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1. Preliminaries

Consider a convex polytope P C R™. An extension [5,6] of P is a polytope Q c R? such that P
can be obtained from Q as an image under a linear projection from R? to R". An extended formula-
tion [6,10] of P is a description of Q by linear equations and linear inequalities (together with the
projection). The size [6,10] of the extended formulation is the number of facets of Q. The extension
complexity [6,10] of a polytope P is the smallest size of any extended formulation of P, that is, the
minimal possible number of inequalities in the description of Q. The number of facets of Q can
sometimes be significantly smaller [5] than that of P, and this phenomenon can be used to reduce
the complexity of linear programming problems useful for numerous applications [3,5,10].

An important result providing the linear algebraic characterization of extended formulations has
been obtained in 1991 by Yannakakis [13]. Let a polytope P (with v vertices and f facets) be defined

as the set of all points x € R" satisfying the conditions c;(x) > g; and cj(x) = 8j, fori e {1,..., f} and
je{f+1,...,q}, where cq,...,¢cq are linear functionals on R". A slack matrix S = S(P) of P is an
f-by-v matrix satisfying Si; = c¢;(p;) — Bi, where pq,..., py denote the vertices of P, and we note

that S is nonnegative. The following well-known result (see [6, Corollary 5] and also [8, Lemma 3.1])
characterizes the rank of S(P) in terms of the dimension of P.

Proposition 1.1. A slack matrix of a polytope P has classical rank one greater than the dimension of P.
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The result by Yannakakis points out the connection between extension complexity and nonnegative
factorizations and can now be formulated as follows [6,10,13].

Theorem 1.2. The extension complexity of a polytope P is equal to the minimal k for which S(P) can be written
as a product of f-by-k and k-by-v nonnegative matrices.

The smallest integer k for which there exists a factorization A = BC with B € R"+X" and C € R™ is
called the nonnegative rank of a nonnegative matrix A € R}*™. Nonnegative factorizations are widely
studied and used in data analysis, statistics, computational biology, clustering and numerous other
applications [2]. There are still many open questions on nonnegative rank that are interesting for
different applications, and a considerable number of them is related to providing bounds on the
nonnegative rank in terms of other matrix invariants [4,6,10].

It is easy to show that the nonnegative rank of a matrix equals the classical rank if one of them
is less than three [2]. However, even for rank-three m-by-n matrices, the only known upper bound is
min{m, n} which is trivial.

Problem 1.3. (See [1].) Assume n > 3. Does there exist a rank-three n-by-n nonnegative matrix with
nonnegative rank equal to n?

In view of Proposition 1.1 and Theorem 1.2, one can ask a related question: Does there exist a
convex n-gon with extension complexity equal to n, for every n? For n <5, Problem 1.3 has been
solved in the affirmative in [6]. In [7] it was noted that a sufficiently irregular convex hexagon has
full extension complexity, providing an affirmative answer for n = 6. For n > 7, the problem has been
open.

Lin and Chu [11] claimed a positive resolution for Problem 1.3, but their argument has been shown
to contain a gap [6,9]. A negative answer for Problem 1.3 has been obtained in [6] for a special case
of so-called Euclidean distance matrices. The factorizations of those matrices have been studied sub-
sequently in [9], and the logarithmic upper bounds have been obtained in a number of important
special cases. A detailed investigation of extended formulations of convex polygons has been under-
taken in [5], but the question about an n-gon with extension complexity equal to n has also been left
open.

In our paper we solve Problem 1.3 and prove that for n > 6, the answer is negative. In fact, we
provide a nontrivial upper bound for the nonnegative rank and prove that an m-by-n rank-three
matrix cannot have nonnegative rank greater than [6 min{m,n}/7]. From our results it follows that
a convex n-gon has extension complexity at most [6n/7]. That is, we prove that any convex n-gon
admits a description with [6n/7] linear inequalities up to a projection.

The organization of the paper is as follows. In Section 2, we prove the main result in a special case
of slack matrices of convex heptagons, thus showing that any convex heptagon admits a description
with six linear inequalities. In Section 3, we use those results and prove the main results of our paper,
which include the upper bound for the extension complexity of a polygon and for the nonnegative
rank of a rank-three matrix.

2. Factoring a slack matrix of a convex heptagon

The problem of constructing nonnegative factorizations is rather hard from the computational
point of view. Being NP-hard in general [12], this problem can be also difficult to solve even for
explicitly written matrices of relatively small size. In fact, the problem of computing the nonnegative
ranks of certain n-by-n rank-three matrices with algebraically independent entries remained open for
n=17, see [5].

In this section we present a technique that will allow us to factor the matrices of a certain special
form, and we will then be able to prove that slack matrices of convex heptagons have nonnegative
ranks less than 7. The considerations of this section deal with matrices having not more than seven
rows and seven columns, and we adopt the following convention in order to make the presentation
more concise.
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Convention 2.1. Throughout this section, the row and column indices of the matrices considered are
to be understood as the elements of the ring Z/7Z. In particular, Asy¢,6+1 Will stand for the (2,7)th
entry of a matrix A. Also, we will use the letters i and j only for denoting such indices in the present
section, and we operate with i and j as with elements from Z/7Z, throughout the section.

Let us introduce a certain special form of matrices which will be important for the considerations
of the present section. By Wi, j, k] we denote the submatrix of W formed by the rows with indices
i, j, and k.

Notation 2.2. Given a tuple o = (a1, az, as, by, ba, b3) of six real numbers. By W () we will denote
the 7-by-3 matrix

0011 a a a\ "'

1001 1 1 1 ,

1 1 0 0 by by b3
and by V(«) the 7-by-7 matrix with (i, j)th entry equal to det W[i—1,j—2,j—1].

The following lemma points out a symmetry in the construction of V.

Lemma 2.3. Matrices V(ay, az, as, by, by, bs) and V(bs, by, b1, as, az, ay) coincide up to relabeling the rows
and columns.

Proof. Perform the permutation (16)(25)(34) on the row indices and (17)(26)(35) on the column
indices of V(bs, by, b1,a3,a2,a1). O

Let us present a useful special case when the nonnegative rank of V is not full.

Lemma 2.4. Given a tuple ¥ = (a1, az,as, b1, by, b3) for which the matrix V = V() satisfies Vi; > 0 if
ig¢{j—1,j).Ifa; + by >ay+by and as + b3 > ay + by, then V has nonnegative rank less than 7.

Proof. One can check that V = FG, where

0 0 1 Va4 +Vyy V61 0

0 0 0 1 ag—ay+by—by 1

V31 0 0 1 V37 0

—ay +asz — by + bs 1 0 0 0 1

Ve1 Vi1 +Vsy 1 0 0 0

0 V3 1 Va7 0 0
1 Vs/Vzyr 0 0 O 0 0
0 Vnu/Vsi 1 0 O 0 0
0 0 Viz 1 Vgs 0 0

G= a
0 0 0 0 1 Vs7/Vg7 O
0 0 0 0 0 Ve/Vgr 1
Vo 0 0 1 O 0 Vs7

Now we show how can one construct new full-rank matrices from a given vector .
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Lemma 2.5. Given a tuple » = (a1, az, a3, b1, bz, b3) for which the matrix V = V() satisfies V;; > 0 if
i¢{j—1,j}).Takeay = (1—a3—b3)/(1—b3), oz = (a1 —a1b3 —az+azby)/(a; —a1b3), a3 = (ap —azb3 —
as + asbz)/(az — azb3), p1 = a3, P2 = as/ay, B3 = asz/az. Then the matrix U = V (a1, a2, a3, 1, B2, B3)
satisfies Ujj > 0/ifi ¢ {]j, j 4 1} and has nonnegative rank equal to that of V.

Proof. One can check that V = QU Q,, where

0 10 0 o 0 o0
0 01 0 o 0 0
0 00 1/1-by) 0 0 0
Q=] 0o 00 0 /a3 0 0 |,
0 00 0 0 1/as O
0 00 0 0 0 a/as
a/a; 0 0 0 o 0 o0
0 0 00 0 0  Gel-hy)
ax(1—b3) 0 00 0 0 0
0 as(1—b3) 0 0 0O 0 0
Q= 0 0 a3 0 0 0 0
0 0 01 0 0 0
0 0 00 = o 0
0 0 00 o @l 0

Since the numbers 1 — b3 = V43, a; = Vg3, ap = V3, and a3 = V3 are positive, the result follows. O
The following six real sequences will be important in our considerations.

Notation 2.6. Given a tuple ¥ = (ay, az, as, b1, bz, b3) for which the matrix V = V() satisfies V;; > 0

ifi¢{j—1,j}. We will consider the six sequences o/ (t), oea(t), a3(t), B1(t), B2(t), and B3(t) of reals

defined by 1 (0) = a1, a2(0) =ay, a3(0) =as, B1(0) = b1, B2(0) = by, B3(0) = b3, and also

1—a3(t) — B3()

1—Bs(t)

oy (t) — oy (O)B3(t) — az(t) +az(t) By ()
oy (t) —ay (t)B3(t)

Bit+ 1) =a3t), [+ =a3)/oa(®), Bz3t+1)=0a3(t)/o2(0).

a(t+1)=

’

Ay t+1)=

for x €{1, 2},

Remark 2.7. Lemma 2.5 shows that the sequences o (t), aa(t), a3(t), B1(t), B2(t), and B3(t) are well
defined.

It turns out that the sequences introduced are in fact cyclic.

Lemma 2.8. Given a tuple ¥ = (a1, az, as, b1, by, b3) for which the matrix V = V(¢) satisfies Vij > 0 if
i¢{j—1,j})Thena1(7) = ay, a2(7) = az, a3(7) = as, p1(7) = b1, B2(7) = b3, B3(7) =bs.

Proof. By routine computation. O

The following lemma gives a necessary condition for a matrix to be full-rank.
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Lemma 2.9. Given a tuple Y = (a1, az, as, b1, bz, b3) for which the matrix V = V() satisfies V;; > 0 if
i¢{j—1,j}for (@) + p1(2) < @2(2) + f2(2), then a2(6) + B2(6) < a3(6) + B3(6).

Proof. A routine computation shows that

—az +az(1—b3))V3aV
02(2) + p2(2) —a1(2) — p1(2) = L V;112\§73V423‘)/)5232 .

so the sign of @2(2) + B2(2) — a1(2) — B1(2) equals that of —a3 + a(1 — bs). Similarly,

V4e(—as +ai (1 — b3))
a3(6) + B3(6) — 2(6) — B2(6) = ,
Vi5V36
so the sign of «3(6) + B3(6) — a2(6) — B2(6) is that of —as + a;(1 — b3). It remains to note that
1-b3=Vgp>0anda; —a;=Vs3;>0. O

In fact, we can obtain a stronger condition that holds for full-rank matrices.

Lemma 2.10. Let v = (a1, az, as, b1, bz, b3) be a tuple for which the matrix V =V (¢) has full nonnegative
rank and Vij > 0 if i ¢ {j — 1, j}. Then, either a1 (t) 4 B1(t) < az(t) + B2(t) < a3(t) 4 B3(t) for every t or
ai(t) + B1(t) > aa(t) + B2(t) > a3(t) + B3(t) forevery t.

Proof. Assume that o (t) + B1(t) < aa(t) + B2(t), for some t. Applying Lemma 2.9 to the tuple ' =
(a1(t + 5),a2(t + 5), a3(t + 5), B1(t + 5), B2(t + 5), B3(t + 5)) and taking into account Lemma 2.8,
we obtain that oy (t +4) + Ba(t +4) < a3(t +4) + B3(t +4). Lemma 2.4 then shows that o1 (t +4) +
B1(t+4) < ax(t+4)+ B2(t+4), and we conclude that a1 (t +4k)+ B1 (t +4k) < o (t+4k)+ B2 (t+4k) <
o3 (t + 4k) + B3(t + 4k), for any positive integer k.

Now assume a1 (t) + B1(t) > a2 (t) + B2 (t). By Lemma 2.4, we have o (t) + B2 (t) > a3(t) + B3(t), and
so by Lemma 2.9, a1(t +3) + B1(t +3) > a2 (t + 3) + B2(t + 3). Finally, we conclude that o (t + 3k) +
B1(t +3k) > a(t + 3k) + B2 (t + 3k) > a3 (t + 3k) + B3(t + 3k), for any positive k. O

Finally, let us show that a matrix V(y) cannot have full nonnegative rank.

Lemma 2.11. Given a tuple \ = (a1, dz, a3, by, bz, b3) for which the matrix V. = V() satisfies V;j > 0 if
i¢{j—1,j}. Then V has nonnegative rank less than 7.

Proof. Assume the converse and apply the results of Lemma 2.3 and Lemma 2.10. We can assume
without a loss of generality that oq(t) + B1(t) < a2(t) + Ba2(t) < as3(t) + B3(t), for any nonnegative
integer t. Note that «3(0) + B83(0) — «1(0) — B1(0) =as + b3 — a; — by, and routine computations also
allow us to check that
Vi3(b1 + (a1 — 1)b3)
ax(1) + B2(1) — a1 (1) — B1(1) = ;
VeV
Vi3Va1(ax(1 — b3) —a3)
V73V31V42 Vs '

Noting that also 1 — bz = V4 > 0 and V37 =a; — a > 0, we obtain

02(2) + B22) —a1(2) — B1(2) =

b3s(1 —ay) < by, as < ax(1 —bs), asz +bs > aq + by, bs3 <1, and aq > ay.
(2.1)

Now let us check that (2.1) is a contradiction. In fact, the first of these inequalities implies a; +b1 >
ai + bs — bsaq, taking into an account the third we obtain a3 + b3z > a; + b3 — bszay. Thus we have
as > a1(1 — b3), which implies a3 > a;(1 — bs) because of the last two inequalities. O
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Let us now check that 7-by-7 matrices of a more general form have nonnegative rank at most 6
as well. By U[rq,12,13|C1, C2, c3] We denote the submatrix of U formed by the rows with indices rq,
r2, 3 and columns with c1, ¢z, c3.

Lemma 2.12. Assume that a 7-by-7 matrix U has classical rank 3 and satisfies Ujj =0 ifi € {j — 1, j} and
Uij > 0 otherwise. Then U has nonnegative rank less than 7.

Proof. Denote by U’ the matrix obtained from U by multiplying the third column by Us4/Uss3, the

fifth column by Ua4/U>s5, the third row by 21{4—2535 the fourth row by Ug-”jM, the i’th row by 1/Ujq4
(for i’ from 1, 2,5, 6, 7). So we have
0 0 az 1 b3 USG Ua7
Uy, 0 0 1 1 Uy Uy
Uy Uy, 0 0 1 Uy U,
U'=|Uy, Up 0 0 Uy Uy
ug, U, 1 1 0 0 Ug
U(/il UE}Z [¢5] 1 b] 0 0
0 U/72 a 1 b2 U/76 0
Since U’ has classical rank 3, there are certain real constants cq, ..., ¢c7 such that U;j =cjdet U'li,j—1,

j13,4,5], for any i and j. Therefore, we obtain U{j =c;Vjj for any i and j, where V is the matrix
V(ay,ay,as, by, by, b3) from Notation 2.2. Since Vi3 = V33 and V7, = V31, the numbers cq, ¢z, and
c3 are of the same sign. Similarly, Vg5 = V46 and V76 = V57, so that the numbers cs, cg, and c7 are
of the same sign as well. Further, since V4 = V35 = V43 =1, we obtain c3 =c4 =c5 =1, and the
numbers cq, ..., c7 are thus all positive. So we can conclude that U and V coincide up to multiplying
the rows and columns by positive numbers, and the result then follows from Lemma 2.11. O

Now we can prove the main result of the present section.
Theorem 2.13. A slack matrix of a convex heptagon has nonnegative rank at most 6.

Proof. Proposition 1.1 shows that the slack matrix S of a convex heptagon has classical rank
equal to 3. Therefore, S satisfies the assumptions of Lemma 2.12 up to renumbering the rows and
columns. O

3. Main results

In this section we prove the main results of our paper. Let us start with a corollary of Theorem 2.13
which gives a solution for Problem 1.3 in the case n=7.

Theorem 3.1. Let A be a nonnegative 7-by-n matrix with classical rank equal to 3. Then the nonnegative rank
of A does not exceed 6.

Proof. Consider the standard simplex A consisting of points (X1, ..., x7) with nonnegative coordinates
satisfying 217:1 x; = 1. Since A contains 7 facets, the intersection of A with the column space of A
is a polygon I with k vertices, and k < 7. Form a matrix S of column coordinate vectors of vertices
of I, then every column of A belongs to the convex hull of the columns of S up to scaling. Thus we
have A = SB with B nonnegative, so the result of the theorem is immediate if k < 7. If k =7, then by
Theorem 2.13, S has nonnegative rank less than 7 being a slack matrix for I. O

Now we can provide a nontrivial upper bound for the nonnegative rank of matrices with classical
rank equal to 3, thus providing a solution for Problem 1.3 in the case n > 7.
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Theorem 3.2. The nonnegative rank of a rank-three matrix A € RTX” does not exceed [6 min{m, n}/7].

Proof. By Theorem 3.1, any seven rows of A can be expressed as linear combinations with non-
negative coefficients of certain six nonnegative rows, so the nonnegative rank of A does not exceed
[6m/7]. The nonnegative rank is invariant under transpositions, so the result follows. O

Together with the result from [7], where it was noted that a sufficiently irregular convex hexagon
has full extension complexity, Theorem 3.2 provides a full answer for Problem 1.3. Namely, the fol-
lowing result is true.

Corollary 3.3. Ifn > 7, then the nonnegative rank of any rank-three m-by-n nonnegative matrix is less than n.
Fork € {3, 4, 5, 6}, there are k-by-k rank-three matrices with nonnegative rank equal to k.

Finally, we can prove an upper bound for the extension complexity of convex polygons.
Corollary 3.4. The extension complexity of any convex n-gon does not exceed [6n/7].

Proof. By Proposition 1.1 and Theorem 3.2, the nonnegative rank of a slack matrix does not exceed
[6n/7], so the result follows from Theorem 1.2. O
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