1)(1—
b=lqy™!) = a"'b"ly~1(1 — ay)(1 — by). The results routinely follow. O

‘We finish this section with some comments.
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Lemma 10.8. Referring the basis {C’f}iﬁl for W -1, the following hold. For 0 < i <
D—1,

11— abq® (ab, ac, ad, abed; q);

~ 1—ab a?%(q,bc,bd, cd;q);’

ab(1 — ¢"1)(1 = edq’) (ab,ac, ad, abed; g)i11
(ab —1)(1 — abcdq?) a?*+2(q, be,bd, cd; q)it1

IC11®

A 112
IG5 =

Proof. In line (79) we expressed HCA'fH2 in terms of the scalars a, b, c, d, . Replace these

1

scalars by a= 1,071, ¢!, d™ !, ¢!, respectively. Evaluate this using Lemma 10.5 and sim-

plify it. The result routinely follows. O

Note 10.9. In Remark 7.9 we discussed the ﬁq—module L = L(a,b,c,d;q). We re-
call from (77) that (-,-)r is the bilinear form on L. Consider the Fqul—module
L(a ', b7 ¢t d Y q71). Abbreviate L,-1 := L(a™',b=%, ¢, d"t;¢7"). Observe that
the Laurent polynomials e [y; ¢~*], e~ [y; ¢~ ] in Proposition 10.7 form a basis for L,-1.
By (79) and Lemma 10.8, the bilinear form (-, ) _, satisfies

(€T lysa 5y D,
1= abq’ (ab, ac, ad, abed; q);
"1 —ab a?(q,bc,bd,cd;q);

ab(l — ¢"*')(1 — cdg") (ab, ac,ad, abed; )iy
(ab—1)(1 — abedg’) a**2(q,bc, bd, cd; q)iy1

if o = —,

Sy

(50-77-57;,]‘ if o= +.

11. Nonsymmetric Askey—Wilson polynomials and Efc

We continue to work with the algebra ﬁq—l in Section 10. Throughout this section
we let the scalars a,b,c,d be as in Definition 5.1. Recall the nonsymmetric Laurent
polynomials ¢ = ¢ [y;¢7 ], & = &; [y;¢™!] from Proposition 10.7. Referring to this
proposition, we make a definition of the Laurent polynomials E; (—D < i < D —1)
which is a natural normalization of 5?, g -

Definition 11.1. Recall the Laurent polynomial sequences P; from (60) and @; from (81).
With reference to Proposition 10.7, we define

E—i::P)i_Qi (IS’LSD—I),

ab(1 —¢")(1 — cdg*1)

Ei = -Pz — - -
(1 — abg?®)(1 — abedgi—1)

Qs (1<i<D-1),

and Fy := 1 and F_p := Pp; cf. Definition 2.1.
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By Proposition 10.7 and Definition 11.1 one can readily find that for 1 <:< D —1,

(ab—1) a'(q,be,bd, cd; q); i
E_»L‘ - 3 - ) )

ab(l — ¢")(1 —edgi=—1)  (abed; q)2i—1 Fi-1 (83)

(1 —ab) a'(q,be, bd, cd; q);
FE;, = : , . 4
(1 —abg*)(1 — abedg'=1)  (abed; q)2i—1 S (84)

Moreover,
D(q, be, bd: d; _

EO _ 56, E—D — a (qa C, 7Q)D(C aQ)D 15_5-1' (85)

(abcd; Q)2D71

Recall from Note 10.9 that L,-1 is the ﬁqfl—module and (-,-)r,_, is the bilinear
form on L,-1. By a comment in Note 10.9 and (83)(85) the Laurent polynomials E; in
Definition 11.1 form a basis for L,—1. Observe that E; are orthogonal with respect to
(-, L1 In the following proposition, we give a discrete version of Lemma 2.2.

Proposition 11.2. (cf. Lemma 2.2) For 1 <i< D —1

(ab —1)(1 — abedq®~1) (g, ab, ac, ad, be, bd, cd; q);
E_ E_), = : _ ; , 86
< i, ab(l —¢*)(1 — cdg®=1') (abed; q)2i(abedgi=—1; q); (86)

(Ei, By) _ (1 — ab)(1 — abedq®~1) (q, ab, ac,ad, be, bd, cd; q); (87)
i (1 — abq®)(1 — abedqi=—1) (abed; q)2i(abedqi=1;q);

Moreover,

ab(l - qD> (q7 ab? ac, ada bC7 bda Q)D(Cda Q)Dfl
(ab—1) (abed; q)ap—1(abedgP—1 q)p
(88)

<E07E0>Lq71 = ]-7 <E7D7E7D>Lq,1 -

Proof. We first show (86). Evaluate the left-hand side of (86) using (83) and (82). Sim-
plify the result to get the right-hand side of (86). Lines (87), (88) are similarly obtained
using (84), (85) together with (82). O

From Proposition 11.2, we can view that the Laurent polynomials F; in Definition 11.1
are a discrete analogue of the nonsymmetric Askey—Wilson polynomials in Definition 2.1.
We further describe a discrete analogue of the eigenspace of Y of the basic representation
in Section 2. Consider the ffq—rmodule L,-1. By construction each basis element E; is
the eigenvector of the action of X on L,-1. With reference to Lemma 10.4, we visualize
the eigenspaces of X1 on L, as follows. Let n = a=1/2b=1/2c71/24~1/2,

Note that each white node represents the eigenspace of X! corresponding the eigen-
value q’”%n and the eigenvector E_; for i = 1,2,..., D, and each black node represents

1

the eigenspace of X! corresponding the eigenvalue qi_%n_ and the eigenvector F; for
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Fig. 3. The eigenspaces of X 1.

i1=0,1,2,...,D — 1. Compare Fig. 3 with Fig. 1 in Section 2. Then one can see that
Fig. 3 coincides with Fig. 1 up to (D — 1)-th horizontal edge. This is very natural since
X~ corresponds to ¢'/2nY by Lemma 10.3.

12. Conclusion

In this paper we have studied certain Laurent polynomials, which are naturally ob-
tained from a @Q-polynomial distance-regular graph I' of ¢-Racah type that contains
a Delsarte clique. Using an irreducible module of the universal DAHA H, and T, we
proved the orthogonality relations for those polynomials. Consequently, we showed that
the above Laurent polynomials are a finite/combinatorial analogue of the nonsymmetric
Askey—Wilson polynomials.

As we mentioned earlier in Section 1, the theorem of D. Leonard [20] (cf. [3, Sec-
tion II1.5]) characterized the terminating branch of the Askey scheme [16] of basic
hypergeometric orthogonal polynomials by the duality property of I', which has had
a significant impact on the theory of orthogonal polynomials. According to this theorem,
the g-Racah polynomials are the most general self-dual orthogonal polynomials in the
above branch. Our results in the present paper can be thought of as a nonsymmetric ver-
sion of the ¢g-Racah polynomials in the situation of Leonard’s theorem. We are planning
to apply our results to the study of nonsymmetric version of other types of orthogonal
polynomials in the terminating branch of the Askey scheme, such as Krawtchouk poly-
nomials, using I' of the corresponding type that contains a Delsarte clique. This will give
a characterization of a nonsymmetric case of Leonard’s theorem.

13. Appendix

In this Appendix we describe the ﬁq—module structure W (s, s*,r1,79, D; q) twisted
via p (see §6) and display the action of Y on this module explicitly. Recall the scalars
s,8", 11,12, D, q from Note 4.6.
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13.1. An flq-module in terms of the scalars s,s*,r1,12,D,q
Definition 13.1. (cf. [19, Definition 11.1]) We define some matrices as follows.

(a) For 1 <i <D —1, the (2 x 2)-matrix to(¢) is

qD/Q(l_q'i—D)(l_s*qi+1) 1 qD/Q(qi—D_l)(l_s*q,i+1)
1—s*q2itT qb72 T—s g2 H1
(1—¢%)(1—s*¢PTit1) (¢ —1)(1—s*gPFi+1) 1
qD/2(1fs*q2i+1) qD/Q(lfs*q2i+1) W
and
1 1
to(o)z[m}, tO(D):[qD/2].

(b) For 0 < i< D —1, the (2 x 2)-matrix t;(4) is

1 (r=s"g ) (ra—stgth) | s V2 Qg -rag
(s*r112)1/2 1 s+ 272 +s ~\ T2 1_s*g2iF2
1 (ri—s* gtV (ra—s™qi+1) ( & )1/2 (1 B (17T1qi+1)(1ir2qi+l))
(s*rire)t/2 1—s*g2it+2 T2 1—s*q2i+2
(¢) 0<i< D -1, the (2 x 2)-matrix t2(4) is
1 1— (A-rig"t)(1—rag’t) s gt (1—rig'TH(1—raq'™h)
T (r11r2)1/2 1_s*g2it2 (rira)i/2 1_s*gq2it2
_ 1 (r1=s*q"* ) (ra—s"q'") gt ((Tl—S*qi“)(rz—S*qi“) + s*)
s q T (rirg) /2 1—s*q2it2 (rir2)1/2 1_s*q2it2
(d) For 1 <i< D —1, the (2 x 2)-matrix t3(4) is
q’i(s*q)l/Q qD/Q(liS*q2’i+l) qD/2 q’i(s*q)l/Z 1_s*q2i+1
i 1) (1—s*gPHitL ; D/2(1_gi=Dy(1—g*gitl
(0 (L) dis (RS + )
and
% D+1\1/2 1
tS(O)Z{(Sq+)/}» t3(D):[W}.

With reference to Definition 13.1, we define a 2D x 2D block diagonal matrix T, (n € I)
as follows.

To = blockdiag(to(omo(l), —osto(D = 1), to(D))’

Ty = blockdiag(tl(o),tl(l), (D — 1)),
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Ty = blockdiag(tQ(O),tg(l), o to(D - 1)),
Ty = blockdiag(to(o),to(l), o to(D - 1),t0(D)).

One checks that (i) each T,(n € I) is invertible; (i) T,, + T, = (ki + k)1, where £, is
from (54); (iil) ToT1T2T3 = ¢~ '/2I. By this and Definition 6.1, there exists an lffq-module
structure on W such that for n € I the matrix T, represents the generator ¢,, relative to
the basis {C’f}gﬁl [19, Proposition 11.10].

13.2. The action of Y

Referring to Section 13.1, we display the action of Y on {CA’ljE D |. For this section,
we abbreviate W, := W (s, s*, 71,72, D; q).

Lemma 13.2. (cf. [19, Lemma 12.2]) On W,

(a) For 0 < i < D — 1, the action Y.C’; is given as a linear combination with the
following terms and coefficients:

term ‘ coefficient

lors ® VP (=5t T a=s"d T | (@ TP =D 0=s"g
i1 1_s*q2it2 +s T_s%q2i1

s*rire
~ 1/2 * i+l * i+l i *  Dtit+l
o 1 (r=sg™ )(ra—s"q'" ) | o) (('=D(—s"g ) 41
i D5 rirs 1_s*g2it2 T—s7q2itT ,
~ D 1/2 w il w il i+1—-D * G2
oF q (ri—s"q"" )(ra—s"q"" ") (1—¢ J1—s7g"™7) | 1
i S riTa 1—s*q2i T2 T_5%q2i73 9D

1/2 i « i « i « i
o 1 /2 1—g ) (15" P2 (ry =" g ) (ra—s" g )
i+1 s*riraql (1—s*q?i+2)(1—s*q%+3)

where C*, =0 and C’B =0.
b) For 0 < i < D — 1, the action Y.Ct is given as a linear combination with the
( s g

following terms and coefficients:

term ‘ coefficient

R . 172 vi . - -
ot | (222} =g P)a=s"g Y A-rig T (1-rag )

1—1 172 (1,S*q21+1)(175*q21+2)

1/2 p ) ) . i

O | (s VP (amnatha-rg ™t (@ona-stgtPry

i T1r2qD 1—s*g2it2 1—s*qZitl ,

" 1/2 i i it1— . i

e e T e O A A e TE )

i rira 1—s*q2it2 T—s*q2its 90

1/2 i i i * i

o s VY2 (1L 0endta-rg™ Y (gt (-s7gP )

i+1 riraqP 1—s*q2i+2 1—s*g2i+3

where C*, =0 and C’B =0.
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Lemma 13.3. (cf. [19, Lemma 12.3]) On W,

(a) For 0 < i < D —1, the action Y*I.C'; is given as a linear combination with the
following terms and coefficients:

term ‘ coefficient

C- (S*QD)l 2 (1=¢'P)(1—s*¢+ ) (1=r1g")(1=rag’)

172 (1—s ) (1—s"g2F1)
N D 1/2 1—gi—D)(1—s*git1 ki i
lons q (I—q¢""7)(1=s"q¢""") (ri—sq")(ra—s"q") | o«
i—1 S*7rire 1—s*q2i+1 1—s*q2 5
« 1/2 i . i i i
o | (22 (aza=Pa-stat 1) (] L (=ngt)a-rgt
7 172 1—s* q27.+1 qD 1_s*q2i+2

. 1/2 . y . »
or |- q° / (1-4¢* D)(lfs ) + 1 (r1—s qH'l)(Tz*S )
7 8*7,1,,‘2 1_S*q21+1 qD 1_S*q21+2

where C~, = 0 and CF, = 0.
b) For 0 < i < D — 1, the action Y-L.0t is given as a linear combination with the
7 g
following terms and coefficients:

term ‘ coefficient
1/2 - ; ‘
O~ a” (¢ —1)(A—s"gPT"*?) +1 (1=r1g"tH)(A—req"™h)
@ * 1—s*g2i+3 1_s*qZite

S§Trira
o V2@ onast P Y (st st
7 s*riraql rlrgq 1—s*q2it3 1—s*qg2it2 s

~ 1/2 (1_qi+1)(1_s*qD+i+2) (1_7_1qi+2)(1_r2qi+2) 1
i+l 7”1T2q 1—s*q2i+3 1—s*q2ita

1/2 (1—g" ) (1—s*qPF2) (ry —s* ¢ F2) (ra—s™ ¢'2)
(=591 =g

)

Cz—i—l

s*riraql
where C~; =0 and CT, = 0.
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