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1. Introduction

A set of vertices S resolves a graph if every vertex is uniquely determined by its
vector of distances to the vertices in S. The metric dimension of a graph is the minimum
cardinality of a resolving set of the graph. The Cartesian product of graphs G1,...,G,
is the graph with vertex set V(G1) x --- x V(G,,) such that (uy,...,u,) and (vy,...,v,)
are adjacent whenever there exists j € [n] such that u; = v; for all i # j and u; is
adjacent to v; in Gj.

For a graph G and n € N, denote by GP" the Cartesian product of n copies of G,
and by m(G,n) the metric dimension of G, This paper undertakes the study of the
asymptotic behavior of m(G,n) when the connected graph G is fixed and n tends to
infinity, especially when G is a complete graph on g vertices, which we denote by K.
In this context, the definition of a resolving set can be rephrased in the following way.
Denote the distance between vertices u, v in G by d(u,v). Given a subset S of V™, define
ds: V" — N% by (ds(v))s = d(vi,s1) + -+ + d(vn, 8,) for every v = (vy,...,v,) € V"
and 5 = (s1,...,5,) € S. The set of vertices S is a resolving set of GP" if and only if
dg is an injection.

The concept of resolving set and that of metric dimension date back to the 1950s —
they were defined by Bluementhal [2] in the context of metric space. These notions were
introduced to graph theory by Harary and Melter [8] and Slater [21] in the 1970s.

Under the guise of a coin weighing problem, the metric dimension of a hypercube was
first studied by Erdés and Rényi. The coin weighing problem, posed by Séderberg and
Shapiro [22], assumes n coins of weight a or b, where a and b are known, and an accurate
scale. Séderberg and Shapiro asked the question of how many weighings are needed to
determine which of n coins are of weight a and which of weight b if the numbers of each
are not known. The variant of the problem, where the family of weighings has to be
given in advance, is connected to the metric dimension of the hypercube KQD". It was
observed that the minimum number of weighings differs from m(K2,n) by at most 1
(see [20, Section 1]). A lower bound on the number of weighings by Erdés and Rényi [7]
and an upper bound by Lindstrom [12] and independently by Cantor and Mills [5] imply
that m(Ks2,n) = (24 o(1))n/ log, n.

The metric dimension of the Hamming graph K an is also connected to the Mastermind
game. Mastermind is a deductive game for two players, the codemaker and the code-
breaker.” In this game, the codemaker conceals a vector x = (x1,...,x,) € [q]", and the
codebreaker, who knows both ¢ and n, tries to identify = by asking a number of questions,
which are answered by the codemaker. Each question is a vector y = (y1,...,yn) € [q]™;
each answer consists of a pair of numbers a(x,y), the number of subscripts ¢ such that
x; = yi, and b(z,y), the maximum number of a(z,§) with § running through all the
permutations of y. Knuth [11] has shown that four questions suffice to determine z in

3 In honor of Erdés, Chvatal [6] referred to the codemaker and the codebreaker as SF and PGOM. See
[19, p. 41 and p. 70] for what SF and PGOM stand for.
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the commercial version of the game where n = 4 and ¢ = 6. Suppose for the time being
that we remove the second number b(z,y) from the answers given by the codemaker and
we require that the questions from the codebreaker are sent all at once. In this version
of Mastermind, the minimum number of questions required to determine x is exactly
m(K,,n) (see [4, Section 6]).

Kabatianski, Lebedev and Thorpe [9] stated that a straightforward generalization of
the lower bound on m (K3, n) by Erdés and Rényi [7] gives m(Ky,n) > (2+0(1))n/log, n.
Kabatianski et al. also asserted that more precise calculations, based on the probabilistic
method of Chvatal [6, Theorem 1], would show that m(/Ky,n) < (2 + o(1))log, (1 +
(g —1)q) - n/log,n. Very recently, these calculations were carried out by Kabatianski
and Lebedev [10]. Moreover, they proved that m(Ky,n) = (2+0(1))n/log, n for ¢ = 3,4,
which was previously announced in [9, Theorem 1}, and they conjectured that m(Kgy,n) =
(2+o0(1))n/log, n for all ¢ > 2. We emphasize that the asymptotic behavior is different
when ¢ varies and n is fixed. For example, Céceres et al. [4, Theorem 6.1] showed that
m(K,.2) = [2(2q - 1)/3].

Motivated by the above applications, we establish an upper bound and a lower bound
on m(G,n) for every connected graph G in Section 2 and Section 3 respectively. For
certain families of graphs, the lower bound and the upper bound are asymptotically
equivalent. In particular, we show that m(K,,n) = (2 + o(1))n/log,n for all ¢ > 2 in
Section 4. We conclude with a generalization to integer matrices and some open problems
in Section 5.

2. An upper bound on m(G,n)

We establish the following upper bound on m(G, n).

Theorem 1. Given a connected graph G on q > 2 vertices, let M be the distance matriz
of G. For every n € N, the metric dimension m(G,n) of G is at most

910 loglogn n ,
logn log, n

where r = r(QG) is defined by

max Mw — min Mw
r(G) —min{ Tw e Z9, w; =0,
ged; o (Mw); — (Mw);) ; '

(Mw); # (Mw); for alli#j} +1. (1)

Remark 1. Alternatively, 7(G) is the shortest length of an arithmetic progression with
nonzero common difference that contains Mw, after sorting its coordinates, as a sub-
sequence for some w € Z9 such that ) . w; = 0. Clearly, 7(G) > ¢. It is less clear
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that r(G) < oo. We claim that there exists w € Q7 such that ), w; = 0 and
(Mw); # (Mw); for all ¢ # j. Denote the ith row of M by M;. For i # j, be-
cause (M; — M;); + (M; — M;); = 0, the equation (M; — M;)w = 0, or (Mw); =
(Mw);, defines a subspace of Q" different from {w € Q™ : Y, w; = 0}. In other words,
(Mw); = (Mw); defines a 1-codimensional subspace of {w € Q" : % w; =0}, and
so fweQm: >, w; =0} \ Uiz {w e Q": (Mw); = (Mw);} is nonempty. Finally, we
scale w properly so that it becomes a vector in Z9.

Our construction of a resolving set of GP" is inspired by the upper bound for the coin
weighing problem by Lindstréom [13]. Among various constructions such as the recursive
construction by Cantor and Mills [5] and the construction by Bshouty [3] based on Fourier
transform, we find the one using the theory of Mébius functions by Lindstrom [15] best
suits our needs.

We recall the basics of Mobius functions. Let (P, <) be a locally finite partially ordered
set. The Mobius function p: P x P — Z can be defined inductively by the following
relation:

1 if x =y,
wx,y) =4 =35, o,z 2) forz <y,
0 otherwise.

The classical Mobius function in number theory is essentially the Mébius function of the
set of positive integers partially ordered by divisibility. For our purpose, we first consider
binary representation of natural numbers, and we instead partially order N ={0,1,...}
in the following way: x < y if and only if x = x A y, where A is the bitwise AND
operation.* The Mobius function is thus

pla,y) = (1) e <y,

where n(z) is the number of ones in the binary representation of x. With the binary
operator A, the partially ordered set (N, <) is indeed a meet-semilattice — a partially
ordered set in which any pair of elements has the greatest lower bound. We need the
following identity for our meet-semilattice.

Lemma 2 (Lemma of Lindstrom [1}]). Let (P,<,A) be a locally finite meet-semilattice
with Mébius function p(x,y). Let a,b € P and b £ a. Let f(x) be defined for all x < aNb
with values in a commutative ring with unity. Then we have

Z flx A a)u(z,b) =0.

z=b

4 A bitwise AND takes two binary representations and perform the logical AND operation on each pair
of the corresponding bits. For example, 6 A 11 = 01102 A 10115 = 00102 = 2.
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The last ingredient is the following estimation on the partial sum of n(-).

Theorem 3 (Theorem 1 of Bellman and Shapiro [1]).

T

Zn(z) = 1xlogy z + O(zloglog x) as x — oc.

=0

We now construct a resolving set for Theorem 1 using the Mébius function of (N, <, A).

Proof of Theorem 1. Let w € Z9 be such that ), w; = 0 and the coordinates of Mw
are distinct integers such that

max Mw — min Mw

r=10) > e (3w, — (Mw)y)

(2)
Set |w|, := ), |w;|. For each j € N, let b(j) be the largest integer such that
r00) . lw|, < 2n(), (3)

that is, b(j) := [n(j) log, 2 — log,. |w|, |.

Let J be the set of the first n elements of {(j,k):j € N,0 <k <b(j)} under the
lexicographical order. We label the n copies of G in GP" by J, namely each vertex of
G is an element of V7, where V = {vy,...,v,} is the vertex set of G. Set m :=
max{j: (j, k) € J}.

Our resolving set will be described by a matrix S whose rows and columns are indexed
by {0,1,...,m} and J respectively with entries from V. Note that each row of S is an
element of V7, thus can be seen as a vertex of GP™. For i € {0,1,...,m} and (j,k) € J,
we denote the entry of S on row ¢ and column (4, k) by S(i,j,k) € V.

We claim that a matrix S can be chosen to satisfy the following properties.

Z S(i, g, k)pu(iy §) = r¥(wivy + - +wgv,), for all (4, k) € J; (4a)
(n¥)
> S8(, 4 k)u(i, ) =0, forall (/,k) € J and j' < j < m. (4b)
1=

We remark that (4a) and (4b) happen in the commutative ring Z[v1, ..., v,] with unity.

For example, when G = K3, ¢ = 3, we take w = (=1 0 l)T and r = 3. In Table 1,
we supply the values of S(i,7,k) for (j,k) = (7,0),(7,1). The reader can verify (4a) in
this case.

In general, pick arbitrary (j,k) € J. On the left hand side of (4a), the summation
consists of 2"() terms, moreover 2"U)~1 of them have u(i,j) = +1 (respectively —1).
Since 7% (w4 - - +wy) = 0 and ¥ (Jwy |+ -+ |w,]) = 7F Jw]; < rPW) [w], < 2n0) by (3),
it is easy to assign one of {v1,...,v4} to S(i,7, k) for all ¢ < j, possibly in many ways,
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Table 1

Values of S(3, j, k) for (j,k) = (7,0),(7,1) for G = K3.
i 0 1 2 3 4 5 6 7 8 9
(7,0) V3 v3 v3 Vo Vo vy V1 vy v3 v3
(7,1) v1 v3 v3 Vg Vg vy vy v3 vy v3
p(i, 5) - + + — + - - + 0 0

to satisfy (4a). For i £ j, we take S(i,7,k) = S(i A j,j, k). For every (j',k) € J and
J < j<m,asj£j, the left hand side of (4b) equals D= SENG 5 k)i, j) = 0 by
applying Lemma 2 to the function fj (i) = S(¢, 7, k).

To show that S resolves GU", it suffices to demonstrate that every X: J — V is
uniquely determined by the vector

m

D= | Y d(X(jk),S(,;jk)

Gkyer o

Suppose this vector D = (Dog,...,Dy) is provided. We shall gradually uncover
{X(J,k):0<k<b(j)} for j = m,m —1,...,0. Assume that {X(j,%k): 0 <k <b(j)}
is known for every j > jo. We extend the distance function d: V x V. — N of G to the

bilinear form

q q q q
d (Z aivi;ZBivi> = Zzazﬂj qu]
i=1

i=1 j=1

where aq,...,aq4 and §1,..., 54 are in Q. Observe that

Z Diu(iij) Z Z d ’L .77k>) M(imjo)

i=jo iXjo \(4,k)€J

o d| X3, k), Y S k)i, jo)

(J:,k)eJ 1=Jjo

4h m 59)
Z Zd ,k),ZS(Z,],k),U,(Z,]())
Jj=Jjo k=0 1=Jjo

Since both (Do, ..., Dy,) and {X (4,k) : jo < j < m,0 < k < b(j)} are known, we are able

to determine
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b(jo) (40) b(jo)
Z d X(jOa k)? Z S(iijv k')/,t(l,_]o) = Z d < .]07 7 szvz>
k=0

1=Jjo k=0

o

(Jo) b(j0)

J q
r¥ Zwid( (jo, k Z Z Mx (o k)0, Wi = Z e (Mw)x(jo,iy- (5)
k=0 =1 k=0

k=0 i=1

Let g = ged;;((Mw); — (Mw);). We can thus deduce from (5) the value of

b(jo)

St

k=0

((Mw) x (jy 5y — min Mw) . (6)

QIH

q
Notice that, according to our choice of w and (2), (% ((Mw); — min Mw)) _ are distinct

integers in [0, 7). The value of (6) uniquely decides {X (jo, k) : 0 < k < b(jo)}-

Finally, we estimate m+-1, the cardinality of the resolving set. Our choice of m implies
that m is the smallest integer such that E;n:o max {b(j) + 1,0} > n. For every z € N,
by Theorem 3,

Zmax {b(4) + 1,0} > Z j)log, 2 —log, |w|,) = 3xlog, x — O(zloglogz). (7)

One can check that = = 2n/log, n + O(nloglogn/log® n) ensures the right hand side
of (7)is>n. O

3. A lower bound on m(G,n)

A straightforward generalization of the lower bound on the coin weighing problem by
Erd6s and Rényi gives a lower bound on the metric dimension of GP™ (see Moser [17] and
Pippenger [18] for different proofs using the second moment method and the information-
theoretic method).

Theorem 4. Given a connected graph G on q > 2 vertices, for every n € N, the metric
dimension m(G,n) of GZ" is at least

9_0 loglogn n
logn log, n
Proof. Let S C V" be a resolving set of GP" of size m = m(G,n), where V is the vertex
set of G. We may assume without loss that m = O(n). For every s = (s1,...,5,) € S,
let Xi,...,X, be independent random variables defined by X; = d(Y;,s;), where the

independent random variables Y7, ...,Y,, are chosen uniformly at random from V', and
define
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n

E UZJ SZ

i=1

A = {(vl,...,vn) eVv":

5[y

where D is the diameter of the graph. Since each X; is bounded by [0, D], Hoeffding’s
inequality provides an upper bound on the cardinality of the complement of A,:

< annn~D},

> d(Yi,si) —

=Pr <
i=1

VoAl (
Vo]

5|3,
2(@0)2 N

S2ep| Sy | T

zm~p>

ZXFE

z\/m.D>

From the equivalent definition of a resolving set mentioned in Section 1, the function
ds: V" — N, defined by (ds(vi,...,vn))s = d(vi,s1) + -+ + d(vn,s,) for every
(v1,...,v,) € V" and s = (s1,...,5,) € 9, is injective. Since the image of NsesAs
under dg is contained in a cube of side length < 2v/nlnn - D in N¥, we obtain

(NW-D)mz

(A = V=D [V Ay

seS ses
2 (1-5) = (o0 (l))
n n
Taking logarithm gives
nlnq—O(%) 2n 1—0(#)

> %lnn+0(1oglogn) log, n 1+O(10glogn)

logn
_(2-0 loglogn n
logn log,n

4. Asymptotically tight cases

The bounds in Theorem 1 and Theorem 4 are asymptotically equivalent if and only
if #(G) defined by (1) equals q. We characterize the equality case.

Lemma 5. Given a connected graph G on q > 2 wvertices, let M be the distance matriz
of G. The following statements are equivalent.

1. The technical parameter r(G) defined by (1) equals q.
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2. There exists w € Z9 such that Y, w; = 0 and the vector Mw, after sorting its
coordinates, is an arithmetic progression with nonzero common difference.
3. There exists a permutation m on [q] such that

(1)
: M 1
1s in the column space of ( ) ,
m(q) 170
0

where the column space is understood as a subspace of QIT', and 1 ds the
q-dimensional all-ones column vector.

Proof. Let w € Z? be a vector such that > ¢, w; = 0 and the coordinates of Mw are
distinct integers, and let g := ged, ;(Mw); — (Mw);). Clearly, max Mw — min Mw >
(¢ — 1)g, and equality holds if and only if the vector Mw, after sorting its coordinates,
is an arithmetic progression with common difference g > 0. This shows the implication
from Statement 1 to Statement 2. The converse is evident.

Lastly, we demonstrate the equivalence between Statement 2 and Statement 3. Sup-
pose that there exists w € Z™ such that 17w; = 0 and the vector Mw, after sorting its
coordinates, is an arithmetic progression with nonzero common difference. Thus there
exists a,b € Z with b # 0 and a permutation 7 such that

a+br(1) (1)
Mw = ; =al+b :
a+br(q) 7(q)
We obtain that
7r('1)
(15 0) (%)= (") =0 o |
0

which implies Statement 3. Reversing the argument, one can show that Statement 3
indicates the existence of w € Q4 satisfying the conditions in Statement 2. However, one
can always scale w properly so that it becomes a vector in Z9. O

Corollary 6. Given a connected graph G on q > 2 vertices, let M be the distance matriz
of G. If G is a complete graph, a path, a cycle or a complete bipartite graph, or the

, (M 1
e ()

matrizc



10 Z. Jiang, N. Polyanskii / Journal of Combinatorial Theory, Series A 165 (2019) 1-14

Table 2
Construction of w € Z? for complete graphs, paths and cycles.
Complete graph Path Even cycle Odd cycle
. +1 ifi=1 3 . g1
-1 ifi=1 a2 i qu if 4 = 43~
w; =2i— (g +1) w; =41 ifi=gq wi =1, 2 ifi:‘zl—z w; =945+ ifi=gq
0 otherwise 2 2 —1 otherwise
0 otherwise

is invertible, then the metric dimension m(G,n) of GZ" is

910 loglogn n .
logn log,n

Proof. When M’ is invertible, Statement 3 in Lemma 5 applies here. When G is a

complete graph, a path or a cycle, by Statement 2 in Lemma 5, it suffices to construct
a vector w € Z7 such that ), w; = 0 and the vector Mw, after sorting its coordinates,
is an arithmetic progression with nonzero common difference. We list the construction
of w in Table 2 and leave the verification to the readers.

Lastly, because K> o is a cycle of length 4, for a complete bipartite graph G = K, 4,,
it suffices to check that M’ is invertible for ¢; # 2. Denote by J, the g-dimensional
all-ones matrix, and by I, the g-dimensional identity matrix. Recall that .J,, has eigen-
values 0 and ¢1. As q1 # 2, Jg, — 214, is invertible and (Jy, — 214,)1 = (1 — 2)1, hence
17(J,, —21,)7 1 = qlq—iQ. Using row operations and Schur complements,” we have the
following matrix equivalence:

Vo1 2J,, —2I,, J 1 Joy — 21, O 1
( L 0) J 2y, —2I, 1]~ 0 Jo — 205, 1
1

17 17 0 T 17 0
Jg — 214 (0] 0
N 0 Jp =20, 1
OT 1T _ ‘Z%
q1—2
Jgn — 21, 0] 0
~ 0 (1+252)Jp, 20, O
oT oT 4
q1—2

Notice that (1 + qlﬁq_—Q) Jgs — 21, has eigenvalues (1 + qlﬁq_—Q) g2 — 2 and —2, which are
1 1
nonzero. Therefore M’ is invertible for a complete bipartite graph. O
5 (A B\y. ) . ) .
Suppose M = (C D) is a block matrix and A is invertible. The Schur complement of the block A is

M/A := D — CA™' B, which gives rise to the matrix equivalence M ~ (S MO/A)
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1 BB 10 B

Fig. 1. All the connected graphs on 2 < g < 9 vertices with r(G) > q.

Remark 2. Seb6 and Tannier [20, Section 1] claimed that m (P, n) < (2+0(1))n/log,n,
where P, is the path on ¢ vertices, and they thought “this upper bound is probably the
asymptotically correct value”. Our result confirms their conjecture.

5. Open problems

Statement 3 in Lemma 5 allows us to search for connected graphs G on ¢ vertices with
r(G) > q. For each connected graph G on ¢ vertices, we check if the system of equations

X (1)
cenl ol
170/ | =, m(q)
Lg+1 0

has a solution for some permutation 7 on [¢]. Using McKay’s dataset [16] of connected
graphs on up to 10 vertices, we find 1 graph on 6 vertices, 4 graphs on 9 vertices and
1709 graphs on 10 vertices for which r(G) > ¢ (see Fig. 1).

The graph on 6 vertices is K¢ \ K3. We give a simple argument for r(Kg \ K3) =7
in Appendix A. We believe that our construction of a resolving set can be significantly
improved for such graphs.

Conjecture A. Given a connected graph G on q > 2 wvertices, the metric dimension
m(G,n) of GP™ is (2+0(1))n/ log, n. In particular, m(Ke\ K3,n) = (2+0(1))n/ logg n.

In the proofs of Theorem 1 and Theorem 4, we have made use of one property of
graph distance, that is, it is integer valued. In addition, we used some other properties
of graph distance in Remark 1 just to show that Theorem 1 is not vacuously true for
any connected graph. In this sense, our results are more related to integer matrices than
graphs.

Definition 1. Given a p X ¢ integer matrix M and n € N, m(M,n) is the minimum
cardinality of a subset S of [¢]" such that Mg: [p]® — N9, defined by (Mg (i1,...,in))s =
M o+ -+ M, for every (iy,...1in) € [p]™ and s = (s1,...,$,) € S, is an injection.

nsSn
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If the difference between two rows of M, say the first two, is parallel to 17, then for
every n > 2 and S C [¢]", Ms(1,2,1,1,...) = Mg(2,1,1,1,...), and so m(M,n) = occ.
Otherwise, Theorem 1 and Theorem 4 generalize to integer matrices naturally.

Theorem 7. Given a p X q integer matrix M with p > 2, if none of the differences between
two rows of M is parallel to 17, then for every n € N,

5_0 loglogn n <m(M,n) < (240 loglogn n ’
logn log, n logn log,. n

where r = r(M) is defined by

max Mw — min Mw
T(M)—min{ rw e Z9, w; =0,
ged; o (Mw); — (Mw);) Xl: '

(Mw); # (Mw); for all ¢ 7&]} + 1L
Remark 3. The same argument in Remark 1 shows that p < r(M) < co in Theorem 7.
It is conceivable that the generalization of Conjecture A to integer matrices holds.

Conjecture B. Given a p X q integer matriz M with p > 2, if none of the differences
between two rows of M is parallel to 17, then m(M,n) = (2 + o(1))n/log, n.
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Appendix A. Proof of r(K¢ \ K3) =7

Proposition 8. Let M be the distance matriz of Kg \ K3. For every w € Z° such that
> w; =0, the vector Mw, after sorting its coordinates, is never an arithmetic progres-
sion with nonzero common difference. Moreover, there exists w € Z° such that Yo, wi=0
and the coordinates of Mw consist of 0,2,3,4,5,6.

Proof. Label the vertices of K4\ K3 of degree 3 by 1,2, 3 and those of degree 5 by 4, 5, 6,
and let M be the distance matrix of K¢\ Ks:

= =N DN O
H R R NDON
=== 0NN
H RO R~
—OFRRFRF R
O ===
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Assume for the sake of contradiction that there exists w € Z°® and a permutation m
on {1,2,3,4,5,6} such that

(Mw); = c+m(i)d for all ¢ € {1,2,3,4,5,6}, (8)
where ¢ € Z and d € Z \ {0}. Observe that

3¢+ (m(1) +m(2) +7(3))d = (Mw)y + (Mw)z + (Mw)s

= 4(wy + w2 + w3) + 3(wy + ws + we),
3¢+ (m(4) +m(5) + m(6))d = (Mw)s + (Mw)s + (Mw)s

= 3(wy + wa + w3) + 2(wy + w5 + we).

Since Y, w; = 0, we get that 7(1) + m(2) + 7(3) = 7(4) + 7(5) + 7 (6), contradicting to
S, w(i) = 15. Finally, w = (5 3 2 -2 -3 —5)" satisfies 3, w; = 0 and Mw =
0 46 2 3 5" 0O

References

[1] Richard Bellman, Harold N. Shapiro, On a problem in additive number theory, Ann. of Math. (2)
49 (1948) 333-340.

[2] Leonard M. Blumenthal, Theory and Applications of Distance Geometry, Clarendon Press, Oxford,
1953.

[3] Nader H. Bshouty, Optimal algorithms for the coin weighing problem with a spring scale, in: Pro-
ceedings of the 22nd Annual Conference on Learning Theory, Montreal, Quebec, Canada, June 2009,
Association for Computational Learning.

[4] José Céaceres, Carmen Hernando, Mercé Mora, Ignacio M. Pelayo, Maria L. Puertas, Carlos Seara,
David R. Wood, On the metric dimension of Cartesian products of graphs, SIAM J. Discrete Math.
21 (2) (2007) 423-441, arXivimath/0507527 [math.CO].

[5] David G. Cantor, W.H. Mills, Determination of a subset from certain combinatorial properties,
Canad. J. Math. 18 (1966) 42-48.

[6] V. Chvétal, Mastermind, Combinatorica 3 (3—4) (1983) 325-329.

[7] Paul Erdé8s, Alfréd Rényi, On two problems of information theory, Magy. Tud. Akad. Mat. Kut.
Intéz. Kozl. 8 (1963) 229-243.

[8] Frank Harary, Robert A. Melter, On the metric dimension of a graph, Ars Combin. 2 (1976) 191-195.

[9] G. Kabatianski, V. Lebedev, J. Thorpe, The Mastermind game and the rigidity of the Hamming
space, in: 2000 IEEE International Symposium on Information Theory, IEEE, Italy, June 2000,
p. 375.

[10] G.A. Kabatiansky, V.S. Lebedev, On metric dimension of nonbinary Hamming spaces, Probl. Inf.
Transm. 54 (1) (January 2018) 48-55.

[11] Donald E. Knuth, The computer as master mind, J. Recreat. Math. 9 (1) (1976/1977) 1-6.

[12] Bernt Lindstrém, On a combinatory detection problem. I, Magy. Tud. Akad. Mat. Kut. Intéz. Kozl.
9 (1964) 195-207.

[13] Bernt Lindstrém, On a combinatorial problem in number theory, Canad. Math. Bull. 8 (1965)
477-490.

[14] Bernt Lindstrém, Determinants on semilattices, Proc. Amer. Math. Soc. 20 (1969) 207-208.

[15] Bernt Lindstrém, On Mobius functions and a problem in combinatorial number theory, Canad.
Math. Bull. 14 (1971) 513-516.

[16] Brendan McKay, Combinatorial data: graphs, 2018, http://users.cecs.anu.edu.au/~bdm/data/
graphs.html, archived at https://web.archive.org/web/20180410163655/http://users.cecs.anu.edu.
au/~bdm/data/graphs.html.


http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230303233383634s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230303233383634s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230303534393831s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230303534393831s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6273686F757479323030396F7074696D616Cs1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6273686F757479323030396F7074696D616Cs1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6273686F757479323030396F7074696D616Cs1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5232333138363736s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5232333138363736s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5232333138363736s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323233323438s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323233323438s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D52373239373835s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313635393838s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313635393838s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343537323839s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6B6162617469616E736B69323030306D61737465726D696E64s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6B6162617469616E736B69323030306D61737465726D696E64s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6B6162617469616E736B69323030306D61737465726D696E64s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6B6162617469616E736B79323031386D6574726963s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib6B6162617469616E736B79323031386D6574726963s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343334363830s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313638343838s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313638343838s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313831363034s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230313831363034s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323338373338s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230333136333639s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230333136333639s1
http://users.cecs.anu.edu.au/~bdm/data/graphs.html
https://web.archive.org/web/20180410163655/http://users.cecs.anu.edu.au/~bdm/data/graphs.html
http://users.cecs.anu.edu.au/~bdm/data/graphs.html
https://web.archive.org/web/20180410163655/http://users.cecs.anu.edu.au/~bdm/data/graphs.html

14 Z. Jiang, N. Polyanskii / Journal of Combinatorial Theory, Series A 165 (2019) 1-14

[17] L. Moser, The second moment method in combinatorial analysis, in: Combinatorial Structures and
Their Applications, Proc. Calgary Internat. Conf., Calgary, Alta., 1969, Gordon and Breach, New
York, 1970, pp. 283-284.

[18] Nicholas Pippenger, An information-theoretic method in combinatorial theory, J. Combin. Theory
Ser. A 23 (1) (1977) 99-104.

[19] Bruce Schechter, My Brain is Open: the Mathematical Journeys of Paul Erdds, Simon & Schuster,
New York, 1998.

[20] Andrés Sebd, Eric Tannier, On metric generators of graphs, Math. Oper. Res. 29 (2) (2004) 383-393.

[21] Peter J. Slater, Leaves of trees, in: Proceedings of the Sixth Southeastern Conference on Com-
binatorics, Graph Theory, and Computing, Boca Raton, Florida, February 1975, in: Congressus
Numerantium, vol. 14, 1975, pp. 549-559.

[22] Staffan Séderberg, H.S. Shapiro, A combinatory detection problem, Amer. Math. Monthly 70 (10)
(1963) 1066-1070.


http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323633363433s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323633363433s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230323633363433s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343337333437s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343337333437s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5231363338393231s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5231363338393231s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5232303635393835s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343232303632s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343232303632s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5230343232303632s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5231353332343237s1
http://refhub.elsevier.com/S0097-3165(19)30003-2/bib4D5231353332343237s1

	On the metric dimension of Cartesian powers of a graph
	1 Introduction
	2 An upper bound on m(G, n)
	3 A lower bound on m(G, n)
	4 Asymptotically tight cases
	5 Open problems
	Acknowledgments
	Appendix A Proof of r(K6\K3) = 7
	References


