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1. Introduction

Algebraic shifting, which was introduced by Kalai [16,18], is a map which associates with each
simplicial complex I" another simplicial complex A(I") of a special type. There are two main variants
of algebraic shifting, called exterior algebraic shifting A°(-) and symmetric algebraic shifting AS(-) (see
Section 4 for details). On the relation between algebraic shifting and simplicial spheres, Kalai and
Sarkaria suggested the following attractive conjecture. Let A(-) be either A¢(-) or A%(-) and let C(n, d)
be the boundary complex of a cyclic d-polytope with n vertices. They conjectured that if I" is a
simplicial (d — 1)-sphere with n vertices then

ATy C A*(C(n, d)). (1)

An important fact on this conjecture is that if a simplicial sphere I" satisfies (1) for either exterior
algebraic shifting or symmetric algebraic shifting then the face vector of I' satisfies the McMullen’s
g-condition (see [18]). Thus if the conjecture is true (for either A¢(-) or AS(-)) then it yields the
characterization of face vectors of simplicial spheres, which is one of the major open problems in the
study of face vectors of simplicial complexes. However, this conjecture is widely open and only some
special cases were shown [18,21,25]. In the present paper, we will show that this conjecture is true
for strongly edge decomposable spheres, which were introduced by Nevo [24].
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Let I" be a simplicial complex on [n] ={1,2,...,n}. Thus I" is a collection of subsets of [n] sat-
isfying that (i) {i} e I" for all i € [n] and (ii) if Fe I" and G C F then G € I'. An element F of I is
called a face of I and maximal faces of I under inclusion are called facets of I". A simplicial complex
is said to be pure if all its facets have the same cardinality. Let fi(I") be the number of faces F € I
with |F| =k+ 1, where |F| is the cardinality of F. The dimension of I" is dim I" = max{k: fi(I") # 0}.
The vector f(I") = (fo(I'), f1i(I"), ..., fa_1(I")) is called the f-vector of I", where d =dim I" + 1. The
h-vector h(I'") = (ho(I"), h1(I"), ..., hq(I")) of I' is defined by the relations

i

i i d_ i
hi(m=Z(—1)1‘1<d_?)fj_1<r> and fi_1<r>=2(d_f)hj<r),

j=0 Jj=0

where we set f_1(I") = 1. A simplicial complex I" on [n] is said to be shifted if F € I" and i € F imply
(F\{ihU{j} eI forall i <j<n.Note that A®(I") and AS(I") are shifted complexes with the same
f-vector as I'.

First, we define strongly edge decomposable complexes. Let I" be a simplicial complex on [n]. The
link of I with respect to F C [n] is the simplicial complex

Ikp(F)={GcC[n]\F: GUFeTI}.

To simplify, we write Ikp(v) =1kp({v}) and Ik (ij) = Ik ({i, j}). Let 1 <i < j < n be integers. The
contraction Cr (ij) of I with respect to {i, j} is the simplicial complex on [n] \ {i} which is obtained
from I" by identifying the vertices i and j, in other words,

Crj)={Fer:i¢ FU{(F\{i}))U{j}: ieFer}.
We say that I" satisfies the Link condition with respect to {i, j} if

k(D) N1k () = Ikp ().

Since 1k (i) N 1ky(j) is not empty, one has {i, j} € I" if I" satisfies the Link condition with respect to
{i, j}.

Definition 1.1. The boundary complex of simplexes and {{} are strongly edge decomposable and, recur-
sively, a pure simplicial complex I" is said to be strongly edge decomposable if there exists {i, j} € I"
such that I" satisfies the Link condition with respect to {i, j} and both Cr(ij) and Ik (ij) are strongly
edge decomposable.

Definition 1.1 is a natural extension of the definition of the strongly edge decomposable property
introduced by Nevo [24, Definition 4.2]. He assumed in addition that I" is a triangulated PL-manifold
(see [15]). However, in our definition, strongly edge decomposable complexes are not always PL-
manifolds. Here we give a few simple examples.

Example 1.2. Let I" be the simplicial complex generated by {1, 2}, {2, 3}, {3, 4} and {1, 4} (that is, I"
is a cycle of length 4). Then I" satisfies the Link condition with respect to {1, 2}. Also, Cr(1,2) is the
boundary of the simplex {2, 3,4} and Ik, ({1, 2}) = {#}. Hence I is strongly edge decomposable.

Similarly, consider the simplicial complex I’ generated by {1,2},{2,3},{3,4} and {2,4}. Then
I'" also satisfies the Link condition with respect to {1,2} and we have Cr/(1,2) =Cr(1,2) and
Ik ({1,2}) = lkp({1,2}). Thus I’ is also strongly edge decomposable. However I’ is not a mani-
fold since the face {2} € I'’ is contained in 3 different facets.

On the other hand, the simplicial complex ¥ = I" U {{1, 3}} is not strongly edge decomposable
since X does not satisfy the Link condition with respect to any {i, j} € X.

We will show the following.

Theorem 1.3. Let A(-) be either A®(-) or AS(-) and let I" be a (d — 1)-dimensional strongly edge decompos-
able complex on [n]. Then A(I") is pure, hj(I") =hg_;(I") ford =0,1,...,d and A(I") C AS(C(n,d)).
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The relation (1) is closely related to the strong Lefschetz property of simplicial complexes (see
Section 3 for the definition). Indeed, it is known that a (d — 1)-dimensional simplicial complex I" sat-
isfies the conditions of Theorem 1.3 for symmetric algebraic shifting if and only if I" has the strong
Lefschetz property in characteristic 0. The fact that strongly edge decomposable complexes have the
strong Lefschetz property in characteristic 0 was proved by Babson and Nevo [3]. Thus, for symmet-
ric algebraic shifting, Theorem 1.3 follows from their result. In this paper we prove Theorem 1.3 for
exterior algebraic shifting. Unfortunately, the method used in [3] is not applicable for exterior alge-
braic shifting since the strong Lefschetz property is the condition for a quotient of a polynomial ring,
however, for exterior algebraic shifting, we need to consider exterior algebras and we do not have an
analogue of the strong Lefschetz property in exterior algebras. To prove the result, we use nongeneric
algebraic shifting methods developed in [21]. In particular, by applying this method, we prove that
strongly edge decomposable complexes have the strong Lefschetz property in arbitrary characteristic.

It is known that every 2-sphere is strongly edge decomposable, however, simplicial spheres are
not always strongly edge decomposable (see [10, §7]). In this paper, we show that Kalai’s squeezed
spheres [17] are strongly edge decomposable (Proposition 5.4). This fact says that the class of strongly
edge decomposable spheres is not small since the number of combinatorial types of squeezed (d —1)-
spheres with n vertices is larger than the number of combinatorial types of boundary complexes of
simplicial d-polytopes with n vertices if d > 5 and n > 0. Moreover, by using squeezed spheres, we
show

Theorem 1.4. Let A(-) be either A®(-) or AS(-) and let X be a (d — 1)-dimensional pure shifted simpli-
cial complex on [n] satisfying hj(¥) = hy_j(X) fori=0,1,...,d and X C A5(C(n,d)). Then there exists a
squeezed sphere I such that A(I") = X.

Theorems 1.3 and 1.4 characterize algebraic shifted complexes of strongly edge decomposable
spheres. Also, if I" is a simplicial (d — 1)-sphere then it is known that A(I") is pure and h;(I") =
hg_i(I') for i=0,1,...,d. Thus, in view of conjecture (1), it is expected that the conditions in Theo-
rem 1.3 characterize algebraic shifted complexes of simplicial spheres.

To prove Theorems 1.3 and 1.4, we first study the Link condition from an algebraic viewpoint.
It will be shown in Section 2 that the Link condition has a nice relation to initial ideals as well
as shift operators. In particular, shift operators, which were considered in extremal set theory, play
an important role in the study of the Link condition. By using the above relation, we show that if
a simplicial complex I" satisfies the Link condition and if its contraction and its link satisfy a nice
algebraic property, such as the Cohen-Macaulay property and the strong Lefschetz property, then I"
also satisfies the same property (Propositions 3.2 and 4.7). These results and the proof of Theorem 1.3
are given in Sections 3 and 4. Finally, in Section 5, we show that squeezed spheres are strongly edge
decomposable and prove Theorem 1.4.

2. The Link condition and shift operators

Let I" be a simplicial complex on [n]. For given integers 1 <i < j <n and for all F € I', one defines

Cii(F) = (F\{ihU{j}, ifieF, j¢Fand (F\{ipU{jl¢ T,
TR, otherwise.
Let Shift;j(I") = {Cjj(F): F e I'}. It is easy to see that Shift;;(I") is a simplicial complex and f(I") =
f(Shift;;(I")) (see e.g., [14, §8]). The operation I" — Shift;;(/") was introduced by Erdds et al. [12],
and played an important role in the classical extremal combinatorics of finite sets (see [1]). In this
section, we study the relation between the above shift operators and the Link condition.

Let S = K[xq,...,X;] be a polynomial ring over a field K with each degx; = 1. The Stanley-Reisner
ideal I of a simplicial complex I on [n] is the ideal of S generated by all squarefree monomials
XF = [licp i € S with F ¢ I". For a monomial ideal I of S, we write G(I) for the unique minimal
set of monomial generators of I. For a simplicial complex I" on the vertex set V and for a simplicial
complex X on the vertex set W with VN W =@, we write

I'sX={FUG: Fel and G € X}
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and
VxX={FUG: FCV and G € X}.

The following characterization of the Link condition is crucial for the whole paper.

Lemma 2.1. Let I" be a simplicial complex on [n] and let 1 < i < j < n be integers. The following conditions
are equivalent.

(i) I satisfies the Link condition with respect to {i, j};
(i) Shift;j(I") =Cr(ij) U{{i} U F: F € {j}*1lkr(ij)};
(iii) Iy has no generators which are divisible by x;x;.

In particular, if I" satisfies the Link condition with respect to {i, j} then Shift;;(I") also satisfies the Link condi-
tion with respect to {i, j}.

Proof. It is clear that the contraction C,(ij) can be written in the form

Cr(ij) = {F € Shift;;(I"): i ¢ F}. (2)

Then the second statement follows from (ii) since Shift;;(Shift;j(I")) = Shift;;(I") and Ik (ij) =
lkshiftij(F) (ij). We will show the first statement.

((i) ¢ (ii)) By the definition of Shift;;, for any F C [n]\ {i, j}, one has {i} U F e Shift;;(1") if and
only if {i}jUF € I' and {j} UF € I'. This fact says that

Ikshife;; () () = (Ikp () N 1kr () U {{j} U F: F e lkp(if)}. (3)
On the other hand (2) says

Shiftyj(I") = Cr(ij) U {{i} U F: F € Ikspifey;r) (D)} (4)

Then the equivalence of (i) and (ii) follows from (3) and (4).

((i) = (iii)) Let x;xjxp € Ir with F C [n]\ {i, j}. Since F ¢ Ikp(ij) =1k (i) N1kr(j), we have x;xr €
Ir or xjxp € Ir. Thus we have x;x;jxr ¢ G(Ir).

((i) « (iii)) The inclusion lk; (i) N1k (j) D Ik (ij) is obvious. What we must prove is Ikp (i) N
Ik (j) C Ikp(ij). Let F € Ikp (i) N1kr(j). Suppose F ¢ Ik (ij). Then x;xjxr € I and there exists x¢ €
G(Ir) such that G C {i, j}UF. Since {ifUF € I" and {j}UF € I, we have G ¢ {i}UF and G ¢ {j}UF.
Thus we have {i, j} C G, however, this contradicts the assumption that xc € G(Iy) is not divisible by
x;xj. Hence F e lkp(ij). O

For integers 1 <i < j <n, let ¢;; be the graded K-algebra automorphism of S induced by ¢;j(x¢) =
x for k # j and ¢;j(xj) = x; + xj. We write in(I) for the initial ideal of a homogeneous ideal I of S
w.r.t. the degree reverse lexicographic order induced by x; > --- > x, (see [11, §15]). Algebraically, the
benefit of Lemma 2.1(iii) can be explained by the following fact.

Lemma 2.2. Let I" be a simplicial complex on [n] and let 1 <i < j < n be integers. If I has no generators
which are divisible by x;x; then

in(gi;(Ir)) = Ishife; () -

Proof. Since I" and Shift;j(I") have the same f-vector, I and Ishife; () have the same Hilbert func-
tion, that is, dimg (I), = dim[((lshiftij([‘))k for all integers k > 0, where [, denotes the homogeneous
component of degree k of a homogeneous ideal I. Since I~ and in(g;j(Ir)) also have the same Hilbert
function, what we must prove is G (Ishife; () C in(g;j(Ir)). Let xf € G Ushife;;(r))-

Case 1: Suppose i ¢ F. If j ¢ F then xp € Ir. Thus we have in(g;j(xf)) = xr € in(g;j(Ir)) as
desired. If j € F then xr € Ir and x\(jpuiiy € Ir by the definition of Shift;j. Then we have
in(@ij(xF — X(r\(jputi})) = XF € in(g;i(Ir)) as desired.
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Case 2: Suppose i e F. If j ¢ F then xp € Iy or xr\(ipujy € Ir. In both cases we have xr €
in(@;j(Ir)) since in(g;j(xr)) = in(@;j (XF\(iyugjy)) = Xr. If j € F then xp € I. By the assumption, there
exists xc € G(Ir) such that G C F and {i, j} ¢ G. Then in(gjj(xc)) is either x¢ or x(\(jpuyij- In both
cases in(¢;j(xg)) divides xp. Hence xr € in(g;j(Ir)) as desired. O

Remark 2.3. Lemma 2.2 is false if I~ has a generator which is divisible by x;x;. Indeed, it is easy to
see that if x;xjxr € G(I) then xl.sz is a generator of in(¢;;(Ir)).

Next, we study a few simple facts on strongly edge decomposable complexes.

Lemma 2.4. Let I" be a (d — 1)-dimensional strongly edge decomposable complex on [n]. Then dimCr (ij) =
d—1anddimlk;(ij)=d — 3 forany {i, j} e I'.

Proof. Since I' is pure, dimlk;(ij) =d — 3 is obvious. Suppose dimC(ij) <d — 1. Then all facets
of I contain {i, j}. Thus I" is a cone (that is, I" = {v} % Ik (v) for some {v} € I"). However, if I" is a
cone then its contraction is again a cone. This contradicts the assumption since if I" is strongly edge
decomposable then we can obtain the boundary of a simplex by taking contractions repeatedly. Thus
dimCr(ij)=d—1. O

Let I be a (d — 1)-dimensional simplicial complex on [n]. If I satisfies the Link condition w.r.t.
{i, j} € I' then Lemma 2.1(ii) says that

fieD) = fi(Crp) + fi—1({j} *Ikp(ij)) for k=0,1,....d—1.

Moreover, if dimCp(ij) =d — 1 and dimlkj(ij) =d — 3 then, by using the relation between f-vectors
and h-vectors, we have

hi(I") = hye(Cr (i) 4 hie—1 ({7} * Ik (i)
= h(Cr (i) + he—1 (Ikr (i) (5)

for k=0,1,...,d. Then, arguing inductively, the h-vector of strongly edge decomposable complexes
satisfies the following conditions.

Lemma 2.5 (Nevo). Let I" be a (d — 1)-dimensional strongly edge decomposable complex. Then h;(I") =
hg_i(I') fori=0,...,dand ho(I') <h (I') <--- < hL%J (I'), where L%J is the integer part of%.

The above result was proved in [24, Corollary 4.3]. Actually, the h-vector of strongly edge decom-
posable complexes satisfies a stronger condition. In the next section, we will see that strongly edge
decomposable complexes have the strong Lefschetz property. Thus the g-vector of those complexes is
an M-vector (see [26,27]).

3. The strong Lefschetz property

In this section, we study the relation between the Link condition and the strong Lefschetz prop-
erty. Let S = K[x1,...,%;] be a polynomial ring over an infinite field K with each degx; =1 and
m=(Xq,...,Xp) the graded maximal ideal of S. For a graded S-module M, we write Mj for the ho-
mogeneous component of degree k of M. We refer the reader to [27] for foundations on commutative
algebra, such as the Cohen-Macaulay property and linear systems of parameters.

Let I C S be a homogeneous ideal and A = S/I. Let d be the Krull dimension of A. We say that A
has the strong Lefschetz property if A is Cohen-Macaulay and there exist a linear system of parameters
(Ls.o.p. for short) 61,...,64 € S1 of A and a linear form w € S; such that the multiplication map

2 (A) 1, ... 0)A), — (A)Or.....00A),
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is bijective for i =0,1,..., L%J, where s = max{k: dimg(A/(61,...,04)A); # 0}. The element w is
called a strong Lefschetz element of A/ (01, ...,60q)A.

Let I be a (d — 1)-dimensional simplicial complex on [n]. The ring K[I'] = S/l is called the
Stanley-Reisner ring of I'. It is known that the Krull dimension of K[I'] is equal to d (see [27, Il §1]).
Let 61,...,64 € S1 be an Ls.o.p. of S/I. Then it follows from [27, II Corollary 2.5] that if I" is Cohen-
Macaulay then

hi(I") = dimg (K[, ..., 6)K[T]), fori=0,1,....d, (6)

and dimg (K[I"]/(61,...,64)K[I"']); =0 for i > d. We say that I" has the strong Lefschetz property if
hqg(I') > 0 and K[I'] has the strong Lefschetz property. Thus, if I" has the strong Lefschetz property
then hij(I') = hq_;j(I") fori=0,1,...,d.

We identify a sequence of linear forms 61, ...,6; € S; with an element of K"*?. We require the
following well-known fact (see e.g., the proof of [28, Theorem 4.2]).

Lemma 3.1. Let | C S be a homogeneous ideal and d the Krull dimension of S/I. If A = S/I has the strong
Lefschetz property, then there exits a nonempty Zariski open subset U ¢ K™ @+D such that, for any sequence
of linear forms 01, ...,6q,6411 € U, 01, ...,6q is an Ls.o.p. of A and 64,1 is a strong Lefschetz element of
A/, ...,60)A.

Let I" be a simplicial complex on [n]. The Stellar subdivision at F € I" is the operation I" —
Stellar(F, I') = (I" \ (F 1k (F))) U ({vg} % 0F %1k (F)), where v is a vertex which is not contained
in [n] and OF is the boundary of the simplex generated by F. It is easy to see that Stellar(F, I') sat-
isfies the Link condition w.r.t. {vf, v} and Cstellar(r,ry(VF, v) = I" for any v € F. In [3, Theorem 1.2],
Babson and Nevo proved that if I" and Ik (F) have the strong Lefschetz property then Stellar(F, I")
has the strong Lefschetz property in characteristic 0. In particular, in the proof of [3, Theorem 1.2],
they essentially proved the following statement when char(K) = 0.

Proposition 3.2. Let I" be a (d — 1)-dimensional simplicial complex on [n] satisfying the Link condition with
respect to {i, j}, where 1 <i < j < n. Suppose dimCr(ij) =d — 1 and dimlky(ij) =d — 3. If Cr (ij) and
Ik (ij) have the strong Lefschetz property then I" has the strong Lefschetz property.

The proof given by Babson and Nevo needs the assumption char(K) =0 since they used the fact
that if " and X are simplicial complexes having the strong Lefschetz property then I" * X also has
the strong Lefschetz property when char(K) =0 (see [3, Theorem 2.2]). Here we give a more algebraic
proof of Proposition 3.2 which is independent of the characteristic of the base field by using the next
fact.

Lemma 3.3 (Wiebe). Let I C S be a homogeneous ideal. If S/in(I) has the strong Lefschetz property then S/I
has the strong Lefschetz property.

Wiebe [29] proved the above statement for m-primary homogeneous ideals. However, one can
prove it for arbitrary homogeneous ideal in the same way as the proof of [29, Proposition 2.9] by
using Lemma 3.1 and [8, Theorem 1.1].

Proof of Proposition 3.2. By Lemmas 2.1, 2.2 and 3.3, we may assume that I" = Shift;;j(I"). Set I'1 =
Cr(ij) and I; = {j} * Ikp(ij). We may assume i = 1. Let S’ = K[xa,...,X,] and let I, C S’ be the
Stanley-Reisner ideal of I7. Let 7p2 be the ideal of S’ generated by all squarefree monomials xg € S’
with F ¢ I. Let A=S'/Ir, and B =S'/Ir,. Then B = K[I3] = K[x;] ®k K[Ikp(ij)] as graded K-
algebras (see [7, Exercise 5.1.20]), in particular, x; is a nonzero divisor of B and B/x;B = K[Ikr(ij)].
Hence B is Cohen-Macaulay and has the strong Lefschetz property. Then, by Lemma 3.1, there exists
a sequence of linear forms 61, ...,04_1,64, w € 5’1 such that
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(@) 61,...,04-1,64 is an Ls.o.p. of A and w is a strong Lefschetz element of A/(01,...,04_1,64)A.
(b) 61,...,64_1 is an Ls.o.p. of B and w is a strong Lefschetz element of B/(61,...,04_1)B.

Note that max{k: dimg(B/(01,...,64_1)B)x # 0} =d —2 by (6) since hy(Ikr (ij)) = hi({j} * 1k (ij)) for
all k.

First we show that 6y, ...,64_1,X1 — 64 is a regular sequence of K[I']. Since Lemma 2.1(ii) says
= U{{1}UF: F € I3}, it follows that K[I'] is equal to

A®xBOXBOXB®---

as K-vector spaces. Then, since A=S'/Ir, and B = S//ir2 are Cohen-Macaulay by the assumption,
it is clear that 6y,...,64_1 is a regular sequence of K[I']. Let R = K[I']/(61,...,04_1)K[I'], A’ =
A/®1,...,64_1)A and B'=B/(6,...,604_1)B. Then

R=A'"®x;B ®x}B ®xB @®---.
What we must prove is that the kernel of the multiplication map (x; — 6y): Rs — Rsy1 is O for all

s > 0. For an element fo € A’, we write p(fo) for the element of B’ which satisfies x; x fo = x10(fo) €
x1B'inR.Forany f=fo+Y ;4 x’{fk € Rs, where fo € Aj and fi € B,_, fork=1,2,...,s, we have

1 —0a) f =x7 fs+ (Zx’{ (fie1— 9dfk)) +x1(p(fo) = 6af1) — b fo.

k=2
Suppose (x;1 —6y) f =0. Then f; =0, (fx-1—064fk) =0fork=2,...,s and 6y fo = 0. Thus, inductively,
we have f, =0 for k=1,2,...,s and, since 6; is a nonzero divisor of A’ by (a), we have fo =0 as
desired.
Then, since dim /" =d — 1 and since 61, ...,04_1,X1 — 6y is a regular sequence of K[I], it follows

that K[I'] is Cohen-Macaulay and the sequence 61, ...,04_1,X1 — 6y is an Ls.o.p. of K[I"].
Second, we show that w is a strong Lefschetz element of R/(x; — 6g)R. By (5) and (6) we have
dimg (R/(X] — Gd)R)k =h(I') = hk(Cr(l']')) + hy_q (ll(p(ij)) fork=0,1,...,d.
Then, since the assumption says that hi(Cr(ij)) = hq_(Cr (ij)) and hy_1(kp (ij)) = hg_x_1 UKk (if))
for k=0,1,...,d, we have
dimg (R/(x1 — 64)R), =dim(R/(x; —64)R),,_, for k=0,1,....d.
Thus what we must prove is that the multiplication map
0% (R/(x1 — 09)R), — (R/(x1 — 0)R),__
is surjective for s=0,1,..., L%J.
Fix an integer 0 < s < %. For any f € R, write [f] for its image on R/(x; — 64)R.
Case 1: Let XK f e KB/, with k > 1. We will show that there exists g € Ry such that [
[x’{ f1. If k > 2 then we have (x; — Gd)x’f”f € (x1 — 63)R, and hence

[ F]= [ 1] = [ =6 f] = ¥ 6a ).
Thus we may assume that k = 1. Then (b) says that there exists go € B, _; such that w!~2726"Dgy = f.

Hence we have x;g0 € Rs and [w? 25x120] = [x1 f] as desired.
Case 2: Let f e A}__. We will show that there exists g € Rs such that [w?25g] =[f]. By (a), there

exists go € Ay and h € A}___; such that f — w92 gy = 6;h. Then we have

[f — 0% go] = [64h] = [64h] + [(x1 — 6)h] = [x1 p(W)].
d—2s

d*ZSg] —

Then, by Case 1, there exists gq € B;l such that o g1 = p(h). Thus we have go + x1g1 € Rs and

[w925 (g0 + x181)] = [ f] as desired.
Now Cases 1 and 2 say that the multiplication map wi=2s (R/(x1 —64)R)s > (R/(x1 —64)R)q_s is
surjective for all s=0,1,..., L%J. Hence I" has the strong Lefschetz property. O
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Remark 3.4. The first step of the proof of Proposition 3.2 says that, with the same notation as in
Proposition 3.2, if Cr(ij) and lk;(ij) are Cohen-Macaulay then I' is also Cohen-Macaulay.

Corollary 3.5. Strongly edge decomposable complexes are Cohen—Macaulay and have the strong Lefschetz
property.

Proof. Let I be a (d — 1)-dimensional strongly edge decomposable complex on [n]. If I" is the
boundary of a simplex then I" has the strong Lefschetz property since K[I']/(61,...,00)K[[] =
K[xl]/(x‘f“) for any Ls.o.p. 61,...,04 of K[I']. If I" is not the boundary of a simplex, then the state-
ment follows from Proposition 3.2 and Lemma 2.4 inductively. O

Remark 3.6. Let I" be a triangulated PL-sphere. Then the link of I" with respect to any face F € I
is again a PL-sphere. Also, it was proved in [24, Theorem 1.4] that if I" satisfies the Link condition
with respect to {i, j} € I" then Cr(ij) is also a PL-sphere. These facts and Proposition 3.2 may help to
study the strong Lefschetz property of PL-spheres.

4. Algebraic shifting

First, we recall the basics of algebraic shifting. For further details on algebraic shifting see the
survey articles [14] and [19]. Let S = K[x1, ..., X;] be a polynomial ring over an infinite field K with
each degx; =1 and E = A(e1,...,e,) the exterior algebra over K with each dege; = 1. Let R be
either S or E and let GL,(K) be the general linear group with coefficients in K. Suppose that GL,(K)
acts on R as the group of graded K-algebra automorphisms. For a homogeneous ideal I of R, we
write in(I) for the initial ideal of I w.r.t. the reverse lexicographic order induced by 1 >2 > --->n.
The generic initial ideal of a homogeneous ideal I C R is Gin(I) = in(¢(I)) for a generic choice of
@ € GLy(K) (see [11, §15.9] or [14]).

Exterior algebraic shifting

Let I' be a simplicial complex on [n]. For a subset F = {iy,..., i} C [n] with i; <--- < i, the
element er =ej; A---Ae;j, € E is called a monomial of E of degree k. The exterior face ideal J of I' is
the ideal of E generated by all monomials er € E with F ¢ I'. Let A be the set of simplicial complexes
on [n]. Exterior algebraic shifting A®(-): A — A is the map defined by

Jaeqry =Gin(Jr).
The simplicial complex A®(I") is called the exterior algebraic shifted complex of I'. Note that A®(I")
may depend on the characteristic of the base field K.

Symmetric algebraic shifting

Suppose char(K) = 0. Let I" be a simplicial complex on [nn] and I C S its Stanley-Reisner ideal. Let
M be the set of monomials on infinitely many variables x1, x2, .. .. The squarefree operation @ : M —
M is the map defined by

D (Xiy XipXis *++ Xif) = Xiy Xig 41 Xi3+2 * * * Xig+k—1>

where i1 <iy <--- <. If I € S is a monomial ideal satisfying @ (u) € S for all u € G(I), we write
@(I) for the monomial ideal generated by {@(u): u € G(I)}. It is known that if I C S is a square-
free monomial ideal then @ (u) € S for all u € G(Gin(I)) [2, Lemma 1.1]. Symmetric algebraic shifting
AS(-): A — A is the map defined by

]AS(F) = @(Gll’l(]r))

The simplicial complex AS(I") is called the symmetric algebraic shifted complex of I.

Let I" and X be simplicial complexes on [n] and let A(-) be either A®(-) or AS(-). Algebraic
shifting satisfies the following properties (see [14] and [19]).
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(S1) A(I') is shifted;
(Sy) If I' is shifted then A(I") =T,

(83) f(am) = fa);
(S4) If X C T then A(Z) C A().

We need the following facts. (The first one easily follows from [23, Corollary 4.4], and the second one
was shown in [23, Corollary 5.4].)

Lemma 4.1. Let I" be a simplicial complex on {m,m+1,...,n}with1 <m<nand Jr C \(em,...,en) the
exterior face ideal of I". Let [ + (eq, ..., em—1) be the ideal of E generated by G(Jr) and eq, ..., em—1. Then

Gin(Jr + (e1,....em—1)) =Gin(J) + (e1, ..., em—1).

Lemma 4.2. Let I" be a simplicial complex on [n]. Then
A(In+ 1} T) ={n+ 1}« AS(D).

Note that Lemmas 4.1 and 4.2 are also true for symmetric algebraic shifting (see [9, Proposition 3.1]
and [4, Theorem 3.7]).

In the rest of this section, we will show that any (d — 1)-dimensional strongly edge decomposable
complex I" on [n] satisfies A(I") C A5(C(n,d)). We first recall the structure of AS(C(n,d)). Fix inte-
gers n > d > 0. For integers i, j € [n], we write [i] ={1, 2,...,i} and write [i, j]={i,i+1,...,j—1, j}
ifi<jand [i,jl]=0 if i > j. A d-subset F of [n] is said to be admissible if n — k ¢ F implies
[n—d+kn—k—1]CF.Fori=0,1,..., %], let

Wi, d)={(In—d+in]\{n—d+i})UF: FC[n—d+i—1], |[F|=i}
and
Wy_itn,dy={(In—d+i,n]\{n—i})UF: FC[n—d+i—1], |F|=i}.

Then it is easy to see that U?:o Wi(n,d) is the set of all admissible d-subsets of [n]. Let A(n,d) be

the simplicial complex generated by U?:o Wi(n,d) and let A(n,0) = {#}. The following fact is known
(see [18, p. 405]).

Theorem 4.3 (Kalai). Let n > d > 0 be integers and let C(n, d) be the boundary complex of a cyclic d-polytope
with n vertices. Then
A*(C(n,d)) = An, d).
Note that the definition of A(n,d) is different from that of [18] since we reverse the ordering of
the vertices. Also, it was shown in [21] that A¢(C(n,d)) = AS(C(n, d)).

To study Kalai and Sarkaria’s conjecture, we consider nongeneric algebraic shifting. Let I" be a
simplicial complex on [n]. For any ¢ € GL;(K), we write A, (") for the simplicial complex defined by

Ja,ry =in(@(Jr)).

The next fact can be proved in the same way as [21, Proposition 2.4] by using [21, Lemma 1.5].

Lemma 4.4. Let I" be a (d — 1)-dimensional simplicial complex on [n]. If A®(Ay(I")) C A(n,d) for some
@ € GLy(K) then A®(I") C A(n, d).

For integers 1 <i < j <n, let ¢jj € GLy(K) be the graded K-algebra automorphism of E induced
by @ij(ex) = ey for k # j and ¢;j(ej) =e; + e;. We also require the following (see [14, Lemma 8.3]).

Lemma 4.5. Let 1 <i < j < n be integers. Then, for any simplicial complex I" on [n], one has

Shift;j (I") = A, (I).
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Let V C [n] and let I" be a simplicial complex on V. Consider the exterior face ideal Jr in
Alek: ke V) and define the simplicial complex A®(I") on V by Jae(ry = Gin(Jr), and define the
symmetric algebraic shifted complex AS(I") on V similarly. Let C(V,d) be the boundary complex of
a cyclic d-polytope with the vertex set V. Set A(V,d) = AS(C(V,d)) for d >0 and A(V,0) = {#}.

Lemma 4.6. Let n > d > 0 be integers. Then A([2,n],d) C A(n,d) and {1,n+ 1} * A([2,n],d) C A(n+1,
d+2).

Proof. If d =0 then the statement is obvious. Suppose d > 0. Let F be a facet of A([2,n],d). Clearly
A([2,n],d) = {{i1,...,ik}: {i1 —1,...,ix — 1} € A(n — 1,d)}. Thus there exists 0 <i < % and F' C
[2,n—d+1i— 1] such that

F=(n—d+in\{n—d+i})UF (7)

or

F=(n—d+in]\{n—i})UF. (8)

In both cases, it is clear that F € A(n,d) and hence A([2,n],d) C A(n,d). Also, if F is an element of
the form (7) then

{In+WUF=(n—d+in+1]\{n—d+i})U({1}UF) e Wigq(n+1,d +2)
and if F is an element of the form (8) then

{(I,n+1JUF=(n—d+in+1\{n—i}) U({1}UF') € Wyia_G41(n+1,d +2).
Thus we have {1,n+1}* A([2,n],d) C A(n+1,d+2). O

Now we consider the exterior algebraic shifted complex of strongly edge decomposable complexes.
We say that a (d —1)-dimensional simplicial complex I" on V C [n] satisfies the shifting-theoretic upper
bound relation if A¢(I") C A(V,d).

Proposition 4.7. Let I" be a (d — 1)-dimensional simplicial complex on [n] satisfying the Link condition with
respect to {i, j}, where 1 <i < j < n. Suppose dimCr (ij) =d — 1 and dimlky(ij) =d — 3. If Cr (ij) and
Ik (ij) satisfy the shifting-theoretic upper bound relation then I" satisfies the shifting-theoretic upper bound
relation.

Proof. By Lemmas 2.1, 44 and 4.5, we may assume that I" = Shift;;(I"). Let I'1 =Cr(ij) and I3 =
{j} *1kp (ij). Since A®(I") is independent of the labeling of the vertices of I" (see [6, p. 287]), we may
assume that i =1, j =n and the vertex set of 1k (ij) is a set of the form [m,n — 1] for some m > 2.
Set E' = A(ea,...,es) and E = A(em, ..., ey). Let Jr, C E’ be the exterior face ideal of I and
In C E the exterior face ideal of I';. Then, since Lemma 2.1(ii) says I" = It U{{1} U F: F € I3}, we
have
Jr=In®ein(Jn+ (2. ....em1)).

where Jr, + (e2,...,em—1) is an ideal of E’. Then there exists a ¢ € GL,—1(K) which acts on E’ such
that

in(¢(Jry)) =Gin(Jry)
and
in(@(Jr, + (2, ..., em-1))) =Gin(Jr, + (€2, ..., em-1)).

Let ¢ € GL,(K) be the automorphism of E defined by ¢(e1) =e; and ¢(ex) = ¢ (ey) fork=2,3,...,n.
Then we have

Jagary =in(@(Jr)) =Gin(Jr,) ®e1 AGIn(Jr, + (€2, .-, em—1)).
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Then, since Lemmas 4.1 and 4.2 say that

Gin(Jr, + (€2, ..., em—1)) = Jimpacdirany) + €2, ..., em—1),

we have

Ag(IN) = A (M) U{{1}UF: F € {n}* A°(Ikp(1n))}
C A%(I) U ({1, n} + A (Ikp(1m))).
Since A®(I1) C A([2,n],d) and A¢(lk;(1n)) C A([m,n—1],d —2) by the assumption, Lemma 4.6 says
Ag(IN) C A(n, d).
Then by (S3) and (S4) we have
A*(Ag(D) C A°(A(n,d)) = An, d).
Hence we have A®(I") C A(n,d) by Lemma 4.4 as desired. O

Theorem 4.8. Let I" be a (d — 1)-dimensional strongly edge decomposable complex on [n]. Then A¢(I") C
A(n,d).

Proof. If I" is the boundary of a simplex then we have A®(I") =TI = A(d + 1,d). If I" is not the
boundary of a simplex, then the statement follows from Lemma 2.4 and Proposition 4.7 induc-
tively. O

Finally, we prove Theorem 1.3. We need the following facts (see [14] and [18]).

Lemma 4.9 (Kalai). Let I" be a simplicial complex.

(i) I' is Cohen-Macaulay over K if and only if A®(I") (computed over K) is pure;
(ii) I' is Cohen-Macaulay in characteristic 0 if and only if AS(I") is pure;
(iii) A shifted complex is Cohen-Macaulay if and only if it is pure.

Lemma 4.10 (Kalai). Suppose char(K) = 0. Let I" be a (d — 1)-dimensional Cohen-Macaulay complex
on [n]. Then I" has the strong Lefschetz property if and only if AS(I') C A(n,d) and h;(I") = hy_ij(I") for
i=0,1,...,d

In [18, Theorem 6.4], Kalai proved the necessity of Lemma 4.10. However, as noted in [19, §5.2], it
is clear from the proof of [18, Theorem 6.4] that these conditions are equivalent.

Proof of Theorem 1.3. Let I" be a (d — 1)-dimensional strongly edge decomposable complex on [n].
Since I' is Cohen-Macaulay in arbitrary characteristic by Theorem 3.5, Lemma 4.9 says that A(I") is
pure. Also, Lemma 2.5 says h;(I") = hqg_;(I") for i =0,1,...,d. Finally, A°(I") C AS(C(n,d)) follows
from Theorem 4.8 and A’(I") C AS(C(n,d)) follows from Corollary 3.5 and Lemma 4.10. O

5. Squeezed spheres

Squeezed spheres were introduced by Kalai [17] by extending the construction of Billera-Lee poly-
topes [5]. It is known that the number of combinatorial types of squeezed (d — 1)-spheres with n
vertices is strictly larger than the number of combinatorial types of boundary complexes of simplicial
d-polytopes with n vertices for d > 5 and n >3 0 (see [17]). In this section, we show that squeezed
spheres are strongly edge decomposable, and prove Theorem 1.4.

First we introduce squeezed spheres following [17, §5.2] and [22, §2]. Fix integers n > d > 0 and
let m=n—d— 1. Let M[n) be the set of monomials in K[x,...,xn] where Mo ={1}. A set U of
monomials in M is called an order ideal of monomials on [m] if U satisfies
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(i) {1,x1,....,xm} C U;
(ii) if u € U and v € My divides u then v e U.

An order ideal U of monomials on [m] is said to be shifted if ux; € U and i < j <m imply ux; € U.
For any u = x; X, - - - Xj, € Mm) with iy <ip <--- < and with k < d%l, define a (d + 1)-subset
Fq(u) C [n] by

Fo(u) ={i1,i1 + 1} U{ia +2,i2 +3}U--- U{ix +2(k = 1), i + 2k — 1} U [n + 2k — d, n]
where Fy(1) =[n—d,n].

Let U be a shifted order ideal of monomials of degree at most d%] on [m] and let B3(U) be the
simplicial complex generated by {F4(u): u € U}. Kalai [17] proved that By(U) is a shellable d-ball
with n vertices. This simplicial complex By(U) is called the squeezed d-ball w.r.t. U, and its bound-
ary Sq(U) = da(B4(U)) is called the squeezed (d — 1)-sphere w.r.t. U. The h-vector of the squeezed
ball B4(U) and that of the squeezed sphere S3(U) are easily computed from U as follows (see [17,
Proposition 5.2]).

Lemma 5.1 (Kalai). Let U be a shifted order ideal of monomials of degree at most d%] on [m]. Then

(i) hij(Bq(U))=|{ueU: degu=i}| fori=0,1,...,d+1;
(ii) hi(Sq(U)) — hi—1(Sq¢(U)) = hi(B4(U)) fori=0,1,..., L%J-

By using the above lemma, it is easy to see that fy(Bq(U)) = fx(Sq(U)) for k=0,1,..., L%J -1
(see [17, Proposition 5.3]). Thus, in particular, we have

{FeBd(U)I IFI<;}={FeSd(U): IFI<§}~ (9)

Now we will show that squeezed spheres are strongly edge decomposable. Fix integers d > 2 and
n>d+1.letm=n—d—1>0. Let U be a shifted order ideal of monomials of degree at most d%]
on [m], and let

U=UnNK[xa,...,%nl,
where U = {1} if m=1, and
U={ueMpm: xqueU}.

Thus U = 0 Ux; 0. Let Bd(U) be the simplicial complex generated by {Fg(u): u e 0}. Clearly Bd(ﬁ) is
combinatorially isomorphic to the squeezed d-ball w.r.t. {x;, - - - Xj, € Mm_11: Xij4+1-+Xi+1 € [7}. Let
By_2(0) be the simplicial complex generated by {Fg(x1u) \{1,2}: ue U}. Then By_5(0) is combina-
torially isomorphic to the squeezed (d — 2)-ball w.r.t. {x;, ---X;, € Mm—¢): Xij4¢- - Xip4¢ € U}, where
¢ =max{k: 0<k<m, x,¢U}. We write Sd(f]) for the boundary of Bd(fl) and write S4_5(U) for the
boundary of Bg_»(0).

Lemma 5.2. With the same notations as above, one has
Shifty2(Sa(U)) = S¢(U) U {{1} U F: F € {2} % S4_2(0)}. (10)

In particular, Cs,w)(1,2) = Sq(U), Iks,w)({1,2}) = Sq_2(U) and Sq(U) satisfies the Link condition with
respect to {1, 2}.

Proof. By using (2) together with the equation Ik (ij) = lkshiftij(r) (ij), the second statement immedi-
ately follows from (10) and Lemma 2.1(ii). Thus what we must prove is Eq. (10). First, we show that
the left hand side contains the right hand side.

Case 1: Let F be a facet of Sq(U). We will show F e Shift;2(S4(U)). Since 1 ¢ F, if F is a facet
of S4(U) then we have C13(F) = F € Shift12(S4(U)) as desired.
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Suppose that F is not a facet of S4(U). Then since F is a facet of Sd(U) there exists the unique
monomial ug € U such that F C Fq(up) € Bd(U) Since F is not a facet of S4(U), there exists x;v € x;U
such that F C Fg(x1v). In particular, since {1,2} C Fg(x1v) and 1 ¢ F, we have F = Fg(x1v) \ {1}.

We will show Fg(x1v) \ {2} € S4(U). By the definition of Fy(-) it is clear that, for any u € U, if
1 € Fy(u) then 2 € Fg(u). Thus if G is a facet of By(U) which contains Fg(x1v) \ {2} then G must
be equal to Fg(xqv). Thus Fgq(x1v) is the only facet of B4(U) which contains Fy(x;v) \ {2}. Hence
Fq(x1v) \ {2} is a facet of S4(U). Then we have Ci2(Fg(x1v) \ {2}) = Fa(x1v) \ {1} = F € Shift12(S4(U))
as desired.

Case 2: Let F be a facet of Sg_5(U). We will show {1,2} U F € Shift;2(S4(U)). Since F is a facet
of S4_5(U), there exits the unique monomial ug € U such that {1,2} U F C F4(x1uo). However, since
U=0Ux;U and 1 ¢ F4(u) for any u € U, Fq(x1uo) is the only facet of By(U) which contains {1, 2}UF.
Thus we have {1,2} UF € S4(U) and Cq2({1,2} U F) ={1, 2} U F € Shift13(S4(U)) as desired.

We already proved that Shift;;(Sq(U)) D Sd(ﬁ) U{{1}UF: F €{2} % Sq_2(0)}. Thus, to prove (10),
it is enough to show that

fe(SaU)) = fi(Sa(0)) + fie1 ({2} % Sa—a(0))  for all k. (11)

By Lemma 5.1, we have

hie(Sa(0)) + hie-1(12) % Sq-2(0)) = he(Sa(D)) + he—1 (Sq-2(D))
=|{ueU: degu <k}| + |[{ueU: degu <k— 1}
= |[{u e U: degu <k}
= h(Sq(U))

fork=0,1,..., L%J. Then, by the Dehn-Sommerville equations, we have

hie(Sa(0)) + hi—1 (2} * Sa—2(0)) = hi(Sq(0)) + hy—1(Sa—2(0)) = hi (Sq(U))

for all k. By using the above equations as well as the relation between f-vectors and h-vectors, a
routine computation implies the desired equation (11). O

Remark 5.3. The set of facets of squeezed spheres was completely determined in [20, Proposition 1].
It would yield an alternate proof of Lemma 5.2.

Proposition 5.4. Squeezed spheres are strongly edge decomposable.

Proof. Let S;(U) be a squeezed (d — 1)-sphere with n vertices. We use induction on d and n. If d =1
or n=d + 1 then the statement is obvious since S4(U) is the boundary of a simplex. Also, it is easy
to see that any 1-dimensional sphere is strongly edge decomposable. Indeed, if I" is a 1-dimensional
sphere with k edges, where k > 4, then, for any {i, j} € I, Shift;;(I") = Cr(ij) U {{i, j}, {i}} and Cr(ij)
is a 1-dimensional sphere with (k— 1) edges. Finally, if d > 2 and n > d+1 then the statement follows
from Lemma 5.2 and the induction hypothesis. O

Next we will prove Theorem 1.4. For a (d — 1)-dimensional simplicial complex I" on [n], let
U ={ueMp_g_1y: u¢Gin(Ip)}.
To prove Theorem 1.4, we need the following facts which were shown in [22, Proposition 4.1, Theo-

rem 4.2 and Corollary 7.7]. Let @ : M — M be the squarefree operation defined in Section 4.

Lemma 5.5. Letn > d > 0 be integers and m =n —d — 1. Let U be a shifted order ideal of monomials of degree
at most d% on [m] and let I(U) C S be the ideal generated by {u € Mm): u ¢ U}.
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(i) TaeBay) = lasBay) = PUU));
(ii) If max{degu: ue U} < % then U(Sq(U)) =U.

It was noted in [19, §5.1] that if one has A(S4(U)) C A(n, d) for all squeezed spheres Syz(U) on [n]
then Lemma 5.5 yields Theorem 1.4 without a proof. To prove this, we require the following fact (see
[18, p. 398] or [22, Lemma 3.4]).

Lemma 5.6 (Kalai). Assume char(K) = 0. Let I" and X be (d — 1)-dimensional simplicial complexes on [n]
having the strong Lefschetz property. Then

(i) U(I') is a shifted order ideal of monomials of degree at most % on[n—d-1J;
(i) ifUN) = U(X) then AS(I") = AS(X).

Proposition 5.7. If S3(U) is a squeezed (d — 1)-sphere then A¢(Sq(U)) = AS(Sq(U)).

Proof. By (S;) (defined in Section 4) it is enough to show AS(A®(S4(U))) = AS(AS(S4(U))).
Lemma 4.9 says that A®(S4(U)) and AS(Sq(U)) are Cohen-Macaulay. Since squeezed spheres are
strongly edge decomposable, by using (S), Theorem 1.3 and Lemma 4.10 say that A¢(S4(U)) and
AS(54(U)) have the strong Lefschetz property in characteristic 0. Then, by Lemma 5.6, what we must
prove is

{u S M[n_d_]]Z u ¢ GiI‘l(IAE(sd(U)))} = {u € M[n_d_ﬂi u ¢ Gil’l(IAS(sd(U)))}. (12)

Here Gin(-) is the generic initial ideal in characteristic 0. Lemma 5.6 also says that sets of monomials
which appear in (12) are sets of monomials of degree at most %. Then (9) and Lemma 5.5(i) say

. . d
{ue Mp_g_11: u ¢ Gin(lpesywy) ) = {U € Min_a—11: U ¢ Gin(Iae(pyvy)), degu < 5}

. d
= {u € Mp—d—11: u ¢ Gin(Ias(,uy)), degu < 5}

={u e Mp—q-11: u ¢ Ginlass, )}

as desired. O
Now we will prove Theorem 1.4.

Proof of Theorem 1.4. By Proposition 5.7, it is enough to show the statement for symmetric algebraic
shifting. Thus we may assume char(K) = 0. Since X is shifted and pure, X is Cohen-Macaulay by
Lemma 4.9. Also, since A’(X) = X by (S3), the assumption and Lemma 4.10 say that X has the
strong Lefschetz property. Then Lemma 5.6 says that U(X) is a shifted order ideal of monomials of
degree at most %. Then Lemma 5.5(ii) says U(Sq(U(X))) = U(X). Since Sg(U(X)) has the strong
Lefschetz property by Corollary 3.5 and Proposition 5.4, we have AS(S43(U(X))) = AS(X) = X by
Lemma 5.6. O

Remark 5.8. In general, exterior algebraic shifting depends on the characteristic of the base field,
however, Proposition 5.7 says that the exterior algebraic shifted complex of squeezed spheres is
independent of the characteristic of the base field. Also, it is possible to compute the facets of
A®(Sq(U)) = A%(S4(U)) from U by using [18, Theorem 6.4] and Lemma 5.5 as follows.

For a (d — 1)-dimensional Cohen-Macaulay complex I" on [n], let

L) = {ue Mp_a: ug¢Gin(Ip)},

where Gin(I) is the generic initial ideal of I in characteristic 0. For a homogeneous ideal I of S, we
write I¢, for the ideal of S generated by all polynomials in I of degree at most k. It follows from [18,
(6.3)] that the set of facets of AS(I") is
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d
Ut iz +1, i+ k=1 UIn—d+ 1 +k.n]: x;, ---x;, € LD}, (13)
k=0

where i1 < --- <i. Moreover, if I" has the strong Lefschetz property then U(I") determines L(I") by
the relation

L) ={ux_4: ueUT), 0<t<d—2degu}. (14)

(See [18, p. 398] or [22, Lemma 3.4].) On the other hand, by using Lemma 5.5, it is not hard to show
that U(S4(U)) ={u e U: degu < %}. Indeed, if we set U' = {u € U: degu < %}, then Lemma 5.5(i) and
(9) say that (IAS(Sd(U)))<% = (IAS(Sd(U’)))< % . This fact says that Gin(lsd(u))<% = Gin(lsd(u/))g%, and
hence U(S4(U)) = U(S4(U")) = U’ by Lemma 5.5(ii). Then the facets of AS(Sy(U)) are determined
from (13) and (14).

Remark 5.9. Corollary 3.5 and Proposition 5.4 give an affirmative answer to [22, Problem 4.5]. This
yields the characterization of the generic initial ideal of the Stanley-Reisner ideal of Gorenstein™ com-
plexes (see [27, p. 67]) having the strong Lefschetz property in characteristic 0. Indeed Theorem 1.4
and Lemmas 4.9 and 4.10 characterize the symmetric algebraic shifted complex of those complexes,
and knowing AS(I") is equivalent to knowing Gin(Iy) in characteristic 0. Also, by using the relation
between generic initial ideals and generic hyperplane sections [13, Corollary 2.15], this characteriza-
tion can be extended to the characterization of generic initial ideals of homogeneous ideals I which
satisfy that S/I is a Gorenstein homogeneous K-algebra having the strong Lefschetz property in char-
acteristic 0.

Acknowledgments

I would like to thank Eran Nevo for helpful comments on an earlier version of this paper. The
author is supported by JSPS Research Fellowships for Young Scientists.

References

[1] L. Anderson, Combinatorics of Finite Sets, Oxford Univ. Press, New York, 1987.

[2] A. Aramova, ]. Herzog, T. Hibi, Shifting operations and graded Betti numbers, ]. Algebraic Combin. 12 (2000) 207-222.

[3] E. Babson, E. Nevo, Lefschetz properties and basic constructions on simplicial spheres, arXiv:0802.1058, preprint.

[4] E. Babson, I. Novik, R. Thomas, Reverse lexicographic and lexicographic shifting, J. Algebraic Combin. 23 (2006) 107-123.

[5] LJ. Billera, CW. Lee, A proof of the sufficiency of McMullen's conditions for f-vectors of simplicial convex polytopes,
J. Combin. Theory Ser. A 31 (1981) 237-255.

[6] A. Bjorner, G. Kalai, An extended Euler-Poincare theorem, Acta Math. 161 (1988) 279-303.

[7] W. Bruns, ]. Herzog, Cohen-Macaulay Rings, revised edition, Cambridge Univ. Press, Cambridge, 1998.

[8] A. Conca, Reduction numbers and initial ideals, Proc. Amer. Math. Soc. 131 (2003) 1015-1020.

[9] A. Conca, T. Romer, Generic initial ideals and fiber products, arXiv:0707.0678, preprint.

[10] TK. Dey, H. Edelsbrunner, S. Guha, D.V. Nekhayev, Topology preserving edge contraction, Publ. Inst. Math. (Beograd)
(N.S.) 66 (80) (1999) 23-45.

[11] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Grad. Texts in Math., vol. 150, Springer-Verlag,
New York, 1995.

[12] P. Erdés, C. Ko, R. Rado, Intersection theorems for systems of finite sets, Quart. J. Math. Oxford Ser. (2) 12 (1961) 313-320.

[13] M.L. Green, Generic initial ideals, in: J. Elias, J.M. Giral, RM. Mir6-Roig, S. Zarzuela (Eds.), Six Lectures on Commutative
Algebra, in: Progr. Math., vol. 166, Birkhduser, Basel, 1998, pp. 119-186.

[14] ]. Herzog, Generic initial ideals and graded Betti numbers, in: T. Hibi (Ed.), Computational Commutative Algebra and Com-
binatorics, in: Adv. Stud. Pure Math., vol. 33, Math. Soc. Japan, Tokyo, 2002, pp. 75-120.

[15] J.EP. Hudson, Piecewise-Linear Topology, Benjamin Inc., New York, 1969.

[16] G. Kalai, A characterization of f-vectors of families of convex sets in R%, Part I: Necessity of Eckhoffs conditions, Israel J.
Math. 48 (1984) 175-195.

[17] G. Kalai, Many triangulated spheres, Discrete Comput. Geom. 3 (1988) 1-14.

[18] G. Kalai, The diameter of graphs of convex polytopes and f-vector theory, in: P. Gritzmann, B. Sturmfels (Eds.), Applied
Geometry and Discrete Mathematics, in: DIMACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 4, Amer. Math. Soc., Provi-
dence, 1991, pp. 387-411.

[19] G. Kalai, Algebraic shifting, in: T. Hibi (Ed.), Computational Commutative Algebra and Combinatorics, in: Adv. Stud. Pure
Math., vol. 33, Math. Soc. Japan, Tokyo, 2002, pp. 121-163.



16 S. Murai / Journal of Combinatorial Theory, Series A 117 (2010) 1-16

[20] C.W. Lee, Kalai's squeezed spheres are shellable, Discrete Comput. Geom. 24 (2000) 391-396 (the Branko Griinbaum birth-
day issue).

[21] S. Murai, Algebraic shifting of cyclic polytopes and stacked polytopes, Discrete Math. 307 (2007) 1707-1721.

[22] S. Murai, Generic initial ideals and squeezed spheres, Adv. Math. 214 (2007) 701-729.

[23] E. Nevo, Algebraic shifting and basic constructions on simplicial complexes, J. Algebraic Combin. 22 (2005) 411-433.

[24] E. Nevo, Higher minors and Van Kampen’s obstruction, Math. Scand. 101 (2007) 161-176.

[25] E. Nevo, Algebraic shifting and f-vector theory, Thesis, Hebrew University, 2007.

[26] R.P. Stanley, The number of faces of a simplicial convex polytope, Adv. Math. 35 (1980) 236-238.

[27] R.P. Stanley, Combinatorics and Commutative Algebra, second edition, Progr. Math., vol. 41, Birkhduser, Boston, 1996.

[28] E. Swartz, g-Elements of matroid complexes, ]. Combin. Theory Ser. B 88 (2003) 369-375.

[29] A. Wiebe, The Lefschetz property for componentwise linear ideals and Gotzmann ideals, Comm. Algebra 32 (2004) 4601-
4611.



	Algebraic shifting of strongly edge decomposable spheres
	Introduction
	The Link condition and shift operators
	The strong Lefschetz property
	Algebraic shifting
	Exterior algebraic shifting
	Symmetric algebraic shifting

	Squeezed spheres
	Acknowledgments
	References


