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1. Introduction

The theory of Macdonald symmetric polynomials [4] is a very active and deep area of mathemat-
ics. At the heart of this theory lies the study of (q,t)-Catalan numbers and the space of diagonal
harmonics introduced by Garsia, Haiman and collaborators (see [3] and references therein). The space
over Q of diagonal harmonics in 2n variables is given by

n
Hy = {P € QIXn, Ynl: Y _ 0%y P =0, h+k>0},
i=1

where X, = {X1,X2,...,%,} and Y, = {y1, ¥2,..., ¥n}. One of the many fascinating properties of this
space is that its dimension [2] is (n 4+ 1)"~1.

The symmetric group S, acts diagonally on Q[Xp, Yy]. That is, for P € Q[ Xy, Yy], the action o € S,
is defined by 0P = P(Xs(1), ..., Xom)> Yo(1)> ---» Yom)). Since the defining equations of H, are all
symmetric, it is clear that Hy is an Sp-module. We can then consider the subspace of H, consisting
of alternating polynomials. That is

An={P eHy: 0P =(-1)"DP, Vo €S},

where ¢(0) denotes the length of o. The space of polynomials Q[X;, Y] is bigraded in Zéo using
the total degree in the variables X, and the total degree in the variables Y,. Since the diagonal action
of S, on Q[X,, Y,] preserves both degrees in X, and Y,, we have that H, is a bigraded S;-module
and A, = EBk’,Aﬁ" is an S,-submodule of H,. Here A’,;" consists of the bihomogeneous polynomials
in A, of total degree @ — k in the variables X, and total degree I in the variables Y,. We have
shifted the degree in X, to simplify the formulation of our theorems. The polynomial

Ca(q. ) =q" 7" 3 dim(Ak)g ¥,
k.l

is known as the (g, t)-Catalan polynomial [2,3]. In particular, the dimension of A, is the Catalan
number C, = #(zn")
Given a list of n cells, L =[(p1,q1), ..., (Pn,qn)] where p;, q; € Z>g, we let
pj. dj
Pj!q]'!xi Yi

AL =det

The space of all diagonally alternating polynomials in Q[Xp, Y;] has a basis given by {A;}, where
L = L(D) varies among all sets D C ZZ>0 of cardinality n and L(D) is the elements of D given in
a sorted list. For a > 0, the operators

n
Eq= Zy"agi
i=1

act on diagonally alternating polynomials. Haiman [2] has shown that the space A, is spanned by
{ExAn}, where A = (A1,...,Ay) varies among all partitions, E, = Ej, ---E;, and A, =
A[(O,O),(],0),4..,(n71,0)]‘ We have that

1

Akt =Span{E; An: €(0) =1, |A| =k},

where £()) =1 denotes the number of parts of A and [A|=A1 + -+ A

For t = (tm, ..., t1) € ZZ, with ty > --- > t1 > 0, we consider the operator F; = det Et,_j1+G—ill-
Our first result (Theorem 4.6) is to show that F;A; is a linear combination of A;,, where L’ is ob-
tained by moving £(t) = m distinct cells of L in some determined fashion. Given a column-strict Young
tableau T we can associate to each column of T an F-operator as above and define Fr to be the op-
erator obtained as the product of the F-operators corresponding to the columns of T. For k <n, we
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show (Corollary 8.3) that a basis of Aﬁ’l is given by {FrAp}, where T runs over certain column-strict
Young tableaux.

To this end, we introduce a new variation of Schensted insertion on a special class of tableaux
(Section 6 and Section 7). This produces a bijection A <> T(A) between partitions and this new class
of tableaux (Section 8). The combinatorics of the tableaux T()) allow us to know exactly the leading
term of Fr(;)A, whenever n is larger than the weight of T. We believe that the insertion algorithm
presented here may be of interest on its own: Corollary 8.3 is just one application of our construction.
We point out that it is possible to get Corollary 8.3 more directly but this is less revealing for us.

We present two short sections to recall some facts about (g, t)-Catalan numbers (Section 2) and
an ordering of the diagonally alternating polynomials (Section 3).

2. (q,t)-Catalan

In this section we recall some of the basic definitions related to (q, t)-Catalan numbers.
Definition 2.1. A Dyck path of length n is a lattice path from the point (0,0) to the point (n,n)
consisting of n north steps (0, 1) and n east steps (1, 0), that never cross the line y = x. The ith row

of a Dyck path lies between the line y=i—1 and y =i.

We denote by D P, the set of all the Dyck paths of length n. Dyck paths of length n are in bijection

with sequences g = (go, ..., g8n—1) of n nonnegative integers satisfying the two conditions
g =0,
{Oégiﬂégi—i-l, Vi<n-—1. (21

The ith entry gi_; of the sequence g corresponds to the number of complete lattice squares between
the north step of the ith row of the Dyck path and the diagonal y = x. Such sequences are called
Dyck sequences.

Definition 2.2. Given a Dyck path c € DPy, let (go, ..., 81—1) be its corresponding Dyck sequence. The
area and coarea of the Dyck path are given by

n—1 n—1
a(C)=Zgi and ca(c)=Zi_gi= @ —a(c)
i=0 i=0

respectively. The bounce statistic of the Dyck path is defined recursively as follows:

b(c)=b(go,....gn-1)=n—1—gn_1+b(go...., &n—2-g,_1)>

where for the empty sequence € = (), we let b(e) =0.

Example 2.3. The Dyck sequence g = (0,0,1,2,0,1,1,2,3,0) corresponds to the following Dyck
path ¢

The area and coarea of this Dyck path are a(c)=1+2+1+1+2+3 =10 and ca(c) =45 —10=35.
The bounce statistic of ¢ is given by
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b(c)=9+b(0,0,1,2,0,1,1,2,3) =9+5+b(0,0,1,2,0) =9+5+4+b(0,0,1,2)
=94+5+4+1+b0)=9+5+4+1+0=19.

Remark 2.4. A partition w of m € Z.o, denoted by p +m, is a sequence u = (@1, 2, ..., ;) of
positive integers in non-increasing order: wq > (2 > --- >y and || := 25-21 i =m. The coarea
of a Dyck path corresponds to the size of the partition A' = yu = (w1, ..., un—1) defined by u; =
n—i— gn_;. Here A' denotes the transpose of the partition A. In the Example 2.3, u = (9, 5,5, 5,4,
4,1,1,1) and A = u' =(9,6,6,6,4,1,1,1,1) are partitions of size 35. The transpose here is the
reflection of w across the anti-diagonal.

Let

Cn(@, ) =q

nn-1)

Ca(g™' 1) =) dim(AF')q"t. (2.2)
k,l

A result by Garsia and Haglund [1,3] gives that
Ca(@.)= D q"9"C.

ceDPy
In particular,
Calg. )= g, (2.3)
ceDP,

3. Sorting and ordering of diagonally alternating polynomials

In this section, we give a basis of diagonally alternating polynomials. Using an order on this basis
we define a notion of leading term for any diagonally alternating polynomial.

Given a set of n distinct cells D = {(p1,q1), ..., (Pn, qn)} C Z? we say that the cells are sorted if for
all i < j we have that q; <q;j or (q; =q; and p; < p;). We let L(D) =[(P1,41),--., (Pn,qn)] € (Z3)"
denote the sorted list. On the other hand, if we are given a list of n cells L =[(p1,q1), ..., (Pn,qn)] €
(Z>" and if all p;,q; >0, we let

Dj 4j

Al =det XYy,

pjlq;!

Otherwise we let A; = 0. Notice that if the cells of L are not distinct, then we also get A; = 0. We
call a list of n cells L =[(p1,q1), .., (Pn, qn)] € (Z2)" a lattice diagram.

For a lattice diagram L = [(p1,q1), ..., (Pn,qn)], let L=L{(P1,q1), ..., (Pn,qn)}). That is L is the
list L sorted. In particular we have

Aj ==£A[,
where the sign is determined by the sign of the permutation that reorders L into L. A basis of diago-
nally alternating polynomials in Q[Xjy, Y] is given by the set

{AL(D)i DCZéOand|D|=n}. (3.1)

Two sorted lattice diagrams L(D) = [(p1,q1), .., (Pn,qn)] and L(D") = [(p, q}), ... (Pp.q;)] can
be compared using the following lexicographic order:

(Ps,qs) = (P, qs), i+1<s<n,
(pi» qi) < (P}» q)-
Given a diagonally alternating polynomial f(Xn;Yn) =a1App,) +a2Arp,) + -+ + arArp,) with all

a; # 0, we define the leading diagram of f(Xp;Yn) to be Ar(p,) # 0, where L(Dy) > L(D;) for all i #k
and 1 <i<r.

L(D)<L(D") < Eli{ (3.2)
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4. F-operators

In this section we introduce the operator F for a column and show its basic properties. A compo-
sition a of n, denoted by a =n, is an ordered sequence of positive integers a = (aj, az, ..., ay) such
that |a| :=) ;a; =n. For a l=n we let Eq = Eq, Eq, - -+ Eq,. Let Sy denote the symmetric group on k
elements and let

oSy — Zk,
Wi a(w) = (a1 (w), az(w), ..., ax(w)),
where «;j(w) =i — w(i).
Remark 4.1. For any w € Sy, we have that ZL] ai(w) = 24‘21 (i —w(i)) = 0. This implies that for any
t = (ti, te—t, ..., t1) € Z¥ ) and w € S,

k k
= teip1 =Y _(temis1 +i(w)) = [t + a(w)].
i=1

i=1
If t = (e, te1, - .., t1) € Z¥ ; satisfies t; > t_1 > -+ > t1, then
theiv1 Zte—i +12 -2t +(k—1)
for all 1< i <k. Since oj(w) =i — w(i) >i—k, we have that
th—iv1 taiWw) 2t1+k—i)+i—k>t1 >0

for all 1 <i <k. This shows that t + «(w) is a composition of |t|.
Definition 4.2. Given ¢ = (ty, ty_1, ..., t1) € Z ; with t > 1 > --- > t1 > 0, let

l
F - det(Et"’f“Jr(j*i)) = Z (=D W) Et+a(w)'

I weSk
Here I(w) = Card{(i,j) | i < j, w() > w(j)}. From Remark 4.1 the operator F is well defined

and takes a homogeneous polynomial of bidegree (r,s) to a homogeneous polynomial of bidegree
r—t1—--—tx,s+k.

Lemma 4.3. Given t = (ty, ty_1,...,t1) € Zk>o with ty > ty_q > --- > tq, if for some i we have t; =tj_1 + 1,
then Fr =0.

Proof. If t; =t;j_1 + 1 for some 1 <i <k, then the (k —i+ 1)th and (k — i 4+ 2)th columns in the
determinant of F are the same. O

Therefore, we shall assume that t; > t;_1 4+ 2 in the definition of F-operators. The following lemma
is useful for our purpose.

Lemma4.4. Let L =[(p1,41), (P2,92), ---, (Pn, qn)] be a lattice diagram. We have
n
EjAL=2 g
i=1

where

E{(L) =[(p1,91) -, (i = j, Gi + 1. -, (D, G ]- (41)
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Proof. Recall that the determinant A} = c~Alt(xf ! y%“ -..xP"yiny \where ¢ is a constant and Alt denotes
the alternating sum over the symmetric group. For any symmetric operator ¥, we have that Alto¥ =
¥ o Alt. The lemma follows using ¥ =E;. O

We can also generalize this result to the case where there are several E;'s acting consecutively
on Ap.

Lemma 4.5. Let L =[(p1,41), (P2,92), ..., (Pn,qn)] and a = (ay, ax_1, - . ., A1) a composition. We have:

where EJ (1) = EJ P EJ*V .. E] V(L) as in Eq. (4.1).

Combining the definition of the operator F with Lemma 4.5 gives

Fry A= Yoo =)™ay

(>N
Fillo k> (1,.m) traw)

As the following theorem shows, many terms in this sum cancel.

Theorem 4.6. For t = (ty, ty—1, ..., t1) € Z g wheret; >t +2forall2 <i <k and L = [(p1,q1), (P2, q2),
..., (pn,qn)], we have

F A= > (—1)'WA : (4.2)
¢ E @)
Foil, k)= {1,..m) traw)
I injective
weSy
For f injective, we can explicitly describe E{—o—a(w) @) =[P}, 9D (5. 45 -, (P a1
(p/ q/) _ (ps — ti —og—it1(w),gs + 1), ifs= f(),
s (Ps» qs), otherwise.
Proof. The left-hand side of equality (4.2) can be written into sums as follows:
Fg Av= ) D'™ay
tk E (L)
Fi{l, k)= {1,..n) trow)
I weSk
= Y ™ay
(L)
Fil,e k)= {1,..m) rraw)
non-injective
weSk
_1Hlw)
D B s
f:1,...k}—{1,...n}
injective
weSk
By definition, t + a(w) = (ty + 1 — w(1),t,_1 +2 — w(?2),...,t1 + k — w(k)) and thus E[f+a(w)(L) =

k k—1 1 . S A
E{k(-l—)l—w(1)E{k(_1+2)—w(2)"'E{1(+3<7W(k)(l‘)' If f is non-injective, we can always find a pair (i, j) such

that f(i) = f(j) where k >i > j > 1. The operator Etfw(w) (L) related to such an f is

fo f F F(
Eriowa) - Bt gemivy—wik—igny - - Etj+(l<7j+1)fw(l<fj+1) o Efkwaio (D (4.3)
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Let w=w(k —i+1,k— j+ 1), and notice that a(w) = (1 —w(Q),....,k—i+1—-wk—j+1),.

k—j+1—wk—i+1),...,k—w(k)). We then have that E{+a(w)(L) is equal to

gf® £ fG) )

tet1—w(1) Et,-+(k—i+1)—w(k—j+1)"'Etj+(k—j+1)—w(k—i+]) t14+k— w(k)(L) (44)

From Eqgs. (4.3) and (4.4), we can see that the only difference between ELO!(W)(L) and E{W(W)(L) are
the E-operators related to i and j. Since f(i) = f(j), we have
f® f f f
Eti+(k—i+1)—w(k—i+1)Etj+(k—j+1)—w(k—j+1)(L) Et,+(k i+1)—w(k— ]+1)Er1+(k JHD—w(k— z+1)(L)

Indeed, this only changes the cell (pf),qfq)) in L into
(Pra —t,-—tj—(k—i—i-l)—(k—j+1)+W(k—i-‘r-l)-i-w(k—j-‘r-l),qf(i)+2).

Since the E-operators commute, we conclude that EHa(W) (L) = [_HX(W) (L).
For any f non-injective, we pick the lexicographically unique pair (iy, js) such that f(if) = f(jy)
and iy > jg > 1. We have

Z (— 1)1(W) A

F{l, k= {11}
non- ln_]ectlve
weSk

= > (=D!MW(A s
fi1,...k}=1{1,...,.n}

non-injective
weSy; I(w) even

=0.

This implies the theorem. O

I+01(W) @

—Aps
t+a(w)(L) Et+oz(w(k—if+1,k—jf+1))(L)

Remark 4.7. For L = L(D) a sorted lattice diagram, let f°:{1,...,k} — {1,...,n} be defined by
f°(i) =i. We have

— I(w)
Fdi=bypgt 2, DAy
(f w#(f,id)

f injective
weSy

A T + (lower terms).

# 0, then it is the leading diagram of F;A;. To see this, we show the following

In particular, if AEfo o
t

claim. For any (f, w) # (f°, id), we have that

El i @) < EL (L) (4.5)
in the order defined in Eq. (3.2). Also if L1 < Ly, then for any f we have

El (L) < El (L). (4.6)
First consider the case where w #id. Let s be the largest integer such that os(w) # 0. We must have
that os(w) =s — w(s) > 0 since o541 (W) =--- = ap(w) = 0. We have ty_j1 + oj(W) = ty_j4q for all

s+1<i<k, and ty_gsy1 + o5 (W) > ty_sy1. This gives
El' (1) > Ef oy (D).
In the case where w =id, we have a(id) = (0, ..., 0). In particular, for f # f9,

f° f
Etvaom D > B gy (D)
The Eq. (4.5) follows by transitivity. Eq. (4.6) is clear.
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Example 4.8. Let t = (3,1) and L = [(0, 0), (1, 0), (2, 0), (3, 0), (4, 0)]. Applying F; we get

F AL = A0,0),1,0,2,0,(0,1),3, D1 — 3A[(0,0),(1,0,(2,0),(1,1),(2,1)]
= 3A[(0,0),(1,0),(4,0),(0,1),(1,11 + A[(0,0),(2,0),(3,0),(0,1),(1,1)]
+ 2A1(0,0),(1,0),(3,0,(0,1),2, 11

Clearly Af(0,0),(1,0),(2.0),(0.1),3,1] is the leading diagram and it is obtained by E5E}([(0, 0), (1, 0), (2,0),
(3,0), 4,0)D.

5. F-operators on the space of alternating diagonal harmonics

In this section we define the operator Fr associated with a column-strict Young tableau T. We
also construct an explicit basis of Affjl for | < 2. This allows us to better understand for which T the
elements Fr A, are linearly independent.

Given a partition p = (w1, 42, ..., up), let Dy ={(, j) € Zz>0: 1<j< i, V1 <i<lI}. A tableau
T is a function T : D), — Z.o. Here the partition p is called the shape of T. By convention, set
T(i, j) = oo if (i, j) ¢ Dy. The transpose of w is the partition u' where D, is the transpose of D,.
A column-strict tableau is a tableau T such that for all (i, j) € D, we have T(i, j) < T(i + 1, j) and
T@,j) <T@, j+1). We usually let t; j(T) =T(, j) or just t; ; if it is unambiguous. We graphically
put t; j in a box at position (i, j) in D,,. For example,

T= 3

2

— NN
- W un

is column-strict and tp 3 = 3. Given a column-strict tableau T we denote its shape by wu(T) =
(1 (T), p2(T), ..., m(T)) and row sum by s(T) = (s1(T), s2(T), ..., si(T)), where s;(T) =tj1 +---
+ ti ;;- We may simply use u = (u1,..., ) and s = (sq,...,s)) if the tableau is clear. We see that
(s1,52,...,5)) forms a composition of |s| =s1 + s2 + --- + s, which is the sum of all numbers in the
tableau T. Let T; denote the jth column in the tableau T for all 1 < j < 1. We define the F-operator
corresponding to T by:

FT = FTM] FTM1*1 "'FTzFTl- (5])
Since T is column-strict, Fr is well defined. Now we use it to generate sets of polynomials which are
linearly independent.

Theorem 5.1. For 1 <k <n—1,let Ty = { }. The set

By, = {FAn}

is a basis of the space Aﬁ’] and dim A’,ﬁ’l = 1. For all other values of k, dim AﬁJ =0.
Proof. Notice that the leading term of FyAp is A(,0),(1,0),...,(n—1—k,1)] # 0 for 1 <k <n—1.1t is clear
that the set By, = {F Apn} # {0} is linearly independent. Combining Eq. (2.3) and Eq. (2.2), we see

that dim A’,§’1 is given by the number of Dyck paths with bounce equal to 1 and coarea equal to k.
We then claim that dim Aﬁ'l =1 for 1<k <n-—1 and zero otherwise. This is because the only way
to get b(c) =1 is if the Dyck sequence of c is of the form

0,1,2,....,.n—k—1,n—-k—1,....n—3,n-2)

fori<k<n-1. O
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When j >i+ 2, we have F= Eji —Ej_1,i41. For j=1i or i+ 1, we have F: Fsz
L]

EiE;.

Theorem 5.2. For 2 < k < 2n — 2, the set of polynomials {Ft A} where

T ieno,
T = P i<n-—3,
|
i+2<j<n-2,
- 1<i<n—4,

and |s(T)| =k forms a basis ofAﬁ'z. For all other values of k, dim Aﬁ’z =0.

Proof. We first show linear independence. When 2i <n — 1, the leading diagram of E;E;A, is
A[0,0),(1,0).....(n-2,0),(1—1-2i,2)] 7 0.

When 2i + 1 <n—1, the leading diagram of E;E; 1A, is
A[(0.0),(1,0).....(1—2,0). (1—2i—2,2)] 7# 0.

When 2i >n and i <n — 2, the leading diagram of E;E;A, is
A[0,0),(1,0).....(n—3,0),(1—2—i,1),(n—1—i,1)] 7 0

and when 2i >n and i <n — 3, the leading diagram of E;E;+1 A, is
A[0,0),(1,0).....(n—3,0),(1—3—i,1),(i—1—i,1)] # 0.

Now wheni+2<j<n—2and 1<i<n-—4, using Remark 4.7, the leading diagram of F Ap is

A[0,0),(1,0),...,(n—3,0),(1—2—j,1),(n—1—i,1)] # 0.

In each of the above cases, Fr A, has a different leading diagram for different T, which implies that
{Fr Ap} is linearly independent.

The only way to get b(c) =2 in Eq. (2.3) is if the Dyck sequence of c¢ is of the form
(20, &1, ..., 8n—1) Where g,_1 =n—3 and go = 0. As in Remark 2.4 we consider the partition A = u.
The restriction on the Dyck sequence gives us that A has exactly two non-zero parts and the largest
part is less than n — 2. That is A = (j,i), j <n —2 and i + j = k. In particular, the coarea of such
a path has to be 2 <k <2n — 2. The case j=1i or i + 1 corresponds to the tableaux T of shape (2)
and when j > i+ 2 it corresponds to the tableaux T of shape (1, 1). The dimension of Aﬁ’z has exactly
the desired cardinality. For all other values of k, dim A',i’z =0. O

6. Definition and some properties of framed tableaux

In order to generalize the results of the previous section, we need to study a special kind of Young
tableau. In Theorem 5.1 and 5.2, a basis of Afﬁ” for I < 2 is obtained from a set of the form {FrA,}
where T are well chosen. It suggests that for T with small shape, the rows must weakly increase
with small differences and columns should have jump greater than or equal to 2. In the light of this
observation, we introduce a new kind of tableau which allow us to generalize the result for larger I.

Definition 6.1. Given © = (u1, U2, ..., ;) and s =(s1,S2,...,S;), we say that (u, s) satisfies the fram-
ing condition if

1. s; > (2i—1)u; and
2. Siy1 =2 Si+2u; for all 1 <i<Il—1 such that puiy1 = ;.
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Our goal is to build a new kind of tableau T, sy with shape w and row sum s. The following
definition is useful for our algorithms.

Definition 6.2. Given an integer c € Z., there is a unique way to decompose it into m positive
integers ¢; <2 <---<cp suchthat c=cy+---+cpand 0<cj —¢; <1 forall 1<i<j<m We
say that B-comp(c, m) = (c1,¢1,...,Cn) is the balance composition of c.

Given (u, s) satisfying the framing condition in Definition 6.1, we give a procedure that constructs
a unique column-strict tableau of shape @ and row sum s. We call the procedure framing and the
resulting tableau a framed tableau. By convention let p;1 =0.

Fram(u = (11, 2, ..., ), s = (51,52, .-, S1))
(tr1,t1,2, - - -5 tr, ) := B-comp(sy, wp)
For i =1— 1 Downto 1 Do
k:=1; a:=s;; b:=p;
While k > i Do
(Ti, ppyq+15 - - - » Ti, ;) = B-comp(a, b)
ri;<tip1,j—2, Vi1 +1<j
Then t; j:=r;j, Yupq1 +1<]

< MUk
< Mk
Else t; j:=tiy1,j —2, Vg1 +1 <7< py
a:=0a— (i 41+ Hlig)s br=b— (e — i) k:=k—1;
Output T = [t; ;].

We write T = Fram(u, S).

Remark 6.3. The framing procedure is well defined and gives a unique framed tableau Fram(u, s) for
each (u,s) satisfying the framing condition. The top row is clearly unique. Suppose we perform the
procedure properly and uniquely up to row i + 1. For row i, if @; > iy, then the procedure works
well. If w; = ii+1, then the framing condition gives that s; + 2u4; < S;j+1, which guarantees that the
procedure produces a unique tableau.

Proposition 6.4. The framing procedure is an injection from the (w, s) which satisfies the framing condition
for column-strict tableaux. We call framed tableaux the subset of tableaux in the image of Fram.

Example 6.5. For a given s = (22,18,24,14) and n = (8,5,4,2), we construct the corresponding
framed tableau Fram(u, s) with the above procedure:

77
707 505(7]7
7]7] 50577 33 44
707 7 s5]s|7]7 7 33444 7 11 2 2]45]5

We have the following properties for framed tableaux.

Lemma 6.6. A framed tableau T of shape (, is a column-strict Young tableau of shape (. satisfying the following
properties:

1. Any two numbers in the same column differ by at least 2.
2. For any a < b in the same row of T we have b — a < 1, unless there is a number d above a such that
d=a+2.
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To illustrate this, consider the following picture:

Normally, a and b need to satisfy the condition b — a < 1. However if d = a + 2, then there is no
restriction on b — a. To prove Lemma 6.6, we need the following auxiliary result.

Lemma 6.7. Suppose that we have two sequences of integers c; < ¢ < ---<cpanddy <dy < --- <dpgm
satisfyingcj —¢; <1, forall 1 <i< j<nandd; —d; <1, forall 1 <i < j<n-+m.Ifthereis ak such that
ck—dp <1, thencj—d;j <2 forall1<j<n

Proof. For 1< j <k, we have ¢; =c¢ or ¢g—1 and, dj =dj or dy—1. Hence cj—d;j < cx— (de—1) < 2.
For k < j <n, we have cj=c, or ¢, +1 and, dj =dy or dy + 1. Hence ¢; —d; <cxr+1—dpe <2. O

Proof of Lemma 6.6. It is clear that the row [ of T(s ) given by B-comp(s;, u;) = (€11, tr,2, ..., b))
satisfies properties 1 and 2. By induction, suppose that up to row i+ 1, properties 1 and 2 are satisfied.
Moreover, we assume (by induction) that for i +1 <k’ <1, we have

3.tk j, —ti gy <1, forall ppyq +1<j1 < j2 < pe

Recall here that we let ;.1 = 0. For row i, we consider the while loop of the framing procedure.
The properties 1,2 and 3, certainly hold whenever ti;q j >1; j+ 2, for 1 < j < piq1. If at one point,
for i <k <1, there is g1 + 1< jo < pg such that tiyq j, —rij, <1, then by Lemma 6.7 we have
tiy1,j —1ij <2 for all pyqq +1 < j < py. The framing procedure sets all t; j :=tiyq,j — 2, for w1 +
1< j < k. When we compare a:=a — (tj 41+ +tiy) With @' :=a — (rj g 11+ + i )s
we obtain a’ < a. Hence B-comp(a’, b) < B-comp(a, b) component-wise. This implies that the row is
weakly increasing. Properties 1, 2 and 3 also hold in this case. O

Example 6.8. The following are framed tableaux of shape (3,2, 1):

6 6 6 5 5
34 3]3 4] 4 3]s 3]7
122 1014 1]1]2 1112 14]5
9 9 9 9 .
4ls

1/2|6

The following is not a framed tableau: , since the difference between 1 and 6 is greater
than 1, but the number above 1 is 4, which is not exactly 2 more than 1.

From the definition and properties of framed tableaux the following lemmas can be obtained im-
mediately:

Lemma 6.9. Suppose T is a framed tableau. If we add or subtract some constant k from each numberin T and
if all entries remain positive, then we get a framed tableau and we denote this by T £ k.

Lemma 6.10. Suppose T is a framed tableau. If we delete the bottom row in T, then the remaining tableau is
still a framed tableau.

Lemma 6.11. For a framed tableau T, suppose the ith and jth columns (i < j) have the same height. We
list the entries of each column, from bottom to top, as {ai,az, ..., a,} and {bq, b, ..., by} respectively. Then
by —ap <1, forall1 <k<n.



48 N. Bergeron, Z. Chen / Journal of Combinatorial Theory, Series A 118 (2011) 37-57

Proof. Since the ith column and the jth column (i < j) have the same height in the framed tableau T,
by the framing procedure we know that there exists a k such that pg 1 +1<i < j < k. We have
b, —a, < 1 since both entries are parts of a balance composition. By induction, assume bs —as < 1 for
1 <k < s <n. For k, either the entries a, and by are parts of a balance composition, or they satisfy
ay = ag+1 — 2 and by = byyq — 2. By the induction hypothesis we have in the latter case by — ay =
byr1 —akp1 <1, O

Remark 6.12. The contrapositive of this lemma gives the following: suppose columns i and j are
ai,...,a, and by, ..., by respectively, and there exists some k such that by, — a; > 2, then n > m. That
is column i is strictly higher than column j. We use this to detect the structure of framed tableaux.

7. Insertion and Taquin

The goal of this section is to describe the procedures that give a bijection between partitions A -n
and framed tableaux with row sum s = (s1, ..., s;) = n. For this purpose we need a procedure similar
to Schensted’s algorithm, with some additional straightening steps to get a framed tableau.

Given a framed tableau T = [t; j] of shape u and 0 < x <ty,1, we define a procedure to insert x
into T and denote the resulting framed tableau by T < x. The algorithm is done in three steps. First
we do an insertion that gives an auxiliary tableau Y. The tableau Y determines a shape u' = u(Y). We
use Y in the second step to determine a row sum s’ such that (i, s’) satisfies the framing condition
of Definition 6.1. Finally, T < x is given by Fram(u’, s"). In our pseudocode, a loop of the form “For
...To ...While A Do ...” is a standard For loop that stops as soon as A is false.

Recall that for a framed tableau T = [t; ;] of shape u = u(T) = (u1,..., ;) We assume that
Mi+1 =0 and t; j = oo for j > ;.

T<«x
Step 1: auxiliary insertion, getting Y and '
i:=1; xp:=x
While t; ;,;, > x+2 do
ji=Min{j:t;j > x+2}
(i1 tigy) :=S0rt(ti 1, ..., bi 1, X, bi 1y - v oo biopny)
X:=tjj; i=i+1
(ti1, - o oo biogr1) i=Sort(ti 1, ..., b gy X)
Y=t j]; u' = pu(Y); I':=length(u)
Step 2: finding the new row sum s’
X:=xo; (51,...,5r) :=5(Y)
Fori=2To! Dod;:=0
For k=1 To I' — 1 While b >x+2 Do
For j=1To u;_ , Do
If ty j =x Then ti 1 j:=x+2
If tk,y,’{ >x+2and t, j=x+1Then t}q j:=x+3
Skt 7= b1 k12 o e
A1 := Sk41 — Skt
xX:=x+2
s'i=(s;1+d,S2+d3 —da,...,sp_1 +dy —dy_1,sp —dp)
Step 3:
Output Fram(u/, s)
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We show in Section 8 that the T «—x algorithm is well defined for 0 < x < t1,1 and produces
a framed tableau. We give a short example to better demonstrate the steps.

Example 7.1. Let x=1 for

T=14 . In Step 1, we get y=4° .
2/5/6|6 P & '1/2/66

Notice that the resultant tableau Y from step 1 may not be a framed tableau. We need to straighten
Y to get a framed tableau. We get 1’ = (4,2) and s(Y) = (15,9). The second loop in Step 2 sets
d)=1+1=2 and in the end s’ = (15 + 2,9 — 2) = (17, 7). The pair (i, s) satisfies the framing
condition so we can apply the framing procedure and get

T «1=Fam(17,7)=_>_* .
112177

Most entries in T <— x might be different from those in T. But we remark that all the entries
with value equal to x or x4+ 1 in the tableau Y in Step 1 still remain unchanged in T < x, and x is
the smallest entry in T < X. This fact is important and allows us to introduce an inverse procedure.
This is done by playing a variation of Jeu de Taquin. Again this is done in three steps. We start with
a framed tableau T = [t; ;] of shape © = u(T) = (w1, ..., 1) and assume that x =t; 1. We denote by
xT the framed tableau we obtain by removing x from T with the following procedure:

T

X

Step 1: Jeu de Taquin to get Y and '
ii=1; j:=1
X:=1t11

While t;,1 j < oo or tj j41 < oo Do
Iftip1j>tj-1+2Thent; j:=t;j41; j:i=j+1
It <tijy1+1
Then t; j:=tit1j; (Ei1,..., 0 ) =S0rt(ti 1, ..., b)) i:=i+1
ti,j = 00;
Y :=[t;;l; p :=p(Y); ' :=length(u’)
Step 2: row sum s’
(515...,81) :=s(Y)
Fori=2 To ' Dod;:=0
For k=1 To I'—1 While th >x+2and t 1 <x+1 Do
For j=1 To u, , Do
If t; j =x Then tjq j:=x+2
If bl >x+2and ty j=x+1Then t}q j:=x+3
Sket1 1= bkt 1+ bepr2 o e g
i1 7= S41 — Sk1
X:=x+4+2
s'i=(s1+dy,sp+d3s—dy,...,sp_1+dy —dy_q1,sp —dy)
Step 3:
Output Fram(u/, s)

Again, we show in the next section that this algorithm works and is well defined. We give here
a short example to better show the steps.
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6
Example 7.2. Given a framed tableau T = 4 | 5 |, we remove x =1 from T in the first step of x\T. We

1[1
use a dot to indicate the position of the cell as we perform the Jeu de Taquin.

6 6
45 > 4 5| 4le > 4 =Y.
o |1 1]e 15 1]5

Again, Y may not be a framed tableau. We have ¢’ = (Y) =(2,1,1) and s(Y) = (6, 4, 6). The second
loop in Step 2 sets d) =1 and d3 =0. In the end ' =(6+1,4+0—1,6 — 0) = (7, 3,6). The pair
(', s') satisfies the framing condition so we can apply the framing procedure and get

6
xT =Fram(n',s') =3
1]6

8. 1 — 1 Correspondence between partitions and framed tableaux

In this section we construct a 1 —1 correspondence between partitions and framed tableaux. Given
a partition (Aq,...,Ax) F1I, we get a framed tableau as follows:

Penri=( (B« A) < Az) - < ). (8.1)

On the other hand, given a framed tableau T, we get a partition A(T) by recording the numbers
removed each time with

xk("'x;(X1T)"')=@~ (8.2)

Then A(T) := (X, ..., X2,x1) F|s(T)|. This is not the shape of T that we denoted by w(T). We prove
here that these two maps are inverse to each other, and thus there is a bijection between partitions
and framed tableaux. First, we give a lemma to reduce the number of cases we have to consider.

Lemma 8.1. Given T = [t; j] and 0 < x + 1 < t1,1, we have

T—@x+1)=(T-x<«1)+x

1T = (1(T = %) +x.

Proof. The result of T < (x + 1) is determined by the differences between x and the t; ;'s. It is
clear that u(T < (x+ 1)) = u((T — x) < 1). Furthermore, the d;’s in the procedure T < (x+ 1) and
(T —x) < 1 are the same for all 2 <i <. Thus we have that s(T < (x+ 1)) =s(((T —x) < 1) +x). In
both cases, we produce the same framed tableau. The argument for the second equality is similar. O

Theorem 8.2. Let T =[t; jland 0 < x <ty 1.

(a) The procedures T <— x and xT are well defined and inverse to each other.
(b) The maps defined by (8.1) and (8.2) give a bijection A <> T between A - k with | parts and the framed
tableaux T such that w(T) +1and s(T) E=k.
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Proof. Part (b) follows directly from Part (a). We show (a) case by case. From Lemma 8.1 it is sufficient
to consider only the cases of inserting and removing 1 from any given framed tableau. Let T : D, —
Z. o be a framed tableau with shape @ and row sum s = (s1,S2,...,5)):

to1 ta2
t1g tip -

Case 1. Assume that t1; >3 and let m= M§ In Step 1 of T <1, we obtain

11

tm,l
tmfl,l tm,2

t11 a2
1 12

Let [y; jl=Y. We have that s(Y) =(s1 —t11+ 1,52 —tp1+t11,...,5 —ti1+t—1,1,81) and @' =
u(Y)=(1,..., 4, 1). In Step 2 of T <1, as k varies from row 1 to m, we have x = 2k — 1. Since
t1,1 = 3 we have yy ,, >t =t11 +2k —2>2k+1=x+2. The entries in the first column are
sequentially changed to yy41,1 := 2k + 1 since the entry in row k is yx1 =2k — 1 =x. No other
entries are changed since for j > 2 we have yy j >ty 1 > 2k +1 > x+ 1. The loop stops after k =m
since for row m + 1, we have x=2m + 1 and at that moment, Ymity,, = 2m+1=x#x+2. We
then have that dy =t11 —3,...,dpny1 =tm1 — 2m+ 1), dpyy2 =--- =d; = 0. Thus the new row sum
iss'=(s1—2,50—2,....,5m—2,2m+ 1,tmy1,1, ..., t;1). Since (u,s) satisfies the framing condition
of Definition 6.1 it is easy to check that (u’,s’) also satisfies the framing condition. We can thus
compute Fram(u', s") in Step 3 of T «<- 1. Since u;, ;=1 and s ; =2m+ 1, we must have that the
first entry of each row 1 <k <m+ 1 of Fram(u', s") is 2k — 1. We obtain

i1

2m+1
T'=T <« 1=Fram(u',s') = |2m-1 1,5

3 b,
/
1 ti2

For 1 <k <m, we have [l;,2+"'+tl,<,uk =8, —2k+1=5—2k—12>s, —tp1 =tk2+ -+t This
implies t, j 2tk for all 1 <k <m and j > 2. Now we want to show {T’=T. In Step 1 of 1T/, we get

ti1
Y =
5 thy
!
3 2

We now get that i’ = u(Y) = and s(Y) =(s1,...,s). Let [y; jl=Y. Since y11=3£2=x+1, we
do not do any loops in Step 2. Clearly (u, s) satisfies the framing condition and 1T’ = Fram(u,s) =T.
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Case 2. Row k=1 of T contains only 1's or 2’s or both. Let

T= and T' =
1 o0 1.2 o 2 11 - 12 - ]2

In Step 1 of T < 1, we obtain Y = T’. Nothing happens in Step 2 since for k =1 we have t1 <
2#3=x+2. Hence s’ =s(Y) =s(T") and ' = u(Y) = u(T’). In the procedure Fram(u’,s’) it is
clear that the entries in the row k > 1 will be the same as in T. For k =1, the balanced composition
(1,1,...,1,2,...,2) will not change as all entries will be at least two less the entry directly above.
Hence T < 1= Fram(u/,s’) = T'. For the inverse procedure, Y =T in Step 1 of {T’. Again nothing
happens in Step 2 since t1 ,, <2 ¥ 3. Hence 1T’ = Fram(u,s) =T.

Case 3. Row k=1 of T only contains 1’s and numbers greater than or equal to 3. From Remark 6.12,
since aj > 3, the shape of T must be as follows

. A
2k+1 e 2k+1
2k—1 -+ 2k-1| Qg
T = =
2m—1 -+ 2m-—1
3 B C
1 1

We use A, B, C to denote the corresponding portion of T. Notice that C has the same structure as in
Case 1. When we insert 1 in Step 1 of T <1, the tableau Y is obtained by inserting 1 in C and the
first column of C is shifted up. In Step 2, as in Case 1, the loop runs for k =1 to m. All the entries
in the portion B of the tableau are set back to their current values, hence left unchanged. Only the
entries in C are affected. In conclusion, this case reduces to Case 1. The same argument applies for
the reverse procedure where the loop in Step 2 may run but no entries will be changed.

Case 4. Row k=1 of T contains 2’s, and possibly some 1's, together with numbers greater than or
equal to 4. Again from Remark 6.12, since a; > 4, the shape of T must be as follows:

—

2r+1 et 2r41 2r42 0 2742

2r—1 ces 2r—1 2r e 2r ay
T =

2m—-1 -+ 2m—-1 2m ctt 2m

3 3 4 4

1 1 2 2
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In Step 1 of T <~ 1 we get

I

20kl - 20kl 2042 - 2042 | Gy

2r—1 cec 2r—1 2r s 2r Ar_1
Y =|: : : :

2m+1 -+ 2m4+1 2m+42 -+ 2mA42 | Ay

2m—1 -+ 2m—1 2m st 2m

3 3 4 4

1 1 1 2

We have that

s(Y) = (s1(Y), s2(Y), ..., si(Y))

=(¢1—ar+1,s2—ax+ay,....Sr—ar+ar—1,Sr41 +0ar,Sr42..., S1)

and w' = pu(Y) = (U1, s Ur> r+1 + 1, e, - - -5 ). Let [yijl=Y and let c be the index of the
column with the a;’s. That is y1,=2 and y; . =a;_; for 2 <i<r+1. Also let ¢’ < ¢ be the index of
the column where 1 is inserted. Thatis y; » =1and y; v =2ifor2<i<r+1.InStep2 of T «<— 1, as
k varies from 1 to m, we have x =2k —1 and since b; > 4 we have Vi =be>2b1+2k—=22>2k+2 >
X+ 2. The entries in column c are sequentially changed to yy1, := 2k + 2 since the entry in row k is
Yk.c =2k =x+ 1. Also the entries in column ¢’ are sequentially changed to yyy1 ¢ :=2k+1 since the
entry in row k is yj ~ = 2k — 1 =x. The other entries in columns 1< j<c —Tandc’+1<j<c—1
are set back to their current values, hence left unchanged. No other entries are changed since for
j=c+1 we have yy j > by > 2k+2 > x+ 1. The loop stops after k =m since for row m+ 1, we have
x=2m+ 1 and at that moment, Ym+t sy = 2m+2=x+1 ;é X+ 2. We then have that dy =a; — 3,

viey dpy1=0am — 2m+1), dypy2 =--- =d; = 0. Thus the new row sum is
S =(51—2,...,Sm —2,Sm+1 +2m + 1 — i1, Sme2 + Gms1 — G2, - - -
S+ Gr—1 — ar, Sr+1 + ar, Sr42, ..., - (8.3)

We claim that (i, s’) satisfies the framing condition of Definition 6.1. In the insertion algorithm every
yi,j should satisfy y; ; > 2i —1, and the value change in step 2 still guarantees s;(Y) —d; > (2i — 1)//,;.
These imply s; > (2i — Du; for all 1<i<L For 1<i<m—1 and M;H = 4}, we have S;H -5 =
(Sit1—2) = (5i—2) = siy1 —5i = 20 =2u;. For m+1 <i <, since sjpq1 —aiq — (i —a) > 2(ui—1) =
2(u} — 1), we get sgﬂ — St =sit1+a;i — G417 — (s +ai—1 — a;) > 2(u; — 1) + 2 = 2p}. Remember that
(u, s) satisfies the framing condition. Thus together with the case when i >r + 2, s; =5, ;L; = Wi, we
obtain that (u/, s) also satisfies the framing condition. We can now compute Fram(u/, s’) in Step 3 of
T < 1. Notice that row m + 1 of Y after Step 2 contains only 2m + 1’s and 2m + 2’s and it is already

balanced. Moreover the entries in the row just above will be at least two more. This implies that row
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m+ 1 of Fram(u/, s”) contains only 2m + 1's and 2m + 2’s, which determines uniquely the numbers
below and preserves all the 1's and 2's in T <« 1. We get

e a,
t1 alr—l
T'=T«<1=| : : : : (8.4)

2m4l ccc 2mAl 2meAl v 2m42 | 2me42
2m—1 - 2m—-1 2m-—-1 - -- 2m 2m b{m
3 - 3 3 e 4 4 b,
1 e 1 1 e 2 2 b}

where b} >b; >2i +2, for 1 <i<m. Also t] >2m+4forcd <j<candd ,,>2m+4.

m+2,j = m+1

Now, we want to show ;T =T. In Step 1 of 1T/, the dotted box (i, j) = (1, 1) travels right on the

first line to (1, ¢’), then up the column to (m+ 1, ¢), then right along row m+1 to (m+1,c) and up
that column to the end. We get

thp11
7
ta e "' .
Y= : : : : (8.5)
Al cce o 2mal 2mA2 e 2mA2 |l g
2m—1 - 2m—1 2m e 2m 2m+1
3 ... 3 4 oo 4 5 v,
1 e 1 2 e 2 3 b

We get that p/ = u(Y) = . Let [y; j1=7Y and we have that y;; < 2. In Step 2, for k=1 to m,
we have x =2k — 1 and the conditions Vi > bl’< >by>22k+2>x+2 and yr <2k <x+1 hold.
The loop sets yr41,j in column 1< j<c—1 to the same values, so no change occurs here. That is
dy =---=dp1 =0. Now for k=m+1 to r we have that conditions Yk, =a, 2 a{nH +2(k—m—1) >
2k+2>x+2and y1=2k—1<x+1 hold. The loop sets yy1;j=2k-+1for 1<j<c —1 and
Yi+1,j =2k + 2 for ¢’ < j < ¢ — 1. The loop stops after k=r since yi1,4,,, =2r+2=x+1%x+2.
We have dr4p =---=d;=0 and for m+ 1 <k <r we have

A1 =g+ + g — (€ =1)@k+1) — (c = )2k +2) =a, — q.

The second equality follows from comparing the k + 1th entry of s(T’) in Eq. (8.3) with the row sum
of s(T’) in the framed tableau in Eq. (8.4). We also remind the reader that from the start, row k + 1
of T is such that sp, 1 —axy1 = (¢’ — 1)(2k + 1) + (¢ — ¢/)(2k + 2). The row sum s(Y) for Y in Eq. (8.5)
is obtained from s(T’) in Eq. (8.3). We have

/ / /
S(Y)=(S1, -5 Sms Sm+1 + Ay — Amt15 Sm+2 + Gm1 — Am+2 — Qg + Qyns - - -

/ ! !
Se+Gr 1 —Qr —ap_q + 0, Spp1 + 0 — Ay, Spy2, ..., SD.

The expression for s’ at the end of Step 2 in the procedure {T’ then gives us s’ =s =s(T) and then
1T/ =Fram(u,s) =T.
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Case 5. Row k=1 of T contains 2’s and 3’s, possibly some 1's and possibly some numbers greater
than or equal to 4. Depending on the numbers appearing in the first row of T, we have

1...12...23...3¢.-. 1..-12...23...3

where ¢, ¢’ > 4. If there is no c in the first row, then from Lemma 6.6, we are not forced to have 4
above the 2’s in the first row and there is thus no restrictions on the numbers above those 2’s. We
use induction on the length | of T to prove this case. For I(T) =1, it is easy to check that all the
procedures are well defined and {(T <— 1) = T. Assume that the result is true up to I(T) =n, and
T < 1 preserves the added 1 and all the 1's and 2’s in T. That is the 1's and 2’s of Y in Step 1
of T < 1 are left unchanged in the remaining steps. This was the situation in Cases 1-4 above. For
I(T) =n+1, let R denote the first row of T and T, denote the remaining tableau. That is T» consists
of rows 2 and up of T. From Lemma 6.10 we know that T is a framed tableau of length n. In Step 1
of T <1, to get Y, we insert 1 in R. We then have that 3 is bumped up and inserted in T,. Denote
by Y, the result of Step 1 of T, < 3. Clearly Y is also the tableau we get from rows 2 and up of Y.
We have

It is important to remark that the number of 1's in the first row of Y is exactly the number of 3’s
in the first row of Y. In Step 2 of T «<— 1, for k=1 we have y1 ,, >3 > x+ 2. In the case when
there are numbers ¢ > 4 in the first row of T, we must have 4 above each 2 in the first row. The
first loop of Step 2 just sets all values 3 and 4 back to the same values. Hence d, = 0 in this case.
If there are only 1's, 2’s and 3’s in the first row of T, then there is no restriction above the 2’s. But
in this case, we have yi1,, =3 # x+ 2 and no number above the 2’s changes. Hence in all cases
dy = 0. The remaining loops of Step 2 of T «<— 1 are identical to Step 2 for T, < 3. By the induction
hypothesis and Lemma 8.1, T, < 3 is well defined and gives a framed tableau T/ = T, < 3 such that
all the 3’s and 4's in the first line are the same as Y5. The shape u’ = u(Y) = (@1, 5, ..., i) where
1y, ..o i) = (Yz) = w(TH). Also 5" = (s1 — 2,s),...,5,) where (s,...,s;) =s(T5). It is clear, by
definition, that (u(T}), s(T})) satisfies the framing condition. In fact, since the smallest entry of T is
3, we also have that T, — 2 is a framed tableau. This implies that s} > (2i — l)M} for 2 <i <UI'. Clearly,
s1 —2 > 1, so we only need to verify Condition 2 of Definition 6.1 for i = 1. If w1 > @, then there
is nothing to check. By Cases 1-4 and by induction, we remark that s} > sy — 2. This implies that for
T, we have s, > s — 2. Hence if 1 = pp = py, then s, > s5 =2 > s1 4+ 21 —2 = (s; —2) +2uq. We
are left to consider the case where (11 = u, = 12 + 1. This may only happen if all the entries in the
second row of T are only 3’s and 4’s and in this case

By induction, the entries in the second row are 3's and 4’s. Clearly 5/2 > (s1 —2) + 2/41. We have
that in all cases (u,s’) satisfy the framing condition and we get a well defined framed tableau
T’ =Fram(u/,s’) =T < 1. All the 1's and 2’s in the first row of Y are preserved in T’.

Now we consider the procedure {T'. Let T be the framed tableau formed by rows 2 and up of T’.
In Step 1, we get a tableau Y with a 1 replaced by a 3 in the first row of T’, and a tableau Y, in
rows 2 and up of Y. Again it is clear that Y, is the same as the one obtained in Step 1 of 3T5. In
Step 2, for k=1, we have y1 1 <2=x+1and y; ,, > 3 =x+2. The same argument as above shows
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that d = 0. The remaining loops of Step 2 of T’ are the same as Step 2 in 3T/. By the induction
hypothesis and Lemma 8.1, we know that 3T/ = T, is well defined and gives rows 2 and up of T. The
first row sum of Y is now si, so at the end of Step 2 we have s’ = s(T). Also for u' = u(Y), we clearly
have ) = 111 and by the induction hypothesis u} = ; for i > 2. Hence we get T = Fram(u,s) =1 T'.
This proves Case 5.

Let F; = (T framed tableau: u(T) - 1,s(T) =k} and let Py; = {A = (A1,..., A Fk}. So far, we
have that T =, (T < x) for all T € F; and x. This implies that the map (T, x) — (T < x) is injective.
We have an injection Py ; < Fy defined by A — (@ <— 1). Let us pick n > k and consider {FrA,: T €
Fri} C A’,;”. For T € Fi, let (1, ..., ur) = u(T), (s1,...,5) =s(T) and Fr defined as in Eq. (5.1).
Iterating Remark 4.7, we get

FrAn=Fr, Fr, ;- FryFr;An

=Fr, Fr, - Fr,(A + lower terms)

"7
ET] [(0,0),(1,0),....,(n—1,0)]

:FTm FTMM - Fry(A + lower terms) = - - -

+ lower terms, (8.6)
where f]‘? : {]""’“5'} —{1,...,n}, 1< j < are defined by f]‘?(i) =i forall 1 <i<u5.. So we have

By oo B [(0.0).1.0)..... (1~ 1,0)]

=[(0,0),....,(n =1 =5, fur), ..., (N — 1 =51, 1)].

Since n > k, thus we have A,0),....(n—r—s, up),....(n—1—s1,u1)] 7 0, Which gives the leading diagram of
Fr Ap. Proposition 6.4 gives us that for different framed tableaux T we get different pairs (u,s),
hence different leading terms for FrA,. This gives us that the set {FrA,: T € Fi} C A’,;" is linearly
independent. Recall that the dimension of Aﬁ" is the coefficient of g¥t! in Cn (q,t). We claim that
this coefficient is equal to |P|. Indeed for k <n, we have that any partition A € Py satisfy A1 =
k—hy—-—x<k—I+1<n—1+1. For k <n, if we consider u = A" € P as in Remark 2.4,
then we have a bijection between A € Py and the Catalan paths with coarea equal to k and a single
bounce [. This gives

Pical <1 Ficil < dim AR! = [Py,
and we must have equality everywhere. This shows that the map (T, x) — (T < x) must be surjective.
Hence 4T is well defined everywhere and inverse to T <—x. O
The computation in Eq. (8.6) shows the following:

Corollary 8.3. Let En’k,, be the coefficients of g¥t! in Cn (g, t). We have:

1. Ifk <n, then ”Cin_k,l is the number of partitions of k into | parts;
2. There exists a natural map A — Fy.; between partitions and F-operators such that if |A| < n, then the
set of polynomials {Fg, An: A € Py} forms a basis of the space Af;”.

Remark 8.4. When k > n the leading diagram for Fy., is not necessarily given by Remark 4.7. This
complicates the investigation of finding a basis for those cases. We were successful in finding bases
for any k and | = 3, but the analyses is much more complicated.

Remark 8.5. We presented the work here with the perspective of finding a basis for Al,;'l. But the
combinatorics of the bijection between partitions and framed tableaux via T <— x and xT could be
very interesting in their own right and have different applications.
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